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Arbitrarily structured laser pulses
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Spatiotemporal control refers to a class of optical techniques for structuring a laser pulse with coupled
spacetime-dependent properties, including moving focal points, dynamic spot sizes, and evolving orbital angular
momenta. Here we introduce the concept of arbitrarily structured laser (ASTRL) pulses, which generalizes these
techniques. The ASTRL formalism employs a superposition of prescribed pulses to create a desired electromag-
netic field structure. Several examples illustrate the versatility of ASTRL pulses to address a broad range of
laser-based applications, including laser wakefield acceleration, inertial confinement fusion, nanophotonics, and
attosecond physics.
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I. INTRODUCTION

Light can exhibit structures in space, time, or coupled
spacetime. The realization that these structures can be shaped
using optical techniques has led to a deeper understanding of
the fundamental properties of light and advances in multiple
laser-based applications. Spatial shaping involves the use of
static optical elements, such as phase plates, deformable mir-
rors, or spatial light modulators, to form transverse structures
with orbital angular momentum, Airy or Bessel profiles, or
tailored speckle patterns [1–4]. Temporal shaping typically
employs Fourier methods, in which frequency components are
separated by diffraction gratings and separately modified, to
synthesize pulses with nearly arbitrary time-dependent wave-
forms and polarizations [5,6].

Spatiotemporal pulse shaping invokes some combination
of these techniques. Examples go back as far as smoothing
by spectral dispersion (1989) [7] and pulse front tilt (1996)
[8]. More modern examples include spatiotemporal optical
vortices (STOVs) [9–11], diffraction-free light sheets [12–14],
and flying focus concepts [15–18]. Flying focus pulses, in par-
ticular, feature intensity peaks with programmable trajectories
that can travel distances far greater than a Rayleigh range
while maintaining a near-constant profile. The trajectory con-
trol afforded by these pulses has been proposed as a means
to overcome limitations of traditional pulses in a number of
applications, including laser wakefield acceleration [19,20],
Raman amplification [21], and nonlinear Thomson scattering
[22], as well as for the exploration of fundamental physics,
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such as radiation reaction [23] and nonlinear Compton scat-
tering [24].

Spatiotemporally structured pulses may be created using
either a forward- or inverse-design approach. The forward-
design approach requires identifying a specific solution to
Maxwell’s equations. Once known, this solution can be syn-
thesized using programmable phase modulation techniques
[25,26]. This is the approach taken to create light sheets,
STOVs, and pulses with dynamic orbital angular momenta.
However, this approach does not provide a method to system-
atically identify new solutions of Maxwell’s equations with
features that are desirable for a particular application. In the
inverse-design approach, one imagines an electromagnetic
structure with desirable features and synthesizes this structure
using a superposition of solutions to Maxwell’s equations with
known properties. This is the approach presented here.

In this paper, we introduce a concept and theoretical for-
malism for generating laser pulses with arbitrary structure.
These arbitrarily structured laser (ASTRL) pulses are synthe-
sized using a superposition of traditional laser pulses with
controlled and varying properties. The ASTRL formalism
generalizes the creation of pulses with evolving focal points
(flying foci), spot size, orbital angular momentum, and polar-
ization, and can also describe pulses with exotic topological
structure such as STOVs. An example of each of these is
presented. The flexibility of the ASTRL concept opens new
and previously unimagined possibilities for structured light
with the potential to improve a wide range of laser-based
applications, while its simplicity facilitates implementation
into simulations.

II. THEORETICAL FORMALISM

The formulation of the ASTRL concept begins with the
vacuum wave equation for the electric field of a laser pulse:[

∇2 − 1

c2
∂2
t

]
E(x, t ) = 0. (1)
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ASTRL pulses are constructed by superposing solutions to
Eq. (1) with varying properties. The electric field of an AS-
TRL pulse can be expressed either as a sum or an integral
over these solutions:

E(x, t ) =
∫

dη Eη(x, t ), (2)

where η parameterizes the varying properties of the solu-
tions. For example, the amplitude, spot size, focal point, pulse
duration, or relative delay of each Eη can all depend on η.
Equation (2) is the most general representation of an ASTRL
pulse in vacuum.

Analytic solutions for Eη simplify the process of designing
an ASTRL pulse for a specific application. Paraxial solutions,
in particular, are expressed in terms of familiar quantities that
can be parameterized in terms of η. To derive such solutions,
consider a laser pulse propagating in the ẑ direction with
constant polarization ε̂. The transverse electric field can be
expressed as an envelope A(x⊥, z, t ) modulated by a carrier

E⊥(x⊥, z, t ) = 1
2A(x⊥, z, t )ei(k0z−ω0t )ε̂ + c.c., (3)

where k0 is the central wavenumber and ω0 = ck0. Substitut-
ing Eq. (3) into Eq. (1) and performing the Galilean change of
variables (ξ, s) = (z − ct, z) provides[∇2

⊥ + ∂2
s + 2ik0∂s + 2∂ξ ∂s

]
A(x⊥, s, ξ ) = 0. (4)

Upon applying the slowly varying envelope approximation
(|∂ξ |, |∂s| � k0), Eq. (4) reduces to

[∇2
⊥ + 2ik0∂s]A(x⊥, s, ξ ) ≈ 0. (5)

Equation (5) is the paraxial wave equation and its operator is
independent of ξ . This independence admits separable solu-
tions, i.e., solutions with no spatiotemporal coupling, of the
form

A(x⊥, s, ξ ) ≈ B(ξ )C(x⊥, s), (6)

where C(x⊥, s) satisfies [∇2
⊥ + 2ik0∂s]C(x⊥, s) = 0 and B(ξ )

is an arbitrary function. For example, C(x⊥, s) may be any
Laguerre-, Hermite-, or Ince-Gaussian mode and the longitu-
dinal profile may be B(ξ ) = exp[−(ξ/cτ0)2].

The transverse electric field of a coherent ASTRL pulse
can be approximated by summing or integrating over paraxial
solutions:

E⊥(x⊥, s, ξ ) ≈ 1

2
eik0ξ

∫
dη Bη(ξ )Cη(x⊥, s)ε̂(η) + c.c., (7)

where the properties of Bη(ξ ), Cη(x⊥, s), and ε̂(η) may vary
with respect to η. The integral over η may introduce spa-
tiotemporal coupling, such that in general, Eq. (7) cannot
be written as a separable function. Thus, E⊥ may possess a
high degree of spatiotemporal coupling despite the absence of
coupling in Eq. (6).

The η dependence of Bη(ξ ) may encode a delay �(η),
duration τ0(η), and weight B0(η) for each constituent
pulse as

Bη(ξ ) = B0(η) exp

[
−

(
ξ − �(η)

cτ0(η)

)2
]
. (8)

The durations τ0(η) set the fastest timescale over which
the properties of the ASTRL pulse can vary and determine

the number of pulses required for discrete approximation of
Eq. (7). Unless otherwise stated, τ0 and B0 will be independent
of η for the examples presented here.

A natural example for the η dependence of Cη(x⊥, s) is an
η-indexed Gaussian beam:

Cη(x⊥, s) =
[
zR(η)

qη(s)

]d⊥/2

exp

[
− ik0|x⊥ − x⊥0(η)|2

2qη(s)

]
, (9)

where qη(s) ≡ s − s0(η) + izR(η) is the complex beam pa-
rameter and d⊥ is the number of transverse dimensions. In
Eq. (9), the longitudinal focal position s0(η), transverse focal
position x⊥0(η), and Rayleigh range zR(η) (and associated
spot size w0(η) = √

2zR(η)/k0) may all be expressed as func-
tions of the integration variable η, which allows for extended
focal ranges and evolving transverse structure. More gener-
ally, the mode numbers of the transverse profile can depend
on η, e.g., the radial or orbital angular momentum (OAM)
quantum numbers of a Laguerre-Gaussian mode. Finally, ε̂(η)
may encode an evolving polarization.

III. DESIGN OF ASTRL PULSES

The utility and generality of the ASTRL concept will be
demonstrated by using Eq. (7) to construct several examples
of spatiotemporally structured laser pulses. To begin, consider
the flying focus [15,16]. Each time slice in a flying focus
pulse has a different focal point along the propagation axis.
The time and location at which each slice comes to focus can
be controlled to produce an intensity peak that travels at any
velocity, including backwards or faster than the speed of light.
Within the ASTRL formalism, a flying focus pulse may be
described using a Gaussian transverse profile [Eq. (9)] with
η ∈ [− 1

2 , 1
2 ] and s0(η) = ηL. This choice of s0(η) produces

a focal range extending from s = −L/2 to s = L/2, where
L can be much larger than zR. At each s in the focal range,
the focus will occur at a time determined by the condition
ξ = �(η) = �(s/L). The delay �(η) required for a given
focal trajectory can be derived from geometric optics as in
Ref. [19]. For example, motion of the focal point at a constant
velocity v f = cβ f is attained with �(η) = (1 − 1/β f )Lη.

Figure 1(a) displays the on-axis envelope of a superluminal
(β f = 1.05) flying focus pulse obtained by evaluating Eq. (7).
The white dashed line shows the space-time trajectory z = v f t
and demonstrates that the laser envelope travels at the ex-
pected velocity over ten Rayleigh ranges. A finite-difference
time-domain (FDTD) simulation of the full set of Maxwell’s
equations produces nearly identical results [Fig. 1(b)]. The
simulation used Eq. (7) to initialize the fields, but did not
make the approximations leading to Eq. (5). A slight discrep-
ancy can be observed near ct ≈ 5zR due to the inexactness
of Eq. (6). The simulation was conducted using the code
OSIRIS [27] with quasi-3D azimuthal decomposition [28] and
the solver introduced in Ref. [29] to mitigate numerical
dispersion.

The ASTRL concept can also be used to describe new
types of generalized flying focus pulses. For instance, a pulse
whose focal point oscillates in the transverse direction as
it translates along the propagation axis could serve as a
controllable wiggler for generating radiation from relativis-
tic electron bunches or enhance direct laser acceleration of
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FIG. 1. (a) On-axis evolution of the envelope of an ASTRL

flying focus pulse found by evaluating Eq. (7) with k0w0 = 40,
ω0τ0 = 20, and β f = 1.05. The dashed line indicates the trajectory
z = v f t . (b) The envelope from a quasi-3D FDTD simulation for
the same parameters. The two are in excellent agreement. (c)–(e)
A generalized flying focus constructed using the ASTRL formalism
in which the focal point oscillates transversely as it moves along
the optical axis. The propagation was simulated in two dimensions
using the FDTD method. The pulse was initialized at ct/zR = −10
using Eq. (7) with x⊥osc = w0, kosc = 1/zR, β f = 1.05, L = 20zR,
k0w0 = 40, and ω0τ0 = 20. From left to right, the frames show the
pulse at ct/zR = −4, 0, and 4.

electrons through new parametric resonances. Such a pulse
can be constructed by parametrizing both the transverse and
longitudinal focal coordinates: x⊥0(η) = x⊥osc sin[koscs0(η)]x̂
and s0(η) = ηL, where, as before, η ∈ [− 1

2 , 1
2 ]. Figures 1(c)–

1(e) display the envelope from two-dimensional OSIRIS

simulations of this configuration. The intensity peak under-
goes the expected oscillatory motion. Here, Cη is given by
Eq. (9) and �(η) = (1 − 1/β f )Lη, i.e., the focal point moves
with a constant axial velocity.

Aside from moving focal points, many applications can
benefit from pulses that have a fixed focal point with pre-
scribed spatiotemporal profiles or time-dependent polariza-
tion (Fig. 2). Traditional Fourier techniques for temporal pulse
shaping, as in Ref. [6], produce pulses described by Eq. (6)
with a customized B(ξ ). Similarly, previous polarization-
structuring methods amount to evaluating Eq. (7) with a
prescribed ε̂(η) and Bη, but with aCη that is independent of η.
Figure 2(a) shows an example. This particular ASTRL pulse
is constructed from a discrete sum of seven pulses, indexed by
η ∈ {0, 1, . . . 6}, that share a common focal point, s0(η) = 0.
The delay and polarization of each pulse are given by �η =
−2cτ0η and ε̂(η) = [cos(πη/5), sin(πη/5), 0] while Cη is
given by Eq. (9). Evolving polarization structures as in this
example have led to advances in nonlinear spectroscopy [30],
quantum control [31,32], nanophotonics [33], and a number
of other areas [34,35]. More exotic pulses with continuous
polarization evolution can also be described using the ASTRL
concept.
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FIG. 2. Examples of ASTRL pulses constructed from superpo-
sitions of laser pulses focused to the same point (s0(η) = 0): (a) A
pulse everywhere linearly polarized, but with a time-dependent po-
larization angle. The duration of each pulse in the superposition
is ω0τ0 = 20. (b) A laser pulse with a spot size that continuously
decreases in time with k0w0min = 40, w0max = 4w0min, ω0τ0 = 40,
and �max = 20cτ0. (c) Time slices of the transverse electric field of a
laser pulse whose angular momentum continuously evolves in time.
(d) A lattice of STOVs with k0w0 = 40 and ω0τ0 = 20. All examples
are evaluated using Eq. (7) and shown at the focal point s = 0.

A time-dependent spot size can improve the performance
of applications including laser wakefield acceleration [36]
and inertial confinement fusion [37–39]. In laser wakefield
acceleration, a spot size that increases in time can stabilize
the propagation of an intense laser pulse in a plasma channel
[36]. While in inertial confinement fusion, a spot size that de-
creases continuously in time can mitigate cross-beam energy
transfer [37–39]. As demonstrated in Fig. 2(b), such a pulse
can be described by Eqs. (7), (8), and (9) with a spot size

013085-3



JACOB R. PIERCE et al. PHYSICAL REVIEW RESEARCH 5, 013085 (2023)

parameterized as w0(η) = w0min + η(w0max − w0min) and the
delay �(η) = −�maxη, where η ∈ [0, 1].

The orbital angular momentum and radial mode num-
bers (
 and p, respectively) of Laguerre-Gaussian modes
provide additional degrees of freedom to structure the time-
dependence of the transverse profile. Figure 2(c) displays a
sequence of time slices in an ASTRL pulse formed by super-
posing three pulses that partially overlap in time with (
, p) =
(0, 2), (3, 0), (1, 1). Each pulse is indexed by η ∈ {0, 1, 2},
has a delay �η = −2cτ0η, and a weight B0(η) = 1, 0.8, 1.
This construction produces a continuous transformation in
angular momentum. In the first, third, and fifth frames, one
pulse dominates, and the transverse profile is nearly a pure
Laguerre-Gaussian mode; in the second and fourth frames,
two pulses interfere to produce a hybrid mode. Investigations
into structured OAM have only recently begun [25,26,40–42],
but its potential for ultrafast probing of chiral systems has
already drawn attention [42]. Many other applications based
on OAM [43], including optical trapping and manipulation
[44–47], imaging [48–50], quantum optics [51,52], nonlinear
optics [53], and laser-plasma interactions [54–60], may also
benefit from added control over its structure.

As a final example, the ASTRL concept can be used to con-
struct STOVs. In fact, the vacuum STOV solution introduced
in Ref. [9],

A(x⊥, s, ξ ) =
[

ξ

cτ0
± ix

w(s)

(−q∗(s)

q(s)

)1/2
]

zR
q(s)

× exp

[
− ik0x2

⊥
2q(s)

]
exp

[
−

(
ξ

cτ0

)2
]
, (10)

is a superposition of two separable solutions as in Eq. (6),
where the Cη functions are Hermite-Gaussian modes of order
(0,0) and (1,0). Here the s dependence has been included,
w(s) ≡ w0

√
1 + (s/zR)2, and q∗(s) is the complex conjugate

of q(s). The generalization of Eq. (10) to higher-order vortex
topologies (see Ref. [11]) can also be expressed as a super-
position of separable solutions. Figure 2(d) illustrates a novel
STOV lattice assembled by superposing solutions in the form
of Eq. (10). The solutions are indexed by η ∈ {0, 1, . . . 7}
with delays �η = −2cτ0η, transverse displacements alternat-
ing between x0 = ±w0, and polarities [the sign in Eq. (10)]
alternating between ±1.

IV. EXPERIMENTAL APPROACHES
TO SYNTHESIZING ASTRL PULSES

Optical configurations for producing specific subclasses of
ASTRL pulses have already been proposed or experimentally
realized [10,15,16,19]. These configurations may be modi-
fied to produce new kinds of ASTRL pulses informed by
Eq. (7), such as the oscillating flying focus in Figs. 1(c)–
1(e). In addition, experimental approaches for synthesis of
arbitrary solutions of Maxwell’s equations as in Refs. [25,26]
can be used to create solutions designed using the ASTRL
approach. Here we propose a different approach, based on
recent developments in divided pulse amplification, which
enables synthesis of more general classes of ASTRL pulses.

S
p
li

tt
er

Input pulse
OA1

S
p

li
tt

er

Input pulse
OA1

C
o
m

b
in

er

OAN

OA2

ASTRL pulse

FIG. 3. An experimental concept to produce new classes of AS-
TRL pulses. Each pulse is independently manipulated by a separate
optical assembly, labeled “OA j”, which can alter the amplitude,
transverse profile, frequency, delay, or other properties. The pulses
are then coherently combined to form an ASTRL pulse.

Wavelength-multiplexed communication and power scal-
ing have motivated decades of progress in methods for
combining continuous-wave laser beams [61–64]. Concep-
tually, N independent beams or N copies of one beam are
individually amplified and then recombined into a single beam
with N times the original power. Splitting and recombination
are achieved using standard optics, such as diffraction grat-
ings, fibers, and beam splitters. More recently, these methods
have been applied to ultrashort laser pulses as a path towards
pulses beyond the petawatt class [65–73], with coherent com-
binations of up to 81 pulses [74].

Divided pulse amplification techniques can be extended
to produce ASTRL pulses. In addition to being amplified,
the separated pulses can be independently focused, delayed,
polarization-rotated, or altered in other ways before being
recombined. Figure 3 shows a schematic of the proposed
experimental concept in which different optical assemblies
independently manipulate each of the divided pulses. As an
example, optical assemblies composed of a spiral phase plate
and delay stage could produce a pulse with continuously
evolving OAM as in Fig. 2(c); alternatively, using a half-wave-
plate and delay stage could produce a pulse with continuously
evolving polarization as in Fig. 2(a). Despite the potential
challenges of alignment and timing, divided pulse manipu-
lation could provide unprecedented control over the struc-
ture of the combined pulse and enable creation of the broad
class of pulses described by Eq. (7). Note that Ref. [42] has
used a special case of this concept to combine two pulses
with different OAM; the combined pulse was used to drive
high-harmonic attosecond pulses.

This approach to synthesizing ASTRL pulses is based on
approximating the integral in Eq. (7) as a discrete sum of
pulses. To illustrate this, consider the β f = 1.05 flying focus
example shown in Fig. 1. Figure 4 demonstrates that 20 pulses
are more than sufficient to approximate the integral when
L = 10zR.

More generally, the minimum number of laser pulses re-
quired to approximate Eq. (7) can be estimated by ensuring
that the sum-total duration of all constituent pulses is greater
than the duration of the entire ASTRL pulse T , i.e., N �
T/τ0. For a flying focus pulse, the effective duration of the
intensity peak, τeff = (1 − β f )zR/v f [18], satisfies τeff/T =
zR/L, which implies that N � (1 − β f )L/v f τ0 pulses are re-
quired. Note, however, that for certain applications, discrete
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FIG. 4. (a), (b) Discrete approximations of Eq. (7) for the β f =
1.05 flying focus pulse shown in Fig. 1 with N = 10 and N = 20
pulses, respectively; the continuum is well approximated by 20
pulses, or 2 pulses per zR. (c) Peak on-axis amplitude for the N = 10
and 20 cases, showing oscillation for N = 10. (d) Relative amplitude
oscillation, defined as (max |A| − min |A|)/(max |A| + min |A|) over
the interval [−zR, zR]. The relative oscillation decreases exponen-
tially with N , which determines the number of pulses required for
a given tolerance.

separation of the constituent pulses as in the N = 10 case of
Fig. 4 may also be desirable.

V. ACCURACY OF EQ. (6)

As demonstrated by the examples above, an ASTRL
pulse may generally exhibit spatiotemporal coupling de-
spite being assembled from pulses with no spatiotemporal
coupling [i.e., Eq. (6)]. The separability of Eq. (6) was
derived by reducing the full wave equation [Eq. (4)] to
the paraxial wave equation [Eq. (5)]. The validity of the
approximations leading to Eq. (5) may be determined by eval-
uating derivatives of the approximate solution A(x⊥, s, ξ ) =
zR/q(s) exp[−ik0x2

⊥/2q(s)] exp[−(ξ/cτ0)2]. At any location,
|∂2

s A| � |2ik0∂sA| when k0w0 
 1; this is the usual parax-
ial approximation, which fails only for tightly focused
laser pulses. On the other hand, |2∂ξ ∂sA| � |2ik0∂sA| when
ω0τ0 
 1. This condition only fails for pulses with durations
less than a few cycles. These two conditions, i.e., k0w0 
 1
and ω0τ0 
 1, place constraints on Cη and Bη, respectively.

For an envelope that is initially separable at some s = si,
spatiotemporal coupling will develop beyond a range |s −
si| � Lstc ≡ 1

2cτ0k2
0w

2
0 because of the ∂ξ ∂z term in Eq. (4)

(see Appendix A). There are two common scenarios that can
be considered. In the first scenario, every pulse comprising
an ASTRL pulse is separable at its focus. Because each
pulse only contributes significantly within a Rayleigh range
of its focus, the condition on the accuracy of Eq. (6) can
be expressed as Lstc � zR or, equivalently, ω0τ0 � 1. In the
second scenario, which is more applicable to field initializa-
tion in a simulation, every pulse is separable at a specified
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u
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s)

FIG. 5. (a), (b) On-axis evolution of the vector envelope for a
negative-velocity flying focus with structured polarization. The vec-
tor envelope is defined as Aj ≡ ê j · ∫

dη Bη(ξ )Cη(x⊥, s)ε̂(η). The
parameters are identical to those in Fig. 1 except β f = −1 and the
polarization evolves continuously. Specifically, ε̂x (η) = cos(koscηL)
and ε̂y(η) = sin(koscηL), where kosc = (3/2)z−1

R . The white dashed
lines indicate the focal trajectory z = −ct . Both plots are evaluated
using Eq. (7).

distance Lη from focus. The condition on the accuracy of
Eq. (6) is then given by Lstc � maxη Lη. For example, in
Figs. 1(a)–1(b) maxη Lη = 1

2Lstc, which contributes to the
slight discrepancy at the end of the focal region. However,
even if Lstc � maxη Lη and spatiotemporal coupling develops
in the constituent pulses, the qualitative features of the desired
electromagnetic structure would remain intact.

VI. DISCUSSION AND CONCLUSION

In addition to facilitating the creation of new and pre-
viously unimagined electromagnetic structures, the ASTRL
formalism simplifies the injection of structured light in sim-
ulations. Previous simulations of flying focus pulses required
a Fresnel integral to propagate the field from the optic plane
of a specific experimental design to the simulation plane. In
contrast, the ASTRL description enables direct field initializa-
tion in the simulation plane, which simplifies implementation.
Further, by decoupling the structured light-matter interaction
physics from the details of a particular optical configura-
tion, the ASTRL description expedites prototyping of new
concepts. For example, the axiparabola-echelon pair used in
Ref. [19] would not need to be redesigned for every sim-
ulation. An optical configuration capable of delivering the
desired pulse can be designed or implemented in a simulation
after a concept shows promise.

The generality of the ASTRL concept extends well beyond
Eq. (7) and the examples presented here. The time dependence
of any combination of parameters can be simultaneously
structured. For instance, a negative-velocity flying focus can
be combined with continuously evolving polarization (Fig. 5).
Further, the ASTRL concept can be extended to accommodate
multicolor pulses [75,76], superpositions of pulses with vector
polarization [77–80], and pulses structured in the spatiospec-
tral domain. In fact, using a wavelet transform one can show
that arbitrary monochromatic laser fields may be decomposed
as a generalized version of Eq. (7) (see Appendix B).

The ASTRL formalism provides a framework for con-
structing laser pulses with desired spatiotemporal structure.
An ASTRL pulse is synthesized using superpositions of
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known solutions to Maxwell’s equations, such as an ensemble
of traditional laser pulses. The flexibility of the ASTRL con-
cept was illustrated with several examples, including pulses
with moving focal points, dynamic polarization, evolving
angular momentum, and nontrivial topological structure. In
practice, ASTRL pulses can be synthesized using a number
of experimental techniques, including the divided pulse ma-
nipulation scheme proposed here. New pulses based on the
ASTRL concept may enable or enhance techniques in a range
of scientific disciplines, including microscopy, nonlinear op-
tics, quantum optics, and laser-plasma interactions.
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APPENDIX A: LENGTH SCALE FOR EMERGENCE
OF SPATIOTEMPORAL COUPLING

Over a long enough propagation path, the 2∂s∂ξ term
omitted in Eq. (5) will lead to the development of spa-
tiotemporal coupling in an initially separable envelope. The
length scale over which this coupling develops can be es-
timated using geometric optics. Consider a pulse initialized
by Eq. (6) at s = −s0 with a focal point at s = 0. The dis-
tance from a radial location r to the focal point is given
by d (r) =

√
r2 + s2

0 . The separable form of Eq. (6) be-
gins to break down when the delay between the center and
outer radii of the pulse becomes comparable to its dura-
tion τ0. For an initial Gaussian transverse profile, the spot
size at s = −s0 is w(−s0) ≈ w0s0/zR = 2s0/k0w0, where w0

is the spot size at focus. Setting r = w provides the delay
� ∼

√
(2s0/k0w0)2 + s2

0 − s0 ∼ 2s0/(k0w0)2. Equating � �
cτ0 demonstrates that Eq. (6) breaks down for propagation
distances

s0 � Lstc ≡ 1
2cτ0k

2
0w

2
0 . (A1)

For most pulses of interest, ω0τ0 
 1 so that Lstc 
 zR, i.e.,
Eq. (6) remains valid over distances much longer than a
Rayleigh range.

Equation (A1) can also be derived using a multiscale ex-
pansion of the operators in Eq. (4), where it is explicitly
assumed that the mixed derivative term is a first-order correc-
tion. The ∂s operator on the full solution A may be expanded
as ∂s ≈ ∂s0 + ∂s1, where ∂s0 
 ∂s1. To lowest order, k0∂s0 bal-
ances ∇2

⊥ and one finds the scaling, ∂s0 ∼ z−1
R . At first order,

k0∂s1 balances ∂s0∂ξ , providing the scaling relation k0/Lstc ≈
1/cτ0zR. Upon solving for Lstc, this simplifies to Eq. (A1).

APPENDIX B: SEPARABLE ENVELOPE
DECOMPOSITION OF ARBITRARY

LASER FIELDS

Consider an electric field with characteristics of a
monochromatic laser pulse, i.e., a power spectrum peaked
at a single ω0 such that ω0τ0 � 1, but otherwise arbitrary
structure. It is possible to show that such an arbitrary field may
be decomposed as a superposition of separable pulses through
a generalization of Eq. (7). In particular, the envelope may be
exactly decomposed as

A(x⊥, s, ξ ) = C−1
ψ

∫
R

∫
R

da db

a2|a|1/2
C(a,b)(x⊥, s)ψ

(
ξ − b

a

)

(B1)

where C−1
ψ is a constant, ψ is a wavelet mother function,

and

C(a,b)(x⊥, s) = 1

|a|1/2

∫
R
dξ A(x⊥, s, ξ )ψ∗

(
ξ − b

a

)
(B2)

is the wavelet transform of A(x⊥, s, ξ ) with respect to ξ for
fixed x⊥ and s [81]. For example, one may use the Ricker
wavelet ψ (g) = ψ0 exp[−g2/2](1 − g2). In Eq. (B1), a and
b are, respectively, the length and delay of each constituent
pulse. The properties of each C(a,b)(x⊥, s), such as spot size
and focal point, may depend on a and b.

Equation (B1) is a superposition of separable pulses at
each slice in s. Given initial data for the envelope A(x⊥, 0, ξ )
at some slice s = 0, the decomposition may be used to
approximately evolve the full solution A(x⊥, s, ξ ) using
Eq. (6) as

A(x⊥, s, ξ ) ≈ C−1
ψ

∫
R

∫
R

da db

a2|a|1/2
C(a,b)

parax(x⊥, s)ψ

(
ξ − b

a

)
,

(B3)

where C(a,b)
parax(x⊥, s) are solutions to the paraxial wave equa-

tion [2ik0∂s + ∇2
⊥]Cparax(x⊥, s) = 0 with initial condition

Cparax(x⊥, 0) = C(a,b)(x⊥, 0). The properties of C(a,b)
parax deter-

mine the range of s over which Eq. (B3) remains valid.
For example, if C(a,b)

0 (x⊥) resembles a Gaussian beam with
spot size w0(a, b) for each (a, b), then Eq. (B3) remains
valid when

|s| � min
a,b

Lstc(a, b) = min
a,b

ak2
0w0(a, b)2, (B4)

where the minimum is taken over (a, b) with significant con-
tribution to the integral in Eq. (B1). Note that the specific
choice of wavelet is not important, but the wavelet determines
the conditions required for validity of Eq. (B3).

Equation (B3) generalizes Eq. (7) and shows that any fully
coherent laser pulse solution may be approximately decom-
posed as a superposition of pulses with separable envelopes.
In this sense, all monochromatic laser pulses can be con-
structed as ASTRL pulses. However, we restrict the scope of
ASTRL pulses to include pulses that have been intentionally
designed to exhibit a particular structure either through Eq. (2)
or Eq. (7).
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