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Abstract
Bed stress patterns control erosion and deposition in tidal rivers and thereby govern changes in geomorphology. Manage-
ment of river discharge and shipping channel geometry perturbs rivers from their natural state, leading to hotspots of sand 
deposition and erosion. Here, we investigate the along-channel variability in bed stress for a tidal river of constant depth 
with semidiurnal tides and convergent geometry using a Fourier decomposition of the quadratic bed stress and analytical 
approximations of tidal and river velocity. Under some river discharge and tidal conditions, bed stress profiles exhibit a local 
bed stress minimum, xmin, within a region marked by strong gradients in cross-sectionally averaged velocity. These gradients 
can lead to convergent sediment fluxes and shoaling near xmin. Factors decreasing river velocity (flow management, channel 
deepening, and weak channel convergence) move xmin and depositional areas upstream. Analytical estimates of xmin were 
validated using fifty-two two-dimensional Adaptive Hydraulics (AdH) numerical model simulations and agree well with the 
sediment transport behavior of three prototype systems (Columbia River, Hudson River, and Delaware Estuary). Climate 
changes in seasonal flow cycles and mean river discharge, and the reservoir management response to these changes, may 
significantly alter the dynamics of xmin, affecting ecosystem dynamics and the stability of wetlands and coastal beaches 
as sea level rises. The analytical formulation of xmin developed herein will make it easier to understand how climate and 
human-induced changes to a river can impact long-term erosion/accretion patterns and can help guide future investments 
for managing sediment.
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Introduction

This study analyzes along-channel variations in bed stress in 
tidal rivers to better understand what factors control system-
scale shoaling and erosion patterns. Bed stress defines the 
amount of force per unit area imparted by the water on the 
riverbed and is an important consideration for informed sedi-
ment management practices because of its strong influence 
on the fate and transport of sediment (Dyer 1986). The cost of 
managing sediment highlights the need to better understand 
the processes controlling deposition in the tidal-fluvial envi-
ronment. For example, every year the United States Army 
Corps of Engineers dredges roughly 200 million cubic yards 
of sediment, at a cost which has exceeded $1 billion annually 
since 2008 (USACE 2020). Much of this dredging is in estu-
aries and tidal rivers. Depositional regions can also contain 
elevated concentrations of legacy or emerging contaminants, 
which pose a risk to environmental and human health and 
could cost hundreds of millions of dollars to remediate (EPA 
2014, 2016, 2017). Changes in tides, channel geometry, and 
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river discharge can influence the magnitude and location of 
shoaling (Meade 1969; de Jonge et al. 2014; Bolla Pittaluga 
et al. 2015). Thus, improving practical knowledge of how the 
bed stress responds to adjustments in river discharge, tides, 
and channel geometry is critical for informed management 
of fluvial resources, especially for transient systems adapting 
to climate change or human development.

The link between spatial gradients in bed stress (or veloc-
ity) and morphological changes in tidal rivers and estuaries 
is well established. For example, during the development 
of the Federal Navigation Channel (FNC) in the Columbia 
River, local expansions in river width were acknowledged to 
decrease water velocity (and bed stress) and create shoaling 
hotspots that were then managed by artificially constricting 
river width with pile dikes and man-made islands (Hickson 
1930, 1961). Likewise, Friedrichs (1995) examined 26 sys-
tems and established that the cross-sectional area of a tidal 
channel increases or decreases to minimize along-channel 
gradients in bed stress. In theory, bed aggradation will occur 
in the lower reaches of convergent tidal rivers until an equi-
librium depth profile is achieved that eliminates spatial gra-
dients in sediment transport (Guo et al. 2014; Bolla Pittaluga 
et al. 2015). But bed aggradation can also lead to more cata-
clysmic morphological changes in rivers by producing zones 
that have an increased likelihood of channel avulsions during 
flood events (Nittrouer et al. 2012; Chatanantavet et al. 2012). 
Adjustment of some reaches may be limited by hard-rock fea-
tures such that they remain out of equilibrium.

Morphological changes are influenced by the interaction 
of fluvial, tidal, and baroclinic transport processes, which can 
trap sediment in many ways. Density-driven estuarine circu-
lation can create an estuary turbidity maximum (ETM) near 
the upstream limit of salinity intrusion, which results from 
convergent near-bed transport of fine sediments (Festa and 
Hansen 1978; Talke et al. 2009a), and cause local peaks in 
channel shoaling (Meade 1969). Landward sediment transport 
and particle trapping are also generated by settling and scour 
lag (Chernetsky et al. 2010; Friedrichs et al. 1998; Postma 
1961), tidal asymmetry in current magnitudes and durations 
(Allen et al. 1980; Hoitink et al. 2003; Speer and Aubrey 
1985), spatial gradients in vertical mixing due to salinity strat-
ification (Geyer 1993), and correlations of velocity shear and 
vertical mixing (Jay and Musiak 1994; Jay et al. 2007; 2015; 
Burchard and Baumert 1998; Burchard et al. 2018). Collec-
tively, exchange flows that are influenced by variations in 
eddy viscosity are now termed Eddy-Viscosity Shear Covari-
ance (ESCO; Dijkstra et al. 2017) and are known to influ-
ence sediment trapping (Jay and Musiak 1994; Burchard et al. 
2018). Changes to estuarine circulation and tidal asymmetries 
induced by channel modification may increase sedimentation 
in estuaries (Chant et al. 2011; Sherwood et al. 1990) and even 
lead to hyperturbid and/or hypoxic conditions (Chernetsky 
et al. 2010; Talke et al. 2009a, b).

Analytical models of tidal sediment trapping and ETM for-
mation usually focus on fine suspended sediments and assume 
morphodynamic equilibrium, i.e., that erosion equals depo-
sition (Friedrichs et al. 1998, Huijts et al. 2006, Talke et al. 
2009b, Dijkstra et al. 2019), so that the models are valid only 
for small departures from equilibrium. In addition, bed stress, 
which is typically proportional to a power of the velocity, is 
often linearized to be proportional to the near-bed velocity 
(e.g., Chernetsky et al. 2010). Thus, the non-linear interac-
tions between river flow and tidal forcing, and their influ-
ence on bed stress (see e.g. Godin et al. 1991), are typically 
not considered in analytical morphodynamic models. Indeed, 
analytical representations of bed stress variability due to river/
tide interaction are rarely attempted (but see Buschmann et al. 
2009; Familkhalili et al. 2022); rather, the integrated response 
of coupled sediment/tidal behavior, which includes sediment 
settling lag effects, is evaluated (e.g., Chernetsky et al. 2010). 
In this contribution, we develop an analytical expression for 
the along-channel variability in bed stress, which explicitly 
details the non-linear interactions between river flow and tidal 
forcing, to better understand how frictional non-linearities 
influence sediment trapping. 

Frictional river/tide interactions can influence the spatial 
variability in bed stress and produce local minima in bed stress, 
which are thought to be hotspots of sediment trapping, particu-
larly of the coarser fraction of sand, which is less influenced by 
water-column settling lag effects (Jay et al. 1990). Transport of 
sand, whether as bed load or suspended load, is a primary mode 
of sediment transport in energetic, sand bedded river estuaries 
(see Templeton and Jay 2012), and is directly related to veloc-
ity and bed stress through the Shields parameter (Dyer 1995). 
However, since most studies of sediment transport in estuaries 
focus on fine sands, cohesive sediments, and the formation of 
ETMs from suspended sediment, the possibility that bed stress 
minima might influence deposition of the coarser sand fraction 
is much less studied (but see Dalrymple et al. 1992).

Background

Following standard practice, we define bed stress τb in terms of 
the near-bed fluid velocity ub, fluid density ρ, and a drag coeffi-
cient representing the roughness of the bed Cd (Proudman 1952):

where the absolute value accounts for the reversal in stress 
direction that occurs when tidal velocities change sign. If 
τb exceeds a critical threshold, τc, sediment is considered to 
mobilize off the bed. Sediment transport then scales non-
linearly with τb (Dyer 1986). Because both the fluid veloc-
ity and bed roughness vary in space and time (Branch et al. 
2021), gradients in bed stress develop that influence erosion 
and deposition patterns.

(1)�b ≡ �Cdub
||ub||,



Estuaries and Coasts	

1 3

In a tidal river, the cross-sectionally averaged bottom 
velocity ub is driven by the hydraulic gradients set up by pre-
cipitation/watershed runoff and ocean tides, which are refer-
enced herein as the riverine (residual) velocity (UR) and tidal 
velocity (UT). In a 1-D framework (cross-sectionally aver-
aged), assuming a single tidal constituent with no reflected 
wave, the near-bed velocity at a given location x can be 
described as follows:

where UT(x) is tidal velocity amplitude, T is the tidal period, 
φ(x) is tidal phase, UR (x) ≡ QR/hb is the residual (non-tidal) 
velocity, h(x) is the tidally averaged river depth, b(x) is river 
width, and QR < 0 is river discharge. x = 0 at the ocean and x 
= L at the head of tides where UT ∼ 0. In the absence of trib-
utary input, QR is constant in space. Therefore, convergent 
channels in which the cross-sectional area decreases mono-
tonically in the upstream direction exhibit river velocities 
that increase in the upstream direction (Fig. 1). Tidal veloc-
ity, by contrast, is forced at the ocean boundary and typically 
decreases in the upstream direction due to frictional damp-
ing. Strong cross-sectional convergence can locally amplify 
tidal velocity as the wave propagates upstream, but the gen-
eral trend is for UT(x) to decrease in the upstream direction 
in systems with strong river discharge. The result of these 
two opposing gradients is a local minimum in ub, and more 
importantly in τb, that leads to convergent sediment fluxes 
and that may control the morphological character of an allu-
vial system (Dalrymple et al. 1992).

While a bed stress minimum (and preferential deposition 
zone) is believed to be common in tidal rivers, the literature is 
limited on analytical characterizations of its location. Nittrouer 
et al. (2012) showed that the cross-sectional area of the Mis-
sissippi River increases in the downstream direction during 
low/moderate river discharge, which causes a local minimum 
in velocity (or bed stress) near the mouth of the river with 

(2)ub = UTcos
(
2�t

T
− �

)
+ UR,

sediment deposition occurring upstream thereof. Their analy-
sis, however, neglects the influence of tidal velocity on the bed 
stress and is thus restricted to systems with minimal tidal input, 
as is appropriate for the micro-tidal environment of the Mis-
sissippi. Evaluation of meso- and macro-tidal systems requires 
consideration of the coupled interaction between the tidal and 
fluvial velocity fields (Hoitink and Jay 2016).

Giese and Jay (1989), Jay et al. (1990), and Jay et al. 
(2016) evaluated the energy balance in the Lower Columbia 
River Estuary (LCRE) demonstrating that, because of tidal 
damping and channel geometry, tidal and fluvial dissipation 
are monotonically decreasing/increasing functions from the 
mouth of the river. As a result, the total dissipation, or bed 
stress, reaches a minimum at some location upstream of the 
mouth, xmin (Fig. 1). In the LCRE, this local minimum occurs 
within a locus of sand deposition that extends from roughly 
river kilometer (Rkm) 30 to 56 and that requires anomalously 
high-dredging quantities to maintain authorized depths in the 
FNC. The estuary turbidity maximum is also often found in 
the downstream end of this reach. The evaluation of Giese 
and Jay (1989) implies that an increase in fluvial dissipation 
during high river discharge events would shift xmin seaward, 
but a detailed evaluation of the bed stress minimum location 
was beyond the scope of their analysis.

The ability to evaluate the factors that influence xmin 
is particularly important in the LCRE because, like other 
systems, the river has been extensively modified since the 
nineteenth century. The authorized depth of the Lower 
Columbia River FNC has more than doubled from 6 to 13 
m over the twentieth century (Helaire et al. 2019). At the 
same time, flow regulation has reduced peak flows, and the 
mean river discharge during the spring freshet (May–July) 
has decreased from 13,610 m3 s−1 before 1900 to 7060 m3 
s−1 between 1970 and 2004 (Naik and Jay 2011). Both chan-
nel deepening and flow regulation decrease fluvial dissipa-
tion in the system; however, the influence of these activities 
on xmin, and the locus of sand deposition, remains unclear.

Fig. 1   Plan view of idealized 
convergent river (top) and 
resulting along-channel profile 
of bed stress (bottom)
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To test the hypothesis of Giese and Jay (1989) and Jay 
et al. (2016), we explore the sensitivity of xmin to channel 
geometry and river discharge by adapting the bed stress line-
arization introduced by Proudman (1952) and later extended 
by Dronkers (1964). The approach includes spatial variabil-
ity induced by tidal damping and channel convergence to 
obtain analytical estimates of xmin. Estimates of xmin were 
validated using the 2-D Adaptive Hydraulics (AdH) numeri-
cal model using nine convergent channel geometries and 
six river discharges, a total of 54 simulations. In testing the 
parameter space, we found that xmin is topographically con-
strained by channel convergence but indeed exhibits vari-
ability induced by channel geometry and river discharge as 
hypothesized above. The theoretical considerations devel-
oped herein were applied to three prototype estuaries and 
show good agreement with their sediment transport charac-
teristics, as described in the literature.

Methods

This section introduces an analytical framework for estimat-
ing the location of the bed stress minimum as a function of 
channel geometry, river discharge, and tidal amplitude. The 
framework employs a Fourier series decomposition of the 
non-linear bed stress and the theory of tidal propagation to 
establish an along-channel profile of the bed stress magni-
tude τ(x). This evaluation provides a relatively straightfor-
ward approach to examine the spatial distribution of bed 
stress without the need to solve the equations of motion. 
The location of the minimum bed stress within the domain, 
xmin, is found using the along-channel derivative of τ(x) and 
validated using AdH numerical model simulations.

Fourier Decomposition

Assuming bed velocity is driven by a single tidal constituent 
and river discharge, the bed stress produces a signal at the 
fundamental, overtide, and residual frequencies. Following 
Proudman (1952), the bed stress (Eq. (1)) can be decom-
posed into contributing frequencies using a Fourier Cosine 
Series of velocity ub (Eq. (2)):

where n represents the individual elements of the series. 
Because we are interested only in the amplitude of τ(x), its 
along-channel phase variability can be neglected. Thus, we 
use a symmetric cosine series, assuming that phase φ = 0, 
π, 2π, … in Eq. (2) for all x.

The Fourier coefficients an are determined by using the 
orthogonality of the cosine function (Haberman 2004):

(3)ub
||ub|| ≈

∑∞

n=0
ancos

(
n�t

T

)
,

and the absolute value is addressed by substituting ub.2 into 
the integrand above and recognizing the change in sign 
induced over the interval [0, T]

where:

Substitution of Eq. (2) into Eq. (5) and evaluating for 
different values of n gives the magnitude of the bed stress at 
various frequencies. For a dominantly semidiurnal system, 
the diurnal tide can be neglected, and the fundamental fre-
quency is given by n = 2:

Evaluating Eq. (5) for n = 0 gives the bed stress magni-
tude at residual frequency:

We note that both the tidally varying and the residual 
terms are functions of the tidal velocity squared UT

2, the 
product URUT, and the river velocity squared UR

2. (cf. 
Buschman et al. 2009). The remaining Fourier coeffi-
cients describe the distribution of the bed stress signal 
across frequency space, which may manifest at frequen-
cies of other tidal constituents and/or shallow water over-
tides. When the velocity is composed of a single tidal 
constituent and river discharge (Eq. (2)), no energy is 
transferred to odd elements of the series (i.e., an = 0 for 
n = 1, 3, 5, …). The non-zero coefficients in Eq. (3) will 
decrease in magnitude as n increases, and only the first 
three elements are considered here, i.e., n = 0, 2, 4. The 
first overtide is given by n = 4:

(4)an =
2

T ∫
T

0

ub
||ub||cos

(
n�t

T

)
dt,

(5)an =
2

T

[
2∫

t1

0

u2
b
cos

(
n�t

T

)
dt − ∫

t2

t1

u2
b
cos

(
n�t

T

)
dt

]
,

(6)t1 =
T

2�
cos−1

(
−UR

UT

)
t2 = T − t1.

(7)

a2 = U2

T

[
3

�
sin

(
cos−1

(
−UR

UT

))
+

1

3�
sin

(
3cos−1

(
−UR

UT

))]

+ URUT

[
2

�
sin

(
2cos−1

(
−UR

UT

))
+

4

�
cos−1

(
−UR

UT

)
− 2

]

+ U2

R

[
4

�
sin

(
cos−1

(
−UR

UT

))]
.

(8)

a0 = U2

T

[
1

2�
sin

(
2cos−1

(
−UR

UT

))
+

1

�
cos−1

(
−UR

UT

)
−

1

2

]

+ URUT

[
4

�
sin

(
cos−1

(
−UR

UT

))]

+ U2

R

[
2

�
cos−1

(
−UR

UT

)
− 1

]
.
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While the overtide M6 (n = 6) is important in systems 
with small mean flows, its importance relative to M4 (n 
= 4) recedes quickly as river flow increases in amplitude 
from zero. Thus, the M6 term can be safely ignored in the 
systems considered here.

Equations (7) to (9) are challenging to interpret but 
can be simplified by noting that when UR/UT = 0 and 1, 
respectively, cos−1( UR/UT) = π/2 and 0, which allows Eq. 
(7) to be approximated as follows:

Equations (10) and (11) state that when there is no river 
discharge, the bed stress magnitude at the fundamental fre-
quency is equal to 8/3π(UT)2, which is the classical value 
cited in the literature (Dronkers 1964; Proudman 1952). 
The bed stress increases quadratically with UR for |UR | 
<|UT| and approximately linearly with |UR| when |UR| 
≥|UT| (Fig. 2). Note that the error in each approximation 
grows as UR/UT deviates from their respective intervals 
(Fig. 2).

The coefficient a0 can be simplified to:

(9)

a4 = U
2

T

[
1

�
sin

(
2cos

−1

(
−U

R

U
T

))
+

1

�
cos

−1

(
−U

R

U
T

)

+
1

4�
sin

(
4cos

−1

(
−U

R

U
T

))
−

1

2

]

+ U
R
U

T

[
4

�
sin

(
cos

−1

(
−U

R

U
T

))

+
4

3�
sin

(
3cos

−1

(
−U

R

U
T

))]

+ U
2

R

[
2

�
sin

(
2cos

−1

(
−U

R

U
T

))]
.

(10)a2 ≈
8

3𝜋
U2

T
+

4

𝜋
U2

R
0 ⩽ ||UR

|| < ||UT
||

(11)a2 ≈ −2URUT
||UR

|| ⩾ ||UT
|| .

(12)a0 ≈
4URUT

𝜋
0 ≤ ||UR

|| < ||UT
||

In contrast to the tidal frequency bed stress, Eqs. (12) 
and (13) indicate that a0 is linear in UR at low river veloci-
ties and quadratic at higher velocities (Fig. 2). When tides 
are absent, the zero frequency bed stress is simply the 
square of the river velocity (but opposite in sign).

Equation (9) can be approximated as:

Thus, a4 is approximately proportional to the tidal 
amplitude UT and increases approximately linearly with 
UR at low river discharge. However, once the river veloc-
ity exceeds the tidal velocity, a4 is no longer a function of 
UR (Fig. 3). Because a4 approaches a constant value while 
a2 continues to grow as river velocity increases, there is a 
UR/UT value for which a4/a2 is maximum. Plotting Eqs. (7) 
and (9) reveals this ratio is maximum when UR/UT ≈ −0.6 
(Fig. 3b). Note that a4 is negative because it represents the 
transfer of energy to the first overtide from the interaction 
between the fundamental frequency and river discharge.

Equation (14) highlights the requirement for a non-zero 
river flow (or other tidally averaged flow) for a frictional 
overtide to be produced, which is not true for all overtide 
modes (i.e., when UR = 0, a4 = 0 but a6 ≠ 0). Also, a4 is 
limited by the tidal velocity scale UT because it is bound 
from above by UT

2, such that a4 is always less than a2, 
reaching up to about one-third of the fundamental fre-
quency (Fig. 3b). Because a4 is generally much smaller 
than a2, the overtide mode is not included in subsequent 
development of the bed stress minimum location. How-
ever, overtides are developed in the numerical model dis-
cussed below, and the consequences of neglecting a4 are 
explored by comparing analytical and numerical model 
results.

(13)a0 ≈ −
(

U2

T

2
+ U2

R

) ||UR
|| ⩾ ||UT

|| .

(14)a4 ≈
2.4URUT

𝜋
0 ≤ ||UR

|| < ||UT
||

(15)a4 ≈
−U2

T

2

||UR
|| ⩾ ||UT

|| .

Fig. 2   Tidal frequency bed 
stress a2 (a) and zero frequency 
bed stress a0 (b) as a function 
of UR/UT. Equations (7) and (8) 
are shown by gray solid line; 
approximations are shown in 
dashed lines
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The approximations defined in Eqs. (10)–(15) can also 
be derived using Chebyshev polynomials (see Chapter 8, 
Sect. 8 in Dronkers 1964), but the cosine series has simpler 
basis functions, which improves the clarity of exposition. 
Approximating the bed stress with Chebyshev polynomials 
is especially useful when deriving analytical solutions to 
the shallow water equations, because the bed stress can be 
accurately represented by two or three terms (Godin 1991). 
A Fourier cosine series, on the other hand, explicitly renders 
the amplitude of the bed stress at each frequency, which 
facilitates interpretation of how the bed stress responds to 
changes in channel geometry and boundary conditions. The 
Chebyshev polynomials require an extra step using trigono-
metric identities to decompose the non-linear terms into the 
tide/overtide modes (Godin 1991). Because we are interested 
in studying the spectral signature of the bed stress through-
out the domain, not solving the equations of motion, a Fou-
rier cosine series is used herein. Fourier’s theorem guaran-
tees convergence of the cosine series (Haberman 2004), and 
the cosine series also avoids the need to change variables 
associated in defining the Chebyshev polynomials. Finally, 
in situ observations and numerical modeling of tides are 
conventionally analyzed using harmonic functions, and so 
the elements of a Fourier cosine series are more readily com-
pared to results from these other tools.

Bed Stress Minimum Location

The bed stress varies in time due to seasonal fluctuations in 
river discharge and because UT and UR are opposed during 
flood but in the same direction on ebb. Tidal velocities also 
vary on daily, monthly, and annual time scales. For our analy-
sis, we focus on spatial variations in peak ebb bed stress mag-
nitude because in a system with substantial river flow such as 
the Columbia River, the largest stress–and therefore sediment 
transport–typically occurs during ebb, at least in the parts of 
the system without salinity intrusion. The interaction of semi-
diurnal and diurnal tides, which also creates an ebb asym-
metry in tidal currents on the US West Coast (see Nidzieko 
2010), will be considered in a future analysis. Below, we 

investigate the conditions required for this assumption to be 
valid. Subtracting Eq. (10) from Eq. (13) gives

Equation (16) captures the magnitude of bed stress dur-
ing peak ebb, which occurs at different times along the 
ocean-river continuum. This approach allows evaluation of 
neap-spring and seasonal variations in bed stress. In riv-
ers wherein the largest bed stress occurs during flood, the 
bed stress minimum location may be examined using along-
channel profiles of peak flood bed stress by adding Eqs. (10) 
and (13) (rather than subtracting).

Using Eqs. (10) and (13) limits the applicability of Eq. 
(16) to regions where UR/UT < 1. Outside of this range, 
the tidal frequency bed stress is overestimated by Eq. (10) 
(Fig. 2). Note, however, that along-channel profiles of bed 
stress estimated using (−4/π UT

2 – 7/π UR
2) and (a0 – a2) 

were found to be consistent in the vicinity of the bed stress 
minimum, and so this limitation does not practically con-
strain the utility of using the simpler approximation when 
deriving an expression for xmin.

The along-channel variability of |τebb| is evaluated by 
developing functional forms for UT and UR. The domain 
of interest extends from the ocean (x = 0) to the head of 
tides (x = L), where UT(L) = 0 (Fig. 1). Following Jay 
(1991), UT is defined using the shallow water equation 
by assuming a spatially constant tidally averaged river 
depth h(x) = H and convergent width, b(x) ∼ eγx. While 
real systems have local variations in depth and width, 
this simple representation approximates the geometry of 
many coastal plain estuaries, allows an analytical solu-
tion of the tidal velocity throughout the domain, and is 
a common approach used in the literature when studying 
tidal propagation in estuaries (Ianiello 1979; Lanzoni and 
Seminara 2002; Savenije 2005; Talke and Jay 2020). This 
approach assumes that the tidal amplitude is small relative 
to H, the flow is unstratified (though non-zero salinity 
and a weak mean salinity gradient may be present in the 
domain), and the spatial acceleration term is negligible. 

(16)||�ebb|| = a0 − a2 ≈
−4

�
U2

T
−

7

�
U2

R
.

Fig. 3   First overtide frequency 
bed stress a4 as a function of 
UR/UT (a) with Eq. (9) shown 
by gray solid line and approxi-
mations shown in dashed lines. 
Ratio of a4/a2 as a function of 
UR/UT using Eqs. (7) and (9) (b)
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In an estuary with moderate topography and no reflected 
wave, the tidal amplitude takes the form of an exponential 
function (Jay 1991):

where UT0 is the tidal amplitude at the mouth, p < 0 is the 
damping modulus, and γ scales the width convergence (b(x) 
∼eγx) and is defined using an e-folding length scale Le (γ = 
−1/Le < 0). When friction is stronger than topographic fun-
neling (|p| >| γ/2 |), the tidal velocity decays exponentially 
from the mouth. The use of an approximate tidal velocity 
(Eq. 17) to estimate the location of the bed stress minimum 
is validated through comparison with AdH Model results 
(see next section).

The river velocity UR is defined by the river discharge 
divided by the channel cross-section. Assuming an expo-
nentially convergent width (b(x) = B0 eγx + B1) gives

where B0 is river width at the mouth and B1 is river width 
as x → ∞.

Substituting Eqs. (17) and (18) into Eq. (16), and 
evaluating when the x-derivative equals zero, provides 
an implicit solution for xmin:

Finally, developing an explicit equation facilitates 
interpretation of the sensitivity of xmin. Assuming a 
range of typical values for p [−5(10−5), −1(10−6) m−1], γ 
[−5(10−5), −1(10−5) m−1] and x [0, 100 km], the average 
of e(2γ−2p)x/3 equals one, and the standard deviation is 0.26 
(see Fig. S1 in supplement). And so xmin can be approxi-
mated by assuming e(2γ−2p)x/3 is equal to one:

Note that e(2γ−2p)x/3 equals one when p = γ. When p/γ < 
1, Eq. (20) underestimates Eq. (19), while weaker conver-
gence relative to damping p/γ > 1 leads to overestimates 
by Eq. (20) (see Fig. S2 in supplement).

AdH Model

Equation (20) was validated using the 2-dimensional, verti-
cally integrated module of the AdH numerical model (Savant 
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et al. (2011); see also https://​hdl.​handle.​net/​11681/​39080). 
The domain, which extended 200 km landward from the 
ocean boundary, was defined as an exponentially convergent 
channel that relaxes to a constant width far upstream: (b = 
4,000eγx + 800 m) (see Fig. 1). Bed elevation was constant 
throughout the domain, and the grid contained anywhere 
between 1500 and 3000 elements, depending on γ. The chan-
nel geometry was chosen to produce a large range in xmin 
values when using the inputs from Table 1 in Eq. (20). The 
model was forced by the M2 tide at the mouth with an ampli-
tude of 0.8 m and constant river discharge at the upstream 
boundary. Simulations were run for 2 weeks using a maxi-
mum time step of 300 s. Trials were carried out under three 
different convergence length scales, three river depths, and 
six river discharges, yielding 54 individual runs (Table 1).

In order to define the bed stress minimum location for 
each trial (xadh), time series of velocity at each node were 
extracted from the AdH model output to define the bed 
stress throughout the domain as τ = ρ Cd U |U|, where ρ is 
water density, Cd is a drag coefficient, and U is the cross-
sectionally averaged along-channel velocity (ebb velocity 
negative). The drag coefficient within a real system can vary 
between roughly 0.001 and 0.01 (Branch et al. 2021) and 
was assumed to equal 0.0026, following prior studies in tidal 
rivers (Giese and Jay 1989; Friedrichs and Aubrey 1994; 
Ralston et al. 2019). Along-channel profiles of the bed stress 
were then plotted at each time step to define an envelope 
of bed stress along the river that illustrate the maximum, 
minimum, and range of bed stress at each location during the 
tidal cycle (see, for example, the gray shading in Fig. 4). For 
each trial, the location of the xadh was defined as the loca-
tion where the bed stress envelope shows a local minimum 
during ebb (red squares in Fig. 4). Of the 54 simulations, 30 
exhibited a bed stress minimum within the domain. For these 
trials, xmin was defined by substituting the boundary condi-
tions and geometry of the AdH model into Eq. (20). The 
damping modulus p and UT0 were estimated by harmonic 
analysis of the AdH-derived velocity field.

This study focuses on spatial patterns of bed stress, the 
location of the bed stress minimum in particular, to infer 
general trends in sediment transport. Other measures that 
are traditionally considered for evaluating long-term ero-
sion and deposition patterns are flow predominance and 
net sediment transport. These two criteria were assessed 

Table 1   River discharge, depth, and convergence length scenarios used 
in AdH runs

River discharge, QR [m3s−1] −{2000, 4000, 6000, 
10000, 14000, 
18000}

River depth, H [m] {6, 9, 12}
E-folding length, Le [km] {40, 80, 120}

https://hdl.handle.net/11681/39080


	 Estuaries and Coasts

1 3

using AdH model simulations to highlight the influence of 
the bed stress minimum on sediment transport. Flow pre-
dominance was defined using tidally averaged bed stress 
profiles and AdH derived bed stress envelopes (as defined 
below). Excess bed stress (|τb|-τc) is commonly used to 
estimate sediment transport (see Dyer 1995), and the sum 
of this value squared during the AdH model simulation τE 
was used as a proxy for net sediment transport:

where the sign() is needed to maintain direction of transport 
as τb changes sign, and only τb values greater than τc are 
included in the integration. Unless otherwise noted, τc is 
assumed to be 0.2 N m−2. This uses Shields criterion (Dyer 
1995): τc = 0.05(ρs-ρ)gD50, where ρs = 2650 kg m−3 is the 
particle density, D50 = 0.2 mm is particle diameter, and g is 
the acceleration of gravity.

Results

This section outlines comparisons between analytical 
estimates of the bed stress minimum location (Eq. (20)) 
and AdH model simulations. The sensitivity of xmin to 

(21)�E = ∫t

sign
(
�b
)(||�b|| − �c

)2
,

channel geometry, tidal amplitude, and river discharge is 
then explored by studying the properties of Eq. (20).

AdH Model and Validation

AdH-derived bed stress envelopes highlight the connection 
between the bed stress minimum location and the transi-
tion from tidally to fluvially dominated dynamics in the 
river. As tidal velocities decrease in the upstream direction 
due to friction, the range of bed stress over a tidal cycle 
is also smaller (Fig. 4). The proportion of time during the 
tidal cycle when the bed stress is greater than zero (flood 
tide) also becomes smaller, tending towards zero somewhere 
near the bed stress minimum. Because river velocity is larg-
est in the narrow, upstream part of the model domain, the 
most negative, tidally averaged bed stress typically occurs 
at the upstream boundary (solid gray line in Fig. 4). Mov-
ing downstream, increases in channel width decrease the 
river velocity and the fluvial contribution to the bed stress 
(Figs. 5 and 6). A local minimum in modeled bed stress, 
xadh, manifests where the tidal contribution begins to bal-
ance the downstream decrease in UR. While xadh sometimes  
occurred in the region where 1/3 <| UR/UT |< 14, over half of  
the trials exhibited bed stress minima within the tidal-fluvial 

Fig. 4   Along-channel profile 
of bed stress computed in AdH 
models when river discharge 
equals 4000 m3s−1 (left) and 
6000 m3s−1 (right) and e-folding 
length scale equals 40 Rkm 
(top), 80 Rkm (middle), and 120 
Rkm (bottom). Tidally averaged 
bed stress shown by solid line. 
Excess bed stress τE, normal-
ized by its maximum value 
in the domain, is shown by 
dash-dotted lines. Dashed lines 
represent critical shear stress 
for fine sand D50 = 0.25 mm, 
defined using Shields Diagram. 
Dotted line shows zero bed 
stress. Red square marks xadh. 
Yellow triangle marks xmin
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transition wherein 1 <| UR/UT |< 3. As width convergence 
and discharge increased, the tidal-fluvial transition and xadh 
were found to move downstream.

Although the velocity acts primarily at residual and tidal 
frequencies, the overtide mode also contributes to U in the 
AdH simulations (solid lines in Fig. 5). The overtide con-
tribution reaches a maximum between the mouth and xadh, 
reaching about 15% of the total velocity. While the relative 
phase difference between U2 and U4 (2φ2 − φ4) indicates 
that the tidal velocity is slightly flood dominant throughout 
the domain (0 < 2φ2 − φ4 < π/2), the total velocity is ebb 
dominant because UR is greater than U4.

The overtide mode also contributes to AdH-derived 
bed stress, but in this case, the relative phase differ-
ence between a2 and a4 (2θ2 − θ4) transitions from ebb 
dominant near the mouth (2θ2 − θ4 ≈ π) to slightly flood 
dominant near and upstream of xadh (Fig. 6). Again a0 is 
greater than a4, and so the total bed stress is ebb domi-
nant. Because Eq. (16) does not include a4, analytical 
estimates of τebb will overestimate AdH ebb tide bed stress 
in regions where the bed stress is flood dominant and 
underestimate AdH in ebb-dominant regions (see dashed 
vs solid lines in Fig. 6). The difference between τebb and 
AdH ebb tide bed stress was typically small and did not 
exceed 0.05 m2s−2 at any given location.

Analytical estimates of the residual and tidal bed stress 
components (Eqs. (7)–(8)) agree well with harmonic analy-
sis of AdH bed stress (within 0.02 m2s−2; Fig. 6). Small dis-
crepancies are evident near where along-channel profiles of 
|U4| reach a maximum (see Figs. 5 and 6), likely because U4 
is not included in Eq. (2). Analytical estimates of the over-
tide frequency bed stress (Eq. (9)) generally do not agree 
with AdH estimates because Eq. (9) represents the bed stress 
produced by the interaction of UR and UT alone, whereas 
AdH also includes the contribution of U4. Errors between 
Eq. (9) and AdH reach about 0.05 m2s−2, but the greatest 
difference between the two approaches is that Eq. (9) does 
not produce the shift from ebb to flood dominance that is 
evident in the AdH model. Further study of the overtide 
frequency bed stress must, therefore, include the U4 con-
tribution to the velocity field when calculating the Fourier 
coefficients for U|U|.

Despite the discrepancies noted above, comparisons 
between xadh and xmin (Eq. (20)) show that, even when omit-
ting the first overtide in Eq. (2), the analytical results are 
qualitatively consistent with numerical results. Estimates of 
xadh and xmin were found to be well correlated (R2 = 0.8 and 
p-value ≈ 0) and to share a linear relationship that follows a 
1:1 slope (see Fig. 7). Equation (20) is biased above xadh dur-
ing low flows when Le = 120 km (Fig. 4), however, which 

Fig. 5   Along-channel profile of 
velocity at residual (solid red 
lines), tidal (solid blue lines), 
and overtide (solid yellow lines) 
frequency computed using har-
monic analysis of AdH modeled 
velocity. Results are shown for 
river discharge of 4000 m3s−1 
(left) and 6000 m3s−1 (right) 
and e-folding length scales of 
40 Rkm (top), 80 Rkm (middle), 
and 120 Rkm (bottom). Phase 
difference between UT and U4 
(2φ2 − φ4) is shown by a gray-
dotted line and indicates that the 
tidal velocity is flood dominant. 
Red squares denote xadh and 
yellow triangles xmin
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can be attributed to the lack of an overtide mode in the ana-
lytical formulation. These trials also had p/γ ratios close to 
three, which can lead to overestimates of the bed stress mini-
mum location using Eq. (20) (see Fig. S2 in Supplement). 
The ~70-km discrepancies observed in these trials corre-
spond to a bed stress envelope with small along-channel 

gradients in the upper reaches of the river where the bed 
stress minimum was located (e.g., Fig. 4f). Under such 
conditions, the bed stress minimum is better described as 
a ~50-km region rather than a discrete location of reduced 
bed stress, in which case the discrepancies in Fig. 7 are less 
significant. Also, xmin shows greatest sensitivity to small 
changes in boundary conditions and geometry when the bed 
stress minimum is upstream of Le (see Fig. 8), which may 
also contribute to the bias observed for these trials.

Excess bed stress (Eq. (21)) is largest at the upstream 
boundary for strongly convergent geometries and at the river 
mouth for weakly convergent geometries (dash-dotted lines in 
Fig. 4). In both cases, the along-channel profile of τE shows a 
local minimum somewhere near xadh. Excess bed stress τE was 
found to be negative (ebb-dominant) throughout the model 
domain, so the gradients in τE imply sediment accumulation 
upstream of xadh (at any given control volume, more sedi-
ment enters at the upstream boundary than leaves through the 
downstream boundary) and sediment loss downstream of xadh. 
Substituting different values of D50 into Eq. (21) changed the 
magnitude of τE throughout the domain, but not the qualita-
tive aspects of its along-channel distribution. τE exhibited a 
local minimum near xadh for both finer and coarser grain sizes. 
Larger particles resulted in a region of limited particle mobil-
ity wherein τE = 0, which was centered on xadh.

Fig. 6   Along-channel profiles of 
Fourier coefficients (a proxy for 
bed stress) for river discharge 
of 4000 m3s−1 (left) and 6000 
m3s−1 (right) and e-folding 
length scales of 40 Rkm (top), 
80 Rkm (middle), and 120 
Rkm (bottom). Coefficients are 
shown at residual (red lines), 
tidal (blue lines), and overtide 
(yellow lines) frequency. Ana-
lytical estimates (Eqs. (7)–(9)) 
are shown by dashed lines. Har-
monic analysis of AdH modeled 
bed stress (U|U|) is sown by 
solid lines. Total bed stress 
during ebb in AdH simulation 
(solid) and Eq. (16) (dashed) are 
shown by green lines. The rela-
tive phase differences between 
a2 and a4 are shown as dotted 
lines. Red squares denote xadh

Fig. 7   Location of bed stress minimum in Eq. (20) vs xadh. Solid line 
depicts a 1:1 slope
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Sensitivity Study

The non-dimensional location of the bed stress minimum 
xmin/Le is a function of three non-dimensional variables: 
the ratio of river velocity to tidal velocity at the mouth QR/
(HB0UT0), the ratio of tidal damping to convergence p/γ, and 
the ratio of the river widths at the upstream and seaward 
boundaries B1/B0 (Eq. (20)). The sensitivity of xmin to these 
parameters is discussed below. Throughout this section, all 
parameters in Eq. (20) are assumed to be equal to the values 
outlined in Table 2 unless otherwise noted.

Because the location of the bed stress minimum is 
defined through the natural logarithm, xmin is most sensitive 
to changes in boundary conditions and/or geometry when the 
argument of the natural log function is close to zero or when:

With the parameters used here, this threshold occurs when 
|QR/(HB0UT0) |= 0.04, which represents the furthest upstream 
limit of the applicability of the equations. Values smaller than 
this yield a complex number from the log function. Values just 
larger than 0.04 produce the maximum sensitivity of xmin to 
external forcing (Fig. 8a). In other words, the spatial variability 
of the bed stress minimum is greatest when xmin is near the 
upstream reaches of the domain (e.g., when river discharge is 
small) and decreases as xmin approaches the mouth. A greater 
sensitivity of xmin in the narrowest part of the river is reason-
able because small changes in discharge or geometry have 
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greater effect on the river velocity (and hence bed stress) in 
that location than in wider reaches of the river.

The condition for which xmin is exported to the ocean in the 
analytical model occurs when the argument of the logarithm 
(see Eq. (20)) is less than or equal to unity:

Under these conditions, xmin ≤ 0, which is outside the valid-
ity of the model, and the minimum stress within the domain 
occurs at x = 0. Recall that the analytical model assumes a 
single-layer (barotropic) flow, and so the bed stress minimum 
may reside further upstream or require greater river discharge 
for export when baroclinic circulation dominates velocities 
near the bed. Solving for QR in Eq. (23) provides the river 
discharge at which the bed stress minimum is exported:

In fact the river discharge required for the bed stress mini-
mum to reside at any location x within the domain is given by:

For parameter values which resemble the Columbia River 
(Table 2), Eqs. (24) and (25) indicate that the discharge 
needs to reach about 7000 m3s−1 or 22,000 m3s−1 for the bed 
stress minimum to be located at the e-folding length scale or 
be exported to the ocean, respectively. The former value is 
slightly less than the modern average flow and about 90% of 
the historic mean flow (Naik and Jay 2011). The latter value is 
about equal to the 2-year return flow before 1900, i.e., before 
system alteration (Jay and Naik 2011). In other words, xmin 
equals about 40 km on average in the LCRE, and the bed 
stress minimum is exported only during extreme events (see 
Fig. 11b). Note that for QR = 22,000 m3 s−1, the LCRE is 
mostly freshwater, and so the assumption of depth-integrated 
conditions is justified (Al-bahadily 2020). A minimum bed 
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Fig. 8   xmin as a function of QR/
HB0UT0 (left), p/γ (center), and 
B1/B0 (right)

Table 2   Assumed values for variables used in sensitivity studies, 
which are representative of the Lower Columbia River Estuary

River discharge, QR [m3s−1] −6000
River depth, H [m] 10
River width at ocean boundary, B0 [m] 4000
River width at upstream boundary, B1 [m] 800
E-folding length, Le [km] 40
Tidal amplitude at ocean boundary, UT0 [ms−1] 1.0
Damping modulus, p [m−1] −2e−5
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stress occurs within the domain when the ratio of river trans-
port to tidal discharge |QR/(HB0UT0)| is < 0.54. Thus, xmin is 
exported when QR is more than about half of the tidal dis-
charge. Less convergent systems require a greater QR/QT ratio 
to export the bed stress minimum, because xmin is typically 
located further upstream in such systems (Eq. (24); Fig. 8b).

Equation (20) suggests that increasing river velocity, 
whether by changing river discharge or by decreasing cross-
sectional area, tends to move xmin downstream. Thus, stronger 
convergence relative to tidal damping reduces xmin (Fig. 8b). 
Likewise, decreasing B1 relative to B0 (narrower upstream 
cross-sections) reduces xmin (Fig. 8c). Physically this repre-
sents the relative increase in the fluvial contribution to the 
bed stress in the upriver reaches when convergence increases, 
thus translating xmin seaward to a location where UR decreases 
enough to produce a local minimum. Similarly, shallower sys-
tems exhibit bed stress minima that are further seaward relative 
to deeper systems (Fig. 8a).

The functional form of Eq. (20) highlights that xmin is 
defined as the product between the e-folding length scale and 
some function of the river geometry and boundary conditions:

Therefore, xmin is closely related to Le and will move 
downstream and exhibit less sensitivity to changing bound-
ary conditions as convergence increases (Fig. 9). Experi-
mentation with different geometries and boundary condi-
tions reveals that the bed stress minimum in large rivers 
like the LCRE has the greatest likelihood of occurring at 
or just upstream of the e-folding length scale. For example, 
when Le equals 60 km and all other variables in Eq. (20) are 
uniformly sampled across the sets defined in Table 3, xmin 
equals 69 km on average with a standard deviation of 80 
km. When Le equals 120 km, xmin equals 180 km on aver-
age with a standard deviation of 160 km (Fig. 10). Qualita-
tively, larger variations of xmin in less convergent channels 

(26)xmin = Le ∗ f
(
QR,UT0, p, � ,B0,B1,H

)
.

result from a smaller along-channel gradient in river veloc-
ity (Fig. 5), wherein changes to boundary conditions cause 
relatively larger translations in xmin. Bed stress minima situ-
ated further upstream are also associated with smaller along-
channel gradients in tidal velocity, which supplements larger 
translations in xmin. Finally, because the range of xmin values 
moves downstream as Le decreases, stronger convergence 
means the bed stress minimum is exported to the ocean (xmin 
< 0) over a greater range of the parameter space (Fig. 10).

Hypersynchronous estuaries lead to a complex number 
in Eq. (20) because (p/γ − ½) is negative. In such systems, 
the spatial gradients in the tidal and river velocities are 
not conducive for the formation of a bed stress minimum 
because both increase in the upstream direction. Some estu-
aries are hypersynchronous near the mouth, but at some 
point further upstream, the changes in width become incon-
sequential, and tidal velocity decreases. Presumably, this 
puts the bed stress minimum farther upstream. Weakly con-
vergent channels host bed stress minima near the upstream 
boundary because the river velocity is relatively constant 
along the channel. When tidal damping is minimal (p/γ 
~ ½), the bed stress minimum is located near the mouth 
because the tidal velocity is relatively constant (Fig. 9).

Fig. 9   xmin parameter space as function of velocity scale (y-axis) and 
friction scale (x-axis). Values are produced using variables from Table 2 
in Eq. (20)

Table 3   Variable sets sampled for producing xmin probability distribu-
tions in Fig. 10

River discharge, QR [m3s−1] [−20,000, −1000]
River depth, H [m] [5, 40]
River width at ocean boundary, B0 [m] [1000, 6000]
River width at upstream boundary, B1 [m] [400, 1000]
Tidal amplitude at ocean boundary, UT0 [ms−1] [0.2, 2]
Damping modulus, p [m−1] [−5e−5, −1.5e−5]

Fig. 10   Probability distribution of xmin as estimated by Eq. (20) using 
variable sets listed in Table  3. xmin less than zero indicates that the 
bed stress minimum has been exported to the ocean, but holds no 
other physical meaning
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Discussion

The dependence of xmin on depth and river discharge sug-
gests that any shifts to system morphology and bound-
ary conditions, whether caused naturally or by system 
management, can result in large shifts in the bed stress 
minimum and therefore the locations of sediment depo-
sition. Rivers all over the world are being deepened to 
facilitate passage for ever larger vessels (Talke and Jay 
2020), which suggests that the bed stress minimum has 
migrated upstream in many rivers. In this section, histori-
cal changes in bed stress profiles and bed stress minimum 
locations are explored in three prototype systems (Lower 
Columbia River Estuary or LCRE, Delaware Estuary, and 
Hudson River) to illustrate how management over the last 
century may have influenced sediment transport and depo-
sition near xmin. For each system, daily averaged river dis-
charge observations between 2000 and 2020 and idealized 
geometry (Table 4) are substituted into Eq. (20) to develop 
probability distributions of xmin for modern and historical 
channel depths. Bed stress profiles are generated using 
|τebb|= a0 − a2 (see Methods section).

Lower Columbia River Estuary

Before channel improvements beginning in the late 1870s, con-
trolling depths in the LCRE were about 6–8 m (Hickson 1961; 
Helaire et al. 2019). While in-water placement of dredged 
material has maintained shallower depths outside the FNC, 
the increase in ship-draft over the last 150 years has driven 
depth increases all along the river. Historical cross-sections 
before channel improvement show many reaches with an aver-
age depth of 7 m or less (Hickson 1961). In contrast, recent 
bathymetry surveys indicate that the average depth of the 
LCRE is on the order of 10 m upstream of the estuary (Rkm 
50), consistent with the idea that dredging has exceeded sand 
supply for most years since 1905 (Templeton and Jay 2012). As 
has happened in other systems where hydropower regulation 

of flow has reduced flows, sediment supply has decreased (Jay 
and Simenstad 1996; Naik and Jay 2010, 2011). Agricultural 
diversion, flood control, reservoir trapping of sediment, and 
decreased flows due to climate change since the late 1800s 
have all contributed to decreased sediment input at the same 
time that dredging has removed large amounts of sand (Naik 
and Jay 2011).

Substitution of values representative of the LCRE 
(Table 2) into Eq. (20) along with daily average river dis-
charge measured at Rkm 87 from 2000 to 2020 suggests how 
the probability distribution of xmin may have shifted due to 
channel deepening. Assuming an average river depth of 7 m 
before 1900, the average value of xmin is 33 km and seasonal 
variability in river discharge shifts xmin by 75 km (Fig. 11b). 
During low flow, late summer months, xmin is near Rkm 
75, while it is within a few kilometers of the mouth during 
flood events. With a deeper river (H = 10 m), the average 
location for the bed stress minimum shifts upstream by 15 
km to Rkm 48, and seasonal patterns in the hydrograph shift 
xmin by roughly 100 km, from Rkm 5 to Rkm 115. Because 
the parameterization of tidal amplitude does not include the 
damping effects of river discharge (UT0 and p are constant in 
Table 2), seasonal fluctuations in xmin are potentially greater 
in the LCRE than Eq. (20) suggests.

Channel deepening can influence shoaling volumes 
upstream of xmin through modifications to the along-channel 
profile of bed stress. For example, a deeper channel exhibits 
smaller bed stress magnitudes and reduced bed stress gra-
dients upstream of xmin than a shallower channel (Fig. 11a). 
Because the bed stress is uniformly greater than the criti-
cal value for particle movement, as defined using Shields 
Diagram with a mean particle diameter D50 = 0.25 mm, 
sand deposition is controlled by spatial gradients in trans-
port, which suggests that deepening could reduce shoaling 
upstream of xmin even though the bed stress decreases.

Flow regulation on the LCRE has influenced the bed stress 
minimum through a reduction in peak seasonal flows. For 
example, the mean river discharge during the spring freshet 
(May–July) decreased from 13,610 m3 s−1 before 1900 to 
7060 m3 s−1 between 1970 and 2004 (Naik and Jay 2010). 
According to Eq. (20), this decrease in river discharge results 
in an upstream shift in xmin of 25 km during the freshet (from 
Rkm 15 to Rkm 40). In fact, the bed stress minimum does not 
occur in the estuary under pre-regulation peak freshet flows 
(~22,000m3 s−1), whereas xmin ≈ 30 km during present day 
peak freshet flows (~9000m3 s−1). While salinity intrusion 
limits sand export, salinity was essentially expelled from the 
Columbia River estuary on greater ebbs during pre-1900 high 
flows (Sherwood et al. 1990; Al-bahadily 2020). Together 
with the changes in river depth, flow regulation has created 
a system that is likely no longer capable of exporting the 
bed stress minimum (except under very large flood events), 
which suggests that less material is being supplied to the 

Table 4   Idealized representation of example estuaries

a Pareja-Roman et al. (2020)
b Ralston and Geyer (2017)
c NOAA tide and current predictions

Variable Delaware Estuarya Hudson 
River 
Estuaryb,c

B0 [m] 45,000 1900
B1 [m] 300 200
Le [km] 35 60
UT0 [ms−1] 0.8 0.7
p [m−1] −2e−5 −1.5e−5
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Columbia River plume and the Washington coast now than 
was a century ago. Indeed, shoreline erosion near the mouth 
of the Columbia River since the 1950s has been attributed 
to insufficient sediment supply from the estuary (Kaminsky 
et al. 2010; Elias et al. 2012). According to Eq. (24), river 
discharge needs to reach about 22,000 m3 s−1 under present-
day river depths and 15,000 m3 s−1 when H = 7 m before the 
bed stress minimum is expelled. Daily averaged discharge 
at Rkm 87 exceeded QR0 on only 3 days between 1970 and 
2020, whereas QR0 was exceeded on 455 days between 1880 
and 1930 (Jay and Naik 2011).

Baroclinic effects somewhat limit the validity of this anal-
ysis in the Columbia within about 5–15 km of the mouth, 
because the estuary is highly stratified within this reach 
during periods of large river discharge when xmin is shifted 
this far downstream (Jay and Smith 1990). Moreover, river 
discharge through the estuary is split between the north and 
south channel downstream of Rkm 40, with the portion of 
flow through the south channel decreasing as river discharge 
increases (Al-bahadily 2020), which may also modulate the 
relationship between xmin and QR. The theory still provides 
additional insight on the factors controlling deposition in an 
estuary, however. While the traditional perspective has been 
that the ETM of the LCRE forms by gravitational circulation 
(Gelfenbaum 1983) and tidal asymmetry (Jay and Simenstad  
1996; Jay et al. 2007), the bed stress minimum caused by 
the interplay of tidal and river currents may also be impor-
tant. Indeed, sand accumulation in the estuary occurs most 
rapidly near the upstream end of the energy flux divergence 
minimum (~Rkm 50), upstream of all salinity intrusion 
(Jay et al. 1990), and near the average location for the bed 
stress minimum (Fig. 11). Because the material trapped by 
the bed stress minimum travels as bed load, rather than the 
suspended load that makes the ETM, a wider gradation of 
material can also become deposited. That is, when river 

discharge is large enough, and xmin is shifted downstream 
near the salt wedge, greater volumes and gradations of mate-
rial can become trapped in the ETM than would otherwise 
occur without a local minimum in bed stress. Indeed, the 
ETM of the LCRE is sand-bedded with long-term trapping 
of fines occurring in peripheral areas, on neaps, and during 
the low-flow season (Jay et al. 2007).

Creating and maintaining deeper water in the LCRE navi-
gation channel have been achieved in large part through the 
construction of pile dikes and artificial islands throughout the 
river, and so the river has become narrower in many places as 
well as deeper. For example, pile dikes at Henrici Bar (~Rkm 
145) decreased the river width from about 1400 m in 1909 
to 870 m in 1959 (Hickson 1961). Reduction of river widths 
near the upstream boundary of a tidal river (B1) may counter-
act upstream migration of xmin due to channel deepening and 
flow reduction (see Fig. 8c) and may also enhance deposi-
tion upstream of xmin due to stronger spatial gradients in bed 
stress. Changes in river width are less studied than changes in 
depth but have been shown to contribute to changes in tides 
and river flow velocities (e.g., Talke et al. 2021). The theory 
presented here suggests that width alterations could play an 
important role in the sediment transport patterns controlled 
by the bed stress minimum for systems like the LCRE. Fur-
ther exploration of the influence of river width is beyond the 
scope of this study but could provide additional insights to 
how channel improvement structures and land reclamation 
have altered sand deposition in the LCRE.

Delaware Estuary

Like the Columbia River, the Delaware Estuary contains a 
region with anomalously high shoaling rates. Roughly 60% of 
all material dredged from the Philadelphia-Sea shipping chan-
nel is derived from the Marcus Hook–New Castle reach around 

Fig. 11   Left: Bed stress profiles (Eq. (16)) in idealized Columbia 
River for river discharge of 2000 (dotted lines), 5000 (solid lines), 
and 10,000 (dashed lines) m3s−1 assuming historical (blue lines) and 
contemporary channel depths (red lines). Solid black line denotes 

critical bed stress for movement of medium sand (D50 = 0.25 mm). 
Right: Columbia River xmin as calculated using Eq. (20) using river 
discharge measurements > 2000 m3s−1 collected between 2000 and 
2020 at USGS Station 14246900 (~Rkm 86)
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Rkm 105 to 130 (Sommerfield et al. 2003). This region also 
coincides with a distinct down-estuary transition in bed com-
position from coarse to fine grain material that occurs between 
Rkm 120 to 140 (Sommerfield et al. 2003). Together, these 
depositional patterns imply that the system energy decreases as 
one moves downstream through this reach. Indeed, xmin occurs 
near Rkm 120 on average (Fig. 12b), and near Rkm 95 during 
peak spring discharge (QR = 2, 500 m3 s−1), which is also near 
where the tidally averaged bottom current is zero (Sommerfield 
and Wong 2011).

Channel development up to Rkm 200 has increased 
mean water depths in the Delaware Estuary from about 5 
m in 1848 to 8 m in 2014 (DiLorenzo et al. 1993; Pareja-
Roman et al. 2020). As a result, the calculated bed stress 
minimum location has moved upstream 10 km on aver-
age (Fig. 12b) and 15 km during peak spring discharge. 
Increased water depths have also decreased bed stress mag-
nitudes and relaxed spatial gradients in bed stress upstream 
of xmin (Fig. 12a). Along-channel bed stress profiles even 
drop below the critical value of τc for medium-coarse sand 
mobility (D50 = 0.5 mm) during average spring season 
discharge (QR ≤ 600 m3 s−1), hinting at a zone of limited 
mobility and temporary storage of medium sands. Indeed, 
most of the sediment delivered to the estuary turbidity maxi-
mum (ETM) likely originates from bed storage within the 
tidal freshwater river reach that extends from roughly Rkm 
150 to 200 (Sommerfield and Wong 2011). Material likely 
accumulates upstream of xmin during low flows until river 
discharge increases enough to generate bed stresses greater 
than τc through the bed stress minimum. According to Eq. 
(16), this threshold occurs when QR ≥ 600 m3 s−1 for H 
= 8 m, but when QR ≥ 375 m3 s−1 under historical chan-
nel depths. The deposition zone also spans a longer stretch 
of the river presently than was the case in the nineteenth 

century. During low river discharge (QR = 330 m3 s−1), τebb 
is less than τc between Rkm 118 and 206 when H = 8 m 
but between Rkm 127 and 163 when H = 5 m (Fig. 12a). 
In other words, the Delaware Estuary now likely stores a 
larger volume of sediment over a greater area that requires 
higher river discharge to disperse than was the case before 
the channel was deepened.

Hudson River

The Hudson River also features seasonal storage of sediment 
in the tidal-freshwater reach and down-river fining of bed 
composition. Ralston and Geyer (2017) note that the tidal 
freshwater reach of the river (upstream of Poughkeepsie, 
~Rkm 120) traps about 40% of the sediment input from the 
watershed. Measurements by Nitsche et al. (2007) highlight 
a downstream fining of grain size from fluvially sourced 
sand/gravel to mud between roughly Rkm 200 and Rkm 
100. Indeed, xmin is close to Rkm 150 during spring freshet 
conditions (QR = 2000 m3 s−1) (Fig. 13a), and over the past 
20 years, the minimum value for xmin is estimated at about 
110 km on 29th of August 2011. Furthermore, bed stress 
profiles in the Hudson River imply convergent sediment 
fluxes upstream of xmin during higher river discharge (QR > 
1000m3 s−1) and little to no transport of medium sand (D50 
= 0.3 mm) upstream of Rkm 200 during lower river dis-
charge (QR ≈ 100 m3 s−1). Thus, sediments are likely trapped 
upstream of xmin due to convergent sediment fluxes during 
high discharge, with the coarser fraction (D50 ≥ 0.3 mm) 
also experiencing limited transport during low discharge 
where τebb drops below τc.

Up to Rkm 240, the Hudson River has been deepened 
from about 7 to 10 m between 1860 and 2015 (Ralston et al. 
2019), which has moved the bed stress minimum calculated 

Fig. 12   Left: Bed stress profiles (Eq. (16)) in idealized Delaware Estu-
ary for river discharge of 330 (dotted lines), 600 (solid lines), and 2500 
(dashed lines) m3s−1 assuming historical (blue lines) and contemporary 
channel depths (red lines). Solid black line denotes critical bed stress 

for movement of medium-coarse sand (D50 = 0.5 mm). Right: Dela-
ware Estuary xmin as calculated using Eq. (20) using river discharge 
measurements > 330 m3s−1 collected between 2000 and 2020 at USGS 
Station 01463500 (~Rkm 200)
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by Eq. (20) upstream about 20 km. For example, the average 
value for xmin has increased from 150 to 170 km (Fig. 13b). 
Increased water depths have also reduced bed stress mag-
nitudes upstream of the bed stress minimum in the Hud-
son River, which may have reduced the trapping efficiency 
upstream of xmin during higher river discharge.

Due to climate change, water withdrawal, and flow regu-
lation, river discharge in the Hudson River during the spring 
freshet has decreased by about 17% (Ralston et al. 2019). 
Assuming a spring freshet discharge of 2400 m3 s−1 puts 
the bed stress minimum close to Rkm 120 under historical 
channel depths (Eq. (20)). When QR equals 2000 m3 s−1 
and H equals 7 m, the xmin estimate resides near Rkm 130 
(Fig. 13a). Thus, the bed stress minimum location during 
the freshet has likely moved upstream by about 20 km due to 
channel deepening and another 10 km due to changes in river 
discharge. Especially with the Hudson, natural variations in 
depth are substantial, and the river can be much deeper than 
the average (Nitsche et al. 2007); hence, localized, geometri-
cally fixed hotspots of deposition may occur. Therefore, the 
upstream xmin shift suggested by theory should be interpreted 
as a general tendency, rather than an absolute.

Further Considerations

The above examples may underestimate historical shifts 
in xmin, because the tidal amplification observed in many 
deepened estuaries and flow-regulated rivers (Chernetsky 
et al. 2010; Winterwerp et al. 2013; Al-bahadily 2020; 
Talke and Jay 2020; Pareja-Roman et  al. 2020) is not 
considered. As hypothesized in the “Introduction”, an 
increase in tidal velocity UT0 (or decrease in tidal damp-
ing p) will increase xmin (Fig. 8a), which could lead to 

greater discrepancies between historical and modern xmin 
positions. Likewise, increased tidal velocities during 
spring tides will shift xmin further upstream than during 
neap tides, but the neap/spring shift will attenuate under 
larger river discharges. Further insight into the effects 
of tidal interactions on xmin is limited using the theory 
developed herein because only one tidal constituent is 
considered. The introduction of additional constituents at 
the ocean boundary will alter the functional form of the 
Fourier coefficients (Eqs. (7) and (8)), so a new relation-
ship between xmin and forcing variables must be developed. 
Such an endeavor is beyond the scope of this paper but 
would provide a worthwhile complement to the results 
described above–especially for mixed-semidiurnal sys-
tems like the LCRE, which can produce tidal asymmetries 
through the interaction between semidiurnal and diurnal 
constituents (Hoitink et al. 2003; Nidzieko 2010).

The evaluation in this paper focuses on the bed stress dur-
ing ebb because it is assumed that this is the most energetic 
time period with the strongest likelihood of significant trans-
port (Eq. (16)). However, Aubrey and Speer (1985) dem-
onstrate that certain UT and U4 phase differences produce 
flood-dominant currents, which can control the direction of 
transport and fate of sediments in an estuary. There are two 
river discharge thresholds to consider in this regard:

1.	 Moderate/strong river discharge (UR > U4) wherein the 
velocity is ebb dominant regardless of the phase differ-
ence between UT and U4. In fact, phase relations which 
produce flood-dominant tidal velocity (UT + U4) will, 
under these circumstances, produce ebb-dominant total 
velocity (UT + U4 + UR) in both magnitude and duration.

2.	 Low river discharge (UR < U4) wherein ebb-flood domi-
nance depends on phase difference between UT and U4.

Fig. 13   Left: Bed stress profiles (Eq. (16)) in idealized Hudson River 
Estuary for river discharge of 100 (dotted lines), 1000 (solid lines), and 
2000 (dashed lines) m3s−1 assuming historical (blue lines) and contem-
porary channel depths (red lines). Solid black line denotes critical bed 
stress for movement of medium sand (D50 = 0.3 mm). Right: Hudson 

River Estuary xmin as calculated using Eq. (20) using river discharge 
measurements > 1000 m3s−1 collected between 2000 and 2020 at 
USGS Station 01358000 (~Rkm 240). In this figure, the river is evalu-
ated upstream of Newburgh (~Rkm 90) in order to honor the assump-
tion of a convergent channel in the derivation of Eq. (20)
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Thus, the assumption that the maximum bed stress 
occurs during ebb, regardless of UT and U4 phase differ-
ence, requires that UR > U4. This condition is satisfied in 
the Columbia River for QR > 2000 m3 s−1 and in the Hudson 
River for QR > 1000 m3 s−1. Coincidentally these two dis-
charge thresholds are the same for the development of a bed 
stress minimum. In other words, if QR < 2000 m3 s−1 in the 
LCRE, then no bed stress minimum occurs. Thus, the ebb-
dominant assumption fails only when there is no bed stress 
minimum to examine.

The Delaware River is different from the other two exam-
ples because its cross-section is much larger, and UR < U4 near 
and downstream of xmin for all discharge conditions. In addition 
UT and U4 are roughly in phase upstream of Rkm 40 (Pareja-
Roman et al. 2020). Therefore, below xmin the maximum veloc-
ity occurs on flood tide not ebb. Upstream of xmin, however, UR 
> U4 and the total velocity is ebb dominant. Thus, xmin occurs 
near the transition between ebb-dominant currents upstream 
and flood-dominant currents downstream. The convergence in 
the velocity field set up by tidal asymmetry traps sediment and 
is augmented by the bed stress minimum.

The motivation for this study stemmed from observa-
tions of high volumes of sediment deposition in the Lower 
Columbia River FNC within the energy dissipation (bed 
stress) minimum reach. The analytical development pro-
vides insight into how the bed stress minimum migrates 
according to river discharge and channel geometry, yet 
further study of how this relationship manifests in the 
sediment transport patterns is warranted. While AdH 
simulations and bed stress profiles (Eq. (16)) suggest sedi-
ment accumulation near xmin due to convergent sediment 
fluxes, the magnitude of deposition cannot be specified 
based solely on the considerations discussed in this paper. 
Guo et al. (2014) employed a 1-D hydrodynamic model to 
examine the equilibrium bed elevation in the Yangtze estu-
ary and found the upper reaches of the river to favor aggra-
dation during high river discharge, resulting in shoaling 
on the order of 2–3 m over the course of several hundred 
years between approximately Rkm 200 and 550. Using the 
parameters outlined in their study, Eqs. (21) and (16) esti-
mate a bed stress minimum at Rkm 150, with convergent 
sediment fluxes extending 300 km upstream of that point, 
which suggests a link between the bed stress minimum 
and long-term deposition patterns. Bed stress profiles 
imply that more material becomes trapped near the bed 
stress minimum as xmin decreases, but further research is 
needed in order to better understand the depositional con-
sequences for changes in xmin.

Bed stress profiles in systems with strong topography 
exhibited a bed stress maximum upstream of xmin (Fig. 4b). 
Together, the location and magnitude of the bed stress 
minimum and maximum scale the sediment flux conver-
gence upstream of xmin, and so further study of the bed 

stress maximum could help clarify how changes in channel 
depth and river discharge influence sediment deposition 
in tidal rivers. The bed stress maximum was observed in 
areas where UR dominated currents near the bed (Fig. 5b) 
and apparently resulted from opposing gradients in river 
width and river depth. While Eq. (16) leads to an implicit 
formula for xmin, 4/π UT

2 – 7/π UR
2, it is not capable of pro-

ducing a bed stress maximum because the tidal frequency 
bed stress is overestimated as UR/UT grows larger (Fig. 2). 
Investigation of the bed stress maximum could be carried 
out using different approximations to a2 and a0 or perhaps 
a numerical approach defining xmin.

Observations by Friedrichs (1995) in 26 tidal systems 
imply that the bed stress in an alluvial system will uni-
formly tend towards a single value, the stability shear 
stress τs that maintains a zero gradient in the net along-
channel sediment transport. What does this mean for the 
theory evaluated herein, where the existence of a bed 
stress minimum and maximum requires along-channel 
variation in bed stress? It means that a constant depth, 
width-convergent tidal river is out of equilibrium with 
regard to the spatial distribution of bed stress and will 
continually accrete material near the bed stress minimum 
in order to establish spatially uniform sediment transport 
(cf. Bolla Pittaluga et al. 2015). This result has profound 
implications for managing dredged material in alluvial 
tidal rivers, which have been progressively modified to 
emulate a constant depth channel to accommodate large 
container vessels. Moreover, there are also many systems 
that are not alluvial, where hard-rock topography and/
or manmade structures limit the ability of the system to 
adjust towards a stable profile; some reaches of the LCRE 
are in this category. Such systems are also likely to need 
continual dredging.

Summary and Conclusions

Long-term trends in sediment transport have substantial 
implications for managing ecosystems and infrastructural 
investments in rivers. The spatial distribution of bed stress 
in tidal rivers that controls sand transport exhibits system 
scale patterns that manifest through non-linear interactions 
between tides and river discharge. The non-linear interac-
tions between tidal forcing and river flow can lead to a bed 
stress minimum, which has previously been identified as 
a contributing factor to persistent, anomalous sand accu-
mulation in the lower reaches of the Columbia River (Jay 
et al. 1990). Together with local topographic controls on 
bed stress (not discussed here), the variations in tidal forc-
ing and river flow produced conditions for deposition of 
sand throughout the estuary/tidal river domain, sometimes 
far upstream of salinity intrusion and the traditional estu-
ary turbidity maximum.
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In this study, a Fourier series decomposition of the bed 
stress was used to develop an expression for how changes 
to river discharge and channel geometry influence the 
location of the bed stress minimum (xmin). While xmin was 
found to be topographically fixed by the channel conver-
gence length scale, factors increasing river velocity shift 
xmin downstream, and those increasing tidal velocity shift 
xmin upstream. We note that flow regulation and channel 
deepening work together to move xmin upstream, suggest-
ing that the locus of sand deposition has migrated as rivers 
have been progressively modified.

The theory developed herein was applied to idealized 
geometries approximating the Lower Columbia River, the 
Delaware River, and the Hudson River. Because of differ-
ences in channel geometry and river discharge, these sys-
tems display a wide range of sediment transport behavior 
associated with the bed stress minimum. In particular, they 
differ in the importance of river flow. In rivers with higher 
river velocity (like the LCRE), |τebb| is everywhere greater 
than τc, while in lower velocity rivers like the Delaware 
River, |τebb(x)| ∼τc. The Hudson is intermediate between 
the other two systems. Analytical representations of bed 
stress profiles and xmin in these systems suggest:

•	 The locus of deposition is determined primarily by 
spatial gradients in bed stress in alluvial systems with 
higher river velocity and by transport thresholds in 
lower velocity rivers. In the former, deposition peaks 
during high river discharge when gradients in bed stress 
are greatest, and in the latter, deposition can increase 
during lower river discharge when τebb drops below τc.

•	 In high river velocity systems like the Columbia, a river 
discharge threshold QR0 exists, above which xmin can be 
exported to the ocean, feeding sediment to the littoral 
system. Flow regulation can decrease the frequency of 
such events.

•	 Transport thresholds in lower velocity rivers likely mani-
fest as seasonal storage of sediments in the upper river 
that disperse when river discharge is large enough. Chan-
nel deepening has apparently increased the frequency and 
spatial extent of storage in the tidal-freshwater reach of 
the Delaware Estuary.

•	 Channel deepening leads to decreased bed stress mag-
nitudes and bed stress gradients, which may decrease 
shoaling upstream of xmin in high velocity rivers, yet 
increase shoaling in low velocity rivers.

•	 Down-river fining of bed material features prominently 
in low-velocity rivers because |τebb(x)| ∼ τc. This can be 
particularly important in governing the substrate compo-
sition of in-water habitats and should be considered when 
evaluating the influence of climate change and anthropo-
genic activities on habitat quality.
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