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Abstract

The rheology of suspensions of rings (tori) rotating in an unbounded low Reynolds number simple shear flow is calculated using numerical
simulations at dilute particle number densities (n � 1). Suspensions of non-Brownian rings are studied by computing pair interactions that
include hydrodynamic interactions modeled using slender body theory and particle collisions modeled using a short-range repulsive force.
Particle contact and hydrodynamic interactions were found to have comparable influences on the steady-state Jeffery orbit distribution. The
average tilt of the ring away from the flow-vorticity plane increased during pairwise interactions compared to the tilt associated with Jeffery
rotation and the steady-state orbit distribution. Particle stresses associated with the increased tilt during the interaction were found to be com-
parable to the stresses induced directly by particle contact forces and the hydrodynamic velocity disturbances of other particles. The hydrody-
namic diffusivity coefficients in the gradient and vorticity directions were also obtained and were found to be two orders of magnitude larger
than the corresponding values in fiber suspensions at the same particle concentrations. Rotary Brownian dynamics simulations of isolated
Brownian rings were used to understand the shear rate dependence of suspension rheology. The orbit distribution observed in the regime of
weak Brownian motion, Pe � f�3

T , was surprisingly similar to that obtained from pairwise interaction calculations of non-Brownian rings.
Here, the Peclet number Pe is the ratio of the shear rate and the rotary diffusivity of the particle and fT is the effective inverse-aspect ratio of
the particle (approximately equal to 2π times the inverse of its non-dimensional Jeffery time period). Thus, the rheology results obtained from
pairwise interactions should retain accuracy even for weakly Brownian rings (n � 1 andf�3

T � Pe). © 2023 The Society of Rheology.
https://doi.org/10.1122/8.0000628

I. INTRODUCTION

Suspensions of high-aspect ratio particles are useful in a
number of practical applications such as fabrication of high-
strength composites [1], production of conducting optical
films used in touchscreen devices [2], or paper making [3].
A simple shear flow is a linear approximation to a pressure-
driven flow found in injection molding or casting systems. A
detailed understanding of the orientational dynamics of indi-
vidual particles in a shear flow can be used to obtain the
microstructure and material properties of the final processed
product. In this paper, the shear-induced orientation and rhe-
ology of a dilute suspension of high-aspect ratio rings with
circular cross section is calculated through dynamic numeri-
cal simulations of pairwise interactions that include both
long-range hydrodynamic interactions modeled in the
slender body theory framework and particle contacts
modeled using a short-range repulsive force. The numerical
simulations suggest that particle contact between rings is rel-
evant in describing the orientational structure of the particles
even at dilute particle concentrations (n � 1), where n is the
non-dimensional number density normalized by the inverse
cube of the largest dimension of the particle. This starkly
differs from dilute fiber suspensions wherein particle contacts

are rare in the dilute limit and steady-state orientation distri-
bution can be described by considering purely hydrodynamic
interactions. The steady-state orientation distribution was
obtained through a large number of dynamic pairwise inter-
action simulations, and this orbit distribution was used to
compute the O(n) correction to the shear viscosity of the sus-
pension. Another set of dynamic simulations, initialized with
the steady-state orbit distribution, was then used to compute
the O(n2) correction to the viscosity and the normal stresses
that result from transient changes in the stresses on the parti-
cle surface during interactions. Rotary Brownian dynamics
simulations of isolated Brownian rings were also performed
to obtain the shear rate dependence of the orientation distri-
bution along with shear and normal stresses induced by the
particles. The shear rheology of weakly Brownian particles
in the shear-dominated regime was also compared to the
results set by the orbit distribution due to pairwise interac-
tions of non-Brownian rings.

The rheology of rigid particles remains an area of active
research. The O(n) correction to viscosity of a dilute suspen-
sion of spheres was obtained by Einstein [4]. Over the
century following Einstein’s seminal paper, extensive theo-
retical, simulation, and experimental work has been carried
out on this subject at all particle concentrations for both
Brownian and non-Brownian spheres that are summarized in
many review articles [5,6]. The rheology of a suspension of
thin fibers was also extensively studied leading to a detailed
understanding of the variation in the microstructure,
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viscosity, and normal stress differences with the aspect ratio
and particle concentration summarized in review papers of
Refs. [7] and [8]. The rheology of moderate aspect ratio
disks has been studied, although less extensively, through
experimental and simulation works [9–16].

In fiber suspensions at dilute (n � 1) and semidilute
(n ¼ O(1), n � O(�A)) concentrations purely hydrodynamic
interactions between particles determine the suspension rheol-
ogy. Here, �A . 1 is the fiber aspect ratio. In the semiconcen-
trated (n ¼ O(�A)) or concentrated (n ¼ O(�A2))) regime,
mechanical contacts between particles also have a strong
influence. In contrast, even in the dilute regime, the mechani-
cal collision rate between disks [17] has the same scaling as
the frequency of the most important hydrodynamic interac-
tions, i.e., interactions between a tumbling and an aligned
disk [ justified in Sec. II A]. Thus, mechanical contacts in
planar particles such as disks (or rings) greatly influence the
steady-state orientation distribution. Additionally, tumbling
disks generate large O(1) velocity disturbances (normalized
by the product of the shear rate and largest particle dimen-
sions) compared to the weaker O(ln (�A)�1) velocity disturb-
ance generated by fibers. The O(n) viscosity correction of
fiber suspensions based on the orbit distribution set by weak
hydrodynamic interactions is O(ln (�A)�1�A

�1). A similar calcu-
lation is unavailable for disk suspensions, but the particle
stress is expected to have a larger magnitude than the fiber
result at the same concentration [18]. The rheology of suspen-
sion of particles with these two shapes is driven by different
physical mechanisms and thereby have startling differences.

The rheological understanding of suspensions of fibers
and disks does not directly translate into an understanding of
the rheology of rings, although rings have geometric similari-
ties to both disks and fibers. Rings generate weak velocity
disturbances similar to fibers but rotate like disks in a
simple-shear-flow. Particle contact should play a critical role
in orientation distribution and suspension stresses for rings as
they do for disks. The current work fills this gap of under-
standing and elucidates similarities and differences between
ring suspensions and suspensions of fibers and disks.

High-aspect ratio ring suspensions have the unique property
that they retain low volume fractions of O(�A�1) even at close
packing because of the large hole and nature of the excluded
volume interactions [19]. For example, ring suspensions could
be used to make highly porous materials for CO2 capture appli-
cations [20] through solvent evaporation [21] or phase-separation
[22] methods on a processing line. Another application involves
making composite materials with bidirectionally uniform
mechanical strength [1] or conducting films with bidirectionally
isotropic conductivity in electronics [2], both of which could be
made with injection molding or casting processes.

Purely hydrodynamic interactions modeled through slender
body theory (SBT) have been successfully applied to predict
the rheology of fiber suspensions at dilute (n � 1) and semi-
dilute concentrations (n � �A) [23]. The SBT formulation of
Mackaplow and Shaqfeh (1996) [23] combined with the ori-
entation distribution calculations of [24] in dilute and semidi-
lute regimes accurately predicts the viscosity correction for
fibers obtained experimentally [25]. The viscosity of a semidi-
lute suspension of non-contacting spheroids obtained using

SBT also aligns well with the values obtained from Monte
Carlo Stokesian dynamics simulations [26,23]. On the other
hand, calculations based on pure hydrodynamic particle inter-
actions underpredict the rheological properties compared with
experimental data in the semiconcentrated regime (n ¼ O(�A))
wherein a multiparticle contact is expected to hinder free rota-
tion of particles. Inclusion of stresses from mechanical con-
tacts shows good agreement with experimental data [27–29].
Recent numerical simulations of [29] also demonstrated that
the leading order velocity disturbance from SBT and excluded
volume interactions are sufficient to compute the rheology of
contacting fibers in the semiconcentrated regime.

For non-straight slender bodies such as rings, unlike straight
fibers, particle contact is equally important to hydrodynamic
interactions even in the dilute regime (n � 1). The velocity dis-
turbance generated by the local section of a high-aspect ratio
slender ring is of the same order of magnitude as that generated
by a straight fiber, and thus, the hydrodynamic interaction
between rings should be accurately captured by SBT. Particle
contact is captured by using a short-range repulsive force similar
to the one used in numerical simulations for studying disks
approximated by a planar collection of spheres [10].

Sections II and III of this paper introduce the simulation
methodology and present the results of simulations, respec-
tively. Jeffery’s solution for rotation of isolated axisymmetric
particles is briefly discussed in Sec. II A. Section II B
describes the numerical scheme for simulating pairwise inter-
action between rings and obtaining particle properties from
corresponding particle trajectories. The procedure for calcu-
lating the average stress in the suspension that involves a
renormalization process for obtaining an absolutely conver-
gent integral is described in Sec. II C. A procedure for com-
puting steady state orientation distribution from pairwise
interaction calculations is established in Sec. II D. The quali-
tative characteristics of contacting and non-contacting particle
trajectories are described using simulation results in
Sec. III A. The values of the collision frequency and hydro-
dynamic diffusivity are discussed in Sec. III B. The orienta-
tional microstructure of the particles that includes transient
effects of pairwise interactions is described in Sec. III C.
This is followed by a discussion of the suspension viscosity
and normal stress differences in ring suspensions correct to
O(n2) in Secs. III D and III E, respectively. The shear rate
dependence of suspension rheology of Brownian rings is
briefly discussed in Sec. III F. Section III F also discusses
the similarity of orientation distribution between the
non-Brownian rings and the classic result of Leal and Hinch
for weakly Brownian rings [30], expanding the range of
applicability of our pairwise simulation results. The rheology
of ring suspension is also compared with the values of corre-
sponding properties for equivalent fiber and disk suspensions
wherever applicable. In Sec. IV, conclusions of the study are
outlined followed by possible directions for future research.

Throughout this study, time is non-dimensionalized by the
inverse of the shear rate γ�1, lengths are non-dimensionalized
by half the extent of the particle in the plane of the ring,
�R ¼ (Rþ a), and stresses are non-dimensionalized by μf γ,
where μf is the fluid viscosity, R is the radius of curvature of
the centerline of the ring cross section, and a is the radius of
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the ring cross section. The non-dimensional number density is
n ¼ n*�R3, with n* being the dimensional number density. The
particle aspect ratio �A ¼ (Rþ a)/a is defined as the ratio of the
extent of the particle in the plane of the ring and its extent per-
pendicular to the plane. A slender body aspect ratio A ¼ R/a
is also used as it naturally occurs in slender body equations for
a torus [31] and is related to the particle aspect ratio through
the relation: �A ¼ Aþ 1. We will also consider an effective
inverse-aspect ratio, fT (, 1), which is defined as the ratio of
the smallest to largest dimension of an oblate spheroid that
rotates with the same Jeffery period as the torus. The aspect
ratio of an equivalent fiber or disk is simply the particle extent
in the long direction divided by the particle extent in the short
direction and is equivalent to �A. The fiber half-length and the
disk radius are used to non-dimensionalize the length scale of
these particles, respectively. Three coordinate systems, as
shown in Fig. 1(a), are used in this study wherever applicable:
a global coordinate system defined by the flow (1 or Û1), vor-
ticity (2 or Ω̂1), and gradient direction (3 or Γ̂1) of the simple
shear flow; a particle coordinate system defined by the orienta-
tion of the axis of symmetry p, the projection of the flow direc-
tion of the simple shear flow in the plane of the ring
n ¼ (I � pp) � Û1/j(I � pp) � Û1j, and b ¼ p� n; and a
local-SBT-coordinate system defined by p, the tangent to the
ring centerline ez, and a vector p� ez.

II. SIMULATION METHOD FOR PAIRWISE
INTERACTIONS

A. Jeffery orbits of isolated rings in a simple shear
flow

The rate of change of the orientation of the axis of sym-
metry p of any axisymmetric particle in a simple shear flow
(SSF), u1 ¼ r � Γ̂1Û1 [32,33], is termed as Jeffery rotation
_pJ and is given by

_pJ (p) ¼ p � R1 þ λ(E1 � p� E1:ppp), (2:1)

where R1 ¼ 0:5(∇u1 � (∇u1)T) is the vorticity tensor;
E1 ¼ 0:5(∇u1 þ (∇u1)T) is the rate of strain tensor; and λ is
a geometric parameter that is equal to �1þ 1:5(ln (8A)
�1:5)/A2 for high aspect ratio rings [34], �1þ 2:24

(1 þ 0:21�A�0:5)/�A1:5 for thin cylindrical disks [35], and

1� 0:65 ln (�A)/�A2 for long cylindrical fibers [36]. λ is accu-
rately obtained for rings using boundary element method (BEM)
calculations [37].

The analytical solution to Eq. (2.1) is provided by Jeffery
in terms of f, the azimuthal angle made by the projection of
p in the flow-gradient (Û1Γ̂1) plane with the gradient direc-
tion of the SSF (Γ̂1); θ, the polar angle made by p with the
vorticity direction (Ω̂1) defined in Fig. 1(a). The analytical
solution to Eq. (2.1) is given by

tan(f) ¼ fT tan 2π
t

T
þ τ

� �
, (2:2)

tan(θ) ¼ CfTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2
Tcos

2(f)þ sin2(f)
q , (2:3)

where T ¼ 4π/
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� λ2

p
is the time period of rotation;

fT ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1þ λ)/(1� λ)

p � 2π/T is an effective inverse-aspect
ratio; τ is the phase angle; and C is the orbit constant. The
leading order value of fT for a torus is given byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3(ϵ�1 � 1:5)
p

/(2(�A� 1)) [34] where ϵ ¼ 1/ln(8(�A� 1)).

The time period, T, is O �A
ffiffiffi
ϵ

pð Þ for rings, O(�A�0:75) for cylin-
drical disks, O(�A) for oblate spheroids, and O �A

ffiffiffi
ϵ

pð Þ for
fibers [36,35] and is shown in Fig. 1(c).

The orientation trajectories of Eq. (2.1) are closed loops
known as Jeffery orbits specified by C and are shown in
Fig. 1(b) for an �A ¼ 40 torus. One characteristic of high-aspect
ratio rings is that the orbits are pinched near the gradient direc-
tion as shown in Fig. 1(b). This orbit pinching implies that
O(1) values for angles θ and f correspond to the particle rotat-
ing in orbits that have C of O(f�1

T ) or larger. A particle in
such an orbit spends a long O(f�1

T ) time aligned close to the
flow vorticity plane and performs a quick tumble (i.e., an event
where p crosses the flow-vorticity plane) in an O(1) time and
repeats this motion periodically. The typical angle made by the
plane of a high aspect ratio ring with the flow-vorticity plane
during the aligned part of the Jeffery trajectory, also referred to
as the tilt of the ring, is O(fT ) ¼ O �Aϵ�1Þð , which is essentially
algebraically small in the aspect ratio �A. The value of fT will be
used throughout this work, and it is important to remember that
fT has a much stronger algebraic scaling with �A than the loga-
rithmic scaling of the slenderness parameter ϵ ¼ 1/ln(8A).

Thus, during a pairwise interaction of two particles, both
particles could be in the aligned state; one particle could be
aligned and the other tumbling; or both particles could be
tumbling. The above events occur with a probability of O(1),
O(fT ), and O(f2

T ) due to the non-uniform Jeffery rotation
rate. The mean square change in the particle orientation, p,
which is proportional to the square of the velocity disturb-
ance and the occurrence frequency of the interaction [24], is
a good measure to ascertain the relative importance of each
of these interactions. A slender ring generates a much larger
O(ϵ) velocity disturbance during its tumble phase compared
to O(fTϵ) disturbance produced in its temporarily aligned
phase. Using the aforementioned information, the most
important pairwise hydrodynamic interactions that determine
the orientation distribution are between a tumbling and a tem-
porarily aligned torus and these lead to an O(ϵ2fT ) mean
squared change in p. The contribution to the mean square
change in p due to pairwise hydrodynamic interactions
between two aligned or two tumbling rings is smaller by a
factor of O(fT ), which is algebraically small in the aspect
ratio. Similarly, the most important collisions that determine
the orientation distribution are between a tumbling and a tem-
porarily aligned ring that lead to an O(1) change in p, and
this event occurs with a collision frequency of O(fT ) [17].
The collision frequency of two aligned or two tumbling tori
is O(f2

T ) [17]. Thus, an interaction between a tumbling and
an aligned ring is the most important pairwise interaction in
dilute particle suspensions.

Table I provides a concise list of symbols and their defini-
tions useful while going over the remainder of this section on
simulation methodology and Sec. III discussing the results.
The reader is encouraged to familiarize with these notations,
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particularly the angles (f, θ) describing the orientation
vector p, the effective inverse aspect ratio fT , the slenderness
parameter ϵ, and the particle aspect ratio �A.

B. Simulation strategy for pairwise interactions of
rings

The dilute suspension rheology is calculated by monitor-
ing particle positions, orientations, and stresslet tensors of
two rings that are initially widely separated along Û1 for all
possible interactions of this two-particle system. The velocity
disturbance produced by a rotating ring can be described by
a line of Stokeslet singularities placed on the centerline of
the ring-cross section in the slender-body-theory (SBT) for-
mulation and the strength of singularities is analytically avail-
able [34]. The velocity disturbance computed by SBT is
accurate to O(ϵ2) when the ring centerlines of two particles
(or the particle surfaces) are separated by distances much
larger than �A

�1. Thus, SBT accurately captures the long-
range interactions of two rings [23]. The SBT formulation
only breaks down at O(�A�1) separations between centerlines
of the two rings wherein a second particle enters the inner
region in SBT formulation. However, at such separations, the
particle contact driven by the O(1) Jeffery rotation rate and
hydrodynamic interactions between more distant portions of
the rings dominate over the close-range hydrodynamic inter-
action, and thus, the inaccuracies of the SBT have negligible
effect on the overall dynamics of the two particles [27,8].
Other computational methods such as the boundary element
method or a finite-volume-approach would involve an exorbi-
tant amount of computational resources at each time step
making them impractical for this calculation.

Consider two particles with orientations pI and pII and
center-of-mass positions rI,COM and rII,COM , respectively. An
isolated force- and torque-free ring in an SSF translates with the
fluid velocity at its center of mass, rotates with Jeffery rotation
rate _pJ (p), and exerts an O(ϵ) force per unit length on the fluid,
f SSF . The first reflection is the change in the particle velocity,

rotation rate, and force distribution caused by the velocity dis-
turbance u

0
1 of a nearby particle. The O(ϵ) velocity disturbance

of the nearby particle induces an additional O(ϵ) translational
velocity UHI, an O(ϵ) angular velocity ωHI , and an O(ϵ2) force
per unit length fHI ¼ 4πϵ(UHI þ ωHI � (rc � rI,COM)� u01)�

FIG. 1. (a) Fixed coordinate system using the flow (Û1 or 1), vorticity (Ω̂1 or 2), and gradient (Γ̂1 or 3) directions of the simple shear flow and the definition
of the azimuthal (f) and polar (θ) angle of the orientation vector p. The particle coordinate system (n, b, p) is defined by the orientation vector p, the projection
of the flow direction of the simple shear flow in the plane of the ring, n ¼ (I � pp) � Û1/j(I � pp) � Û1j and b ¼ p� n, and the origin is chosen as the center
of mass of the torus. (b) Jeffery orbits of a tumbling torus with �A ¼ 40 with λ ¼ �1þ 4:0� 10�3 and fT ¼ 0:045. The orbit constants plotted are
[0:25,1,4,16,64] with the dotted line representing C1 orbit (C ! 1). (c) Time period of rotation of rings, cylindrical disks, oblate spheroids, and cylindrical
fibers as a function of the particle aspect ratio �A.

TABLE I. List of symbols and notations describing tumbling motion of
rings in a simple-shear-flow (SSF).

Symbol Description

p Unit vector along the axis of symmetry of the ring
f Azimuthal angle, the angle between the gradient direction and

the projection of p in the flow-gradient plane
θ Polar angle, the angle between the vorticity direction and the

axis-of-symmetry of the ring
�A Aspect ratio of the ring �A ¼ R

a þ 1, where R = ring radius and
a = radius of ring cross section

ϵ ϵ ¼ (ln (8(�A� 1)))�1 � 1, slenderness parameter arising in the
slender-body-theory treatment of a ring

T Time period of tumbling in a Jeffery orbit shown in Fig. 1(b)
fT Effective inverse aspect ratio of the particle.

fT ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(1þ λ)/(1� λ)

p � 2π/T
C Jeffery orbit constant lies between 0 and infinity
Cb Cb ¼ C/(C þ 1), modified orbit constant that lies between

0 and 1
τ Phase angle in Jeffery’s periodic solution
_pJ Jeffery rotation rate given by Eq. (2.1)
r Position vector
rc Position vector describing the centerline of the ring cross section
SSF Simple-shear-flow
SBT Slender-body-theory
Û1 ¼ ê1 Unit vector in the flow direction of SSF

Ω̂1 ¼ ê2 Unit vector in the vorticity direction of SSF
Γ̂1 ¼ ê3 Unit vector in the Gradient direction of SSF
n Projection of the flow direction in the plane of the ring
b b = p × n
ez Tangent to the ring centerline
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(I � 0:5 ezez) on the fluid. This process of obtaining the veloc-
ity disturbance and the corresponding force per unit length can
be continued to obtain higher order reflections, the contribution
of each subsequent reflection to fHI being smaller by a factor of
O(ϵ). However, the first reflection was deemed sufficient for
the problem of determining the effect of hydrodynamic interac-
tions (HI) on the stresslet-tensor for rigid fibers [23,29] and
therefore the first reflection alone is retained in this study. The
velocity disturbance u

0
1 at r produced by a ring is obtained

from a convolution integral over the centerline of the ring cross
section given by

u
0
1,i(r) ¼

1
8π

þ
ds fjðr0Þ δij

r00
þ r00ir00j

r003

� �
, (2:4)

where ds is the elemental length along the centerline of the ring
cross section rc; r00 ¼ r� r0, with r0 being a position on the cen-
terline of the ring; and f ¼ f SSF þ f con and f con is the O(ϵ)
force per unit length induced from particle contact derived
shortly. The value of f SSF is obtained from the SBT solution
of a single force-and-torque-free ring in an SSF [see
Eqs. (S4.6–S4.7) in the supplementary material of [34]]. The
values of UHI and ωHI are obtained by applying the force- and
torque-free conditions, respectively. The stresslet tensor associ-
ated with fHI is given by

Sf ¼
þ
ds

( fHIrc þ rcfHI)
2

� (rc � fHI)
I
3

� �
, (2:5)

where the path integral is performed along rc.
In addition to HI, collision of two tumbling rings is also

important at dilute concentrations. The lubrication force
between nearly touching high-aspect ratio rings is qualita-
tively similar to the lubrication force between two colliding
cylinders, which is O( _δ/(�A2

δ)) [38], with δ being the distance
of minimum separation between the cylinders and _δ is the
rate of change of δ. The stresses due to the SSF driving the
two rings together act over the entire length of the particle,
and therefore, the contact force must be O(1). Harlen and
coworkers [39] argued that in an O(1) time δ changes by a
factor of exp(��A

2), which for practical purposes implies a
solid body contact between high-aspect ratio cylinders. Two
rings that are about to collide, which would have local forces
similar to two contacting cylinders, should, therefore, also
make mechanical contact.

The collision event near the point of contact is simulated
by applying a short-range repulsive force, Fcon, that prevents
particles from passing through each other and depends only
on the distance of minimum separation of the tori surface δ.
Fcon acts on one or two points on the rings, and the latter
case could happen when one ring enters the hole of the other
ring or when rings are parallel to each other. The functional
dependence of Fcon on δ was chosen to be similar to Fcon

used to simulate collision of two disks by Meng and Higdon
(2008) [10] and is given by

Fcon ¼ 8πCp
δmin
δ

η� η2

2

� �3

d , (2:6)

where η ¼ 1� δ/δmin, d is a unit vector normal to the colli-
sion surface at the point of the closest approach and points
toward the centerline of the particle experiencing the force,
and Cp is an O(1) constant. Values of Cp between
102 and 103 provided results that were insensitive to the
choice Cp in a reasonable computational time per trajectory.
The exact functional form of Fcon with δ is known to have no
effect on the overall dynamics and suspension rheology as
long as it is steep and the force acts for δmin � O(A�1)
[26,20,9]. δmin was chosen to be 10�2A�1, and Fcon is limited
to a maximum value corresponding to δ ¼ 10�2δmin for all
our simulations to prevent the time step from becoming
extremely small. Less than about 0:1% of our simulations pre-
maturely terminated because of restricting the magnitude of
the contact force.

The point of contact is first estimated by discretizing the
centerline of the two rings into N* elements each of length
2π/N* ¼ O(A�1) as shown in Fig. 2(a) and searching for two
elements on each ring with the two lowest values of
jriC,I � rjC,II j, where riC,I and rjC,II are the centers of the ele-
ments on the two ring centerlines. The elements with
minimum separation obtained from the previous search
(r*C,I , r

*
C,II) are further discretized into N** smaller elements

(N** ¼ N*¼200 was chosen in all our simulations) to
compute the separation distance more accurately as shown in
Fig. 2(a). Fcon is applied at the centerline of the ring cross
section instead of the exact point of contact, which only
creates errors of O(�A�2) in the computation of the angular
velocity.

The linear (Ucon) and angular (ωcon) velocities of the parti-
cle due to contact obtained by applying the force and torque-
free condition on the particle, respectively, are

Ucon ¼ 1

6π2ϵ(1� A�1)2
X2
k¼1

Fk
con

�
1� 17

6
ϵ

1� 5
2
ϵ� ϵ2

(I � pp)þ 3
4

1

1þ ϵ

2

pp

0
B@

1
CA, (2:7)

ωcon ¼ 1

4π2ϵ(1� A�1)3
X2
k¼1

��
rkc,con � rCOM

�
� Fk

con

�

� I � pp
1� 1:5ϵ

þ pp
1� 2ϵ

� �
, (2:8)

where rkc,con are the two points of contact for the particle and
rCOM is the center of mass of the ring [31]. The contact
induces an O(ϵ) force per unit length f con, which is given by
f con ¼ 4πϵ(Ucon þ ωcon � (rc � rI,COM)) � (I � 0:5 ezez). f con
needs to be included while computing the velocity disturb-
ance in Eq. (2.4) and is important when particles collide.
Particle contact also induces a stresslet Scon that is given by

Scon ¼ � 1
2

(rCI � rCII)Fcon þ Fcon(rCI � rCII )
2

�

� 1
3
( (rCI � rCII ) � Fcon)I

�
: (2:9)
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Although collisions involve short-range interactions, Scon is
O(ϵ), being asymptotically larger than the O(ϵ2) stresslet of
Sf due to the velocity disturbance produced by HIs.

The particle positions and orientations are obtained by
solving a set of ordinary differential equations given by

drk, COM

dt
¼ u1(rk,COM)þ UHI þ Ucol, (2:10)

dpk
dt

¼ pk � R1 þ λ(E1 � pk � E1:pkpkpk)

þ (ωHI þ ωcol)� pk,
(2:11)

where k ¼ {I, II} are indices of the two particles and
u1(r) ¼ r � Γ̂1Û1 is the imposed shear flow. The Runge–
Kutta method with adaptive time stepping is used to march
forward in time. The maximum time step in the simulation
was restricted to 0:1 �A

�1 to ensure that the particle contact
events are not missed during simulation.

The ensemble average value of a particle property of inter-
est X per unit concentration due to pairwise interactions (PIs)
(i.e., Xh iPI=n) is evaluated from the flux of the time integral
of X relative to the value resulting from Jeffery rotation,
passing through the Ω̂1 � Γ̂1 plane [40] and averaged over
the steady state orientation distribution of the two particles.
The value of Xh iPI=n is mathematically given by

Xh iPI
n

¼
ð ð
	

Ω̂1�Γ̂1

dA (Δr0) � Γ̂1
ð
dCI

b p
�
CI
b

� ð dτI
2π

ð
dCII

b p
�
CII
b

�

�
ð
dτII
2π

Ð1
�1

dt (X(t)� XJ (t)), (2:12)

where i [ {I, II} are the indices for the two particles in the
simulation; XJ is the value of X evaluated in the absence of a
second particle and p(Cb) is the steady state probability distri-
bution of the modified orbit constant Cb ¼ C/(C þ 1), which
is discussed in Sec. II D. Monte-Carlo summation is used to
evaluate the integral instead of integrating over the six

FIG. 2. (a) Discretization of the centerline of each ring into N* segments to detect the minimum distance between the particles, δ, and the direction of the
contact force d (shown for particle I). The segments neighboring the closest segments from coarse discretization are removed while searching for a possible
second point of contact of the rings. This algorithm is turned on only when jrI,COM � rII,COM j � 2. (b) Discretization of the vorticity-gradient plane into multiple
regions for computing ensemble average particle properties according to Eq. (2.10). The extent of each subsequent region is increased by two units compared to
the previous region in the Ω̂1Γ̂1 plane. In the streamwise direction, the starting position is Δri � Û1 ¼ 80L3,(j) and the ending position is Δrf � Û1 ¼ 240L3,(j).
(c) Convergence of Sf

	 

and Sp

	 

, the contributions to the shear stress from fHI and the transient change in the p during the PI respectively, as a function of the

domain size L2,k ¼ L3,k using the renormalization procedure in Sec. II C.
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degrees of freedom in Eq. (2.12), and the expression for the
average quantity simplifies to

Xh iPI
n

¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt (Xk(t)� XJ,k(t))

¼
X
j

Aj

XNj

k¼1

Ik
Nj

, (2:13)

where Ik is equal to the product of the time integral and the rela-
tive velocity of the particles, Aj is the area of the jth region in the
gradient-vorticity plane in which the points are chosen with
uniform probability as shown in Fig. 2(b), (Δr0)k � Γ̂1 is a
weighting function proportional to the flux of the particles per
unit concentration flowing across the vorticity-gradient plane and
Δr0 is initial separation between the center of mass of the two par-
ticles. The flow-vorticity plane is split into multiple regions of
areas Aj as shown in Fig. 2(b) to establish convergence of relevant
particle properties such as orientational dispersion, hydrodynamic
diffusivity and the stresslet tensor with increasing phase-space of
initial cross-stream positions in a systematic fashion. The initial
positions of the center of mass of the two particles were chosen to
be rI,COM ¼ 0 and rII,COM ¼ Δr0. The initial orientations pI,0
and pII,0 are specified in terms of the phase angles (τI , τII )
chosen uniformly between [0, 2π) and the orbit constants
(CI , CII ) chosen from the steady state orbit distribution discussed
in Sec. II D. Δr0 � Γ̂1 was chosen with a uniform probability
between [0,L3) and Δr0 � Ω̂1 was chosen with a uniform proba-
bility from [�L2, L2]. The value of Δr0 � Û1 
 �80L3 simu-
lates an initial large separation between the two particles. The
simulation is run until Δr � Û1 ¼ 240L3, which is a sufficiently
large distance to reduce the influence of interparticle interactions.
This strategy ensures that the tails of the time integral in
Eq. (2.13) (as t ! +1) have an insignificant contribution to
Xh iPI . The mean of most quantities of interest for regions with
(L2, L3) 
 (8, 8) is less than 5% of the value in region with
(L2, L3) ¼ (2, 2). Only the translational diffusivity calculations
described later required calculations from regions as large as
(L2, L3) ¼ (16, 16). The statistical error in the stresses in regions
with (L2, L3) 
 (16, 16) was comparable to the mean after
2� 104 Monte-Carlo simulations and O 1/

ffiffiffiffi
N

p� �
scaling would

require at least one hundred times more calculations, which are
beyond the scope of this study. (2� 4)� 104 PI simulations
were found to be sufficient to reach a statistically convergent
mean value. The standard deviation of the inner summation σI,j

for the jth region is given by

σ2
I,j ¼

1
Nj

XNj

k¼1

Ik �
XNj

k¼1

Ik
Nj

 !2

: (2:14)

The expression for Xh iPI with the standard error within 95%
confidence limits is given by

Xh iPI
n

¼
X
j

Aj
1
Nj

XNj

k¼1

Ik + 1:96
σI,jffiffiffiffiffi
Nj

p
( )

: (2:15)

PIs lead to a transient change in the orientation vector p rela-
tive to the Jeffery rotation whose effects on suspension-averaged
orientational dispersion can be quantified by the tensor
pph i ¼ pph iJþn pph i/nð Þ. Here, hiJ refers to an ensemble
average of pp for isolated particles undergoing Jeffery rotation
with the steady state orbit distribution and hi corresponds to con-
tribution from the transient change in the value of pp from pph iJ
during a PI. The value of pph i is calculated by the equation
given by

pph i
n

¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt[p(t)p(t)

� pJ (t, τ i, Ci) pJ(t, τ i, Ci)(1� H(t � tHI))

�pJ (t, τ f , Cf ) pJ(t, τ f , Cf )H(t � tHI)], (2:16)

where pJ is the orientation defined by Eqs. (2.1)–(2.3);
H(t � tHI) is the Heaviside step-function; tHI ¼ (Δr0) � Û1/
(Δr0) � Γ̂1; Ci, τ i and Cf , τ f are the (orbit constant, phase
angle) before (t ! �1) and after the interaction (t ! þ1),
respectively. The choice of the time for shifting from (Ci, τ i)
to (Cf , τ f ) in Eq. (2.13) is arbitrary but was chosen to be at
the location near Δr � Û1 ¼ 0 to reduce statistical errors in
the summation. The particle interaction on average should be
strongest close to (Δr) � Û1 ¼ 0 and the change in the orbit
constant should be greatest near this separation. The distribu-
tion of orbit constants of all trajectories after interactions
must be the same as the initial steady state orbit distribution.
The mean of the orbit constant over MC simulations in each
region-k before and after the interaction differed by less than
1% in all our simulations. Equation (2.16) requires a renorm-
alization procedure that is discussed in Sec. II C. Equation
(2.16) can be extended for other moments of orientation as
well.

In addition to orientation dispersion, particle centers
also drift away from their original streamline in dilute
suspension during particle encounters. This drifting
motion across many different particle interactions is dif-
fusive in nature [41,40] and can be characterized by
translational diffusion coefficients in the gradient (D33)
and vorticity (D22) direction which on simplifying Eq.
(2.13) is given by

D22

n
¼ 1

2

X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1 (((r1)k � (r0)k) � Ω̂1)
2
, (2:17)

D33

n
¼ 1

2

X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1(((r1)k � (r0)k) � Γ̂1)
2
: (2:18)

Here, (r1)k � Ω̂1 and (r1)k � Γ̂1 are the separation of the
center of mass of the kth particle in vorticity and
gradient directions after the interaction (i.e., when
(Δr)k � Û1 ! þ1).

Table II provides a summary of major definitions used in
this section, particularly, the different contributions to the
force-per-unit length, particle velocities, and the ensemble
average of particle properties due to pairwise interactions.
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Overall, the calculations derived in this subsection capture
transient deviations in the particle position, orientation, and
stresslet from the values associated with Jeffery rotation
across all possible interactions of the two-particle system.

C. Stresslet evaluation

A particle exerts stresses on the fluid thereby changing the
rheological behavior of the corresponding suspension. This
change in rheology can be expressed in terms of the stresslet
tensor S equal to the symmetric part of the first moment of the
stress acting on the particle surface and is computed from a
surface integral given by

S ¼
ð
dA

r(σ � ~n)þ (σ � ~n)r
2

� σ:~nr
3

I

� �
, (2:19)

where σ ¼ �p I þ (∇uþ (∇u)T) is the stress tensor, u is the
velocity field in the presence of particles, ~n is the outward
unit normal to the surface, r is the position vector, and dA
is the elemental area on the particle surface. A single parti-
cle contribution to the stresslet tensor arising from Jeffery
rotation is discussed before deriving the ensemble average
equations for the O(n) correction to the stresslet tensor
arising from PIs.

The velocity field u and pressure p can be approximated
from the complete inner solution of the SBT as uinner and
pinner for an isolated ring. The instantaneous stresslet of an
isolated axisymmetric particle, SHyd, in a simple shear flow
can be expressed in terms of E1 and moments of p and is
given by

SHyd ¼ ξ1E1 þ ξ2 E1 � ppþ pp � E1 � 2
3
pp:E1I

� �

þ ξ3 E1:pppp� 1
3
pp:E1I

� �
, (2:20)

where ξi for i ¼ {1, 2, 3} are O(ϵ) constants that depend

only on the particle shape, with ξ1 þ ξ2 ¼ O(A�2) [42]. ξi
are obtained using SBT (see Appendix A1), instead of
BEM calculations, to remain consistent with additional
O(n2) stresslet tensor contributions computed during PIs
using the SBT framework. The SBT values for ξi are in
good agreement with the exact values obtained from BEM
for the aspect ratios considered in this study (see Fig. 9 in
the Appendix). Equation (2.20) provides insight into the
anisotropic change in the suspension stress due to the pres-
ence of noninteracting rigid particles. The ensemble
average stresslet tensor, SHyd

	 

J
, which is the value of

SHyd averaged over Jeffery trajectories and the steady state
orbit distribution, is given by

SHyd
	 


J ¼ ξ1E1 þþξ2 E1 � pph iJ þ pph iJ � E1 � 2
3
E1: pph iJ I

� �

þ ξ3 E1: pppph iJ �
1
3
E1: pph iJI

� �
: (2:21)

The intrinsic viscosity is proportional to the Γ̂1Û1 compo-
nent of this tensor.

PIs between particles lead to additional contributions to
particle stresses. The stresslet tensor in a dilute suspension of
rings can be expressed as SHyd

	 

J
þ n Sp

	 

/nþ Sf

	 

/n

�
þ Sconh i/nÞ, where Sp

	 

is the ensemble average value of

SHyd relative to SHyd
	 


J driven by transient changes in p
during PIs with other rings in the suspension; Sf

	 

is the

ensemble average of the stresslet induced by velocity distur-
bances imparted by other particles in the suspension; and
Sconh i is the ensemble average of the stresslet imparted by
particle contact forces. The terms Sp

	 

, Sf
	 


, and Sconh i are
all proportional to n.

The contribution, Sp
	 


, accounts for the transient change
in the particle orientation p from its Jeffery trajectory as it
interacts with various particles in the suspensions and is
mathematically expressed as

TABLE II. List of symbols for simulating the dynamic change in the particle position, orientation, and stresslet tensor during pairwise interaction (PI) with
other rings.

Symbol Description

fSSF Force per unit lengtd on tde centerline of a torque and force free torus tumbling in a simple shear flow
fcon Force per unit length on the ring centerline arising from contact forces
Scon Stresslet tensor associated with the contact force
u01 Velocity disturbance produced by neighboring ring due to (fSSF + fcon) given by Eq. (2.4)

fHI Force per unit length on the ring centerline from the velocity disturbance of a neighboring ring u01
Sf Stresslet tensor associated with fHI
(Ucon, ωcon) Linear and angular velocity driven by contact forces
(UHI, ωHI) Linear and angular velocity caused by u01
rk, COM Center-of-mass position of particle-k
n Number density non-dimensionalized by R−3 where R is the ring radius
⟨⟩ Ensemble average of contributions to particle properties from all possible realization of pairwise particle interactions
Δr0 Initial separation of the center of mass of particle-II relative to the center of mass of particle-I
(Ci, τi) Initial orbit constant and phase angle of the Jeffery tumbling trajectory
(Cf, τf) Final orbit constant and phase angle of the Jeffery tumbling trajectory
⟨⟩J Ensemble average of particle properties averaged over the steady-state orbit distribution and Jeffery rotation rate
Aj Area of the jth region in the vorticity-gradient plane with locations of the initial relative positions of the particles as shown in Fig. 2(b)
LH Leal and Hinch orbit distribution
Dii Translational diffusivity of particles in the vorticity (i = 2) and gradient (i = 3) direction of the SSF
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Sp
	 

n

¼
X
j

Sp
	 


j

n
¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt[SHyd(p)

� SHyd(pJ(t, τ i, Ci))(1� H(t � tHI))

�SHyd(pJ(t, τ f , Cf ))H(t � tHI )]: (2:22)

In addition to the indirect contribution to the average stress-
let, there is a more direct contribution from fHI and f con (or
equivalently the contact force Fcon) as described by
Eqs. (2.5) and (2.9), respectively. The value of Sf

	 

is given by

Sf
	 

n

¼
X
j

Sf
	 


j

n
¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt Sf , (2:23)

and Sconh i is given by

Sconh i
n

¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt Scon: (2:24)

Equations (2.22) and (2.23) lead to nonconvergent area
integrals over the Γ̂1 � Ω̂1 plane because Sf and Sp scale
with Δr�3; Δr being the relative distance between the parti-
cles. The nonconvergence of Sf can be removed by adopting
the renormalization strategy used for obtaining the O(n2) cor-
rection to the viscosity of spheres [43]. A termÐ1
�1

dt SRNf where SRNf has the same Δr�3 decay behavior as Sf

but has zero ensemble average is subtracted from the inner
summation of Eq. (2.20), thereby leading to an integrand that
decays as Δr�6 and a rapidly convergent integral. The term
SRNf is the stresslet associated with the force per unit length

fRNHI on particle I due to the mean velocity disturbance pro-
duced by a uniform suspension of noninteracting rings. The
ensemble average of SRNf is zero as the mean velocity disturb-
ance over all particles in the suspension is zero. The value of
SRNf is numerically computed from the stresslet contribution

of fRNHI as two noninteracting rings move past each other. This
ensemble average is computed for each initial condition in
the original calculation to reduce the statistical errors in the
Monte Carlo summation. The renormalized equation for eval-
uating Sf

	 

is given by

Sf
	 

n

¼
X
j

Sf
	 


j

n

¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt
�
Sf � SRNf

�
: (2:25)

The Δr�3 parts of Sf and SRNf exactly cancel for Δr � 1
leading to a rapidly convergent summation. The value of
Sf
	 


/n, Sf
	 
 ¼ Sf

	 

:Γ̂1Û1, computed using (2.25) is

shown in Fig. 2(c) as a function of the maximum extent
over which the summation is performed. The renormalized
equations converge rapidly to the steady state value within

the region corresponding to (L2, L3) ¼ (1:9, 1:9). Only the
component contributing to the shear stress of the suspension
needs renormalization as trajectories with purely hydrody-
namic interactions cannot generate normal stresses [27].
Normal stresses can, therefore, be calculated using Eqs.
(2.22)–(2.24) by taking the contribution from contacting
trajectories alone.

The renormalization procedure for Sp involves using the
influence of a set of particles in the suspension not per-
turbed by particle I, similar to the previous renormalization
procedure for Sf . First a linearized transient change in p rel-
ative to its Jeffery trajectory pJ, termed Δp ¼ p� pJ , is
computed from the velocity disturbance produced by the
set of particles tumbling in Jeffery orbits and translating
with the shear flow velocity at its center of mass. Then a
term ΔSRNHyd(Δp, pJ ) that is the O(Δp) term in the Taylor
expansion of SHyd(p)� SHyd(pJ ) is computed, which has the
same Δr�3 decay as SHyd(p)� SHyd(pJ) for the original cal-
culation at Δr � 1. Subtracting the time integrals of
ΔSRNHyd(Δp, pJ ) from the time integral of SHyd(p) �SHyd(pJ)
provides a converging summation. ΔSRNHyd(Δp, pJ ) is the
stresslet produced by the gradient in the velocity disturb-
ance of a suspension of rings tumbling in Jeffery orbits.
The ensemble average value of ΔSRNHyd(Δp, pJ) is zero
because rings tumbling in Jeffery orbits produce
zero-average velocity gradient.

The value of ΔSRNHyd is given by

ΔSRNHyd(Δp, pJ) ¼ ξ2

�
E1 � (pJΔpþ ΔppJ )þ (pJΔpþ ΔppJ)

�E1 � 2
3
E1:(pJΔpþ ΔppJ)I

�

þ ξ3E1:ðpJpJ(pJΔpþ ΔppJ)

þ (pJΔpþ ΔppJ)pJpJ �
1
3
(pJΔpþ ΔppJ )I

�
:

(2:26)

The rate of change of Δp is computed from its evolution
equation given by

dΔp
dt

¼ ωHI � pJ þ Δp � R1

þ λ(E1 � Δp� E1:(ΔppJpJ þ pJΔppJ þ pJpJΔp)),

(2:27)

where ωHI is the angular velocity obtained by evaluating a
torque-free condition using the particle orientation pJ due
to the velocity disturbance produced by the passing second
ring. The first term is rotation driven by the gradient in the
velocity disturbance produced by a suspension of noninter-
acting rings in the form of ωHI. The second and third terms
together are the rotation rates relative to Jeffery rotation
driven by the shear flow acting on the perturbation of
p relative to pJ . For a given set of initial conditions,
the value of dΔp/dt for the renormalized equation matches
the original calculation at O(Δr�3). Thereby the value of
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pJ þ Δp from the linearized equation also matches p from
the original calculation at O(Δr�3). The linearized equation
for the stresslet (2.26) also matches SHyd(p)� SHyd(pJ) of
the original calculation at O(jΔpj) ¼ O(Δr�3): Thus, sub-
tracting the time integral of ΔSRNHyd from the time integral
in Eq. (2.22) gives a convergent summation. The ensem-
ble average ΔSRNHyd for the renormalization procedure is
given by

SRNp
D E

n
¼ 0 ¼

X
j

Aj

Nj

XNj

k¼1

(Δr0)k

� Γ̂1
ÐtHI
�1

dt ΔSRNHyd(Δpi, pJ(t, Ci, τ i))

"

þ Ð1
tHI

dt ΔSRNHyd(Δpf , pJ (t, Cf , τ f ))

#
, (2:28)

where the subscripts i, f in the orbit constant, C, the phase
angle τ, and Δp refer to the values at the beginning

(t ! �1) and end (t ! þ1) of the particle trajectory in the
original calculation. Choosing the same values of initial and
final orbit constants, phase angles, and the relative initial sep-
aration in the Ω̂1Γ̂1 plane allows us to use the renormaliza-
tion process for each individual trajectory and, thus, reduce
the statistical error in the Monte-Carlo summation.
Furthermore, the calculation from t [ (�1, tHI) is termed as
the forward-RN-trajectory and from t [ (tHI , 1) is termed as
the reverse-RN-trajectory. For the reverse RN-trajectory, the
integration is performed in the reverse time direction and the
starting particle separation in the flow-direction equal to the
final value of Δr � Û1 at the end of the original calculation.
When the original trajectory of particle I relative to particle II
crosses the flow-vorticity plane, the initial flow-position for
the reverse-RN-trajectory is chosen to be positive. This
choice would be a reverse-RN-trajectory that is equivalent to
the particle II starting at a position
(�Δr0 � Û1, Δr0 � Ω̂1, �Δr0 � Γ̂1) with same initial
orientations.

The renormalized ensemble average of Sp is calculated
from the following equation:

Sp
	 

n

¼
X
j

Sp
	 


j

n
¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1
Ð1
�1

dt[SHyd(p)� SHyd(pJ(t, τ i, Ci))(1� H(t � tHI))

(

�SHyd(pJ(t, τ f , Cf ))H(t � tHI)]�
ÐtHI
�1

dt ΔSRNHyd(Δp, pJ (t, Ci, τ i))�
Ð1
tHI

dt ΔSRNHyd(Δp, pJ(t, Cf , τ f ))

)
: (2:29)

The convergence of the viscosity correction term Sp
	 


using
this renormalization is given in Fig. 2(c). The value of Sp

	 

,

similar to Sf
	 


, also does not change much as the domain

size is increased from (L2, L3) ¼ (1:9, 1:9) to
(L2, L3) ¼ (7:6, 7:6). The same renormalization strategy was
also used for obtaining the moments of p in Eq. (2.16),

pph i
n

¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k:Γ̂1
Ð1
�1

dt[p(t)p(t)� pJ(t, τ i, Ci)pJ (t, τ i, Ci)(1� H(t � tHI ))

(

�pJ(t, τ f , Cf )pJ (t, τ f , Cf )H(t � tHI)]�
ÐtHI
�1

dt (ΔppJ þ pJΔp) �
Ð1
tHI

(ΔppJ þ pJΔp)

)
: (2:30)

A list of various contributions to the particle stress
through the stresslet tensors discussed here is mentioned in

Table III. The contributions to the stresslet tensor averaged

over all trajectories, i.e, Sconh i, Sp
	 


, and Sf
	 


, are all pro-

portional to the non-dimensional number density n. Sp
	 


and Sf
	 


need a renormalization procedure for numerically

calculating their values. The relative increase in the suspen-

sion viscosity and the normal stress-differences are defined

in Secs. III D and III E, respectively.

D. Procedure for computing the steady state orbit
distribution

The orientation distribution of rings in a dilute suspension
is described by an orbit distribution and a phase angle with a
uniform distribution from [0, 2π). The procedure used to
obtain this steady state orbit distribution is described here.
We start with a set SC of Nset orbit constant values, C, where
C is assigned according to an arbitrarily chosen orbit distri-
bution. Two values of C are randomly chosen from SC and
assigned to the two particles in the PI simulation. The value
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of C for each particle is replaced by the new C value attained
by the corresponding particle at the end of the interaction.
This process is continued until the moments of orientation
reach a statistical steady state value as a function of the
number of such PI trajectories, NPI . The initial separation in
the gradient direction, Δr3, was chosen between (0, L3] with
a probability of 2Δr3/L23, proportional to the flux of particles,
and Δr2 was chosen with a uniform probability between
[�L2, L2] as shown in Fig. 3(a). The strongest interactions
determining the steady state orientation distribution involve
particle separations of O(1) similar to what has been
observed for fiber suspensions [24]. The steady state orienta-
tion distribution was first obtained for L2 ¼ 2 and L3 ¼ 1,
which corresponds to the ideal solid-body collision cross
section of a tumbling and an aligned ring, which is described
later in Sec. III B. This orbit distribution is used to start a
simulation with a larger value of L2 and L3 until a new
steady state orbit distribution is attained for the larger domain
size. This process of increasing the domain size and using
the previous steady state orbit distribution to obtain a new
orbit distribution is continued until the difference between
the new and the initial orbit distribution for a given value of
(L2, L3) becomes statistically insignificant. Our simulations
suggest that (L2, L3) ¼ (3, 3) provided nearly the same orien-
tation distribution as a rectangular region with L2 ¼ 2,
L3 ¼ 1 for the aspect ratios studied here. However, the
number of simulated pairwise interactions required to reach
steady state increased from O(104) for the (L2, L3) ¼ (2, 1)
rectangle to O(105) for (L2, L3) ¼ (3, 3) rectangle since the
number of simulations is proportional to Δr3. Thus, the
above systematic approach of obtaining a steady state orbit
distribution by increasing the domain size is computationally
efficient. This estimate can also be systematically improved
by increasing the number of elements of the set SC describ-
ing the orientation distribution.

The initial values of C in the set SC were chosen from the
probability distribution resulting from Jeffery rotation and
weak anisotropic rotary diffusion, which is known to
describe the orbit distribution of fibers in a dilute suspension
[44,24]. The probability distribution of the modified orbit
constant Cb ¼ C/(C þ 1) with anisotropic diffusivity compo-
nents is given by

p(Cb) ¼ 4Cbf
2
Tζ

4
Cb

1� Cb

� �2

f2
T ζ þ 1

 !3/2

(1� Cb)3

, (2:31)

where ζ is ratio of θθ and ff diffusivity components [24].
The distribution in (2.31) with ζ ¼ 1 is also the
Leal-and-Hinch distribution [30] for weakly Brownian disks,
and this distribution was chosen to initialize the orientations
in the set SC as the base case. Additional simulations with
ζ . 1 were carried out to ensure that the same steady state
distribution was obtained irrespective of the initial starting
distribution. Furthermore, Eq. (2.31) was found to be a good
approximation for the final steady state orbit distribution
psim(Cb) after using a suitable value of ζ. The values of ζ

that best fit the simulation data are mentioned in Table IV.
Figures 3(b) and 3(c) show the probability distribution from
the simulation psim(Cb) (symbols) and the fit using Eq. (2.27)
with ζ ¼ 1:43 for �A ¼ 40 rings and ζ ¼ 0:50 for �A ¼ 10
rings, respectively. The orbit distributions set by PIs has a
modest difference from the Leal and Hinch orbit distribution
shown by the dashed line in Figs. 3(b) and 3(c). The best fit
value of ζ for the steady orbit distribution obtained from PI
simulations is shown in Table IV. These values of ζ were
O(1) for the aspect ratios studied here and appear to increase
slowly with the aspect ratio.

The average and standard deviation of the moments of p
from each region are obtained by binning the data until the
standard deviation of the moments is converged. The dura-
tion of the simulation is quantified by ~Nsim ¼ Nsim/B, where
B is the number of elements in the bin, Nsim is the total
number of pairwise interactions. The value of cos2(θ)

	 

J

with 95% confidence limits was found to be
{0:0905+ 0:0014, 0:0978+ 0:0015, 0:0933+ 0:0011}
for the regions defined by (L2, L3) ¼ {(2, 1), (2, 2), (3, 3)},
respectively. Here, hiJ is an average value over steady state
orbit distribution. The values of cos2(θ)

	 

J and

sin2(2f)sin4(θ)
	 


J
for different regions as functions of ~Nsim

are shown in Figs. 3(d) and 3(e), respectively. Figures 3(d)
and 3(e) also show a case where the initial orbit distribution
obtained from ζ ¼ 3 was used. This case rapidly converges
to the steady state orbit distribution. We also performed sim-
ulations with initial orbit distributions that deviated signifi-
cantly from the Leal and Hinch distribution, such as starting
all particles in the C ¼ 0 orbit (not shown in the figure), for
smaller aspect ratio cases. The orbit distribution converged to
the same steady state orbit distribution for all choices of
initial distributions, within the statistical uncertainty of the
numerical scheme. Starting further away from the initial con-
dition required an algebraically larger number of simulations
and, thus, a proportionally greater computational effort. The
mean of the orientation moments obtained from the region
defined by (L2, L3) ¼ (2, 2), which encompasses all particle
collisions, was within +10% of the corresponding means
obtained from larger values of (L2, L3) for all aspect ratios
studied here.

III. STRUCTURE AND RHEOLOGY OF DILUTE RING
SUSPENSIONS

A. Position and orientation trajectories of particles

At dilute particle concentrations (n � 1), pairwise hydro-
dynamic interactions and particle contacts are important in
determining the orientational dispersion, hydrodynamic dif-
fusivity, and the particle stresses. The dependence of these
quantities on the effective inverse-aspect ratio of the particle
fT and the slenderness parameter ϵ ¼ 1/ln(8A) is also
derived based on scaling arguments. The steady state orienta-
tion distribution moves p near the C ! O(f�1

T ) orbits as
explained at the end of Sec. II D. Projections of trajectories
of the relative position of the two particles in the flow-
gradient and flow-vorticity planes are shown in Figs. 4(a)
and 4(b) for contacting (−) and non-contacting (--) encoun-
ters. The initial cross-stream separations were similar for the
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two types of encounters. The projections of the orientation
of particle I, pI , along the flow and vorticity direction are
shown in Figs. 4(c) and 4(d) along with the respective
Jeffery trajectories using the phase angle and orbit
constants for Δr1 ! +1. A video illustrating these
changes is also attached in the supplementary material [54]

(non_contacting.avi, contacting.avi). Figures 4(a) and 4(b)
illustrate that particle contact leads to a larger, O(1), change in
Δr2 and Δr3 at the end of the interaction compared to a corre-
sponding smaller, O(ϵ), change from a trajectory involving
purely hydrodynamic interactions. Additionally, a typical parti-
cle contact event lasts for an O(1) time. In Figs. 4(c) and 4(d),

TABLE III. List of parameters determining the particle stress in the suspension.

Symbols Description

SHyd Stresslet tensor of an isolated force-and-torque free ring in a simple-shear-flow with orientation p
⟨SHyd⟩J Ensemble average stresslet exerted by isolated tumbling rings in an SSF
⟨Sp⟩ Ensemble average of the transient deviation of SHyd from ⟨SHyd⟩J during all realizations of pairwise interactions
⟨Scon⟩ Ensemble average stresslet associated with all possible contact interactions
⟨SPI⟩ Total stresslet contribution from pairwise interactions =⟨Sp⟩ + ⟨Scon⟩ + ⟨Sf⟩
Δμ Viscosity increase in suspension relative to the fluid viscosity
⟨N1⟩ First normal stress-difference N1h i ¼ n2 SPIh i/nð Þ :(Û1Û1 � Γ̂1Γ̂1)
⟨N2⟩ Second normal stress-difference N2h i ¼ n2 SPIh i/nð Þ:(Γ̂1Γ̂1 � Ω̂1 Ω̂1)
Ni,1 Various contributions to the first normal stress difference from the different contributions of the stresslet tensor (i = {p, con, f})
Ni,2 Various contributions to the second normal stress difference from the different contributions of the stresslet tensor (i = {p, con, f})
SRNf The linearized part of Sf that averages to zero across all pairwise interactions, used for renormalized summation of Sf
ΔSRNHyd The linearized part of Sp that averages to zero across all pairwise interactions used for renormalized summation of Sp
pJ(C, τ) Jeffery trajectory associated with the orbit constant C and phase angle τ
Δp Linearized change of the particle orientation relative to the Jeffery trajectory pJ used for renormalized calculation of Sp

FIG. 3. (a) The kth region in the vorticity-gradient plane defined by (L2, L3) used for obtaining the steady-state orbit distribution. Probability of the modified
orbit constant C/(C þ 1) from simulation (symbols), p(Cb) using Eq. (2.26) with ζ1 from Table IV (solid line) and distribution of [30], i.e., ζ1 ¼ 1, (dashed
line) for (b) �A ¼ 40 and (c) �A ¼ 10. The values of (d) cos2(θ)

	 

J and (e) sin2(2f)sin4(θ)

	 

J as functions of ~Nsim for an �A ¼ 40 ring with different values of

(L2, L3). The curves for regions (L2, L3) ¼ (2, 2) and (3, 3) in (d) and (e) are shifted on the x-axis by 9 and 17 units, respectively, for visual purpose. The
number of elements in the bins in the averaging process for the four legends in order is B ¼ {103, 103, 2� 103, 2� 104}.
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it is also visually apparent that deviation of p from the Jeffery
trajectory is larger for contacting trajectories compared to the
non-contacting ones. Particle contact prevents the free tum-
bling of particles and the two particles tend to rotate as a pair
as shown in the animation. These trajectories showcase the
importance of incorporating effects of particle contact in addi-
tion to hydrodynamic interaction when studying the motion of
particles in a dilute ring suspension.

Upon the reversal of the shear flow, the position and ori-
entation of the two rings should return to their initial values
if the interactions are purely hydrodynamic in nature due to
Stokes flow reversibility. This is confirmed in our simula-
tions as shown in Fig. 4(e), wherein the original (forward)
trajectory (-- thick) and the flow-reversed (-- thin) trajectory
overlap. Trajectories that include particle contact break the
flow-reversal symmetry because contact force is non-zero

when the particles approach each other and is zero when they
move apart [40]. This is evident from the difference in
forward (- thick) and reverse (- thin) trajectories as shown in
Fig. 4(e). The particle orientation also breaks the flow-reversal
symmetry for contacting trajectories as shown in Fig. 4(f).

TABLE IV. The best fit values of ζ obtained by matching the psim(Cb) to
the orbit distribution set by Eq. (2.31).

�A ζ

10 0.50
21 0.92
26 1.27
40 1.43
55 1.44

FIG. 4. The projections of trajectories of relative positions of the center of mass of the two rings in the (a) flow-gradient and (b) flow-vorticity planes for an aspect
ratio �A ¼ 21 particle. Projection of pI in the (c) flow (sin(f)sin(θ)) and (d) vorticity (cos(θ)) directions, where thin lines represent Jeffery trajectories using the phase
angle and orbit constants at Δr1 ! +1. Solid line (−) is a particle trajectory involving mechanical contact and dashed line (--) is a trajectory with purely hydrody-
namic interaction. The initial separation of the particles making mechanical contact is (Δr2 ¼ 0:52, Δr3 ¼ 0:91) and those having purely hydrodynamic
interactions is (Δr2 ¼ 0:54, Δr3 ¼ 0:91). The contacting event occurs between �0:70 � Δr1 � 0:56 (Videos of these trajectories are in the supplementary
material [54]). (e) Relative position of particles in the flow-gradient plane and (f ) projection of pI in the flow direction for the flow-reversed trajectory
(thin lines) of the original (forward) particle trajectories shown in figure (a)–(d), for contacting (- solid) and non-contacting (--) scenarios.
(g) Force-distribution for an �A ¼ 21 ring in the C ! 1 orbit that has jf SSF j/ sin(2f). (h) Collision frequency of particles as a function of �A along with the
scaling fit. (i) Probability density function of particle contact in the vorticity-gradient plane for an �A ¼ 21 ring. ( j) Translational diffusivity in the vorticity
(D22) and gradient (D33) directions as a function of the aspect ratio �A. The scaling fits using Eq. (3.2) are also shown.
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Figure 4(g) shows the force distribution f SSF of an �A ¼ 21
ring tumbling in the C ! 1 orbit. The components of this
force are given by fSSF,n ¼ γ1 ( fn1/γ1cos(s)þ fn3/γ1cos(3s)),
fSSF,b ¼ γ1( fb4/γ1sin(s)þ fn3/γ1sin(3s)), and fSSF,p ¼ 0,
where γ1 ¼ nn:Û1Γ̂1 ¼ 0:5 sin(2f) and 0 � s , 2π is the
position along the ring centerline, s being zero at
rc ¼ (1� �A

�1)n. The parameters fn1/γ1, fn3/γ1, and fb4/γ1
are independent of the orientation, and their values as func-
tions of �A are shown in Fig. 9(c). The velocity disturbance
pulls fluid inward in the plane of the ring when sin(2f) , 0
and pushes it outward along +p. This fluid velocity distribu-
tion is analogous to that caused by an equivalent fiber with a
90° rotation in f.

B. Collision frequency and translational
hydrodynamic diffusivity

The rate of particle collisions is obtained from the flux of
particles that collide with each other. The collision frequency
of rings βc is, thus, given by

βc
n
¼
X
j

Aj

Nj

XNj

k¼1

(Δr0)k � Γ̂1jjFconj.0, (3:1)

where the inner summation is non-zero only when mechani-
cal contact occurs between the two particles. In all our simu-
lations, contact is assumed when the minimum separation of
the particles is 10�2A�1. As discussed earlier, the largest
contributors to the collision frequency are tumbling-aligned
interactions, and therefore, βc scales as fT . Figure 4(h)
shows the variation of βc with the aspect ratio �A and its
dependence is approximately given by 8:74nfT . This scaling
is similar to the ideal collision frequency of disks whose
value equals 13:12 nfT , with fT being the effective-
inverse-aspect ratio of the disk [17]. The ideal collision fre-
quency for disks is higher because that calculation neglects
long-range hydrodynamic interaction, and the central hole of
the ring also reduces the possible area in the phase space
available for collision. The rate of collision per unit volume
is given by 0:5nβc ¼ 4:37 n2fT in a dilute suspension of
slender rings. This collision frequency should give a repre-
sentative measure of the contact stresses in the suspension
that is discussed in Sec. III D. Particle contact frequency pro-
vides a measure of the degree of particle agglomeration in
the suspension which can further impact the rheological
properties in the presence of adhesive forces between the
particles.

Figure 4(i) shows the probability density function of con-
tacting events based on the relative initial separation of parti-
cles in the gradient-vorticity plane for an �A ¼ 21 ring. The
probability peaks near Δr3 ¼ 0:8 ¼ O(1) and Δr2 ¼ 0 and
rapidly decays as the relative position approaches the boun-
dary of the ideal collision cross section. The peak occurs at
Δr3 close to 1 because most collisions are between a flipping
and aligned ring rather than two flipping rings (Δr3 ¼ 2) or
two aligned rings (Δr3 ¼ O(�A�1)). The probability density
has a steeper slope in the gradient direction than the vorticity
direction, which is caused by the pinching of Jeffery orbits

and the shape of the collision cross section of a tumbling and
an aligned ring (which is a rectangle bound by Δr2 ¼ +2,
Δr3 ¼ 0 and Δr3 ¼ 1). This shape of the collision cross
section was also the reason to choose (L2, L3) ¼ (2, 1) for
obtaining the steady state orbit distribution earlier in
Sec. II D. This qualitative shape of the density of contacting
trajectories is similar for other high-aspect ratio rings.

Although each particle contact event generates a large
change in the orientation and cross-stream position of the
particles compared to non-contacting trajectories, the contact-
ing events were observed to occur less frequently than the
most important hydrodynamic interactions between a tum-
bling and an aligned ring. The contribution to stresses, orien-
tational structure, and the translational diffusivities were
found to have numerically comparable contributions from
contacting and non-contacting trajectories as shown in the
results hereafter.

The center of mass of a tumbling torus is displaced from
its original fluid streamline due to particle contact and hydro-
dynamic interactions with other particles. The displacements
are stochastic and the overall translation of the particle in the
suspension appears to be diffusive in nature. This motion can
be quantified using the hydrodynamic diffusivity and its
components in gradient (D33) and vorticity (D22) directions
are shown in Fig. 4( j). Particle contact between an aligned
and tumbling ring leads to an O(1) displacement of the ring
in the gradient or vorticity direction, and this event has an
O(fT ) frequency. Contributions from purely hydrodynamic
interactions toward diffusivity are O(ϵ2fT ), but these long-
ranged contributions to the diffusivity come from trajectories
whose initial conditions extend well beyond the collision
cross section. The contributions from particle contact and HI
to the diffusivity were found to be numerically comparable at
the aspect ratios studied here. For an aspect ratio 21 particle,
the contributions to D33 from contacting and non-contacting
trajectories are nearly equal, but the contacting trajectories
only contribute to 15% of the total value of D22. Similar pro-
portions were observed at other aspect ratios studied here.
The contributions from HIs and particle contact are added
together using the above scaling argument to provide an
empirical fit to the data given by

D22

n
¼

�D22

γR2n*R3
¼ 3:17� 10�2fT þ 5:60ϵ2fT , (3:2a)

D33

n
¼

�D33

γR2n*R3
¼ 4:16� 10�2 fT þ 1:39 ϵ2fT , (3:2b)

where �D22 and �D33 are the dimensional translational diffusion
coefficients in the vorticity and gradient direction, respec-
tively. Extending the above formulae beyond the aspect ratio
range studied here suggests that the second term becomes
negligible only for �A � O(104), which are aspect ratios of
little practical importance. Thus, for most practical aspect
ratios, the contributions of both contacting and non-
contacting trajectories are expected to be important, and this
feature is observed for other results presented hereafter.

736 NEERAJ S. BORKER AND DONALD L. KOCH



The values of D22 deviate from the fit given by Eq. (3.2a)
for �A ¼ 10 rings. The scaling arguments derived for D22

and other particle properties only consider the fact that

Ch iJ¼ O(f�1
T ) and

ffiffiffiffiffiffiffiffiffiffiffiffi
f2
	 


J

q
¼ O(fT ), implicitly obtained

from the Leal and Hinch (LH) distribution given by
Eq. (2.31) with ζ ¼ 1, and ignores any weaker dependence
of the orientation structure on �A arising from changes of the
orbit distribution. �A ¼ 10 rings are closer to the C ! 1 orbit
than rings with LH distribution as shown in Fig. 3(c), and
thus, the magnitude of f SSF during a tumbling event should
be numerically smaller than the one expected from LH distri-
bution. The deviation from the scaling result was strongest
for non-contacting trajectories, which could be explained
from the reduced strength of f SSF . The deviation in the simu-
lation values from scaling was also more prominent for D22,
which has a dominant contribution from pure HIs. This devi-
ation in the simulation values from the scaling fits was also
observed for other particle properties for �A ¼ 10 rings as dis-
cussed later.

The translational diffusivity in the gradient direction for
fibers is given by �D33 ¼ γ�nl51:1� 10�2 �A

�1 ln�2 (2�A ) [41].
The numerical value is orders of magnitude smaller than the
corresponding value for rings computed from Eq. (3.2b) in the
aspect ratio range �A ¼ 10� 55. The numerical value of D33

for aspect ratio 21 rings is 7:89� 10�3n, which is two orders
of magnitude larger than the value of D33 ¼ 3:8� 10�5n in
an equivalent fiber suspension. Similar proportions are
expected for D22 as well. The curved-centerlines of the cross
section of two rings in a shear flow will on an average
approach to within shorter distances than two equivalent
fibers (which are rotating line-segments), a purely geometric
effect. Thus, purely hydrodynamic interactions are also
expected to be stronger in rings than in fibers. Additionally,
rings have a significant cross-streamline displacement from
interparticle contact. The hydrodynamic diffusivity in a
dilute disk suspension, which has not been reported yet,
should also be driven by particle contact and O(1) fluid
velocity disturbances and, thus, scale as fT at high aspect
ratios.

C. Orientational structure of ring suspensions

To quantify the extent to which planar particles such as
rings align so that the plane of the particle lies in flow-
vorticity plane, we define a flow alignment parameter k as
the ensemble average value of 1:5(1� p23). The value of k is
unity for an isotropic distribution and equal to zero for
perfect particle alignment in the flow-vorticity plane. This
parameter determines the orientational order in the suspen-
sion, which is important for quantifying the anisotropy of the
microstructure of materials processed from such suspensions.
In the dilute limit, the flow-alignment parameter can be
written as k ¼ k0 þ k1nþ O(n2), where k0 ¼ 1:5 1� p23,J

	 

J
,

with hiJ being an average over the steady state orbit distribu-
tion and Jeffery rotation period; and k1n ¼ 1:5 p23 � p23,J

	 

,

with hi being an ensemble average over all possible realiza-
tions of PIs. The values of k0 and k1 as functions of �A are
shown in Figs. 5(a) and 5(b), respectively. k0 provides the

average tilt of isolated rings in Jeffery rotation due to the
steady state orbit distribution and is, thus, proportional to fT ,
the best fit being k0 ¼ 3:24fT . In this scaling, the assump-
tion is that the orbit distribution is purely a function of the
effective inverse-aspect ratio fT and has no other depen-
dence on the aspect ratio �A. This assumption works well for
�A 
 21 but breaks down for �A ¼ 10 rings. This causes most
scaling laws described in this work to deviate from simula-
tion results for �A ¼ 10 rings. The positive value of k1 shown
in Fig. 5(b) suggests that PIs decrease the flow alignment rel-
ative to isolated particles. This reduction in flow alignment
during PIs is caused by a greater dispersion in the f and θ
direction. The value of sin2(f)

	 
� sin2(f)
	 


J
provides a

measure of dispersion of p along the f direction, while
cos2(θ)
	 
� cos2(θ)

	 

J
is used as a measure of dispersion of

p along the θ direction.
Figure 5(c) shows the value of sin2(f)

	 
� sin2(f)
	 


J

� �
/n

as a function of �A where sin2(f)
	 


J
¼ fT /(1þ fT ) is the

value corresponding to an isolated tumbling ring based on
Jeffery rotation. The positive value of sin2(f)

	 
� sin2(f)
	 


J

implies that the typical value of f subtended by interacting
rings is greater than an isolated tumbling ring. An aligned ring
blocks the rotation of a tumbling ring when the particles make
contact, leading to an O(1) value of f for an O(1) contacting
time. This explains the positive sign of sin2(f)

	 
� sin2(f)
	 


J

and its proportionality with the O(fT ) collision frequency dis-
cussed in Sec. III B. Purely hydrodynamic interactions also
increase the dispersion in the f-direction, which was also
observed in fiber suspensions at concentrations n , �A [28].
The contributions from contacting and non-contacting trajecto-
ries to sin2(f)

	 
� sin2(f)
	 


J
were found to be comparable in

magnitude. The value 1:57fT fit the simulation data in
Fig. 5(c) well. The change in tumbling rate relative to
the Jeffery tumbling rate was quantified by evaluating
Eq. (2.13) with the integrand equal to

lim
M!1

�
(f(M)�f(�M))

2π � 2M
T � (ΔfRN,f (0)�ΔfRN,r(0))

2π

�
, where ΔfRN

¼ (Δp1cos(fJ) �Δp3sin(fJ))=sin(θJ) for respective renormal-
ized trajectories. There was no change in the tumbling
rate from Jeffery’s tumbling rate within the statistical uncer-
tainty of the calculation. Figure 5(d) shows the value of

cos2(θ)
	 
� cos2(θ)

	 

J

� �
/n as a function of �A, which was

positive for aspect ratios studied here. This suggests that the tilt

of p from Γ̂1 in the θ direction also increases on average
during the interaction compared to the value based on Jeffery
rotation in steady state orbit distribution.

A particle orientation also has a transient change in the
modified orbit constant Cb ¼ C/(C þ 1) during an interaction
with another particle. The simulations suggest that the particles
move away from the flipping orbit (Cb ! 1 orC ! 1) during
a typical interaction. This was quantified from the value of
n�1 Cb � Cb,Jh i as shown in Fig. 5(e) which is negative. This
suggests that particles move away from the flipping orbit
during the transient interaction, and this was found to be true
on an average for both contacting and non-contacting trajecto-
ries. The shift away from the flipping orbit during a PI was
also quantified through a transient average displacement in the
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modified orbit constant experienced by the particle orientation
tumbling initially in an orbit specified by Cb,i and this
displacement termed as n�1 Cb � Cb,Jh iCb,i

. The value of
n�1 Cb � Cb,Jh iCb,i

is computed using Eq. (2.13) with
X ¼ Cb(t) and using the summation only for interactions
with Cb [ [Cb,i � Δ1, Cb,i þ Δ1]. Figure 5(f) shows
n�1 Cb � Cb,Jh iCb,i

scaled with the steady state orbit

distribution, psim(Cb,i), as a function of Cb,i for an �A ¼ 21 ring
(Δ1 ¼ 0:05). The negative sign of n�1 Cb � Cb,Jh iCb,i

suggests
that on an average the particle orientation moves to lower Cb

orbits during a PI. This would indicate that with increasing
concentration the probability distribution in ring suspensions
should move further away from the flipping orbits compared to
the distribution shown in Figs. 4(b) and 4(c). Overall, there is a

FIG. 5. Variation of (a) k0, (b) k1, (c) sin2(f)
	 
� sin2(f)

	 

J

� �
/n, (d) cos2(θ)

	 
� cos2(θ)
	 


J

� �
/n, and (e) n�1 Cb � Cb,Jh i as a function of the aspect ratio �A

along with the scaling fit. (f ) n�1 Cb � Cb,Jh iCb,i
� p(Cb), the ensemble average displacement experienced by a �A ¼ 21 ring tumbling initially in an orbit speci-

fied by Cb,i, as a function of the initial orbit constant Cb,i (circle). All error bars correspond to 95% confidence intervals.
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reduction in the flow-alignment during PIs and this increases
the average stresses as discussed in Secs. III D–III F.

D. O(n) and O(n2) correction to the shear viscosity

The rheology of a sheared suspension of rings can be
described by a shear viscosity correction and normal stresses
arising from particle contact. The correction to the

suspension viscosity μ is given by

Δμ

μf
¼ μ� μf

μf
¼ n SHyd
	 


J
þ n2

Sp
	 

n

þ Sf
	 

n

þ Sconh i
n

� �
,

(3:3)

where μ is the suspension viscosity and Si, i ¼ {Hyd, p,

FIG. 6. (a) Leading order correction to the shear stress per particle or the (13) component of the stresslet tensor, SHyd
	 


, obtained from the steady-state orbit
distribution caused by PIs and O(ϵfT ) scaling (line) discussed in the text. Components of O(n2) viscosity correction from (b) Sp

	 

, (c) Sconh i, and (d) Sf

	 

; (e)

SPIh i as functions of �A along with scaling fits. (f ) Δμ/μf as a function of n for �A ¼ 21 rings using the isolated particle stresslet from (a) and the PI contribution
obtained in (e). (g) The ratio, SPIh i/ n SHyd

	 
� �
, of the coefficients of O(n2) and O(n) terms in viscosity expansion as a function of the aspect ratio for rings

(symbols) is compared with the value for fibers (dashed line) obtained from Eq. (3.6) using Cm ¼ 0:444. (h) Δμ/μf for �A ¼ 7 disks formed by a planar collec-
tion of spheres in Meng and Higdon’s simulations (symbols) and an �A ¼ 10 ring (solid line). The error bars and the shaded regions represent 95% confidence
intervals.
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f , con}, are the Si:Û1Γ̂1 components of the corresponding
stresslet tensors defined in Sec. II C. The coefficients of the
O(n2) correction to the viscosity in Eq. (3.3) is termed
SPIh in�1 ¼ Sp

	 
þ Sf
	 
þ Sconh i� �

n�1. SHyd
	 


J is the value
of SHyd averaged over each Jeffery orbit and weighted with
the steady state orbit distribution, psim(Cb), described in
Sec. II D. The value of SHyd

	 

J is computed from the fol-

lowing equation:

SHyd
	 


J
¼ Ð1

0

dCb psim(Cb)
1
T

ÐT
0

dt SHyd: (3:4)

This simplifies to SHyd
	 


J¼ 0:5(ξ1 þ ξ2)� 0:5ξ2 cos2(θJ )
	 


J
þ0:25ξ3 sin2(2fJ )

	 

sin4(θJ )
	 


J . The first term 0:5(ξ1 þ ξ2)
¼ O(�A�2) has a value that is numerically comparable to
second and third terms of O(ϵfTζ

0:5) at �A ¼ O(10). As
shown in Fig. 6(a), SHyd

	 

J
(symbols) decreases with �A.

The scaling SHyd

	 

J¼ 54:88ϵfT indicated by the line

works well for �A 
 21 but provides a poor estimate at
�A ¼ 10 for reasons described at the end of Sec. III B.

The value of Sp
	 


is driven by the change in p from its
Jeffery trajectory, pJ , during a PI. The variation in n�1 Sp

	 

with �A is shown in Fig. 6(b). The contribution to Sp

	 

from

contacting trajectories scales as nϵfT , which stems from an
O(1) change in p� pJ during particle contacts that occurs
with an O(nfT ) frequency. Contributions from non-contact-
ing trajectories lead to O(ϵ) changes in p� pJ during the
interaction of a tumbling and an aligned ring and, thus, con-
tribute to Sp

	 

at O(nϵ2fT ). The simulations suggest that

ensemble average contributions to Sp
	 


from contacting and
non-contacting trajectories are numerically comparable to
each other, although a typical contacting trajectory has a much
larger contribution than a non-contacting trajectory. The positive
value of Sp

	 

is also consistent with the results of Sec. III C

wherein the flow-alignment was shown to reduce during
PIs. An empirical expression Sp

	 
 ¼ 38:99ϵfTn(1þ 3:16ϵ)
provides a good fit to the simulation data in the aspect ratio
range of 21 � �A � 55.

In addition to the aforementioned indirect contribution of
particle contact, there is a more direct contribution to the suspen-
sion shear stress n Sconh i arising from the contact force. Particle
contact induces a stress on the surface of the ring quantified
through f con, which includes Sconh i. The particles remain in
contact for an O(1) time and generate an O(ϵ) stresslet during a
collision event. The variation in Sconh i with the aspect ratio
is shown in Fig. 6(c) and is approximately given by Sconh i
¼ 10:17ϵfTn where the scaling is obtained by multiplying the
O(fT ) collision frequency with the O(ϵ) stresslet included in
f con. This direct contribution to the stress, Sconh i, is numerically
comparable to the individual contributions from Sp

	 

and Sf

	 

.

The final contribution to the O(n2) viscosity correction is
Sf
	 


, the direct effect of hydrodynamic interactions on the
stresslet captured by the force distribution fHI . This contribution
is shown in Fig. 6(d) and scales as O(nϵ2fT ) owing to O(ϵ)
velocity disturbance generated by a tumbling ring near an
aligned ring, the event itself occurring with an O(nfT ) fre-
quency. The tilt of a ring increases during a particle contact
event compared to that in its Jeffery tumbling state, which is

close to the tilt during non-contacting interactions as shown in
Fig. 4. The larger tilt increases the magnitude of the velocity
disturbance and the corresponding force per unit length fHI .
The contact events also trigger an additional O(ϵ) force per unit
length, f con, which affects the O(ϵ) velocity disturbance
produced by the neighboring contacting ring. The simulations
suggest that the contribution to Sf

	 

from contacting trajecto-

ries is around 65% compared to 35% contribution from non-
contacting trajectories. A scaling fit of Sf

	 
 ¼ 51:68ϵ2fTn
matches the simulation results well for 21 � �A � 55.

The net contribution to the stresslet from PIs, SPIh i/n, is
shown in Fig. 6(e) and can be approximately fit by the scaling
SPIh i ¼ 49:15nϵfT (1þ 3:56ϵ). The value of SPIh i decays as
O(nϵfT ) for �A . 21, but the values flatten out at the smaller
aspect ratio of �A ¼ 10. This is caused by the differences in the
sharpness of orbit distributions near Cb ! 1 between �A ¼ 10
and the higher aspect ratio orbits as shown in Figs. 3(b) and 3(c).
The variation in Δμ/μf with n for an aspect ratio 21 particle is
also shown in Fig. 6(f). Figure 6(f) indicates that the viscosity
correction obtained by including PIs is twice the value for an iso-
lated ring at n ¼ 1. Overall, the value for the viscosity correction
from two-ring interactions can be computed from Eq. (3.3) using
the values presented in Figs. 6(a)–6(d). The scaling fit to approxi-
mate the correction to the suspension viscosity is given by

Δμ

μf
¼ 54:88ϵfTn(1þ 0:90(1þ 3:56ϵ)nþ O(n2)): (3:5)

Equation (3.5) provides a good approximation for
21 � �A � 55.

The ratio SPIh i= n SHyd
	 
� �

, i.e., the ratio of the O(n2) and
O(n) coefficient in Eq. (3.3), for rings has a nearly constant
value of O(1) similar to that in a suspension of spheres [43].
For comparison, this ratio for dilute fiber suspensions has a
much smaller value that decreases as ln (2�A)�2. The value
of SPIh i/ n SHyd

	 
� �
for fibers can be obtained from the

numerical results of Mackaplow and Shaqfeh (1996) [23],
where Δμ is given by

Δμ

μf
¼ 4π

3
n

ln (2�A)

ln (2�A)þ 0:64

ln (2�A)� 1:5
þ 1:659

ln (2�A)2
þ CM

ln (2�A)2
n

 !

� p21p
2
3

	 

, (3:6)

where CM is dependent on the orientation distribution and
equals 0.444 for an isotropic orientation distribution and equals
0.412 for a nearly aligned fiber suspension [23]. Figure 6(f)
shows the variation in SPIh i= n SHyd

	 
� �
with the aspect ratio of

the particle for rings and fibers with CM ¼ 0:444, suggesting
that PIs lead to a greater increase in the suspension viscosity for
rings than fibers at the same number density.

The value of Δμ/μf for �A ¼ 10 rings is of similar magni-
tude to the value obtained for �A ¼ 7 disk suspension in Meng
and Higdon’s simulations as shown in Fig. 6(g) for n � 1.
Meng and Higdon’s simulations at lower concentrations are
the only available data for disk suspensions that could serve as
an approximation to the shear viscosity corrections with PI
effects. The orientation statistics relative to the global frame
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was not available for the disk study to draw any further con-
clusions beyond this qualitative comparison.

E. Normal stresses from contacting trajectories

PIs of rings lead to non-zero normal stresses at O(n2),
whereas isolated axisymmetric particles generate no normal

stresses because of their symmetric orientation trajectories
about the gradient-vorticity (Γ̂1 � Ω̂1) plane. Suspensions
where particles have purely HIs also cannot have normal
stresses because the microstructure again retains symmetry
about the Γ̂1 � Ω̂1 plane and remains invariant upon
reversal of the shear flow due to Stokes flow reversibility. A

FIG. 7. (a) First, N1h i, and second, N2h i, normal stress difference as a function of the aspect ratio �A. (b) First and (c) second normal stress difference contribu-
tions from Sp, Sf , and Scol as functions of �A. (d) Schematic of interaction of two contacting rings to understand the relative contribution of normal stress differ-
ences from contact forces and fHI . (e) The ratio of the first and second normal stress difference � N2h i/ N1h i as a function of the aspect ratio that demonstrates
that this ratio is O(1) at moderately large aspect ratios (10 � �A � 55 in this study). The error bars for N2h i/ N1h i are equal to the sum of the standard errors of
N1h i and N2h i. (f ) N1h i and �N2h i as a function of n for �A ¼ 55 rings. All error bars and the shaded regions in (f ) correspond to 95% confidence interval
defined in Eq. (2.17).
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collision breaks this reversibility because the contact force is
non-zero when the particles approach each other and is zero
when they move apart. This is a stark distinction from fiber
suspensions for which collisions are rare at dilute concentra-
tions and most interactions are purely hydrodynamic in
nature. The first and second normal stress differences are
given by N1h i ¼ n2 SPIh i/nð Þ :(Û1Û1 � Γ̂1Γ̂1) and
N2h i ¼ n2 SPIh i/nð Þ:(Γ̂1Γ̂1 � Ω̂1 Ω̂1), respectively, and
their variation with the aspect ratio is shown in Fig. 7(a).
N1h i has a positive sign while N2h i has a negative sign, and
both scale with ϵfT . The individual contributions to the
normal stress differences from Sp, Sf , and Scon are given by
N1,ih i and N2,ih i and shown in Figs. 7(b) and 7(c), where
i ¼ { p, f , con}. Particle contact leads to an O(1) change in
particle orientation relative to the Jeffery trajectory that
results in O(ϵfT ) contributions to N1,p

	 

and N2,p

	 

.

Similarly, the normal stresses from fHI should be O(ϵ2fT )
and the ones from contact forces should be O(ϵfT ). The
overall magnitude of the first normal stress difference is
greater than the second normal stress difference. The asymp-
totic fit to the overall normal stresses based on the arguments
above is given by

N1h i ¼ 35:97n2ϵfT (1þ 0:32ϵ), (3:7)

N2h i ¼ �10:68n2ϵfT (1þ 0:86ϵ): (3:8)

The signs and magnitudes of the normal stress differences
can be understood from the microstructure of the particle sus-
pension during a typical collision event. Let the stresslet Si,kk
denote the normal stresses where i ¼ { p, f , con} and
k ¼ {1, 2, 3} ¼ {Û1 , Ω̂1, Γ̂1} on ring-I which is aligned
near the flow-vorticity plane such that jpI � (I � Γ̂1Γ̂1)j � 1.
A contact with a ring flipping in a C ! 1 orbit would gen-
erate a contact force on ring-I with negative components in
the flow and gradient directions if rcon,I � Û1 , 0, rcon,I being
the contact point relative to the center of mass of particle
I. Thus, Scon,11 is negative and Scon,33 is positive leading to
the unusual negative contribution to the first normal stress
difference from contact stresses. The respective signs of the
contact stresses for particle II are the same, and the argument
also holds when rcon,I � Û1 . 0. The simulations do predict
the unusual negative value of N1,conh i for �A ¼ 10 rings, but
the mean becomes comparable to the standard error for larger
aspect ratio particles (the scaling coefficient for N1,conh i was
obtained using only �A ¼ 10 ring simulation result). The
values of normal stress differences from the transient orienta-
tion change relative to the Jeffery trajectory are given by

Np,1
	 

n2

¼ � ξ3
4

sin4(θ)sin(4f)
	 
 ¼ O(ξ3fT ) . 0, (3:9)

Np,2
	 

n2

¼ ξ2
2

sin2(θ)sin(2f)
	 


þ ξ3
2

sin2(θ)sin(2f) (sin2(θ)cos2(f)� cos2(θ))
	 


¼ �O(fT (�jξ2j þ ξ3)) , 0,

(3:10)

where we use the fact that �fh i ¼ O(fT ) discussed in
Sec. III C, jθ � π/2j � 1 and ξ3 . jξ2j. Both the sign and
relative magnitudes of the normal stress differences from
Eq. (3.8) are consistent with the values obtained from the
numerical simulations.

Understanding the normal stresses induced by hydrody-
namic interactions is a little more involved. A flipping ring
with pII : Û1 . 0 generates a velocity disturbance in a direc-
tion with �Γ̂1, þÛ1 , and �Ω̂1 components near the point
of contact as shown in Fig. 7(d). The corresponding induced
hydrodynamic force per unit length on particle I near the point
of contact should point in the opposite direction. Assuming
that the signs of the normal stresses are consistent with the
signs of local contributions to the stresslet, S f ,11 will be posi-
tive, S f ,22 positive, and S f ,33 negative, and there is no reason
for any component to be much larger than the rest. Thus, the
first normal stress difference should be positive and second
normal stress difference should be negative, which is consis-
tent with simulation results. The simulations also suggest that
Np,1
	 


. Nf ,1
	 


. Ncon,1h ij j, while the relative order of mag-
nitude is the same for different contributions for the second
normal stress difference as shown in Figs. 7(b) and 7(c).

In this work, N2h i was found to be of the same order of
magnitude as N1h i, which is contrary to the common assump-
tion used in fiber suspensions that N2h ij j � N1h i [14,7].
Interestingly, recent experimental findings and simulations of
semiconcentrated fiber suspensions have also found compara-
ble magnitudes of N1h i and N2h ij j [29,45]. However, the
mechanism leading to this result is different for the two cases.
In fibers, Snook and coworkers argue that the major contribu-
tion to first and second normal stress differences arises from
the contact forces acting on the particles. This differs from our
work on dilute rings as the contact contribution is comparable
to, or in the case of Ncon,1h i even smaller than, hydrodynamic
contributions Np,1

	 

and Nf ,1

	 
� �
. The contact contribution is

large in semiconcentrated fiber suspensions potentially due to
multiparticle contacts and the aligned microstructure. Most
interactions in concentrated fibers would be associated with
highly aligned fibers, and thus, the hydrodynamic contribution
would be smaller than the contact part.

The current simulation results suggest a nearly constant
value of N2h i/ N1h i as shown in Fig. 7(e) where the solid line
is a constant value of �0:3 obtained from the scaling argu-
ments in Eqs. (3.7) and (3.8) in the limit as ϵ ! 0. The mag-
nitude of the normal stresses as a function of number density
is shown in Fig. 5(f) for �A ¼ 55 rings. The normal stresses in
Fig. 5(f) at n ¼ O(1) have magnitudes that are comparable to
the experimentally measured values in semiconcentrated sus-
pensions for equivalent fiber suspensions ( N1h i � 0:027 at
n ¼ 0:37�A for �A ¼ 57 fibers from Carter’s experiment)
[46,29,28]. This suggests that the normal stresses in dilute ring
suspensions arising only from pairwise contact should have
sufficiently large magnitude to be observed experimentally.

F. Shear rate dependence of the rheology for
isolated Brownian rings

Brownian dynamics simulations on isolated rings were per-
formed to obtain the shear rate dependence of suspension

742 NEERAJ S. BORKER AND DONALD L. KOCH



rheology at O(n) using the procedure discussed in Appendix
A.2. Brownian motion drives the suspension toward an iso-
tropic orientation distribution and competes with the SSF
that tries to distort the distribution through Jeffery rotation.
The alignment of the ring under the influence of Brownian
motion can also be quantified using the flow-alignment
parameter k0 ¼ 1:5 1� pp:Γ̂1Γ̂1

	 

B

� �
, which provides the

tilt of the ring relative to the flow-vorticity plane. The hiB
represent an ensemble average across the orientation distribu-
tion resulting from shear and Brownian motion. Figure 8(a)
shows the variation in k0 with Pe. Here, k0 ¼ 1 for Pe � 1
associated with the isotropic distribution of p. The value of
k0 / Pe�1/3 for 1 � Pe � f�3

T where the 1/3 power law is
obtained from the boundary layer analysis of the Fokker–
Planck equation for the orientation probability distribution
discussed in [47]. The value of k0 plateaus in the high-Pe
limit, Pe � f�3

T , to a value of O(fT ) that can be obtained
directly from the analysis of [30].

Brownian motion influences the hydrodynamic stresslet
tensor SHyd

	 

B
through changes in p, but also has a more

direct contribution termed the Brownian stresslet tensor
SBrowh iB ¼ 3Pe�1M�1

r λ pph iB � I/3
� �

that arises by virtue of

an angular velocity associated with the diffusion process
across the gradients in the orientation probability distribution
[47]. Here, Mr ¼ (2� 3ϵ)/(8π2ϵ) is the non-dimensional
rotary mobility of the axisymmetric ring [31]. The relative
increase in the suspension viscosity Δμ/μf is equal to
n SBrowh iB þ SHyd

	 

B

� �
, where SHyd

	 

B ¼ SHyd

	 

B:Û1 Γ̂1

and SBrowh iB ¼ SBrowh iB:Û1 Γ̂1. The values of SBrowh iB and
SHyd
	 


B
as functions of Pe are shown in Fig. 8(b), which

exhibit the well-known shear thinning behavior expected for
dilute particle suspensions [18].

The orientation distribution in the shear dominated flows
Pe � f�3

T can be fully described by an orbit distribution and
Jeffery rotation [30]. In this flow regime, the order parameter
and the particle shear stress can be obtained as a function of
�A by directly using the orbit distribution from Leal and
Hinch [30] (i.e., the LH distribution). Figure 8(c) shows the
value of k0 from the LH distribution that is slightly lower
than the k0 obtained from the PI distribution discussed in
Sec. III C for �A . 26. This is because the probability distri-
bution of the modified orbit constant p(Cb ¼ C/(C þ 1))
from PIs is less peaked near C ! 1 compared to the LH dis-
tribution at high aspect ratios as shown in Fig. 4(b). For

FIG. 8. (a) The flow-alignment parameter as a function of Peclet number, Pe. (b) The two contributions of the stresslet SBrowh i and SHyd
	 


as a function of Pe.
The aspect ratio of the ring is A ¼ 26 corresponding to λ ¼ �1þ 8:62� 10�3. (c) k0 and (d) SHyd

	 

B and SHyd

	 

J obtained from the Leal and Hinch distribu-

tion valid at Pe � f�3
T and the distribution from pairwise interactions.
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�A ¼ 10, the distribution from PI had a higher peak near the
C ! 1 orbit and, thus, a lower k0 compared to the value
obtained from the LH distribution. A similar trend also holds
for the particle shear stress shown in Fig. 6(d). The particle
shear stress generated from the LH distribution is similar to
PI distribution results of Sec. III D near �A ¼ 21, because of
the similarities of the two distributions. Numerically, SHyd

	 

B

for an �A ¼ 55 particle computed from the LH distribution
was only 16% lower than SHyd

	 

J
computed from the orbit

distribution from PIs. This similarity results from the fact that
the PI orbit distribution driven by large changes in the orien-
tation during particle collisions is surprisingly similar to the
LH orbit distribution caused by small Brownian rotations.

The non-Brownian particle rheology described in
Secs. III B–III E should also be accurate for Brownian rings
when the relaxation time of the orientation distribution due
to Brownian motion, Pef2

T , is much larger than the O(n�1)
relaxation time set by pairwise interactions. Thus, for
Pe�1f�2

T � n � 1, the viscosity correction and normal
stresses described by the pairwise calculation for
non-Brownian rings should also be representative for a sus-
pension of weakly Brownian rings (Pe � f�3

T ). Due to the
similarity of the orbit distribution set by weak Brownian
motion Pe � f�3

T and PIs, the non-Brownian rheology cal-
culations should be applicable at all dilute concentrations,
i.e., n � 1, if Pe � f�3

T .

IV. CONCLUSIONS

In this work, the orientational structure and rheology of a
sheared suspension of high-aspect ratio (�A ¼ 10�55)
non-Brownian rings were calculated at dilute concentrations
using numerical simulations. Particle contact has a small
influence on the rheology of a suspension of high-aspect
ratio fibers at dilute concentrations (n � 1) but plays a criti-
cal role in describing the rheology of a suspension of planar
particles such as rings. The present work is the first attempt
at quantifying the effect of particle contact at n � 1 using
dynamic simulations accounting for pairwise long-range
hydrodynamic interactions (HIs) through slender-body-
theory formulation and particle contact using a short-
range repulsive force. The O(1) change in the particle ori-
entation from contact is much larger than the
O([ln (8�A)]�1) change from purely hydrodynamic interac-
tions. Surprisingly, the orientational structure of ring sus-
pensions was found to be qualitatively similar to the
structure in an equivalent suspension of hydrodynamically
interacting fibers (with an angular rotation of π/2 in f).
We evaluated the steady state Jeffery orbit distribution for
rings that can be used to calculate an O(1) anisotropic
structure of the materials processed using sheared ring-
suspensions. Pairwise interactions increase the dispersion
of the orientation from Jeffery rotation and also lead to an
average displacement of the orientation away from the
flipping orbits (C ! 1) during the interaction.

The leading order contribution to the relative suspension
viscosity (Δμ/μf ) obtained from the steady state orbit distribu-
tion was found to be approximately given by n SHyd

	 

J¼ 54:88ϵfTn in the aspect ratio range studied here.

The O(n2) correction to Δμ/μf had three components, one asso-
ciated with the transient deviation of the particle orientation
from a Jeffery trajectory, n Sp

	 
 ¼ 38:99n2ϵfT (1þ 3:16ϵ); a
direct contribution from contact forces n Sconh i ¼ 10:17n2fTϵ;
and a contribution from the velocity disturbance produced
by neighboring rings n Sf

	 
 ¼ 51:68n2fTϵ
2. Numerically,

the strength of pairwise interactions of rings was much
greater than the pairwise interactions of equivalent fibers,
seen from the ratio of O(n2) and O(n) coefficients of Δμ/μf
for the two systems. The value of Δμ/μf for �A ¼ 10 rings
was found to be of the same magnitude as the value
obtained from numerical simulations for �A ¼ 7 disks, indi-
cating that disks and ring suspensions have similar particle
shear stresses in the dilute limit.

The dilute suspension of rings has non-zero normal
stress differences because of symmetry breaking from
particle contacts. The first normal stress difference was
positive and the second normal stress difference
was negative, and both scaled as O(n2ϵfT ). N1h i
¼ 37:4n2ϵfT (1þ 0:3ϵ) and Nh i2¼ �10:6n2ϵfT (1þ 0:9ϵ)
were the best fits to simulation data. N1h i and N2h i were
found to be of comparable magnitudes for ring suspen-
sions and similar observations have recently been
reported for fiber suspensions at n ¼ O(�A), although the
physical mechanism is different for the two cases as
explained in Sec. III E.

The contact frequency of rings per unit volume was also
found to be equal to 4:37n2fT in the aspect ratio range,
10 � �A � 55. The shape of the collision cross section in the
vorticity-gradient plane was close to the one expected
between a tumbling and an aligned ring. Furthermore, the
diffusive motion of the center of mass of a ring through the
suspension was quantified through a hydrodynamic diffusiv-
ity in the gradient (D33) and vorticity (D22) directions. The
approximate relations D22 ¼ 3:17� 10�2fT þ 5:60ϵ2fT and
D33 ¼ 4:16� 10�2 fT þ 1:39 ϵ2fT fit the simulation data
well for 21 � �A � 55. At the same concentration, these
hydrodynamic diffusivities were found to be two orders of
magnitude larger than corresponding values for equivalent
fibers suggesting greater dispersion of rings in a channel
flow compared to fibers.

The dependence of rheology of dilute ring suspensions on
the shear rate was also established through Brownian dynam-
ics simulation of isolated rings. The flow-aligning parameter,
k, monotonically decreased from unity for Pe � 1 to a
plateau value of O(fT ) at Pe � f�3

T . Suspensions of
Brownian rings at low concentration exhibit shear thinning
behavior with the O(nϵ) low-Pe plateau of Δμ/μf being larger
than the O(nfTϵ) high-Pe plateau by a factor of O(fT ). The
orbit distribution set by weak Brownian motion Pe � f�3

T
was found to be similar to the distribution set by pairwise
interactions. This implies that the viscosity corrections and
normal stresses in this shear-dominated flow-regime should
be well represented by the pairwise interaction results for
non-Brownian particles in Sec. III at all dilute concentrations
n � 1 andPe � f�3

T .
The results presented here should deviate from reality at

concentrations n ¼ O(1). Our calculations suggest that pair-
wise interactions decrease the flow-alignment at low n. At
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high enough number densities, excluded volume interactions
become important and this should enhance the flow-
alignment. Therefore, the dispersion in p should reach a peak
value at an intermediate number density. This behavior
would be qualitatively similar to fiber suspensions wherein
cos2(f)
	 
� cos2(f)

	 

J
has been experimentally observed to

increase with n in the dilute regime, reach a peak value at
n �A

�1 ¼ 0:06� 0:1, and decrease at concentrations greater
than n �A

�1 
 0:1 due to excluded volume interactions [28].
Multiparticle contacts at n ¼ O(1) in ring suspensions should
also have qualitative similarity to fiber-suspensions wherein
the normal stresses were generated mainly by contact forces
and the particle shear stresses are mainly driven by hydrody-
namic velocity disturbances [29].

The rheology and structure of ring suspensions at
higher concentrations could be obtained experimentally
at different shear rates. The rings themselves can be fab-
ricated using various techniques such as vortex ring
freezing [48] and photolithography [49,50]. The current
simulation strategy can also be used to study rings with
noncircular cross sections some of which can self-align
without application of external forces or torques [37].
Suspensions of such aligning particles should have dif-
ferent rheological properties than those for the tumbling
rings studied in this work. The O(n2) corrections to rhe-
ology of Brownian particles could also be obtained for
shear-dominated flows, Pe � 1, by incorporating rota-
tional and translational diffusion into the simulation
strategy in Sec. II. The initial orientation of the particles
could be computed using a strategy similar to the one
described in Sec. II D.

The current work provides new insight into dilute particle
rheology that is usually assumed to be solely determined by
purely hydrodynamic interactions. In general, particle contact
should also be important in determining suspension rheology
at dilute concentrations (Pe�1f�2

T � n � 1) for most high-
aspect ratio particles other than the special case of the sus-
pension of straight fibers. The current simulation strategy
could be extended to any rigid high-aspect ratio filamentous
shape by including two additional orientational degrees of
freedom, thus greatly expanding on the range of possible
shapes whose rheology can be accurately captured at dilute
concentrations.
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APPENDIX: SBT ACCURACY AND BD SIMULATION
STRATEGY

1. Stresslet tensor and force-per-unit length for an
isolated torus

The geometric parameters ξi required to compute the
hydrodynamic stresslet from Eq. (2.20) are given by

ξ1 ¼ 8π2 1þ 1
2A2

� �
(
ð�fn1 þ fb4Þ

γ1
)þ 1

2A2

� �
,

ξ2 ¼ �ξ1 þ
10π2

A2
1� 3

5ϵA2
(1� 1:5ϵ)

� �
,

ξ3 ¼ �8π2 1þ 1
2A2

� �
fn1
γ1

� 6π2

A2
1� 2

ϵA2
(1� 1:5ϵ)

� �
,

(A1:1)

where fn1/γ1 ¼ � 7ϵ
16

1� 16
3 ϵþ 1211

180 ϵ
2

� �
1� 151

30 ϵþ 514
90 ϵ

2
� �

1� 5
2 ϵ

� � and

fb4/γ1 ¼ � ϵ

16

1� 88
30 ϵ� 253

180 ϵ
2

� �
1� 151

30 ϵþ 514
90 ϵ

2
� �

1� 5
2 ϵ

� � [34]. Equation

(A 1.1) is derived by using the inner velocity field (uinner) in
SBT formulation to compute the stress σ and integrating
over the particle surface Ap to find the stresslet given mathe-
matically by

SHyd
	 
 ¼ ð ð	

Ap

dA
r σ � �nð Þ þ σ � �nð Þr

2
� σ � �nr

3
I

� �
: (A1:2)

Here, �n is the unit normal to the particle surface and r is the
position vector. The integration yields a stresslet of the form
given in Eq. (2.20) with coefficients in (A1.1) with accuracy
including terms up to O(A�2). These coefficients compare
well with values obtained from boundary element method
simulations for A 
 10 as shown in Fig. 9.

The force per unit length is given by
fn ¼ fn1cos(s)þ fn3cos(3s), fb ¼ fb4sin(s)þ fn3sin(3s), and
fp ¼ 0, 0 � s , 2π. The coefficients fn1, fn3, and fb4 as a
function of the aspect ratio are shown in Fig. 9 for a force
and torque free ring rotating in the C ! 1 orbit as obtained
from the SBT of [34] (solid-lines) and BEM [51] (symbols).
The SBT values match closely with BEM simulations
(symbols) for �A 
 10 shown as a dashed line in Fig. 9.

2. Brownian Dynamics (BD) simulation strategy for
Isolated Brownian rings

Rotary Brownian dynamics simulations of axisymmetric
rings with rotary diffusivity Dr ¼ kBTB(2� 3ϵ)/(8π2μf ϵR

3)
[31] were carried out to obtain the shear rate dependence of
stresses in suspension [52]. Here, TB is the temperature of
the fluid and kB is the Boltzmann constant. As shown in
Sec. II D, the orbit distribution of weakly Brownian rings
(Pe ¼ γ/Dr � f�3

T ) is similar to orbit distribution obtained
from pairwise simulations. The calculation provides a
measure of a critical rotary Peclet number Pe ¼ O(f�3

T ) for
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which this holds true. The orientation parameter and particle
stresses are also provided as a function of Pe.

The rotational displacement at each Brownian time step
ΔtB (non-dimensional) is given by

p(t þ ΔtB)� p(t) ¼ ÐtþΔtB

t

dt0 _pJ(t
0) þ ΔpB(t)

ΔtB

� �
, (A2:1)

where _pJ ¼ p � R1 þ λ(E1 � p� E1:ppp) is the rotation rate
induced by the SSF. The Brownian displacement ΔpB is such
that ΔpBh i ¼ 0, ΔpBΔpBh i ¼ (2DrΔtB)

0:5(I � pp). The quan-
tity P(p)dp gives the fraction of rings in the differential
region dp around p and is used to obtain the ensemble
average of any quantity of interest X, which is given by

Xh iB¼
ð
dp P(p)X: (A2:2)

A Runge–Kutta method with an adaptive time stepping

method was used to solve the integral equation (4.1) during
each Brownian step ΔtB. The mean squared value of the
angular step is given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΔtB/Pe

p
. For Pe , 1, a variable

Brownian time step ΔtB ¼ 10�2Pe guarantees that the mean-
squared value of the Brownian angular step,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΔtB/Pe

p
, is

smaller than unity. For Pe . 1, the time step is chosen to be
ΔtB ¼ 10�2, which satisfies the condition

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΔtB/Pe

p �fT

for Pe � 1 and
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ΔtB/Pe

p �1 for Pe ≳ O(1). The steady-
state orientation distribution is attained in an O(Pe) time for
Pe � 1 and an O(Pe f2

T ) time for Pe � 1 [53]. The simula-
tion was terminated after a time 105 for 1 � Pe � 105 and
after a time 105Pe for Pe , 1.
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