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Realization of a room-temperature ultrafast photon-number-resolving quantum nondemolition (QND)
measurement would have significant implications for photonic quantum information processing, enabling,
for example, deterministic quantum computation in discrete-variable architectures, but the requirement
for strong coupling has hampered the development of scalable implementations. In this work, we propose
and analyze a nonlinear-optical route to photon-number-resolving QND using quadratic (i.e., x®) non-
linear interactions. We show that the coherent pump field driving a frequency-detuned optical parametric
amplifier (OPA) experiences displacements conditioned on the number of signal Bogoliubov excitations.
A measurement of the pump displacement thus provides a QND measurement of the signal Bogoliubov
excitations, projecting the signal mode to a squeezed photon-number state. We then show how our non-
linear OPA dynamics can be utilized to deterministically generate Gottesman-Kitaev-Preskill states with
only additional Gaussian resources, offering an all-optical route for fault-tolerant quantum information
processing in continuous-variable systems. Finally, we place these QND schemes into a more tradi-
tional context by highlighting analogies between the frequency-detuned optical parametric oscillator and
multilevel atom-cavity quantum electrodynamics systems by showing how continuous monitoring of the
outcoupled pump quadrature induces conditional localization of the intracavity signal mode onto squeezed
photon-number states. Our analysis suggests that our proposal may be viable in near-term x @ nonlinear
nanophotonics, highlighting the rich potential of the OPA as a universal tool for ultrafast non-Gaussian
quantum state engineering and quantum computation.
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I. INTRODUCTION

Quantum information science and engineering offer
great potential for revolutionizing many fields, such as
computation [1], communication [2], and metrology [3].
Among various physical systems that have been exper-
imented with to encode and process quantum informa-
tion, photonics offers significant advantages in room-
temperature scalability and ultrafast operations [4]. Optical
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photons can span terahertz bandwidths and propagate over
long distances with little decoherence, making them an
ideal carrier of quantum information. In photonic quantum
computation, information can be encoded and processed in
both discrete-variable (DV) [5,6] and continuous-variable
(CV) [7,8] architectures. However, the lack of strong opti-
cal nonlinearity has hindered the realization of determinis-
tic two-qubit entangling gates in DV architectures [9-11]
and non-Gaussian resources such as Gottesman-Kitaev-
Preskill (GKP) states [12—-15] in CV architectures; both
of these are essential for building universal fault-tolerant
quantum information processors. While some limitations
of weak optical nonlinearity can be circumvented through
measurement-based nonlinear operations using photon-
number-resolving (PNR) measurement [16], the intrinsi-
cally probabilistic nature of these operations and the slow
speed of conventional single-photon detectors (e.g., super-
conducting nanowires [17] and superconducting transition-
edge sensors [18,19]) with complex cryogenic systems
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severely limit the scalability and computation clock rates
in these architectures [9—11].

In this context, a realization of ultrafast, room-
temperature PNR quantum nondemolition (QND) mea-
surement [20—23] has significant implications in both DV
and CV systems. In a PNR QND measurement, infor-
mation about the number of photons is encoded in an
auxiliary probe, and backaction is limited to (partial) pro-
jection onto a corresponding photon-number eigenstate
[24,25]. Such an ultrafast QND measurement can not
only replace the use of conventional superconducting PNR
detectors but can also directly realize a deterministic two-
qubit entangling gate, which enables deterministic DV
optical quantum computation [26—28]. Additionally, the
QND nature of the measurement offers unique opportu-
nities for quantum engineering [29-31], communication
[32], and metrology [33,34]. To realize a PNR QND mea-
surement, it is typically necessary to engineer a resolvable
single-photon energy shift, effectively leading to a strong
coupling requirement g/k > 1 (with coherent coupling
rate g and decoherence rate k). Since the pioneering work
in atom-cavity quantum electrodynamics (QED) [35-39],
strong coupling has been demonstrated in various physical
systems [40-42]. However, concomitant implementations
of the QND measurement in a scalable, high-bandwidth,
and room-temperature platform have yet to be achieved.

In this work, we propose and analyze a nonlinear-optical
route to PNR QND measurements and all-optical quantum
state engineering for GKP states using a quadratic opti-
cal parametric amplifier (OPA). Compared with existing
PNR QND measurement proposals [20—23] and GKP-state
generation schemes [43,44] using cubic nonlinearities, our
proposal with an OPA uses much stronger quadratic non-
linearity [45], offering a more experimentally viable route.
Recently, g/k ~ 0.01 was demonstrated with a quadratic
nonlinear nanophotonic resonator [46,47], and even g/k ~
10 may be envisioned with ultrafast pulses [48].

In the following, we first show that the pump field
of a frequency-detuned OPA experiences conditional dis-
placements depending on the number of signal Bogoliubov
excitations N,, while N, is approximately preserved under
the OPA dynamics. As a result, measuring the pump
displacement allows one to perform a PNR QND mea-
surement of Na. Next, we show that the nonlinear OPA
dynamics can be utilized to perform a modular quadra-
ture QND measurement [49,50] of the pump mode, with
which we show a near-deterministic generation of the
GKP states in the pump mode with only additional Gaus-
sian resources, showing a nonlinear-optical route to univer-
sal fault-tolerant CV quantum information processing [15].
Finally, we bridge the physics of these QND schemes to a
more traditional context by establishing analogies between
a frequency-detuned optical parametric oscillator (OPO)
and multilevel atom-cavity QED systems. We observe con-
ditional localization of the intracavity state to the squeezed

Fock state ladder, which in experiments can be inferred
from the pump homodyne record without monitoring the
signal photon loss at all, using a quantum filter [51].

II. PNR QND MEASUREMENTS WITH A
FREQUENCY-DETUNED OPA

We consider a frequency-detuned single-mode quadratic
(i.e., x?) nonlinear Hamiltonian

H = g(a"™b +a*b") + sa'a, (1)

where @ and b represent annihilation operators for the
signal (i.e., fundamental harmonic) and the pump (i.e.,
second harmonic) modes, respectively, and g > 0 is the
nonlinear coupling strength. We assume a non-negative
frequency detuning between the signal and the pump § = 0
without loss of generality. It is worth noting that various
photonic systems can be described by Eq. (1), including
high-Q microring resonators [47], photonic crystal cavi-
ties [52,53], temporally trapped ultrashort pulses [48], and
superconducting microwave circuits [54], and our results
do not rely on a specific physical realization. For the
derivation of the Hamiltonian, see Appendix A.

To treat the pump coherent amplitude (which may be
large in many practical scenarios) in a parameterized way,
we move to a displaced frame given by a unitary Dy (8) =
exp(ﬁST
is “factored out” as

- B "‘f)), where the mean field of the pump mode

1Y (1)) = Ds(B) lo (D)), )

where | (f)) and |@(f)) are the system states in the lab-
oratory frame and the displaced frame, respectively. We
assume f is real and positive without loss of general-
ity. Physically, |¢(f)) accounts for quantum fluctuations
around the mean field, whose dynamics follow id; |p(f)) =
I;’D |@(f)), where the Hamiltonian

Ap =D} (B)HDy(B) = Bin + Hp 3)

is composed of a cubic nonlinear term and a quadratic term

An = g(@™b + a%bh), +a),

4

. I
Hy =safa+ = (aP
0 T3 (

with » = 2gf. From here on, we assume we are in the
displaced frame unless specified otherwise.

An OPA is realized for an initial state |@(0)) =
[@2(0)) [@p(0)) with [@p(0)) = |0}, whose pump state is a
coherent state with displacement f in the laboratory frame.
A conventional approach to analyze an OPA is to use an
undepleted pump approximation, where the pump state
remains invariant throughout the dynamics. As shown in
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Ref. [55], this approximation is equivalent to ignoring Hyp.
in Ap, leading to single-mode squeezing of the signal state,
which is the expected behavior of an OPA in the regime of
Gaussian quantum optics [56].

Under stronger nonlinearity where the undepleted pump
approximation breaks down, the contribution of the non-
linear term Hy; induces non-Gaussian quantum features,
e.g., signal-pump entanglement [55,57,58], for which we
critically lack a qualitative physical description. In the
following, as a main result of this work, we show a con-
cise description of the nonlinear quantum behavior of a
frequency-detuned OPA as a QND measurement of signal
photons in the squeezed photon number basis. Our analysis
adopts the Hamiltonian transformation recently introduced
in Ref. [59].

Assuming a relatively large frequency detuning § > r,
we can rewrite I?Q as

Hp =é8ad'a + % (@ +a*) = AAT4 4 const,  (5)

where A = acoshu + a' sinhu corresponds to the anni-
hilation operator for Bogoliubov excitations, with A =
/82 — 2 and u = tanh™! (#/8) /2. Intuitively, we can inter-
pret A as an annihilation operator of a photon excitation
in a squeezed photon number basis. The nonlinear Hamil-
tonian can then be rewritten in terms of the Bogoliubov
operators as

Hn = g {coshz uA™? + sinh? u 4
ngn 1 A
— sinh 2u (A*A + 5) } b+Hec.  (6)

For the rest of this work, we assume that the magnitude of
ﬁQ dominates over ﬁNL, ie., gez“ <« A, which can always
be achieved by appropriately choosing § and r (i.e., ).
Under these conditions, the contributions from the rapidly
rotating terms containing A? and AT average out, allowing
us to perform a rotating-wave approximation [59—61]. We
thus have

. . 1 .
Hp ~ —2% (Na + E) Xp + AN, 4+ const, (7

where N, = AT4, %, = (b + b')/2, and g = g sinh 2u.
In the Heisenberg picture, we analytically solve the
operator dynamics under Eq. (7) as

. - N 1
Na(t) ~ Na(0),  po(1) ~ gt (Na(ﬂ) + 5) +P(0), (8)

where pp = (b — b%)/2iis the p-quadrature operator of the
pump mode. From Eq. (8), we note that the pump mode

Py experiences a displacement conditioned on the value of
N., leading to a specific signal-pump entanglement struc-
ture. Additionally, [I;’D, N’a] ~ ( ensures that the value of
N, is not disturbed during the system evolution. As a result,
homodyne measurement of pp allows us to infer N, without
performing a destructive measurement on the signal mode,
thereby realizing a QND measurement of N,. Depending
on the measurement result for p, the signal state is pro-
jected onto an eigenstate of N’a with eigenvalue N,, i.e.,
a squeezed photon-number state |N;) = 1/ (WN! )ATN“ |0).
This situation is summarized in Fig. 1.

The performance of our PNR QND measurement
depends on the measurement accuracy of pp, which is lim-
ited by the quadrature fluctuations of the probe pump state.
Intuitively, the conditional displacement d = gt needs to
be sufficiently large compared with the width of the p-

quadrature fluctuations w = \/(qab |P21@s) — (@b|Prleb)? to

infer the value of N, with high confidence. In Fig. 1, we
show the result of a full-quantum simulation of nonlin-
ear OPA dynamics with an initial squeezed-vacuum pump
state with w = 1/4. The final pump state exhibits multiple
Gaussian peaks in the phase space separated by the dis-
tance d, each of which corresponds to a different number of
signal Bogoliubov excitations N,. Because we have d/w =
4 (d = 1,w = 1/4) for the parameters used for Fig. 1, con-
ditioning on the measurement result for p, projects the
signal state to a squeezed photon-number state with fidelity
that can exceed 90% with the assumed system parameters.

To establish more quantitative connections between the
performance of the measurement and the squeezing of
the probe-pump quadrature fluctuations, we provide the
expressions for the Kraus operators of our QND measure-
ment protocol. From Eq. (7), the Kraus operators can be
expressed as

M@s) =Y Cn,(ps) INo) (Nal, 9)

Na=0

with Cy, (pp) = e "2Ne! (p, — d (N, + 1/2)|@p) being the
complex probability amplitudes for the measurement out-
comes, where |pp) is an eigenstate of pp with eigenvalue
pPb (see Appendix B for the full derivations). The Kraus
operators are related to a positive-operator-valued measure
(POVM) with elements

oo

Fps) = M po)M (ps) = D 1Cx, (pp)* ING) (Nl . (10)

Na=0

Physically, the outcome of a complete pump homo-
dyne measurement p; follows a probability distribution
P(py) = (gaa|f7' (Pb)|@a), and conditioned on the outcome
Db, the postmeasurement signal state becomes |go;(pb)) =

M (Ps) |@a(0)) up to normalization.
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FIG. 1. Our PNR QND measurement scheme using nonlinear quantum behavior of an OPA, where the phase-space representation

(i.e., Wigner functions) of the system state at each step of the protocol is shown using numerical data. For the numerical simulation, we
consider an initial coherent signal state |,(0)} = |e = 0.7) [shown in (a)], and we assume a p-squeezed vacuum state with width w =
1/4 as an initial pump state [shown in (b)]. The signal and pump states interact through a frequency-detuned OPA, whose dynamics
induce conditional p displacements of the pump field depending on the number of signal Bogoliubov excitations N,. Concurrently,
the OPA dynamics also cause conditional rotations on the signal Bogoliubov excitation depending on %;, leading to the phase spread
of the final unconditional signal state [shown in (c)]. A complete p-homodyne measurement on the final pump state acts as a QND
measurement of N, and projects the signal mode on a squeezed photon-number state, which is an eigenstate of N,. (d) The final
pump state shown with the p-quadrature distribution P(p;). (e) Ensemble-averaged signal states conditioned on the outcome of the

homodyne measurement within an interval 24N, — 1) < p, < gt(N,
and the total interaction time of gt = 1.

It is worth mentioning that the POVM (9) is not com-
pletely selective with respect to N,, because F(pp) is not
solely composed of a single squeezed-Fock-state projec-
tor |N,) {(N,|. To characterize the mixedness of the POVM,
it is insightful to consider its relative weights on the
squeezed-Fock-state projectors

|Cx, (Pb)I?

W, (py) = ,
P = S ()P

(1)

which can be intuitively interpreted as the weights applied
to |N,) conditioned on the homodyne outcome (see
Appendix B for full discussions). In particular, Wy, (p;) =
1 implies the postmeasurement state conditioned on the
homodyne outcome p; is a pure squeezed Fock state |N,).

In Fig. 2(a), we show the purity of the POVM
v (F(py)) = tr(F2(py)) /tr(F (pp))? [62] as a function of the
homodyne measurement outcome pp, where we assume
squeezed vacuum states with width w as the initial probe
state. As can be seen from Fig. 2(a), using a probe state
with smaller w increases the purity of the POVM for
a given d, projecting the signal to a squeezed photon-
number state with higher fidelity. From an experimental
perspective, squeezing the pump quadrature allows us to
implement a PNR QND measurement with a shorter non-
linear interaction time and hence potentially lower propa-
gation loss. In Fig. 2(b), we show the relative weights of

+ 1). We use the system parameters of A /g = 150and g/g = 1,

squeezed-Fock-state projectors Wy, (pp), where we can see
that the homodyne outcome of py =~ d(N, + 1/2) domi-
nantly projects the input state to |N,). Readers can also
refer to Ref. [63] for general discussions on nonlinear
amplifiers and quantum measurements that they can imple-
ment.

In contrast to the phase-insensitive photon-number
tomography attainable by conventional PNR QND mea-
surements [20-22], our scheme can perform PNR QND
measurement in an arbitrary squeezed photon number
basis, enabling phase-sensitive squeeze tomography [64,
65], from which we can obtain phase information about the
state under tomographic reconstruction. Here, introducing
a complex phase to the pump displacement B changes
the rotation angle of the basis, while the ratio »/§ deter-
mines the squeezing factor. The measurement basis gets
more squeezed for r/8 — 1, where we can have a larger
enhancement factor of nonlinear coupling g/g. In the
other limit of »/§ — 0, the measurement basis converges
to the (nonsqueezed) photon-number state basis, which
comes with a cost of vanishing effective nonlinear coupling
g/g — 0. It is worth mentioning that additional Gaussian
operations can enable flexible control over the measure-
ment basis without compromising the nonlinear coupling.
For this purpose, we can apply a pair of opposite squeez-
ing operations S, and 8] to the si gnal state before and after
evolving under Hp, respectively, which transforms the
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FIG. 2. (a) Purity of the POVM for our QND measurement

protocol [62] as a function of the pump homodyne outcome py.
We consider a Gaussian probe pump state |¢(0)) with various
widths w, where w below the vacuum level wy = 1/2 indi-
cates that |@,(0)) is a squeezed vacuum. (b) Relative weights of
squeezed-Fock-state projector Wy, (p;) in the POVM as a func-
tion of pp for w/wy = 0.5. We assume conditional displacement
of d = gt = 1.0 for all plots.

measurement basis so that Neﬂ' = ﬁzﬂﬁeﬁ is measured with
ﬁeﬁ = SI;ISR [66]. By choosing S’a such that zaeﬂ' =da, we
realize a QND measurement of the normal photon number
i, = a'a without resorting to the limit of /8 — 0. Such a
pair of squeezing and antisqueezing operations was experi-
mentally demonstrated on pulsed nonlinear nanophotonics
as reported in Ref. [67]. Full analysis of the effects of
loss of the external squeezing operations is provided in
Appendix E.

III. QUANTUM STATE ENGINEERING FOR
GOTTESMAN-KITAEV-PRESKILL STATES

While our focus so far has been on QND measure-
ment of the signal excitations, we now show that one
can also perform a QND measurement of the pump field
quadratures using the same physics of the nonlinear OPA

dynamics. For this, we use the operator dynamics under
Eq. (7) as

B0 =(0), A =EHOL40),  (12)
where the information about 2g£x, — At is encoded in the
phase of 4 up to the modulus of 2w. Therefore, the mea-
sured phase of 4, e.g., with a general-dyne measurement
[68—70], indirectly infers the value of x; modulo u =
7 /gt, which projects the pump mode to X5 = x4 (mod )

for a phase measurement outcome of ¢, where we denote
x4 = (¢ + Af)/2gt (mod p). The pump quadrature Xp
itself remains constant throughout the dynamics due to
[%5, I;’D] ~ 0, which ensures the QND nature of the mea-
surement. Such modular quadrature measurements play
central roles in contemporary CV quantum information
processing, e.g., for deterministic generation, stabilization,
and quantum error correction with GKP states [14,49,50].
In the following, we demonstrate a preparation of an
approximate GKP state using the nonlinear dynamics of
an OPA, where only additional Gaussian resources (i.e.,
Gaussian initial states, measurements, and feedforward
operations) are used. Our proposal for generating GKP
states adapts the protocols introduced in Refs. [14,49], with
crucial technical differences stemming from the nonlinear
dynamics of frequency-detuned OPAs.

For the following discussions, we denote a coherent
excitation of the Bogoliubov signal mode as |4). Physi-
cally, |4) is a displaced squeezed state and is an eigenstate
of the operator A with eigenvalue 4. As shown in Fig. 3,
we prepare the initial signal state |4g) with 49 > 0 as a
“meter” state for the phase shift. For the initial pump state,
we assume a p-squeezed vacuum with width w/4 along the
p quadrature.

After propagation through a nonlinear OPA for time ¢,
we perform a phase measurement on A by a complete
general-dyne measurement [68], which projects the sig-
nal mode on the measurement basis of displaced squeezed
states {|ei¢(Ag —I—e))}. Here, the measurement basis is
parameterized by the radius (4g + €) = 0 and the phase
¢ (see Appendix F for full details on the construction
of a general-dyne measurement). The performance of the
phase measurement can be further improved by adaptive
measurement schemes [69,70]. For the preparation of a
GKP state, a modular quadrature measurement with mod-
ulus u = /27 is desired, which sets the interaction time
gt = /m/2.

When the magnitude of the meter state 4 is much larger
than the vacuum noise level, the measurement outcome
is expected to be exponentially localized around |e| <
Ap. Assuming this condition is met, the postmeasurement
pump state becomes

o) ~ Dy(x4)Dp (a/ﬁ LAOJZ) |ﬁ)

which can be transformed to an approximate GKP logical
state

(13)

|®af§aﬂﬂ?ﬁmmﬁBW) (14)

n=—00

via frivial displacement operations (see Appendix C for
more details). Here, |-| is a floor function, and |k} is

an x-squeezed vacuum with width k = \/(¥2) — (%)2 =
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FIG. 3. Generation of a symmetric GKP state with 15 dB of squeezing using nonlinear quantum dynamics of an OPA. The initial

signal state is |4p) [shown in (a)], and the pump state, which is instantiated as a 15-dB p-squeezed vacuum [shown in (b)], interact
through a frequency-detuned quadratic OPA Hamiltonian. A complete general-dyne measurement is performed on the final signal
mode [shown in (c)] to measure the phase of the signal Bogoliubov excitation ¢. Conditioned on the phase measurement outcome,
the final pump state [shown in (d)] collapses to an approximate GKP state up to extra displacements, which can be compensated by
feedforward operations. The Wigner function and the marginal quadrature distributions of the resultant approximate GKP state are
shown in (e). We assume a signal measurement outcome of € = 0.1 and ¢ = m /4, whose centroid is indicated by a black cross in (c).
For the simulations, we use the Hamiltonian (7) with g/g = 1.0 and A = 100.

1/24/mAp along the x quadrature. It is worth mentioning
that this GKP generation scheme is nearly deterministic,
because an extra displacement Dj, (¥4) induced by the prob-
abilistic phase readout ¢ can be largely compensated by
the trivial feedforward displacement operations. The resul-
tant GKP state becomes symmetric when w = « holds true,
corresponding to Ag = 1/2/7w.

In Fig. 3, we show the results of our numerical sim-
ulations showing the generation of a symmetric GKP
state with a squeezing level of 15 dB (beyond the error
correction threshold of approximately 10 dB [71,72]).
Compared with existing nonlinear-optical GKP state gen-
eration schemes using cross-phase modulation [43,44],
our approach uses much stronger quadratic nonlinearities,
which may offer more viable prospects for non-Gaussian
state engineering at room temperature.

It is important to note that, in addition to the GKP logi-
cal states, we need nontrivial superpositions of them, e.g.,
GKP magic states [15,73,74], to realize universal quantum
computation. Since our scheme cannot directly generate
GKP magic states from Gaussian resources, this impor-
tant challenge of realizing a universal gate set for GKP
codes has to be addressed separately. To this end, Baragi-
ola et al. [15] showed that generation of GKP magic states
is possible with only additional Gaussian resources, pro-
vided we have access to a supply of GKP logical states,
for which our scheme can serve as an efficient source. This
means that a nonlinear OPA is, in principle, a sufficient
resource to realize universal nonlinear-optical quantum
computation with additional all-Gaussian resources.

IV.NONLINEAR QUANTUM FLUCTUATIONS IN
OPO DYNAMICS

An important application of parametric interactions is
an OPO, which is realized by pumping a quadratic nonlin-
ear resonator with an external drive field. In the absence of
signal loss, a resonant OPO with zero frequency detuning
& = 0 has two transient states, i.e., odd and even signal cat
states comprising the quantum superposition of 7 -phase-
shifted coherent states. The presence of a finite signal loss
leads to spontaneous switching of the parity of the cat
states, devolving the cat states into incoherent mixtures of
the original coherent states [75,76], which is reminiscent
of the spontaneous quantum jumps observed in a two-
level atom-cavity QED system [77]. Here, we show that
a frequency-detuned OPO exhibits behavior reminiscent
of multilevel atom-cavity QED, where the signal photon
loss induces quantum jumps among the signal states in the
squeezed Fock state ladder.

We introduce an external pump drive for an OPO given
by the Hamiltonian term ﬁdﬁve = iJL(EJT — !;), and the out-
coupling pump loss is characterized by the Lindblad opera-
tor Ly = \/E(EJ + B) (in the laboratory frame Lj = \/x_bf))
In the absence of signal loss, the pump operator dynamics
follow

A A 1 ikp ~ . .
fatb:—g(Na+5)—75(b+ﬁ)+m, (15)

while Kfa remains constant. For a choice of A = k3f/2,
we have stationary states |N,) |,6Na) for N, € Z*, where
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|,6Na) is a coherent pump state with displacement By, =
2iKy 13(N, + 1/2). Since Bn, depends on N,, the pump
photons leaving the OPO carry out information about N,,
which plays the role of a weak continuous QND mea-
surement of N,. Thus, by our monitoring the outcoupled
pump field, the system (pump-signal) state is expected
to conditionally collapse to one of the stationary states
ING) | Br).

Let us now consider the effects of a finite signal loss.
When a signal photon is lost from | ﬁNa}, the intracavity
signal state experiences a quantum jump as |N,) — a|N,),
resulting in the signal mode given as

coshu /Ny |N; — 1) —sinhu+/N, + 1|N; +1). (16)

This implies that a loss of a signal photon, corresponding
to a photon subtraction from a squeezed photon-number
state, induces a discrete jump of the Bogoliubov excita-
tion N; — N, £ 1, both in the positive direction and in the
negative direction. Note that the flow is biased toward the
negative direction because coshu > sinhu.

Because of the quantum correlations between }Va and pp,
the occurrence of such a quantum jump can be inferred
from the record on the pump homodyne measurement
without the signal loss photons being monitored at all.
To emulate this situation, we perform numerical simu-
lations of a stochastic master equation [51] unraveled

(a) =
— 27 o5 2
= Q.‘CIE.J

gs EE

o8 11 (155 @

wn -5 o E

bt &

CI T T T T T T [ 0.5 -U

0 20 40 60 80 100 120

(b)
o
Z
22
o
g
7

0 20 40 60 80 100 120
Interaction time gt

FIG. 4. A typical stochastic master equation quantum trajec-
tory of the OPO dynamics unraveled by a continuous pump
p-homodyne measurement. (a) Trajectories of (K{,} (solid orange
line, left axis) and (p,) (dashed green line, right axis) com-
pared with the expected levels of the plateaus (p5) = Im(By,)
(dashed gray lines). (b) A trajectory of the signal x-quadrature
squeezing compared with the quadrature noise levels for a vac-
uum (0 dB, dotted blue line) and the squeezing limit for an
OPO steady-state (—3 dB, dotted orange line). We use Eq. (7)
with system parameters A /g = 100, g/g = 1.5, k,/g = 0.03,
and kp/g = 3.0.

by a pump p-homodyne measurement, while we do not
monitor signal loss photons. As shown in Fig. 4(a), we
observe correlated spontaneous jumps in (Na) and (Pp)
showing multilevel plateaus corresponding to the pro-
duction of squeezed photon-number states, which can be
inferred solely from the pump homodyne record [77,78].
Such discrete behaviors emerging from a continuous-
variable system under the monitoring of only continuous
observables are illuminating manifestations of the intrin-
sic quantum nature of photons. When the system is found
in |N, = 0) |,3Na=(]), the signal state is in a squeezed vac-
uum, whose squeezing level can conditionally exceed the
—3-dB limit of an OPO intracavity steady-state squeezing
[79] [see Fig. 4(b)]. Note that this phenomenon exhibiting
strong signal squeezing is distinct from the physics unrav-
eled in Ref. [59], where more than 3 dB of squeezing is
realized in the pump mode of an OPO.

V. EXPERIMENTAL PROSPECTS

We discuss experimental requirements for the imple-
mentation of our PNR QND measurement scheme in the
single-photon regime. For this purpose, we assume large
squeezing factors for all the fields involved in the dynam-
ics, i.e., signal Bogoliubov excitation and probe pump
state, to study the potential of squeezing to enhance effec-
tive nonlinear coupling. Assuming a similar level of loss
and similar squeezing factors for the signal and the pump,
i.e., kg ~ kp and w ~ e~ & 1, an experimental require-
ment for our scheme becomes

E>y (17)
Kq

(see Appendix D for full discussions), where the squiggly
symbol denotes approximate equality (inequality) faith-
ful up to factors of order of unity. Notice that compared
with the normal definition of strong coupling g/k, > 1, the
requirement (17) is reduced by the squeezing of the probe
pump mode. For instance, applying 15 dB of squeezing on
the initial pump can approximately reduce the requirement
for g /K, by a factor of w=! ~ 5.6. A promising nonlinear-
optical realization of Eq. (1) is by means of a high-O
microring resonator, where g/k, ~ 0.01 was recently real-
ized in indium gallium phosphide nanophotonics [46] and
thin-film lithium niobate nanophotonics [47]. Moreover,
ultrafast pulse operations enabled by advanced dispersion
engineering can further enhance the nonlinear coupling
by simultaneously leveraging both temporal and spatial
field confinements, with which g/k, ~ 10 may be possi-
ble [48]. When realized in a single-path manner, such an
implementation with ultrashort pulses may enable PNR
QND measurements with terahertz through rates. These
numbers suggest bright prospects for the potential realiza-
tion of our proposed scheme in near-term x® nonlinear
nanophotonics.
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VI. CONCLUSION

In this work, we propose and analyze a scheme for
PNR QND measurement and quantum state engineering
using the nonlinear quantum behavior of an OPA. We first
show that the pump mode driving a frequency-detuned
OPA experiences conditional displacements depending on
the number of signal Bogoliubov excitations N, enabling
one to measure N, nondestructively via a pump homodyne
detection. Such PNR QND measurements allow high-
efficiency ultrafast PNR measurements (replacing the use
of conventional slow superconducting detectors) and a
deterministic implementation of a photon-photon entan-
gling gate [26,27], providing all the necessary elements
for deterministic room-temperature DV photonic quantum
computation at ultrafast clock rates.

We then show that the nonlinear OPA dynamics can
be utilized to realize a modular quadrature QND mea-
surement of the pump mode via a signal phase measure-
ment, which naturally provides a way to deterministically
generate optical GKP logical states with additional all-
Gaussian resources. Combined with the all-Gaussian GKP
magic state distillation protocol from GKP logical states
[15], our results may unlock promising opportunities for
room-temperature ultrafast universal quantum computa-
tion with GKP states in CV architectures. It is worth
mentioning that our GKP state generation protocol uses
Gaussian quadrature measurements, which can be purified
using recently demonstrated amplification techniques with
high-gain linear OPAs before the inefficient general-dyne
measurements, thereby offering a way to generate highly
pure GKP states [67,80,81]. Finally, extending the discus-
sions to OPO physics, we show that continuous homodyne
monitoring of the outcoupled pump field leads to condi-
tional localization of the signal mode on squeezed photon-
number states, thereby highlighting a unique opportunity
to synthesize and characterize the intracavity nonclassical
states in real time.

Our scheme does not rely on materials with cubic non-
linearity, and thus provides a clear path for overcoming the
long-standing challenge of nonlinear-optical PNR QND
schemes based on cross-phase modulation, where the self-
phase modulation that inevitably accompanies cross-phase
modulation leads to phase noise that is detrimental to the
probe field [20-23,82]. Our work establishes a concise
description of the nonlinear-optical parametric interactions
beyond the conventional semiclassical picture, thereby
showing a practical path toward large-scale, ultrafast, and
fault-tolerant universal photonic quantum information pro-
cessors at room temperature.

ACKNOWLEDGMENTS

This work was supported by the National Science Foun-
dation under Grants No. CCF-1918549 and No. PHY-
2011363. R.N. and A.M. gratefully acknowledge support

from National Science Foundation Grants No. 1846273
and No. 1918549, AFOSR Grant No. FA9550-201-0040,
and the NASA Jet Propulsion Laboratory. The authors
thank NTT Research for financial and technical support.
R.Y. is supported by a Stanford Q-FARM Ph.D. Fellow-
ship and the Masason Foundation.

APPENDIX A: DERIVATIONS FOR THE
ROTATING FRAME HAMILTONIAN

We provide the derivation for the Hamiltonian (1).
We start from the single-mode x® Hamiltonian in the
laboratory frame

H = g@"?b + &*b") + w,a’a + w,b'h. (A1)
We move to a rotating frame given by a unitary
- t P
U= exp(i%’&T& + fwbtb'fb). (A2)
This transforms the Hamiltonian as
Hvw UAU +i(3,0)U"
= g(ab + a*b") + sata, (A3)

with the frequency detuning § = w, — wp/2.

APPENDIX B: KRAUS OPERATORS FOR PNR
DETECTION

We derive the Kraus operators of the PNR QND mea-
surement implemented with the Hamiltonian Ap. For the
pump p-homodyne outcome of p;, the postmeasurement
signal state becomes

|0, (s)) = (ol €0 |4 (0)) 5(0)) (B1)

up to normalization, where |p;) is an engenstate of pj, with
eigenvalue pp. For the target signal state

l9a(0)) = ) an, INa),

N,=0

(B2)
we have

oL @e)) = (ol Y an,e™ % Dy(yn,) INa) |96(0))

Nag=0
o0
= Y an,Cn, (ps) IN2) (B3)
Ng=0
with yn, = id (N, + 1/2) and
Cn, (pp) = €Y' (pp —d(N, + 1/2)95(0)) . (B4)
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Equation (B3) can be summarized as

|, @s)) = M (py) 19a(0)) (B5)
using Kraus operators
M@s) =Y Cn,(ps) INa) (Na - (B6)

Na=0

Assuming a squeezed vacuum with width w along the
p quadrature as the pump probe state |g,(0)), we can
analytically write the complex probability amplitude

e_“aNa te_ ﬁ (pb _d(N“+ %))2

Cn,(py) = FENTE ,

(B7)

which is a Gaussian function centered at pp = d(N; + 1/2)
with width w.

The POVM of the QND measurement protocol F(pp)
can be readily obtained from the Kraus operators as

F(py) = M (ps) M (p3)

= Y ICn, () ING) (Nl .

N,=0

(B8)

Notice that the POVM fulfills a normalization condition
[ dpy F(ps) = 1,.

It is worth mentioning that the POVM (B8) is not com-
pletely selective with respect to N,, because the POVM
is composed of a mixture of multiple squeezed-Fock-
state projectors. For quantitative characterizations of such
mixedness of the POVM, we introduce relative weights of
squeezed-Fock-state projectors

|Cx, (b))
> N0 |Cn; @)1

To understand the physical interpretation of Wy, (p3), it is
insightful to consider how the squeezed photon number
distribution of a premeasurement state (B2), i.e.,

[{Nal@a(0)* = law, 1%

changes conditioned on the homodyne outcome p;. Using
Eq. (B5), we can denote the squeezed photon number
distribution of the postmeasurement state as

(Nal@l o)) * = Nlan, > Wi, (s),

Wi, (pp) = (B9)

(B10)

(B11)

with normalization constant /. Comparing Egs. (B10) and
(B11), we can interpret {Wy,(pp)} as conditional weights
that are multiplied to the squeezed photon number dis-
tribution of the input state |aNa|2. In particular, when
Wn,(ps) = 1 holds for a certain N,, the postmeasurement
state becomes a pure squeezed photon-number state |N,).

APPENDIX C: ALL-GAUSSIAN GENERATION OF
GKP STATES

We introduce the generation scheme of GKP states
by means of a modular quadrature measurement using
the nonlinear quantum behavior of an OPA. Our basic
approach adapts the protocols using ponderomotive inter-
actions introduced in Ref. [14.,49].

For the following discussions, we denote a coherent
excitation of the signal Bogoliubov excitation as |4). Phys-
ically, |4) is a displaced squeezed state and is an eigenstate
of A with eigenvalue 4. As an initial system state, we
consider

10(0)) = |4o) f s 055) 155) » 1)

with Ag > 0, and ¢ (x3) represents the x-quadrature ampli-
tude of the initial pump state. After propagation through
a frequency-detuned OPA for time f, we measure the
phase of the signal mode via a general-dyne measurement
[68—70]. This projects the signal state on a measurement
basis spanned by states {|e‘¢'(A0 + e)}}, where a displaced
squeezed state |ei¢ (4o + e)) is parameterized by the radius
Ao+ € =0 and the phase ¢. The details for the con-
struction of a general-dyne measurement are provided in
Appendix F.

For a given measurement outcome of € and ¢, the
postmeasurement pump state becomes

|0h) = (€ (Ao + €)| e™0" | 4g) |5(0))

= fdxb (Ao+€|€i(2§“"_m_mf10)%(xb) [xp) (C2)

up to normalization. As a result, we can write the Kraus
operators representing the measurement protocol as

Ag—l—é

M(e,¢) = -

f s Coy €, ) Ix8) (5], (C3)

where

Cyy(€,9) =exp [—%(Aﬁ + (Ao +¢€)’

—24o(Ao + e)ef@éﬂ‘b—m—‘f*)} (C4)

is a complex amplitude.

When we use a “meter” signal state with an amplitude
much greater than the noise level of a vacuum, the outcome
of the signal measurement is expected to be exponentially
localized around |e| < Ap. Assuming that this condition is
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met, we can approximate Eq. (C4) as

o0

Cole;9) = D oxp {—245@0 (x5 — %0 — x4)7}

n=—0c

X exp {ZiAggrt(xb — Xn —x,;.)} (e)

where x, =np and x5 = (Af+¢)/2gt (mod p), with
p = m/gt. Notice that Eq. (C5) exhibits multiple Gaus-
sian peaks with width k = 1/2,/7 4¢ separated by an equal
distance .

For the generation of a GKP state, we specifically
consider a p-squeezed pump state

w2 w22

We_ 4 (C6}

@p(xp) =
whose width along the p quadrature is w/4. Also, we
set the interaction time to gf = /7 /2 so that u = /2.
For these parameters, the postmeasurement pump state
becomes

20 W22
|op) ~ Z fdxb e Tt exp{—245@1)* (6 — xn — x4)°}

exp {ZEAggt(xb — X, — x¢)] lxz)
o0

wzx;-;+x 2 ~ ~ ~
v Y T D) Dy Dyl T )

oo
= Dy(eg) Dy (i/T/243) Y e VT A

n=—00
2

w2 (xptxg)? N
x e T Dpxy) i),

where we have ignored overall normalization constants.
Here, |«) is an x-squeezed vacuum with width « along the
x quadrature. Assuming that |«) is strongly squeezed, we
can perform an approximation

(C7)

e~ VAT Py, (x) |ic)

_ e—zm‘”“‘(zif)b(xn) )

_ e_zmn(A%—LA%JJbb(x,,) i)
= e~ WVIEAG- Do Py, () i)

~ e VI Py (v, i)
= Dy (—iv/7 /245 — 143D ) Doen) I6) . (CB)

where |-]| is a floor function. This allows us to rewrite the
postmeasurement state as

|0}) ~ Dy(eg) Dy (fJx_/z |42 J) |6} . (09)

where

oo

- whn/Zr4x)?
|0)oc Y e T DI Ik)  (Cl0)
n=—00

is an approximate GKP logical state. Notice that feed-
forward displacement operations based on the general-
dyne measurement result can transform Eq. (C9) into an
approximate GKP state.

APPENDIX D: EXPERIMENTAL REQUIREMENTS
FOR THE PNR QND MEASUREMENT

We study the experimental requirements for the imple-
mentation of a PNR QND measurement scheme in the
single-photon regime. In the presence of dissipation, the
density matrix for the system state follows the master
equation

= =—ill. 51+ ) (L}ﬁLf — 6.1, }), (D1)
t . 2
J€la,b}

where {f)l, 02} = @1@2 + @201 is an anticommutator. In
the main text, we assumed the dynamical timescale of
the phase rotation of the Bogoliubov excitation A domi-
nates over the nonlinear coupling rate, i.e., A > g. Here
we further assume that A dominates over the timescale of
dissipation as well, i.e., A > k4, k5. When this assump-
tion holds, by virtue of the rotating-wave approximation,
we are justified to ignore contributions from the rapidly
rotating terms terms containing A? and A" in Eq. (D1).
Specifically, for the terms describing signal loss, we have

(D2)

with L, = /i sinh(u)A" and L_ = /i cosh(u)4'. This
result indicates that, under a rotating-wave approximation,
we can decompose the effect of the original signal Lindblad
operator L, = \/kqa into that of two Lindblad operators L.

and L_.

In the following discussions, for concreteness, we con-
sider a squeezed single-photon state [N, = 1) as an initial
signal state. For the initial pump state, we assume a p-
squeezed vacuum with width w along the p quadrature.
For a successful PNR QND measurement, the probability
for a quantum jump to occur in the signal mode should be
sufficiently low. In the low-loss limit, the probability for a
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quantum jump is approximately given as

ot e
Piump = 1 — (N, = 1]e~!|N, = 1)
A1 — (N, = 1] Erl+HI oy, —
=1= (Na — 1|e—Kg(COSh(Zu)Na—‘,-Sinhz(u))(lNa — 1)

=1— e—!(a(3 coshz(u)—Z)(, (D3}

which sets a characteristic timescale for the loss-induced
quantum jump as fjump ~ 1/ cosh? (u)k,.

To be able to measure Na with high confidence, the con-
ditional displacement occurring over the timescale of #j,m,
needs to be greater than the characteristic width of the
pump state. In the presence of finite but small pump loss,

the width of the final pump state along the p quadrature
becomes

W () = /wle=b + (1 —
~ W+ (1/4 — W)kt

e=o') /4

(D4)

where we have assumed «pt < 1. As a result, the exper-
imental condition for a successful implementation of our
scheme becomes Zfjump 2 W (fjump). We use the squiggly
symbol to denote approximate equality up to factors of
order of unity.

We assume strong squeezing for all the fields involved,
i.e., signal Bogoliubov excitation and the pump state. Also,
we assume a similar level of loss and squeezing for both
the signal and the pump, i.e., k; ~ kp and w ~ e ™ < 1.
Under these conditions, the order of magnitude of W (fjump)
is larger than w by only a factor of unity, allowing us to
approximate W (tjump) ~ W. As a result, we obtain a con-
cise expression for the experimental requirement for our
scheme as

E>w (D5)
Ka
APPENDIX E: LOSS ANALYSIS FOR EXTERNAL
SQUEEZERS

In the main text, we comment on the possible exten-
sion of the PNR QND measurement scheme using external
squeezing operations to modify the measurement basis.
As illustrated in Fig. 5, we consider applying a pair of
opposite squeezing operations S, and 8 to the signal state
before and after the frequency-detuned OPA. In this con-
struction, the frequency-detuned OPA implements a QND
measurement of the squeezed photon number N, and the
external squeezmg operatlons modify the overall measured

observable to Neff‘— S N, Sa, providing a flexible control
to the measurement basis. A particular scenario of inter-

est is when §a is chosen such that ﬁeg = n, holds, which

Signal
|94

FIG. 5. The construction of an extended PNR QND measure-
ment. The external squeezing operations modify the measured
observable to Nog = S'ENHS'G. We model the loss of each squeezer
by a pair of equal beam splitters placed before and after the
squeezer.

realizes a QND measurement of normal photon number
as a whole. For an experimental implementation of such
extended PNR QND measurements, the loss associated
with the squeezers can induce measurement errors. In the
following, we analyze the effects of squeezer-induced loss
on the extended QND measurement for the case K‘reﬂ' = Rg.

To separately analyze the effects of squeezer-induced
loss from the effects of other possible imperfections,
we assume ideal dynamics with no decoherence for the
frequency-detuned OPA. We model a lossy squeezer with
a total loss of L as a combination of an ideal squeezer and
two beam splitters with equal transmissivity 72 = /T — L
placed before and after the squeezer. We denote the losses
of the first and second squeezers as L; and L;, respec-
tively (see Fig. 5). For concreteness, we consider an input
single-photon Fock state |1) = at o).

In the absence of loss, the state after the first squeezer
is a pure state S'a |1}, while nonzero loss makes the output
of the first squeezer a mixed state described by a density
matrix 1. Then, the error induced by the squeezer loss can
be characterized by the infidelity

=1- (118 aS.11), (E1)

which can be interpreted as the probability of finding states
other than the expected state S'a |1) at the output of the first
squeezer. In Fig. 6(a), we show &£ as a function of the
loss L for various squeezing levels of S,. We note that the
power gain required for the external squeezers G to realize
Neﬂ' = A, is determined solely by the ratio g/g = sinh(2u)
via G = e*.

To analyze the effects of the second squeezer’s loss sep-
arately from the effects of the first squeezer’s loss, we
assume L; = 0 for the following discussions. Since we
also assume an ideal frequency-detuned OPA Hamiltonian,
which commutes with N, the input to the second squeezer
is S'a [1). In the absence of loss, the output of the second
squeezer should be a single-photon state |1), while nonzero
loss leads to a mixed output state described by a density
matrix gp. We can then quantify the error induced by the
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FIG. 6. Error induced by the loss of (a) the first squeezer and
(b) the second squeezer for an extended PNR QND measurement
with ﬁeﬁ = h,. For g/g = 1, 2,and 3, respectively, the required
power gain G of the external squeezer is 3.8, 6.3, and 7.9 dB.

loss of the second squeezer using the infidelity

& =1-(11p211), (E2)
which we show as a function of L, in Fig. 6(b). Again, &
can be interpreted as the probability of finding states other
than the expected output state |1) at the end of the overall
measurement protocol. We note that £; and &, exhibit sim-
ilar but different values for the same level of squeezing and
loss.

APPENDIX F: CONSTRUCTION OF
GENERAL-DYNE MEASUREMENT

We introduce the construction of a general-dyne mea-
surement [68]. The derivation follows Ref. [83]. Phys-
ically, a general-dyne measurement is a projection of a
target state to a displaced squeezed state

| (x + ip)) = D(x + ip)3(£) 10) , (F1)
where f)(a) is a displacement operator and 3(&‘) is a
squeezing operator with a field gain £ along the x quadra-

ture. The POVM for the general-dyne measurement is
given as

Feep) = 2l + )B4 ip) (F2)
Notice that the measurement basis becomes a coherent-
state basis and an infinitely-squeezed-state basis for & =
1 and & = +o00, respectively, and thus the notion of
general-dyne measurement contains canonical heterodyne
and homodyne measurements as special cases.

We illustrate our construction of a general-dyne mea-
surement in Fig. 7, which we explain in detail below. First,
we mix an input state [¢); in mode 1 with a vacuum state
[0), in mode 2 with a beam splitter, and the state after the
beam splitter becomes

lens) 12 = Uss |9), 10), - (F3)

We denote the unitary for a beam splitter with transmissiv-
ity T = cos’ @ as

Uss = expl0@a}-ala |, (F4)

where a; and @ are the annihilation operators for mode
1 and mode 2, respectively. The beam splitter unitary is
characterized by the operator transformations [84]

Ulga) Ugs = cos@ a; — sin6 &, (F5)
UlgarUps = sin6 ay + cos 0 &. (F6)

We then perform x-quadrature and p-quadrature homo-
dyne measurements on mode 1 and mode 2, respectively,
yielding measurement outcomes X; = xj and pp = py. Asa
result, the post-beam-splitter state |@gs);, is projected onto
the measurement basis {|x1); [p2),}, and this projection
takes the form

(x1ly (P2l leBs) iz = (@ (x1, p2) @) - (F7)

The whole process can be seen as a projection of the input
state |@); to the measurement basis spanned by the states

6 (1, p2))y = (01, Uk lx1) [p2), - (F8)

Equation (F8) can be further evaluated as

n 1 .
6e1.p2) = (0 O ey —= f dy 22 [xy))

1 )
= ﬁ (0|2fd1‘2 %272 |cos O x) + sin 6 x3)

|—sin@ x; 4+ cos @ x2),

1 : '
= 7= csc9fdx5e2‘°“9x2p2 (0]—sin6 x1 + cot 6 x3),

x [cos 6 x1 +x3),

010333-12



QUANTUM NONDEMOLITION MEASUREMENTS WITH OPTICAL...

PRX QUANTUM 4, 010333 (2023)

FIG. 7. Construction of a general-dyne measurement using
two balanced homodyne detectors and one ancillary vacuum
state. The overall measurement protocol projects the input state
l@); to a measurement basis spanned by displaced squeezed
states {|¢: (x + ip))}. The outcome of the general-dyne measure-
ment is related to the outcomes of the homodyne detectors via
x +ip = sec x; + icsc 8 py. The level of squeezing of the mea-
surement basis £ = tan# can be set via the choice of the beam
splitter (BS) transmissivity T = cos? 6. LO, local oscillator for a
homodyne detector.

- —j— csco) [ dj et et
T

|- escOxy + cotOx}), |x}),

1 . : /
_ cscee—Zrthxlpg dx’ lecschlpz x (2/;{)1{4
7 J

2 2
— cot* A (x} —secO x;) ’
: ),

x e
= Di(secOx1 +icscOpy)Si(tan6) 0)
/7 sinf cos @
e('v

S — W ) (F9)

/7 sinf cos @

where we have defined auxiliary variables x) = sin6x;
and x| = x) + cos 6 x;. In the final line, we have excluded
the subscripts for the mode index for brevity. Here, € is a
known phase factor, § = tan@, and

x =seclx;, p=cscOp,. (F10)
As a result, if we apply an appropriate normalization, the
POVM for the entire measurement protocol becomes Eq.
(F2), implying that we have successfully constructed a
general-dyne measurement. The level of squeezing & =
tan@ can be set to any real value via the choice of the
beam splitter transmissivity T = cos? 8. For 6 = 0,7/2,
the overall measurement becomes a homodyne measure-
ment, while for 6 = /4, the measurement becomes a
heterodyne measurement.

To implement the phase measurement of A as discussed
in Sec. III, we set the transmissivity of the beam splitter so
that tan @ = e™" holds. Then, on the basis of the homodyne
measurement outcomes x; and pj, the state is projected
to a desired measurement basis spanned by the displaced
squeezed states [4) = |¢:(x + ip)), with A = x + ip.
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