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A B S T R A C T

As computational power increases and systems with millions of red blood cells can be simulated, it is
important to note that varying spatial distributions of cells may affect simulation outcomes. Since a single
simulation may not represent the ensemble behavior, many different configurations may need to be sampled to
adequately assess the entire collection of potential cell arrangements. In order to determine both the number
of distributions needed and which ones to run, we must first establish methods to identify well-generated,
randomly placed cell distributions and to quantify distinct cell configurations. We utilize metrics to assess
(1) the presence of any underlying structure to the initial cell distribution and (2) similarity between cell
configurations. We propose the use of the radial distribution function to identify long-range structure in a
cell configuration and apply it to a randomly distributed and structured set of red blood cells. To quantify
spatial similarity between two configurations, we make use of the Jaccard index, and characterize sets of red
blood cell and sphere initializations. As an extension to our work submitted to the International Conference
on Computational Science (Roychowdhury et al., 2022), we significantly increase our data set size from 72
to 1048 cells, include a similar set of studies using spheres, compare the effects of varying sphere size, and
utilize the Jaccard index distribution to probe sets of extremely similar configurations. Our results show that
the radial distribution function can be used as a metric to determine long-range structure in both distributions
of spheres and RBCs. We determine that the ideal case of spheres within a cube versus bi-concave shaped cells
within a cylinder affects the shape of the Jaccard index distributions, as well as the range of Jaccard values,
showing that both the shape of particle and the domain may play a role. We also find that the distribution is
able to capture very similar configurations through Jaccard index values greater than 95% when appending
several nearly identical configurations into the data set.
1. Introduction

Computational blood flow models are a powerful tool for answering
biomedical questions. For microvessel simulations, where individual
cell diameters are on the same order of magnitude as vessel size, the
presence of cells plays a significant role in the non-Newtonian behavior
of blood. In this regime, velocity profile blunting has been observed
due to the motion of cells towards the vessel centerline [1] and blood
viscosity has been shown to be dependent on vessel diameter and
hematocrit (volume percentage of cells in the blood) [2]. Additionally,
cell-to-cell [3] and cell-to-vessel interactions [4] have been shown
to affect the underlying blood flow profile. Therefore in small vessel
simulations, blood must be modeled as a suspension of cells rather
than a continuum fluid. Fluid–structure interaction (FSI) models, such
as the immersed boundary method [5] or dissipative particle dynam-
cs [6], which fully couple deformable particles with a background
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fluid, have been shown to accurately model cells in microfluidic [7] and
microcirculatory systems [8]. Blood flow simulations using FSI models
provide a wealth of information, as both microscopic and macroscopic
quantities, such as individual cell position and deformation, and fluid
pressure and velocity profiles, can be precisely tracked and studied over
time [9,10]. More importantly, these models allow for the isolation and
controlled variation of specific parameters such as cell size or stiffness,
enabling researchers to probe the effects of individual parameters on
the quantity of interest. Much of the in silico work in microvessels
with cell FSI models has been focused on red blood cells (RBCs),
including studies on the effects of cell deformability and shape [11–
13], partitioning at junctions in the vasculature [14,15], aggregation
mechanics [16], and development of a cell-depleted layer [17,18].
Simulation has also been used to study the motion of other particles
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in the presence of RBCs such as platelets [19,20], leukocytes [21,22],
and circulating tumor cells [10,23–26].

While FSI models of cells in complex geometries are not new,
advances in computational efficiency and capability [27–30] have only
recently made this approach practical for comprehensive studies of
realistic systems. The inclusion of explicit cells in particular introduces
several new obstacles. The main challenge is simply one of statistics:
the motion of microparticles diffusing through a vessel is an inher-
ently stochastic process, thus trajectories must be sampled a sufficient
number of times to capture average behavior.

The same problem holds when abstracting from cells to granular
materials, such as grains of sand or rice, or atomic particles. When in-
terested in the microscopic behavior at the level of individual particles,
a single simulation is unable to capture the range of possibilities. Using
a cellular example, when tracking cancer cells in silico, the distance to
a vessel wall directly influences the cell’s likelihood of adhesion [31]
and subsequent escape into nearby tissue. We previously demonstrated
the effects of varying cell positions while studying combinations of
hemodynamic parameters and the motion of a tumor cell [23]. Even
when all bulk fluid parameters were held constant, the trajectory of
the individual cell was found to vary significantly based on the relative
configurations of neighboring cells.

In addition to increasing the overall computational cost, the need
for a representative ensemble of starting configurations introduces new
potential sources of error that must be managed. This challenge is
particularly acute for systems with higher hematocrit values, where
random coordinate generation must be done carefully to avoid ar-
tificial structure that would bias the observed dynamics. Similar to
the well-known equilibration problem in molecular dynamics [32],
flow simulations through tortuous vascular geometries have the added
complication that one cannot easily gather equilibrated statistics simply
by running a closed system longer in time. Instead, one must generate
a number of distinct sets of equilibrated starting points to be run
independently [33]. To this end, we propose a method to generate
many cell configurations and the use of the radial distribution function
(RDF) to characterize the structure in a particular configuration. The
final challenge is to define quantitative metrics to rigorously compare
individual cell configurations and to characterize the complete set as
a whole. For this purpose, we propose the use of the Jaccard index
(𝐽 ) to quantify spatial similarity between individual configurations
as an appropriate metric for describing and comparing sets of cell
configurations.

A comprehensive method for sampling the entire space of potential
configurations is to generate a large data set of starting configurations.
While this method is useful, it is important to establish that the data
set is truly representative of the entire space. For instance, it is possible
to generate hundreds of configurations, each with numerous cells, but
with only minor differences such as a single cell being slightly rotated.
In this scenario, despite the high number of configurations, they would
only be representative of a limited pool of possibilities. In order to
ensure that the data set is representative of the entire space, it is
crucial to have a systematic, quantitative approach for capturing the
volumetric similarity between configurations.

This is where 𝐽 comes into play as a useful tool for quantifying
the volumetric similarity between configurations. By calculating the
Jaccard index between each pair of configurations, it is possible to
determine whether the data set is diverse and representative of the
entire space, or if it is confined to a local set of possibilities. This
approach can provide valuable insights into the breadth of the data set
and can help to improve the variety in starting conditions.

In our previous work [34], we described several of these methods,
including a procedure to quickly generate many configurations of
particles, an application of the RDF on individual configurations to
assess the long-range structure or randomness in particle placement,
and a lattice-based numerical method to calculate volumetric spatial
2

similarity between configurations using the Jaccard index between
bi-concave shaped red blood cells. RBCs serve as a uniquely shaped
material, but since they are by far the most common type of cell in the
bloodstream, any type of microvascular simulation including cells will
require the packing of RBCs.

In this work, we extend our study as follows. First, we now apply
these metrics not just to RBCs, but also to ideal spheres. Spheres, which
are often used as an ideal model for many different particles, are used
as a baseline comparison to the irregularly-shaped RBCs. We compare
the volumetric spatial similarity between sphere configurations again
using the Jaccard index, but this time with an analytical method to
calculate sphere overlap. Both sets of particles are used to study how
the number of configurations affects the distribution of Jaccard index
values and in order to compare the two, we maintain similar levels
of volume fraction for both systems. Then, we significantly increase
the size of the data set used for volumetric comparison, from 72
individual configurations to over 1000. Within this data set, we also
break down the results by packing fraction in order to minimize the
effects of hematocrit variation. Next, we study the effects of changing
sphere size on the 𝐽 index distributions. Finally, using the quantitative
𝐽 value distribution, we show that we can describe entire systems
of configurations to identify extremely similar cases by appending
minutely perturbed configurations to the data set. Thus, we make the
step towards choosing the most representative set of configurations that
can describe the entire space of possibilities.

2. Methods and metrics

First, we will describe the approach we use to generate many
cell configurations. Then we introduce the main methods employed
in this research to (1) assess these configurations are random, (2)
quantify spatial similarity, (3) characterize a set of configurations
through the distribution of their similarities. These three techniques are
summarized in Fig. 1.

2.1. Generating initial configurations of materials

Dense packing of non-overlapping shapes is a long-standing research
problem of active interest [35–37]. Although a maximally dense pack-
ing of same-size spheres can reach volume fractions of 63%, typical
values for RBCs are approximately 40%–45% in major vessels [38].
However at this scale, blood is typically treated as a whole continuous
fluid [39]. In the microvessel regime, the volume fraction can range
anywhere from 5 to 35% [40]. For this work, we chose a target volume
fraction of 25% within an idealized 30 μm diameter microvessel. While
the metrics we present should be generally-applicable and independent
of density, this regime is sufficiently dense to ensure significant overlap
in both correlated and uncorrelated distributions but dilute enough to
simplify random configuration generation. For spheres at these packing
fractions, a simple random distribution of cell centers along with a col-
lision check can quickly hit these values. However due to the irregular,
bi-concave shape of RBCs, packing many versions of configurations at
the same hematocrit is not as simple as the spherical case, especially in
microvessels. The unique RBC shape is not amenable to quick collision
checks, and the tight cylindrical domain can significantly limit the
hematocrit when randomly packing the vessel. A cursory packing is
unable to hit 25% hematocrit in this vessel, and longer computational
time would be required to iteratively fit more RBCs in. Multiplying this
by the number configurations, the computational time spent purely in
this pre-processing step quickly increases before any simulation work
has even begun.

Here we describe a better procedure for generating and character-
izing packed configurations of RBCs in arbitrary vessels. Rather than
generating individual configurations on demand, we instead start with
a large system of packed cells from which we can fill vessels of arbitrary

size and shape. This technique has the advantage of letting us generate
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Fig. 1. Summary of three techniques used to determine the best set of cell configurations to describe the ensemble. (1) The radial distribution function 𝑔(𝑟) is used to assess
andomness in a distribution of cells. (2) The Jaccard index 𝐽 is used to quantify spatial similarity between two configurations. (3) A set of pairwise 𝐽 values are used to numerically
escribe a large set of cell configurations and presented as a distribution.
Fig. 2. An example of a cell initialization taken by submerging the vessel within a large, pre-generated packing domain. Only cells that fit completely inside the vessel are returned
nd used as the starting point for a simulation.
t

packed domain in the simplest possible geometry prior to simula-
ion while avoiding the code complexity an on-the-fly implementation
ould require. The source domain is created to be several times larger
han the vessel of interest. The standalone implementation provided
y Birgin et al. [41] is used to pack ellipsoids that tightly encompass
he RBC’s biconcave shape, returning a set of non-overlapping positions
nd orientations. Although the fully enclosed RBC represents approxi-
ately 70% of the encompassing ellipsoid volume, a distribution with
packing fraction of up to 60% is enough to reach the high end
f microvascular hematocrit levels. An example of this packing and
corresponding cell initialization is shown in Fig. 2. Testing vessels
anging in diameter from 20 to 50 μm shows the ability to reach
ealistic hematocrits from 20% to 35% consistently.
3

This approach of separately generating a packed source domain has
he advantage of easily allowing for rigorous a priori analysis before
performing expensive microvascular simulations.

Once the bulk source geometry has been generated, individual RBC
configurations can be created by submerging the target vessel in the
source domain at different locations and selecting all cells contained
within. This process remains the same for both simple and complex
geometries, establishing a straightforward method for generating many
different configurations prior to running HPC simulations.

2.2. Assessing randomness within an individual configuration

To avoid initializing FSI runs with non-physical starting configu-
rations, the source bulk system must not have any long-range order
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Fig. 3. A 2-D example of differing Jaccard indices compared to a base configuration (left) using circular particles. Two other distinct configurations are generated and overlaid
on the base configuration (middle and right). The middle configuration is less similar to the base case than the right configuration and can be confirmed visually by identifying
the overlapping violet regions and computed using 𝐽 .
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consistent with crystalline packing. The radial distribution function 𝑔(𝑟)
is a well-established metric in the simulation of fluids [42] used for
confirming liquid structure, defined as:

𝑔(𝑟) =
𝑑𝑛𝑐

4𝜋𝑟2𝑑𝑟𝜌
where 𝑑𝑛𝑐 returns the number of cells within a shell of thickness 𝑑𝑟 and
𝜌 is the bulk density, and returning the probability of finding another
particle at a distance 𝑟. Long-range structure is reflected in the form of
multiple peaks well beyond the average particle spacing. Particles are
assumed to start from a fully disordered liquid state, reflected by a 𝑔(𝑟)
that quickly converges to a constant value of unity.

2.3. Quantifying spatial similarity between configurations

After generating a set of multiple material configurations, the next
step is to verify that each of these packings are distinct by quantifying
their spatial similarity to each other; specifically, the fraction of volume
shared by two configurations. The Jaccard index, or intersection over
union, is used to measure the similarity between two discrete sample
sets, defined as:

𝐽 (𝐶𝑖, 𝐶𝑗 ) =
|𝐶𝑖 ∩ 𝐶𝑗 |

|𝐶𝑖 ∪ 𝐶𝑗 |

here 𝐶𝑖 and 𝐶𝑗 are independent samples of the same space. For a
configuration of spheres, the shared volume in space by spheres 𝑆1 and
2 with radius 𝑟 separated by distance 𝑑 can be calculated by

𝑜𝑣𝑒𝑟𝑙𝑎𝑝(𝑆1, 𝑆2) =
1
12

𝜋(4𝑟 + 𝑑)(2𝑟 − 𝑑)2

However, due to the irregular biconcave disk shape of RBCs, a
simple analytical algorithm for overlap check given cell positions and
orientation angles does not exist. We propose the use of the Jac-
card index to quantify the volume overlap between sets of RBCs by
comparing the interior grid points. This is similar in approach to the
algorithms used by the image segmentation community [43], such as
the Dice similarity index. Therefore in this calculation, a numerical
method is utilized, where each configuration of RBCs is mapped to a
3-D grid, and overlap is calculated by the number of grid points shared.
A grid resolution is chosen based on those of typical lattice-based
RBC simulations. If a lattice point is inside of a cell, it is marked as
occupied, and two sets of occupied points pertaining to two particular
configurations can be used to calculate 𝐽 via

𝐽 (𝐶𝑖, 𝐶𝑗 ) =
𝑙𝐶𝑖 ,𝐶𝑗

𝑙𝐶𝑖
+ 𝑙𝐶𝑖

− 𝑙𝐶𝑖 ,𝐶𝑗

where 𝑙𝐶𝑖
and 𝑙𝐶𝑗

refer to the number of grid points occupied by cells
in configuration 𝑖 and 𝑗 respectively while 𝑙𝐶𝑖 ,𝐶𝑗

is the number of lattice
4

points occupied in both configurations.
While there are many potential metrics for comparing structural
similarity such as the Sorensen-Dice similarity score, overlap coeffi-
cient, and Salton’s cosine index, we choose to use the Jaccard index.
The Sorensen-Dice coefficient and Jaccard index are monotonically
related, but in order to treat the similarity score between two con-
figurations as ‘‘overlapping volume in space divided by total potential
volume occupied by cells’’, we choose to use 𝐽 . We expect that using
the Dice score would generate a similar distribution which can be
recovered from the Jaccard index using 𝑆 = 2𝐽∕(1+𝐽 ) and provide the
ame level of information. The overlap coefficient only represents the
ercentage of overlap related to the smaller set, which does not allow
air comparison as the set sizes may change. Finally, Salton’s cosine
ndex is used to measure similarity between a sequence of numbers,
ut in our case, where the data is simply a set of binary values (fluid
s cell-occupied), Jaccard index is easier to implement.

.4. Using the Jaccard index to cut correlated configurations and examples

Since 𝐽 (𝐶𝑖, 𝐶𝑗 ) represents the percentage of overlapping cell volume
between 𝐶𝑖 and 𝐶𝑗 , 𝐽 (𝐶𝑖, 𝐶𝑗 ) = 100% if two arrangements are identical
and zero if there is no shared cell volume in space.

A threshold value 𝜙 is chosen to label whether or not two config-
urations are correlated; if 𝐽 (𝐶𝑖, 𝐶𝑗 ) > 𝜙, the pair is marked similar.
For example, two test configurations that contained the same group of
cells shifted a micron led to 𝐽 over 90%, and would be marked as a
similar pair. Because the likelihood of two configurations of cells both
occupying a certain space increases with volume fraction occupied by
the material, we expect that 𝜙 is not a static value.

A two-dimensional visual example is shown in Fig. 3, displaying
distinct configurations of circles with significantly different 𝐽 values.
This example uses spheres with a radius of 4 units in a 100 by 100
domain. Compared to the base configuration, there is a clear difference
in overlap, which can be identified visually and captured quantitatively
through an analytical computation of 𝐽 .

Another two-dimensional example for calculating 𝐽 using RBCs is
provided in Fig. 4. Each initialization contains a single cell marked red
for configuration 1 and blue for configuration 2. The corresponding
lattice points are marked with the color of containing cell. Once these
two lattices are overlaid, the shared points are marked in yellow. We
note that this is a purely hypothetical example where the lattice spacing
is enlarged for visual clarity.

Although these examples are visualized in two dimensions for
clarity, the sphere and RBC configurations are performed in three-
dimensional space. The Jaccard index provides a numerical method to
identify spatial similarity rather than a qualitative comparison.
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Fig. 4. A 2-D example for the calculation of Jaccard index 𝐽 between two configurations of RBCs. After the RBCs are mapped to their corresponding lattices, there are 18 total
points which contain a cell, of which 3 are shared in both configurations which are marked by the larger grid points. 𝐽 = 3∕18 = 16.7% in this example.
Fig. 5. A random distribution 𝑋𝑟𝑎𝑛𝑑 (top left) and ordered distribution 𝑋𝑠𝑡𝑟𝑢𝑐𝑡 (top right) of cells packed within a cube of side length 200 μm. The corresponding radial distribution
functions are shown below the two. 𝑋𝑟𝑎𝑛𝑑 ’s 𝑔(𝑟) shows a single peak and trails off to 1 quickly, analogous to a random liquid-like state, while 𝑋𝑠𝑡𝑟𝑢𝑐𝑡 ’s 𝑔(𝑟) displays several peaks,
indicating that the distribution contains a repetitive structure.
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2.5. Using Jaccard indices to describe an entire set of configurations

Since the Jaccard index is applied between two particular config-
urations, 𝐽 needs to be calculated on a pairwise basis before it can
be used to quantify the entire distribution of configurations. For a set
of configurations 𝑆 = {𝐶1,… , 𝐶𝑛}, we define 𝐽𝑆 , the set of Jaccard
similarity scores, as:

𝐽𝑆 = {𝐽 (𝐶𝑖, 𝐶𝑗 )
|

|

|

𝑖, 𝑗 = 1...𝑛, 𝑖 ≠ 𝑗}.

To quantify the similarity of a particular configuration 𝐶𝑖 with
espect to all the others, the mean Jaccard index 𝐽 (𝐶𝑖) is calculated
s:

̄(𝐶𝑖) =
1

𝑛 − 1

𝑛
∑

𝑗=1
𝐽 (𝐶𝑖, 𝐶𝑗 ), 𝑗 ≠ 𝑖

for a set of 𝑛 configurations. Given two similar configurations 𝐶 and
′ such that 𝐽 (𝐶,𝐶 ′) > 𝜙, and mean Jaccard indices such that 𝐽 (𝐶) <
5

W

̄(𝐶 ′), configuration 𝐶 ′ would be considered first for removal from the
et.

.6. Computing details

Simulations are set up on the Summit supercomputer using HAR-
EY, a massively parallel computational fluid dynamics solver [44,45].
fter cells are created in the beginning of the simulation, lattice points
re iteratively marked as either occupied by fluid or cell. These re-
ulting positions and occupancies are saved into output files for each
nitialization. A parallel python script is used to perform the calculation
f Jaccard index between every pair of samples.

.7. Procedure

In this section, we present the methodology used to set up the study.
e first describe with the procedure to efficiently obtain numerous RBC
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Fig. 6. A numerical method to quickly generate many packings of RBCs is utilized in this work. Up to 200 different initializations for a cylinder of diameter 30 μm and length
100 μm pulled from a packing domain of 2003 μm3. Cells within this region are used to generate RBC configurations of initial positions and orientations at a target hematocrit of
25%. A subset of the cutouts are shown in the x-y and y-z planes for this set of initializations. A histogram of the number of RBCs in each configuration is provided, showing
that there is variation in the cell count within each cutout.
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configurations, establish randomness, and create a comparison with
spheres. Finally, we describe the method for using 𝐽 to identify distinct
configurations.

2.7.1. Applying the RDF to quantify structure in the source domains
For RBCs, configurations are sourced from multiple large, dense

packings. Three source arrangements are generated in a cubic domain
of side length 200, 300, and 400 μm with over 3.5 × 104, 1 × 105, and
2.5 × 105 cells, respectively. These random distributions are created by
packing the domain and then applying an external force to perturb the
initial arrangement of cells from Birgin et al. [41]. For comparison to
the randomly packed 200 μm side length cube’s cells, labeled 𝑋𝑟𝑎𝑛𝑑 , a
structured set of cells 𝑋𝑠𝑡𝑟𝑢𝑐𝑡 is produced by tessellating a small set of
RBCs across the 200 μm side length cubic domain. Fig. 5 displays the
wo examples of these cubic source domains. The radial distribution
unction is then applied to each set of cell centers splitting 𝑑𝑟 into 0.5
m buckets, and the corresponding 𝑔(𝑟) functions are shown in the plot
n Fig. 5.

.7.2. Utilizing jaccard index to quantify discrete distributions of RBC and
phere configurations
Non-overlapping cutouts representing an ideal microvessel geome-

ry with diameter 30 μm and length 100 μm are created from the three
ource packing domains by aligning the cylinder lengths along the x-y
lane. Fig. 6 shows an example of cutouts from the 200 μm side length
ubic domain 𝑋𝑅𝑎𝑛𝑑 ; there are 72 different configurations generated
rom this particular domain: 6 from the y- and z-planes, and 2 in the
-plane. In total, 1048 configurations are created with a hematocrit
panning approximately 15%–25%, ranging from 125 to 160 RBCs,
6

hown in the histogram in Fig. 6, and are mapped on to a lattice with
grid spacing 0.25 μm. The most common cell count is around 150 RBCs.
The 1048 are sourced from all 3 packing domains while the 72 are a
subset from the 200 μm side length cube from the original work [34].

2.7.3. Assessing the effect of more samples and different sphere radius on
Jaccard index distributions

For a baseline comparison, multiple configurations of 160 spheres
are numerically generated at a 25% packing density in the same vessel
domain. To observe the evolution of the distribution’s shape with
respect to set size, we sample 72, 200, and 1000 configurations of 160
spheres, and an analytical calculation is used to compute 𝐽 for each
pair of configurations.

2.7.4. Using Jaccard index to identify and remove duplicate configurations
The power of predetermining an entire 𝐽 distribution lies in its

bility to detect extremely similar configurations. When preparing a
epresentative ensemble of simulations, it is important to start with a
istinct set of configurations for two reasons. First, including identical
roups in the data set may bias the outcome if there is an uneven
ample weighting, leading to a skewed set of results. Second, running a
roup of duplicate simulations without randomness built into the sys-
em would simply return the same result, effectively wasting compute
esources. By using this method of calculating the shared volume in
pace to identify similar configurations, we can mitigate these effects.
To show that applying the 𝐽 score can identify these repeated

configurations, we then append several nearly identical configurations
to the existing data set of randomly distributed spheres. Since none of
these 𝐽 indices for the original 1000 sphere configurations fall near
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Fig. 7. The distribution 𝐽𝑆 of pairwise 𝐽 values for (a) 1048 and (b) 72 RBC configurations in the 30 μm diameter and 100 μm length cylinder. The respective average overlap
of a particular configuration to all of the others are shown in figures (c) and (d).
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100%, none are extremely similar to one another. To test the method’s
ability to parse out these types of configurations, we choose one of
the already created configurations and slightly perturb the original
positions to generate 100 new configurations in addition to the previous
1000. After these are created, the pairwise 𝐽 indices are calculated
again.

3. Results and discussion

3.1. Applying the RDF to quantify structure in the source domains

Within the three random packings, 𝑔(𝑟) contains a single peak near
the lengthwise diameter of the RBC that quickly trails off to unity,
indicative of a liquid-like, random distribution of particles, as seen in
the plot in Fig. 6. For clarity, only 𝑋𝑠𝑡𝑟𝑢𝑐𝑡 for the 200 μm side length
domain is presented, but all three random domains display the same
behavior. In the case of 𝑋𝑠𝑡𝑟𝑢𝑐𝑡, multiple discrete peaks are visible,
signifying the presence of long-range structure in the distribution of
cells. The structure found in the large packing domain remains in the in-
dividual configurations generated from them. A qualitative comparison
between the two source domains can be performed visually, but the use
of the radial distribution functions provide a quantitative confirmation
for the presence of ordered structure. Sampling cells from the random
distribution provides a better initial set of the positions and orientations
of red blood cells for running HPC simulations.

In order to compare a potential correlation in the orientations, We
perform a numerical comparison between the angles of every RBC in
the each of the source domains. This angle is found by taking the dot
product of the normals and computing the angle between RBCs. We
find that there is a balanced distribution of angles in between each set
of RBCs.

Since the procedure to generate many cell configurations in a
microvessel utilizes a subset of the cells in the large domain, it is
important to confirm the randomness of the initial cell arrangements.
The packing found in 𝑋𝑠𝑡𝑟𝑢𝑐𝑡 is non-physiological, and would gener-
ate many structured cell initializations as inputs to HPC simulations.
Moving forward, we sample configurations from the three random
7

distributions for RBCs after confirming the lack of long-range structure
in its distribution of cells.

3.2. Utilizing jaccard index to quantify discrete distributions of RBC and
sphere configurations

The entire set of pairwise Jaccard similarity index values are pre-
sented in Fig. 7a, while a subset corresponding to the original 72
configurations’ pairwise J scores are shown in Fig. 7b [34]. There is a
range of 𝐽 values from 15 to 24% for all of the pairwise combinations.
This shows that there is no significant overlap in any two config-
urations, likely because completely non-overlapping subdomains are
chosen. There is also a skew in the entire distribution towards higher
𝐽 values, with the most common 𝐽 index lying around 21%. The 72-
configuration distribution also contains a skew in the distribution with
peaks between 21 and 22%. We expect the shape of this distribution to
stray from normal due to the variety in the number of cells, especially
due to the cases where a 𝐽 index is calculated between two data points
ith significantly different hematocrits. A skewed shape emerges in
oth cases which is likely due to the variation in volume fraction
esulting from the cylindrical cutout approach, although the bi-concave
hape of RBCs may also have an effect on the distribution.
Fig. 7c and d show 𝐽 , the average pair overlap of a configuration

ith all other configurations. This provides a method to compare indi-
idual configurations’ spatial coverage against the full set. We expect
hat both 𝐽𝑆 and 𝐽 distributions will change based on vessel geometry
nd hematocrit. However, this study establishes that a pairwise Jaccard
ndex distribution can be used as a quantitative metric to describe a
et of cell configurations. We posit that selecting configurations with
ow 𝐽 could be used to sample the configurational phase space more
fficiently.
To mitigate the effects of the variation in hematocrit or volume

raction, the configurations are segmented into specific cell counts ±1,
anging from 135 to 160 cells, corresponding to hematocrits of approx-
mately 18% to 25% respectively. The resulting pairwise 𝐽 scores for
ach bucket are shown in Fig. 8. Additionally, the exact same number
f configurations for each bucket are generated with spheres occupying
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Fig. 8. The distribution 𝐽𝑆 of pairwise 𝐽 values filtered by the number of objects; 135 through 160 RBCs are plotted in red. The same domain is filled with sphere configurations
t an equivalent volume fraction and the corresponding 𝐽𝑆 distributions are plotted along the same axes in blue.
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he same volume fraction and the corresponding 𝐽 data is plotted
longside the RBC data. This allows for a close comparison of the effect
f the particle shapes on 𝐽 distribution as the hematocrit changes.
The overlap index of configurations of randomly-placed spheres

enerally follows a normal distribution. The distribution of RBCs, on
he other hand, is skewed away from normal in each case. This may
e an artifact of the packing algorithm used to populate the source
istribution or may be a fundamental difference in how biconcave
isks pack into a confined geometry; more work will be needed to
lucidate the underlying cause. The magnitude of the average overlap
iffers significantly between the shapes as well despite all systems
aving the same volume packing fraction. Additionally, we notice that
hile the average J index remains roughly the same for the different
BC counts, as the number of spheres increases, the average 𝐽 shifts
igher. It should be noted that the RBC geometry likely has a systematic
8

i

nderestimation of the overlap due to discretization error, though
his is not expected to be large. The spherical overlap was computed
nalytically as a function of distance between sphere centers.

.3. Assessing the effect of more samples and different sphere radius on
accard index distributions

Results for the sphere configurations are presented in Fig. 9a–c in
he left hand column. To study the effect of different sphere radii at the
ame volume fraction, we then pack the ideal microvessel with spheres
alf the diameter of previous. The resulting 𝐽𝑆 distributions at the same
umber of configurations are presented in the right hand column of
ig. 9.
We observe that as more samples of sphere configurations are

ntroduced, the 𝐽 converges towards a normal distribution, spanning
𝑆
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Fig. 9. The distribution 𝐽𝑆 of pairwise 𝐽 values for (a) 72 (b) 200 and (c) 1000 sphere configurations at a 25% volume fraction. The same number of configurations are created with
set of spheres half the diameter of the original and the corresponding 𝐽𝑆 distribution is plotted. Both sphere sizes tend to the same normal distribution. As more configurations
re added into each data set, from 72 up to 1000, the shape tends to a clear normal distribution.
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range from 22 to 34%. For both sets of sphere diameters, the distribu-
ions look extremely similar across all configuration counts. We expect
hat as the sphere size is increased to larger diameters such that only
handful of objects can be placed within the domain, there will only
e a finite set of possible configurations to place the spheres. There
ill be sectioned off volumes of the domain that will always contain
sphere, no matter the configuration, which could lead to changes in
he 𝐽 distribution. For relevant simulations however, the domain will
ypically be several times the size of the cell, as is the case with the
icrovessel.

.4. Using jaccard index to identify and remove duplicate configurations

Results for the 𝐽𝑆 and 𝐽 distributions for the updated set are shown
n Fig. 10. In the 𝐽𝑆 plot, in addition to the original normal distribution
round 𝐽 = 30%, there is now a clear emergence of another set of peaks
o the far right of the plot. Since the new configurations are nearly
dentical to their original counterparts, they cause the appearance of
9

t

everal pairwise 𝐽 scores greater than 98%. In the 𝐽 plot, we find that
he average 𝐽 per configuration has increased, but significantly more in
subset of the 1100. One can iteratively remove configurations starting
ith the highest 𝐽 and see the effects on the 𝐽𝑆 distribution. Once there
re no more 𝐽 pair scores that reside in the region close to 100%,
he data set can be considered distinct. Applying this method to the
100 sphere configuration set, the 100 additional configurations are
agged for removal one at a time. Once all of the 𝐽 pairs above 98%
re removed, the 𝐽𝑆 distribution returns to one from the original 1000
onfigurations.
Typical qualitative comparison between configurations, especially

n larger scales is often impossible, thus making the use of the quan-
itative spatial similarity a strong metric for identifying which config-
rations are extremely similar and may be dropped from the test set.
ith no prior knowledge of the similarity of this 1100 configurations
est case, the application of 𝐽 indices leading to the plots of 𝐽𝑆 and 𝐽
an pinpoint similar pairs. Applying the 𝐽 scores can help pre-process
he data set by identifying these identical configurations and removing
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Fig. 10. Distribution of (a) 𝐽𝑆 and (b) 𝐽 on a per configuration basis for sphere
onfigurations augmented with a set of 100 configurations with slightly perturbed
phere positions. The 𝐽𝑆 distribution now displays a group of 𝐽 values over 98%,
orresponding to the extremely similar configurations. This is also reflected in the
alues for 𝐽 , as the average 𝐽 significantly increases for a subset of configurations.

hem from the initial set of configurations in order to minimize bias
nd better sample the entire space.

. Conclusion

In this study, we apply several metrics to spheres and red blood cells
ithin an idealized microvessel. The radial distribution function is used
o qualify structured arrangements of particles, while the Jaccard index
s utilized to capture shared cell volume between two configurations.
e create over 1000 RBC configurations and study pairwise 𝐽 values,
omparing them to randomly generated groups of spheres. We also
ary the sphere diameter and add slightly perturbed configurations to
he sphere data set. In all of the sphere and RBC studies, we perform
airwise 𝐽 calculations and plot the distribution of Jaccard index
alues, showing that this method can be used to define the space of
article configurations.
This study sets the groundwork for identifying the optimal set of

nitial particle arrangements for a specific group of simulation pa-
ameters for microvascular simulations. Without applying this type of
uantitative metric, it is nearly impossible to visually identify every
ingle configuration which is extremely similar, especially when the
ata sets grow to massive sizes. This type of metric can be applied
o large sets of initial configurations, effectively pre-processing the
ata set in order to minimize the number of similar conditions being
10

un. One of the limitations of this work is the dependence of 𝐽𝑆 and
̄ on several factors, such as packing fraction, vessel geometry, and
iscretization of the geometry. However, the focus of this work is to
ntroduce these methods as a quantitative metric, and further studies
an be performed to determine the effects of varying distributions. Next
teps for this work include performing simulation studies with sets of
patially uncorrelated particles configurations to determine how these
ffect certain outputs, such as motion of individual cells. Future work
ill also study the effect of different vessel sizes, shapes, and hematocrit
n distributions of the Jaccard similarity index.
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