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1 Introduction

The realization of gauge theories in various dimensions in terms of D-branes probing Calabi-

Yau (CY) singularities is a powerful approach with multiple applications, including the

gauge gravity correspondence, a geometric perspective on gauge theory dynamics, and model

building, to name a few (see e.g. [1-5]). When the CYs are toric, the gauge theories are

additionally endowed with beautiful combinatorial structures. For example, the 4d gauge

theories on D3-branes probing toric CY 3-folds are captured by brane tilings [6, 7], also known

as dimer models. Brane tilings and their generalizations led to trailblazing developments in
connection with the AdS/CFT correspondence [8-11], cluster algebras [12, 13], integrable
systems [14-17], scattering amplitudes [18, 19] and many other research areas in mathematics

and theoretical physics.



Brane tilings provide a general solution to the correspondence between 4d gauge theories
and toric CY3’s. They are also powerful enough to concretely deal with infinite families of
CY3’s, among which those with explicitly known metrics are particularly interesting. A
prominent example is given by the Y4 family of Sasaki-Einstein manifolds, where p > 0
and 0 < ¢ < p, whose metrics were determined in [20].! Before the discovery of the metrics
for the YP¢ manifolds, the only Sasaki-Einstein 5-manifolds with known metrics were S°
and T%! [21] (and their orbifolds), whose corresponding cones are C3 and the conifold,
respectively. Explicit metrics were later introduced for the L®¢ family, which contain
and generalize the Y7?’s, and the corresponding brane tilings were found in [11, 22]. The
matching in these theories between non-trivial gauge theory data, such as central charges and
R-charges, and the corresponding geometric computations of volumes represented striking
confirmations of the AdS/CFT correspondence with N' =1 SUSY. Remarkably, subsequent
developments made it possible to determine many of these geometric quantities directly
from the toric data, without requiring knowledge of the metric [23-26]. Brane tilings also
allow for an elegant treatment of infinite families of orbifolds of various geometries [27, 28].

More recently, a similar program has focused on understanding the 2d N' = (0, 2) gauge
theories on D1-branes probing toric CY 4-folds [29]. This program culminated with the
introduction of brane brick models, a new class of type IIA brane configurations that are
connected to the D1-branes at the singular CY 4-folds by T-duality [30]. Brane brick models
fully encode the corresponding 2d (0,2) theories. Namely, they specify both the quivers and
the J- and F-terms. For this reason, throughout this paper, we will consider determining
the brane brick model and finding the 2d gauge theory for a given CY as synonyms.? Brane
brick models significantly simplify the map between geometry and the corresponding gauge
theories. We refer the interested reader to [32-34] for further developments. Interestingly, in
some cases, the brane brick models for certain CY 4-folds can be derived from brane tilings
associated to appropriate CY 3-folds. Algorithms for achieving this include dimensional
reduction [29], orbifold reduction [35] and 3d printing [36].

Brane brick models have been explicitly constructed for several toric CY 4-folds (see
e.g. [29, 30, 32, 33| for various examples). More recently, brane brick models were found for
all the 18 smooth Fano 3-folds, whose toric diagrams are given by regular reflexive lattice
polytopes in 3 dimensions [37, 38]. In this work, we concentrate on a particular class of toric
CY 4-folds that consists of cones over two families of Sasaki-Einstein 7-manifolds known as
YPR(CP* x CP') and YP*(CP?) [39], which can be regarded as natural generalizations of
the Y?¢ 5-manifolds.

In [40], it was shown that for any positive curvature Kéhler-Einstein manifold Bay,
there is an infinite family of corresponding Sasaki-Einstein manifolds of the form Y3,,13(Bay,).
When By is either CP' x CP' or CP?, we have the two families of 7-dimensional Sasaki-
Einstein manifolds known as YP*(CP! x CP') and Y?*(CP?), respectively. Our primary
focus in this paper will be on these two families of Sasaki-Einstein 7-manifolds and the

1For brevity, throughout the paper, we will often use the same name to refer to the Sasaki-Einstein base
and the corresponding cone. The distinction should be clear from the context.

2More precisely, the correspondence between toric CY4’s and brane brick models is not one-to-one but
one-to-many, due to the existence of a low energy equivalence between 2d (0,2) gauge theories denoted
triality [31, 32].
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Figure 1. General toric diagrams corresponding to the Y?*(CP?) and Y?*(CP' x CP') families of
toric CY 4-folds. The ranges for the parameters p and k are summarized in (2.7).

corresponding toric CY 4-folds. As previously mentioned, from here onwards we will use
the names YP*(CP! x CP!) and YP*(CP?) interchangeably for both the Sasaki-Einstein
7-manifolds and for the corresponding CY 4-folds. The two families Y?*(CP! x CP') and
YP#(CP?) stand out because their Sasaki-Einstein metrics are known explicitly [39, 40].
The general toric diagrams for the corresponding CY 4-folds are show in figure 1.

In this work, we take these two infinite families of toric CY 4-folds and construct the
2d (0,2) gauge theories on D1-branes probing them.? The mesonic moduli space for each of
these theories agrees with the desired CY 4, confirming that the proposed gauge theories are
indeed correct.

The following work is structured as follows. In section 2, a brief overview of brane brick
models and the families of Sasaki-Einstein 7-manifolds YP*(CP! x CP') and YP*(CP?)
is given. Then, in sections 3 and 4, we present the general form of the field content and
J- and E-terms for the 2d (0,2) supersymmetric gauge theories for Y?#(CP! x CP') and
yPk ((C]P’Q), respectively. We illustrate the constructions with explicit examples for cases
p = 2,1 where p < k. By calculating the mesonic moduli space, we verify that the proposed
2d (0,2) gauge theories and the associated brane brick models correspond to the desired
geometries. Moreover, we identify the global symmetries of these theories, which match the
isometry groups for the corresponding Sasaki-Einstein 7-manifolds identified in [39, 40].

2 Background

The following sections give a brief introductory overview of the two infinite families of
Sasaki-Einstein 7-manifolds Y?*(CP! x CP') and Y?*(CP?) and the realization of 2d (0, 2)
supersymmetric gauge theories through brane brick models.

3More precisely, we construct one gauge theory for each CY, in the family. Generically, we expect
multiple dual theories related by triality for each geometry. We focus on phases described by brane brick
models, which are commonly referred to as toric phases [32].



2.1 YP* Sasaki-Einstein 7-manifolds

In [40], it was found that for every 2n-dimensional Kéhler-Einstein manifold By, there is an
infinite family of compact Sasaki-Einstein manifolds Y2,3 of dimension 2n+3 [39]. For n = 2,
we have 4-dimensional Kéahler-Einstein bases By, either CP! x CP! or CP?, and two associated
infinite families of Sasaki-Einstein 7-manifolds of the form Y?*(CP! x CP') and Y?*(CP?),
respectively. These infinite families of Sasaki-Einstein manifolds can be thought of as Lens
space bundles S3/Z,, over the base Kéhler-Einstein manifolds CP' x CP! and CP? [39].

The isometry of the Sasaki-Einstein 7-manifolds takes the general form H x U(1)2,
where H is the isometry of the base By. For YP#(CP! x CP!) and YP*(CP?), the isometries
are SU(2) x SU(2) x U(1)? and SU(3) x U(1)?, respectively. These isometries translate into
the global symmetries of the corresponding brane brick models.

The toric CY 4-folds X4 have the following metric

ds?(Xy) = dr? + r?ds*(Yr), (2.1)

where the local metric ds?(Y7) of the Sasaki-Einstein 7-manifold Y7 is presented explicitly
in [39]. Here, rather than looking at the precise form of the metric, we note that a coordinate
« of the metric can be periodically identified where the periods are related to p, k € Z. The
periodic identification of « is associated to a principal U(1) bundle over a space Mg, which
is the total space of an S? bundle over the base By. The resulting range of k is fixed to be
of the following form

< k<m, (2.2)

where h € Z is related to Chern numbers of the principal U(1) bundles according to [39].
For our two infinite families, the range of k takes therefore the following forms

YPR(CP x CPY): p<k<2p,

YPk(CP?) %p <k<3p. (2.3)

Under these ranges for k, the toric diagrams for YP?#(CP! x CP!) and YP*(CP?) were
identified in [39] as the convex hull of the following extremal points

w1 w2 w3 w4 W5 We
0 0-11 0 0
00 0 0 —-11
0O p 0 kK 0 k

YPk(CP! x CPY) :

w1 W2 W3 W4 Ws
0 01 0 -1
0 1 -1
0 0 k

YPk(CP?)

0 0
p 0

where all points lie on a 4-dimensional plane at distance 1 from the origin.



The toric diagrams of toric CY 4-folds are equivalent up to GL(3,Z) transformations.
As such, we can find a suitable transformation to redefine the coordinates of the toric
diagrams for YP#(CP* x CP') and YP*(CP?) in (2.4) as follows

wp w2 w3 W4 W5 We

10 0
YPk(CP! x CP?) : we- [ 01 0 | — 00 =1 100 ,
pp—1 00 0 0 -1 1
O -p-pp—k-pp—k
O O o I R
YPECP?) . we-| 0 1 0 | — B , 2.5
()w_p_p_l 000 1 -1 (25)
0O —p—-p-p2p—k

where for each point the z(®)-coordinate can be shifted in the positive direction by p to give
respectively,

wyp w2 w3  wWqg W5 We

0 0 -1 1 0 0
000 0 -1 1 ’
p 0 0 2p—k 0 2p—k

YPk(CP' x CPY) -

w1 W2 w3 w4 Ws
0010 -1
1 -1
0 3p—k

YPk(CP?) (2.6)

0 0 0
p 0 0
By swapping the roles of w; and ws, and by redefining the parameter k as k¥’ = 2p — k

and k' = 3p — k for YP*(CP! x CP!) and YP*(CP?), respectively, we can redefine the
bounds on k in (2.3) into a more convenient form as follows

YPH(CP' x CPY): 0<k<p,

YPE(CP?): 0<k< gp. (2.7)
In this work, for both YP¥(CP! x CP') and Y?*(CP?) families, we will include the upper and
lower limits for k, since they correspond to additional distinct toric CY 4-folds. Using these
new bounds on the redefined parameter k, we note that for Y?*(CP! x CP!) when k = 0,
the toric CY 4-fold is the abelian orbifold of the form C x C/Z,. In the other limit when
k = p, YPF(CP' x CP') becomes the abelian orbifold of the form Q%!'!/Z,, as illustrated
in figure 2. We further note that when k = p = 2m with m € Z*, YP*(CP! x CP!)
corresponds to another abelian orbifold of the form Q%'!/Zy x Z,, as illustrated in figure 2.
Similarly, we note that for Yp’k((CPQ), when k = 0, we have the abelian orbifold of the form
C*/Z3 x Zy, and in the limit when p = %k = 2m with m € ZT, the toric CY 4-fold is the
abelian orbifold of the form M?3?2/Z,, as illustrated in figure 3.



Y22(CP*! x CP') y33(CP* x CP') y4+*(CP*! x CP*) Y55(CP*! x CP') Y®8(CP! x CP')
~ Ql’l’l/Zz ~ 01’1'1/23 ~ 0171,1/24 ~ 0171,1/25 ~ Ql‘l'l/Zs
or Ql’l’l/Zz X ZQ or Ql’l’l/ZQ X Z3

Figure 2. Yp’k((C]P’l X (CIP’l) with p = k is equivalent to the abelian orbifolds of the form Ql’l’l/Zp. If
additionally p = k is even, Yp’k((CIE”1 X (C]P’l) is also equivalent to another abelian orbifold of the form
QY11 /Zs x Z,. The corresponding 2d (0,2) theories can be obtained from orbifold reduction [35]
of the 4d N/ = 1 theory corresponding to Fy or an abelian orbifold of Fy. The planes shown in
gray correspond to the toric diagram for Fjy and the planes shown in green correspond to the toric
diagrams for abelian orbifolds of the form C/Z,,, where C is the conifold.

Y2’3((CP2) Y4,6((C[P)2) y6,9((CIP>2)
~ M*? ~ M*? /7, ~ M*? /73

Figure 3. Y?*(CP?) with p = 2k =2m and m € ZT is equivalent to the abelian orbifolds of the
form M?3?2/Z,,. The corresponding 2d (0,2) theories can be obtained via orbifold reduction [35]
of the 4d N’ = 1 theory corresponding to dPy. The highlighted plane indicates the toric diagram
for dP,.



D4 | x x x -+ x -+ X

NS5 | x x >

Table 1. The Type IIA brane configuration for brane brick models.

Gauge Group Chiral Fermi
U(N;)

X Y
O o0—0 O0—°O0
i j i j

i
Figure 4. Basic building blocks of 2d (0,2) quiver diagrams.

2.2 2d (0,2) theories and brane brick models

Brane brick models are Type IIA brane configurations connected by T-duality to D1-branes
probing toric CY 4-folds. They fully encode the 2d (0,2) gauge theories on the worldvolume
of the D1-branes and significantly simplify the connection between the probed geometry and
the corresponding field theory [30]. Brane brick models consist of D4-branes wrapping a
3-torus T3, suspended from an NS5-brane that wraps a holomorphic surface ¥. Here, the holo-
morphic surface ¥ is the zero locus of the Newton polynomial of the toric diagram of the cor-
responding toric CY 4-fold. Table 1 summarizes the main ingredients in these configurations.

The gauge symmetry and matter content of the type of 2d (0, 2) gauge theories considered
in this paper can be encoded in terms of generalized quiver diagrams. U(N;) gauge groups
are represented by nodes, whereas chiral X;; and Fermi A;; fields are represented by oriented
black and unoriented red lines, respectively, as illustrated in figure 4.

Every Fermi field A;; is associated to a pair of holomorphic functions of chiral fields
J[Ai;] and E[A44] [29, 31, 41]. In order to form gauge invariant terms in the Lagrangian,
E[A;j] has the same gauge quantum numbers as A;; while J[A;;] has the conjugate gauge
quantum numbers. The structure of J- and E-terms in theories associated to brane brick
models are further constrained to have the following binomial form

J[Aij] = J[Ay] — J-[Ayz], E[Aij] = By [Agj] — E-[Ay], (2.8)

with J4[Aj;] and E4[A;;] holomorphic monomials in chiral fields. This constraint is com-
monly known as the toric condition [29] and ensures that the associated CY 4-folds are toric.

The 2d (0, 2) gauge theories for toric CY 4-folds can be equivalently encoded by periodic
quivers living on 72, which are connected to brane brick models by graph dualization. In this
periodic quiver, J- and E-terms are mapped to minimal gauge invariant closed loops, which
we denote as plaquettes, which consist of an oriented path of chiral fields and a single Fermi
field, the corresponding A;;. The Fermi field in a plaquette appears without conjugation for
J-terms and conjugated for E-terms. Therefore, as a result of the toric condition, a Fermi
field A;; is associated to four plaquettes in the periodic quiver, where pairs of plaquettes
are identified with the binomials in (2.8). This structure is illustrated in figure 5.



Figure 5. The four plaquettes associated to J4[A;;] and E4 [A;;] for a Fermi field A;; in the periodic
quiver dual to a brane brick model.

The J- and E-terms of any 2d (0,2) gauge theory must satisfy the trace condition [29]
Z Tr(E[Aa]J[Aa]) =0, (2'9)

where the sum is over the Fermi fields A,. 2d (0,2) theories are invariant under the

individual exchanges A, <> A, which simultaneously exchanges the roles of J, <> E,. A

discussion on how brane brick models implement the trace condition can be found in [42].
We focus on the case when the ranks of all gauge groups are equal, such that N; = N.

In this case, the non-abelian SU(NV;)? anomaly cancellation condition at each node i [29]

reduces to

nX —nf'=2, (2.10)

where n) is the total number of incoming plus outgoing chiral bifundamental fields at node
i, and nf is the total number of bifundamental Fermi fields connected to node i. Since
adjoint fields correspond to lines in the quiver that start and end on the same node, each of
them contributes 2 to these numbers.

3 YP*(CP' x CP') models

3.1 Construction of the 2d (0, 2) theories

The 2d (0,2) gauge theories associated to the YP*(CP! x CP!) family are parameterized in
terms of p, k € Z, where we can set the range for k£ to be 0 < k < p following the discussion
in section 2.1.

The total number of gauge groups is 4p, which corresponds to the volume of the toric
diagram of YP*(CP! x CP!). For the gauge group labels on the bifundamental chiral and
Fermi fields we use the following notation,

[m] = ((m—1) mod 4p) + 1. (3.1)



The chiral and Fermi fields form a periodic layered structure with a total number of p
layers. Each layer contains 4 gauge groups, which is the same number of gauge groups as in
the 4d N' =1 theories corresponding to Fy [43], and the periodicity is manifested by the
modularity in the notation in (3.1). This periodic layered structure in the quiver originates
from the fact that the 2d (0,2) theories were obtained using orbifold reduction [35], 3d
printing [36] and partial resolution via higgsing [29], starting with the 4d N' = 1 gauge
theory corresponding to the first phase of Fy [43, 44].
The gauge group indices are shifted by additional indices between each layer of the
quiver,
a=0,....p—1,b=k,...,p—1,¢c=0,...,k—1. (3.2)
Finally, we also have indices for the two non-abelian factors of the global symmetry
SU(2)% x U(1)?,
i,5,k,01=1,2. (3.3)
Under these labels, the Fermi fields take the form

1 21 21 21
Alyari)aat2)  Aavre)javrs) s Mavrav+a) > Davrglav+1] »
Al gern s Micrsjers) (3.4)
and the chiral fields take the form

Xiar2)aa+a)» Xtataaara) s Xftaraqat1) s X{to+1ab16]
Qucts)[ac+1] s Qlict6)lac+2] » Qac+7][dc+3] s Qdct8][dct4] »
Qac+5)[ac+3] > Quac+8)lac+2] s Plac+1]fae+7]» Placta[ac+e] - (3.5)

Above, the chiral fields of the form X!  originate from the 4d N = 1 theory corresponding
to Fy with 4d chiral fields X, and superpotential of the form
W = €jeradipXys X, Xi; . (3.6)
The chiral fields of the form X, form layers in the periodic quiver on 7. Spanned between
these layers are chiral fields of the form @,s and P, in (3.5). Combined with the Fermi
fields in (3.4), two adjacent layers form what is known as the quiver block [36] in the periodic
quiver of the 2d (0,2) theory. The indices a,b,c in (3.4) and (3.5) ensure that p copies of
quiver blocks are stacked together in a consistent way such that equivalent fields and gauge
groups are identified to each other. The p copies of quiver blocks that are stacked together
form the periodic quiver on 7 for the 2d (0,2) theories corresponding to Y?*(CP! x CP').
From the periodic quiver, we obtain the J-terms, which take the following general form

i k j !
J [A[4a+1] [4a+2}] = €ije X [4a+2) [4a+3]X []4a+3] [4a+4] X [4a+4][4a+1] 5

J [A[4b+6] 4b+3] = Ewele [4b+3] [4b+4]X [4b+4) [4b+1]X [4b+1][4b+6] >

J [A[4b+7] sbra] = Ele [b+-474b+1)X [4b+1][4b+6]X [4b+6][4b+7] »

TNy gasny] = €iseri X s panre X7 [4b-+6][4b+7] Xy mliarg)

J [A[4c+4 4c+7] Ele [4c+7][4c+8] X [4c+8][4c+5] Qac+5) [4c+3]X [4c+3][4c+4] >

J [ [4c+8 4c+3] €ij€r X 4c+3}[4c+4]X [4c+4][4c+1}P [4c+1][4c+7]X [4c+7][4c+8] » (3.7)



with the corresponding F-terms taking the form

E

[4b+6 [4b+3] X [4b-+6][ 4b+7]Q[4b+7 1[4b+3] — Q[4b+6][4b+2]X [i4b+2][4b+3] )

Dj

s miabra)) = Xlaprr)aprs) Quav+s)avra] — Quav+7)(av+31 X [ap 3)jab 4] »

E
E

X} te-ra)[det 11 Flac+1]ac+7) — Plac+a)ac+6)X [i4c+6] [4c+7] 0

A =
LY =
EA v siabr1)] = Xavrs)javrs) Quav+51ab+1] — Qab-ra)[ab+4 X (ap-4][ab41] »
[A 4c+4][4c+7]]
LY =

tersliaers) = Xaersiers) @uersiiers] — Quue+siite+2) X faet)acss) - (3.8)

Additional E-terms plaquettes remain as follows

&

A1 pr)] = Xapra]ab46) Quo+5)p-1] »

—Qat+5)[46+11 X b1 1][ab 6] »

&=

Plerjiaesn X| e+ e+8) @4c+8][4c+2] 5

[
E_ Mgy 5)a-16)
+ [A[4c+1] 4c+2]
-

J=
=
J=
J=

&

Micrsifere)] = ~Quuersliac+3) X fieas)era) Pltcraliacto] (3.9)

which combine to proper E-terms of the form F = E, — E_. The E-terms plaquettes are
shown here separately because quadratic and cubic plaquettes are combined depending on
the value of k in order to form a single E-term.

3.2 Examples

In order to illustrate the construction of the 2d (0,2) theories corresponding to YP*(CP! x
(C]P’l), in this section we go through all the cases where p = 2. We note that geometries
with p = 2 and k£ > 0 correspond to smooth Fano 3-folds that have been studied extensively
n [38]. For completeness, appendix A.1 summarizes also the J- and E-terms for the 2d
(0,2) theories when p = 1.

3.2.1 Y20(CP' x CP')

We begin with the 2d (0,2) theory for Y>0(CP! x CP'), whose quiver diagram is shown in
figure 6. The J- and E-terms for this theory take the following form

J E
fot ejenXBXLXE X{eQe — Qs Xk
A3y s eijen X s XXl X33Qsr — Qa6 X{y
AZL fijele§5X§2X§3 X34Qus — Q371X
ARy ejenXBX9 X X4Qis — QusXis (3.10)
b6 1 cjen X X Xls  X5Qa6 — Q51X{
AZs : eijen XX Xls  X§Qrs — QeaX3s
AZy s ejen X X{gXer  XisQsa — QraXiy
AZL e X e X Xls  XésQs1 — QsaXhy

where the global symmetry indices are 4, j, k,l = 1, 2.

~10 -



The P-matrix takes the form

(3.11)

P1 P2 P3 P4 P5|q1 G2 43 G4|S1 S2 S3 S4 S5 S¢ S7 88|01 02 03 04 05 O¢ O7 08

X1 00001 000/10000000[{000O00T11°1

X300 100 0/0100[{01000000(0000T1T1T10

X1 0000/{0010/00100000[{0110000°1

X001 000/{0001/00010000[{10011000

X451 0000(1000[(00001000(1 0110000

X401 000/{0100/00000100{01110000

X1 0000/0010/000000T10(1000T10T10

X401 000[{0001/00000001{0100010°1

X%/00100[{1000/10000000[{000O00T11°1

X2,/00010/0100/01000000(0000T1T1T10

X2/00100{0010/00100000[{0110000°1

X2/00010/{0001/00010000[{10011000

X2/00100/1000/00001000(10110000

X2/00010/{0100/00000100{0111000°0

X210 01 00/0010[{000000T10(1000T10T10

X2/00010/{0001/00000001/01000T10°1

@50 000100001 000011101 000111

®@xs/0 000100001 11 1000000001111

@370 0001/0000(20110100(0111000°1

Q4|0 000100001 00101102001 1010

Q5110 0001000001 111000[10111000

Qe2(0 0001000000001 111|1 1110000
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The associated J- and E-term U(1)-charge matrix takes the following form

(3.12)
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and the corresponding D-term U(1)-charge matrix takes the form

(3.13)

100 0000O0O

-10 0 00O0O0O
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1 0/0 00010000 0-100000

P1 P2 P3 P4 P5| q1

000000 O0OOOO0O0O1100-1000O0400O0OOO0OCODOOO
060000/0~-100f0000~-10004001O0O0O00O0O0
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Figure 6. Quiver for Y>(CP' x CP').

Ps
P2
P3 m
P1
P4

Figure 7. Toric diagram of Y2°(CP* x CP").

We observe that the charge matrices are invariant under

P1 <> P3, P2 <> P4 . (3.14)

Each of the above Z-symmetries correspond to an SU(2) factor in the global symmetry of
the 2d (0,2) gauge theory.

The corresponding toric data is given by

11 1 1|1111(11111111]22222222
Gi=|110-100/0000/00000000/000000O0O0O0 |, (3.15)

01 0-10/0000(0000000O0|/0000O0O0GOO

000 02/0000[1 111111 1111111711

where the GLSM fields oj, correspond to extra GLSM fields in the nomenclature of [29].
The toric diagram is shown in figure 7 and it agrees with the expectation. We note that
the 2d (0,2) theory for Y20(CP! x CP') can be constructed using orbifold reduction [35],
starting from the 4d N' = 1 theory for the first phase of Fy.

- 12 —



Figure 8. Quiver for Y>!(CP' x CP").

3.2.2 Y%(CP' x CP')
The J- and E-terms of the 2d (0, 2) theory corresponding to Y>!(CP! x CP!) are

J E
ot eyenXBXL Xl PurXisQs: — QuisXi
AL eijen X X5 X X33Q37 — Qa6 X4y
AJg: eijenXis X3 X X3,Qus — Qa7 X%g (3.16)
AZ5 6ij€le§2X§3Xé4 X41Q15 — QusXgs 7 .
Al ¢ eijen XFs X5 Q3 X4y Xy Pir — P Xéy
bt e X XigXis XiQo6 — Q53X5,Pac

AZs ¢ e X5 X0 PirXis Xi5Qs3 — QeaXs3
where the corresponding quiver diagram is shown in figure 8. The global symmetry indices
are i, 4, k,l =1,2.
The corresponding P-matrix takes the form

P1 P2 P3 P4 P5 P6|S1 S2 53 S
X213100000 01

W~
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08 09 010

=)

X3,/0 1000 0/000 1
XH/1 00000[010 1
X301 000 1(1 00 1
X1 00000[(010 1
X%/0 1000 0/000 0
X1 0000 0[000 1
X%/0 0100 0[/001 0
X3/000100|/000 1
X410 01000|/010 1
P=|Xx%000101[100 1, (3.17)
X200 1000[010 1
X210 001 00[000 0
X200 1000[000 1
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000010[001 0
000010010 1
000010010 0
000010101 0
000010100 1
00000 1[000 0
00000 1/000 0
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and the corresponding U(1)-charge matrix under the J- and E-terms takes the form

P1 P2 P3 P4 P5 P6|S1 S2 83 S4 S5 S6 S7 S8 S9| 01 02 03 04 O5 O 07|08 09 010
313100[30-10-10001/-100-1000[0—1-1
2121 10/10-10-10000/0000000[0-1-1
21 2100(2000-10010/000-=1000[0-1-1
212 100[20-1000100/-10020000[0-1-1
111 100[110000000/000°000O0[0-1-1
101 001[10000O0000/-100-1000[00 0
Q/eE=|101000/20-10-10000-100-1001[00 0 |. (3.18)
101000/100000000/0O00-1100/00 —1
101 000[10000O000O0/-1100000[0-10
101 000[(1000-11000/0000000[0-10
101000/(10-1100000[0000O0O00[00 —1
000000[1000-10000/000-=1010[00 0
0000O0O0[10-1000000-101202000[00 0
0-10-100[10-10-10000/0000000[1 0 0

The charge matrix for the D-terms takes the form

P1 P2 P3 P4 P5 Pe| S1 S2 83 S4 S5 S¢ ST S8 §9| 01 02 03 04 O5 O 07|08 09 010
111 1001 0OO0OO0OO0OD0DO0ODO0O0O0OO0O-100O0j0 0 -1
1 0 0 0o0/10O0O0OOOO0O0OO0OO0OO0O0OOOOOO0-=-10
o 1 01 0001 0-100O00O0O0-1000000|0o0 0
Qp = . (3.19)
o o0 o0 0001 00O0O-100O0O0000O0OOO0ODO0O0O0OTUDO
o o0 o0 0O0O0(-101 0 O0OO0OO0ODO0O0 O0O0OO0OUOODO0O0O0ODO0
-10-10 00(-10 0 0O0OOOOO0O]O0 O0OOO0OOOGO0O|0 0 1
-1-1-1-100/-10 0 0 0OOOO0OO0O]1 000 O0OO0OO0O0 1T O

We note that the charge matrices are invariant under the following swap of GLSM fields,

D1 <> P3, P2 < P4 (3.20)

This further illustrates that the global symmetry is SU(2) x SU(2) x U(1)2, which matches
with the isometry group on Y'2!(CP! x CP!).
The toric data for the brane brick model is given by

o
»
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=
vy
Q
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Q
iy
Q
ot
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=Y

P1 P2 P3 P4 Ps 106‘51 52 83 54 55 S 07|08 09 010
111

1
-1 0

Gy = (3.21)

—_ o o =
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= o O N
= o O N
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= o O N
= o O N
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N OO W
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0
0
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S O =
S = O
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|

—
N OO
o O O =
= o O =
= o O =
= o O =
_= O O =
_ o O =
_ o O =
= o O =
= o O

where we identify the oy as extra GLSM fields [29]. The corresponding toric diagram is
shown in figure 9 and it agrees with the expectation. We note that Y>!(CP! x CP!) is one
of the Fano 3-folds studied in [38]. In fact, to be precise, it corresponds to Model 9 in [38].
Given the fact that the 2d (0,2) theory identified here is different from the one given for
the same geometry in [38], we expect both theories to be related by a (sequence of) triality
transformation(s) [32].
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Figure 9. Toric diagram of Y2!(CP* x CP").

3.2.3 Y2%2%(CP' x CP')

The quiver diagram for the 2d (0,2) theory corresponding to Y>2(CP! x CP?) is shown in
figure 10. The J- and E-terms for the theory take the following form

J E
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A ejen X5 X0 QurXes  XisPss — PaXiy

A%+ ejen X5 X4, Pir Xk X§5Qs53 — Qsa Xy
where the global symmetry indices are i, j, k,l = 1, 2.

From the J- and E-terms, we can construct the P-matrix which takes the following
form
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Figure 10. Quiver for Y>2(CP' x CP').

The corresponding U(1)-charge matrix for the J- and E-terms is given by

P1 P2 P3 Pa Ps pe‘ 51 82 53 54 S5 S 57 S8 S9 S10
1010000 -10-10 000000
010100/-10-10 0 000 0 0
= 3.24
Qe 000011/0 1 0 1 -1-10-1-10 |’ (3.24)
0oo0o0000/0 1 0 O0O0O0O0-1-11
oo0o000O0/0O0O0O1-1-1120 00
and the charge matrix for the D-terms is given by
P1 P2 P3 P4 P5 P6|S1 S2 S3 S4 S5 S6 ST S8 S9 S10
0000001 00O0OO0OO0OO0OO0-=-10
0000O0O0O0O/01O0O0OO0OTO0OO0O-100
1 -1
QD _ 000O0O0O0C|O O 0 0 00 0 O (3‘25)
0000O0O0O/0O0O01-100W0 00
00000O0O/0O0O0-10100 00
0000O0O0O/00-1000O0O1TW00O0
000000100 0 1 0O0OO0OO0OTO0
We note that the charge matrices are invariant under
P1 > P3, P2 <7 Pa- (3.26)

This symmetry further indicates that the global symmetry takes the form SU(2) x SU(2) x

U(1)2.

The toric data of the 2d (0,2) theory is given by

P1 P2 P3 P4 Ps pﬁ‘sl 52 83 54 S5 56 57 S8 59 S10

Gy

S O ==

11 111/1111111111
0-10 00
1 0 -10

2

0 2 2

(3.27)

= o O
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= o O
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= o O
=]
= o O

0
0

The resulting toric diagram is shown in figure 11 and it agrees with the expectation. We
note that Y22(CP! x CP!) corresponds to Q%! /Zy. A full classification of the toric phases
for this geometry was presented in [36]. The model constructed above indeed corresponds
to phase A in this classification. This theory also appeared in [32].
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Figure 11. Toric diagram of Y22(CP* x CP').

4 YPk(CP?) models

4.1 Construction of the 2d (0,2) theories

The 2d (0,2) gauge theories corresponding to the family of Y?*(CP?) manifolds are param-
eterized in terms of p, k € Z, where 0 < k < %p.

The total number of gauge groups in the 2d (0,2) theories is 3p, which corresponds to
the volume of the toric diagram of Y?*(CP?). The notation used on the gauge group labels
for the chiral and Fermi fields is defined as follows

[m] = ((m —1) mod 3p) + 1. (4.1)

The chiral and Fermi fields form a periodic layered structure with a total number of p
layers. Each layer in the structure contains 3 gauge groups, which is the same number of
gauge groups as in the 4d N/ = 1 theory corresponding to dPy [43]. In fact, this structure
follows from the particular way in which we constructed the gauge theoories. We made use
of orbifold reduction [35], 3d printing [36] and partial resolution via higgsing [29], starting
with the 4d N' =1 quiver gauge theory corresponding to dP.

Between layers, the gauge group labels are shifted by additional indices given by a,b, ¢
and d. When the parameter k for the Yp’k((CIPQ) models is in the range 0 < k < p, only
Fermi and chiral fields depending on a, b and ¢ contribute to the 2d (0,2) theory, with the
values of the indices being

a=0,....p—1,b=k,....p—1,¢c=0,...,k—1. (4.2)

When the model parameter k is in the range p < k < %p, only the Fermi and chiral fields
depending on indices a, ¢ and d contribute to the theory, with the values of the indices
being

a=0,....2p—k,c=k—p,....2p—k,d=0,...,k—p—1. (4.3)
Finally, we also have indices for the SU(3) x U(1)? global symmetry of the 2d (0,2) theories
corresponding to Y?*(CP?). The indices for the non-abelian part of the global symmetry are

i g, k=1,2,3. (4.4)
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Under these indices, the Fermi fields of the 2d (0,2) theories are as follows

Alsartjare s Moot s Avrsipors) s Aberopers) Mass)pate - (4.5)

The chiral fields of the 2d (0, 2) theories take the following form

Xsar23a+3)» XpBata3at1) s X [Bo+1)3615]
Qbr4)3v+1) » Q[36+6][36+3] » Q[36+5][36+2 -
QBetra3e+3]» Qet6)3er2] s Fl3et1)3e+5) »

Q3d+4)[3d+2] » Pi3d+1)3d+6]» Pl3d+3)[3d45) - (4.6)

Here, we note that the chiral fields of the form X!, originate from the 4d V' = 1 theory
corresponding to dP with 4d chiral fields X, and superpotential of the form

W = € Xl s X5 . (4.7)

These chiral fields X, form layers in the periodic quiver on T3 of the 2d (0,2) theory
corresponding to YP#(CP?). Between these layers in the periodic quiver, we have chiral
fields of the form @Q,s and P, in (4.6). Combined with the Fermi fields in (4.5), two
adjacent layers form what is known as the quiver block [36] in the periodic quiver of the 2d
(0,2) theory. The indices a, b, c,d in (4.5) and (4.6) ensure that p copies of quiver blocks
are stacked together in a consistent way such that equivalent fields and gauge groups are
identified to each other. The p copies of quiver blocks that are stacked together form the
periodic quiver on T% for the 2d (0,2) theories corresponding to YP*F(CP?).

From the periodic quiver, we obtain the corresponding J-terms

j k
T[ABas1pata) = €5 X (30230131 X (Bat3]53ar1] -

J [A[3b+6 ][3b+1] €ijrX []31)+1} [3b+5] X []§b+5} [3b+46] »

€isk Xpegse+ 1) Flser 3e+5) X fe4siae+o]

] =
] =
J [A[3b+5 3v43] = €ie X7, 30+ 341) X 3 1)[3045)
JIA7 Bet6)[3e3)] =
] =

J [ [3d+3 [3d+6] €ijk X7 [3d+6] [3d+4]Q[3d+4] 342X [I§>d+2] [3d+3] > (4.8)

and the associated F-terms of the following form

B[Sy ampr1] = Xapr 610141 Quav+a13vr1] — Qso-+6](36+31 X (35-13][30-41]

E[Afy 51i3043)) = Xab5]30-+6)Qi30-+6]36+3] — Qrav-5130+2 X (3p12][3643] »

E[AGr6)zers)] = Xfaerozera Quae+al3ersl — Q3er6]B3e+2 X [3e12][3¢43]

E[Aarsare)] = Xfsaraypary Fsarsare) — Parslsars) X sass)dso) - (4.9)
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Additionally, we have E-term plaquettes,

EL[Af 3b+1] 3642]

E_[Af3pi)3645)

E_ [A[3c+4] [3¢c+5]

=
=
E[Maei1)ere) =
=
EL[A] 3d+1][3d+2]]

=

E_[Asgq)(34+5

X{3p41][304+5] @ [36+5][30+2] »
—Q3p4+-4136-11 X 364 1)[36+5]
Pier1)3et5) X [3e-+5][3c+6] Ql3e+6][3¢+2] »
_Q[3c+4] [3c+3]X [3c+3] [3c+1]P [3¢+1][3c+5] »
Pgi1)3d+6) X} [3a+6] 3d+4] @ [3d+4][3d+2] »

—Q3a-+4](3d+2 X 3.+ 2] 3.3 Fl3-+3][3d+5] (4.10)

which combine to proper E-terms of the form F = E, — FE_. The E-terms plaquettes are

shown here separately because quadratic and cubic plaquettes are combined depending on

the value of k in order to form a single E-term.

4.2 Examples

In this section, we summarize the construction of 2d (0,2) theories corresponding to

YP#(CP?) where p = 3. In total there are 5 toric diagrams with p = 3 whose toric diagrams

have precisely 2 internal points. In appendix A.2 and A.3, the J- and E-terms corresponding

to 2d (0,2) theories with p = 1 and p = 2 are summarized for completeness.

4.2.1 Y30(CP?)

The J- and E-terms of the 2d (0,2) theory for Y39(CP?) take the form

J E

12 ¢ €k X3 X3 X{5Qs2 — Q17 X7y
% . i xk : ;
Ady + €ijrXyr X7o  X53Q30 — QasXgg
2% . yJ vk i _ i
Az e X7oXoy X5, Q1r — Q39Xgy

)

. J vk ; ;
45 ¢ €ijkX56X61  Xiglss — QuXis

% . i vk ; .
Agy e X3 X75  X56Qe3 — Q52X53

(4.11)

2% . ... Y vk i _ i
NGt c € Xy Xss  XgaQu — Qe3Xi

)

. J vk i i
78t €ijkXgoXgr X7oQ2s — QraXig

2 . J vk i i
Ags : €ijuXpa Xy XgoQos — Qs X56
21 . J k 1 1
AGh: € Xis XSy X5 Qra — Que Xy

where the global symmetry indices are ¢, j, k = 1,2,3. The corresponding quiver diagram is

shown in figure 12.
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Figure 12. Quiver for Y30(CP?).

From the J- and F-terms, we can construct the P-matrix, which takes the form

—90 —

P1 P2 P3 P4|q1 G2 G3|U1 U2 U3 Ug U5 Ue U7 U UY UL UL U2 UL3 Ul4 UL5 ULe ULT U18|V1 V2 U3 V4 Us Vg U7 Ug V9|01 02 03 04 O5 O O7 08 09
X1 000011 000000O00OO0COCOCOT1TO0O0OT1TO0 1/0000O01O00O0]|1 1000111
Xk/1000/010/0000100111 0000000 O0/01000000O0[100°001 1
X4/t 000/100/000100100O0 1 100000 0/001000000{01111100°0
Xlk|l1 000/001{00000100071 0 1 0 O0O0O0O0 1/00000000T1[010011°01
X%/t 00001001 00000100 0001001 0/000000100{010111010
X411 000100001 0000010 1 0001 00 0/000000010{101100710]1
XhL/1000/001(1 110010000 0000000 O0(100000000O0|(111110000
X1 000/010/0000101000 000001 1 0/000010000(101110100
X&1000/100/000100000O0 00 1 1 1 00 0/000100000{0100071111
X%/0100/001/2 000000000 00 1 00 1 0 1/000001000{101000°7111
X%/0100/010/000010011 1 0000000 0/01000000010000T1T111
X4/0100/100/0001001000 1 100000 0/001000000{011111000
X%k/0100/001/0000010001 010 00O0O0 1/000000001{010011011
X%l0100/010/01 000001000001 0O0 1 0/000000100[010111010
X401 00{100/{001 0000010 1 0001 0O0 O0/000000010[1011001°01
X401 00/001{1 11001000000 O0O0O0OUO0OUOUOI10000000O0|[111110000
X%0100/010/00001010000 0000 1 1 0/000010000[{101110100

= |Xx}%0100/100/(0001000000 0 01 1 1 00 0[{000100000/01000°11T11
X¥%l0010[{001{1 0000000000 0 1 0 O0 1 0 1/000001000[{101000°71T11
X300 1001000001001 1 1 000 0000 0/010000000/1000071T111
X300 10/100/0001001000 1 100000 0/001000000[(011111000
X%/0010/001/0000010001 01 00000 1/000000001{0100110 1
X%/0010/010/01 00000100000 1001 0/000000100{010111010
XH4/0010/100/001 0000010 1 0001 00 0/000000010{10110071071
X%/0010/001(1 110010000 000 O0O0O0O0O0/100000000O0|(111110000
X%/0010/010/0000101000 000001 1 0/000010000(101110100
X300 10/100/000100000O0 00 1 1 1 00 0/000100000{0100071111
@i7/0 00 1{1OOO/OOOOODOOO0OOO 00 1 1 1 1 1 1(000111111{0000001T11
@x|/0 00 1l0OO/0OOOOCOOO0O1TT1 1 1 1 0 00 0O0O 1(011001111{000001011
Q3|0 00 1|l0OOO/0OOO0OOCODO1O0O0OOT1 1 0001 1 1(001011111{00111000°0
Qu/0001j000O/0OOO0O1T11 1001 01 00O0O0OCO0OTUO0OD(111110001{01 0011000
@50 0010000 1L 200100000001 1 0 1 0f(100110111{01011000°0
Q0 001j000/0OO1TO0O110011 00001 00 0(110110011/10000010°1
Qu/0 001000/ T 12T 0000110 1 0000 0O0O0OD111001110{101100000
@ss/0 00 1|{1OOOI2T OO1T1T0100O0OO0OO0OT1TO0OO0OT1TO0OO0O|121T1111000/101000100
Qo0 00 1|00O0O/L T 01000100 001 1 000 0f111101100{010001010
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We can also construct the U(1)-charge matrix under the J- and E-

terms,

D1 P2 P3Pa| @i g2 g3 |ul U2 U3 U Us U U7 U Ug Ulp Uil Ul2 U13 Uid U15 Ul ULT U1V V2 U3 Vg U Vg U7 Vg Ug| 01 02 03 04 O5 0 07 08 Og
1110(-1-1-1{0 0 0O O OOOOOOOOOOUOTOTOOD|0ODOOOOOOOO|{OOOOOOOOO
oo0o01/2 2 043-10-1000-100 0 0-10 00 0 O0O(OOOO0OOOOO0|-10-1000000
0oo0o00/2 2 -14-10-1000-100 0 0-10 0 0 0 O0O(OOO0O0OO0O0OO0T1|-10-1000000
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and also the charge matrix for the D-terms,
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It can be seen that the charge
GLSM fields (p1,p2,p3). This

matrices are invariant under permutations of the extremal
is the result of the SU(3) non-abelian factor in the global
symmetry SU(3) x U(1)? of the 2d (0,2) theory.

The toric data is summarized by
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where oy, correspond to extra GLSM fields [29]. The corresponding toric diagram is shown
in figure 13. We note that the 2d (0,2) theories for Y39(CP?) can be obtained by orbifold
reduction [35] of the 4d N' =1 theory for dP.
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Figure 13. Toric diagram of Y0 (CP?).

Figure 14. Quiver for Y31 (CP?).

4.2.2 Y31(CP?)

The quiver for the 2d (0,2) theory corresponding to Y!(CP?) is shown in figure 14. The
corresponding J- and E-terms take the following form

J E

Nig o apX Xl PisXigQer — QurXdy
A3y eipXgr Xt X353Q30 — Qs X
AZr: ep X X5 X5Q17 — Q39X

bs o ein X2 XEy XisQss — QusX§1 Prs (4.16)
AZs + eijp X3 Prs X X§4Qu3 — Qo2 X5y

bst e XdoXdr X1HQxw — QuuXig
A% : e Xgu Xl XioQos — Qs5Xkg
ABh e Xis Xy X§7Qma — Qoo Xiy

where the global symmetry indices are 4,5,k = 1,2, 3.
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The J- and E-terms can be used to obtain the P-matrix for the theory, which takes

the following form
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The U(1)-charges under the J- and E-terms are summarized in
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P4

Figure 15. Toric diagram of Y31 (CP?).

and the U(1)-charges for the D-terms are summarized in
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The charge matrices are invariant under permutations of the extremal GLSM fields
(p1,p2,p3). This indicates that the global symmetry of the 2d (0,2) theories is enhanced to
SU(3) x U(1)2.

The charge matrices are used to obtain the toric data for the 2d (0, 2) theories, which
is summarized in

=
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(4.20)
where o correspond to extra GLSM fields [29]. The corresponding toric diagram is shown
in figure 15.
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4.2.3 Y32(CP?)

The 2d (0,2) theories for Y32(CP?) have the following J- and E-terms
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X§4Qu3 — Q62X353

Pi5XiQe2 — Q17 X%y

with the corresponding quiver diagram shown in figure 16. The global symmetry indices

are 1,75,k =1,2,3.

The P-matrix can be obtained as follows
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Figure 16. Quiver for Y32(CP?).

The corresponding U(1)-charges under the J- and E-terms take the form
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Qe

(4.23)

Furthermore, the U(1)-charges for the D-terms are summarized in

0

Ug U7 Ug U9 Up U1l U2 U3 U4 |V1 V2 U3 V4 Us Vg U7 Ug V9| 01 02

Up U2 U3 U4 Us

0 0{00OO0OO0O0OOOO|O0 O
0 0{00OO0OO0O0OO0OOOO|O0 O
0 0{0O0OO0OO0O0OOOOO|O0 O
0 0{0O0OO0OO0O0OO0OOOO|O0 O
0 0{0O0OO0OO0O0OO0OOOO|O0 O

0
0
0
0
0

00 0-10000O0O0DO0

00 0 0-1000 0

1

0 000 O0O O

0000 O
00 0 0O0O0TO0O O

1

00 00O0OOT OO O O0O|0OOO0OO0O0OO0OO0OOCO0O|1

1

P1 P2 P3 P4 Ps

1000 000 0-1000OTO0OTO0OCTO0OO0[0OO0OO0O0O0OO0O0OO0O0|-10
10010 0 0OO0OOOOOTOUOTO O0O[OOOO0O0OO0OO0OOOO0]0 -1

1

1
0 0 0 O0O01

0 0 0000

00 0000 0 O0-11

00 0000 0-100

00 0000 -11
-1-1-100]0 0 0

Qp =

(4.24)

terms and the D-terms remain invariant

and F
This further illustrates that the global symmetry of

We note that the U(1)-charges under the J-

P2, P3).

under any permutation of (pi,

1)2.

the 2d (0, 2) theories is SU(3) x U(
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Figure 17. Toric diagram of Y2(CP?).

The corresponding toric data is given by

b1 P2 P3 P4 P5|UL U2 U3 U4 Us Us U7 U U9 U10 ULl U12 U13 Ul4|V1 V2 U3 V4 U5 Ug U7 Ug V9|01 02
tT1111j2111111111 11 1 111111111122

Gt: 10-100/00O0O0O0O0O 0 0 0 0 0j0OOO0OOO0OO0OOO0OO0I0O0],
01-100(00O0O00O0OO0OO0OO0OOOTG OO O O0OI0OO0OO0OO0OOO0OO0OOO®O0O|O0O
0023021111111 11 11 1 122222222211

(4.25)
where 01, 02 correspond to extra GLSM fields [29]. The toric diagram is shown in figure 17
and it agrees with the expectation.

4.2.4 Y33(CP?)

The J- and E-terms of the 2d (0,2) theories for Y33(CP?) take the following form

J E
o €nX5X5  PisXiQo2 — QuoXérPra
A3) : €ji X3 Pra X33 X5,Q19 — Q38X
bs i epX36Xgy  PisXiQos — QusXiiPrs (4.26)
AZL Eiij§1P15X§6 X§4Qa3 — Qo2 X3
i?S : Eiij§9Xé€7 P72X§3Q38 - Q76Xé4p48
Agg fiijé4P48X§9 X§Qm6 — QosXig

where the global symmetry indices are ¢, j, k = 1,2,3. The corresponding quiver diagram is
shown in figure 18.
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The corresponding P-matrix takes the form
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Figure 18. Quiver for Y33(CP?).
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The U(1)-charges under J- and E-terms are summarized in

P1 P2 P3 P4 P5lUL U2 U3 Ug U5 Ug U7 U U9 U0 U1l UI2|V1 V2 V3 Vg U5 Vg U7 Ug V9|01 02
11100/-1-1-10 000000 0 0[00 000000000
00010[(01 100000000 0/1-1-1000000|0-1
00001[0 01 -10-100-10 0 0[1000000°0GO0[00
00000[0 1 1 00000-1020 0/10-10000010-1
00000[0 1 1-100000 00 0/2-1-1000010[0-1
00000[0 1 1-10000-1020 1/20-1000000|0-1
00000[0 1 000000 000 0[10-1010000[0-1
Qe=]00000/001 00000000 0[1-10100000J0-1], (4.28)
00000[0 01 00000-1110 0/100000000[0-1
00000[0 01 00-10002000/0-10000100/0
00000[0 01 00-100-101 0/00000000O0|0
00000[0 01 -10-1010 00 0/1-10000000|0
00000[0 0 0=110000200 0[10-1000000[00
00000(-11 10000000 0 0/2-1-1001000[0-1
00000(-10 1 00-110010 0 0/1-10000000
00000[-10 000000000 0[1-1-1000000O0/1
and the U(1)-charges under D-terms are summarized in
P1 P2 P3 P4 P5| UL U2 U3 U4 U5 U U7 U U9 U0 U1l U12| V1 V2 V3 V4 Us Vg U7 Ug V9|01 02
00000/10-100000000 0|-11000000O0|0
00000/010-10000000 01 0-1000000|0
00000/001 00000000010 000000O0O0|0-1
Qp=|00000/00100000-100 0/0 0000000000 (4.29)
00000/00100-10000 0 0[1-10000000[00
00000/00000O0O0OO0O0G OO OO[-101000000[00
00000/00-10071000000[000000O00O[00
00000/-100 10000000 0[00000000O0|0 0

We note that the charge matrices are invariant under permutations of (p1,p2,p3). This
illustrates that the global symmetry for the 2d (0,2) theory is SU(3) x U(1)2.

The toric data is given by

P1 P2 P3 P4 P5|UL U2 U3 Ugq Us Us UT U UY U0 UL Ul?‘vl v

4 Us Vg U7 U8 UQ‘OI 02

2 U3 U
11 1111111111111 1 1{111111111[2°2
Gi=|10-100/00000000 00 0/0000000O0O[0O0][, (430)
01 -100/0000000000 0 0/00ODO0D0ODO0O0O0OGO|[00DO
003 30/1111111111 1 1/222222222[33

where 01,02 correspond to extra GLSM fields [29]. The toric diagram is shown in figure 19

and it agrees with the expectation.
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Figure 20. Quiver for Y34(CP?).

4.2.5 Y34(CP?)

The model for Y34(CP?) has a quiver which is shown in figure 20 and the corresponding .J-

and E-terms are given by

J E

. F— . .
Aot €jpXo3 X5y PieX§Qa2 — QuoXgrPra

1 ... vJ k i i
i+ ; A
AZS ;€ Xdr ProX5s X4 Q19 — Q38X

Nis: enXieXes — PasXiQos — QuaXisPis
st €k XggXgr  PraX33Qss — QreXguDus

5 . : :
Agg fiij(J54P48X89 X97Q16 — Qo5 X356

where the global symmetry indices are ¢, j,k = 1,2, 3.
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The P-matrix takes the form
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(4.32)

The associated U(1)-charges coming from the J- and E-terms are summarized in

06 07 08 09
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(4.33)
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Figure 21. Toric diagram of Y*(CP?).

The U(1)-charges coming from the D-terms are summarized in
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(4.34)

We note that the charge matrices remain invariant under permutations of the extremal
GLSM fields (p1,p2,ps) indicating that the global symmetry is enhanced to SU(3) x U(1)2.
This is expected by the construction of the general J- and E-terms in section 4.1 and the

isometry group of Y34(CP?).

The toric data for the 2d (0,2) theory is given by

P1 P2 P3 P4 P5|U1 U2 U3 U

=

Ug U7 Ug UY Ul U1l "Ul Vg U3 V4 Vs Vg U7 Ug Uy V10|01 02 03 04 05 Og O7 08 09

111 111
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004 30

1111111
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= o O =
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11711111111
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00000O0OO0COO
333333333
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(4.35)

where o correspond to extra GLSM fields [29]. The corresponding toric diagram is shown

in figure 21.
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A Additional examples

A.1 J- and E-terms for Y*(CP! x CP')
y1o(cP* x CP').

J E
zig D e X5 X3 X0y X{:QQQQ - QHX%:Q
A3y :eijen X5 X1 Xl X33Qs3 — Q22 X35 (A1)

2 . .. k xi xl i i
Azl €zyele41X12X23 X34Qu4 — Q33X3y
% . k xd. xl i i
Afl e X (s X3 X5y XQu — QuXyy

YbL(CP' x CPY).

J E
o eyjenXBXLXEL  PisX{Que — QusXiyPr (A.9)
ALy e X5 X5, Qs Xk, Xi1Pis — PioXsg
A% eijen X5 X0 PiaXhy X11Q13 — QuaX3y
A.2 J- and E-terms for Y*(CP?)
Y1L.O(CP?).
J E
120 R Xoa X XipQn — QuXiy (A.3)
A§§ D€ X3 X1 X33Q33 — @22X35
AZD e Xia Xy X5Qu — QuXy
Yy11i(CP?).
J E
ANip o epX3s X5 PiaX33Q3 — QX5 Pr (A.4)

% . ; ;
AZ% €5 X3 Pra X5y X51Q13 — Q32X33
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A.3 J- and E-terms for Y2*(CP?)

Y20(CP?).
J E
ﬁg ek Xog X5 Xf:5Q52 - Q14Xi2
A%% D€k Xga Xh X33Q36 — Q25X56
A3 - €ijr X1 X33 X31Qua — Q36X¢4 (A.5)
5 ° €ijr XL X1 XipQ2s — QuXis
A%é s ek X3 X5 X56Q63 — @52X35
AZL e Xis Xl X§uQu — QesXh
Y21(CP?).
J E
i12 DX XK P15X§6Q62 - Q14Xiz
A%é D€k X Xl X33Q36 — Q25 X56 (A.6)
A%Z D€k X3o X55 X51Q14 — Qs6Xgy
5 €ijk X356 X6 XipQ2 — Qu3 X5, P15
AZS + eiju X3y Pis X5 X4Qa3 — Qe2X33
Y 22(CP?).
J E
1‘12 DR Xy XK P15X§6Q62 - Q16Xé4p42
3G+ €in X Pra X5y X51Q16 — Qa5 X5 (A.7)
b5 kXXl PuXiQs — QusXh Pis
AZh + e X4 Prs XKy X64Qus — Qo2 X3
Y 23(CP?).
J E
Zig BT C. ¢ P16Xé4Q42 - Q16Xé4P42
AL e XLQuXl, X Pig — PisXig (A.8)

A3+ eiju X§y P2 X5y X§Q16 — Q35Xig
s €k X2eXE  PuXiQss — QuXisPss
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.
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