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Abstract

It is proven that small-amplitude steady periodic water waves with infinite depth
are unstable with respect to long-wave perturbations. This modulational insta-
bility was first observed more than half a century ago by Benjamin and Feir. It
has been proven rigorously only in the case of finite depth. We provide a com-
pletely different and self-contained approach to prove the spectral modulational
instability for water waves in both the finite and infinite depth cases.
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We consider classical water waves in two dimensions that are irrotational, in-
viscid, and horizontally periodic. The water is below a free surface S and has
infinite depth. Such waves have been studied for over two centuries, notably by
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1036 H.Q. NGUYEN AND W. A. STRAUSS

Stokes [29]. A Stokes wave is a steady wave traveling at a fixed speed c. It has
been known for a century that a curve of small-amplitude Stokes waves ex-ists
[23,24,30]. In 1967 Benjamin and Feir [6] discovered that a small long-wave
perturbation of a small Stokes wave will lead to exponential instability. This is
called the modulational (or Benjamin-Feir or sideband) instability, a phenomenon
whereby deviations from a periodic wave are reinforced by the nonlinearity, lead-
ing to the eventual breakup of the wave into a train of pulses. Here we provide a
complete proof of this instability for deep water waves.
To be a bit more specific, let x be the horizontal variable and y the vertical
one. Consider the curve of steady waves of a given period, say 2without loss of
generality, to be parametrized by a small parameter " which represents the wave
amplitude. Such a steady wave can be described in the moving plane (where x ct
is replaced by x) by its free surface S D fy D .xI"/g and its velocity potential
XI1"/ restricted to S. We use a conformal mapping of the fluid domain to the
lower half-plane, thereby converting the whole problem to a problem with a fixed
flat surface. Let the perturbation have a small wavenumber ; that is, we have
introduced a long wave. Linearization around the steady wave leads to a linear
operator L.». What we prove is the spectral instability, which means that the
perturbed water wave grows in time like et for some complex number with
positive real part. A way to state this formally is as follows.

LEMMA 1.1. There exists "g > 0 such that for all 0 < j"j < ", there exists
o D 0."/ > 0 such that for all 0 < jj < o, the operator L.» has an
eigenvalue with positive real part. Moreover, has the asymptotic expansion

Pg ~ g
(1.1) D —2.£ 2192]"'J'c 0.2/C 0."2/; where

g > 0 is the acceleration due to gravity.

The concept of modulational instability arose in multiple contexts in the 1960s,
both in the theory of fluids including water waves and in electromagnetic theory
including laser beams and plasma waves. MathSciNet lists more than 500 pa-
pers mentioning “modulational instability” or “Benjamin-Feir instability”. Major
players in its early history included Lighthill (1965), Whitham (1967), Benjamin
(1967), and Zakharov (1968), as described historically in [34]. It was a surpris-ing
development when Benjamin and Feir [5,6] discovered the phenomenon in the
context of the full theory of water waves, as they did both theoretically and ex-
perimentally (see also [31, 32]). They identified the most dominant plane waves
that can arise from small disturbances of the steady wave. However, to make a
completely rigorous proof of the instability is another matter. This is our focus. It
took about three decades for such a proof to be found for the case of finite depth.
Bridges and Mielke [7] accomplished the feat by means of a spatial dynamical re-
duction to a four-dimensional center manifold. Nevertheless, their proof cannot be
generalized to the case of infinite depth due to the lack of compactness, which
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MODULATIONAL INSTABILITY OF STOKES WAVES 1037

invalidates the hypotheses of the center manifold theory. The infinite depth case
has remained unsolved since then. After the completion [25] of the current paper,
we learned of another proof [18] of the spectral instability which also does not
generalize to infinite depth. In the current paper we provide a completely different
approach to prove the modulational instability of small-amplitude Stokes waves.
Our proof is self-contained, does not rely on any abstract Hamiltonian theory, and
encompasses both the finite and infinite depth cases. In order to avoid tedious al-
gebra, we focus on the unsolved case of infinite depth and merely point out the
main modifications necessary for the finite depth case. As distinguished from [7],
throughout our proof the physical variables are retained. Our linearized system is
obtained from the Zakharov-Craig-Sulem formulation together with the use of Al-
inhac’s “good unknown” and with a Riemann mapping. Thus it is compatible with
the Sobolev energy estimates for the nonlinear system (see, e.g., [1-3,22,27]). Af-
ter the completion [25] of the current paper, we learned of the paper [10] by Chen
and Su, which uses an approximation to the focusing cubic nonlinear Schrédinger
equation (NLS) to indirectly deduce the nonlinear instability. On the other hand,
we expect that the framework developed in our paper should be useful to directly
prove the nonlinear instability without any reference to NLS.

There have been many studies of the modulational instability for a variety of
approximate water wave models, such as KdV, NLS, and the Whitham equation
by, for instance, Whitham [32], Segur, Henderson, Carter, and Hammack [28],
Gallay and Haragus [14], Haragus and Kapitula [15], Bronski and Johnson [8],
Johnson [20], Hur and Johnson [16], and Hur and Pandey [17]. These models are
surveyed in [9]. Beyond the linear modulational theory, a proof of the nonlinear
modulational instability for several of the models is given in [19]. That is, an
appropriate Sobolev norm of a long-wave perturbation to the nonlinear problem
grows in time. There have also been many numerical studies on this phenomenon.
We mention the paper by Deconinck and Oliveras [13], which provides a detailed
description of the unstable solutions including pictures of the unstable manifold of
solutions far from the bifurcation, a rigorous proof of which remains largely open.
On the other hand, the asymptotic expansion (1.1) does show that the unstable
eigenvalue, as a curve with parameter , has slope j"j 1sign./ 2 nearpth_e originin
the complex plane. This agrees well with the numerical calculation shown in the
following figure [12].

Now we outline the contents of this paper. In Section 2 we write the water wave
equations in the Zakharov-Craig-Sulem formulation. Thus the system is written in
terms of the pair of functions , which describes the free surface S and , Which
is the velocity potential on S. This formulation involves the Dirichlet-Neumann
operator G./, which is nonlocal. The advantages of this formulation are that and

depend on only the single variable x and that the system has Hamiltonian
form. Stokes’ steady wave .x1"/; .x1"/ is then expanded in powers of " up to
"3 Such an expansion basically goes back to Stokes himself, although the literature
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can be confusing, so we include a proof in Appendix A. We note however that the
proof of our main result only requires expansions up to "2.

Section 3 is devoted to the linearization, using the shape-derivative formula
of [22] and Alinhac’s good unknown. Then we flatten the boundary by using the
conformal mapping between the fluid domain and the lower half-plane. This con-
verts the implicit nonlocal operator G./ to the explicit Fourier multiplier G.0/ D
jDj. A direct proof is given in Appendix B. We look for solutions of the form
e*U.xI"/, where U.;"/ has period 2and a small represents a long-wave
perturbation. The unknowns are U D the pair .; good unknown/, appropriately
modified by the conformal mapping. This brings us to the linearized operator L;»,
which acts from .H1.T//2 to .L2.T//2. It is Hamiltonian. The instability prob-
lem is thereby reduced to finding an eigenvalue .; "/ of L,» with positive real part.

We put D O in Section 4. It is shown that Lo;,» has a two-dimensional
nullspace and a four-dimensional generalized nullspace U."/. Then we construct

for both the finite and infinite depth cases and is the starting point of our proof. We
expand each U, ."/ in powers of ". Then we compute the nullspace and range of
the operator ...lg;» where ... b the projection onto the orthogonal complement of
U."/. This will be crucially used in searching for a bifurcation from U."/ when is
nonzero.

Now with / 0 in Section 5 we expand the inner products .L,.HUJ-;Uk/ in
powers of both parameters and ". Our procedure of looking at the inner products
roughly follows the procedure of Johnson [20] and Hur and Johnson [16], who
carried it out in their stability analysis for KdV-type equations and the Whitham
equation, which followed several earlier works cited above.

Of course, for fixed " the perturbation due to / 0 will change the vanishing
eigenvalueto.; "/ / 0. The associated eigenfuncBon will have a small compo-nent

outside of U."/; that s, it will have the form 1401 W/CW ] We call

W the sideband functions. Perturbation theory for linear operators merely as-serts
that each W .; "/;is small if is small enough (see [21]). In Section 6.1 we
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MODULATIONAL INSTABILITY OF STOKES WAVES 1039

treat these sideband functions by means of a rather subtle version of the Lyapunov-
Schmidt method that uses the inverse of the operator ...lp.» obtained in Section 4.
In Section 6.2 we expand .L.,»W ; U'i/ in powers of .; "/ up to second order in ".

In Section 7 we combine the asymptotic expansions of Sections 5 and 6. The
key task is to identify the leading terms and to handle the numerous remainder
terms. Surprisingly, it turns out that one of the key leading terms comes from
LW ;jUk/, namely the one that we denote by Il1g in (7.8). That is, it is the
combination of the expansions of .L;»U;; Uy/ and .L»W jUk/ that lead to the
required result. We remark that in the works cited above, the sideband functions
were always treated as negligible remainders; it is different for this full water wave
problem. Finally, we use the expansions to deduce that there is an eigenvalue of
the form (1.1), which obviously has a positive real part.

The explicit expansions require detailed calculations. We have carried them
out all the way to third order, which is more than necessary for our instability
proof, but has potential utility in future theoretical and numerical research. We
have summarized these expansions in Appendix D.

2 The Zakharov-Craig-Sulem Formulation and Stokes Waves

We consider the fluid domain
(2.1) ot/ DFfx;y/Wx 2R; y<.x;t/g

below the free surface S D f.x;.x;t// W x 2 Rg to have infinite depth. Assuming
that the fluid is incompressible, inviscid, and irrotational, the velocity field admits a

harmonic potential .x;y;t/ W ¢ | R. Then and satisfy the water wave system
8
.~*x;yDO ine;
(2.2) S @:C,j#y;yj2D gCP @cC onfy D .x/g;
. @,@,D @, onfy D .x/g;
:rx;y!O asy ! 1;

where P 2 R denotes the Bernoulli constant and g > 0 is the constant acceleration
due to gravity. The second equation is Bernoulli’s, which follows from the pressure
being constant along the free surface; the third equation expresses the kinematic
boundary condition that particles on the surface remain there; the last condition
asserts that the water is quiescent at great depths.

In order to reduce the system to the free surface S, we introduce the Dirichlet-
Neumann operator G./ associated to ¢, namely,

(2.3) G./f D @y.x; x// @x-X; X[/ @x.X/;
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1040 H.Q. NGUYEN AND W. A. STRAUSS

where .x; y/ solves th(e elliptic problem
*;yD O ine;
Let denote the trace of the velocity potential on the free surface, .t;x/ D
.t;x;.t;x//. In the moving frame with speed c, the gravity water wave system
written in th(e Zakharov-Craig-Sulem formulation [11,33] is
@:Dc@CG./ ;
1. -2 1_G/ C@y @x/2 .
@ D a& & j°C 5 1Cj@,)2 gCP:
By a steady wave we mean that is a function of x  ct and a function of .x
ct; y/. By a Stokes wave we mean a periodic steady solution of (2.5); that is,

(2.4)

(2.5)

Fi1.; ;c/WDc@4CG./ D 0;

. . 2
Fai ;GP/WDe@ i@ j2C 3888 gcp Do

(2.6)

FIGURE 2.1. Stokes wave.

The existence of a smooth local curve of smooth steady solutions satisfying (i)
and (ii) below has been known for a century, going back to Nekrasov [24] and
Levi-Civita [23].

LEmmA 2.1. For all P 2 R, there exists a curve of smooth steady solutions .;
;c; P/ to (2.6) parametrized by the amplitude jaj 1 and the Bernoulli constant
P 2 R such that

(i) and are 2-periodic.

(ii) is even and is odd.
Other than the trivial solutions (with 0), the curve is unique. These solutions are
called Stokes waves.

It is readily seen that system (2.6) respects the evenness of and the oddness of
. Expansions of Stokes waves with respect to the amplitude a are given in the
next proposition.
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MODULATIONAL INSTABILITY OF STOKES WAVES 1041

PrRopPoOSITION 2.2. The following expansions hold for the solutions in Theorem
2.1
P 12 3 1 3 4
D —€acosxC 2& cos.2x/ Ca 8eosx C 8eos.3x/ C 0.a%/;
g

P& P
(2.7) D agg sinx C 232 sin.2x/ C _Ba%3ginx cos.2x/ Csinx C 0O.a%/;
2 4

cpPgc Tgaz C 0.a%/:

PrRoOOF. Proposition 2.2 essentially goes back to Stokes [29]. For the sake of
precision and completeness, we give a detailed derivation in Appendix A for zero
Bernoulli constant, P D 0. Consider now the case P / 0. Setting D z C 2— and
using the facts that

P
GZCE D G.z/ ; gCP D gz

we obtain

(
Fi1.; ;¢/Dc@yzC G.z/ ;

. - . . X X 2
Fa.; ;¢;P/ D c@ 7@ j* ¢C ;_GZ/1C?(§XZJ'2@ = ez

thereby reducing us to the case P D 0. |

3 Linearization and Riemann Mapping

We begin with notation for L-periodic functions. Set
T, D R=LZ; T Ty

Let f WR | R be L-periodic. The L-Fourier coefficient of f is
Z

fy.k/D e "RXfx/dx 8k 2Z;
(3.1) 0

fYk/ f2X/:

For mMWR | R, the Fourier multiplier m.D/ is defined by

1 X 2
m.D. /f.x/ D el Fkxmk fL.k/;»|l<zz
(3.2) m.D/f.x/ mDa2/f.x/: T
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1042 H.Q. NGUYEN AND W. A. STRAUSS

3.1 Linearization

Fix .; ;c; P D 0/ a solution of (2.6) as given in Theorem 2.1 with
a D", j"j 1. The expansions in (2.7) give

1 3
D "cosxC ZIé cos.2x/C"? g COSX C g ¢es.3x/ C 0."/;

p = P
(3.3) D "pg_sin x C Tg“z sin.2x/ C Tg"3f3 sinx cos.2x/ Csinxg C 0."%/;

cp 2gc Tg..z co."3/:
We investigate the modulational instability of .; ;C; P/subject to perturba-
tions in and but not in c and P . We shall consider L-periodic perturbations of
and , where L D ng2for some integer ng. In order to linearize (2.6) with

respect to the free surface S, we make use of the so-called “shape-derivative”. The
following statement and its proof are found in [22].

PrRoPoOSITION 3.1. For L-periodic functions, the derivative of themap ! G./is
given by

(3.4) G/ .x/ D G./.Bx/ @,.V x/;
where

G./C @ @1C

I vDbv, /D@ B@«
(G ;

(3.5) B D B.; /D

Infact,V D .@x/.x;.x//andB D .@y/.x;/, where solves (2.4). Moreover, if is
even and is odd, then B is odd and V is even.

LEmMMA 3.2. We have

F1.; ;c
(3.6) 1—/..)(; X/D@ .c V/xC G./ x Bx;
F>.; ;c;P
(3.7) %x X/D.c  V/@xCBG./.x Bx/
B@sVx gx

together with the identity

Fo .5 5 Pd x Fi; ; ¢/
- X B—" * " x;
(3.8) o/ / ¥ /

D gC.V c/@yB xC.c V/@y.x Bx/;

whereB D B.; /andV D V.; /aregiven by (3.5).
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MODULATIONAL INSTABILITY OF STOKES WAVES 1043

PrRooOF. We note that (3.6) is a direct consequence of (3.4). As for F> we first
compute

G/ C@& @

G/ x G./.Bx/ @y.V x/

C @ @xxC @X@

2 @
G./ C @ @ 10@ PR

D 2B G./x G./.Bx/ @ Vx/C@ @XC@X@  2B’@@xx
Consequently,

F2.; 5¢6P/
—_— X X/
/

D c@yx @ @yx CBG./x BG./.Bx/ B@xVx BV @yx
C B@x @«xCB@X@ B’@@x gx

D c@x @xXx @ B@,/CBG./x BG./.Bx/ B@,V x
C B.@ V/@x B*@@x gx

D c@x @4,XV CBG./x BG./.Bx/ B@yVxCB?@,@,x

B’@,@xx  8X
D.c V/@yx C BG./.x Bx/ B@yVx gx;

which proves (3.7). Finally, a combination of (3.6) and (3.7) gives (3.8). O

From (3.6) and (3.7) we obtain the linearized system for (2.5) about .; ;
c; P/ with .c; P/ being fixed:

Fi.; e/
(39) @xD 1—/4 X/ D @ .c V/XC G./.x Bx/;
Fa.; HH
& X D X; X
31) & P /
D .c V/@yx C BG./.x Bx/ B@V x gx;
where B and V are given in terms of and as in (3.5), and x and x are

L-periodic. By virtue of identity (3.8), the good unknowns (a la Alinhac [3,4])
(3.11) viDx; vaDx Bx;
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y=n(x)
y=0
—
| / /
| / s
/ /
Jﬂ !
2w ' 2m J
\ \\
| \ \
| \ \
R Voo 0
|
|

b

I

!

|
SR I S—

FIGURE 3.1. The Riemann mapping- D -1 C i-2.

satisfy
(3.12) @wviD@.c V/viC G./vy;

' @v;D gcC.V c/@sB v1 C .c V/@yv>:
(3.13)

The good unknowns (3.11) have been successfully used in well-posedness and sta-
bility results for the nonlinear water wave system in spaces of finite regularity.
See [1-3,22,27].

3.2 Conformal mapping

Due to the nontrivial surface , the Dirichlet-Neumann operator G./ appear-ing in
the linearized system (3.12)—(3.13) is not explicit. Analogously to [26], we use the
Riemann mapping in the following proposition to flatten the free surface S D
f.x; . x// W x 2 Rg.

PrRoPOSITION 3.3. There exists a holomorphic bijection -.x;y/ D -;.x;y/ C
i-2.x;y/ fromR2 D f.x;y/ 2 RRWy < Ogontof.x;y/ 2 RWy < .x/g with the
following properties.
(i) 1.x C2;y/ D2C-1.x;y/and -2.x C 2;y/ D -».x;y/ for all
X;¥/2R2;-1isoddinx and -5 is evenin x;
(ii) - maps fx;0/ W x 2 Rg onto f.x; .x// W x 2 Rg;
(iii) Defining the “Riemann stretch” as

(3.14) .x/ D -1.x;0/;
we have the Fourier expansion
(3.15)  -1.x;y/Dx 2|_X e *sign.k/elkY ]k/ 8.x;y/ 2 R?;
k/0
where Z
fy./ D e Xf.x/dx:

R
(iv) kry,y. 1 X/kLl.RZ/Cer;y.'z y/kLlth/C".
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MODULATIONAL INSTABILITY OF STOKES WAVES 1045

We postpone the proof of Proposition 3.3 to Appendix B. Compared to the
finite depth case in [26], the proof of Proposition 3.3 requires decay properties as
y I 1.

In terms of the Riemann stretch , we can rewrite the Dirichlet-Neumann oper-
ator G./ as follows. Define two operators

(3.16) f DFf ; f DOf /s0

that @xf D @, f/forf wR ! R.

LEMMA 3.4. Forf 2 H1.T./ we have

(3.17) G./f D@ *Hif/

where HyuL.k/ D isign.k/y'./ is the Hilbert transform. The sign function
sign WR ! f 1;0;1gis defined as

81 ifx>0;
(3.18) sign.x/D , 0 ifx D O;
© 1 ifx<0:

The proof of Lemma 3.4 is also given in Appendix B.
By virtue of Lemma 3.4, for any functionsf1; f> 2 H1.T_/ a direct calculation
yields the identities

@, .c V/f1 C G./f,
D @ p.x/f1 C jDij. f2/;
(3.19) | gC.V c/@yB f1 C .c V /@f;
Cq.x/
D &fl C p.x/@yxf2;
X/
where
C ]V
(3.20) pD———5 qD p@«.B/:

C

Since B and are odd and V s even, it follows that p and g are even. We apply
to (3.12) and tp (3.13), making use of (3.19). We rewrite the result as

(3.21) @w1 D @ p.x/w1 C jD_jwy;
(3.22) @yw2 D g C q'x/wl C p.x/@xw2;
where X/

(3.23) w1 D vy; w2 D jva;

are L-periodic. The Dirichlet-Neumann operator G./ in (3.12) has thus been
converted to the explicit Fourier multiplier jDj.
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1046 H.Q. NGUYEN AND W. A. STRAUSS

3.3 Spectral modulational instability

Modulational instability is the instability induced by long-wave perturbations.
Therefore, we seek solutions of the linearized system (3.21)—(3.22) of the form

W .X; t/ D eteiXu .)j/, where u "i/ are 2-periodic. We assume D ™2 g a_

0
small rational number and choose L D ng2 2sothatw .;t/ ist—periodic. The
following lemma avoids the Bloch transform.

LEMMA 3.5. Foranyf 2 L2.T/ we have

(3.24) e XjD.j.e"*f.x// DjD.Cjf.x/ DjD C jf.x/:

- L

ProoF. The first equality follows easily from the fact that .eixf / .k/ D

fy-.k  mo/. The second inequality follows from the general fact that if f is 2-
periodic, then for any Fourier multiplier b we have

(3.25) b.D./f.x/ D b.D/f.x/; L D ng2;

provided that they are well-defined as tempered distributions. To prove (3.25), let
F denote the Fourier transform and F 1 the inverse Fourier transform, namely
Z

) 1
F.f/./ D e "f.x/dx; F 1f/.x/D EF'f/' x/:
R

Forf 2 L2.T/ L2.T./ we have the inversion formula

1 X iZkx L2 0
f.x/D = e i**fYyk/ inL%2.T./ s °R/;
k22

where S O.R/ is the space of tempered distributions. It follows that

2 X 2 0
F.f/-/ D L_k f¥.k/ 2 S °R/;
k22

where denotes the Dirac distribution centered at the origin. Consequently, F

1 1 X i Zkx 2
.bF.f//.x/4L; e bL—kx f¥.k/ D b.D./f.x/:
k227

Since f is also 2-periodic, the preceding formula also holds for L replaced by 2.
Since the left side is independent of L, (3.25) follows. ]

With the aid of (3.24), from (3.21)—(3.22) we arrive at the pseudodifferential
spectral problem
n #

p.iC@x/C@xp jDCj

(3.26) U D LU WD Cq . ; U D .ui;uz/’;
T p .I¢ X

where U is 2-periodic. The subscript " indicates that the variable coefficients
p.x/ and q.x/ depend upon " through the Stokes wave. We regard L.+ as a
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MODULATIONAL INSTABILITY OF STOKES WAVES 1047

continuous operator from .H1.T//2 to .L2.T//%. The complex inner product of

L2.T/ is denoted by .

f1;f2/ D fi.x/f%.x/dx:
T
DEFINITION 3.6 (Spectral modulational instability). If there exists a small rational
number such that the operator L has an eigenvalue with positive real part, we say
that the Stokes wave .; ;c;P D 0/is subject to the spectral modula-
tional (or Benjamin-Feir) instability.

In what follows, we shall study (3.26) with being a small real number and prove
that L,» has an eigenvalue with positive real part for all sufficiently small real
numbers , including in particular small rational numbers. We note that L.~ has the
Hamiltonian structure

(3.27) LoD JK,w 1
whereJ D ’ ’
0 8nd
n #
(3.28) - gca ip  p@

ip Cp@xC@p jb Cj
is a symmetric operator. In particular, the adjoint of L. is given by
(3.29) L. DL W.HET//2 1 L2T//%

Moreover, since

(3.30) spec 2 7,.L;»/ D speci2 1,.L ;/;

we lose no generality by considering L.« for 2 @B; i furthermore, in system
(2.6), the change of variables

(3.31) csep/t.Pg Pacpeg/

shows that we lose no generality by setting the gravity acceleration g D 1. The
eigenvalues for the general case are obtained by multiplying the eigenvalues for the
g D 1case by p—g.

We end this section with the expansions in " for the variable coefficients that
appearinL;».

p

LEmMmA 3.7. We have the expansions

(3.32) x/ D x C"sinx C"?sin.2x/ C O~."3/;
3
(3.33) p.x/D1 2"cosxC"? 3 2co0s.2x/ C Ow."3/,
(3.34) q.x/D "cosxC"%1 cos.2x// CO=."3/;
1Cq.x/

(3.35) D1 2"cosxC2"%.1 cos.2x//CO-."3/:

(
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1048 H.Q. NGUYEN AND W. A. STRAUSS
The notation O+ indicates that the bound depends only on ". The proof of
Lemma 3.7 makes use of the shape-derivative (3.4) together with the expansion
(3.15) for the Riemann stretch, and is given in Appendix C.
4 The Operator Lo,

By virtue of Lemma 3.7, in case " D 0 the eigenvalue problem (3.26) reduces to

iC @ jiDCj .
UDLoUD L ice Y
On the Fourier side, B .k/ / 0if and only if
p
D iE.Ck/ jC kjOW i ! K

Thus the spectrum is .L.o/ D fi!k;W k 2 Zg iR. Note that.L,o/ is separated
into the two parts .L.o/ [ .L%/ where @
OLo/D ilg;Flg;ily;il 4 ;%%0/D i}
il [ Wikj 2 €
and each eigenvalue in %.L.o/ is simple. In case D " D 0,
lo:0 D 19,0 D! 0D 13,0 DO;

so that the zero eigenvalue of Lg.o has algebraic multiplicity 4 and %.Lg.o/ is
separated from zero.

Now we study the case when " / 0is sufficiently small and D 0. By the semi-
continuity of the separated parts of a spectrum (see IV-¢3.4 in [21]) with respect
to ", once again we have the separation

(4.1) Lo;»/ D °.Lo;/ [© °.Loy/;

where the spectral subspace associated to the finite part °.Lo.»/ has dimension 4. We
next prove that zero is the only eigenvalue in .Lo;"/ by constructing four explicit
independent eigenvectors in the generalized nullspace.

LEmmaA 4.1. For any sufficiently small ", 0 is an eigenvalue of Lo, with algebraic
multiplicity 4 and geometric multiplicity 2. Moreover,

U, D.0;1/> and
¥, D -@x;]-@x B@x//”

are eigenvectors in the kernel, and

(4.2)

B B@aj.a;P/D.";0/>;
Us D @aJ.a;P/D.";O/;] @a

(4.3) : B @i o)
Us D @pjap/pors) @p @pJ.a;p /0.0

are generalized eigenvectors satisfying

(4.4) Lo;"U3 D @acCjap/pro/B2; Lo;Usa D @pCjap/pro/¥2 Ui
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MODULATIONAL INSTABILITY OF STOKES WAVES 1049

In (4.3) and (4.4), .; ;c/ is any Stokes wave given by (2.7). We also define the
normalized second eigenvector

Z,
1 1 2/
(4.5) U, WD — 32 —U dxyl;
2" o
where we write components @, D .Ll'zl/; UZ'Z//>. Then U, is an eigenvector with

mean zero.

PrRooF. We have defined

#
P@x C@p jDj
(4.6) Lo, D P e T
Sr— p@y

First, it is clear that Uy WD .0; 1/> 2 ker.Lo."/. Second, we differentiate (2.6) with
respect to x and then evaluateat.a; P/ D ."; P D 0/ to obtain

Fi. . @ @ Fa.; ;¢ P/
. { . D 0;
/C v x [/ DO; . / 80 « / 0

where .; ; ¢/ is given by (3.3). The identities (3.6), (3.7), and (3.8) with
x D @))( ;SD @ y then give
@ .c V/i@xC G./ @ B@x D O;

.C V/@ZX B@C V/@ye B@yV @y gD O

so that
gC.V c/@B@x C .c V /@y.@ B@/ D 0:

Using (3.19) withf; D @,andf, D @, B@,, we deduce that
92 WD @x;]-@x B@x/> 2 ker.Lo;"/Z

Third, we differentiate (2.6) with respect to a and then evaluate at .a; P/ D ."; 0/
to obtain

Fi.; ;c/ . .
—/-@aj a:p/D."0/;@ J.a;p/p.0// D @aCjap o/ @x;
Fa.; ;¢ P - .

2 / / @a] .a'P/D."'O/;@a J.a;P/D.";O// D @acJ.a;P/D.";O/@x
Using (3.6), (3.7), and (3.8) with .x; S/ D .@5 @, /j.a.p/p.".0; as well as
(3.19) with .f1; f/ D .@,; @, B @./, we find that

Us WD @aj.a;p/D."0/51-@a B@a/j.a;P/D.";o/>

satisfies Lo;"U3s D @4Cj 5;p /p.";0/Y2.
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1050 H.Q. NGUYEN AND W. A. STRAUSS

Fourth, differentiating (2.6) in P and then evaluating at.a; P/ D ."; 0/ yields

Fi.; ;c/ )
— 7 @ ap/0l@  japspros/

*

D @pCjap/pmo/@x;

Fa.; HH
F / @ j .a;p/D.";0/;@ jop/pros/
D  @pCjap/p.;0/@x 1
and hence .
Us WD @pj.a;p/p.m0/51-@p B@e/i.ap/0.m50/

satisfies Lo;"Ua D @pCjap/p.o/U2 U1 D Uz, For the case of finite depth
the term @p Cj ,.p /p.":0; Would not vanish but for infinite depth it does. Since U,
and W, are eigenvectors, Uz and U, are generalized eigenvectors. Therefore we
have (4.4). Finally, note that U, has mean zero because lzlz‘l/ is an odd function
due to the fact that both and @, are odd. O

Remark 4.2. The preceding proof works for both the finite and infinite depth cases.
For the infinite depth case, we have the identity G.B/ D @,V. See remark 2.13 in
[1]. It then follows directly from (3.6)—(3.7) that
Fi.; 5¢/ 1 F2.; ;c;QDo0O/ 1.5 /
-9 Do —7 g0 D L
Consequently, U, D .l—;g]. ig//> D .10; 1—]B/; satisfies Lo,»U4 D
U;. This provides an alternative method to ogtain Uj.

For notational simplicity, we shall adopt the following abbreviations.
NOTATION 4.3.
C D cosx; S Dsinx; Cy D cos.kx/; S, D sin.kx/ fork 2f2;3;4;:::¢g:

COROLLARY 4.4. The components of U; defined in Theorem 4.1 have the follow-
ing parity and expansions:

(4.7) UsD oqd D s C" 5% C O-."?/;
4.8) U; D SR C G2G oCa ),

odd % CSz

even n n2y.
(4.9) Usg D odd D OC S C 0."¢/:

PrRoOF. From Theorem 2.1 and Proposition 3.3, it is clear that is even while both
and are odd. It follows that p and q, defined by (3.20), are even. Con-
sequently, the parity properties stated in (4.7), (4.8), and (4.9) follow. Next we
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MODULATIONAL INSTABILITY OF STOKES WAVES 1051

expand U; in powers of ". From (3.32) and Taylor’s formula, for any function of
theformf D fO9 C "f1 C O-."2/, we have

(410) f.x/Df%x/C"s@,f%x/Cfl.x/ C O-."%;

(411)  f.x/Df%.x/C" CfO.x/CS@xf°x/Cfl.x/ C O."?/:

On the other hand, if f D "f 1 C "2f2 C O-."3/, then

(4.12) 4f.x/D"fl.x/C"? s@.frx/Cf2.x/ C O~."3/

(413) f.x/D"fl.x/C"2 Cfl.x/CS@xfl.x/Cf2.x/ C O."3/:

Using (3.3) and (4.10)—(4.13), and B D "S C O-."2/ (see (C.2)), we find the
expansion for U, as follows:

@b "S 225, C Ov."3/:

1-@x B@,/D"C C"2C; C0-."3;
@aj.a;p/p00 DC CM2C5 C 0n."2/:

1 @ B@ajap/p.m00DS C"S2C 0.."2/;
@pj.aip/p.0/ D1 C"C C O

| @  B@ap/pro/D 'S COY:

Note in particular that

odd n S n2 252 n3
14 D D ;
(4.14) @, even C ¢ C, C 0"/
R
so that OZU 'Zzz/dx D O-."3/ and the expansion for U, follows from (4.5). O

Let U be the linear subspace of .L2.T//2 spanned by the .C1.T//2 vectors
U;:::; Uy in Theorem 4.1. Denote by ...the orthogonal projection from .L2.T //?
onto the orthogonal complement U? of U in .L2.T//2. The remainder of this
section is devoted to the following theorem, in which the kernel and range of ... 1g;"
are explicitly determined. Recall that a linear operator is Fredholm if it is closed,
has closed range of finite codimension, and has a kernel of finite dimension.

LEMMA 4.5. For any sufficiently small ", .lor W . HY1.T//2 1 [L2.T//?is a
Fredholm operator with kernel U and range U .

PROOF. Since ..lpr W .H1.T//2 1 .L2.T//? is bounded, it is closed. We
deduce from (4.4) that

(4.15) UD Ker.LZ./ D Ker.L{™/ 8m 3:
0; 0;

Thus ..lg;"V D 0 if and only if Lo;"V 2 Ker.LOZ;../, or equivalently V 2
Ker.L3../ D U. In other words, Ker.Lo;»/ D U. It remains to prove that ...Lo;
maps onto U ?. This follows from the following two lemmas. ]
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1052 H.Q. NGUYEN AND W. A. STRAUSS

The first lemma is a weaker statement.
LEMMA 4.6. We have
(4.16) Ran...lo."/ D U?;
where ..lpr W.H1.T//2 1 U".

PrROOF. Since Ran.../ D U? isaclosed subspace, by duality the identity (4.16)
is equivalent to Ker.../ D Ker.L o.j, where Ker.../ DU .HL.T//?2. ltis trivial
that Ker.../ Ker.L ../. Con\{)e;,rsely; suppose V 2 Ker.L ../. Due too(‘3.29) we
have ' '

.V 2 Ker.Lg.»/ D Ker.JLo;"J/ D Ker.Lo;"J / D spanfJUyz;JUzg:

Thus.V D 1JU1C,JU; forsomeq; 2 2C. Since..V 2U?, 1JU;CJU;zis
orthogonal to U3 and Uy, so that

.JU1,‘U3/ .JUz;U3/ 1

(4.17) JU1;Us/ JUp;Us/ , DO

Using the expansions for U; in (5.3) we compute
JUg;Us/ D O-"?/; JU1;Us/ D 2C On."2/;
JUz; U3/ D2C On."?/; JUs;Uys/ D O-."?/:

Consequently, the determinant of the matrix in (4.17) equals 42C0O-."2/, which is
nonzero for all sufficiently small ". We conclude that; D , D 0, yielding ..V D
0 and hence V 2 Ker.../ as claimed. O

LEmMMA 4.7. Ran...lo;»/ D U?.

ProoF. By virtue of (4.16), we only have to prove that Ran....lp."/ is closed
in .L2.T//2. It would be tempting to prove that ...lp.» is coercive. However, this
is not the case as can be easily checked when " D 0. Instead we appeal to a
perturbative argument. According to theorem 5.17, IV-¢5.2 in [21], the Fredholm
property is stable under small perturbations. Therefore, it suffices to prove this
property for " D 0; that is, the range of ...lg.0 equals U?®. So now consider " D 0.
GivenF D .f1;f>/> 2 U? we only have to prove that

(4.18) F D ..lpoV forsomeV 2.H.T//?:

Because " D 0, the U; are precisely

(419) Ui D.0;1/>; U, D. S;C/”; Us3D.C;S/”; UasD.1;0/:
The U; are mutually orthogonal in .L2.T//2, which implies that

Xt G;u / R R
(4.20) 6DG Y 8G 2 .L2.T//?:
] i
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MODULATIONAL INSTABILITY OF STOKES WAVES 1053

Now forany V D .vq;vy/> 2 .H1.T//2, we have

@v C jDjv,
LooV D
0.0 vy C @yv2
We use (4.20) to computg ..lo:oV. .
.Lo;oV,‘ U1/ D . vq1 C @XVZ/CIX D V1 dX,'
T T
y4
.Lo;oV,‘ U4/ D .@XV1 CijVz/dX D 0;
T
y4
.Lo;oV; U2/ D f.@xvl CijVz/. S/ C. vqC @XVZ/ngX
ZT
D f.viC wvpS/C. viC Cv,S/gdx D O;
T
Z
.Lo,oV; U3/ D f.@xv1iCjDjva/C C. vi C @xv2/Sgdx
ZT
D f.viSCvoC/C. viS voC/gdx DO:
T
We obtain 5
1 C@xvi LjDjv 5
..lo.ogV DLlg.gV C — wvqdx U; D R ;
lo;o 0:0 2 1 ! ! 1 2—1 7 v1dxC @yv2
and hence (4.18) is equivalent to the system
(4.21) 2 @XV]_ CijV2 D f1,'
1
(4.22) Vi C—2 V1 dx C @xVZ D fz:
T

where we write F D .f;f,/ 2 U ? It suffices to prove the existence of a so-
lution .v1;v2/> 2 .H1.T//2 of this system. From the orthogonality condition
.F; U1/ D 0 we have T f, dx D 0, and hence both sides of (4.22) have mean
zero. Thus upon differentiating (4.22) we obtain the equivalent equation

(4.23) @xv1 C @,V D @yfy:
Adding (4.21) to (4.23) yields an equation for v, alone, namely
(4.24) @,v2 CjDjva D f1 C @yfz:

On the Fourier side this becomes
(4.25) . k?2Cijkj/e.k/DM.k/Cik.k/ 8k 22Z:

Since k2 Cjkj D O0fork 2 f 1;0;1g (4.25) is solvable if and only if the
following conditions hold:

(4.26) f¥.0/ D 0;

od ‘S “€T0T ‘TIE0L601

:sdpy woy papeoy

ASUAOIT suowwo)) dAnear) sjqeorjdde oyy £q pauIoAos aIe sa[oIe () Lasn Jo sa|nl 10§ AIeIqr auluQ A3[IA\ UO (SUONIPUOI-PUB-SULID} W0 K3[im  KIeIqIouluo//:sdijy) SuonIpuo)) pue suLd [, oyl 338 "[£€202/90/10] uo Areiqr aurjuQ L[ ‘puejkiejy JO Ansioatun £q ££0zzedo/z001°01/10p/wod Kofim”



1054 H.Q. NGUYEN AND W. A. STRAUSS

(4.27) .1/ Cif%.1/ D O;
(4.28) M. 1/ if%. 1/DoO:

R
Condition (4.26) is satisfied since 0 D .F; U4/ D . f, dx D fy.0/. On the other
hand, the conditions .F; U>/ D .F; U3/ D 0 can be written as

iCEf.1/ ¥q1. 1/«C Hf,.1/ Ofy. 1/eD
0; ¥f.1/C¥1. 1/«Cif,.1/ Yfy. 1/eD
0:

Thus we obtain both (4.27) and (4.28). We conclude that the general periodic
solution v, of (4.24) is

X o MK/ Cikfy.k/
eI X .

. . 1
4.29) vo.x/ D bgCb 1e '*Cbie'*C—
( ) va.x/ 0 1 1 KZC iki

k2zZnf 1;0;1g

Clearly v 2 H1.T/. Then, returning to (4.21) and using the fact that f; has mean
zero, we obtain
z

X
(4.30) vi.x/ Dag sign.D/vaC  f1.x%/dx°:
0

It is easy to deduce from (4.29) and (4.30) thatV 2 .H1.T//2ifF 2 .L2.T//?%.In
fact, projecting V onto U? fixes the constants ag; bo; b 1; and b, thereby
yielding the unique solution ..V of (4.18)in U > |

5 Expansions of A,, I+, and det. A« [/

We define the matrices formed by Y and L.», namely,
. k/
(5.1) A.D L. USU ; I+ D Uj;Uy/ :
MY b 7kD1;4 RUACU S8 j;kD1;4

Here and in what follows, we always consider 2 (; 2/.l

5.1 Expansionsof A.» and I~

In the following discussion, Fourier multipliers that act on 2-periodic functions
are computed using the identities

(

if .k/sin.k if f is odd;
f.D/cos.kx/ D if.k/sinkx/ if f is o

f.k/cos.kx/ iff is even;

(5.2) (i .k/cos.kx/ iff is odd;
f.D/sin.kx/ D " /.cos. x/ I !s 0c%
f.k/sin.kx/ if f is even:
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MODULATIONAL INSTABILITY OF STOKES WAVES 1055

We recall from Theorem 4.1 and Corollary 4.4 that the vectors U; are expanded as

U]_ D 0 ; U2 D S c" 252 C O".HZ/;
1 C C,
53) C 2C 1 C
n 2 n2y. n R n2y.
U_:;DSC s, C 0-."%/; U4D0C SCO./.

In view of the identity jk C j D jkj C sign.k/ for jkj 1and 2 @; 1/, we hfve
jD CjuD jDjC sign.D/ u b.0/C 2b.O/ 1

D jDjC sign.D/ uC, v &x:
T—

Consequently, L. can be decomposed as

(5.4) L,» D Lo,» C LY CL;
where _ ian.D/ R
ip sign.
(5.5) 2 P p end LUTpa T
’ 0 V) 0

are bounded on any Sobolev space H*.T/. In the case of finite depth, there would
also be a term with 2. Let us successively expand L, U using the decomposi-tion
(5.4) together with the expansion of p from Lemma 3.7.

(i) L"Uz. We have Lp,;»U; DO, L1U; D 1Oand

1 0 n 0 n2y.

(5.6) LwU, D ; Ci 2C C O.."9/:
(if) L,»U,. We have Lo;"U, D 0, LIU, D 0 (because U, has mean zero),

and
ipS Csign.D/C ., 2ipS2Csign.D/C;
ipC c ipCs

0
C 1

(iii) L;»Us. Since @4Cja.p/p.0y D ", combining (4.4), (4.5), and (4.14)
yields
(58)  LoUsD "UpD ""UpCO-"3/UiD "?UzCO~""/Uy:

LiU, D C On."?/

(5.7)
C 0.."2/:

Noticing that the second components of U3 and U4 are odd, we have

(5.9) Llus D Llus D o:
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1056 H.Q. NGUYEN AND W. A. STRAUSS

On the other hand,

L1Us D ipCC sign D/S c o 2ipC, Csign.D/S, C 0-."2/(5.10)
ipS’ ipS,

O - n 1 ”nZ_
D|SC| OCO./.

(iv) L.nUg. The fact that @pc O combined with (4.4) yields

Lo;»Ua D @pcCjap/pmo/U2 U D 0

z

Taking (3.33) into account, we compute
L1U, Dlpc.}pC signD/SC 0n."2)
(5.11) 0 ipS

.1 an 0 "||2,
D|OC| SCO./.

Now consider the various inner products. Some of them vanish because of parity.

Since Uy and Uy are  gdd and p is even, we see that LU, and L1U, are odd

even
But Uz and Ug are &4} ; so that we find
|_u1U1,' U3 D Lul{l; Ug D L Uf; U3 D LuUzl,' Usg D O:
We also recall that L!U; D 0 and L1U, D 0. Therefore, denoting
1
(5.12) M D .L»U U/
we have
(5.13) Ms3 D Mo DO
and
M1 Di2C O-."%/; Mo Di". 2/CO-."?/;
(5.14) M1z D O0+."2/; Mai4 D 2C O-."?/;
M,1 Di". 2/COw."?/; My DiC O-."?/:
On the other hand, Lo;"Usz; Lo;*Us D ©°dd and L1U3; L1U4 D ©",
yielding the fact that many more inner productswanish: " " odd
.Lo;"Us; U3/ D .Lo;"U3; Usa/ D .Lo;"Ugs; U3/ D .Lo;"Us; Us/ D O;
(5.15)

.LLUs3; U,/ D .LU3;Uo/ D .LU4; U,/ D .LU4; U/ D O:

even °
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MODULATIONAL INSTABILITY OF STOKES WAVES 1057
We recall in addition that LIU3 D L!Us D 0, Lp,;"Us D Uy, and Lo.»Us D
"2U, C O+."4/U1 (see (5.8)). Consequently,
Ms1 D .Lo,;"U3; U1/ D "2.Up;U1/CO-."%/.U1; U1/ D O-."4/;
(5.16) Myg1 D .Lg."Ug; Ui/ D .Uq;U1/D 2
Msz D .Lo;"Us; U/ D .U1; U/ DO;
R2
dueto.Uq; U/ D o
M3z, D 0+."2/; Ms33DiC 0."2/; Ms3s Di". 3/C0-."2/; M43 D

i". /Co0n"?/; Mga Di2C On."2/:

U 'Zz/dx D 0. Moreover,
(5.17)

This completes the expansion of the matrix M. For the case of finite depth, the
algebra is considerably more complicated. Now by virtue of Corollary 4.4 and the
fact that U, has mean zero, we also have

.Ug;U1/ D 2; .Ug;U2/DO; .Uq;U3/DO; .Uq;Us/DO;

(5.18) . U;U2/D 2 C O- "% . Uz;U3/D
0 ; . U;Us/D O ;
.U3; U3/ D2C 0-."?/; .U3;Us/ D O-."2/; .Ua;Uas/D2C O-."?/:
Therefore, I+ D .E';-L:k// j;le;éLiS very simply expanded as
o 21 0 0 0 3

60 1 0 0o 7
(5.19) "D 8y & 1 O"',.z/g:

0 0 O."2/ 1

Combining this with (5.13)—(5.18), we also expand .A;+/ D U'\GT//‘a'%A

11 DiC O“."z/; A12 D i"C O".IIZ/;
(5.20) A13 D 0-."%/; A14 D C On."%/;
1
A1 D i"COw"?/; A2; D iC 0-."2/; Ayz D Ay D O;

A31 D O-."*/; A3, D O-."?/;

l' n 3-" n
(5.21) A33 D EIC 0-."?/; A3, D S C 0-."%/;

As1D 1; A4z DO0; As3D %u C 0-."?/; Ass DiC O-."?/: We
can be more specific about Asz;. Indeed, because
Llus D0 and LYUs;U, D O;
we deduce from (5.8) that
.Lo;"Us; Ua/ . "2U, CO-."*/Uq; Uy/

(5.22) Az, D D D "%
Usy; Uz/ .Uy; UZ/
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1058 H.Q. NGUYEN AND W. A. STRAUSS

We note that the exact coefficient of "2 in Az will be needed to determine the
contribution of the main term Il1g in (7.8) below. In (5.22), this is obtained by
using the structure of the basis fU; W D 1; 4g instead of expanding up to O+."3/.

Let us set A, . to be the the leading part of the preceding expansion ofAjk, that
is, without the remainder terms. In particular,

Azz D A33; All D A44,’ and A13 D A23 D A24 D A31 D A42 D O:

Combining this with (5.19)—(5.22), we can write the whole matrix A.» I as
A 11/11D Az C On"2/; Ay 11/12 D A3 CO"2/;
A;n o 1/13 D 0.2/ A 1+/14 DAL CO-"2
A 1n/231 DA CO"2/; A 1/ DAZ C 0On."2/; A
lv/23 D .A;»  1+/34 D 0;
A In/31 D On"4Y; A /3D "%

(5.23)

A;» 1v/33DA3F C 0:."2/;

A 14/34 DA33C0O-"2/CO-"2/ A,
/42D 1, A 1v/42 DO;
A;v /43D A3 C0O0"2/COn"2/; A
l"/44 D Agq C Gu."%/:

5.2 Expansion of det.A.» In/

We write out the individual terms of the determinant of .A,» 1/. We ob-serve
that in (5.23) the only entries without or are the .3; 1/, .3; 2/, and .4; 1/ entries. So
let us consider those terms. Only the .3; 2/ and .4; 1/ entries are multi-plied by each
other in the terms .3;2/.4; 1/.j; k/.j%; k°/ where j; j© 2 f1;2g and k; k0 2 f3; 4g.
Because the .2;3/and .2;4/entries are identically zero, the terms
.3;2/.4;1/.j; k/.j% k°/ vanish. We deduce that each term in detA.» I+ is at

most O .3 C jj3/.
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MODULATIONAL INSTABILITY OF STOKES WAVES 1059

Taking " into account, we shall treat O .4 C jj4/ and O."3/ terms as remain-ders.
Evaluating det.A.» I+/ with respect to the second row yields the expansion

det. A v/
D @A1CO""?/€EA1,CO"."2/€EMN33 C 0-."?/€EA4sZ C 0-."%/C
(EAZ; CO."2/€EABCO-."2/€EA42C0O."2/ CO"."2/e
E&s CO"."2/CO."2e
C A1 CO-."2/€EO~."2/E "2€A4s C O-."%/e
&A1 CO-."2/€&A 14 CO"."?/€E "2€&A43C0-."2/CO."2/C
(EAb C O+."2/€EA11 2C O-."2/€EA33 @ 0+."2/e
(5.24) EA; C 0n."2/e
EA, C 0-."2/€EA#Z C O-."?/€EA3,C0-."2/COn."2/ e
(EM3 CO."2/C0O-."2/e
EA, C 0-."2/€E0-."2/€E0."*/&AZ C 0O."%/e
C BA; C 0-."2/€&0-."2/€& 1€EA%4,CO0O-."2/CO0O"."%/e
C A, C 0-."2/€EAZ CO-."2/€EO0-."*/€EAL3 CO-."2/CO-."2/o
EA, C 0-."2/€EA#;CO-."2/€E 1€EAZ; C 0-."%/D
T1 C C Tio;

respectively. In order to simplify the subsequent exposition, we introduce the fol-
lowing notation for polynomials of .; /:

. 3 2 2,
...3.,/Dao Ca1 Caz ;

(5.25)
..4.;/ D ao4 C 313C 3222 C 333 C a44;

where the a; may depend on ". We emphasize that ..3.;/ does not have a 3term.
Examining the explicit formulas for A |, wh find that

T1D0"%/a.;/; T, D 0% .u:/; T3 D 0O."%/.53.:/;
TaDO"%.5.:/; Ts D Ow.1/.a.;/; Te D O."%/.a.;/;
T7 D O"."G/..g.;/,' Tg D O"."3/...3.,' /; T9 D O"."S/...g.,' /;
2 2
1 1 1
TioD _i C i 0-."2/Cc? i 0-."?
10 ,F ,F / ,F /
C 0" 5./

In other words, T1¢ is the only main term. Therefore we have proved:
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1060 H.Q. NGUYEN AND W. A. STRAUSS

PrRopPoOSsITION 5.1.

det. A In/
2 2
1. 1 w2
(5.26) D §| C 2| z 0-."4/
1
c? 5 0:."2/C0+."3/..3.;/COu1/a.;/:

It will turn out that the precise coefficients of "2 in the O+."2/ terms in (5.26)
are not needed, thanks to the presence of the factor . 2li /.

6 Perturbation of Eigenfunctions due to Sidebands

The small parameters involved in our proof are , and ", where we recall that 2
®; 1/. As above, the notation O."k/ signifies smooth functions f.; ; "/ bounded
by Cj"j* for small .;;"/. In case f depends only on ", we write O."¥/ D
o ."k/. .,

Moreover, the notation O.™ C jj™/ for m 2 f0;1;:::g signifies smooth
functions f.; ; "/ that satisfy both (i) f.;;"/ C.™ C jj™/ for small.;;"/ and (ii)
mf.;;"/ Df.;;"/ for some smoothzfunction f . z

6.1 Lyapunov-Schmidt method

Our ultimate goal is to study the eigenvalue problem L.;»U D U for fixed small
parameters " and 0. Recall from Section 4 that U, the linear subspace of
.L2.T//? spanned by the vector U jgiven in Theorem 4.1, is the generalized
eigenspace associated to the eigenvalue D 0 of Lg,». Permitting > 0 we seek
generalized eigenvectors bifurcating from U . ;By [21] there exists a four-
dimensional nullspace of L,» for small . The Lyapunov-Schmidt method splits the
eigenvalue problem into finite- and infinite-dimensional parts. In our case, there are
at least two difficulties (i) the generalized kernel U of Lo is strictly larger than its
kernel and (ii) Lo." is neither self-adjoint nor skew-adjoint. We resolve these
difficulties by using Theorem 4.5.

Recalling that ...denotes the orthogonal projection from L2.T /2 onto U ° with
respect to the .L2.T//2 inner product, we want to solve the system

(6.1) ...L+ 1d/U D 0;
(6.2) Ad  ./.L 1d/U D oO:

P
If we seek solutions of theform U D~ %), U GW withw 2H1.T/2\U?,
(6.1) is equivalent to

X 4
(6.3) w.Lv 1d/° U CWDO0jo1
i
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MODULATIONAL INSTABILITY OF STOKES WAVES 1061

p
By the linearity in , clearly W D 4 D1 W , where each sideband function W
sglves
(6.4) e L Id/.U £ W /DO

forj D 1;2;3;4. According to Theorem 4.5, Ker....lp;"/ D U, so
(6.5) T..W WD..lp,»C.. L*cL! 1dw D ..L*cLlu :

i i " j
By Theorem 4.5 the operator ...lp.,» WH1.T//2\U” | U? .L2.T//? isan
isomorphism. So its inverse is also bounded by virtue of the open mapping
theorem. Let us denote

(6.6) ,v D oloe/ WUl HIT//Z\UT

and call it the inverse operator. Then
d ,T,«D . L'CL! Id:

Ehus for each small ", if and are sufficiently small, then the Neumann series
oo, »T.../™ converges as an operator on . H 1.T//2\ U”’. Therefore

mDO
»» T is invertible from .H1.T//2\ U? ontoH1.T/2 \ U?. Its inverse is
T/ 1D Id Ad T/

i

D .ld ,T./m
mDO
p

D . 1/™,..L*cClL! 1d™:
mDO

Then applying ,,» followed by .,,»T..»/ 1 to (6.5), we obtain

X 1
W D Coym e Lt cL! 1Id™,v...LY C L'U mpo

(6.7) C2.HLT//P\U

i "
This is the solution of (6.4). In particular, it is clear that
(68) kVVJ k_Hl_T//Z D Ol/'

Py

We note that U / 0 if and only if B¢, / 0. SubstitutingW D = p, W

into (6.2) gives

X4
(6.9) dd /L 1d/U LW /DO

iD1
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1062 H.Q. NGUYEN AND W. A. STRAUSS

Now forany V,.ld ./V DOifandonlyifV 2 U’. Thus (6.9) has a nontrivial
solution CEjAPl if and only if

(6.10) det .L;»  1d/.U LW ;U DO;

is equivalent to
(6.11) P.I;"/ WD det.A,» I+ CB,»/DO;
where the sideband matrix is
L. ;U
(6.12) B.» D L Wil :
Ui U/ i:;kD1;4
Therefore we have proved:

ProprPoOsSITION 6.1. The Stokes wave .; ;c;P D 0/is modulationally un-
stable if there exists a small rational number > 0 such that (6.11) has a suffi-
ciently small root with positive real part.

6.2 Analysis of the sideband matrix

It follows from (6.8) that B.» D O./. In this subsection, we derive more
precise estimates for B.».

LEMMA 6.2.
1 n 2C n2y,
(6.13) JloyJUi D 7 C 55 C O /;
(6.14) JLo,»JUp D" 3f§ C 0-."%/;
2
JLo,»JU3z D" 352 ¢ 0.2y,
(6.15) 4c,
" ZS n2
JLo;»JUa D™ 52 C On"2/:
(6.16) c

In particular,
(6.17) .Jlp;"J U D O-."/ 8k:

PrRoOF. The operator J is the skew-symmetric matrix in the Hamiltonian form
(3.27). The expansions (6.13)—(6.16) are obtained by straightforward calculations
using Lemma 3.7. As for (6.17) we note that .Un; Un/ D O+."2/ form / n, so
that

4
(6.18) .V DV X MUm CO."2/ 8V 21L%.T/%:
op Ym U,/
We put V D JLg;"JUy. Then (6.17) is obvious for k D 2;3;4. As fork D 1,
we use (6.18), (6.13), and (4.9) to find that the term independent of " vanishes. So
(6.17) follows. O
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MODULATIONAL INSTABILITY OF STOKES WAVES 1063

LEmMMA 6.3. The following parity properties hold.
(a) The projection ...preserves the parity. That is,

619) .v b %9 jyp %4 4 vp &N
even even odd

even

ifvV D odd

(b) The inverse operator ,» D ...lo;»/ *WU? I _H1.T//2\U? switches

the parity.
That is,
even .
(6.20) »"F D if F D even odd
odd
and
Fo e o
PrOOF.

(a) By Gram-Schmidt orthonormalization we obtain four mutually orthogonal

vectors U,] that span U such that each UJ.] has the same parity as U; . Then
(6.19) follows at once from the formula ..V D V P j4D1.V; UJ.]/UJ.] and
the parity of the ul.

(b) Let us prove the first assertion in (6.20), as the second one follows anal-
ogously. Assuming F D .odd;even/> 2 U?, we will prove that V D
,"F D .even;odd/>, whereV 2 U\ .H1.T//2. To that end, for any
functionf WT | C we denote its even and odd parts by superscripts:

fe.x/D%.f.x/Cf. x//; f°.x/D%.f.x/ f. x//:

Then we decompose V D .vy;Vvy/” as
v DVoC V% vOD &9/ VvEPD wEvE/:

It remains to prove that V® D 0. Clearly Lo.» switches the parity, and
hence so does ...Lg;" in view of (6.19). In particular,

oV O D .odd;even/” and ..lpsV % D .even;odd/>:

Since ...lp"V O C ..lp»V 0D lvDFD .0dd; even/”, we must have
LoV ®D 0. Thus V2 Ker...lp;»/ D U by virtue of Theorem
4.5. In order to conclude that V@ D 0, it remains to prove V® 2 U?.
Indeed, we recall that U; and U, are .odd; even/>, whereas Uz and U,z
are .even; odd/>. In particular, V ® has opposite parity compared to U,
and Uy, so that .V 9%; U3/ D .V%; U,/ D 0. On the other hand, j D 1;2,

writing the components as LJJ D .uj’l/; uj’z// where uj'l/ is odd and uj'z/ is
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even, the simple change of variables x ! x implies that

vOu/
Z

D lvl
ZZT

p 1
2 1

X/ vi. X/ uj'l/.x/dx C

Z
1 va.x/ Cva. x/ u,'z/.x/dx
T :

vi.x/ Cvqi.x/ uj'l/.x/dx C % vy.Xx/ Cva.x/ uj‘z/.x/dx
T

D.V;UJ./DO

Thus V@2 U?. This completes the proof of (6.20).

LEMMA 6.4.

(6.21)
(6.22)
(6.23)
(6.24)

(6.25)

(6.27)
(6.28)

(6.29)

Remark 6.5. It is crucial to the proof of instability in Section 7 that the coefficient

Let ..5.;/ denote any polynomial of the form ag2 C a;. We have

.B;»/ D O.% Cjj*/ forj 2 3;4g; k 2 f1; 2g;
B."/1x D Ow."?/C0O.?% Cjj?/ 8k;

B./21 D 3% C0.."2/Cc0.2Cijj/;

.B./22 D 0-."2/CO0O.% Cjj*/;

.B.v/23 D sé C".2.;/C0O.32 Cjj/; (6.26)
B./24D".5.;/CO.32Cjj?/;

.B;»/33 D 0.."?/C0O.% Cjj*/;

B.n/34 D 25 C0.."?2/Cc0.? Cijj’/;

B."/4x DO-."2/CO.2%2 Cijj?/ for k 2 f3; 4g:

of the leading term 51;2 in .B.v/>3 is negative.

PROOF OF LEMMA 6.4. We recall the definition (6.12) of B,». Because

.U; U/ D2C 0O-."?%/;

it suffices to prove the same bounds for .L;»W ;;Uy/. In view of (5.4) we write

LW U/ D.LosW jU/C LG w;y,:

By (6.8) we have ..L1 C LI/wW HY 4 D 0.2/, so that it remains to consider
.Lo;nWj; Uy /. From the Neumann series (6.7) we have

W, D ,..Ll'cllu co?cj?:
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MODULATIONAL INSTABILITY OF STOKES WAVES 1065

Hence
.L;"W ,Uk/ D I—O;"u""‘L"U lPk

(6.30) : Lo, »..lU ; Uy C 0.2 Cjj%/;

where L! UJ. D Oforj 2 f2;3;4g. We recall thJat U4 and U, are .odd; even/>,

whereas Uz and U,s are .even;odd/>. By Lemma 6.3, ... preserves the parity,
while ,,» switches the parity. On the other hand, it is easy to check that L Ipre-
serves the parity, while Lo.» switches the parity. Consequently, Lo, ...} pre-
serves the parity. We deduce that if y and U, have opposite parity, then so do
Lo;" ..l B Jand Uy. This observation implies that

(6.31) Lo;».L'U ;U D O

both forj 2 f1;2g, k 2 f3;4g and forj 2 f3;4g, k 2 f1; 2g. Thus the first term in
(6.30) also vanishes, so we obtain

(6.32) LW ;U,/ D O.2 Cjj%/

both forj 2 f3;4g; k 2 f1;2gand forj D 2, k 2 f3; 4g. In particular, this proves
(6.21).

In order to prove the other estimates, we use L o
have

D JLo;"J (see (3.29)) to

n
’

LW ;U /D Lopr,eeltC Ll/u ; U, ,C0.2Cijj?/
D ,-...llclLl/u ;Lo Uy C 0.2 Cijj?/:

According to (6.18) and (5.6),

ugp il MUY coiep oy,

0 0 .Ug; Us/

Lru;p.. i 0con"/DOWY
It follows from this, (6.33), and (6.17) that
.L«W1; U/ DO."2/C0O.% Cjj%/ 8k;

which finishes the proof of (6.22). The proof of (6.29) is similar to (6.22) since
Llu,s D Oand

(6.33)

.tUsD.. ,iC O."/DO"."/

0
by (5.11). Next, it can be directly checked that

5S iS2 2
6.34 LAu,p 22 ¢ b C 0.2/,
(634 ? 5C 5C>
(635) n"---L1U2 D i C C in 1 6C2 C O"."z/,'

4= S z 3S2
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1066 H.Q. NGUYEN AND W. A. STRAUSS

where L1U; is given by (5.7). We note that (6.35) can be checked by applying the
operator ...Lg;» to the right side of (6.35). Taking the inner product with (6.13) and
(6.14) gives

(
3i"Cc0 ."2/,c0.2 Cjj%/; k D 1;

Al . 2
Lim W ; U/ D 0-."2/C 0.2 Cjj?/; k D 2;

which yields (6.23) and (6.24). Similarly, we have
usp s &l b 2C
tus D y c" 2 >3 C
Pt 4iCs T 431 6s
Consequently, we obtain in view of (6.33), (6.15), and (6.16) that
O .'2/C0.2Cjj%/; k D 3;
i"CO0-."2/C0.2Cjj*/; k D 4;

C O"."z/;
0-."?/:

L;" W ;U/D

whence (6.27) and (6.28) follow.
Finally, let us prove (6.25) and (6.26), which are an improvement of (6.32) for
j D 2. Indeed, using (6.7) and (5.4) we obtain

L;»Wo; U/ D Lojny, e e U Py
C Lo, LECL! lds «.L'U2; Uy
2 (1cy ..Uy U o3P ow
I cilclilco.Bcjb,

where k 2 f3; 4g. We recall from (6.31) that| D 0. Next we write the second term
as

(6.36)

1D ,e.LYcCL) Id, " P U3; ) Lo n) Uy
and recall (6.17) and (5.25) to have
(6.37) 1 D ".p.;/: As
for 111, we compute
1 2c "2 2C,
LY, ..llu, D = - Cc 0."%/;
(6.38) 2% 4 s g 452 /

L!, ... U, D 0-."%/;
using (6.35). Consequently,

¢o?/);?2 kD3
6.39 Il D 4 ! !
( ) 42” C ZOH.IIZ/; k D 4;

which combined with (6.37) completes the proof of (6.25) and (6.26). m]
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MODULATIONAL INSTABILITY OF STOKES WAVES 1067

7 Proof of the Modulational Instability

By virtue of Proposition 6.1, the proof of modulational instability reduces to
proving the existence of a small root of (6.11) with positive real part.

7.1 ExpansionofP.l;"/

We determine the contribution of B, in P.I; "/ D det.A;» [+ C B,»/ by
inspecting the individual terms of the determinant. The terms that involve B.~ are
estimated as follows.

ProposITION 7.1. The sideband termsin P are

ZP'I;”/
det.A» 14/ D 3o Loy
8 2
: 1
(7 1) C 2 i_ O".IIZ/

2
C 0.."3/.5.;/CO.%Cjj*/;

where we recall that ..3.; / denotes any polynomial of the forma;3Ca»2C as.
2

Remark 7.2. Analogously to (5.26), we observe that both of the O+."2/ terms in
(7.1) have the factor . i /.

PrRoOF OF PROPOSITION 7.1. For notational simplicity, we write A.;» D A,
B.» D B, and |+ D I. We shall treat any term that is either O."3/..3.;/ or 0.% C
jj*/ as a remainder. Let us break 4 4 matrices into four 2 2 blocks. We observe that
in A I, given by (5.23), the only entries without or are the .3; 1/,
.3; 2/, and .4; 1/ entries, all of which are in the lower left block. In addition, B D
O./. Thus, possibly except for terms containing entries from the lower left block,
each termin the Leibniz formula fordet.A 1 CB/ and fordet.A 1/is O.% C jj4/.
We are left with two types of terms: terms containing exactly one entry, which we
call type | terms, and those containing two entries of the lower left block, which we
call type Il terms.

Among terms of type |, if the only entry of the lower left block comes from B,
then it is O.4 C jj*/ thanks to (6.21). It thus suffices to consider type | terms that
have exactly one entry of A | D A from the lower left block. Noting in
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1068 H.Q. NGUYEN AND W. A. STRAUSS
addition that A1 D O."4/, we deduce that the contribution of type | is

ID Asz2.A11  C B11/B23.As4 CBaa/
C As32.A11  C B11/B24.Ass laz CBa3/C
A33.A21 CBz1/.A13 CB13/.Ass C Bas/
A32.A21 CB21/.As3 143 CBs3/.A14 CBaa/

Aa1.A12 CB12/B23.A34 I34 C B3a/
C As1.A12 CB12/.A33 C B33/Bs

(7.2)
C As1.A22 C By3/.A13 CB13/.A34 I34 C B3a/
As1.Az; C By2/.A33 C
B33/.A14 CB14/C 0."%/.3.;/C0O.% Cjj*
X8
D Ilm C 0."%/.5.;/CO.%Cijj*: mp1

By (6.25) and (6.26) we have By3; B4 D O.2 C jj2/, so that
(7.3) lm D O.% Cijj*/; m 2 f1;2;5; 6g:
Using Lemma 6.4 we find that
I3 D A32A21A13.A44 /C O-."%/.5.;/CO.*Cijj*/; (7.4) 14D

A32A21.A43  143/A14CO-."%/.3.;/ CO.% Cijj*/;
|7 D A41.A22 /A13.A34 |34/ C O"."3/...3.;/C 0.4 CJ]4/

Next we expand lg as

le D Az1.A2> [.A3z  [A1a  Aa1B32.A33 [A1a
As1.A2>  /B3zA1a Az1.Az2  /.Asz /B1a  A41B22B33A14
Ag1.A22  /B33Bia  A41B22.A33 /Bia  A41B22B33Big
D lg,0Clg;1 C C lg;7:

By virtue of Lemma 6.4 we have

1
lg.m D 27 0-."?/C0-."%/.5.;/CO.*Cijj*; m D 1;2;

2 2
lg.3 D zg 0+."2/C0.."%/.3.;/CO.*Cjj*/;

lg.m D O+."%/..3.;/CO.%Cijj*/; m D 4;5;6;7:

od ‘S “€T0T ‘TIE0L601

:sdpy woy papeoy

ASUAOIT suowwo)) dAnear) sjqeorjdde oyy £q pauIoAos aIe sa[oIe () Lasn Jo sa|nl 10§ AIeIqr auluQ A3[IA\ UO (SUONIPUOI-PUB-SULID} W0 K3[im  KIeIqIouluo//:sdijy) SuonIpuo)) pue suLd [, oyl 338 "[£€202/90/10] uo Areiqr aurjuQ L[ ‘puejkiejy JO Ansioatun £q ££0zzedo/z001°01/10p/wod Kofim”



MODULATIONAL INSTABILITY OF STOKES WAVES 1069

Gathering the preceding estimates yields

2
ls D Az1.Az2  /.Azz /A14 C 1j 0-."%/
(7.5) 2
c2 ¢ 0.."2/C0"."*/.5.:/CO.% Cjj*/:

2

Combining (7.3), (7.4), and (7.5), we deduce that the total contribution of B in
type | terms of det. A | C B/ is
2

B . n2 2 R n2 N n3 .
06 P b 0."?/c? i 0:."2/C0."3/. 5.;/

Cc 0.4 Cijj*:
The contribution of the type Il terms is

I WD.A31 CB31/Ba2.A13 CB13/Bys  .A31 CB31/Bs2.A14 CB14/B2s
(7.7) .Ag1 CBa1/.A32 CB32/.A13 CB13/B2a
C .As1 CBa1/.A32 CB32/.A14 CB14/B23;

where we have used the facts that A3 D A4 D Az D Oand | D 0 in the lower
left and upper right blocks. Notice that each term in Il contains at least one entry of
B. In the process of expanding each product in (7.7), if there are at least three
entries of B, then at least one of the three comes from the lower left block of B. So
this one is 0.2 Cjj2/ by virtue of (6.21), implying that the term is O.#Cjj*/.
Therefore we are left with

I D A31Ba2A13B24 A31B42A14B23 B41A32A13B24 A41B32A13B24
Aa1A32B13B24  A21A32A13B24 CB41A32A14B23 CA41B32A14B23
(7.8) C Az1A3,B14B23 CAs1A32A14B53CO.% Cjj*/ 10

DVX Ilm CO.%Cijj%:
mD1

Within ll, for m 2 f1;2;3;4;7; 8g, there is one entry from the lower left block of
B, one entry from the upper right block of B, and one entry from the upper right
block of A. So their product is O.4 C jj4/ in view of (6.21) and the fact that A D
0./ in the upper right block. On the other hand, from (6.22), (6.25), and (6.26), we
find that

lls D "20+."2/C0.2 Cjj?/".2.;/CO.3 Cj?/
D 0-."%/.5.;/CO.% Cijj*

lle D "20.."2/".5.;/C0O.2 Cjj3/
D 0-."5/.5.;/CO.%Cijj*
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1070 H.Q. NGUYEN AND W. A. STRAUSS

llg D "20+."2/C 0.2 Cjj%/ 82 C "..f.;/c 0.3 Cjj®/

D 0-."%/.5.;/CO.%Cijj*;
1

1
ll10 D "2C O-."?/ 82C_...2.;/CO.3ij3/D 3n2 ¢

0+."3/.3.;/C0O.%Cijj*/:
8
Thus the total contribution of B in type Il terms is
1
(7.9) 118 D 53"2co-.."3/...3.;/co.4ij“/:

Finally, combining (7.6) and (7.9) leads to (7.1).

Now combining Propositions 5.1 and 7.1 we obtain the expansion for P :

1

P.I;"/D i -
/ 2

2

(7.10) "2 e i Yo =
8 2 2

C 0-."3/.3.;/C0O.%Cjj*
for some absolute constants r1; ro 2 C. Still for small 2 .0; 2/,lwe set
(7.11) D

so that, upon recalling (5.25), we have

(7.12) P.I;"/D3P.I;'Y;
where
2 2
P.I,'" D . 1 C n2 C]: . 1 C r . 1
(713 /DIt g ~ &, o 2 5,0 =

C 0-."3/1./C5.0;"/

for some smooth function ».1; "/ and for some quadratic 1./. The principal part of

P with the last term omitted is

2 2

n n2 . 1 . 1

(7.14) Qg.1"/D 2} C 8@"1 2|_ Cr 2| 1
C 0-."3/1./:

Clearly, @ is a quadratic polynomial in .
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MODULATIONAL INSTABILITY OF STOKES WAVES 1071

7.2 Roots of the characteristic functionP.l;"/

First we look for the roots of @. Of course, for" D 0, @.10/ D .15 /% has the
imaginary double root li.ZWe will prove that for small " / 0, the double root
1Ei bifurcates off the imaginary axis, which will subsequently lead to an unstable
eigenvalue of L,».

LEMMA 7.3. There exists a small "g > 0 such thatforall " 2 . "g; "o/ n fOg, the
quadratic polynomial @.1"/ has two simple roots,
1
(7'15) 'll/ D 2i‘€ ".”/;
where W "g; "o/ ! R are smooth functions and .0/ D Py 1

PROOF. We seek solutions of the form D i 2C ". Then from (7.14) we have
1 1 Q
Zi C_nln D n2 2 C _Z.r 2u2 ro" CO"."3 i C n
2' 8 1 2"/ /1 2'
Recall that O-."3/ depends only on ". Dividing through by "2 / 0, we see that
Q. ;—i C "1"/ has the same roots as Q!.1"/ where

1
Q].IH/WD n ZQZ "Z'C Illll

2
(7.16) X D, o

C "ri2" ry/CO."/ jict

Clearly, © D —— ake the roots of Q1. 10/. Since @Ql.10/ D #2- / 0, the Implicit
function theorem Tmplies that there exists a pair of smooth functions ."/ su€h that

.0/ D % and Ql.."/1"/ D O for small ". From the definition Q.%i C "1"/
D "2Ql.I "{, the roots of Q.1"/ for small " are

z
"/ D 1—2i c? ."/. Since
1
@%icOIIIIIDH@Q]OIIID W
5 2 i
we have @@.."/1"/ /0 for small " / 0, implying that ."/ are simple roots
forsmall " / 0. m)

Now we recall from (7.13) and (7.14) that
(7.17) R.1;"/DQ.IZ/C>.l1;"/:

In particular, PZ10;"/ D Q.E"/. If we fixasmall" 2 . "g;"o/ nf0Og andvary,
according to Lemma 7.3, the polynomial Q.1"/ h& two simple roots of the form
M/ D ,i C""/. 1A particular,

@F.10;"/ip») D @Q.1"/jg./ / O:
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1072 H.Q. NGUYEN AND W. A. STRAUSS

The implicit function theorem when applied to (7.17) implies that for each " 2
"0; "o/ n fOg there exists a small g."/ > 0 such that for all 2 .0;0."//,

R.l; "/ has at least two simple roots .; "/. For each such ", both mappings

I .;"/ are smooth and

1 1
(7.18) .0;"/D _i€"."/; .0/ D :
2 AP

Finally, recalling the scaling relations (7.11), (7.12), and (3.30) we obtain our main
conclusion, as follows.
LEMMA 7.4. Forall"™ 2. "g;"o/nf0gand 2 0;0."/, P.I;"/ has at least two
simple roots of the form

(7.19) 5"/ D",
where | ;"/ are smooth and satisfy (7.18). In particular, (7.20)
D — -
n 1' I n n n 2 n
5"/ C"%g1."/C g2"/;

[

2 2
where g1./ and g».;"/ are smooth for each ". On the other hand, for 2.
o."/; 0/ we have

1 1 2 Py
i g " "g1."/ Cga. "
222
Theorem 7.4 completes the proof of the modulational instability for Stokes
waves of small amplitude in deep water.

(7.21) 5"/ D

Appendix A Stokes Wave Expansion

Here we derive from scratch the expansion of a Stokes wave of small amplitude
and zero Bernoulli constant, P D 0. Our motivation is that the expansions found in
the literature do not seem to be unique. In fact, the apparent nonuniqueness is
simply due to different choices of coordinates for the parameter a.

In the moving frame of speed c, the water wave system (2.2) becomes

(A.1) *,,yD 0 ine;

(A.2) c@xCgC ,jrd,j> D0 onfy D .x/g; (A.3)
@,C.c @,/@,D0 onfy D .x/g;

(A.4) rx;y! 0 asy ! 1:

Using superscripts we Taylor-expand the unknowns,
D nl C n22 Cn33 C:D nl C
||22C|l33c i C D COCnch

||2c2 C ;
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MODULATIONAL INSTABILITY OF STOKES WAVES 1073

and reserve subscripts for derivatives. Each I is harmonic in fy < Og. Then we
Taylor-expand
.X;.x// D .x;0/C .x;O/y"l.x/ c"22.x/Cc"33.x/cC
ci,.x;0/"x/c’cC ;
and similarly for .@X/.x; x// and .@,/.x; .x//. In the following we will

suppress the arguments. In most places the arguments of ; ; y, etc., will be .x; 0/.
Equation (A.3) gives

w1 01 w2 2 ~11 11 02 11
yee o £ Cyv™ oy x G T et (AL
3 3 ~12~21 12 21 111
C VC VVC y y X X Y X X X

(o]
Cc?cct?gc?tc,t Y, C 0."/Do:Onthe

other hand, equation (A.2) gives

n COl C g1
X )
2
C n2 C02X COlylx Cll CgQCLCEl.Zelxl 2 y
(A.6) C TElL c03X Cozylx c01y2 )glz c21 (;g3 C ilylc 11y1 y c:
)
1 11 11 1 12 12
YWYy vy ¢ y X C X X X y vy
co.*/Do:
Now equating the coefficients of " yields
(A.7) 1yx;O/Cc01.>)<(/ D 0; c® x;0/Cgt.x/ DO; «xCyy D oO:
Clearly a solution is
(A.8) 1 x/ D cosx; L x;y/ D c%sinx; c°D pg_:
In the coefficients of "2, we substitute (A.8) into (A.5) and (A.6) to obtain 2 C
y P g2cC. I:)g_sin x/.cos x/ .Eg cosx/. sinx/Cct. sinx/DO
and
p—g_z C g? IOg—.pg-t-:os x/.cosx/ cl.gg cos x/
X

C %.pg_cos x/? C %.pg_sin x/? D 0:
The preceding equations simplify to
zyC P gzx clsinx CEgsin.2x/ D O;

2 ~P > 1 1P .
L8 € CcosX 2—gcos.2x/DO.

(A.9)
We eliminate 2 by combining these two equations as

(A.10) , X;0/C %0/ 2¢tsinx D O:
We choose the trivial solution

(A.11) c!po; 2D0; 2D ,%os.2x/:
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1074 H.Q. NGUYEN AND W. A. STRAUSS

As for equating the coefficients of "3, we may now put 2 D Oandc! D Oto
obtain from (A.5) and (A.6) the equations

3,12 12 111 03 21 1 11
N Ve x x x Cg7Cc"C,, =D0and
03 01 2 21 3,111,111 %1 11 . ;
co, Ty ce Cg C 7, Cy v DOz,.NxowwepIugln

c°D p—g, 1p pgey sinx, 1 D cosx, and 2 D L-cos.2x/ to obtain
3yC g3x c?sinxCL gcos.2x/sinx C g sin.2x/ cos x

2xsinxCZE)g_sinxcosszO

C "gcos
and o
3XC p—g3 c? cos x Tgcos.Zx/ cosx CP gcos3x

c Bgsin?x cosx %pg_cos3 x D 0:
They simplify to
(A.12) 3, ¢ P2 cZsinxc3Bgsin3x/c EPgsinx D o;
(A.13) L ® 3 c2cosxclg 3cosx  3cos.3x/ D 0:
Combining the last two equations, we find
(A.14) ,3;0/C k;0/c. 2¢2cPg/sinx D o;
which admits the (trivial) solution
(A.15) 2D %pg_; 3D o:
Then it follows from (A.13) that
(A.16) 3p 8—1cosx C 8§cos.3x/:

Thus we have proved the expansions for and c in (2.7). On the other hand, since
.x/ D .x;.x// P —ge*/ sinx, the expansion for  follows from Taylor’s
formula. We remark that by a simple char’;ge of the variable a, we could have

modified the coefficients of the %cosx and Tg sinx terms in (3.3) if we wished.

Appendix B Riemann Mapping and Proofs of Proposition 3.3
and Lemma 3.4

B.1 Riemann mapping
Recall that the fluid domain at a fixed time is given by
e Dfx;y/2RWy < .x/g

where is C 1, even, 2-periodic, and .x/ D O-."/. We first prove the following
Riemann mapping theorem for the unbounded domain.
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MODULATIONAL INSTABILITY OF STOKES WAVES 1075

ProPOSsITION B.1. For any sufficiently small ", there exist mappings Z ;x;y/ W
e | R,j D 1;2such that
(i) Z1 CiZy is conformalin e;
(it) .x;y/ 2 |V .Z1.x;y/;2Z2.x;y// is one-to-one and onto R 2 (iii)
Z>,.xC2;y/DZy.x;y/forall .x;y/ 2 eandZ, is evenin x; (iv)
Z5.x;.x// D0Oforallx 2 R;
(v) Z1.x C2;y/D2C Zy.x;y/ forall .x;y/ 2 eandZ; is odd in x; (vi)
kry;y.Z1 x/kii.ey Ckry,y.Z2  y/kpi ., C".

PROOF. We consider the change of variables .x; Y /3 R2 | .x;y/ 2 * where
y D .x;Y/ D eYiPi x/CY is periodic in x. This change of variables is one-to-
one and onto since @yD 1 C e¥iPijDj.x/ L-for sufficiently small ". Define
the inverse by

(B.1) X;y/ D .x;.x;Y//  ifandonlyif Y D .x;y/:

From the relation

1 X o
y Y 2—y.O/D elkiV gixky K/

k/0
we have
1 Y
(B.2) y Y Ey—.o/ Coe' kky1;
and hence
y Y 2JLO/ C"eYkky1; cCDC./:
In other words,
1 . X;y/
(B.3) .x;Y/ Y 0/ C"e'; y C _y.0/ C"e¥Y—
2 2

and analogously for derivatives. A direct calculation shows that if fzx;Y/ D
f.x;.x;Y//, then

(B.4) divi.y Arx.y f7.x; Y / D @y .ox.yf/.x; %Y //
with
n #
@@ @
1Cj@j2
(B.5) A D oy

X

Making use of (B.3), we find that

jr™divey Ay Y/j Cm"e¥  8.x;y/2R%; 8m O:
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1076 H.Q. NGUYEN AND W. A. STRAUSS

Then by Lemma B.2 below, there exists a unique solution Z, to
?divx;y.Arx;yZéD divx;y.Arx;yY/; .x;y/ZOD T R ;
<Z.2x;O/D0; X 2T;kry;yZkys oy
_con; X . 8s 0;

. kei@x%kLl.TlLl.R // c":

Define Z,.x;y/ by Z2.x; .x;Y// DY CZ,.x;Y/; thatis,

(B.6)

(B.7) Z,.x;y/ D .x;y/ CZy.%;.%;¥//:
Then, in view of (%.4), Z> satisfies
e'x;yZZ-X;y/ DO 8.x;y/ 2 e;
(B.8) ~Z22.xC2;y/DZy.x;y/ 8.x;y/2e;
“Z2.x;.x// D O:
Moreover, Z5 is even in x because is even. We claim that
Zy
x5 y/ ! @xZ2.x; y°/dy°
1

is well-defined as a function in L1. e /. Indeed, differentiating (B.7) in x gives

@xZ2.%;¥/ D @x.x; ¥/ C@xZy .%; .X;¥// C@yZy.%; . X;¥//@x.X;y/:

Then using the change of variables .x; Y/ D .x;.x;y// and the exponential
decay of @,Z (the last estimate in (B.6)), together with (B.3), we obtain the claim.
Now we can define 7

Yy
(B.9) Z1.x;y/ D x @xZ2.x; y°/dy®;
1

sothat @,Z1 D @xZ>. Since @y222 H1.0/, whereOD T R , we have
@vZ,.x;Y/!0asY | 1. Hence

ylIim1 @yZZ.x;y/DyIIim1 @y.x;y/ C@yZ,.x; . x;y//@y.x;y/ D1

uniformly for x 2 R. Together with the fact that Z, is harmonic, this yields

Zy Zy
@xZ1.x;y/ D1 @°Z,x;y°/dy° D 1 C @%Z2.x;y°/dy°
1 1
D @yZy.x;y/:
Thus Z; and Z5 obey the Cauchy-Riemann equations
(B.10) @421 D @yZ2; @,Z1D @xZ2 ine:

Butkry;y.Z> y/kii..; C"dueto(B.6)and (B.3), so that
kry,y.Z1 x/kL1 ., C"Y

proving (vi). Moreover, from (B.9) and the fact that Z, is even in x, it follows that
ZiisoddinxandZi.x C2;y/ D2C Z1.x;v/.
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MODULATIONAL INSTABILITY OF STOKES WAVES 1077

Finally, let us prove (ii). Owing to (vi), Z D Z; C iZy is one-to-one for
sufficiently small ". By the maximum principle, Z .x;y/ 0in e and hence
Z.»/ RZ. Then, since Z is continuous, it is onto provided that Z.f.x; .x// W x 2
Rg/ D fx;0/ W x 2 Rg. This in turn will follow if

Z1.f.x; .x// Wx 2 Rg/ D R:
Indeed, since Z41 is continuousand Z1.x; .x// ! 1 asx ! 1 in view of
(B.9), we conclude the proof. |

LEMMA B.2. Assume that F WOp! R satisfies hyiF 2 L2.0/ for some > 1,
whereOD T R andhyiD 1 C y2. Recall the matrix A given by (B.5).
(1) There exists a unique variational solution u to the linear problem

divy,y.Arx,yu/.x;y/ DF.x;y/; x5/ 20;

(B.11) u.x; 0/ D 0; X2T;

such that
(BlZ) khyl UkLZ.O/ Clmx;yUkLz_o/ CzkhylF kLZ.O/:

(2) IfF 2 cl.OX satisfies jr,M F.x; y/ji Cn"eY in O forall m 0, then

(B.13) krx;yukys.o; C"¢  8s 0 and
(B.14) ke‘zl@xukLl.T”_l R // C":Z
PrRoOOF. We only need to be careful with the behaviorasy ! 1. In orderto

find the variational solution, we need a weighted Poincare inequality. Indeed, it is

easy to see that for any > 1, there exists C > 0 such that
Z YA

(B.15) hyi 2ju.x;y/j>dy dx C j@yu.x;y/j2 dy dx
0 )
for all u.x;y/ 2 Cé.O/. Define Hlo.O/ to be the completion of C(l).O/ under
the norm
kuk,: D khyi uk,2 g, Ckry;yuki2 o;:
0

Owing to (B.15), HEO/ is a Hilbert space with respect to the inner product
.u;v/tho/ WD .ry;yU; rx;yV/12 g/:
0

The Lax-Milgram theorem implies that the elliptic problem (B.11) has a unique
solution u 2 H10.O/. More precisely, u satisfies
Z Z
(B.16) Ary,yu ry;y" dydx D F’ dy dx
0 o
forall’ 2 H%.O/. Inserting” D u yields the variational estimate (B.12).
Now we prove the decay estimates (2). Assume that F 2 C!.Ox satisfies
jrxr{‘yF.x;y/j Cn"eYin O forallm 0. ThenF 2 H1.0/ and by the
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1078 H.Q. NGUYEN AND W. A. STRAUSS

standard finite difference technique we obtain ry;yu 2 H 1.0/ together with
(B.13). It remains to prove the decay (B.14). Let us rewrite (B.11) as

(
*;yu.x;y/ D GWDF C divy,y, .Id  A/ry.yu; X;y/ 2 0O;

B.17
( ) ux;0/D0; x2T:

where jr,y G.x; y/j C,,'®Y for all m 0. Denoting by y.k;y/ the Fourier
transform of u with respect to x, and analogously for &.k; y/, we have

k’y.k;y/C@°wk;y/DG.K;y/; y.k;0/DO 8k2Z:

The unique solution y that guarantees ry,y u 2 L2.0/ is given by

e ikiy Z y ki VO
v.k; Y/ D ——— el Jy\G-k; Yo/dyo
2jkj
ol kY Zo Zo
c eikiy‘@.k; yydyc¢ e ikiv'@.k; y9dyc¢
2jkj 1 v
forall k / 0and
Z OZ VO
y.0;y/ D ®.0; y©/dy® dy°:
y 1
Using j®@.k; v/j CO"ij_C%V_f.or all k 2 Z, we estimate
( h  con oy eikiy p |
. . kyv-.C, - , e
iky.k: y/i , ST Gict Kjc1 &k 1

jkj 2;C0"4 ev yeY ; jkjD 1:

Integrating in y, we obtain

Z
je ky.k;y/idy C®ikj > 8jkj 1:
R
HenceKe : @B(Uk..[ll LRy C", thereby proving (B.14). In fact, the same
decay can be proved for all derivatives of u. ]

B.2 Proof of Proposition 3.3

Applying Proposition B.1 with .x/ D .x/ D O ."/, we obtain a Riemann
mapping Z1.x;y/ C iZp.x;y/ from f.x;y/ 2 RWy < .x/g onto R2. Let
-1 Ci- be theinverse of Z; CiZ,. The properties (iii), (v), and (vi) in Proposition
B.1 imply that

1.x C2;y/D2C 1.x;¥/; 2.xC2y/D-2.x;y/  8.x;y/2R?;
-1 is oddin x and -5 is evenin x, and

er;y.'l X/kLlo/Cerly.'z y/kLlo/ C”:

od ‘S “€T0T ‘TIE0L601

:sdpy woy papeoy

ASUAOIT suowwo)) dAnear) sjqeorjdde oyy £q pauIoAos aIe sa[oIe () Lasn Jo sa|nl 10§ AIeIqr auluQ A3[IA\ UO (SUONIPUOI-PUB-SULID} W0 K3[im  KIeIqIouluo//:sdijy) SuonIpuo)) pue suLd [, oyl 338 "[£€202/90/10] uo Areiqr aurjuQ L[ ‘puejkiejy JO Ansioatun £q ££0zzedo/z001°01/10p/wod Kofim”



MODULATIONAL INSTABILITY OF STOKES WAVES 1079

Another way to state the even-odd property is -.x Ciy/ D -. .x Ciy//,
where- D -1 Ci-». Then.x/ D -1.x; 0/ is odd and -, satisfies
?’x;y'z DO in Rz;
S.2.xC2y/D-2.x;y/ 8.x;y/2RZ%;
_2.X;0/ D .x/;
Cryyer2.X5y/  y/2Lr.0/:

(B.18)

It follows that

1 X ) o
(B.19) 2.X;y/ Dy C — gikxgyiki :.Ik/:
2 k22
Using the Cauchy-Riemann equations we find that
i X
1 . .
‘1.X;y/ DR C x . e *sign.k/eYik 1(/
k/0

for some constant R 2 R. Finally, since -1 is odd, we have R D 0 and hence
(3.15) follows.

B.3 Proof of Lemma 3.4
Forf 2 H1.T./, we first recall from (2.3) and (2.4) that

(B.20) G./f D @,.x;.x// @y.x; X//@.X/ where

.X; y/ solves the elliptic problem

*;yDO ine;

jyp.x; D f.x/; rx;y2 L2.e/:

Let -.x; X/ D -1 C i-2 be the Riemann mapping given by Proposition 3.3. Set
,.x_L'_y/ D .-1.X;V¥/;2.x;y// for .x;y/ 2 R%. Since - is holomorphic and

is harmonic in e, , i s harmonic in R2. Next we find the boundary conditions for
, . Recall that - maps fx;0/ W x 2 Rg onto fx;.x/ W x 2 R/g. It

follows that -1 x; 0/ D .x/ and -2 x; 0/ D ..x// D .;/.x/. In addition,
kryy.r1 x/kpi g2, Ckry;y.c2 y/kp1 g2, C" by (iv) in Proposition
3.3. Thus, sat(isfies - o

*xiy,D 0 inR%;

,.Xx50/ D 4f/x/; Iy, 2L 2T, R [

, i s given explicitly by

(B.21)

1 X .
oy D 2T ekenkti e L,
L k22

In particular,
1 X 2 L »
@y,x;0/D ek 1k 1/ R D DLt/
k22
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1080 H.Q. NGUYEN AND W. A. STRAUSS

On the other hand, by the chain rule and (B.18) and the Cauchy-Riemann equa-
tions, we obtain

@ly:-x_;_o/ Doﬂ y X/;..x/ x X/;..x/ @x..x//D
Oy] G./f x/:
Combining both expressions for @y,.x ; 0/ yields

]GJﬁﬂPinUﬁhyD%y@whﬂiﬁ

where H denotes the Hilbert transform, HpuL.k/ D isign.k/yt./. Finally, in
view of the identity 1., @iig/ D @, lg/twith g D H..f /, we arrive at the
claimed identity G./f D @X_] YHLf/

Appendix C Proof of Lemma 3.7
An application of the shape-derivative formula (3.4) yields
G./ D G.0/ G.0/.B/ @x.V/COn."3/
DjDj  jDj.B/ @x.V/COn"%/;
where in view of (3.3) and (3.5),
BDG./ CO.">/DjDj C O0."2/D"sinxCO-."2/;V D
@ C 0."%/D"cosx CO."?/:

The remainder in (C.1) is O."3/ because both and are O.."/. Next we find the
"2 terms in B and V from (3.5), (C.1), and (3.3), obtaining

(C.1)

BDG., C@ @¢~C O0-"3/
D jDj  jDj.B.0; // @xV.0; //C@ @C 0-."3/

D jDj jDj..jbj // @x.iDj //C @ @C 0-."%/(C.2)
"sjinxc 2"zsin.2x/ jPj ."siny /."cosx/

@, ." cosx/." cosx/ " cosx/."sinx/ CO."3/
D ."sinx C"Zsin.2x// "2 sin.2x/ sin.2x/C él_sin.Zx/ Cc 0.."3/

1
D "sinx C 5"2 sin.2x/ C O«."3/

and

V D @ B@y
(C.3) D "cosx C"?cos.2x/ C."sinx/." sinx/ C O=."3/

1
D "cosxC 5"2.1 C cos.2x// C O-."3/:
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MODULATIONAL INSTABILITY OF STOKES WAVES 1081

Formula (3.15) gives

X/ D -1.x;0/ D x iZ—X e'**sign.k/ .37’; k/0
whereD x C "1 C"22Cc0O-."3/, D "1 C"22C0-."3/,and
x/ D"t x/C" @, .x/t.x/C Z.X/g C 0.."3/
D "cosxC"? l.x/sinxC 2—1cos.2x/ C O-."3/:
Matching the orders of " we find that
i X

. e'* sign.k/ces.k/ D isign.D/cos.x/ D sinx

k70

1x/D

and, withf.x/ D 1.x/sinx C ,%0s.2x/ D sin?x C ,%o0s.2x/,
i X

. e *sign.k/f /D isign.D/f.x/ D sin.2x/:

k70

2 x/D

Thus, we obtain .x/ D x C" sinx C"2sin.2x/C0O."3/, which finishes the proof
of (3.32).
Next Taylor-expanding ;V .x/ D V ..x// using (3.32) and (C.3) gives

1V..x/ D "cosx C "2 c0s.2x/ C O-."3/:

Then combined with the expansion©.x/ D 1 C "cosx C 2"2 cos.2x/ C O-."3/,
this implies

C \Y
p.x/ D —](

1C1"2 "cosx "2cos.2x/

D e e C O
1C"cosxC2"2cos.2x/ D
1 "cosxC"? 1 cos.2x/ 1 "cosxC"? 1 3cos.2x/
2 2 2
C O"."3/

D1 2"cosxC"? i 2co0s.2x/ C O-."3/:

Similarly, we have |B.x/ D "sinx C "2 sin.2x/ C O-."3/and

q.x/ D p.x/@x.;B/.x/ D "cosxC "2 1 cos.2x// C O=."3/:
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1082 H.Q. NGUYEN AND W. A. STRAUSS

Finally, we expand

1Caq.x/ 1 °Cq
—o 1D —
D 2"cosxC"?21 3cos.2x/1 "cosx C On."3/

D 2"cosxC2"2.1 cos.2x//CO-."3/

which completes the proof.

Appendix D Higher-Order Expansions

At a certain point in our investigation we expected that higher-order expansions
would be necessary. We share these expansions with the reader in the expectation
that they might well be useful in future computational and theoretical work.

odd S s 253

n n 252 n3 n4

D.1) @, D D c " C 2 cC 0."%;

(D.1) 2 even C Cz, ic ¢ §c3 /
even . C w2Cr o 2 %Cg3
D.2 Us D D C C ] ;
(D-2) UsD ™ 4 S 55,5 C 31 g/

even 1 w C w2 2C; n3 7.
(D.3) Uas D odd D 0 C S C 55 C 0."/:

A1 DiC 2i§2 CO"3/;  A12D i"COw"3/;A13D
O".Ilg/; A]_4 D n2 C O"."3/,'
A21 D i” C O"."3/; A22 D %l 4|52 C O"."3/;

A>3 D A4 DO;

D.4
(b-4) A31 D O."%/; A3 D "%

1. A2 n3 3-|| n3
A D= < C 0"/, A D Zi"COw."/;
33 2' 4| / 34 2' /

Az1 D 1; A4 DO

As3 D Zi"CO-"3/; Asa DiC On"3/:

N~
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