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ON KOSTANT’S WEIGHT ¢-MULTIPLICITY FORMULA FOR sl4(C)

REBECCA E. GARCIA, PAMELA E. HARRIS, MARISSA LOVING, LUCY MARTINEZ, DAVID MELENDEZ,
JOSEPH RENNIE, GORDON ROJAS KIRBY, AND DANIEL TINOCO

ABSTRACT. The g-analog of Kostant’s weight multiplicity formula is an alternating sum over a
finite group, known as the Weyl group, whose terms involve the g-analog of Kostant’s partition
function. This formula, when evaluated at ¢ = 1, gives the multiplicity of a weight in a highest
weight representation of a simple Lie algebra. In this paper, we consider the Lie algebra sl4(C) and
give closed formulas for the g-analog of Kostant’s weight multiplicity. This formula depends on the
following two sets of results. First, we present closed formulas for the g-analog of Kostant’s partition
function by counting restricted colored integer partitions. These formulas, when evaluated at ¢ = 1,
recover results of De Loera and Sturmfels. Second, we describe and enumerate the Weyl alternation
sets, which consist of the elements of the Weyl group that contribute nontrivially to Kostant’s
weight multiplicity formula. From this, we introduce Weyl alternation diagrams on the root lattice
of sl4(C), which are associated to the Weyl alternation sets. This work answers a question posed in
2019 by Harris, Loving, Ramirez, Rennie, Rojas Kirby, Torres Davila, and Ulysse.

1. INTRODUCTION

Let g be a simple Lie algebra of rank r and h be a Cartan subalgebra of g. We let ® denote the
set of roots corresponding to (g, h), ®T C ® denote a set of positive roots, and A C & denote a set
of simple roots. Throughout, we let aq, s, ..., a, denote the simple roots, wy, ws,...,w, denote
the fundamental weights, P(g) := {ciwi + - + ¢, @ ¢1,...,¢ € Z} denote the set of integral
weights, and Py(g) := {c1w1 + -+ + ¢, : ¢1,...,¢ € N} denote the set of dominant integral
weights. The theorem of the highest weight asserts that every dominant integral weight A € P, (g)
is the highest weight of an irreducible finite-dimensional representation of g, which we denote by
L(\). For general references on Lie theory, see [8, 25].

In this paper, we consider the g-analog of Kostant’s weight multiplicity formula defined by Lusztig,
which is defined in [24] as follows:

(1) MmO i) = 3 (1) O y(a(A+ p) — (1 + p)).
ceW
Here p is equal to half the sum of the positive roots, W is the Weyl group associated to (g,h)
(which is generated by reflections orthogonal to the simple roots), ¢(c) denotes the length of o € W
(which is the minimum nonnegative integer k such that o is a product of k reflections), and g,
denotes the g-analog of Kostant’s partition function defined on £ € h* by p,(£) = " ¢iq" with ¢;
representing the number of ways to write the weight £ as a sum of ¢ positive roots. In this way,
©q(&)|q=1 = p(¢&) is Kostant’s partition function, which counts number of ways of expressing the
weight & as a nonnegative integral sum of positive roots. Thus, mg(A, 1t)|q=1 gives the multiplicity of
a weight o in a highest weight representation L(A) of g. For a detailed account of weight multiplicity
computations, we point the reader to [10].
A main challenge in using (1) for computations is that formulas for the partition function, g4, do
not exist in much generality. Moreover, for a Lie algebra of rank r, the number of terms appearing
in this sum is factorial in the rank. Thus, many have worked to determine closed formulas for
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the partition function and its g-analog, including low rank examples [7, 15, 18, 19] and for specific
families of inputs [9, 11, 12]. Other work was motivated by the observation that in practice, many
terms appearing in computations involving Kostant’s weight multiplicity formula are zero [3]. Hence,
it is of interest to determine the Weyl group elements whose associated term contributes nontrivially
to the sum. More precisely, the Weyl alternation set is

A\, p) =={o e W:p(a(A+p) — (n+p)) >0}

Weyl alternation sets have been studied in the following cases: A and u are pairs of weights such
that m(\, ) = 1, see [20]; A is the highest root of a Lie algebra and u is either zero or a positive
root, see [9, 13, 14]; and A is the sum of the simple roots of a classical Lie algebra and p is either
zero or a positive root, see [2]. In the last two cases, the cardinality of the Weyl alternation set
follows a recurrence relation with constant coefficients. For the Lie algebras of type A and C these
recurrence relations define the Fibonacci numbers or (multiples) of the Lucas numbers.

Some interesting geometric behavior is also exhibited by these Weyl alternation sets. For example,
Harris, Lescinsky, and Mabie provided some fundamental weight lattice patterns, called “Weyl
alternation diagrams”, describing the Weyl alternation sets for the Lie algebra sl3(C) [16]. This
work was extended to all rank two Lie algebras in [17]. Figure 1 provides visualizations for the
Weyl alternation sets A(\, u), for a fixed weight u, of the exceptional Lie algebra of type G2 (as
presented in [17]). In these figures, each color-coded region represents a set of weights A which have
the same Weyl alternation set. Note that the interior uncolored region is called the empty region,
since these are weights A for which A(\, 1) = (), and these regions are completely determined by pu.

(A) p= a1 +ap (B) i = 2a + 2y () p= 1oy + 200

FIGURE 1. Weyl alternation diagrams of go with a specified pu.

In the present work, we consider the Lie algebra sl4(C) and we

(1) give closed formulas for the g-analog of Kostant’s partition function for any weight &,

(2) compute the Weyl alternation sets for every pair of integral weights (X, u),

(3) illustrate the Weyl alternation diagrams when p = 0 and A = ayaq + asas + agag with
a1, a2,as € N, as well as describe the empty region for a variety of weights p,

(4) use (1) and (2) to give a closed formula for the g-analog of Kostant’s weight multiplicity
formula for sl4(C), and

(5) provide code for all of the above mentioned results, which can be found in the GitHub
repository at https://github.com/melendezd /Weight-Multiplicities.

1.1. Statements of main results and some specializations. Throughout, we let a1, a2, and
a3 denote the simple roots, and w1, w2, and w; denote the fundamental weights of sl4(C). Harris,
Rahmoeller, Schneider, and Simpson gave the following formula for the g-analog of Kostant’s
partition function for the Lie algebra sly(C).
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Proposition 1 (Proposition 5.1 in [20]). If m,n, k € N, then
min(m,n,k) min(m—f,n—f) min(n—d—f,k—f)

0q(may +nas + kag) = Z Z Z k=2 —d—e.

f=0 d=0 e=0
The formula in Proposition 1 can be readily implemented in a computer program. However, as
m,n, and k grow, the runtime for this algorithm grows rapidly. This motivates our first result.
Theorem 1. Let m,n,k € N:={0,1,2,...} and £ = may + nas + kas.

(1) If m,k > n, then p,(§) = Z;i':;fkkfn(L—i— 1)(L+ (t mod 2) —|—1)qi where L = min { L%J ,n— [%1 }
andt=m+4+n-+k—1.
(2) If m > n > k, then p (&) = 7 ¢igf where

(L+1)(2k—2Fs+L+2) ifJ<0
2
¢ =  EENEE P ZkbY) | pofy kL — FyL+ (k— Fy)(tmod 2) if0<.J <L
(L+1)(L + (t mod 2) + 1) if J> L

witht =m+n+k—i, F, =min{|5]|,k}, J =k — F, — (t mod 2), F; = max{t —n,0}, and
L=F,— F.
(3) If k > n > m, then p,(§) = ZZE;"”LIC ciq" where

(L+1)(2m—2F2+L+2) ifJ<0
2
¢; =  LEDEADBIA)-mim=D) | gy 4ol — FyL+ (m — Fy)(t mod 2) if0<J<L
(L+1)(L+ (t mod 2) + 1) if J> L

witht=m+n+k—1i, b :min{BJ ,m}, J=m— F, — (t mod 2), F; = max{t —n,0}, and
L=F,—Fj.
(4) If n > m > k, then p4(§) = ZernJrk ¢iq" where ¢; = S — Sy + Fo — F1 + 1 and

(t — F3)(Fy + 1) ift—m <0

S1 = (t_m)(t_m+1)+F1(F1—1)—2F2(F22+1)+2m(t—m—F1+1)+2t(Fg—t+m) fO0<t—m<F
(t—k)(t—k—F +1) = ERERDRED e <4 < By

Sy =1 (t—k)(Fy— Fy +1) — 22Ut A ift—k>F
0 ift— k<0

with t =m+n+k —i, F1 = max{0,t — min{m + k,n}}, and F» = min { L%J ,k:}.
(5) If n > k > m, then p4(§) = Zm+n+k ¢iq' where ¢; = 8] — Sy + F5 — F; + 1 and

(t— F)(Fy + 1) ift—k<0

S1 = (t_k)(t—k;—l-l)—f—Fl(F1—1)—2F2(F22+1)+2k(t—k—F1+1)+2t(F2—t+k) f0<t—k<F
(t—m)(t —m— F +1) = Lmlomi DR e < -y < By

Sy =4 (t —m)(Fy — Fy 4 1) — 2R ) ift—m>F,
0 ift—m<0

with t = m+n+k — i, F; = max{0,t — min{m + k,n}}, and Fo» = min { || ,m}.

Our proof of Theorem 1 counts restricted integer partitions with parts of multiple colors, thereby
giving interesting connections between these types of partitions and vector partitions. Moreover, as
mentioned above, we note that the runtime for computing g, (ma; +nag+kas) for 60 < m,n,k < 70
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was 359ms on average using an algorithm based on Proposition 1, while the same computations
took less than 2ms on average using the closed formulas in Theorem 1. In general, the runtime of
an algorithm to compute each coefficient of p,(£) based on Proposition 1 grows at least linearly
with p(§), while the runtime of an algorithm using Theorem 1 remains constant. We also remark
that evaluating the formulas in Theorem 1 at g = 1 recovers formulas of De Loera and Sturmfels [7,
Section 5], which we present below.

Corollary 1. Let m,n,k € N and { = may +naz + kag.
(1) If m, k > n, then p(¢) = w

(2) If m > n >k, then p(¢) = (k+1)(k+2)(k+3(n R)+3)
(3) If £ > n > m, then p(&) = <m+1)(m+2)(gz+3(n m)+3)

(4) If n >m >k and n > m + k, then p(§) = <k+1>(k+2)(3m k+3)
(5)

(6)

If n>k>mand n>m+k, then p(§) = (m+1)(m+2)(3k m+3)
Ifn>m>kand m+ k > n, then

=2k — (m—n)’(3+m —n) +3k*(n — 1) + 2(3+ 2m + n) + k(5 — 3m> — 3(n — 2)n + m(3 + 6n))
p(&) = 5 .

(7) If n > k > m and m + k > n, then

o(€) = —2m? — (k—n)? (3 +k —n) +3m?(n — 1) +2(3 4+ 2k +n) + m(5 — 3k® — 3(n — 2)n + k(3 + 6n))
6

We note that the formula in [7, Item 4 (above Theorem 6.1 on page 14)] is missing a factor of 1/6,
which we correct in Corollary 1 parts (4) and (5). We also remark that in Corollary 1 there are 7
cases, while there are only 5 in Theorem 1. This is because part (5) in Theorem 1 encompasses cases
(5) and (7) in Corollary 1, and part (4) in Theorem 1 encompasses cases (4) and (6) in Corollary 1.

Our second main result, Theorem 2 in Section 4, describes the Weyl alternation sets A(A, ) for
any pair of integral weights A and p. This result establishes that there are a total of 195 distinct
Weyl alternation sets and that the maximum cardinality among all Weyl alternation sets is 6. Given
the length of Theorem 2 we defer its statement until Section 4. To illustrate Theorem 2, we consider
A in the nonnegative octant of the root lattice of sl4(C) and obtain the following result.

Corollary 2. If y =0 and A = (2x — y)w1 + (2y — x — 2)wa + (22 — y)ws with z,y, 2,2z — y, 2y —
r — 2,2z —y € N, then A is in the nonnegative integral root lattice Nay & Nag @ Nag and

(1) A1 := A\, 0) ={1}if A =0,

(2) Ay := AN, 0) ={l, s} ifz+2z—y—1€eN, —-l<zx—y<2 and 1< z—y <2,

(3) Az := AN\, 0)={1,s9,83}ifzc+2z—y—1l,y—2—1eN,z—y—2¢N and -1 <z—y <2,
(4) Ay = AN0) ={1,s1,s2}ify—ax—l,z+z—y—1eN z—zr—-2¢N,and -1 <z—y <2,
(5) A5 := A(N,0) = {1,s9,83,8983} if e —2z—2,x+2z—y—1l,y—z—1€N,and -1 <z —y <2,
(6) Ag := AN 0) ={1,s1,83, 8351} ify—az—1,y—2z—1€N, z4+2z—y—1¢ N and 2 < zx—2 <2,
(7) A7 := A(\,0) ={1,s1,80,8981}ify—zx—1,z—x—2,2+z2z—y—1€eN and -1 <z —y < 2,
(8) Ag := AN\, 0) ={1,s1,89,83, 8381} ifx+2z—y—l,y—z—1l,y—z2—1€N,and -2 <z—2 <2,
(9) Ag := A(N,0) = {1, s1,59,53,5283, 8351} if e +z2—y—l,y—x—l,e—2—-2,y—2z—1€N,
(10) Ajp := AN, 0) = {1, 51, 59,53,5251,83s51}if e +2z—y—l,y—x—1l,z—x—2,y—2z—1€N,
(11) A1 == AN\ 0) = {1, s2, $3, 5283, 8352, S2s3s2} if x+z—y— L,z —2z—2,x —y—2,y—z2—1 €N,
(12) Aj2 := A(X0) ={1,s1, 52,8152, 8281, 818281} if e +z—y—1l,z—y—2,y—2—1l,z—x—1€N,
(13) A(X,0) = 0, otherwise.

In Figure 2, we illustrate the 12 nonempty Weyl alternation sets given by Corollary 2. In these
figures, the axes are the nonnegative real span of the simple roots oy (in red), ag (in green), and «as
(in blue). For each 1 < i < 12, the colored vertices within each particular subfigure depict the a set
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of weights whose Weyl alternation set is indicated in the caption.

(A) A (B) A2 (c) Az

() As

(1) Ay (1) Ao (k) An (L) Az

FiGURE 2. The Weyl alternation diagrams of Corollary 2.

In Figure 3, we illustrate some of the possible behavior of the central empty region for the Lie
algebra sly(C). For a fixed u = c1a1 + coag + c3as, with ¢1, ca, c3 € N, the colored vertices in Figure
3 denote the weights A\ = mw; + nws + kws, with m, n, k € Z, for which A(\, ) = (). Such regions
are completely described by Theorem 2. Thus, Theorem 2 answers [17, Question 5.1], by giving the
Weyl alternation diagrams of sl4(C) along with a description of how the empty region diagrams
change as the weight p changes.

(A) 0] (B) 5(){2 (C) 2((]1]_ + i + (13) (D) 4()&]_ + 3(){2 + 6(}[3

FIGURE 3. Various empty regions associated to sly(C) with a fixed weight pu.
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Our last main result presents a closed formula for the g-analog of Kostant’s weight multiplicity
formula for the Lie algebra sl4(C) for dominant integral weight A and p. This restriction is motivated
by the fact that the weights which lie on the nonnegative octant of the fundamental weight lattice
are in correspondence with the finite-dimensional irreducible representations of sly(C). Theorem 3
utilizes the closed formulas for the g-analog of Kostant’s partition function given by Theorem 1 and
the Weyl alternation sets A(\, ) given by Theorem 2.

Theorem 3. Let A\ = mw + nws + kws and p = ciwy + cowsy + c3ws with m,n, k, c1,co,c3 € N.

If.CC _ 3m+2n+k743017202703, y = m+2n+kf2017202703’ and z = m+2n+3k7401720273637 then
Zy—Z11—Z3s+ Zs+ Zio— Z7 P1,Q1,R1,Q¢,R4,Q5,Rs € N and Py, P3s ¢ N
Zy—Ze — L3+ Za+ Zsg — Zo P1,Q1,R1,P1,Q6,P3,Q4 €N and Ry, R3 ¢ N
Zy—Zs—Z1n1—Zs+Zs+Zy P1,Q1,R1,Ps,R4,Q6,Q4 €N and P3,Q5,R3 ¢ N
Zy—Zs—Z11—Zs+ Zo+Zs  Pi1,Q1,R1,Pi,Qe,R4,Q5 €N and P3,Q4,R3 ¢ N
Zy — Ze — Zh1 — Zs + Zo Pi,Q1,R1,Ps,Q6,Rs €N and P3,Q4,Q5,R3 ¢ N
Zy — Zn — 23+ Zs Pi,Q1,R1,Q6,R4,Q5 €N and Py, P3,Rs ¢ N
Zy —Ze — Z3+ Zy Pi1,Q1,R1,Py,Rs €N and Q6,Q4,Q5 ¢ N
mg(A ) = Zy = Ze — Zu + Zs P1,Q1,R1,P1,Q6,Q4 € N and Ry, P3,R3 ¢ N
w Zy — Zn — Zs P1,Q1,R1,Qe,Ra €N and Py, Ps,Qs,Rs ¢ N
Zn — Zs — Zn P1,Q1,R1,P1,Qs €N and Ry, P3,Q4,R3 ¢ N
Z1 - Z3 Pl,Ql,Rl,R4 S N and Q57P4,Q5 ¢ N and (P3 ¢ N or Q4 ¢ N)
Zy—Zn P1,Q1,R1,Q6 €N and Py, Ra, R3, P3 ¢ N
Z1 — Zg P1,Q1,R1,P4 € N and QG,R4,Q4 é N and (Q5 ¢ N or R3 ¢ N)
Z1 P1,Q1,R1€NandR4,P4,Q6§§Nand (Pg%NOT’Q4¢N)
and (Qs ¢ N or Rz ¢ N)
0 otherwise,
where
pg(L(A +p) = (p+ 1) = pq(Prax + Qraz + Rias)
@1(818281(A +p) = (p+ 1) = pg(Pso1 + Quaz + Riaz)
=pq(s3(A+p) = (p+ 1) = pq(Pron + Qo2 + Raay)
Z4 =pq(s152(A + p) — (p + 1)) = pg(Pzan + Qe + Ria)
=pq(s253(A + p) — (p + 1) = pq(Prar + Q502 + Ryas)
ZG =pq(s1(A+p) = (p+ 1) = pg(Paon + Qraz + Rya3)
=pq(s28352(A + p) — (p+ 1)) = pg(Pra1 + Qsa2 + Rzas)
Zs =pq(s251(A +p) = (p+ 1)) = pq(Prar + Quaz + Ryas)
Zg =pq(s351(A + p) — (p+ 1)) = pg(Pro1 + Qrag + Rias)
Z1o =pq(s3s2(A + p) = (p+ 1)) = pq(Pran + Qsaz + Rsas)
Zi =pq(s2(A +p) — (p+ 1)) = pg(Pron + Qeaz + Rias)

and P =z, P3=—ci—co—y+2—-2, Pp=-c1—r2+y—1,Q1=y,Qu=—-c1—c2o—x+2—2,
Qs=-c—c+r—2—-2,Qs=—-c+rx—y+z—1, Ri =2, R3=—co—c3+z—y—2, and
Ry=—c3s+y—2z—1.

For each 1 < ¢ < 11, the formula for Z; given in Theorem 3 is obtained by an application of
Theorem 1, see Appendix B for the details of this. By evaluating ¢ = 1 in Theorem 3 we give a
formula for the multiplicity of the weight p in the highest weight representation L(\) of sl4(C), with
highest dominant integral weight A.
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Outline of the Paper. The remainder of the manuscript is organized as follows. Section 2 provides
all of the necessary background on the Lie algebra sl4(C) in order to make our approach precise.
Section 3 establishes Theorem 1 using a combinatorial approach related to integer paritions. Section
4 presents all of the results associated to the Weyl alternation sets and Weyl alternation diagrams.
Section 5 establishes Theorem 3. We end with Section 6 where we provide a few directions for future
research. In particular, we ask about further connections between Kostant’s partition function and
restricted colored integer partitions.

2. BACKGROUND

In this section we provide definitions needed to make our approach precise throughout the
following sections. We follow the notation used in [8].

The Lie algebra sl,(C) consists of traceless 4 x 4 complex-valued matrices. We will consider
the Cartan subalgebra, h of sl4(C), consisting of the diagonal matrices of sl4(C). For i = 1,2,3
let a; = e; — e;4+1, where e, es,e3,e4 denote the standard basis vectors of R%. Then the set
A = {a1,a9,a3} is a set of simple roots and ®+ = {a1, ag, a3, a1 + a2, as + az, a1 + ag + ag} is
the corresponding set of positive roots of sl4(C). Figure 4 gives a geometry-preserving projection of
the root system of sl4(C) into R3. The fundamental weights of sl,(C) are

1 1 1
(2) w1 = Z<3041 + 209 + 043), Wy = 5(0(1 + 29 + Ozg), w3y = Z(al + 2a0 + 3&3).

Hence, p = %Za€¢>+ a=w) +wy+ w3 = %(30[1 + 4o + 3as).

FIGURE 4. Root system of sly(C).

The Weyl group of sl4(C) is isomorphic to the symmetric group &4 and its generators are sq,
so2, and s3 which act as reflections across hyperplanes orthogonal to the simple roots ai, as, as,
respectively. In particular for 1 < i < 3 we have that

—Qj ifi:j f;ﬁ
w5 if ¢
si(laj) =Qa;+a; ifli—jl=1 and si(wj):{ J o j
e wj—oa; ifi=j.
o if i —j| > 1

We conclude this section with the following result which will be important when computing Weyl
alternation sets in Section 4.

Lemma 1. Let A = mw; + nwy + kws, with m,n, k € Z. Then A = ciaq + coan + c3az, for some
c1,¢2,c3 € Z if and only if m =2x —y,n =2y — 2z —x and k = 2z — y where z,y,z € Z.

Proof. First, we prove the forward direction. Let A = mw; + nws + kws, with m,n, k € Z. By (2)
we write A\ as
m n k
A= Z(Bal + 209 + 043) + 5(041 + 2a9 + 053) + 1(041 + 209 + 3a3)
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(3m+2n+k)a1 . <2m+4n+2k)a2 n (m+2n+3k>a3'

4 4 4
In order for A = ciaq + coas 4 c3ag for some ¢y, c9, c3 € Z, it must be that
(3) 3Im+2n+k=4x
(4) 2m +4n + 2k = 4y
(5) m+2n + 3k = 4z

for some x,y, z € Z. Then, from (3), we know k = 4x — 3m — 2n, and so substituting into (4) and
simplifying yields m = 2z — y. Similarly, solving for m in (5) shows m = 4z — 2n — 3k. Substituting
this into equation (4) and simplifying yields k = 2z — y. Lastly, substituting m = 2z — y and
k =2z — y into (3) establishes that n = 2y — xz — z, as desired.

To prove the backwards direction, let A = mwi + nwe + kw3 and assume

(6) m=2x—y
(7) n=2y—z—ux
(8) k=2z—y

where x,y, 2z € Z, By (2) we can write A in terms of the simple roots as

3 2 k 2 4 2k 2 3k

© Ao (B iy (A2 oSk
4 4 4

Substituting (6), (7), and (8) into (9), gives A = za; + yas + zag, which completes the proof. [

3. FORMULAS FOR THE ¢-ANALOG OF KOSTANT’S PARTITION FUNCTION

In this section we establish Theorem 1, which generalizes the formulas of De Loera and Sturmfels
for the Kostant’s partition function of sly(C) to its g-analog [7]. Our general strategy is to reduce
the problem of counting partitions of a weight with a fixed number of parts to the problem of
counting restricted partitions of an integer with parts drawn from a multiset of natural numbers.
We begin with the following definition.

Definition 1. Let ¢ € N, and let M be a multiset with elements from N. Then an M-partition of
t is a sequence of natural numbers (a,,)menr such that -\ om-a,, =t.

When working with elements of a multiset we associate a “color” to elements with multiplicity
greater than one so that we may distinguish them. For more on colored partitions, restricted colored
partitions, and their properties, see [4, 5, 21, 22]. The following example illustrates Definition 1 in
the case when M = {1,1,2}.

Example 1. For ease of distinguishing between the multiple 1’s we let M be the multiset M =
{1,,1p,2}. Then the distinct M-partitions of 4 are 1, +1,+2, 1, +1,+2, 1+ 1,+2, I, + 1, +1,+1,,
Ip+ 1, +1,+1,, 1+ 1,+ 1, +1,, Iy+ 1+ 1+ 1, 1p+ 1+ 1p + 1p, and 2 + 2.

Next, we establish a bijection between vector partitions with a fixed number of parts and restricted
colored integer partitions, a result which will be central to the remainder of this paper.

Proposition 2. Let m,n,k,¢ € N, and let £ = maj + nag + kas. Then the number of ways
to express £ as a sum of exactly ¢ positive roots is equal to the number of {1,, 13, 2}-partitions
d-1,+e-1,+ f-2o0f t :==m+n+ k — i that satisfy
(i) d+ f<m,
(ii) d+ e+ f <n, and
(iii) e+ f < k.



Proof. Let X denote the set of partitions of £ using positive roots, where (a, b, ¢, d, e, f) corresponds
to the partition £ = aay +bas+cas+d(a; +ag)+e(as+as)+ f(ar +az+asz). Let Y denote the set
of {1,,1,2}-partitions of ¢ satisfying (i)-(iii), where the tuple (d, e, f) corresponds to the partition
t=d-1,4+e-1,+ f-2. We define a function F': X — Y which is given by (a,b, ¢, d, e, f) — (d,e, f).
To prove that F' is well-defined, let p = (a,b,c,d, e, f) be a partition of £&. Then the image of this
partition under F is the partition d- 1, +e- 1 + f - 2. First, note that we can expand and combine
terms to find that aay + bag + cag + d(a1 + az) + e(as + a3) + f(a1 + ag + a3)
= (a+d+ floan+(b+d+e+ flag+ (c+e+ f)as.
Comparing the coefficients of & = may + nas 4+ kas with the coefficients above, it follows that

a=m—d-—f, b=n—-d—e—f, c=k—-—e—f,

and so our partition is actually (m —d — f,n—d—e— f,k—e— f,d,e, f). The number of parts
inpisa+b+c+d+e+f=m+n+k—d—e—2f. Hence, as defined above, we have that
t=d+e+2f, and so F(p) = (d,e, f) is indeed a {1,, 13, 2}-partition of ¢.

Since p € X, we have by definition that each of its components are nonnegative integers. Thus,
a,b,c > 0 imply

d+ f <m, d4+e+f<n e+ f<k.

Thus, (d, e, f) satisfies (i)-(iii) and is also a {1,, 1,2} partition of ¢t and so is in Y.
Next to show that F' is a bijection, consider G : Y — X given by

(die,f)m (m—d—fn—d—e—fk—e— f,dye,f).

A similar argument to the one above will show that G is well defined and it is straightforward to
check that G is the inverse of F. It follows that F' is a bijection, and so |X| = |Y|, as desired. [

In the following subsections, we give closed formulas for p,(ma; + nog + kag) in terms of m, n,
and k based on the following conditions:

As is standard, whenever a lower index of a sum is larger than the upper index, the sum is zero.

In Subsections 3.1-3.3, we apply Proposition 2 to determine closed formulas for g, in cases
(1), (2), and (4). In each case, we determine the minimum number of parts that a partition of
€ = maj + nag + kas may have, giving us the lowest and highest powers of ¢ in p4(£). In general,
note that the partition of the vector may + nas + kag with the maximum number of parts is the
partition (m,n,k,0,0,0), which has m + n + k parts.

In Subsection 3.4, we then exploit a symmetry in the root system for sly(C) to find closed formulas
for cases (3) and (5) using the closed formulas from cases (2) and (4), respectively.

3.1. Proof of Theorem 1, Part (1).

Lemma 2. Let m,n,k,t € N be such that m,k > n. The number of {1,, 1, 2}-partitions of ¢ of
the form d- 1, +e- 1, + f -2 with d, e, f € N that satisfy
(i) d+ f<m,
(ii) d+ e+ f <n, and
(iil) e+ f <k



is equal to

Fy Do

(10) o>,

f=F d=D
where D1 =0,Dy =t —2f, F1 = max{0,t — n}, and Fy = L%J :

Proof. We wish to show that if d, e, f € N are such that d + e + 2f = ¢, then (i)-(iii) hold if, and
only if D1 < d < Dy and I} < f < Fs.

We begin by proving the converse direction. Assume Dy < d < Dy and F} < f < Fy.

For the inequality in (ii), note that since f > Fy >t —n, we get t —n < f. Then, by substituting
t =d+ e+ 2f, we get the desired inequality, d + e + f < n. Using this result, the fact that
m,k > n, and e,d > 0 the other two inequalities follow. To obtain the inequality in (i), we have
d<n—e—f<n-—f,sod+f <n <m. To obtain the inequality in (iii), observe that d+e+ f < n
impliecse<n—d—f<n—f. Thus,e+ f <n <k.

We now prove the forward direction. Assume (i)-(iii) hold.

We first show that D1 < d < Dsy. Observe that d € N and so D1 =0 < d. Now, from t = d+e+2f,
we have that d =t —e — 2f <t —2f = Ds. Therefore, D1 < d < Ds.

We next show that Fy < f < Fy. Sinced+e+ f <nandt=d+e+2f, we havet — f =
d+e+2f—f=d+e+ f <n, which implies that t — n < f. Furthermore, f € N means that
0 < f. Therefore, F; = max{0,t — n} < f. Now, by definition, we have that 2f =t —d —e < t.
Since f € N, we have that f < L%J = F5. Hence, F} < f < F5.

We have proved that if d,e, f € N such that d + e + 2f = ¢, then (i)-(iii) hold if, and only if
Dy <d< Dy and Fy < f < F5. Since e is determined by d and f, it then follows that the number
of {1,, 1, 2}-partitions of ¢ satisfying (i)-(iii) is the sum in (10). O

We now establish part (1) of Theorem 1, which we restate below for ease of reference.

Proposition 3. If m,n, k € N satisfy m, k > n, then

m+n+k
pq(mar + nog + kaz) = Z (L +1)(L + (t mod 2) + 1)¢’,

i=m+k—n
whereL:min{L%J ,n — [%1} andt=m+n+k —1.

Proof. First, note that the maximum number of parts among all partitions of ¢ is m +n + k. To
find the minimum number of parts among all partitions of £, we note that in a partition of £, we can
use a1 + as + a3 at most n times since m, k > n. Afterwards, we cannot use a; + a9 nor as + as
since n(aj + a2 + a3) already contains the term nasy. Thus, we obtain a partition

E=(m—n)ay + (k—n)as +n(ar + az + ag),

with the minimum number of parts: (m —n)+ (k—n)+n=m+k —n.

By Proposition 2, we know that for ¢ € N, the number of vector partitions of £ with ¢ parts is
equal to the number of {1,, 1;, 2}-partitions of ¢t = m + n + k — i that satisfy (i)-(iii). Lemma 2 then
tells us that the number of such partitions of ¢ is

5] -

>y

f=max{0,t—n} d=0
10



Thus, the number of partitions of £ using exactly ¢ positive roots is

5] -2 5]
oo D= > (t-2f+1).
f=max{0,t—n} d=0 f=max{0,t—n}

Reindexing using j = L%J — f and letting L = L%J —max{0,¢ — n}, this sum becomes

ZL:[t—2<BJ —j> +1] ZZL:(2j+(tmod2)+1):(L+1)(L+(tmod2)+1).

j=0 Jj=0

Finally, we simplify L:

e | o L) R (T | M

This completes the proof part (1) Theorem 1, where m,k > n. We now move on to part (2) of
Theorem 1, where m > n > k.

3.2. Proof of Theorem 1, Part (2).

Lemma 3. Let m,n,k,t € N be such that m > n > k. Then the number of {1,,1;,2}-partitions of
t of the form d -1, +e- 1 + f -2 with d, e, f € N that satisfy the conditions
(i) d+ f <m,
(ii) d+ e+ f <n, and
(iii) e+ f <k

is equal to
F> FE>
i >3
f:F1 6:E1

where 1 =0, Es = min{k — f,t — 2f}, F1 = max{0,t —n}, and F, = min{L%J ,k‘}.

Proof. We wish to show that if t =d+ e+ 2f, then Fh <e < Fy and I} < f < Fs if, and only if d,
e, and f satisfy (i), (ii), and (iii).

In the forward direction, we assume E; < e < Fy and F; < f < F,. Note that by definition,
e+ f<Ey+f<(k—f)+ f=k, and so (iii) is satisfied. Next, observe that since d =t — e — 2f,
wehave d+e+ f<(t—e—2f)+e+f=t—f<t—F <t—(t—n)=n,so (ii) is satisfied.
Finally, with (ii), we see that d + f < d+ e+ f < n < m. Hence, we get the inequality in (i).

Conversely, assume the inequalities in (i), (ii), and (iii) hold. Then f > 0, since f € N.
Furthermore, t —n=d+e+2f —n=d4+e+f—n+f<n—-—n+ f=f. Therefore, F; < f.

Next, we note that since t =d + e+ 2f, then f = HT*‘Z < %, from which it follows that f < L%J
Furthermore, we observe from (iii) that e+ f < k, yielding f < k—e < k. Hence, f < Fy. Altogether,
this shows that F} < f < Fb.

Continuing on, we observe that e € N implies F; = 0 < e. By assuming (iii), we note that this
implies that e < k — f. Additionally, since t = d + e+ 2f, we have that e =t —d — 2f <t — 2f,
which gives e < 5. Altogether, this shows F; < e < Es.

To summarize, we have proved that d- 1, +e- 1, + f - 2 is a partition of ¢ satisfying (i), (ii) and
(iii) if, and only if F} < f < Fy and D; < d < Ds. Since d is determined by e and f, it then follows
that the number of such partitions of ¢ is the sum in (11). O

We now establish part (2) of Theorem 1, which we restate below for ease of reference.
11



Proposition 4. If m,n,k € N satisfy m > n > k, then p,(ma; + nas + kaz) = Z;Zﬁ;ﬂrk cq',

where
(L+1)(2k — 2F, + L +2)
2

if J <O

= (L+1)(L+2)— Fy(Fy+1) — k(k —
2

1
)+F2k+kL—F2L+(k—Fg)(tmon) ifo<J<L

(L+1)(L+ (t mod 2) + 1) itJ>1L

witht =m+n+k—1, Iy :min{L%J,k}, J =k—F,— (tmod 2), F; = max{t —n,0}, and
L=F,—F;.

Proof. First, we note that the maximum number of parts in a partition of £ is m +n + k. To find
the minimum number of parts among the partitions of &, first observe that we can use (a1 + ag + as)
a maximum of k times since k < m,n. Assuming our partition has k (a1 + a2 + a3)’s, we can use
a maximum of n — k (ay + a2)’s, from which point we complete the partition with (m —n) a;’s.
Thus, we obtain a partition

E=(m—n)a; + (n—k)(a1 + a2) + k(a + a2 + a3),
with the minimum number of parts: (m —n) + (n — k) + k =m.
By Proposition 2 we have that ¢; equals the number of {1,, 13, 2}-partitions of ¢ satisfying
(i) d+f <m,
(i) d+ e+ f <n, and
(iii) e+ f < k.
Lemma 3 then tells us that the number of such partitions is

Fy, min{k—ft—2f} §aN
> > 1= [min{k— ft—2f}+1].
f:Fl e=0 f:Fl

Reindexing by j = F5 — f, our sum then becomes

L
> min{k — (Fy — j),t — 2(F, — )} + 1,
=0
which we claim is equal to
L
(12) > [min{k — (F; — j),2j + (t mod 2)} + 1],
j=0

where L = Fy — Fj.

To justify this, recall that F5 = min { L%J ,k:}. Ifrk< L J, then Fy = k, in which case we have

14
2

t t
t—f>t—k>t-— \‘QJ > \‘2J > k.
Thus, t — 2f > k — f.
When F; = k, we also have j = F» — f =k — f, and so
min{k — F5 + j,2j + t mod 2} = min{k — k + k — f,2(k — f) + (¢t mod 2)}
=min{k — f,2(k — f) 4+ (¢t mod 2)}.
12



Note here that k — f < 2(k — f) + (t mod 2). Therefore, min{k — f,2(k — f) + (¢t mod 2)} =k — f.
Thus, when k < L%J, we have

min{k — f,t —2f} =k — f =k — (F, — j) = min{k — (Fy — j),2j + (¢t mod 2)}.
On the other hand, when k& > L%J, we have Fy = L%J, and so

t
t—2f:t—2u§—j):t—2&+ﬂj=t—2{QJ+2j=21+@nmd@‘

Thus, in general, we have min{k — f,t — 2f} = min{k — (F> — j),2j + (¢t mod 2)}, and so our sum
is indeed as in (12).

Observe that in (12), we have a sum of a minimum of two expressions linear in our index
j. Let J be the j value for which these functions meet. To find .J, we equate the expressions
2J + (t mod 2) = k — F, + J. Solving for J, we find that J =k — F5 — (¢t mod 2).

Since 27 + (¢t mod 2) increases more quickly with respect to j than k — F5 + j does, it follows that
2j 4+ (tmod 2) < k — F» — (t mod 2) when j < J and 2j + (¢ mod 2) > k — F5 — (¢t mod 2) when
j > J. We then evaluate the sum in (12) in three different cases depending on J.

Case 1 (J <0): If J <0, then we have j > J for all j € {0,1,..., L}, in which case k — Fy + j <
27 4 (t mod 2). Thus, we get

L L

> min(2j+ (tmod 2),k — Fy+ j) +1] = (k- Fa+j+1) =

J=0 J=0

(L+1)(2k —2F, + L +2)
2 )

after rearranging and simplifying the terms in the second sum.

Case 2 (0 < J < L): If 0 < J < L, then we must separate the sum (12) into two sums, one indexed
by 7 < J, and the other indexed by j > J. Doing this and further simplifying, we obtain

L J L L

> [min{2j + (tmod 2),k — Fp +j} +1] = (2 + (tmod 2)) + > (k— Fa+j)+ Y 1

3=0 3=0 J+1 §=0
:(nmﬂzxj+n+wk—ﬂmL—@r+n+1y+L@;l)+JU;‘W+@+4y

where we obtain the last equality by rearranging and simplifying the second sum. Now, by
substituting in the value for J = k — F» — (¢t mod 2), combining terms and using the fact that
(t mod 2)? =t mod 2, we then obtain the closed formula
(L+1)(L+2)— F(Fy+1) - k(k—1)
2

Case 3 (J > L): Since j < L < J, we have that 2j + (¢t mod 2) < k — Fy + 7, and so

L L

> [min (2 + (tmod 2),k — Fy + j) + 1] = > [2j + (t mod 2) + 1] = (L + 1)(L + (¢ mod 2) + 1),
j=0 j=0

+ ng + kL — FQL + (k - Fg)(t mod 2).

after rearranging and simplifying the second sum.
Therefore, in all three of these cases, we have the desired result. ]

3.3. Proof of Theorem 1, Part (4).

Lemma 4. Let m,n, k,t € N be such that n > m > k. Then the number of {1,, 15, 2}-partitions
d-1,4+e-1,+ f -2 of t that satisfy the conditions
() d+f<m,
(ii) d+ e+ f <n, and
(iii) e+ f <k
13



is equal to

Fy Do
(13) DI
f=F1 d=D;

where D; = max{0,t—k— f}, Dy = min{t —2f,m— f}, F1 = max{0,t —min{m+k,n}}, and Fy =
min { L%J ) k‘}
Proof. We wish to show that when d + e 4+ 2f = ¢, the conditions (i), (ii), and (iii) are satisfied if
and only if F1 < f < Fy and Dy < d < Ds.

First, let m,n, k,t,d,e, f € Nand assume d+e+2f =t, F1 < f < Fy, and D1 <d < Ds.
For condition (iii), observe that e =t — 2f — d and D; < d. This implies

et f<t—2f—d+f<t—D —f<k.

For (ii), first assume m + k < n. Then, using the fact that d < Dy < m — f and that e < k (from
(iii) ), we have

d+e+f<Dy+e+f<m+e<m+k<n.

On the other hand, if we assume m + k > n, then
Fi = max{0,t — min{m + k,n}} = max{0,t — n}.
In this case, sincet =d+e+2f and t —n < F} < f, we have
dtet+f=t—f<t—(t—n)=n.
Thus, in either case, (ii) is satisfied. Now for condition (i), note that because d < Dy we have
d+ f < Dy+ f<m.

Therefore, if F} < f < F, and D; < d < Ds, then conditions (i), (ii), and (iii) hold as desired.

Conversely, assume the inequalities (i), (ii), and (iii) hold. We first show that F; < f < F.
Assume d,e, f € N. Then, since f € N, we have f > 0. In the case where n < m + k, we have
F1 = max{t — n,0}. Together with condition (ii) and since ¢t = d + e + 2f, we see that

f<n—d—e=n—-d—t+d+2f=n—-t+2f.

Thus, t —n < f. Then f > max{t —n,0} = F} and so F; < f. Next, we note that t =d + e+ 2f
implies 2f =t —d—e < t. Thus, f < %, and so f < L%J since f € N. Observe also that
condition (iii) implies that f < k —e < k. Therefore, since f < k and f < L%J, we have that
f < min { L%J ,k} = Fy. Hence, we have shown F} < f < Fy, where F} = max{0,t—min{m+k,n}}
and F5 = min { L%J ,k}.

We now wish to show that Dy < d < Ds. Since d € N, we have 0 < d. Condition (iii) together
witht =d+e+2f implies k > e+ f = (t —2f —d) + f. Therefore, t — k — f < d. Combining this,
we see that d > 0 and d > t — k — f, whereby d > max{0,t — k — f} = D;. Next, rewriting condition
(i), we have d < m — f. In addition, d < d+e=(t —2f —e)+e=1t—2f, since t =d + e+ 2f.
Therefore, d < min{t — 2f, m — f} = Dy. Combining both results, we see that D; < d < Dy. We
have proved that F; < f < Fy and Dy < d < D as desired.

To summarize, we have shown that d-1, +e-1,+ f -2 =t is a partition of ¢ satisfying conditions
(i), (ii), and (iii) if, and only if F1 < f < F; and Dy < d < Ds. Since e is determined by d and f, it
then follows that the number of such partitions of ¢ is given in the sum in (13). O

We now establish part (4) of Theorem 1, which we restate below for ease of reference.
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Proposition 5. If m,n,k € N satisfy n > m > k, then p,(ma; + nas + kag) = Z?Zgwrk ciq,

where ¢; = 51 — Sy + Fo — Fy + 1,

(t—Fy)(Fy+1) ift—m<0
S1 = (t*m)(t*m+1)+F1(Fl*1)*2F2(F22+1)+2m(t*m*F1+1)+2t(F2*t+m) if0<t—m<F,

(t— k)t —k—F +1) = ERERDZREZD 50 <4 < By
Sy = (t — k‘)(FQ —F+ 1) — FQ(FQ+1);F1(F1_1) ift—k > I
ift—k<0

witht =m+n+k —i, F1 = max{0,t — min{m + k,n}}, and F; = min{L%J ,k}.

Proof. We begin by noting that the maximum number of parts in a partition of £ is m +n + k.

To find the minimum number of parts among the partitions of &, first observe that we can use
(a1 + a2 + a3) a maximum of k times, since kK < m,n. We can then use (a1 + a2) a maximum of
m — k times. Finally, we complete a partition of £ with (n —m) «a1’s, obtaining a partition

E=(n—m)ar+ (m—k)(aq + az) + k(g + as + a3)

with the minimum number of parts: (n —m) + (m — k) + k = n.
Proposition 2 and Lemma 4 give us the following closed formula for ¢;, where t =m +n+k —i
and
F, min{t—2f,m—f}

12 Fy
=y > 1 =F-F+1+ Y min{t—2fm—f}— > max{0,t—k— f}.

f=F1 d=max{0,t—k—f} f=F f=rn
Let
Fs I
Sy= Y min{t—2fm—f}, Sp= ) max{0,t—k—f}.
f=r f=F

First, we consider S, starting with the case where t — m < 0. Note that if m + k < n, then
F1 = max{0,t — min{m + k,n}} = max{0,t — (m + k)} = 0, since ¢t < m + k. Furthermore, when
n < m + k, we have F; = max{0,t — min{m + k,n}} = max{0,¢ —n)} = 0, since in this case
t <m <n. Thus, F; = 0. Note that ¢t — 2f <m — f if and only if f > ¢ — m. It then follows that
when t —m < 0, we have

Fy
2F,(Fy + 1
Si=> (t—2f)=t(Fp+1)— 2(22) = (t — Fy)(Fy +1).

f=0
Next, when 0 <t —m < F5, we have
S_t—m Py ) _(t-m)t—m+1) o Fi(Fy —1)
1_le:w(m—f)+f tZJrl(t_ f) = 5 +m(t—m—F+1)+————

=i =t—m

+t(Fo —t+m)— Fy(Fy+1).

Finally, recall that F5 = min{ L%J ,k}, and note that t < m + k, and so t — m < k. Additionally,
note that 2m=m+m > m+ k > t, and so m > {%], giving us t —m < L%J Therefore, we have
t —m < min { L%J ,k:} = F5. Thus, we do not need to consider the case t — m > F5.

Next we consider So. Note that 0 >t —k — f whent—k < f,andt—k — f >0 whent —k > f.
It then follows that when ¢t — k < 0, we have Sy = Z?:Fl 0 = 0. In addition, when 0 <t —k < Fj,
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we have

t—k F>
(t—k)(t—k+1) F(F —1)
So = t—k— O0=(t—-k(t—k—-F 1) — .
: ;;l f+fZ;1 (t —k)( 1+ 1) 5 +——

Finally, when t — k > F5, we have

Fo
F(F+1)— F(F -1
ST:E:@—k—f):@—kXB_Jq+D_>2(2 )2 (Y »
f=Fn
Thus the result holds. -

3.4. Remaining Cases. In this section, we exploit the symmetry of the root system to give closed
formulas for the g-analog of Kostant’s partition function in the rest of the cases provided in [7].

Proposition 6. If m,n,k € N, then p,(ma; + nas + kaz) = pg(kay + nag + mas).
Proof. Suppose we have a partition of maj + nas + kas with ¢ parts:
acy + bag + cas + d(ag + ag) + e(ag + ag) + f(ag + ag + ag) = mag + nag + kas.
We identify these partitions of may + nag + kas with tuples (a, b, ¢, d, e, f) € N such that
(1) a+d+ f=m,
) b+d+e+ f=n,
) c+e+ f=k, and
)a+b+c+d+e+ f=i.
Call this set of 6-tuples P;(m, n, k). We then define a function f,nx : Pi(m,n, k) — Pi(k,n,m) given
by (a,b,c,d,e, f) — (¢,b,a,e,d, f). First we wish to show that f is well-defined. Let (a,b,c,d,e, f) €
Pi(m,n, k). Then note that
(1) ctetf=h,
(2) b+e+d+ f=n,
(3) a+d+ f=m, and
4) a+b+c+d+e+ f=i.
Thus, we have that (¢, b,a,e,d, f) € Pi(k,n,m), and so fopnk : Pi(m,n, k) — Pi(k,n,m) is well-
defined for all m,n,k € N.
Note, then, that for all m,n,k € N, we have

fknm(fmnk(a” b’ C’ d7 e’ f)) = fknm(c’ b7 a’ 67 d’ f) = (a7 b7 C’ d’ 67 f)’

It follows that frnk © fenm is the identity as well, so fipm = fr;rlLk Thus, frnk is a bijection, and
so |Pi(m,n, k)| = |Pi(k,n,m)|. Since m,n,k, and ¢ were arbitrary, and p,(ma; + nag + kaz) =

>ien [Pi(m, n, k)|q", then we have pg(maq + nag + kas) = pq(kar + nag + mag), as desired. O

(2
(3
(4

Proposition 6 immediately gives us the closed formulas in Theorem 1 parts (3) and (5). We now
state and prove these two results explicitly.

Corollary 3. If m,n,k € N satisfy k > n > m, then p,(mas + nas + kag) = Z?E;Hk ¢iq', where

(L +1)(2m — 2Fy + L+ 2) I

LA D)L D) - BByt 1) - 1
€ = (+)(+% §2+)7Mm ) FymmL— oL+ (m— Fy)(tmod2) i0<J <L

(L+1)(L+ (t mod 2) + 1) if J > L

witht =m+n+k—1, Iy :min{L%J,m}, J=m— Fy, — (t mod 2), F} = max{t —n,0}, and
L=F,—F;.
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Proof. Proposition 6 tells us that the number of partitions of may + nas + kas with 7 parts equals
the number of partitions of kay + nas + mag with i parts. Since k > n > m, Proposition 4 then
gives us the closed formula for the number of such partitions, as shown in the statement above. [

m~+n+k

Corollary 4. If m,n, k € N satisfy n > k > m, then p,(may + nas + kag) = S0 "% ¢;q, where

ci=5—5S+F—-F+1,

(t— ) (Fy+1) ift—k<0
S = (t_k)(t—k+1)+F1(F1—1)—2F2(F22+1)+2k(t—k—F1+1)+2t(F2—t+k) f0<t—k<F,

(t—m)(t—m+1)—F1 (Fl—l)

Ho<t—m< Iy

(t—m)(t—m—F1+1)— 5
Sy =4 (t —m)(Fy — Fy 1) — 2R ) ift—m>F,
0 ift—m <0,

with t =m+n+k —i, F; = max{0,t — min{m + k,n}}, and F; = min{L%J ,m}.

Proof. Proposition 6 tells us that the number of partitions of ma; + nas + kas with ¢ parts equals
the number of partitions of kay + nas + mas with ¢ parts. Since n > k > m, Proposition 5 then
gives us the closed formula for the number of such partitions, as shown in the statement above. [

This establishes all parts of Theorem 1. Next, in Section 4, we compute the Weyl alternation sets
for s[4(C). Then, in Section 5, we utilize these results along with Theorem 1 to provide a closed
formula for the g-analog of Kostant’s weight multiplicity formula for the Lie algebra sly(C).

4. WEYL ALTERNATION SETS AND DIAGRAMS OF sl4(C)

We begin by recalling that the theorem of the highest weight asserts that every nonnegative
integral linear combination of the fundamental weights (i.e. every dominant weight) of a semisimple
Lie algebra g is the highest weight of an irreducible finite-dimensional representation of g [8, Chapter
3]. Thus, the nonnegative octant of the fundamental weight lattice is the only portion of this lattice
that is significant in the representation theory of Lie algebras. However, our work on Weyl alternation
sets considers weights on all of the fundamental weight lattice since interesting symmetries arise in
the geometry of the associated Weyl alternation diagrams.

4.1. Weyl alternation sets. Throughout we let A = mw; + nwy 4+ kws with m,n, k € Z and

= c1wy + caws + c3wog with ¢1, co, c3 € Z. In order to compute the Weyl alternation sets A(\, )

we need to determine when p(o(A+ p) — (1 + p)) > 0 for a fixed ¢ € W. This is equivalent to

determining when o(\+ p) — (u+ p) can be expressed as a nonnegative integral sum of simple roots.
As an example, consider the case when o = 1, the identity element of W. In this case, note

(14)

1<A+p>—<p+u>:<

4 2

<m—|—2n+3k—cl —202—303>
+ 1 as.

Hence, 1 € A(\, p) if and only if the coefficients of aq, ag, and a3 in (14) are nonnegative integers.
We first deal with the fact that these coefficients must be integers, a condition which we henceforth
refer to as the integrality condition. We later focus on the restriction that these coefficients are
nonnegative, which we henceforth refer to as the nonnegativity condition. Let by, ba, b3 represent the
coefficients of aq, ag, ag in (14), respectively. In order for by, by, and b3 to be integers there must
exist x,y, z € N such that

3m+2n+k—301—202—03> (m+2n+k—cl—202—03>
o1 + &%)

3m+2n+k—3c; — 2¢co — c3 = 4x,
17



m+2n+k—c —2cy —c3 =2y,
m—+2n + 3k —cp — 2¢9 — 3c3 = 4z.

Since c1, ¢2, and c3 are fixed, we obtain the following system of linear equations in the variables m,
n, and k:

3m+2n+k =4x+ 3¢y + 2¢9 + c3
m4+2n+k=2y+cy + 2¢co + c3
m+2n+ 3k =4z + c1 + 2¢2 + 3c3
with solution
(15) m=2x—y+c
n=—-x+2y—z+c
k=—y+ 22+ cs.
Substituting (15) into (14) yields
(16) LA=p) = (p+p) = zoq + yas + zas.

Thus the set of all lattice points in (14) as m,n,k € Z vary equals the set of all lattice points in
(16) as x,y, z € Z vary.
Next, we consider a similar process for the case o = s; and find that

an)
(At p)— (ptp) = (

—-m+2n+k—3c; —2cy —c3 m-+2n+k—c1 —2cy —c3
—1)a; + a9
4 2
<m+2n+3k—cl—262—303>
+ 1 (o %}

has corresponding system
—m+2n+k=42"4+3c; + 2c2 +c3
m+2n+k=2y +c1 + 2 +c3
m+2n + 3k = 42" + ¢1 + 2¢2 + 3c3
with 2’,4/, 2/ € Z, which has solution
(18) m=—-22"+y —c
n:$/+y/—z/+cl+02
k=—y +22 +cs.
Substituting (18) into (17) yields

(19) s1A+p) = (p+p) = (2" = Dag +¢'ag + 2as.
Repeating this process in the case o = s9, we find that
(20)
3m+2n+k—3c; —2ca — ¢ m+k—c —2c—c
209 = (o) = Sazteca), . L
(m+2n+3k5—01—202—303>
+ 1 (0%}

has corresponding system

3m+2n+k =42" 4+ 3¢; + 2¢2 + 3
18



m+k=2y"+c1 + 2 +c3
m+ 2n + 3k = 42" + ¢1 + 2¢3 + 3c3

with 2, y", 2" € Z, which has solution
(21) m=a"+y" 2" +c1+c
n=2a"-2y"+2"—cy
k=—2" 49"+ 2"+ co+ cs.
Substituting (21) into (20) yields
(22) ssA+p)—(p+p)=2"a1+ (" — Dag + 2" as.
Repeating the process one final time in the case o = s3, we find that
(23)

83(A+p)—(p+u)=<

3m+2n+k—3c; —2¢cy — c3 m+2n+k—ci —2cy —c3

a1 + (&%)
4 2
+(m+2n—k—4cl—202—303_1>a3

has corresponding system
3m+2n+k =42" 4+ 3c; + 2¢0 + ¢3
m4+2n+k=2y"4c1 +2c2+c3
m+2n—k =42""+ ¢ + 2¢9 + 3c3
with 2”, 4", 2" € Z, which has solution

(24) m = 233/// _ y/// + Cl
" " n

n=-x" +y +2z2 +cyt+c3
k:y///—22’///—03

Substituting (24) into (23) yields
(25) s3s(A+p) = (p+p) =a"a1 +y" oz + (2" = 1)as.

Each of the substitutions made allowed us to express o(A+ p) — p — v as an integral sum of simple
roots, provided o = 1, s1, 2, or s3. However, it turns out that substituting (15) into (17), (20), and
(23) yields

(26) stA+p)—(p+p)=(—zr+y—c —1ag +yas + za3
(27) soA+p) = (p+p) =zar + (—co+x —y+ 2 —1)az + za3
(28) s3(A+p) = (p+p) =xar +yas + (—c3+y — 2 — 1)as.

Thus, this single substitution ensures that the coefficients of o, g, a3 in the above equations are
integers whenever z,y,z € Z. In light of this it is natural to ask if these substitutions always
preserve the set of lattice points in o(A + p) — (p+ p). As it turns out, the answer is yes. We prove
this next and henceforth we use the substitution for ¢ =1 as given in (15).

Proposition 7. Let m,n, k,c1, c2,c3 € Z. The lattices obtained by letting x,y, z € Z vary in (26),
(27), and (28) equal the integer lattices obtained by letting m,n, k € Z vary in (19), (22), and (25),

respectively.
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Proof. The set of lattice points of the form in (17) equals the set of points (2' — 1)ay + y'as + 2’ a3

for a',y/,2' € Z. Now, notice if 2’ = -z +y —c1, ¥ = y, and 2/ = 2z, then (2/ — 1oy +
yas + 2'as = (—x +y — 1 — 1)ag + yas + zas. Hence, lattice points of the form in (26) can
be written in the form given in (19). Conversely, if z = -2’ +y — 1, y = ¢/, and z = 2/, then

(—x4+y—c —1Dag +yas + zaz = (&' — 1)ag + y'as + 2'as. Thus, (19) and (26) give the same
lattice.
The set of lattice points of the form in (20) equals the set of points 2"y + (v — 1)ag + 2" ag

for " y". 2" € Z. ta" =z, ¢y = —co+ 2 —y+ 2z, and 2’ = z, then 2"a1 + (¥ — 1ag +
Z’as = xraq + (—c2 + — y + 2z — 1)ag + zas. Hence, lattice points of the form in (27) can
be written in the form (22). Conversely, if x = 2", y = —co +x — y’ + 2, and 2z = 2", then

zag+ (—co+x—y+2z—1)ag+zas = 2"a1 + (v — 1)ag + 2" ag. Thus, (22) and (27) give the same
lattice.

The set of lattice points of the form in (23) equals the set of points /a1 + y"as + (2" — 1)ag
for 2 " 2" € Z. It 2/ =z, y" =y, and 2" = —c; +y — z, then 2"y + y"as + (2" — 1)as =
xaq + yag + (—c3 +y — z — 1)as. Hence, lattice points of the form (28) can be written in the form

n "

(25). Conversely, if z = 2", y =¢", and 2 = —c; + y — 2", then za; + yas + (—cs+y— 2 — 1)ag =
2oy +y"ag + (2" — 1)as. Thus, (28) and (25) give the same lattice. O

Proposition 7 and the substitution from Lemma 1 allow us reduce our work to describing the
Weyl alternation sets in the case where A is in the root lattice and p is in the nonnegative octant of
the root lattice.

Theorem 2. Let A = 2z —y+c1)w1 + 2y —x — 2z + c2)wa + (22 — y + ¢3)ws and fix p =
c1w1 + cawy + cgws with x,y, z € Z and ¢y, co, c3 € N. Then there are 195 distinct Weyl alternation
sets A(\, 1) and these are listed explicitly in Appendix A.

Proof. Let A= 2z —y+c1)w1+ (2y—x—2z+co)wa+ (22 —y+c¢3)ws for some x,y, z € Z and a fixed
W= c1w1 + ¢ty + c3ws with ¢, co, c3 € N. Direct computations show that o(A 4 p) — p — p can
be written as a sum of simple roots for each ¢ € W as is given in Table 1. From these computations
and the definition of a Weyl alternation set, it follows that

le A\ p) <= 2>0,y>0, and z >0

(—c1—c2a—y+2—-2)>0,(—c1—c2—x+2—2)>0, and 2> 0
(—c1—ca—c3—2-3)>0,(—ca—c3+x—2—2) >0, and
(—cs+y—2—1)>0

s9s3s1 € A\ pu) <= (—aa—z+y—1)>0,(—c1 —ca—c3s—x+y—2—3) >0, and
(—e3s+y—2—-1)>0

x>0,(—ca—c3+2x—2—-2)>0,and (—ca—c3+xz—y—2)>0

—c1—c—y+2—2)>0,(—c2+x—y+2—1) >0, and
20

$18281 € A

st€e A\ p) <= (- —xz+y—1)>0,y>0, and 2> 0
ss € A\ p) <= 2>0,(—ca+x—y+2—1)>0, and z >0
ss€ A\ p) <= 2>0,y>0, and (—ec3+y—2—1)>0
siso € A\ p) <= (—c1—c2—y+2—-2)>0,(—co+x—y+2—1)>0, and 2 >0
ses1 € A\ p) <= (—aa—z+y—1)>0,(—c1—cg—x+2—2) >0, and 2 >0
ses3 € A\ pu) <= x>0,(—ca—cs+x—2—2)>0, and (—c3+y—2—1)>0
sgs1 € A\ p) <= (—ai—2z+y—1)>0,y>0, and (—ecs+y—2—1)>0
sgsa € A\ pu) <= x>0,(—co+x—y+2—1)>0, and (—ca —cs+z—y—2) >0
(A )
(A )

s18983 € A

s98382 € A\, )
sgs182 € A\, )



—cy—c3+r—y—2)>0
—c—zx+y—1)>0,(—c1 —co—x+2—2) >0, and
—cp—cg—c3—x—3)>0

838981 € .A()\,M) —

$1828381 € A(\, )

]

—c1—ca—c3—2—-3)>0,(—c1—ca—cs—x+y—2—3)>0, and
—c3+y—z—1)>0
—c1—cpg—c3—2—3)>0,(—ca—c3+x—2—2) >0, and
—cy—c3+r—y—2)>0
—c1—ca—y+2—2)>0,(—c1 —2co —c3—y—4) >0, and
—co—c3t+r—y—2)>0

—c—z+y—1)>0,(—c1 —ca—cg—x+y—2—3) >0, and
—cp—cg—c3—x—3)>0

—c1—c—y+2—2)>0,(—c; —co—x+2—2) >0, and
—cp—cpg—c3—x—3)>0
—c1—ca—c3—2—3)>0,(—c1 —2co —cg —y —4) >0, and
—co—c3t+r—y—2)>0
—c1—ca—c3—2—-3)>0,(—c1—ca—cs—x+y—2—3)>0, and

51828382 € A(\, 1)

]

S9838182 € A(\, 1)

]

S9838281 € A(A, 1)

]

]

s3518281 € A(X, )

]

5182838182 € A(A, )

]

5182838281 € A(A, )
—cp—cg—c3—x—3)>0

—c1—c—y+2—2)>0,(—c1 —2co —c3—y—4) >0, and

]

S983818281 € A(A, 1)

v
o

—c1—cpg—c3—x—3)
—c1—ca—c3—2—3)>0,(—c1 —2ca —cg —y —4) >0, and

(—c1 —ca—c3—x—3)>0.

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

818983518251 € .A()\,M) e

Intersecting these solutions sets on the lattice Zay @ Zag ® Zas produces the desired results.

loeW oA +p)—p—plloeWw oA +p)—p—plloeWw oA +p)—p—p|
1 (P, Q1, Ry) 51 (Py,Q1, Ry) 52 (P1,Qs, 1)
53 (P1,Q1, Ry) 5152 (P3,Q¢, R1) 5251 (Ps, Q4, Ry)
5253 (P1,Qs, Ry) 5351 (Py,Q1, Ry) 5352 (P1,Qe, R3)
515251 (P3,Q4, Ry) 515253 (P, Qs, Ry) 525351 (Py,Q3, Ry)
525352 (P1,Qs, R3) 535152 (P3,Q¢, R3) 535251 (Ps, Q4, Ro)
51525351 | (P2, Q3, Ry) 51525352 | (P2, @5, R3) 52535152 (P3,Q2, R3)
59835051 | (Py,Q3, R2) 53515251 | (P3,Q4, Ro) 5152835182 | (P2, Q2, R3)
5152535251 | (P2, Q3, Ra) 5253515251 | (P3,Q2, Ra) 515253515251 | (P, Q2, R2)
P=x Phob=—-c—-—cp—c3—2—-—3 Ps=—-c—co—y+z—2
Pi=—-c—xz+y—1 Q1=y Q2=—c1—2ca—c3—y—4
Qs=-c—c—cg—x+y—2—-3 Qu=-c1—co—x+2—2 Qs=—co—c3+x—2—2
Qeg=—-co+rz—y+z—-1 Ry =z Ro=—-c—cg—c3—x—3
Ry=—-co—c3+x—y—2 Ri=—-c3s+y—2z—-1

TABLE 1. Notation for (A + p) — p — p as a sum of simple roots for each o € W,
where (X,Y,7) := Xay + Yag + Zas.
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Theorem 2 states that there are 195 distinct Weyl alternation sets, which can be attained as A
varies within the root lattice. In the next section, we give examples which realize each of these sets

when p = 0.
| oe€W |Root lattice view | o € W | Root lattice view || o€ W [ Root lattice view |
- — 7
1 51 59
53 5152 5281
59283 5351 5352
§15281 515253 825351
5985389 535159 5359851
..,;U
51528351 51528352 52535182
8528389281 835185281 5182838159
5152838251 5253518251 §15283515251

TABLE 2. Solution regions for inequalities determined by each Weyl group element
in the case that = 0.
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4.2. Weyl alternation diagrams. The proof of Theorem 2 provides inequalities which describe
when certain elements of the Weyl group are in the Weyl alternation set A(\, ). Each Weyl group
element provides 3 inequalities, whose solution set cuts out a cone of the lattice Zw, ® Zws & Zws.
Table 2 illustrates these regions in the root lattice for each element in W and when p = 0.

We note that as p varies within the nonnegative octant of the root lattice, the diagrams in Table
2 translate but their geometry remains the same. Moreover, for any fixed u, by intersecting the
associated solution regions we can create the associated p Weyl alternation diagram.

As is evident, Weyl alternation diagrams are best analyzed when one has the ability to rotate
an image and view it from a multitude of angles, we provide code which allows a user to input a
weight © and whose output is the set of Weyl alternation diagrams associated to each of the Weyl
alternation sets determined by u. The code, along with instructions on how to use it, are found in
the GitHub repository at https://github.com/melendezd/Weight-Multiplicities. However, here we
present a set of 2-dimensional diagrams containing the same information for the case when p = 0.

Example 2. To illustrate the p = 0 Weyl alternation diagrams, we fix an integer zp (satisfying
—5 < z9 < 5), and give a Weyl alternation diagram on the integral lattice spanned by w; and
wy at height zy. That is, we consider the set of weights A = xwy + yws + z9ws with z,y € Z
satisfying —25 < x,y < 25, and we color all lattice points with the same color when they share a
Weyl alternation set A(A,0). This produces the diagrams in Figure 5.

(A) zZp = —H (B) zp=—4 (C) 29 = —3 (D) z0=—2

(I) 20 =3 (J) zp=4 (K) Zp =0

FIGURE 5. The pu = 0 Weyl alternation diagrams for sly(C). The horizontal axis
is the real span of w;p, while the other is the real span of ws. The key for these
diagram is given in Appendix A.
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Another set of diagrams associated to Weyl alternation sets are known as empty regions. We
recall that for a fixed p in the root lattice, the empty region consists of the set of weights A on the
root lattice for which A(X, 1) = (). In the following examples, we fix p in the root lattice, color
red every weight A in the root lattice for which A(\, u) = 0, and give a geometric description and
visualization of the empty region. Note that at times we increase the size of the vertices to better
illustrate the behavior of the empty region.

Case 1: p = nay. This empty region is in the shape of a tetrahedron. Additionally, the tetrahedron
increases in size as the coefficient of «q increases.

Weight First view Second view Third view

W_3 w_l w_d

aq

5()!1

Case 2: p = nag. This empty region takes the form of a cube. As before, the cube increases in size
as the coefficient of oy increases.

Weight p First view Second view Third view

W_3 w_1 W

a2

5(12

Case 3: u = nas. This empty region forms a tetrahedron but with a different orientation than when
1 = nay. As before, the tetrahedron increases in size as the coefficient of a3 increases.
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Weight p First view Second view Third view

W_3 W_1 W_i

a3

Sorg

Case 4: 1 = nag + nag. Once again the empty region is a tetrahedron, but we observe that each
face shows a set of points near their center. As n increases, so does size of the region.

Weight p First view Second view Third view

] W [

a1 + Qo

3051 + 3()!2

Case 5: . = nag + nas. The empty region is a tetrahedron with a few points coming out of it.
However, the orientation and the size is different from Case 4. As the coefficients for as, ag
increase, the shape gets bigger.

Weight First view Second view Third view

" T TR

g + (x3
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v ¥

2000 + 20v3 | /

Case 6: © = nay + nas. The empty region is a stellated octahedron, being formed by two
tetrahedrons. As before, the size of the region grows as n grows.

Weight First view Second view Third view
a1 + a3

W_3 w_1 w_Z
\
. w_1
—
A )
/.
a1 + dag

Case 7: u = nay + nas + nas. The empty region is a stellated octahedron, being formed by two
tetrahedrons. Note that as n grows, so does the size of the region.

Weight p First view Second view Third view

|
I i
|

W T

/

|
g
~
201 + 209 + 203
i
e
red I
I

3aq + 3ae + 3ag

Case 8: u = maj +nas + kas. Here, note that we let m,n, and k be of different parity. When m, k
are odd and n is even, the empty region is a tetrahedron. However, if n is odd and m, k are
even, we get a stellated octahedron, with one tetrahedron smaller than the other. These
shapes seem to be consistently determined by the parity of m,n, k as described. Again, as
the coefficients m, n, k grow, so does the size of the region.

26



Weight p First view Second view Third view

bay + 2a2 + lag

4o + 3o + 6ag /

5. THE ¢-ANALOG OF KOSTANT’S WEIGHT MULTIPLICITY FORMULA

In this section we use Theorem 1 and Theorem 2 to give a formula for the g-multiplicity of a
weight p in L(A), a highest weight irreducible representation of sl;(C) with highest weight A\. We
begin by letting A = mw; + nws + kws and u = cywy1 + cows + c3ws, with m,n, k,c1,co,c3 € N,
and we set the notation for the rest of the section as given in Table 1.

Theorem 3. Let A = mw; + nws + kws and u = cywy + cowse + c3ws, with m,n, k, c1,c2,c3 € N.

If ¢ = 3m+2n+k—43c1—2cz—03, y = m+2n+k—2c1—262—637 and 2z = m+2n+3k—4c1—2cz—303’ then

Iy —Zn—2Zs+Zs+ Zio— Zr P1,Q1,R1,Q6,R4,Q5,R3 € Nand Py, P3 ¢ N
Iy —Ze— L3+ Zy+ Zs — Zo P1,Q1,R1,Ps,Qe6,P3,Qs € Nand Ry, R3 ¢ N
Z1—Zs—Z11— s+ Zs+Zg  P1,Q1,R1,P1,Ra,Q6,Q4 € Nand P5,Qs,Rs ¢ N
Iy — Ze — Z11— L3+ Lo+ Zs P1,Q1,R1,P4,Q6,R4,Q5 € N and P3,Q4,R3 ¢ N
Zy — Ze — L1 — Zs + Zy Pi,Q1,R1,Ps,Qs,Rs € Nand P35, Q4,Qs, R3 ¢ N
Z1 - Z11 - Z3 + Z5 P1,Q17R17Q67R47Q5 € N and P4,P3,R3 ¢ N
Zy — Ze — L3+ Zy Pi1,Q1,R1, Py, Ry € N and Qs,Q4,Q5 ¢ N

ma(, ) = Zy — Ze — Z11 + Zg Pi1,Q1,R1,Ps,Q6,Q4 € Nand Ry, P3,R3 ¢ N
7y — Z11 — Z3 P1,Q1,R1,Qs, R4 € N and P4,P3,Q5,R3¢N
Z1— Zs — Z11 P1,Q1,R1,P1,Q6 € Nand Ry, P3,Q4,R3 ¢ N
Z1 — Z3 P17Q17R1,R4 S N and Qﬁ,P4,Q5 ¢ N and (P3 ¢ N or Q4 ¢ N)
Zy — Z11 Pi1,Q1,R1,Q6 € Nand Py, Ry, R3, Ps ¢ N
Z1 — Zs Pi,Q1,R1, Py € Nand Qg, Rs,Q4 ¢ N and (Qs ¢ N or Rs ¢ N)
71 P1,Q1,R1€Nand R4,P4,Q6¢Nand (P3¢NOI‘ Q4¢N)

and (Qs ¢ N or R3 ¢ N)

0 otherwise,

where Z1, ..., Z11 are defined as in Appendix B.

Proof. Since m,n, k,c1,ca,c3 € N, we have Py, (Q2, Ry are less than zero by inspection, and a
straightforward substitution shows that Q3 = —2m — 2k — 2¢; — 4¢9 — 2¢3 — 3 < 0. Consequently,
p(o(A+p) — (p+ ) = 0 for all

oceWy = 525381, 535281, 52535251, 3515251, §2535152, 5253515251,
515283, 51528352, 51525351, 5152535251, 5152535152, $15253515251
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Thus, the only possible Weyl group elements contributing nontrivially to mg (A, i) are those in
W\ Wy. Table 1 presents our notation for writing o(A + p) — p — 1 as a nonnegative integral sum
of simple roots for all ¢ € W and in particular for o € W \ W,
Consider the case 0 = s3s159. Note that
—m—2n+]€:1361—202—03_2 and R3:m_2n_k_4cl_202_363_2,
In order for us to have pq(s3sis2(A+ p) — (p+ 1)) > 0, we must have in particular that P3 > 0 and
R3 > 0. As a result, we have that

k>8+m+2n+3c1 +2c+c3and k < —-8+m —2n —c; — 2¢co — 3cs.
It then follows that
8+m+2n+3c1 +2c0+c3 < —8+m —2n—c1 — 2¢co — 3cs,

Py =

which implies 0 > 16 + 4n + 4¢q + 4co + 4eg. Since n, ¢q, c1,cg3 > 0, this is a contradiction, and thus
©q(s3s1s2(A +p) — (p+ p)) = 0 for all A, p in the nonnegative octant of the fundamental weight
lattice.

Hence, the only remaining elements of the Weyl group for which it is a possibility that pq(o(X +
p) — (p+ u)) > 0 are those in Table 3.

o [E=0(A+p) —(p+ 1) | 948 |
1 Pioag + Qroag + Riag A P =z
518281 | Psag + Qo + Riag Zo Ps=—c—c—y+z—2
53 Prag + Qo + Ry Z3 Pi=—c—x+y—1
s1s2 | Psag + Qeaz + Rias Zy Qi=1y
5283 | Prag + Qs + Ryag Zs Qi=—-c1—ca—x+z—2
S1 Piog + Qras + Riag Z6 Qs =—-ca—c3+x—2—2
598389 | Prag + Qsas + R3as Z7 Qe=-c+r—-—y+z-1
S$981 Piag + Quas + Rias 73 Ry =2
5381 | Pyar + Qrag + Ryag Zy Ry=—co—c3+o—y—2
s3sy | Prag + Qean + Raog Z10 Ry=—-czty—z-1
52 Prag + Qe + Rz Z11

TABLE 3. Notation for o(A + p) — p — u when o € W\ (Wp U {s3s182}).

For each of the elements in Table 3 we have that
1e .A()\ ,U,) ~— P,Q1, R €N,

s1 € A\ p) == Py, Q1, R €N,
sg € A\, p) <= P1,Q6,R1 €N,
s3 € A\, ) <= P1,Q1, Ry €N,
s152 € A\, p) <= P3,Qp,R1 €N,
s251 € A(A, ) <= Py, Qq, Ry €N,
s3s1 € A\, ) <= Py, Q1, R4 €N,
sos3 € A\, p) <= P1,Q5, R4 €N,
s3s2 € A\, 1) <= P1,Q¢, 3 € N,
s15281 € A\, 1) <= P3,Qq, R1 €N,
s95382 € A(A\, 1) <= P1,Qs5, R3 € N.

28



Intersecting these inequalities and applying the integrality conditions from Section 4.1, we find that
our Weyl alternation set for A and u are

({1} Ri, P1,Q1 € N and Qg, Ry, Py ¢ N and
(Qs ¢ Nor R3¢ N) and (P3 ¢ Nor Q4 ¢ N)
{1,82} R1,Qs, P1,Q1 € N and P3,R4,R3,P4¢N
{1,83} Ry, P, R4,Q1 € Nand Qg,Qs, Py ¢ N and
(P3¢ Nor Q4 ¢N)
{1,51} R1,P1,Q1, Py € N and Qg,Q4, Ry ¢ N and
(Qs ¢ Nor Rs ¢ N)
{1,83,82} Rl,QG,Pl,R4,Q1 € N and P3, Q5,R3,P4 ¢ N
AN ) = < {1, 89,51} R1,Q¢, P1,Q1,P1 € Nand P3,Q4, Ry, R3 ¢ N
{1, s3, s253, 52} R1,Q5,Q1,R4,Q6, Py € Nand P3, R3, Py ¢ N
{s1, 8351, 83,1} R1, P, Ry, Q1, Py € N and Qg,Q5,Q4 ¢ N
{81,82, 1,8281} Rl,Ql,P4,Q6,P1,Q4 € N and Pg,R4,R3 ¢ N
{51, 8351, 83,52,1} R1,Q1, Py, Ry, Q¢, PL € N and P3,Qs5,Q4, R3 ¢ N
{1, 53, 5253, 52, 5351, 51} R1,Qs5,Q1, Py, Ry, Q6, P € N and P3,Q4, R3 ¢ N
{1, 5351, 5251, 83, 52,51} R1,Q1, Py, Ry, Qg, P1,Q4 € N and P3,Q5, R3 ¢ N
{1, 5283, s3, S2, 528352, S352} R1,Q5,Q1, R3, R4, Q¢, P € N and P3, Py ¢ N
({1, 515251, 8251, 52, 51,5152} R1,Q1, Py, P3,Q¢, P1,Q4 € N and Ry, R3 ¢ N.

The result now follows from applying Theorem 1 to evaluate the associated g-analog of Kostant’s
partition function for each element in the associated Weyl alternation set. In Appendix B to describe
concretely each of the polynomials Z1,..., Z11. O

We end this section by applying Theorem 3 to compute a few g-weight multiplicities.

Example 3. Let A\=a; +as+ a3 and 4 =0. Hence m =1,n =0,k =1, and ¢; = c3 = ¢c3 = 0,
from which we obtain x = y = z = 1, and, hence, A = wy + ws3. This means that P, = Q1 = Ry =1,
P3=-2 P=-1,Q5=-2,0Q¢ =-2, Ry = —1. Since, P;,Q1,R; € N and Ps3, Py, Q5,Q¢, R4 §Z N,
then by Theorem 3 we have that

mq(wl + wg,O) =71 = pq(PlOél 4+ Qia9 + Rloég) = pq(al + ag + 043).
Applying the formula for Z; in Appendix B we find that t =2, L = 0,1 < i < 3. Using our closed
formula in Theorem 1, part (1) gives us the final result
mq(w1 + w?,,O) = ql + q2 + q3.

Evaluating at ¢ = 1 yields m(w; + ws,0) =1+ 1+ 1 = 3. We recall, that when X is the highest
root, m(\,0) is the multiplicity of the zero-weight in the adjoint representation of sly(C). This
equals the rank of sl4(C) which is indeed 3.

Example 4. Let A = w; 4+ 2wy 4+ 3wz and 4 = wy + we + w3. Hence m = 1,n =2,k = 3, and
c1 = co = ¢3 = 1, from which we obtain x = 1,y = 2,2z = 2, and, hence, P, =1, Q1 =2, Ry = 2,
R4 = —2, P4 = —1, Q@ = —1, P3 = —4, Q5 = —b5. Since Pl,Ql,Rl € N and R4,P4,Q6,P3,Q5 ¢ N,
then by Theorem 3 we have that

mg(w1 + 2w2 + 3ws, w1 + w2 + @3) = Z1 = pg(Prag + Qrag + Ria3) = pg(a1 + 2az + 2a3).

Applying the formula for Z; in Appendix B we find that t =3, Fy =1, Fob =1, L =0, and J = —1.
Then, since J < 0, we find that the coefficient of ¢ is c; = 1. Applying our closed formula in a
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similar fashion in the case where i = 2,3,4,5 gives us the final result
my(w1 + 22 + 3ws, w1 + wa + w3) = ¢ +3¢% +2¢* + ¢°.
Evaluating at ¢ = 1 yields m(wy + 2wy + 3ws, w1 + wa +w3) =14+3+2+1="T.

Example 5. Let A = wy + 3wy and p = w; + we. Hence, P, =1, Q1 =2, Ry =1, Ry =0,
Q¢ =—2, P,=—-1, Qs = -3, P3 = —5. Note that P;,Q1, R1, R4 € N and Qg, Py, Q5, P3 ¢ N. Thus,
by Theorem 3, we have that

mg(w1 + 3w, w1 + w2) = Z1 — Z3 = pg(a1 + 2as + az) — pq(aq + 2a2).

Applying the formula for Z; and Z3 in Appendix B we find that my (w1 +3w2, @1 +@2) = ¢>+¢3+¢*.
Evaluating this polynomial at ¢ = 1 yields m(w; 4+ 3wy, w; +ws) =1+1+1=3.

6. FUTURE WORK

As we showed in Section 3, for 7 € N the set of partitions of weights as sums of exactly i positive
roots of the Lie algebra sl4(C) are in bijection with certain subsets of {1,, 1, 2}-partitions of i. We
believe that is just one occurrence of such a bijection. Hence we pose the following.

Problem 1. Characterize sets of restricted colored integer partitions that are in bijection with
partitions of weights as sums of a certain number of positive roots of a Lie algebra.

An answer to this question would elucidate and strengthen the initial connection we have made
between restricted colored integer partitions and the representation theory of Lie algebras. A
connection which was asked about by Corteel and Lovejoy in [4].
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APPENDIX A. THEOREM 2: WEYL ALTERNATION SETS OF sl4(C)

Table 4 provides the reduced expression of o(A 4+ p) — p — u after the substitutions for the
integrality condition in Lemma 1 are applied.

[ceW oA +p)—p—p \
1 Piag + Qras + Rias
51 Pyor + Qras + Rias
59 Pray + Qe + Riag
53 Proy + Qras + Ryas
5152 Psoq + Qe + Ry P
5281 Pyag + Quag + Riag Pl _ gi or—en— %3
5283 Prai + Qs + Ryois P2 _ _21 B 22 B 63+ ZZ_ 5
5351 Pyo + Qrag + Rya P3 _ _cl B x2+ v 1
S3892 Piag + Qgas + R3ag Q4 _: 1 Y
515251 Pyay + Qo + Rias Q; _ y_cl 9y — s —y—A4
518283 Prar + Qsaz + Ryas Os=—ci—camcC3—T+y—2—3
S$95381 Piag + Qsas + Ryas Qi=—c—co—x+2—2
S$953892 Prag + Qsas + Rsag Qs =—co—cyta—2—2
535182 Psar+Qeco+ Raas | oo oo qp g1
835281 Pyag + Quaz + Roas R, =z
51528351 Pyon + Q3o+ Ras | Ry — —¢) —¢y—c5—a—3
51528389 Pray + Qsas + Rsas Ry=—co—cs+ax—y—2
52535182 Pyay +@Qeap+ R3os | Ry=—cs+y—2—1
52835251 Pya1 + Q3 + Roasg
53515251 Pyay + Qo + Roas
5152535152 | Praq + Qaca + R3az
5152535281 | Phar + Q3 + Roag
5983515251 Pyay + Qa0 + Roas
515253515251 | Prag + Qaca + Roa3

TABLE 4. Notation for o(A + p) — p — p as a sum of simple roots for each o € W.

Thus, the conditions Table 5 describe explicitly when a given element o € W is in A(\, p).
Using the conditions as listed in Table 5, and letting — denote negation and V denote or, then
the Weyl alternation sets are as follows:
(1) .A()\,,M) = {1} if Kq1, K1, K5,7 K9, Ky, K4, " Ko V - K7 V =Ko, 7Ky V = Kg V = K9,
K3V —KgV K9, "K3V - Kg, " KgV K3, " KoV - KgV K3, K3V ~Kg V K3,
(2) A()\,,u) = {81} if K11, K5, K40 K7, 7 K14, 7Kg, " Ko V = Kg V = K9, " K3V = Kg V 2 Kjo,
-K3V K, "Ki9 VK7, 7Ky V = Kg V K3, K3V - Kg V - K13, " Ko V 2Ky V = K3,
(3) A()\,M) = {82} if K11, K19, K1, K5, K13, 7 K3, 7 Ko V = K7 V =Ko, 7 K9 V = Kg V =Ko,
KoV K7V Ky, " K9 V Kiy, " K19V K7V Ky, 2Ky V - K4 V Ky, " Kg V 2Ky,
(4) o A(A,M) = {83} if K1, K14, K5,7 K11, 7Kg, K4, " Ko V = Kg V 2 K19, " Ko V = K7, 7 K9 V
-Ki3, K3V = Kg V K9, 7 K3V - Kg V = K3, 7Ky V - Kg V - K13, K3 V - Kg V = K3,
(5) o A(/\,M) = {8182} if K3, K19, K11, K1, Ky, " Ki3, " Ko V - K7 V = Kq9, - Ko V - K7 V
K4, K5 V =Ky, " Kg V =Ko, 7 Ko V = K9 V K14, K12 V - K7 V =Ky, " K7V K4 V
_‘K47
(6) ® A\, 1) = {s2s1} if K11, Kg, K4,7K5, ~K3, K12, 7 K19 V =K1, 7K1 V ~Kg V = K14, 7 K>
V Ky V Ky, 2Ky V Ky V K3, 7Ky V —Kg V — K13, 7 K7 V K14, K2 V = Kg V K13,
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Ki: P=x€¢N
Ky: Po—c1—cg—c3—z2z—3€N
Ks: Ps=—c—co—y+z—2€N
Ky: Pb=—-c—-xz+y—1€N
Ks: Qi=yeN
KGZ QQZ—C1—2CQ—63—y—4EN
K7 ng—cl—cz—C3—:c+y—z—3€N
Kg: Q4:—61—CQ—CC+Z—2€N
Ky : Q5:—CQ—03+CU—Z—2€N
Kip: Qg=—-c+zr—y+z—1€N
Ki1: Ri=z€¢N
Kis: Ry=—-c—c—cg—x—3€N
Kiz: R3=—-—co—c3+ox—y—2€N
Kiy: Ry=—-c3s4+y—2—1€N
TABLE 5. Conditions used in defining the Weyl alternation sets of sly(C).

(7) ® A\ p) = {s2s3} if K1, Ko, K14,7K5, 2K, 7K13, 7K11 V = Kj0, 7K3 V = Kg V ~Kj2, K3
V =Ky V _\Kg, -KgV Ko V —|K4, -K3V -KgV _\Klg, -K7V —|K4, -Ki1 VKg V —|K4,

(8) ® A\, p) = {s3s1} if K14, K5, K4,~K11, 7K1, ~K7, 7K3 V = Kg V = K12, K3 V = Kg V = K12,
Ky V = Kyg, Ko V =Ky, Ky V ~Kg V = K13, 7 K3 V = Ky9 V = K13, 7 K3 V = K¢ V = K3,

(9) © A\ p) = {s3s2} if Kio, K1, Ki13,7K11, Ko, =K3, ~K3 V K7 V =K13, =Ky V =Kz V
—|K14’ —|K8 V —\K12 V —|K4’ —|K14 V —|[(57 —|K12 V —|K7 V —|[(47 —|K2 \V4 _'K67 —\K7 V —|K14 \V4
-Ky,

(10) .A()\,M) = {518281} if Kg, KH, Kg,—!Klo, —\Klg, —|K4, -Kq Vv —|K5, Ky V —|K7 V —|K14,
K1V K9V Ky, KoV aKg V —|K14, -K1V -KgV —|K13, -Kg V —|K13, KoV K9V
- K3,

(11) ® A\, ) = {s1s2s3} if Ko, Ko, Ki4,mK7, =K1, =Ki3, ~Kg V =Ki2, K3 V =K1 V =Kj,
—KgV —Kio V Ky, 7Kz V ~Kyg V =Ky, K3V ~Kg V =K, 7 K5 V Ky, 7K1 V ~Kg V

(12) ® A(X, p) = {s2s3s1} if K7, K14, K4,m K3, K13, 7K5, ~K11 V Ko V =K1, 7Kg V =K1 V
—Ki3, 7K1 V =Ko, nK3 V ~ K0 V K11, 7K3 V 2Ky V K13, 7 K3 V = Kg V K33, 7 K11 V
ﬁ-[(8)

(13) ® A(\, i) = {s2s3s2} if K1, Ko, K13,7K19, K14, 7Ky, K11 V ~K5, ~K3 V =K11 V =K,
-KgV KoV -Ky, 7 K19V K7V Ky, K3V -KgV K9, "K3V K¢, “K11 V -Kg V
Ky,

(14) ® A(\ p) = {s3s182} if K3, K10, K13,~K1, ~Ki11, 7Kg, K2 V K7 V = K13, 2Ky V ~K7 V
K4, 7K12 V 2K7 V 2Ky, ~Kg V =K1, 7 K14 V ~K5 V =Ky, 2K7 V K14 V 2Ky, ~K3 V
ﬁ1:(97

(15) o .A()\,/L) = {838281} if Kg, K4, K120,mK7, 7 K3, - K11, " Ko V =Ky, K19 V K7 V = Kj3,
-Ki1V-KgV —|K14, -Ko V -Kg V —\}'(147 -K1V K9V —\I(137 K4 V —|K5, -K9V K9V
_'K137

(16) A()\,,M) = {51828381} if KQ, K7, K14,_\K12, —\Kg, —|K4, -Kqi1 V Ky V —\Kl, -Ki9 V K3
V —|f(137 -KsV K1 V _\Kg, -Ky VvV —|K5, -K3V Ko V —|K11, -Kg V —|K13, -K3 V K
V _‘K137

(17) ® A(X, p) = {s1828382} if Ko, Ko, Ki3,7K14, Ky, 7Kg, K7 V = K12, 7K1 V K5 V =Ky,
-K3V K11V —|K8, -KgV K9V —|K4, -K3V -KgV —|K12, -K3 Vv —\Klo, -Kqi1 vV -KgV
-Ky,
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(18) ® A(\, 1) = {s2s3s182} if K3, K¢, K13,~K12, ~Ka, 7 K19, 7 K11 V ~K; V = K5, 7K1 V - K5
-Ky,

(19) o A()\,M) = {82838281} if K4, K7, K127—|K2, —|K8, —|f(147 -Ki1 VK9 V —|K1, -Kq1 V —\K5,
—Kio V 2Ky V 2Ky3, K3 V 2 Kg, 7Ky V 2 K9 V —Ki3, 7K3 V 2Ky V K11, K3 V 2Ky
V _'K137

(20) o .A(/\,,u) = {83818281} if Kg, Kg, KIQ,—\Kﬁ, —|K11, —|K4, -Ky V —|I(77 -K1 VvV Ky V —|K14,
K1V -K4 V —|K5, KoV -Kg V —|K14, -KiV -KgV —|K13, -Ki9 V —|K13, KoV -Kg V
_‘K137

(21) @ A(A, i) = {s152535152} if Ko, K¢, K13,7 K12, 7 K3, 7Kg, ~K11 V =K1 V = K5, =K7 V ~ K14,
—K11 VK5V Ky, =Ko V 2K, 2K V 2Ky V 2 K5, K1y V 2K5 V 2Ky, Ky V 2Kg Vv
-Ky,

(22) © AN, i) = {s152838281} if Ko, K7, K12,7 K¢, 7 K14, =Ky, ~K11 V =K1 V =Kj5, K11 V =Ko
V =Ky, =Kyg V 2Ky V 2Ky3, 2K3 V 2Ky V 2Ky, K3 V 2 Kg, 7Kg V 2K V 2 K13, Ko
\ _‘K137

(23) ® A(X, p1) = {s283518251} if K3, K¢, K12,7K2, ~Kg, ~K13, K11 V =K1 V K5, K11 V - K5
V aKy, 7K1V 2Kg V 2 Ky4, 7K1 V 2Ky V 2 K5, 2Ky V 2Ky, K7 V 2Ky, 2Ky V 2K
\ _'K47

(24) ® A\, i) = {s1s283515281} if Ko, K¢, K12,7K7, K3, 7K13, ~K11 V =K1 V ~K5, 7K1 V
-Kig vV Ky, 2 K11 VK5 V oKy, 7Kg V —\K4, K1V K4 V —\Kg,, -Kg V = Kyy4, "Ki4 V
K5V Ky,

(25) @ A(\, p) = {1, s1} if K11, K1, K5, K4,7K19, K11, =Kg, 2K V =Kg V ~Ki2, ~K3 V = Kg
V aKjq9, K9 V K3, " Kio V K7, 7 Ko V = Kg V K13, " K3V = Kg V - K3,

(26) ® A(X, p) = {1, s2} if K11, K10, K1, K5,7Ky, ~K13, K14, ~K3, 7K3 V ~K7 V =K1, 7Ky V
—Kg V — K2,

(27) ® A\, p) = {1,s3} if K11, K1, K1, K5,K19, 7Ky, ~Kg, ~Ky V = Kg V = Kj2, Ky V = K7,
K3V —KgV K9, "K3V - Kg, KoV - Kg V ~Ki3, " K3V ~Kg V K3,

(28) o .A()\,/L) = {81,8281} if K11, Kg, K5, K4, K1, 2 K3, 7 K19, 7 Kq4, " Ko V = Kg V = K3, Ko
V - Kg V K3,

(29) .A()\,,u) = {81,8381} if K11, K14, K5, K4, K1, 7 K7, - Kg, 7Ky V = Kg V K19, 7 K3 V =Ky
V —\Klg, -K9 V —|K9, -K3V _‘K107 -Ko V -Kg V —|K13, -K3V -KgV _‘K137

(30) © A(A, i) = {s2, 5182} if K11, Ko, K1, K3,7K5, K13, ~Kg, 7Ky V = K7 V = K12, 7K V ~K7
V —|K14, —|K6 V —|K12, —|K9 V _\K14, -Ki9 V —|K7 V —\K4, —|K7 V = K4 V —|[(47

(31) ® A(A, i) = {s2, 8352} if K11, K0, K1, K13,7K5, 7Kg, ~K3, 7Ky V =K7 V = K12, 7K V ~K7
V = Ki4, K19V o K7V oKy, Ko V - Kg, 7 K7V 2Ky V oKy, 7Kg V 2Ky,

(32) o .A()\,,u) = {83,8283} if Kl, Kg, K5, K14,—|K11, _‘KQ, —|K13, —|K4, -K3V -KgV —|K12, -K3
V = Kg V =Ko,

(33) ® A(X\, i) = {s3,8351} if K1, K14, K5, K4,mK11, ~Kg, 7K7, 2Ky V =Kg V =K12, =Kjp V
_\Klg, —\K3 V —|K6 V —|K12, —|K8 V —|K12, -Ky Vv —\K6 V —|K13, —|K3 V —|K6 V —|K13,

(34) ([ A()\,M) = {8182,818281} if K3, Kll; Kg, Kl(],—\Kl, —\K12, —|K13, —|K4, KoV K7V —|K14,
K9V K9V —|K14,

(35) ® A(A, p1) = {5152, 535182} if K3, K10, K13, K11,7K1, K3, ~Kg, ~K2 V K7 V = K13, K3 V
K7V~ Ky, 7K5 V =Ky, 7Ki2 V 2 K7 V =Ky, 2K7 V = K14 V 2Ky, Ky V ~ Ky,

(36) ([ A()\,,u) = {3231, 515251} if Ks, Kq1, Kg, K4, K5, 7 K12, 7Kg, " K1 V = Kq V = K14, 7 K5 V
—Kg V =Ky, 7Ky V = K9 V = Kj3, 7 K7 V = K14, K¢ V = K13, 7Ky V = K9 V = Kj3,

(37) @ A\, p) = {s281, 835251} if K11, Kg, Ky, K12,7K5, ~K3, K7, ~Ki9 V ~K1, 7Ky V =K,
K1V -KgV —|K14, KoV K9V Ky, "K1V-KgV —|K13, -Ko V -Kg V - K3,

(38) ® A(X, ) = {s283, 518253} if Ko, K1, K9, K14,mK7, 7 K5, 7K13, 7 K11 V ~Kyg, 7Kg V K32,
K3V K1 V-Kg, 7KgV K9V Ky, "K3V -KgV K9, " Kq1 V - Kg V Ky,
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(39) ® A(\, ) = {s2s3, saszsa} if K1, Ko, K13, K14, K10, K5, 7 Ks, 7 K3 V =K1 V = Kg, 7Kg V
-Ki9 V —|K4, -K3V - KgV —|K12, -K7V ﬂK4, -K3V —|K6, -Kq11 V Kg V —\K4,

(40) o .A()\,/L) = {8381,828381} if K7, K14, K5, K4,—\K2, —|K11, —\Kl, —\Klg, —\Kg V —|K10 V —|K13,
_|K3 V —\K6 V —|K13,

(41) o .A()\,/L) = {8332,828382} if Klg, Kl, Kg, Klg,_\KH, —|K14, —|[(37 —|K2, —|K8 V —|K12 vV —\K47
K9 V aK7 V 2Ky,

(42) @ A(\, ) = {s352, s3s1s2} if K3, K10, K1, K13,7K11, K9, 7Kg, 7 Ko V K7 V ~Kj2, 7 K> V
_\K7 V —\K14, K4 V —\]"(57 -Ki9 V —|K7 V —|K4, —\Kg V —|K12, —|K7 V =Ky V —|K4,

(43) .A()\,,u) = {818281, 83818281} if Kg, KH, Kg, KlQ,_\Kﬁ, —|K4, —|K10, -KiV —|[(57 -KoV —|K7,
-Kq Vv —\Kg V —|K14, -Ky V —|K9 V —|K14, -Kq Vv —|K9 V —|K13, -Ky V —|K9 V _\Klg,

(44) © A(X, ) = {15283, 51528351} if Ko, Ky, K7, K14,mK12, K1, 7Ky, 7Ki3, ~K3 V =K1 V
—\Kg, —|K3 V —|K10 V —|K11,

(45) © A\, p) = {s15283, s1s28352} if Ko, Ky, K14, K13,7K7, 7K1, 7Kg, K3 V =K1 V =Kz, ~ K3
V = K9 V —|K4, —|K3 V —|Kg V —|K12, —|K5 V —|K4, —|K3 V —\Klo, K1 V —|Kg V —|K4,

(46) ® A(\, ) = {s2s351, 51528351} if Ko, K7, K4, K4,mK12, 7Kg, 7 K5, 7K1 V = K9 V K,
—Kig V =K1V~ K3, 7Kz V K9 V 2Ky, 2 Kg V 2 Ki3, 2 K3 V 2Ky V K3, 7K1 V 2Ky,

(47) @ A(\, 1) = {s25351, 52835281} if K4, K7, K4, K12,7K2, ~Kg, 7 K5, =K1 V = K9 V ~Kq,
KoV Ky V —Ki3, 7 K3 V = Kg, 7K1 V Ky, K3V =Ky V K1, K3 V = Kq9 V 2 K;3,

(48) @ A(\, i) = {s253592, 51528382} if Ko, K1, Ko, K13,7K19, "K14, 7Kg, ~K11 V ~K5, ~K7 V
K9, K3 V 2Ky VoK, 2Ky V oKy V Ky, K3V 2Kg V 2Ky, K11 V 2 Kg V Ky,

(49) ® A\, p) = {s35182, 52835152} if K3, Ko, K¢, K13,7K1, ~Ki2, K11, 7Kz, K14 V =K5 V
Ky, K7 V 2Ky V oKy,

(50) @ A(A, i) = {s3s251, 52538281} if K7, Kg, K4, K12,7Ka, ~K3, = K14, 7 K11, = K10 V =K1 V
—Ky3, 7K1 V = K9 V — K3,

(51) ® A(A, p) = {s38251, s3s1s281} if K3, Ks, Ky, K12, K¢, 7 K11, 7 K7, 7K1 V ~Kg V = K14, 7 K>
V =Ky V K4, 7K1V 2Ky V K3, K14 V 2 K5, 7Kg V K3, 7Ky V 2 K9 V — K3,

(52) ® A(X, i) = {s1528351, 5152835251} if Ko, K7, K14, K12,7Kg, 7Kg, 7Ky, ~ K11 V ~ K10 V K],
—Kio V Ky V = Ky3, 7K1 V K5, 7 K3 V ~Kq9 V ~Kq1, 7 K3 V ~Kg, 7 K3 V = K19 V K3,

(53) ® A\, 1) = {s1s25352, 5152835152} if Ko, K9, K¢, Ki3,7 K12, K14, 7K1, K3, 7K1 V = K5
V —\K4, -Ki11 V Kg V —|K4,

(54) ® A(X, i) = {s2535152, 5152835152} if K3, Ko, K¢, K13, K12, 7 K19, 7Kg, 7 K11 V =K V =K,
_|K7 V —\K14, -Kq1 V —\K5 V —\K4, -Kq1 V _‘K& K1V -Kyu V —\K57 K4 V —|K5 \V —|[(47

(55) @ A(\, i) = {s2535152, 5253515251} if K3, K¢, K13, K12,7K2, ~Kg, 7K1, 7 K11 V =Ky V = K5,
K11 VaKs VvV aKy, 2KV oKy VKs, KV oKy, oKV oKy, K14 VoK V oKy,

(56) ® A(X, i) = {s2535251, 5152535251} if Ko, Ky, K7, K12, K¢, 7 K14, 7Kg, 7 K11 V =Ky V = K],
—K11 V K5, 7Ky V =K1 V 2 Ki3, K3 V K9 V ~Kqp, K3 V 2 Kq9 V 2 K13, 7Kg V = K3,

(57) ® A(\, 1) = {s3s15251, s283515251} if K3, Kg, K¢, K12,7K2, 7K1, 7 K4, ~Ki3, ~K1 V K9 V
K4, 7K1 V ~K14 V K5,

(58) ® A\, p) = {s152535152, 515283518251} if Ko, K¢, K13, K12,7K7, 7K3, 7Kg, ~K11 V ~K; V
—\K5, -Kq1 V —|K5 V —|K4, —\K10 V —|K1, —|K8 V —|K4, K1V Ky V —|K5, K4 V —|K5 V
—‘[('47

(59) ® A(\, 1) = {s152535251, 515253518251} if Ko, K7, K¢, K12,7 K14, 7 K3, 7Ky, K13, 7K1 V
Ky Vv —|K5, -Kqi1 V —|K10 V —|K1,

(60) @ A\, 1) = {s253515251, 515283518251} if K3, Ko, K¢, K12,7K7, 7Kg, ~K13, " K11 V ~K; V
—‘K5, -Ki1 vV -Kg5 V —|K4, K1V K4V —|K5, —|K9 Vv —\K14, K9 V —|K11, -Ki4 VK5 V

(61) o .A()\,,u) = {1,81,82} if Klla Klg, Kl, K5, K4,—|K13, —|K14, —|K3, —|K8, KoV -Kg V —|K12,
—Kis V ~ K7,
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(62) o .A(/\,,u) = {1,81,8281} if KH, Kl, Kg, K5, K4,—|K10, —\Kg, —|K12, —|K14, —\Kg V —\K13, —|K2
V - Kg V 2 K3,

(63) ® A\, p) = {1,52, 83} if K11, K10, K1, K14, K5,7Ky, K13, 7Kg, K3, K3 V =K V =K1,
_‘K2 \ _‘K77

(64) A(A,,U,) = {1,82,8132} if KH, Kl(), Kl, Kg, K5,—|K4, —|K13, —|K8, _\K14, KoV -K7V _\Klg,
-Kg V —\K12,

(65) © AN p) = {1, 59,8352} if Kq1, K19, K1, K13, K5,~Ky, 7K14, K9, K3, 7Ky V = K7 V =Ky,
Ky V —\Kﬁ,

(66) @ A(X, 1) = {1, 53,8953} if K1, K1, K9, K5, K14,7 K19, 7Ky, 7Ka, 7Ky3, 7 K3 V = Kg V =Ky,
-K3V —\Kg,

(67) o A(/\,u) = {81,8281,8381} if KH, Kg, K14, K5, K4,—|K1, —|K3, ﬂKlg, —|K7, —|K2 V —|Kg, —|K2
V = Kg V = K3,

(68) @ A(X, ) = {s1,s251,515251} if K11, K3, Ky, K5, K4,~Ky, ~K12, 7Kg, K14, 7Kg V K3,
KoV K9V —|K13,

(69) [ .A()\,/,L) = {81,5281,835251} if Klla Kg, Klg, K5, K4,—\K1, —|K3, —|K7, —|K14, —|K2 V _‘K67
—Ky V =Ky V —Ki3,

(70) @ A(X\, p) = {s1,5351,528351} if K11, K7, K, K5, K4,mK1, 7 K>, K12, Kz, 7K3 V =Ky,
K3V -KgV —|K13,

(71) © A(N, 1) = {s2, 5182, 515251} if K11, K10, K1, Kg, K3, K5, K13, 7 K12, 7Ky, ~Ko V K7 V
—Ky4, 7Kg V — K1y,

(72) ® A(X, p) = {s2, 5352, 828352} if K11, Ko, K1, Ko, K13,7K5, 7 K4, 7 K3, 7Kz, =Ko V =Kz
V =Ky, Ky V Ky,

(73) ® A(A, i) = {s3,5283,8351} if K1, Ky, Ko, K5, K14,mK11, ~K2, K13, K7, = K3 V =Kg V
— K9, 7Kg V — K7,

(74) ® A(X, 1) = {s3,5283, 518283} if Ko, K1, Ky, K5, K14,7K11, 7K7, 2K13, Ky, ~Kg V K3,
-K3V —~KgV Ko,

(75) o .A(/\,,u) = {83, 8283,828382} if Kl, Klg, Kg, K5, K14,—\K11, ﬂKl(), —\KQ, —\K4, —\Kg vV —\Kg V
—Ki2, K3 V ~Kg,

(76) ® A(\, p) = {s3,8351,525381} if K1, K7, K1a, K5, K4,-K11, =Ka, 2Ky, 7 K12, 7 K10 V = K3,
-K3V -Kg V K3,

(77) @ A(X, ) = {5152, 5251, 515251} if K3, K11, Kg, K4, K19,mK1, K5, ~K12, 7 K13, 7Ky V ~ Ky
V _|K14, -K7V —|K14,

(78) ® A(X, i) = {s1s2,s15251,s35182} if K3, K11, Kg, Ki3, Ki9,7K1, 7 K12, K¢, Ky, Ky V
K7V =Ky, Ko V — Ky,

(79) @ A(X, 1) = {s152, 515251, s3s15251} if K3, K11, Kg, K12, K19,7 K1, 7Kg, 7Ky, K13, 7Ky V
_\K7, -Ko V -Kg V —|K14,

(80) @ A(X, u) = {s152, 535152, s2s35152} if K3, K19, K13, K11, K¢,7 K1, 7K1, ~Kg, 7Ky, =K5 V
_\K4, K7V Ky V —|K4,

(81) ® A(X, 1) = {s251, 535251, 52535251} if K11, K7, Kg, K4, K12,mKa, ~K5, 7K3, 7Ky4, ~ Ko V
—\Kl, -K1V -KgV —|K13,

(82) @ A(X\, 1) = {s253, 5352, 528352} if K19, K1, K9, K13, K14,7K11, K5, K3, 7 K3, 7Kg V = K12
V Ky, 7 K7V 2Ky,

(83) ® A(\, u) = {5253, 515283, 51528351} if Ko, Ko, K1, K7, K14,7K12, K5, ~Ki3, 7Ky, 7K1 V
—Ki9, 7K3 V —K11 V Ky,

(84) @ A(\, p) = {s351, 525351, 51525381} if Ko, K7, K14, K5, K4,7K12, K11, ~K1, =Ky, 7Kg V
—Ki3, K3 V Ky V K3,

(85) © A(A p) = {s351, 525351, 52538281} if Ky, K7, K14, K5, K12,7Ks, 7K11, =Kg, =K1, 7K3 V
-Kg, K3 V =Ko V K3,
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(86) ® A(X, ) = {s352, 525352, s3s1s2} if K3, Ko, K1, K9, K13,7K11, 7K1, 7Kg, 7 K2, 7 K12 V
K7V —\K4, -Kg V —|K12,
(87) ® A(X, n) = {s352, 525352, s1528352} if K19, K1, K9, K13, Ko,mK11, 7 K14, K¢, 7 K3, 7 K7 V
—Ki2, Kz V K3 V =Ky,
(88) @ A(\, 1) = {s352, 535182, s2sgs1s2} if K3, K10, K1, K¢, K13,7K11, K12, " Ky, 7Ka, K4 V
—Ks5, K7 V ~K14 V ~Ky,
(89) ® A(X, ) = {s15251, s3515251, s2sgs1s2s1} if K3, K11, K, K¢, Ki2,7 K2, K4, 2 K9, 7 K13,
-Kq Vv —\K5, -Kq VvV —|K9 V _\K14,
(90) @ A(\, ) = {s15253, 525351, 51528351} if Ko, K9, K7, K14, K4,m K12, 7K1, K5, K13, 7 K3 V
—Kio V K1, 7K1 V - Kg,
(91) @ A(X\, 1) = {51523, 51525351, S1528352} if Ko, Ky, K7, K14, K13,7K12, 7K1, 7Kg, 7 K4, K3
V =Ki1 V —Kg, 7K3 V =Ky,
(92) @ A(X, 1) = {s15253, 51525351, 5152835251} if Ko, Ky, K7, K14, K12,7Ks, 7K1, Ky, ~Ki3,
—K3V ~Kyg V Ky, 7K3 V ~Kg,
(93) ® A(XN, ) = {s15283, 51528352, s152535152} if Ko, Ko, K4, K13, K¢,7 K12, K7, 7K1, —K3,
K5V Ky, K11 V 2Kg V Ky,
(94) ® A\, p) = {s28351, 535251, s2s35251} if K7, Kg, K4, K14, K12,7K3, K3, 2 K5, 2 K11, =Ko
VvV -K1 VvV -Ky3, 2K V =Ky,
(95) @ A(X, 1) = {s25352, 51528352, 5152535152} if Ko, K1, Ko, K13, K¢, K12, K19, K11, ~K3,
-Ki1 V —|K5, K11 V-KgV —|K4,
(96) ® A(X, ) = {s35152, 52535152, 5152835152} if K3, Ko, K¢, K13, K19,7 K12, K1, K11, ~Ky,
K7V 2Ky, K14 VK5 V 2Ky,
(97) ® A(X, ) = {s35152, 52535152, s253515251} if K3, K19, K6, Ki3, K12,7 K2, ~K1, K11, ~Kg,
K7V ﬂK4, K4V Kg5 V —\K4,
(98) ® A(\, ) = {s35251, 52535251, 3515251} if K3, K7, Kg, K4, Ki2,7K2, 7Kg, K11, "Ki4, 7K
V —Kg V - Ki3, 7K1 V 7 K3,
(99) ® A(N, 1) = {s35281, s2535251, S15253s2s1} if Ka, Ko, Kg, K7, K12, K¢, 7 K14, ~K3, = K11,
—Kio V Ky V ~Kj3, 7Kg V K3,
(100) ® A(\, ) = {s3s281,s3515251, s2szs1ses1} if Ks, Kg, K, K¢, K12, K2, - K11, ~K7, K3,
K1V -Kg V —Ki4, 7 K14 V - K5,
(101) ® A(\, p) = {s1525351, S152835251, S15253515281} if K14, Ko, K7, K¢, K12,mK3, =Ko, =Ky,
—Ki3, 7 K11 V =Ko V ~K1, K1 V K5,
(102) @ A(\, ) = {s1525352, $2535152, S152835152} if K3, Ko, Ko, K¢, K13,7K12, 7 K14, K1, = K0,
—K11 VK5 V Ky, 7K1 V Ky,
(103) ® A(\, 1) = {s1528352, 5152535182, S15283s15251} if Ko, Ko, K¢, K13, K12,7K7, =Kz, = K14,
-Kq, 7K1 V -K5 V 2Ky, 7Kg V 2Ky,
(104) @ A(\, ) = {s2s35152, S3515251, S253515281} if K3, K3, K¢, K13, K12,7K2, = K11, Ky, =Ko,
—K1 V =Ky V 2 K5, 2Ky V 2Ky,
(105) ® A(\, 1) = {s2535251, 5152535251, 515283515251} if Ko, K4, K7, K¢, Ki2,7K14, K3, -Kj,
—Ki3, 7 K11 V K9 V =K1, K11 V K5,
(106)  A(X\, p) = {s3s15251, 5253515251, S15253515251} if K3, Ko, Kg, K¢, K12,7 K7, 7 K11, —Ky,
—Ki3, 7K1 V =K1y V K5, K9 V = Ky4,
(107) © A(X, p) = {s152535152, 5152535251, S15253515251} if Ko, K7, K¢, K13, Ki2,7K14, 7 K3, 7Ky,
—Kg, ~K11 V =K1 V K5, ~Kq9 V = K7,
(108) @ A(X, i) = {s152535251, 5253515251, S15253515251} if K3, Ko, K7, K¢, K12,7 K14, " K4, —Kg,
—Ki3, 7 K11 V Ky V K5, = Kq9 V 2K,
(109) @ A(\, 1) = {1, 51, s2,5051} if K1, Ky, Ky, K11, K10, K5,7K13, 7 K3, K12, K4,
(110) ® A(X\, i) = {1, 51, 83,8351} if K1, K1, K4, K5, K4,m K9, 7Ky, 7 K7, 7Kg, Ky V =K V
—Ki9, 7 K3V = Kg V = K12, "Ko V = Kg V ~Ky3, "K3 V = Kg V = K3,
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(111) ([ A()\,,u) = {1,82,83,8283} if Kl, K11, K14, Klo, Kg, K5,—|K4, ﬂK13, —\KQ, —\Kg,

(112) o A()\,,u) = {1,82,8182,818281} if Kl, Kg, KH, Kg, Kl[), K5,ﬂK4, —\K13, —|K14, —|K12,

(113) A()\,,u) = {1,82,8382,828382} if Kl, KH, KIO; Klg, Kg, K5,—|K4, —\K14, —\K3, —|K2,

(114) A()\,u) = {81,8182,8281,818281} if Kg, K4, KH, Kg, K107 K5,—\K1, —|K12, —|K14, —|K13,

(115) A()\,u) = {31,8281, 8381,828381} if Kg, K4, KH, K7, K14, K5,—\K1, —|K2, —\Kg, —|K12,

(116) o .A()\,u) = {81,8281, 838281,82838281} if Kg, K4, KH, K7, K5, Klg,—!Kl, —|K2, —\Kg, —|K14,

(117) ® A(A, i) = {s2, 5182, 8352, s3s182} if K11, Ko, K1, K3, K13,7Kj5, =Kg, =Kg, =Kg, ~K2 V
—K7 V 2 Kig, 7Ky V = K7 V 2 Kyg, 2Ki2 V 2 K7 V 2Ky, K7 V K14 V 2Ky,

(118) ® A(X, 1) = {s3, 5283, 5351, 525351} if K1, K4, K7, K14, K9, K5,~K11, 7Ka, K13, 7 K12,

(119) ® A(X, 1) = {83, 5253, 5352, 525382} if K1, K14, K10, K13, Ko, K5,7K11, 7 K2, 7Ky, ~K3,

(120) @ A(X, i) = {83, 5253, 515283, 51528351} if K1, K7, K14, K2, Ky, K5,K11, K12, 7 K13, 7Ky,

(121) ® A(\, i) = {s152,515251, 535152, 52535152} if Kg, K11, K3, K19, K¢, K13,7K1, ~K12, =K>,
_‘K47

(122) ® A(XA, i) = {5152, 515251, 53515251, 5253515251 } if K3, K11, K3, K10, K¢, K12,7K1, 7 K3, 7Ky,
_‘K137

(123) @ A(X\, 1) = {5251, 515251, 535251, 53515251} if K3, K11, Kg, K4, Ki2,7 K5, 7Kg, K19, 7 K7,
Ky V Ky V 2Ky, Ky V 2Ky V 2Ky, 2KV 2Ky V 2Kz, 2Ky V oKy V2 Ks,

(124) ® A(X, ) = {s253, 515253, S25352, S1525352} if Ko, Ky, Ko, K13, K14,7K7, ~Kj9, K5, —Kg,
—K3V Ky VoK, Ky V K9 V a0 Ky, K3V 2Ky V a1 Kig, 2Ky V 2Ky V Ky,

(125) @ A(\, 1) = {s351,515253, 525351, 51528351} if Ky, K7, K14, Ko, K9, K5,7 K12, 7K1, =K,

ﬁ-[(135

(126) ® A(\, 1) = {s351, 525351, 835251, sas3ses1} if Ky, K4, K7, K1, K5, Ki2,7Ks, - K11, ~Kj,
ﬁ-[(3)

(127)  A(X, i) = {s352, 525352, 535152, sgs3s152} if K1, K3, Ky, Ke, K13, K9,m K11, 7 K12, 7 K14,
ﬁKQ)

(128) @ A(\, p) = {s352, 525352, 51528352, S15283s152} if K1, K19, K¢, K13, K2, K9,m K11, 7 K12, 7 K14,
ﬁ-[(.37

(129) @ A(X, 1) = {s15283, 51528351, S1528382, S152535152} if K7, K14, K¢, K13, K2, K9,m K12, K7,
Ky, K3,

(130) @ A(\, 1) = {s15253, 51525351, 152535281, S15253515251 } if K7, K14, K¢, Ko, K9, K12,7 K3, 7K1,
—Ky, 7Kz,

(131) o A(/\,,u) = {828381,81828381,82838281,8182838281} if KQ, K4, K7, K14, K127—|K6, —\Kg, —\Kg,
—Ks5, 7K1 V =Ko V =K1, 7Ky V K1 V 2 Kq3, K3V K9 V 2Ky, 7K3 V 2 Kq9 V = K3,

(132) @ A(X, 1) = {s35152, 51525352, 52535152, S152535152} if K3, Kio, K¢, K13, K2, K9,mK12, 7K,
- K14, K11,

(133) @ A(X, 1) = {s35152, 52535152, 53515251, S283515251} if Ky, K3, K9, K¢, K13, Ki2,7 K3, =K1,
K1, Ky,

(134) © A(N, i) = {s35251, 52535251, 53515251, s253515251} if Kg, Ky, K7, K3, K¢, Ki2,7K3, ~Kjj,
— K14, K13,

(135) @ A(\, 1) = {s35251, 52535251, 5152535251, S15253515251 } if Ky, K4, K7, K¢, Ko, K12, K14, 7 K3,
- K3, 2 K11,

(136) @ A(X, p) = {s1525352, 5152535152, 5152535251, S15253515251} if K7, K¢, K13, K2, K9, K12,7K14,
_‘K37 _'K17 _'K4a

(137) @ A(X\, 1) = {52535152, 5152535152, 5253515251, 515253518251} if K3, Ko, K¢, K13, K12,7K7, 7Kg,
-Kyg, 7Kg, K11 VK1V -K5, =K1 V 2K5 V oKy, K1V 2Ky VK5, K14V -Ks V
_‘K47

(138) o A()\,,u) == {83818251,5182535251,8283818281,818283818251} if Kg, K7, Kg, KG, KQ, K12,—|K14,
Ky, 2Ky, —Kas,
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(139) ® A(X, p) = {1,51,52,83,s351} if K1, K4, K11, K14, K10, K5,7K13, 7Kg, ~K3, K7, ~Ks,
KoV - Kg V Ko,

(140) ® A(A p) = {1, 51,83, 5251, 8351} if K1, Ks, Ky, K11, K14, K5,~K10, 7K3, ~K12, 7Kg, ~K7,
-Ko V - Kg V K3,

(141) .A()\,/L) == {1,81,83,8283,8381} if Kl, K4, KH, K14, Kg, K5,—\K10, —\KQ, —|K13, —|K7, —\Kg,
-K3V —Kg V =Ko,

(142) ® A\, i) = {1, 51, 83, 8351, ses3s1} if Ky, Ky, K11, Ky, K4, K5,~ K9, K2, 7Kg, 7 K12, =K,
_\Kg V _\Kﬁ V —|K13,

(143) ® A\, i) = {1, 52,5152, 5352, s3s5152} if Ky, K11, K3, Ko, K13, K5,7Ky, ~Kg, 7K14, =Ky,
_\K6, -Ky V —|K7 V —|K12,

(144) @ A(\, p) = {s1, 5251, 515251, $35251, 53515281} if Kg, Ky, K11, K3, K5, Ki2,-K;, = K¢, =Ko,
K7, 7 K14, 7 K2 V =Ky V K3,

(145) @ A(X, ) = {52, 5152, 8352, 515251, s3s182} if K1, Kg, K11, K3, K19, K13, K5, 7Ky, 7 K12, 7K,
—Ky, Ko V - K7 V =K1y,

(146) @ A(\, 1) = {52, 5152, 5352, 525352, 835152} if K1, K11, K3, K10, K13, K9,7 K35, K3, 7 K14, =K,
—‘KQ, -Ki9 V —|K7 V —|K4,

(147) ® A(X\, i) = {s2, 5152, 5352, 535152, saszsis2} if K1, K1, K3, Ko, K¢, K13,7K5, 7 K2, K3,
—Kg, 7Ko, K7 V = Ki14 V — Ky,

(148)  A(\, 1) = {s3, 5253, 515253, 525352, S1525352} if K1, K4, K13, Ko, Ky, K5, K11, ~K7, =Ko,
—‘K4, —|K6, K3V -KgV —|K12,

(149) ® A\, p) = {s152, 5251, 515251, 535251, s3s15281 } if Ky, Ky, K11, K3, K10, K12,7K1, 7 K5, 7Kg,
K7, nKi3, 7 K2 V =Ky V K14,

(150) ® A(X, 1) = {s251, 515251, 35251, 52535251, S3515251} if Ky, K4, K11, K7, K3, K12,m K>, - K5,
—Kg, K19, 7 K14, 7K1 V =Ky V =K73,

(151) ® A(X, i) = {251, 515251, 535251, 53515251, 253515251} if Ky, K4, K11, K3, K¢, K12,7 K2, K5,
—K, 7 K7, K13, 7K1 V ~Kg V K14,

(152) ® A\ p) = {s283, 5352, 515253, S28352, 1528352} if K1, Kia, Ko, Ki3, Ko, Ko,m K11, —K7,
- K5, ~Kg, K3, "Kg V = K12 V 7Ky,

(153) ® A(\, ) = {s2s3, 515283, $25352, S1528351, S15283s2} if K1, K7, K14, K13, Ko, K9,m K12, 7 K10,
K5, ~Kg, K4, K3 V K11 V Ky,

(154) ® A(\, ) = {5283, 515283, S25352, S1525352, S152835152} if K1, K14, K¢, K13, K2, K9,m K12, 7 K7,
—Kig, K5, 7K3, K11 V 7Kg V =Ky,

(155) © A\ p) = {s3s1, 525351, 51528381, S2535251, S15253s2s1} if K, K7, Kia, Ko, K5, Ki2,7Kg,
_‘Kllv _‘K87 _'K17 _'K97 _‘K3 V _'Klo V _'K137

(156) ® A\, p) = {s15253, 525351, $1525351, S2535251, S152835251 } if Ky, Ky, K14, Ko, Ky, K12, Kg,
-Ky, K1, ~K5, = K13, = K3 V = Kj9 V =K1,

(157) ® AN, p) = {s2s351, 535251, $1525351, 52535251, S152535251} if Ky, K4, K7, K14, Ko, K12, Kg,
-Ky, ~K3, ~K5, = K11, =Kq9 V =K1 V = K3,

(158) @ A(X, 1) = {s2s351, 51525351, 52535251, 5152835251, S15283515281} if K4, Ky, Kia, K, Ko,
Ki9,mK3, ~Kg, -Kg, 7 K5, ~Ki3, 7 K11 V ~Kq9 V ~Kj,

(159) ® A(X, 1) = {s35152, 52535152, 152535152, 5253515251, S15253515251} if K3, Kio, K¢, K13, Ko,
Ki9,mK7, =Ky, K11, 7Kg, =Ky, 7K14 V ~K5 V =Ky,

(160) ® A\, 1) = {s1525352, 52535152, 5152535152, 5253515251, S15253515251} if K3, K¢, K13, Ko, Ko,
Ki9,m K7, ~Ky4, 7Ky, 7Kg, =Ko, 7 K11 V = K5 V ~ Ky,

(161) A()\,M) = {82538182,53515251,8182838182,5283515251,515253515251} lf Kg, Kg, K6, Klg, KQ,
Ki9,~ K7, K1, Ky, 7Kg, 7Ky, 7K1 V = K14 V = K5,

(162) ./4()\, /,L) = {82838182, 5152535152, 5152535251, 5253515251, 818283518281} lf K7, Kg, K6, Klg, KQ,
Ki9,m K14, Ky, 7Kg, 7 Ki9, 7Kg, 7 K11 V =K1 V K5,
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(163) ([ .A(/\,,U,) = {1,81,82,83, 8281,8381} if Kl, Kg, K4, Ku, K14, KIO, K5,ﬂK13, —|K3, —|K12, —|K9,
ﬁK’??

(164) o A()\,,u) = {1,81,82,83,8283,8381} if Kl, K4, KH, K14, Klo, Kg, K5,—|K13, —|K2, —\K3, —|K7,
_'K87

(165) o A()\,u) = {1,81,82,8182,52817818281} if Kl, KS, K4, KH, Kg, K107 K5,—|K13, —|K12, —|K14,

(166) o A()\,,u,) = {1,81,83,828178381,828381} if Kl, Kg, K4, Kll, K7, K14, K5,—\K10, —|K2, —\Kg,
— K12, =Ky,

(167) ® A(\, u) = {1, 1,53, 5283, 8351, 528351} if K1, Ku, K11, K7, K14, K9, K5,-K10, K2, ~K13,
—Ki2, 7Kg,

(168) ® A(X, 1) = {1, s2, 53, 5253, 5352, 525382 } if K1, K11, K14, K10, K13, Ko, K5,7Ky, 2K, = K3,

(169) © A(A, ) = {1,52,5152,5352, 515251, 835152} if K1, Ky, K11, K3, Ko, K13, K5,7 K4, ~K14,
—Ky, =K1, K,

(170) A()\,ﬂ) = {1,82,5152,8382,828382,838182} if Kl, KH, Kg, Kw, K13, Kg, K5,—|K4, —|K8,
— K14, 7K, 7 K2,

(171) ® A(X, i) = {s1,5152, 5251, 515251, 535251, 53515251} if Kg, K4, K11, K3, K19, K5, Ki2,7K1,
—Kg, K7, K4, K3,

(172) @ A(\, ) = {s1,5251,5351, 525351, 535251, 52535251} if Ky, Ky, K1, K7, K14, K5, Ki2,7K1,
_‘K27 _'K37

(173) ([ A()\,M) = {81,8281,518281, 535281,82838281,83518281} lf Kg, K4, K117 K7, Kg, K5, Klg,—'Kl,
— Ky, ~Kg, 7 K10, 7K1y,

(174) ® A(\, p) = {s2, 5182, S352, S15251, S35182, S2s3s152} if Ky, Kg, K11, K3, Ko, K¢, K13,7K5,
K9, 7Kg, 7 K2, =Ky,

(175) @ A(A\, p) = {s2, 5182, S352, S28382, 35182, Sas3s152} if Ky, K11, K3, Ko, K¢, K13, K9,mK5,
— K9, 7Kg, 7 K14, =Ko,

(176) ® A(N\ u) = {s3, 5283, 351, S15253, S28351, S1525381 } if Ky, K4, K7, K4, Ko, Ko, K5, K11,
—Ki2, 7K,

(177) ([ A()\,,u) = {83,828378382,818283,828382,81828382} if Kl, K14, K107 K13, KQ, Kg, K5,—\K11,
~K7, 2Ky, ~Kg, ~K3,

(178) ([ .A(/\,,u) = {83,8283,8182837828382, 81828381,81828382} if Kl, K7, K14, K13, KQ, Kg, K5,ﬂK11,
— K12, 2 Ki0, 7Ky, —Kg,

(179) @ A(X, ) = {s152,5251,515251, 535251, 53515251, 253515281} if Kg, Ky, K1, K3, Ko, K,
K2, K1, ~Ka, ~K5, K7, 7Kis,

(180) @ A(N, 1) = {5152, 515251, 535152, $2535182, 35815281, S2835815251 1 if Kg, K11, K3, K19, K¢, K13,
Ki2,~ Ky, ~K3, =Ky,

(181) ® A(X\, i) = {s251,515251, 535251, 52535251, 53515251, S253515251 } if Ky, K4, K11, K7, K3, Kg,
Ki9,7 Ky, K5, 7Ki0, K14, K13,

(182) ® A(X p) = {s253,5352,515253, 525352, 51525352, 5152535152} if Ky, K4, K9, K¢, K13, Ko,
Kg,~ K1, K12, 7 K7, ~K5, 2K,

(183) @ A(X, ) = {5253, 515253, 525352, 51525351, 51525352, 51525351852} if K1, K7, K14, K¢, K13, Ko,
Kg,~ K2, =K1, 7 K5, 7Ky, 7K,

(184) ® A(\, 1) = {5351, 518283, $28351, S1528351, $2535281, S152838281 } if Ky, K7, K14, Ko, Ky, K5,
Ki9,7Kg, ~K11, 7Kg, 7Ky, K3,

(185) ® A(A, 1) = {s351,525351, 535251, 51525351, 52535251, 5152835251} if Kg, Kua, K7, K14, Ko, K5,
Ki2,7Kg, ~K11, 7K1, =Ky, =K3,

(186) ® A(X, ) = {5352, 525352, 535152, 51525352, 52535152, 152535152} if K1, K3, K19, K¢, K13, Ko,
Kg,m K11, K12, 7Ky,

(187) A()\,/L) == {818283,828381,51828351,52838281,8182838281,515253815281} if K4, K7, K14, KG,
Kj, Ky, K12,mK3, Kg, 7K1, K5, 7 K13,
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(188) o .A()\,/L) = {818283,81828381,81828382,8182838182,8182838281,818283818281} if K7, K14, KG,
K3, Ko, Ky, K12,7K3, K1, ~Ky,

(189) @ A(\ 1) = {s28351, 35251, S1528351, S2535251, S152835251, S15283515251} if Ky, K4, K7, Ki4,
K¢, Ko, K12,mK3, Ky, ~K5, ~K13, 7 K11,

(190) ® A(\ p) = {s3s152, 51525352, $2535152, S152535152, $253515251, S15253515251} if K3, Kip, K,
K3, Ko, K9, K12,mK7, 7K1, = K14, K11, = Kg,

(191) ® A\ 1) = {s35152,52535152, 53515251, S152535152, 5253515251, S15253515251} if Kg, K3, Ko,
K67 K137 K27 K127_'K77 _'Kh _'K117 _'K47 _'Kga

(192) ® A(\, 1) = {s35251, 52535251, S3515251, 5152535251, S253515251, S15283515281 } if Kg, K4, K7, K3,
K¢, Ko, K12,m K14, K11, 7 K13,

(193) © A\, 1) = {s1525352, 52535152, 5152535152, S152535251, $253515251, S15253515251 } if K7, K3, K,
K137 K2a K97 K127_'K147 _'K17 _'K47 _'K87 _'K107

(194) @ A(\, ) = {s2835152, 3515251, $152535152, S152535251, S2535182851, S15283815251} if Kg, K7, K3,
K¢, K13, K2, K12,m K14, K11, 7Ky, ~K10, =Ko,

(195) A(\, u) = @ otherwise.
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APPENDIX B. THEOREM 3: THE ASSOCIATED Z; POLYNOMIALS
This appendix provides the formulas needed in Theorem 3.
B.1. Formula for 7.
(1) If P,R; > ()1, then

Pi+Q1+R:

Zy=p0)= Y (L+1)(L+(tmod?2)+1)q
i=P1+R1—Q1

t t
L:min{LQJ,QI_ ’72-‘} andt =P+ Q1+ Ry — 1.
(2) If P1 > Ql 2 Rl, then

where

P 4+Q1+Ry
Z1 = pq(§) = Z ¢iq'
=P
where
(L+1)(2Ry — 2F + L +2) if J <0
2

= 1 — Py +1) — —1
=4 EL+D(IL+2) Fz(22+ )R =) | g p  RL-BL+ (R - B)(tmod2) if0<J<L

(L+1)(L + (t mod 2) + 1) i > L

witht = Pl+Qi1+R1—i, i, =min {|§| ,R1},J = Ri—F>—(t mod 2), F1 = max{t—Q,0},
and L = FQ — Fl.

(3) If Ry > Q1 > Py, then

Pi+Q1+R
Zi=p,v)= >
i=R1
where

(L+1)(2P1—22F2+L+2) if J <0
— L+1)(L+2)—Fy(Fy+1)—P(P—-1
C; = ( + )( + ) 2(22+ ) 1( 1 )+F2P1+P1L*F2L+(P17F2)(tm0d2) lfOSJSL

(L+1)(L+ (t mod 2) + 1)

if J>L

witht = Py+Q1+ Ry —i, F, =min{|%]| ,P1},J = P,— F;—(t mod 2), F; = max{t—Q1,0},
and L = Fg — Fl.

(4) If Q1 > P1 > Ry, then
Pi+Q1+Ry

Z = pq(§) = Z ci' and ¢; =81 —So+F—F +1
i=Q1
where
(t—F)(Fa+1)

ift— P, <0
S1

(t—P)(t—Pi+ 1)+ F(Fy— 1) = 2F(Fy + 1) + 2P\ (t — Py — Fy + 1) + 2t(Fy — t + Py)

5 ifo<t—P < Fy
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0 ift— Ry <0

(t—R)(t— Ry +1)— Fy(FL — 1)
2

Sy = (t—Rl)(t—Rl—F1+1)— Ho<t— R < Iy

Fo(Fo+1)— Fi(F1 —1
(t—Rl)(FQ—F1—|—1)— 2( 2+ )2 1( ! ) ift— Ry > Fy

with t = P + Q1 + Ry — 4, F1 = max{0,t — min{P; + R1,@Q1}}, and F;, = min { L%J 7Rl} )
(5) If Q1 > Ry > Py, then

Pi+Q1+Ry
7y = pq(§) = Z cig and ¢; =51 — Sy + Fy — Fy + 1
1=Q1
where
(t—F)(Fa+1) ift—R1 <0
S1 =

(t—R)(t—Ry+ 1)+ Fy(Fy —1) — 2F5(Fy + 1) + 2Ry (t — Ry — Fy + 1) + 26(Fy — t + Ry)
2

0 ift— P <0

if0<t—R < F

(t — Pl)(t — P+ 1) — Fl(Fl — 1)
2

So (t—Pl)(t—Pl—Fl—l-l)— Ho<t—P < Iy

(t_Pl)(FQ—Fl—i—l)—F2(F2+1);F1(F1—1)

with t = Py + Q1 + Ry — i, F1 = max{0,t — min{P; + R1,Q1}}, and F; = min { L%J ,Pl} .

B.2. Formula for Z,.
(1) Tf Py, Ry > Qu, then

ift — P > Fy

P3+Q4+R1 '
Zy=p)= > (L+1)(L+ (tmod?2)+1)q
i=P3+R1—Qu4

where
. t t .
L—mln{LQJ Q4 — ’72-‘} andt =P34+ Q4+ Ry — .
(2) If P3> Q4 > Ry, then

Ps+Qu+R1
Zy = @q(f) = Z Cz’qi
i=Py
where
(L+1)(2Ry —2F, + L+ 2)

if J <0

2

C; = (L+1)(L+2)_FZ(F2+1)—R1(R1—1)
2

+ F5R1 + RiL — Fb L+ (Rl — FQ)(t mod 2) fo<J<L

(L+1)(L+ (tmod2)+1) ifJ>1L

with ¢ = Ps+Qq+Ry—i, Fo =min {|5],R1},J = R —F>—(t mod 2), F; = max{t—Qy, 0},
and L = F2 — Fl.
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(3) If Ry > Q4 > P, then

P3+Q4+R1
Zy=gpsv)= Y cd
=R
where

(L+1)(2P3—22F2+L+2) G0
) (LA1)(L+2) - Fa(Fy+1)— Py(Ps—1
= L+ +2) 2(22+) 5(F )+F2P3+P3L—F2L+(Pg—Fz)(tmon) if0<J<L

(L+1)(L + (t mod 2) + 1) ifJ > L

witht = Ps4+Qu+R1—1, Fb = mm{L%J ,Pg} ,J = P3—Fy—(t mod 2), F; = max{t—Q4,0},
and L:FQ—Fl.

(4) If Q4 > P3 > Ry, then

P3+Q4+Ra .
Za=p8)= >  af and =8-S +F-F+1
1=Q4
where
(t—F)(Fa+1) ift— Py <0
S, =
1 (t7P3)(t*]33+1)+F1(F171)72FQ(F2§1)4’2P3(157P37F1+1)+2t(F27t+P3) H0<t—P <P
0 ift— Ry <0

t—Ri)(t—Ri+1)— F(F —1
Sy = (t—Rl)(t—Rl—FlJrl)—( ol 1;) A=) if0<t— R <P
Fo(Fy+ 1) — Fi(F — 1
2(2+)2 1A 1) itt— Ry > Fy

with t = Ps + Q4 + Ry — 4, F} = max{0,t — min{Ps + R1,Q4}}, and F» = min { L%J ,Rl} )
(5) If Q4 > Ry > P3, then

(t— Ba)(F— Fi +1) -

P3+Q4+Ry A
Zy = pq(§) = Z ciq"and ¢; = S1 — Sa+ Fo — F1 +1
i=Q4
where
(t—F)(F2+1) ift— Ry <0
S, =
1 (tle)(tle+1)+F1(F171)72F2(F2+21)+2R1(t7R17F1+1)+2t(F27t+R1) o<t R <P
0 ift—P3 <0

(t—P)(t—Ps+1)—Fi(F —1)

So = t—P3)t—P3—F +1)— 5

f0<t—P3< Fy

Fo(Fo+1) = Fy(Fi — 1
(t— Py (Fy— 1) — 22 F )2 A=) iti— Py > Py

with t = P3s + Q4 + R1 — 4, F1 = max{0,t — min{P; + R1,Q4}}, and F5 = min { L%J ,Pg} .
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B.3. Formula for Z3.
(1) If Pl,R4 Z Qh then

P1+Q1+Ry '
Zs=p&)= > (L+1)(L+ (tmod?2)+1)q
i=P1+R4—Q1
where

L:min{\‘;J,Ql— ’7;“} andt =P+ Q1+ Ry — 1.

(2) If P1 > Ql > R4, then

P1+Q1+Ry
Z3 = pq(§) = Z ¢iq'
=P
where
(L+1)(2Ry — 2F> + L +2) if J <0
2
. — L+1)(L+2)—Fy)(Fa+1)— -1
=4 (L+1)(L+2) 2(22+) Ry(Ry )+F2R4+R4L_F2L+(R4_F2)(tm0d2) ifo<J<L

(L+1)(L+ (t mod 2) + 1) if J > L

witht = Pi+Q1+Ry—i, Fo =min {|£]| ,R4},J = Ry— F,—(t mod 2), F; = max{t—Q1,0},
and L = F2 — Fl.
(3) If R4 > Q1 > P, then

P1+Q1+Ry
Zs=p0)= Y, ad
i=Ry
where
(L+1)(2P —2F+ L+2) if J <0
2
o= (L+1)(L+2)7F2(2F2+1)7P1(P1 -1 + P+ PL— L+ (P, — Fy)(tmod 2) if0<J<L
(L+1)(L + (t mod 2) + 1) it J> L

witht = Pr+Q1+Ry—i, F =min {| 5], P1},J = Py—F,—(t mod 2), F1 = max{t—Q1,0},
and L = Fy — F1.
(4) If Q1 > Py > Ry, then

Pi+Q1+Ry ‘

Zs=p48)= > @ and =8-S+ F-F+1

1=Q1
where

(t—F)(Fa+1)
S1

ift—P; <0

(t—P)(t—Pi+ 1)+ F(Fy— 1) = 2F(Fy + 1) + 2P\ (t — Py — Fy + 1) + 2t(Fy — t + Py)
2

ifo<t—P < Fy
45



0 ift—Rs4 <O

(t—Ry)(t — Ry+1) — Fy(FL — 1)
2

Sy = (t—R4)(t—R4—F1—|—1)— H0<t— Ry < Iy

(R +1)— R (F -1
(t— Ry)(Fy — Fy +1) — 2(F% + )2 A=) ift— Ry > Fy

with t = P + Q1 + Ry — 4, F1 = max{0,t — min{P; + Ry, Q1}}, and F; = min { L%J 7R4} )
(5) If Q1 > Ry > Py, then

Pi+Q1+Ry
Z3 = pq(§) = Z cig and ¢; =51 — Sy + Fy — Fy + 1
1=Q1
where
(t—F)(Fa+1) ift—Ry <0
S1 =

(t—R)(t— Ry + 1)+ Fy(Fy — 1) — 2F5(Fy + 1) + 2Ry(t — Ry — Fy + 1) + 26(Fy — t + Ry)
2

0 ift— P <0

if0<t— R4 < Fy

(t — Pl)(t — P+ 1) — Fl(Fl — 1)
2

So (t—Pl)(t—Pl—Fl—l-l)— Ho<t—P < Iy

(t_Pl)(FQ—Fl—i—l)—F2(F2+1);F1(F1—1)

with t = Py + Q1 + Ry — i, F1 = max{0,t — min{P; + Ry, Q1}}, and F; = min { L%J ,Pl} .

B.4. Formula for Z,.
(1) If P3, R1 > Qs, then

ift — P > Fy

P3+Qs+R1 '
Zi=p0)= > (L+1)(L+ (tmod?2)+1)q
i=P3+R1—Qs

where
. t t .
L—mm{bJ , Qe — [2-‘} and t = P34+ Q¢ + Ry —i.
(2) If P3 > Qg > Ry, then

Ps+Qs+R1
Zy = @q(f) = Z Cz’qi
i=Py
where
(L+1)(2Ry —2F, + L+ 2)

if J <0

2

C; = (L+1)(L+2)_FZ(F2+1)—R1(R1—1)
2

+ F5R1 + RiL — Fb L+ (Rl — FQ)(t mod 2) fo<J<L

(L+1)(L+ (tmod2)+1) ifJ>1L

with ¢ = Ps+Qg+Ry—i, Fo =min {[5],Ri},J = R —F>—(t mod 2), F; = max{t—Qg, 0},
and L = F2 — Fl.
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(3) If R1 > Q¢ > P3, then

P3+Qe+Ra
Zi=gpsv)= Y cd
=R
where

(L+1)(2P3—22F2+L+2) G0
) (LA1)(L+2) - Fa(Fy+1)— Py(Ps—1
= L+ +2) 2(22+) 5(F )+F2P3+P3L—F2L+(Pg—Fz)(tmon) if0<J<L

(L+1)(L + (t mod 2) + 1) ifJ > L

with ¢ = Ps+Qg+R1—i, Fo =min{| %], P} ,J = P3—F,—(t mod 2), F; = max{t—Qg, 0},
and L:FQ—Fl.

(4) If Q¢ > P3 > Ry, then

P3+Q¢+Ra1 .
Zi=p)= > @ and =8 —-S+F-F+1
1=Q¢
where
(t—F)(Fa+1) ift— Py <0
S, =
1 (t7P3)(t*]33+1)+F1(F171)72FQ(F2§1)4’2P3(157P37F1+1)+2t(F27t+P3) H0<t—P <P
0 ift— Ry <0

t—Ri)(t—Ri+1)— F(F —1
Sy = @=&W—&—H+U—( ol 1;) A=) if0<t— R <P
Fo(Fy+ 1) — Fi(F — 1
ﬂ2+)2ﬂl ) itt— Ry > Fy

witht =P3+ Qg+ Ry — i, F1 = maX{O,t — rnin{Pg + Ry, QG}}, and F5 = min { L%J ,Rl} .
(5) If Q¢ > Ry > P, then

(t— Ba)(F— Fi +1) -

P3+Qs+R1 A
Zy = pq(§) = Z ciq"and ¢; = S1 — Sa+ Fo — F1 +1
i=Q¢
where
(t—F)(F2+1) ift— Ry <0
S, =
1 (tle)(tle+1)+F1(F171)72F2(F2+21)+2R1(t7R17F1+1)+2t(F27t+R1) o<t R <P
0 ift—P3 <0

(t—P)(t—Ps+1)—Fi(F —1)

So = t—P3)t—P3—F +1)— 5

f0<t—P3< Fy

Fo(Fo+1) = Fy(Fi — 1
wJ@@—ﬂ+m—2(ﬁ”21(l) iti— Py > Py

with t = P3s + Q¢ + R1 — 4, F1 = max{0,t — min{P; + R1,Q¢}}, and F5 = min { L%J ,Pg} .
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B.5. Formula for Z5.
(1) If Pl,R4 > Q5, then

P1+Q5+Ry '
Zs =)= > (L+1)(L+(tmod?2)+1)q
i=P1+R4—Qs
where

L:min{\‘;J,Qg)— ’7;“} and t =P + Q5+ Ry — 1.

(2) If P1 > Q5 > R4, then

P1+Qs5+R4
Zs = pq(§) = Z ¢iq'
=P
where
(L+1)(2Ry — 2F> + L +2) if J <0
2
. — L+1)(L+2)—Fy)(Fa+1)— -1
=4 (L+1)(L+2) 2(22+) Ry(Ry )+F2R4+R4L_F2L+(R4_F2)(tm0d2) ifo<J<L

(L+1)(L+ (t mod 2) + 1) if J > L

witht = P+ Qs+R4—i, Fo =min {|£]| , R4} ,J = Ry—F,—(t mod 2), F; = max{t—Qs,0},
and L = F2 — Fl.
(3) If R4 > Q5 > P, then

P1+Qs5+R4
Zs=p0)= Y, ad
i=Ry
where
(L+1)(2P —2F+ L+2) if J <0
2
o= (L+1)(L+2)7F2(2F2+1)7P1(P1 -1 + P+ PL— L+ (P, — Fy)(tmod 2) if0<J<L
(L+1)(L + (t mod 2) + 1) it J> L

witht = P1+ Q5+ Ry—1i, I = mln{L%J 7P1} ,J =Py —F,—(t mod 2), F; = max{t—Qs,0},
and L = Fy — F1.
(4) If Q5 > P1 > Ry, then

P1+Qs5+R4 ‘

Zs=p48)= > @ and =8-S+ F-F+1

1=Qs
where

(t—F)(Fa+1)
S1

ift—P; <0

(t—P)(t—Pi+ 1)+ F(Fy— 1) = 2F(Fy + 1) + 2P\ (t — Py — Fy + 1) + 2t(Fy — t + Py)
2

ifo<t—P < Fy
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0 ift—Rs4 <O

(t—Ry)(t — Ry+1) — Fy(FL — 1)
2

Sy = (t—R4)(t—R4—F1—|—1)— H0<t— Ry < Iy

(R +1)— R (F -1
(t— Ry)(Fy — Fy +1) — 2(F% + )2 A=) ift— Ry > Fy

with t = P + Q5 + Ry — i, F1 = max{0,t — min{P; + R4, Q5}}, and F5, = min { L%J 7R4} )
(5) If Qs > Ry > Py, then

P1+Qs5+Ry
Zs = pq(§) = Z cig and ¢; =51 — Sy + Fy — Fy + 1
1=Qs
where
(t—F)(Fa+1) ift—Ry <0
S1 =

(t—R)(t— Ry + 1)+ Fy(Fy — 1) — 2F5(Fy + 1) + 2Ry(t — Ry — Fy + 1) + 26(Fy — t + Ry)
2

0 ift— P <0

if0<t— R4 < Fy

(t — Pl)(t — P+ 1) — Fl(Fl — 1)
2

So (t—Pl)(t—Pl—Fl—l-l)— Ho<t—P < Iy

(t_Pl)(FQ—Fl—i—l)—F2(F2+1);F1(F1—1)

with t = Py + Q5 + Ry — i, F1 = max{0,t — min{P; + Ry, Q5}}, and F; = min { L%J ,Pl} .

B.6. Formula for Zg.
(1) If P4,R1 2 Qh then

ift — P > Fy

Pyi+Q1+R: '
Zg =)= > (L+1)(L+ (tmod?2)+1)q
i=P4+R1—Q1

where
. t t .
L—mln{LQJ Q1 — ’72-‘} and t = P4+ Q1+ Ry — 1.
(2) If P4 > Ql > Rl, then

Py+Q1+R1
Zg = @q(f) = Z Cz’qi
i=Py
where
(L+1)(2Ry —2F, + L+ 2)

if J <0

2

C; = (L+1)(L+2)_FZ(F2+1)—R1(R1—1)
2

+ F5R1 + RiL — Fb L+ (Rl — FQ)(t mod 2) fo<J<L

(L+1)(L+ (tmod2)+1) ifJ>1L

with ¢ = Py+Q1+Ry—i, Fo =min {|5],Ri},J = R —F>—(t mod 2), F; = max{t—Q,0},
and L = F2 — Fl.
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(3) If Ry > Q1 > Py, then

Py+Q1+R1
Zs=pqv) = Y cd
=R
where

(L+1)(2P4—22F2+L+2) 7 <0
(LA 1)(L+2) - Ba(Fy+1)— Py(Py—1
= L+ +2) 2(22+) AP )+F2P4+P4L—F2L+(P4—F2)(tmod2) if0<J<L

(L+1)(L + (t mod 2) + 1) ifJ > L

witht = P4+ Q1+ R1—1, Fr = mm{L%J ,P4} ,J = Py—Fy—(t mod 2), F; = max{t—Q1,0},
and L:FQ—Fl.

(4) If Q1 > Py > Ry, then

Py4+Q1+Ry .
Zs = pq(§) = Z ¢t and ¢; =51 - S+ FR—-F+1
1=Q1
where
(t—Fp)(Fy+1) ift—P; <0
Sy —
1 (tfP4)(t7P4+1)+F1(F171)72F2(F2;1)+2P4(t7P47F1+1)+2t(F27t+P4) o<t P<B,
0 ift— Ry <0

t—Ri)(t—Ri+1)— F(F —1
Sy = (t—Rl)(t—Rl—FlJrl)—( ol 1;) A=) if0<t— R <P
Fo(Fy+ 1) — Fi(F — 1
2(2+)2 1A 1) itt— Ry > Fy

with t = P4+ Q1+ Ry — 4, Fi = max{0,t — min{ Py + R1,Q1}}, and F» = min { L%J ,Rl} .
(5) If Q1 > Ry > Py, then

(t— Ba)(F— Fi +1) -

Py+Q1+Ry A
Z = q(§) = Z ciq"and ¢; = S1 — Sa+ Fo — F1 +1
i=Q1
where
(t—F)(F2+1) ift— Ry <0
S, =
1 (tle)(tle+1)+F1(F171)72F2(F2+21)+2R1(t7R17F1+1)+2t(F27t+R1) o<t R <P
0 ift—Py <0

(t—P)(t—-—P+1)—F(F —1)

So =R =Pt —P—F +1)— 5

f0<t—P < Fy

Fo(Fo+1) = Fy(Fi — 1
(t— PO(Fy— 1) — 22 F )2 A=) iti— P> Py

with t = Py + Q1 + R1 — 4, Fi = max{0,t — min{P; + R1,Q1}}, and F5 = min { L%J ,P4} .
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B.7. Formula for Z;.
(1) If Pl,Rg > Q5, then

P1+Qs5+R3 '
Zr=p&)= > (L+1)(L+(tmod2)+1)q
i=P1+R3—Qs
where

L:min{BJ,Qg)— [ﬂ} and t =P + Q5 + R3 — 1.

(2) If P1 > Q5 > R3, then

P1+Qs5+R3
Zr = pq(§) = Z ¢iq'
i=P
where
(L+1)(2R3 —2F> + L +2) if J <0
2
= J(L+1)(L+2) — Fy(Fo4+1)— Rs(Rs — 1
=4 (L+1)(L+2) 2(22+) R3(R3 )+F2R3+R3L_F2L+(Rg_FZ)(tmon) ifo<J<L

(L+1)(L+ (t mod 2) + 1) if J > L

witht = P+ Qs+Rs—i, F, =min {|£]| ,R3},J = Rs—F,—(t mod 2), F; = max{t—Qs,0},
and L = F2 — Fl.
(3) If R3 > Q5 > P, then

P1+Qs5+R3
Zr=p0)= Y, ad
i=R3
where
(L+1)(2P —2F+ L+2) if J <0
2
o= (L+1)(L+2)7F2(2F2+1)7P1(P1 -1 + P+ PL— L+ (P, — Fy)(tmod 2) if0<J<L
(L+1)(L + (t mod 2) + 1) it J> L

witht = Pi+Qs+Rs—i, Fo = min {[ ], P1},J = P—F>— (¢ mod 2), Fi = max{t - Qs, 0},
and L = Fy — F1.
(4) If Q5 > P1 > Rg, then

P1+Qs5+R3 ‘

Z7 = pq(§) = Z ciq” and ¢ =51 —-S+FR-F+1

1=Qs
where

(t—F)(Fa+1)
S1

ift—P; <0

(t—P)(t—Pi+ 1)+ F(Fy— 1) = 2F(Fy + 1) + 2P\ (t — Py — Fy + 1) + 2t(Fy — t + Py)
2

ifo<t—P < Fy
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0 ift—R3<0

(t—R3)(t— Rz +1) — F1(Fy — 1)
2

Sy = (t—Rg)(t—Rg—F1+1)— ifOSt—RgSFQ

(R +1)— R (F -1
(t — Rg)(Fy — Fy +1) — 2(F% + )2 A=) ift — Ry > Fy

with t = P; + Q5 + R3 — 4, Fi = max{0,t — min{P; + R3,Q5}}, and F» = min { L%J ,Rg} .
(5) If @5 > Rg > Py, then

P1+Q5+R3
Z7 = pq(&) = Z ciq and ¢; =51 — Sy + F — F1 + 1
1=Qs
where
(t—F)(Fa+1) ift—R3<0
S1 =

(t—R3)(t — R34+ 1) + Fi(F1 — 1) — 2F5(Fy + 1) + 2R3(t — R3 — F1 + 1) + 2t(F> — t + R3)
2

0 ift— P <0

if0<t—R3 < Fy

(t — Pl)(t — P+ 1) — Fl(Fl — 1)
2

So (t—Pl)(t—Pl—Fl—l-l)— Ho<t—P < Iy

(t_Pl)(FQ—Fl—i—l)—F2(F2+1);F1(F1—1)

with t = Py + Q5 + Rs — i, F1 = max{0,t — min{P; + R3,Q5}}, and F; = min { L%J ,Pl} .

B.8. Formula for Zs.
(1) If P4,R1 2 Q4, then

ift — P > Fy

Pi+Qa+R1 '
Zy =)= > (L+1)(L+ (tmod?2)+1)q
i=P4+R1—Qu4

where
. t t .
L—mln{LQJ Qa4 — ’72-‘} and t = Py + Q4 + Ry — 4.
(2) If P4 > Q4 > Rl, then

Py+Qu+R1
Zg = @q(f) = Z Cz’qi
i=Py
where
(L+1)(2Ry —2F, + L+ 2)

if J <0

2

C; = (L+1)(L+2)_FZ(F2+1)—R1(R1—1)
2

+ F5R1 + RiL — Fb L+ (Rl — FQ)(t mod 2) fo<J<L

(L+1)(L+ (tmod2)+1) ifJ>1L

with ¢ = Py+Qq+Ry—i, Fo =min {| 5] ,R1},J = R —F>—(t mod 2), F; = max{t—Qy, 0},
and L = F2 — Fl.
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(3) If Ry > Q4 > Py, then

Py+Q4+R1
Zs=pqv)= Y., cd
=R
where

(L+1)(2P4—22F2+L+2) 7 <0
(LA 1)(L+2) - Ba(Fy+1)— Py(Py—1
= L+ +2) 2(22+) AP )+F2P4+P4L—F2L+(P4—F2)(tmod2) if0<J<L

(L+1)(L + (t mod 2) + 1) ifJ > L

witht = P4+ Qs+ R1—1, Fo = mm{L%J ,P4} ,J = Py—Fy—(t mod 2), F; = max{t—Q4,0},
and L:FQ—Fl.

(4) If Q4 > Py > Ry, then

Py4+Q4+Ry .
Zs = pq(§) = Z ¢t and ¢; =51 - S+ FR—-F+1
1=Q4
where
(t—Fp)(Fy+1) ift—P; <0
Sy —
1 (tfP4)(t7P4+1)+F1(F171)72F2(F2;1)+2P4(t7P47F1+1)+2t(F27t+P4) o<t P<B,
0 ift— Ry <0

t—Ri)(t—Ri+1)— F(F —1
Sy = (t—Rl)(t—Rl—FlJrl)—( ol 1;) A=) if0<t— R <P
Fo(Fy+ 1) — Fi(F — 1
2(2+)2 1A 1) itt— Ry > Fy

with t = P4+ Q4 + Ry — 4, F} = max{0,t — min{ Py + R1,Q4}}, and F» = min { L%J ,Rl} .
(5) If Q4 > Ry > Py, then

(t— Ba)(F— Fi +1) -

Py+Q4+Ry A
Zs = pq(§) = Z ciq"and ¢; = S1 — Sa+ Fo — F1 +1
i=Q4
where
(t—F)(F2+1) ift— Ry <0
S, =
1 (tle)(tle+1)+F1(F171)72F2(F2+21)+2R1(t7R17F1+1)+2t(F27t+R1) o<t R <P
0 ift—Py <0

(t—P)(t—-—P+1)—F(F —1)

So =R =Pt —P—F +1)— 5

f0<t—P < Fy

Fo(Fo+1) = Fy(Fi — 1
(t— PO(Fy— 1) — 22 F )2 A=) iti— P> Py

with t = Py + Q4 + Ry — 4, F1 = max{0,t — min{ Py + R1,Q4}}, and F5 = min { L%J ,P4} .
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B.9. Formula for Zj.
(1) If P4,R4 Z Qh then

Pyi+Q1+Ry '
Zy=p&)= > (L+1)(L+(tmod?2)+1)q
i=P4+R4—Q1
where

L:min{BJ,Ql— [ﬂ} and t =Py + Q1+ Ry — 1.

(2) If P, > @1 > Ry, then

Py+Q1+R4
Zy = pq(§) = Z ¢iq'
1=Py
where
(L+1)(2Ry — 2F> + L +2) if J <0
2
. L+1)(L+2)— Fy(F: 1) — -1
=4 (L+1)(L+2) 2(22+) Ry(Ry )+F2R4+R4L_F2L+(R4_F2)(tm0d2) ifo<J<L

(L+1)(L+ (t mod 2) + 1) if J > L

witht = P4+Q1+Rs4—i, Fo =min {|L]| ,R4},J = Ry—F—(t mod 2), F; = max{t—Q1,0},
and L = F2 — Fl.
(3) If R4 > Q1 > Py, then

Pyi+Q1+Ry
Zy=p0)= Y, ad
i=Ry
where
(L+1)(2Py —2F + L +2) if J <0
2
=14 (L+1)(L+2) 7F2(2F2+1) —Py(P—1) + PPy + PyL — oL+ (Py— Fy)(tmod 2) if0<J<L
(L+1)(L + (t mod 2) + 1) it J> L

with t = Py+Q1+Ry—i, Fy =min {| 5], P1},J = Py— F,—(t mod 2), F1 = max{t—Q1,0},
and L = Fy — F1.
(4) If Q1 > Py > Ry, then

Py+Q1+Ry ‘

Zo=p8)= > af and =8-S+ F-F+1

1=Q1
where

(t—F)(Fa+1)
S1

ift—P; <0

(t—Py)(t—Py+ 1)+ Fy(Fy — 1) — 2F5(Fy + 1) + 2Py(t — Py — Fy + 1) + 2t(Fy — t + Py)
2

fO<t— Py < Fy
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0 ift—Rs4 <O

(t—Ry)(t — Ry+1) — Fy(FL — 1)
2

Sy = (t—R4)(t—R4—F1—|—1)— H0<t— Ry < Iy

(R +1)— R (F -1
(t— Ry)(Fy — Fy +1) — 2(F% + )2 A=) ift— Ry > Fy

with t = P4+ Q1 + Ry — 4, F1 = max{0,t — min{ Py + R4, Q1}}, and F5 = min { L%J 7R4} )
(5) If Q1 > Ry > Py, then

Py+Q1+Ry
Zy = pq(§) = Z cig and ¢; =51 — Sy + Fy — Fy + 1
1=Q1
where
(t—F)(Fa+1) ift—Ry <0
S1 =

(t—R)(t— Ry + 1)+ Fy(Fy — 1) — 2F5(Fy + 1) + 2Ry(t — Ry — Fy + 1) + 26(Fy — t + Ry)
2

0 ift— Py <0

if0<t— R4 < Fy

(t—Py)(t— P+ 1) — Fi(F) — 1)
2

So (t—P4)(t—P4—F1—|—1)— Ho<t— P < Iy

(t_P4)(F2—F1—|—1)—F2(F2+1);F1(F1—1)

with t = Py + Q1 + Ry — i, F1 = max{0,t — min{ Py + Ry, Q1}}, and F; = min { L%J ,P4} .

B.10. Formula for 7.
(1) If P1, R3 > Qs, then

ift — Py > Fy

P1+Qe+R3

Zw=p,8) = >, (L+1)(L+(tmod2)+1)q
i=P1+R3—Qs

where
. t t .
L—mm{bJ , Qe — [2-‘} and t = P + Q¢ + R3 —i.
(2) If P1 > Q¢ > R3, then

P1+Qs+R3
Zo=p)= > af
i=P
where
(L+1)(2Rs — 2F, + L+ 2)

if J <0

2

¢ = (L+1)(L+2)—F2(F2+1)—R3(R3—1)
2

+ F5R3 + R3L — FyL + (Rg — FQ)(t mod 2) fo<J<L

(L+1)(L+ (tmod2)+1) ifJ>1L

with ¢ = Pi+Qs+R3—i, Fo =min {|5],Rs},J = R3—F>—(t mod 2), F; = max{t—Qg, 0},
and L = F2 — Fl.
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(3) If Ry > Q¢ > P, then

P14+Q6+R3
Z10 = pq(v) = Z ciq'
i=R3
where

(L+1)(2P1—22F2+L+2) 7 <0
(L) (L+2) - F(Fya+1)— P (P —1
= L+ +2) 2(22+) 1P )+F2P1+P1L—F2L+(P1—FQ)(tmon) if0<J<L

(L +1)(L + (t mod 2) + 1) if J>L

witht = P+ Qg+ Rs—1, Fo = mm{L%J ,Pl} ,J = P—Fy,—(t mod 2), F; = max{t—Qg, 0},
and L:FQ—Fl.

(4) If Q¢ > P1 > Rg3, then

P1+Q¢+R3 .
Zw=p)= >  ad and =8-S +F-F+1
i=Q¢
where
(t—Fp)(Fy+1) ift—P <0
Sy =
1 (tfPl)(tfP1+1)+F1(F171)72F2(F2;1)+2P1(t7P17F1+1)+2t(F27t+P1) f0<t_p <P,
0 ift—R3<0

t—Rs)(t—Ry+1)— Fy(F — 1
&:(Fﬂﬂhﬂwﬁwm—( 3)( 3;) W=D o<t Ry< B
Fy(Fy+ 1) — Fy(Fy — 1
ﬂ2+)2ﬂl ) itt—Ry>Fy

with t = P; + Q¢ + R3 — i, F; = max{0,t — min{P; + R3,Q¢}}, and F» = min { L%J ,R3} )
(5) If Q¢ > R3 > P, then

(t— Ry)(Fop— Fy +1) —

P1+Qe+R3 ‘
Zw=p,8)= >, cafandci=5—S+F—F +1
i=Qs
where
(thQ)(F2+1) ift*R3<0
S, =
1 (tng)(t*R3+1)+F1(F171)72F2(F2;1)+2R3(t7R37F1+1)+2t(F27t+R3) £0<t—Rs<F
0 ift—P; <0

t-—P)t-—P+1)—-F((F—1)

So =R t—P)t—P—F +1)— 5

f0<t—P < Fy

Fo(Fo+1) = Fy(Fi — 1
(%PM&—H+U—2(M_Z A=) iti— P > P

with t = P; + Q¢ + R3 — 4, F1 = max{0,t — min{P; + R3,Q¢}}, and F5 = min { L%J ,Pl} .
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B.11. Formula for Zi;.
(1) If P1, Ry > Qg, then

P1+Q6+R1 ]
Zn=p)= >  (L+1)(L+ (tmod2)+1)q
i=P1+R1—Qs
where

L:min{\‘;J,Qg;— ’7;“} and t =P + Q¢ + Ry — 1.

(2) If P1 > Q@ > Rl, then

P1+Qe+R1
Z11 = pq(§) = Z ¢iq'
i=P
where
(L+1)(2Ry —2Fy + L +2) if J <0
2
L+ DL +2) - B(F+1) — -1
=4 (L+1)(L+2) 2(22+) Ry (R )+F2R1+R1L_F2L+(Rl_FZ)(tmon) ifo<J<L

(L+1)(L+ (t mod 2) + 1) if J>L

witht = P+ Q¢+R1—i, Fo =min {|£]| ,Ri},J = Ri—F,—(t mod 2), F; = max{t—Qs, 0},
and L = F2 — Fl.
(3) If R1 > Q¢ > P, then

P1+Qe+R1
11 = pq(’U) = Z ciq'
=R
where
(L+1)(2P —2F+ L+2) if J <0
2
o= (L+1)(L+2)7F2(2F2+1)7P1(P1 -1 + P+ PL— L+ (P, — Fy)(tmod 2) if0<J<L
(L+1)(L+ (t mod 2) + 1) it J> L

witht = P1+Q¢+R1—1i, b = mln{L%J 7P1} ,J = Py —F,—(t mod 2), F; = max{t—Qg, 0},
and L = Fy — F1.
(4) If Q¢ > P1 > Ry, then

P1+Qe+R1 A

Z11 = pq(§) = Z cg" and ¢ =51—-S+FR-F+1

i=Qs
where

(t—F)(Fa+1)
S1

ift—P; <0

(t—P)t—Pi+ 1)+ Fi(Fi—1)—2F(F+1)+2P(t— P — Fi + 1)+ 2t(Fh — t + P1)
2

if0<t—P <F
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S

S

Sa

0 ift— Ry <0

(t—R)(t— Ry +1)— Fy(FL — 1)
2

(t—Rl)(t—Rl—F1+1)— Ho<t— R < Iy

FQ(FQ + 1) — Fl(Fl — l)
2

(t—Rl)(FQ—F1—|—1)— ift— Ry > Fy

with t = Py + Q¢ + Ry — i, Fy = max{0,t — min{P, + R1,Qg}}, and F, = min {|%],R;}.
(5) If Q¢ > Ry > Py, then

P1+Qs+R1
Z11 = pq(§) = Z ciq' and ¢; =51 — Sy + Fo — Fi + 1
i=Qs
where
(t—F)(F+1) ift—Ri <0

(t—R)({t—Ri+1)+ Fi(Fi —1) —2F(F, +1) + 2R (t — Ry — Fi + 1) + 2t(Fh, — t + Ry)
2

0 ift—P <0

f0<t— R < Fy

t-P)t-P+1)-F(—-1)
2

(t—Pl)(t—Pl—Fl—i-l)— Ho<t— P < I

FQ(FQ + 1) — Fl(Fl — 1)
2

(t*Pl)(FQ*FlJF].)* ift—P1>F2

with t = Py + Q¢ + R1 — i, F1 = max{0,t — min{P; + R1,Q¢}}, and F; = min { L%J ,Pl} .
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