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Crystals with penta-twinned structures can be produced from diverse fcc metals, but the 

mechanisms that control the final product shapes are still not well understood.  Using the theory 

of absorbing Markov chains to account for the growth of penta-twinned decahedral seeds 

via atom deposition and surface diffusion, we predicted the formation of various types of 

products:  decahedra, nanorods, and nanowires.  We showed that the type of product 

depends on the morphology of the seed and that small differences between various seed 

morphologies can lead to significantly different products.  For the case of uncapped Dh 

seeds, we compared predictions from our model to nanowire morphologies obtained in two 

different experiments and obtained favorable agreement.   Possible extensions of our model 

are indicated. 
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INTRODUCTION 
Penta-twinned nanocrystals can be produced from diverse fcc metals.1-27 Various 

penta-twinned nanocrystal shapes can be synthesized, including nanowires (NW),1-14 

nanorods (NR),3, 5, 10, 15-18 and various types of decahedra (Dh).10, 19-26 Penta-twinned NWs 

can be applied as efficient as electrocatalysts,28 in wearable electronic textiles,29  

photothermal desalination,30 in thin films for electromagnetic interference shielding,31 

electrochromic devices,32-34 low-voltage electrical heaters,35 and flexible, transparent, 

conductive films for many applications.36-40  Gold NR have promising applications in 

photothermal theraputics and drug delivery.41, 42 Dh have shown favorable performance as 

catalysts,43 nanoresonators for surface enhanced Raman scattering,44 and sensors.45 

Figure 1.  Schematic showing the major features of a penta-twinned NW.  {111} “end” 

facets are shown in lighter shades of blue and {100} “side” facets are shown in dark blue. 

 

 Figure 1 shows a schematic of the major features of a penta-twinned NW, which  has 

10 {111} “end” facets, five on each end, and five{100} “side” facets.  In this work, we 

define a NW as having an aspect ratio ( ratio of the end-to-end length to the width) of ten 

or greater.  If we reduce the {100} length so the aspect ratio is between one and 10, we 
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have a NR.  If we further reduce the {100} length to achieve an aspect ratio less than one, 

we have a Dh. Though penta-twinned Dh have been predicted to be the most 

thermodynamically stable shapes for certain nanocrystals in the one to ten nm range,46-50 

larger Dh, or structures such as NR and NW, are kinetic shapes. 

Kinetic shapes for penta-twinned nanocrystals can emerge either through aggregative 

mechanisms51-55 or they can grow from seeds through a combination of atom deposition 

and nanocrystal reshaping driven by surface diffusion.54  In this paper, we consider the 

growth of a Dh nanocrystal seed via atom deposition and surface diffusion.  We use the 

theory of absorbing Markov chains to describe atom diffusion between the crystal facets.  

Our work is complementary to recent work by El Koraychy et al.56  They used molecular 

dynamics (MD) simulations to study how Dh and icosahedral seed crystals evolve from 

the growth of tetrahedra, where the largest crystals in their study were roughly on the 6 nm 

scale.56  Here, we examine the growth Dh with diameters ranging from 6-60 nm.  We show 

that the final growth morphology can be highly sensitive to the initial Dh seed geometry 

and lead to Dh, NR, or NW, depending on the structure of the seed. 

Background  
In previous studies, we developed a kinetic growth model for penta-twinned Ag and 

Cu NWs considering that the growth of a particular facet is driven by a competition 

between atom deposition and inter-facet diffusion of deposited atoms.57-59  In this model, 

growth begins from a Dh penta-twinned seed crystal consisting of two primary facets, 

{111} and {100}. Atoms are assumed to be randomly deposited and deposited atoms can 

diffuse between and accumulate on the facets. The growth rate Gi of a particular facet i is 
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equal to the accumulation rate of atoms on facet i, so for two types of facets ({111} and 

{100}) we have,  𝐺{111} =  𝑅𝑑𝑒𝑝,{111} +  𝑅{100}→{111} −  𝑅{111}→{100}      ,                    (1) 

and 

𝐺{100} =  𝑅𝑑𝑒𝑝,{100} +  𝑅{111}→{100} −  𝑅{100}→{111}      .                    (2) 

Here, 𝑅𝑑𝑒𝑝,𝑖 is the deposition rate on facet i and 𝑅𝑗→𝑖 is the net atomic diffusion rate between 

facets j and i.   It should be noted that the units of all the quantities in Equations (1) and (2) are 

reciprocal time (e.g., s-1). 

Depending on the relative values of the deposition and diffusion rates, various structures 

can be realized.  For example, if the deposition rate is much faster than the inter-facet diffusion 

rate, then 𝐺{111} =  𝑅𝑑𝑒𝑝,{111}, 𝐺{100} =  𝑅𝑑𝑒𝑝,{100}, and the kinetic Wulff construction60, 61 can 

be used to predict the nanocrystal shape.  Our prior studies showed that to achieve a long NW 

based on deposition only, the ratio of deposition rates on the {111} end and {100} side facets 

must be nearly equal to the NW aspect ratio.57  However, this was not the case in at least one 

study where NWs were grown.13  In a study of the growth of Cl-capped Cu NWs, Kim et al. 

performed synthesis experiments, along with complementary electrochemical experiments 

aimed at characterizing the Cu deposition (reduction) rate.13   Their electrochemical experiments 

indicated the deposition rate on Cu(111)  was only 14.5 times greater than on Cu(100). This 

ratio was insufficient to predict the experimentally observed NW, suggesting inter-facet 

diffusion played a role in nanowire growth in this system.   

The theoretical description of kinetic nanocrystal shapes becomes substantially more 

complex when inter-facet diffusion is important.  Though Equations (1) and (2) are still valid, 
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the inter-facet diffusion rates become dependent on facet size, so that the linear-facet growth 

rates change as a nanocrystal grows.  From an atomistic perspective, atom accumulation on a 

facet changes the inter-facet diffusion rate because metal atoms interact strongly with one 

another, and these interactions affect local adatom hopping rates.  Thus, the inter-facet diffusion 

rates become a complicated function of the atom coverage and distribution on a crystal facet 

when the facet is not smooth.  Theoretical techniques such as kinetic Monte Carlo (kMC)62 can 

describe crystal-shape evolution under these complex conditions.  If the adatom hopping rate 

can be quantified for each possible local environment on a crystal surface, then the kMC 

description is exact, or at least as accurate as one would obtain via ab initio molecular dynamics 

(MD) – if such a simulation could be run to arbitrarily long times. 

There are situations under which kMC simulations yield the same results as differential 

equations and these circumstances can occur in crystal growth.  For example, if accumulation 

occurs on one crystal facet, but not another, the atom concentration on the facet without 

accumulation is dilute and the adatom hopping rates are those for isolated atoms.  There is at 

least one experimental precedent for this scenario in the Br-mediated growth of Ag nanowires, 

where Da Silva et al. observed that Ag nanowires maintained a constant diameter for 35 

minutes, while they grew to achieve an aspect ratio of around 1000.8  Subsequent to this 35-

minute interval, the wire diameters began to increase.  This observation indicates there was no 

accumulation on the sides of the nanowires while they grew longer, at least for a time.  Such a 

scenario can be described by the theory of absorbing Markov chains.63-67 

In the theory of absorbing Markov chains, temporal evolution is based on the Master 

equation, where the time evolution of states is given by 

𝑑𝑃⃗𝑑𝑡 = −𝑨 𝑃⃗                 .                                                       (5) 
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Here, 𝑃⃗ = {𝑃𝑖} is the probability state i occurs at time t, and A is the transition-rate matrix.  The 

elements of A are given by 

𝐴𝑖𝑗 = {∑ 𝑟𝑖𝑘𝑘 , 𝑖𝑓 𝑖 = 𝑗−𝑟𝑗𝑖 ,               𝑖𝑓 𝑖 ≠ 𝑗              ,                                            (6) 

where 𝑟𝑖𝑗is the rate to transit from state i to j.  

The theory of absorbing Markov chains63-67 can be applied to calculate the Mean First-

Passage Time (MFPT) 〈𝑡𝑖→𝑗〉, or the average time for an atom to transit from facet i to facet j.  

We note 〈𝑡𝑖→𝑗〉−1 =  𝑅𝑖→𝑗 in Equations (1) and (2).  To calculate the MFPT, we convert the 

transition-rate matrix A into the Markov matrix M as follows.  First, we define two types of 

states: transient states and absorbing states.  In transient states, transitions can occur to other 

states, while absorbing states are final states, where no further transitions occur.  When we 

calculate 〈𝑡𝑖→𝑗〉, or 𝑅𝑖→𝑗 in Equations (1) and (2), there are 𝑁𝐴 absorbing states and 𝑁𝑇 transient 

states.  Based on these two types of states, we define the Markov matrix M as 

𝑴 = ( 𝑰 𝟎𝑹 𝑻)        ,                                                      (6) 

where 𝑰  is an identity matrix with dimensions of 𝑁𝐴 × 𝑁𝐴 , 𝟎  is a null matrix with 

dimensions of 𝑁𝐴 × 𝑁𝑇, 𝑹 is the recurrent matrix with dimensions of 𝑁𝑇 × 𝑁𝐴 and 𝑻 is 

the transient matrix with dimensions of 𝑁𝑇 × 𝑁𝑇 . The recurrent matrix accounts for 

transitions between transient and absorbing states and the transient matrix contains the 

rates for transitons between tranisent states.  In converting A to M, it is best to order the 

states and assign indices such that the transient states are first, followed by absorbing 
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states, as shown in the example in the Supplementray Information.  The elements of the 

transient matrix are given by 

𝑇𝑖𝑗 = {0 ,                 𝑖𝑓 𝑖 = 𝑗 𝑟𝑖𝑗  𝜏𝑖 ,          𝑖𝑓 𝑖 ≠ 𝑗           ,                                      (7) 

and the elements of the recurrent matrix are given by 

𝑅𝑖(𝑗−𝑁𝑇) = 𝑟𝑖𝑗  𝜏𝑖      ,                                                                  (8) 

where 𝑟𝑖𝑗  is an appropriate rate in A [Equation (6)] and 𝜏𝑖 =  𝐴𝑖𝑖−1 .  An example of 

constructing the Markov matrix and its various sub-matrices is given in ref. 67  As we will 

discuss below, we also included an example of constructing the Markov matrix for trimer 

diffusion on Ag(111) in the Supplementary Information. 

When the Markov matrix and its submatrices have been defined, the MPFT and the 

exit probability distribution for various absorbing states 𝑃⃗⃗𝑒𝑥𝑖𝑡 can be obtained from 〈𝑡𝑖→𝑗〉 = 𝑝0𝑇 ∙ (𝑰𝑻 − 𝑻)−1 ∙ 𝜏               ,                                     (9) 

and 𝑃⃗⃗𝑒𝑥𝑖𝑡 = 𝑝0𝑇 ∙ (𝑰𝑻 − 𝑻)−1 ∙  𝑹               ,                                   (10) 

where 𝑝0𝑇  is the initial probability that the transient states are occupied and 𝑰𝑻  is an 

identity matrix with the same dimensions as T.  As we will discuss below, we included an 

example of calculating the MFPT for trimer diffusion on Ag(111) in the Supplementary 

Information. 

In the theory of absorbing Markov chains, we describe time evolution by enumerating 

every state of the system, along with all rates to transit from one state to another.   This is 

possible in the dilute limit of a single atom (or a unit, such as a trimer) diffusing on a facet 
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because the number of states is equal to the number of binding sites on the facet and is, thus, 

limited to tractable numbers for nano-objects.  As the number of atoms on a facet increases, 

the number of possible configurations (states) increases dramatically, and this approach 

becomes intractable. As an aside, kMC simulations are also a numerical solution to the Master 

equation and they retain the advantage that not every state has to be enumerated to obtain an 

exact solution, though all the rates must be defined. 

By applying the theory of absorbing Markov chains to describe the evolution of one facet, 

assuming accumulation occurred on another, we were able to explain experimentally observed 

aspect ratios for the growth of uncapped Ag nanowires,57 Cl-covered Cu nanowires,58 and I-

covered Cu nanoplates.68  While we predicted high aspect ratios for the capped Cu 

morphologies, including aspect ratios greater than 1000 for the capped Cu NWs,58 the aspect 

ratios for uncapped Ag NWs were smaller, around 100.57  In the Ag study, we probed the 

growth of a Dh seed crystal of a single size – 28 nm. The fact that the inter-facet rates 𝑅𝑖→𝑗 in 

Equations (1) and (2) depend on facet size suggests that multiple shapes could be predicted, in 

which the growth product (NW, NR, or Dh) depends on seed dimensions. 

In this paper, we explore the dependence of the growth morphology on the initial seed 

dimensions for the growth of uncapped Dh Ag seeds.  As depicted in Figure 2, we show there 

is a set of seed morphologies for which the initial morphology leads to approximately equal 

growth of the length and diameter.  For example, the seed shown in Figure 2(a), which has a 

length of 8.9 nm and a diameter of 7.4 nm, is predicted to possess nearly equal growth rates of 

the {100} and the {111} facets, so final shape is a Dh.  The seed in Figure 2(b) has a length 

of 13.5 nm and a diameter of 7.4 nm, and is predicted to grow wider, to produce a Dh.  

Conversely, the seed depicted in Figure 2(c) has a length of 13.8 nm and a diameter of 15.2 
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nm and is predicted to grow longer, to produce a NW.  In summary, below a critical initial 

seed width that depends on the length, seeds will grow wider and remain as Dh.  Conversely, 

below a critical initial seed length that depends on the seed width, seeds will grow longer to 

produce NR and NW.  Below, we describe this study. 

Figure 2.  Overview of three types of Marks-Dh seed morphologies in this study.  {111} facets 

are yellow, {100} facets are orange, and {110} facets are red.  Both end-on and side views are 

shown.  (a) The {100} width is 16 atoms (diameter of 7.4 nm), and the {100} length is 16 

atoms, (total length of 8.9 nm), 𝑅{100}→{111} ≈  𝑅{111}→{100}, and the growth morphology is 

predicted to be a Dh.  (b)  The {100} width is 16 atoms, the {100} length is 32 atoms (total 

length of 13.5 nm), 𝑅{100}→{111} <  𝑅{111}→{100}, and the growth shape is predicted to be a Dh.  

(c) The {100} width is 32 atoms (diameter of 15.2 nm), the {100} length is 16 atoms (total 

length of 13.8 nm), 𝑅{100}→{111} >  𝑅{111}→{100}, and the growth shape is predicted to be a NW. 

MODELS AND METHODS 
We consider the growth of Dh Ag seeds with the geometry of a Marks Dh,69 similar to those 

shown in Figure 2.  As we see in Figure 2, the main facets in the Marks Dh are the {111} “end” 

facets and the {100} “side” facets.  Additionally, the Marks Dh possesses {111} “notches” on 
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the sides and {110} “steps” between the notches and the end facets.  In this work, we create the 

notches by removing two layers of atoms from the {100} twin boundaries and the {110} step is 

three unit-cells wide. We describe Ag interatomic interactions using an Embedded-Atom 

Method (EAM) potential.70  MD simulations were run using the LAMMPS code.71  In prior 

MD simulation studies of a  penta-twinned structure with a 28 nm diameter, the Marks Dh was 

shown to be the energetically favored structure.57     

To gauge the major diffusion processes involved in 𝑅{111}→{100} and  𝑅{100}→{111}, we ran 

MD simulations on Ag seed crystals.  The seeds were equilibrated for 4 ns in canonical MD 

simulations using the Nosé-Hoover thermostat at 450 K. The {100} width of the seeds was 30 

atoms (diameter of 14.21 nm) and the {100} length was 20 atoms (total length of 14.31 nm). 15 

adatoms were randomly added onto the {111} facet for each equilibration.  

We also calculated energy barriers for the diffusion processes relevant for seed growth using 

the climbing-image nudged-elastic band (CI-NEB) method,72 implemented in LAMMPS. In 

these calculations, the seed crystal had {100} facets with a width of 60 atoms and a length of 

20 atoms. The diameter was 28.91 nm, the total length was 23.44 nm, and there were in total 

347,394 atoms in this system.   

RESULTS AND DISCUSSION 
Diffusion and Heterogeneous Aggregation on {111} 
 

Our prior MD simulations showed that atoms diffuse rapidly on Ag(111), and form 

aggregates within ns, while atoms on Ag(100) diffuse relatively slowly and remain essentially 

isolated over the same time window.57  Moreover, the heterogeneous strain distribution on the 

{111} end facets leads to the formation of aggregates that tend to be distributed near the {111}-

{111}, {111}-{100}, and {111}-{110} facet edges, as shown in Figure 3.  In these 
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simulations, aggregation on {111} occurs more rapidly than {111}-{100} inter-facet diffusion, 

as we observed previously.57  A new conclusion has emerged from the present study:  We 

observed that small aggregates can possess significant mobility on Ag{111}  – in particular, 

Ag dimers and trimers possess significant mobility, with trimers forming from dimers.  We 

used the theory of absorbing Markov chains to quantify this mobility. 

Figure 3.   Snapshots from two, different, 4-ns MD simulations beginning with a random 

distribution of Ag atoms (left) on a {111} end facet of a nanocrystal seed with a width of 30 

atoms on the {100} facet.  The snapshots on the right depict the Ag aggregates at the end of 4 

ns. 

As shown in Figure 4, there are four states for a trimer on {111}.  We denote I1 and 

I2, where all trimer atoms reside in the same cell (delineated in green in Figure 4), as 

initial states for trimer motion. T1 and T2 are states that trimers occupy as they transit 

between cells.  In I1 and T2, atoms reside on fcc sites and on I2 and T1, atoms reside on 

hcp sites.  Based on these states, the diffusion pathways among trimer cells are shown in 

Figure 5. 
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Figure 4. Different trimer states on {111}. The green lines delineate trimer cells and the 

blue dots represent trimer atoms. States with the triangle pointing to the tip of the {111} 

end are marked with 1 and states with the triangle pointing to the {100}-{111} edge are 

marked with 2. 

 

In Figure 5, the pertinent trimer cells are I, U, L, and D.  Note there is also an R (right) 

diffusion pathway that is equivalent to the L (left) and that U and D are degenerate, so the 

trimer can diffuse in six different directions.  As for the I cell in Figure 4, each of these 

cells can contain two different trimer orientations (U1, U2, L1, L2, D1, and D2).  If trimer 

diffusion on the {111} facet was isotropic, we would only need to characterize motion 

between two cells.  However, due to strain associated with the penta-twinned structure, 

transit rates from I to U, L, and D are slightly different.  In fact, the diffusion barriers also 

depend on their location on the {111} facet – though this dependence is not greatly 

different from what we present here so these pathways are characteristic.  In Figure 5, we 

see that the trimer can rotate between I1 and I2 and translate to U1, U2, L1, L2, D1, and D2.  

Figure 6 shows a diagram of the pathways and the energy barriers to move between these 

states.    
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Figure 5. Transitions between trimer cells (delineated by green lines) on {111}. Seven 

different pathways (P1 – P7) are shown. I is the initial cell.  As shown in Figure 4, we can 

have two different trimer conformations in I – I1 and I2 and we can have two different 

conformations for T, U, L, and D, as well.  States T1 and T2 can be approached from 

different pathways, in which they have different barriers – hence the additional subscripts. 

P4 and P5 from I to U move the trimer closer to the penta-twinned tip and P6 and P7 from I 

to D move the trimer closer to the {111}-{100} interface.  The blue dots represent the 

initial position of the trimer and the diffusion pathways are shown with yellow arrows.   

 

We note that Shah et al. found similar mechanisms to us (P1 – P4 in Figure 5) in their 

study with an EAM potential73 – though we found additional mechanisms P5-P7.  The 

energy barriers that we find (cf., Figure 6) are similar to those found by Shah et al. but 

our barriers are slightly, but systematically higher.  This could be because they studied 

diffusion on flat (unstrained) Ag(111) or because of differences in the EAM potentials 

used by us and them. 
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Figure 6.  Forward and reverse energy barriers (in eV) for an Ag trimer to transit between 

the various states described in Figures 4 and 5.   

 

We used the theory of absorbing Markov chains to calculate the rate to transit from I 

to L, U, and D.  In this calculation, I1, I2, T1, and T2 are transient states, while D1, D2, L1, 

L2, U1, and U2 are absorbing states in Equations (6)-(10).  We assumed I1 and I2 had equal 

occupation probabilities (0.5) initially and that T1 and T2 were initially vacant.  The rates 

to transit between each pair of states i and j were given by the Arrhenius form of 𝑟𝑖𝑗 =𝐴 𝑒𝑥𝑝(− 𝐸𝑖𝑗 𝑘𝑇⁄ ) with A = 1013 s-1.  From the net escape rate, given by Equation (9), and 

the probabilities of reaching the different possible absorbing states, given by Equation 

(10), we could determine the net rates for a trimer to diffuse in all directions at a fixed 

temperature.  We obtained the overall energy barrier and pre-exponential factor for each 

process from Arhenius plots of these rates for different temperatures.  These results 

indicated the trimer diffuses in the U and D directions with similar rates that are faster 
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than the rates for the trimer to diffuse in the L (and R) directions. This calculation is 

presented in detail in the Supplementary Information and the results are included in 

Table 1. 

 
Net Diffusion Rate from {111} to {100} 
 

 

Figure 7.  A map of the states involved in calculating 𝑅{111}→{100}.  The green lines delineate 

trimer cells on {111}, 1 denotes sites on the {110} steps, 2 denotes absorbing states, and the 

complete cell is enclosed by blue lines. 

 

Figure 7 shows a complete map of the states involved  with diffusion on the {111} 

facet and diffusion between {111} and {100}.  The transient states are trimer cells on 

{111}, outlined in green, and sites on {110}, marked with 1.  The absorbing states, marked 

with 2, lie on the {100} facet and the {111} notch.  Note that we include the {110} steps 

as part of the {111} facet.  We employ reflecting boundary conditions to handle transitions 
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between trimer states in neighboring {111} cells.  To obtain 𝑅{111}→{100} in Equations (1) 

and (2), we need to characterize diffusion between {111} and {110}, on {110}, between 

{110} and the {111} notch, and between {111} and {100}.  The energy barriers and 

prefactors for these processes are included in Table 1.   

 

Figure 8.  A map of the states involved in calculating 𝑅{100}→{111}. 1 denotes sites on the 

{110} steps, 2 denotes sites in the {111} notches, 3 denotes sites on {100}, 4 denotes absorbing 

states, and the complete cell is enclosed by the solid blue lines.  Dotted lines are shown to avoid 

excessive delineation of states 2-4. 

 

Figure 8 shows a complete map of the states involved in quantifying the diffusion rate 

from {100} to {111}.  States 1, 2, and 3 in Figure 8 are transient states and states marked 

4 are absorbing states. A quarter of the {100} facet is used to represent the whole facet, 

based on symmetry, and we apply reflecting boundary coditions at the {100}-{100} and 

notch-notch cell boundaries. The {110} steps and the {111} notches are included as part 
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of the {100} facet. To obatin 𝑅{100}→{111} in Equations (1) and (2), we need to characterize 

diffusion between {100} and the {111} notch, between {100} and {111}, between {100} 

and {110}, between the{111} notch and {110}, and between {110} and {111}. The energy 

barriers and prefactors for these processes are included in Table 1.   

Key diffusion barriers 
 

Table I. Key barriers (eV) and pre-exponential factors (s-1) for diffusion processes on an 

uncapped Dh Ag surface.  

Diffusion Process Event 

Forward / 

Reverse 

Barrier 

Prefactor 

Hopping on {100} 
Parallel to 〈110〉 0.51/0.51 

1013 

Perpendicular to 〈110〉 0.53/0.53 

Exchange Diffusion 

{100}→{111} notch 

Single atom on {100}, 

Dimer in notch 
0.62/0.76 

Exchange Diffusion 

{100}→{110} step 

Parallel to 〈110〉 0.39/0.72 

Perpendicular to 〈110〉 0.36/0.69 

On {110} step 
Hopping along {110}  0.33/0.33 

Exchange across {110}  0.31/0.31 

Exchange Diffusion 

From notch to step 

Dimer in {111} notch, 

single atom on {110} step 
0.30/0.31 

Exchange Diffusion 

{111}→{100} 

Single Atom 0.41/0.67 

Single atom on {100}, 

Trimer on {111} 
0.57/0.16 

Exchange Diffusion 

{110} step → {111} 

Single atom on {110}, 

Trimer on {111} 
0.46/0.55 

Hopping along {111} 

notch 
Dimer 0.21/0.21 

Trimer Diffusion 

Parallel to {100}-{111} 

Edge 
0.21/0.21 2.0 x 1012 

Perpendicular to {100}-

{111} Edge 
0.19/0.19 2.3 x 1012 

 

The diffusion energy barriers in Table 1 characterize hopping of atoms on top of the 

surfaces, as well as mechanisms in which atoms on top of the surface exchange with atoms in 

the surface.  In our previous study,57 we found that the diffusion unit in the notch is an Ag dimer 
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and, as discussed above, the unit on {111} is a trimer. The barrier for a single Ag atom to diffuse 

from {111} to {100} is lower than the reverse barrier, which is not conducive for atom 

accumulation on {111} and nanowire growth. However, the inter-facet diffusion barrier for an 

Ag atom in a trimer to move from {111} to {100} is much higher than the barrier for an atom 

on {100} to join a dimer to make a trimer, which is reversed from the single-atom scenario. 

Figure 9.  Mechanism by which an atom in an Ag trimer on Ag(111) (shown in blue) takes the 

place of a surface atom in the {111}-{100} interface (shown in red) and pushes the red interface 

atom onto Ag(100), resulting in a dimer on Ag(111) and an atom on Ag(100). 

 

 Figure 9 shows the mechanism for inter-facet diffusion of a trimer.  Initially, an atom in a 

trimer on Ag(111) moves to take the position of a surface atom in the {111}-{100} interface. 

The initial trimer atom takes the place of the surface atom and pushes it up onto Ag(100). A 

similar scenario exists for motion between the {110} and {111} facets.  Thus, aggregation close 

to the edges of the {111} facets, as we observe in Figure 3, facilitates Ag nanowire growth.  

 
Predictions and Comparisons with Experiments  

Our calculations proceed as follows:  First, we create a seed crystal with fixed 

dimensions of the {100} width and the {100} length – the {100} width determines 
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the size of the {111} end facets. Subsequently, we calculate the MFPT for an atom to 

transit from {100} to {111} and the reverse, assuming each transient state has an 

equally likey probability of being occupied initially.  Thus, we obtain 𝑅{100}→{111} 
and 𝑅{111}→{100} .  Considering Equations (1) and (2), we find that 𝑅{100}→{111}  and 𝑅{111}→{100} are both significantly larger (initially) than the deposition rate in this study (103 s-

1 – obtained from experiment).  By comparing 𝑅{111}→{100} and 𝑅{100}→{111}, we determine 

the facets on which deposited atoms prefer to accumulate.  Our calculations indicate that 

with a relatively small amount of accumulation, the inter-facet transit rate becomes much 

smaller than the deposition rate due to strong interactions between the metal atoms.57  

Thus, if 𝑅{111}→{100} > 𝑅{100}→{111} initially, we have 𝑅{111}→{100} > 𝑅𝑑𝑒𝑝>> 𝑅{100}→{111}, 
accumulation will occur on {100}, and the seeds will grow wider.  If 𝑅{100}→{111}  > 𝑅{111}→{100}  initially, we have 𝑅{100}→{111}  > 𝑅𝑑𝑒𝑝 >> 𝑅{111}→{100} , accumulation will 

occur on {111}, and the seeds will grow longer.  In both cases, since the inter-facet 

diffusion rate on the non-accumulating facet is greater than the deposition rate, deposited 

atoms rapidly diffuse to the accumulating facet on the time scale of deposition.  Thus, we 

model diffusion on the non-accumulating facets as the diffusion of isolated atoms. 

After determining the facet on which accumulation will occur, we predict the aspect 

ratio of the final products to be the ratio of the length to the width achieved when the 

inter-facet diffusion rate on the facet without accumulation equals the deposition rate. For 

NW or NR products, accumulation occurs on {111} and three processes are important: 

deposition on {111}, deposition on {100} and diffusion from {100} to {111}. Hence, 𝐺{100} and 𝐺{111} in Equations (1) and (2) become 
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𝐺{100} = 𝑅𝑑,{100} − 𝑅{100}→{111}                        ,                          (11) 

and 

𝐺{111} = 𝑅𝑑,{111} + 𝑅{100}→{111}                           .                         (12) 

We find 𝑅𝑑,{100} ≫ 𝑅𝑑,{111}, so 𝑅𝑑,{100} ≈  𝑅𝑑𝑒𝑝 , 𝐺{111} is always positive, and 𝐺{100} could 

be either negative or positive. For negative 𝐺{100}, we have 𝑅{100}→{111} >  𝑅𝑑,{100}, no 

accumulation occurs on {100}, and {100} will grow longer. When 𝐺{100}  is positive, 

accumulation occurs on {100}, inter-facet diffusion from {100} to {111} is limited, and 

the NWs grow thicker.  A similar scenario occurs for the growth of Dh, with accumulation 

on {100}.  We estimate the final aspect ratios of the products (NW, NR, of Dh) as the 

dimensions obtained when either 𝐺{100} [using Equations (11)-13) above] or 𝐺{111} [using 

similar equations to (11)-(13) above] becomes zero. 

Figure 10 shows the predicted aspect ratio for penta-twinned Ag products as a function 

of the initial {100} dimensions of a Dh seed. The purple region in Figure 10 represents 

growth from seed sizes where 𝑅111→100 >  𝑅100→111  initially and Dh products are 

predicted.  In this region, the aspect ratio (the ratio of the total length to the diameter of the 

crystal) is 0.6~0.7. The seed sizes located on the boundary of the purple region have 

comparable inter-facet diffusion rates between {100} and {111}. In this case, the aspect 

ratios of the products are similar to the initial aspect ratios of the seeds, which are 0.8~1.0.  
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Interestingly, the boundaries of the purple region in Figure 10 are slightly wavy due to the 

discreteness of the seeds, which can only increase in size by integer numbers of atoms. 

Figure 10. Contour plots of aspect ratio (ratio of total length to diameter) predictions as a 

function of the initial lengths and widths of Ag seeds at (a) 373 K and (b) 403 K. The scale 

bar denotes the aspect ratio of the final structure. Products with aspect ratios greater than 

1 and 10 or less are categorized as NR. 

 

The left regions of Figure 10, with colors ranging from red to blue, occur for seed sizes 

with 𝑅{100}→{111} >  𝑅{111}→{100}, such that the seeds will grow longer.  In Figure 10, we 

see that the final aspect ratio of the products depends only on the {100} width, but the 

range of seed lengths over which NW or NR products occur increases with increasing {100} 

width. This is because once a NW or NR begins to grow, it increases its length through 

other seed lengths until it can no longer continue to grow.  It is evident that NWs with the 

highest aspect ratios occur for seeds with the smallest diameters, consistent with the fact 

that 𝑅{100}→{111} has the highest values for the smallest facets.  Comparing Figures 10(a) 

and 10(b), we see that increasing the temperature improves the aspect ratio, which is 

consistent with faster diffusion on the time scale of deposition.  Here, it is important to note 

that we only consider the effect of temperature on surface diffusion and that temperature 
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can affect other aspects of an experimental synthesis, such as the reduction rate, which is 

often equated to the deposition rate. 

 

Figure 11. Comparisons between nanowire lengths predicted by our model and (a) 

Caswell’s work, (b) Yang’s work for nanowires of the same diameters as in experiment. 

The red columns are the average length reported in the experiments. The blue and the 

orange columns are the minimum and maximum length predictions for each experiment, 

based on the range of experimentally reported diameters, with inter-facet transit rates of  𝑅100→111 (1x), 2𝑅100→111 (2x), and 5𝑅100→111 (5x), as discussed in the text. 

 

Figure 11 shows a comparison of predicted nanowire lengths from our model to two 

experiments. Caswell et al.  synthesized penta-twinned Ag nanowires at 373K with AgNO3 

and trisodium citrate in water, in the absence of a surfactant, and without an externally 

added seed.12 The diameters of the wires were 35 ± 6 nm and the average length was 3 µm. 

From the experimental data, the deposition rate was ~103𝑠−1.  For wires with diameters 

ranging from 29 to 41 nm, we predict lengths ranging from 2.3 to 1.4 µm, as shown in 

Figure 11(a) (1x). 
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In our previous study, we pointed out that a dilute atom concentration on the {100} 

facets does not necessarily mean there is just one atom per facet.57  If the concentration is 

sufficiently dilute that aggregation does not occur, then the {100}→{111} inter-facet 

transit rate can be taken as 𝑅′{100}→{111} = 𝑘 𝑁{100}, where 𝑘 = 𝑅{100}→{111} and 𝑁{100} is 

the number of atoms on {100}.  The entries labeled “2x” and “5x” in Figure 11 indicate 

scenarios for which there are two and five atoms per {100} facet, respectively.  We see 

that with one and two atoms per facet, we bracket the experimental average, and with five 

atoms per facet, we exceed the experimental average. 

Yang et al. synthesized penta-twinned Ag nanowires at 403K using AgNO3 and sodium 

citrate without any external seeds.14 The average diameter was 53 ± 4 nm and the length 

was 3 µm on average. The deposition rate was ~103𝑠−1 based on the experimental data.   

As we see in Figure 11(b), our predicted lengths for 1x are somewhat shorter than 

experiment, the lengths for 2x bracket experiment, and the lengths for 5x exceed 

experiment.  

Conclusions 
Using the theory of absorbing Markov chains to account for the growth of penta-

twinned Dh seeds via atom deposition and surface diffusion, we predicted the formation of 

various types of products (Dh, NR, and NW) from Dh Ag seeds.  We showed that the type 

of product depends on the morphology of the seed and that small differences between 

various seed morphologies can lead to significantly different products.  For the case of 

uncapped Dh seeds, we compared predictions from our model to NW morphologies 

obtained in two different experiments and obtained favorable agreement.  
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Based on this model, we expect NWs to form with higher aspect ratios at higher 

temperatures – with the caveat that we only consider the temperature dependence of surface 

diffusion.  Also implicit in the model is the fact that we would predict higher aspect ratios 

with lower deposition rates because NWs would grow longer with less time between 

successive depositions.  This prediction is at odds with a recent experimental study of 

capped Ag nanowires, where they grew longer NW with higher deposition rates.74  In that 

study, they attributed this type of growth to limited diffusion from the NW end to the side 

with a high deposition rate and more significant diffusion with a low deposition rate.  It 

would be possible to extend our model to capped surfaces (we did this previously,58 but 

did not consider the influence of the deposition rate) to investigate these phenomena.  We 

also note that it would also be possible to determine the effects of solvent and capping 

molecules on deposition and surface diffusion, as we did previously for deposition.75  Such 

efforts would extend the range of predictions for this model. 

Supplementary Information 
 

An example of calculating the mean first-passage time for trimer diffusion on Ag(111) is 

included in the Supplementary Information. 
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