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The evaluation of quarkonium regeneration in ultrarelativistic heavy-ion collisions (URHICs) requires
the knowledge of the heavy-quark phase space distributions in the expanding quark-gluon plasma
(QGP) fireball. We employ a semi-classical charmonium transport approach where regeneration processes
explicitly account for the time-dependent spectra of charm quarks via Langevin simulations of their
diffusion. The inelastic charmonium rates and charm-quark transport coefficients are computed from the
same charm-medium interaction. The latter is modeled by perturbative rates, augmented with a K-factor
to represent nonperturbative interaction strength and interference effect. Using central 5.02 TeV Pb-Pb
collisions as a test case we find that a good description of the measured ]/ yield and its transverse-
momentum dependence can be achieved if a large K 2 5 is employed while smaller values lead to
marked discrepancies. This is in line with open-charm phenomenology in URHICs, where nonperturbative
interactions of similar strength are required. Our approach establishes a common transport framework
for a microscopic description of open and hidden heavy-flavor (HF) observables that incorporates both
nonperturbative and non-equilibrium effects, and thus enhances the mutual constraints from experiment
on the extraction of transport properties of the QGP.
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1. Introduction

The theoretical description of charmonium production in ultra-
relativistic heavy-ion collisions (URHICs) has been investigated for
over three decades [1-4]. Early ideas of using the suppression
of charmonia as a signature of a deconfined quark-gluon plasma
(QGP) [5] have been augmented by the insight that they can also
be (re-) generated in the later stages of the fireball evolution, when
the temperature has sufficiently dropped for the bound states to
re-emerge [6-9]. The regeneration contribution is then sensitive to
the concentration of open-charm states in the system, i.e., cC pairs
in a deconfined medium or open-charm hadrons in confined mat-
ter. Initial implementations utilized the statistical hadronization
model for the production of all charmonia at the phase bound-
ary [7], assuming hadronizing charm (c) quarks in thermal equi-
librium with their number adjusted to hard production in primor-
dial nucleon-nucleon (NN) collisions. On the other hand, a gradual
screening of the in-medium heavy-quark potential suggests that
different charmonium states have different melting temperatures,
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giving rise to a “sequential melting”. This, in turn, implies that also
the temperatures at which regeneration occurs are different, i.e., a
“sequential regeneration” [10].

In a dynamical picture, a key role is taken on by the inelastic
charmonium reaction rates, which drive the interplay of regen-
eration and dissociation toward the pertinent equilibrium abun-
dances. This led to the development of transport models including
both suppression and regeneration components, applied to URHICs
over a large range of collision energies, from the Super-Proton-
Synchrotron (SPS) via the Relativistic Heavy-lon Collider (RHIC)
to the Large Hadron Collider (LHC) [11-16]. It was further re-
alized that not only the concentration of open-charm states but
also their momentum distributions significantly affect the amount
of charmonia regeneration and their transverse-momentum (pr)
spectra [17-20]. This is so since recombination is most effective
from low-momentum c quarks in the thermal rest frame, becom-
ing maximal once they are kinetically equilibrated, while harder
spectra, such as those produced in primordial NN collisions, sup-
press the regeneration rate. Similar theoretical efforts have also
been undertaken for bottomonium transport in URHICs [21-29];
some approaches have already included non-equilibrium bottom-
quark spectra in the regeneration component, which, however, is
quantitatively much smaller than for charmonia and therefore less
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significant in experimental data. In particular, quantum transport
has recently received considerable attention. In the regime of large
binding, Eg 2 mp, the so-called quantum optical regime, the semi-
classical approach is recovered [29], while in the so-called quan-
tum Brownian motion regime of small binding, quantum effects, in
particular transition between excited states encoded in the density
matrix, are coherently incorporates. The significance of the quan-
tum treatment needs to be scrutinized; especially for charmonia,
genuine effects have not been systematically elaborated yet.

In the present paper, we couple a stochastic Langevin simu-
lation of charm-quark spectra to a Boltzmann evolution of char-
monia. The intimate connection between charm and charmonium
transport not only figures through the kinetic off-equilibrium effect
in the time-dependent charm spectra, but also via the nonpertur-
bative effects in the basic charm-medium interaction. The inelas-
tic reaction rates for charmonia and the transport coefficients for
charm quarks share the same collision amplitude [30,31]. Based
on our previous charmonium transport calculations [10], we adopt
perturbative amplitudes for charm-quark scattering off thermal-
medium partons, but allow for a phenomenological K-factor. Re-
cent analyses of open HF transport approaches to experimental
observables suggest a K-factor of at least 5 [32], highlighting the
need for nonperturbative interactions strength commonly believed
to be at the core of the strongly-coupled QGP (sQGP).

Our paper is organized as follows: In Sec. 2, we briefly intro-
duce the charmonium transport equation and recall its main fea-
tures as employed previously. In Sec. 3, we describe our Langevin
simulations for ¢ quarks. In Sec. 4 we calculate the transport coeffi-
cients for elastic c-quark medium scattering (Sec. 4.1) and inelastic
charmonium reactions (Sec. 4.2), and highlight their connection.
Numerical results for J/v pr-spectra are presented in Sec. 5, and
compared to experimental data in Pb-Pb 5 TeV collisions. We con-
clude in Sec. 6.

2. Charmonium transport approach

Our starting point is the Boltzmann equation,

ofw
W'FV'Vf\I/:—Olf\I/-Fﬁ, (M
to describe the evolution of charmonium (W=J/v, x., ¥’) phase

space distribution functions, fy = fg(X, p,t) in a fireball, with

§=%(p) and Ey=,/p% +m%; a =a(p, T(t)) and B = B(P, T(t)) de-
note the dissociation and regeneration rate, respectively. The latter
two will be detailed in Sec. 4.2 below.

The solution to Eq. (1) can be written as [12]
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The first term on the right-hand-side (rhs) describes the
dissociation of primordially produced charmonia. For their ini-
tial distribution, we adopt a factorized ansatz f(X, p,to,b) =
f (X, b)f(p)S(b), with a spatial distribution, f (X, b), evaluated from
a collision profile from a Glauber model [33] (b: impact parame-
ter), and a momentum spectrum, f(p), based on experimental data
in pp collisions [34,35]. The latter is modified by a factor, S(b), as-
sociated with cold-nuclear-matter effects in the incoming nuclei,
i.e.,, shadowing of the nuclear parton distribution functions, an ef-
fective nuclear absorption cross section (mostly relevant at lower
collisions energies), and a Cronin effect [36,37] through a Gaussian
smearing of the pp spectra. We have constrained these effects in
our previous study of charmonium production in d-Au collisions at
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RHIC and p-Pb collisions at the LHC [38]. The suppression effect
due to the hot QCD medium is encoded in the exponential factors
on the rhs of Eq. (2) through the dissociation rate o (p, T).

The second term on the rhs of Eq. (2) accounts for charmonium
regeneration, which, in turn, is also subject to suppression from
time t’ on. These processes, which are controlled by the regener-
ation rate, B(p, T), are due to recombination of ¢ and ¢ quarks
and thus depend on their individual momentum spectra. In par-
ticular, the softening of the initial power-law c-quark spectra due
to their diffusion through the medium enhances the phase-space
overlap for charmonium formation. In our previous work within
the kinetic-rate equation [17], we have approximated this effect
by a thermal relaxation factor, while the pr spectra were approxi-
mated by a thermal blastwave model [10,39]. In the present work
we lift these approximations by simulating the time dependence
of the c-quark spectra via their transport through the QGP and in-
jecting them into the charmonium Boltzmann equation.

3. Charm-quark transport

The c-quark diffusion is described by a stochastic Langevin
equation [40],

dx = Eﬂdt , dp = —Apdt +~/2dtDp (3)
Cc

with Ec=y/p2 +mZ. The momentum change is due to a friction
term causing energy loss at a rate A=A(p, T(t)), and a diffusion
term with coefficient D=D(p, T(t)), randomized by a Gaussian
noise p. The corresponding Kolmogorov forward-equation is the
Fokker-Planck equation,

d - N -
5 Je(B: 0 =V, (AP fe(B, D) + Vp (Dfe(B, D) , (4)

for the c-quark distribution, f.. Its stationary solution is the Boltz-
mann distribution, fe4(p, T(t)) x exp (—%), implying an Einstein
relation
- 1 (D(p,T(t)) aD(p,T(t))
A(p, TM)=— - .
E. T JdE,

The relaxation rate, A(p, T), is calculated from the c-quark ampli-
tude for elastic scattering off medium partons, cf. Sec. 4.1 below.
With m. > T, the derivative term is subleading so that one can
approximate the diffusion coefficient as [40]

(3)

D(B, T(t)) ~ AEcT(t) . (6)

The stochastic simulation evolves the c-quark spectra toward
their local equilibrium distribution. The initial momenta are sam-
pled according to primordial production in pp collisions, fitted
to pQCD results in the Fixed-Order Next-to-Leading-Logarithm
(FONLL) scheme [41]. The initial spatial distribution is uniformly
sampled.

4. Transport coefficients

In this section we elaborate on the transport coefficients for c-
quark diffusion (Sec. 4.1) and charmonium kinetics (Sec. 4.2). For
simplicity, we adopt pQCD Born amplitudes including a K-factor
to mimic nonperturbative effects, augmented with an additional
interference factor for charmonium states [42,43].

4.1. Relaxation rate for charm quarks

The relaxation rate A in Eq. (3) can be written in terms of the
2— 2 scattering amplitude, Mjc_jc, of ¢ quarks on thermal partons

(i=4q.,q, g) as [44]
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Fig. 1. Relaxation rates for ¢ quarks using pQCD Born amplitudes with cou-
pling constant g=2 for K=1 (dashed red) and K=5 (solid red) with c-quark mass
mc(T) (dotted-dashed black), and the corresponding spatial diffusion coefficient

Ds(2m T)=WZA’€—FT,2:0) for K=1 (dashed blue) and K=5 (solid blue).

A(f’c, T) = Zfdnc di |1V1iz:»ic|2
i

Y

x [1£ fi(p)1[1 = fe(pD1fi(pi) (1 - %) (7)
Cc

with the measure

1 &p d3p; d3p,.

© 2Ey 2m)32E; (2r)32E; (2m)32E;

x (2m)*8@ (pc + pi — pi — pL) (8)

C

where pc(p.) and 13,—(1:)1') denote the incoming (outgoing) momenta
of ¢ quarks and light partons, respectively ( f;: thermal-parton dis-
tributions). For the matrix element we use pQCD Born diagrams
with a Debye mass, mp = gT, to regulate the t-channel gluon
exchange, and a coupling constant g=2. As is well known, the per-
tinent diffusion coefficient of Ds(2wT)~30 is much too large to
account for low-pr HF phenomenology in URHICs [32]; we there-
fore allow for an overall K factor multiplying A(p), see Fig. 1. HF
phenomenology suggests K = 5 which results in a spatial diffu-
sion coefficient D27 T) < 6. While a next-to-leading order pQCD
calculation can in principle generate such an enhancement, the
convergence of the perturbative series for the diffusion coefficient
is questionable [45]. In addition, remnants of the confining force
are likely to play a key role in the QGP at moderate tempera-
tures [31].

4.2. Quasi-free reaction rates for charmonia
For moderate binding energies, Ep < T, inelastic scattering,
i+V—>i+c+c (i=g,q,q) is dominant over gluo-dissociation

processes, g + W — ¢ + ¢ [9,46]. Thus, the charmonium reaction
rates in Eq. (2) take the form

a(p, T)= Z/dl‘lq, di My 561
X 11 FGOI — fepolll — FepOlfi(po) (©)
pe.1 =Y [ dud;dede i, P
i

x [1£ fi(pd1fi(BD Ve fe(P) Ve fe(pe) (10)

with parton degeneracies d.; and the measure
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1 dp d*pi d*pc d*pe
 2Ey (27)32E; 2m)32E; (27)32E, (2m)32E;
x (2m)*8“ (p + pi — Pi — pc — Pe) - (11)

Detailed balance requires the relation

My

didwM;y_ il = didedz | Miz_, i |- (12)
In equilibrium, the reaction rates are related as

- 2 Elll -
B, T)=yidyexp| —— |a(p.T). (13)

where the fugacity factor, y.=y¢, of anti-/charm quarks accounts
for their number conservation.

As in our previous works, based on the relatively small char-
monium binding energies and the notion that cc final-state inter-
actions in the color-octet channel are 1/N§ suppressed (N.=3), we
employ a “quasifree” approximation to compute the inelastic 3<>2
amplitudes. This amounts to factorizing the latter into elastic 2<>2
ones for scattering thermal partons off individual ¢ and ¢ quarks
in the bound state while conserving 4-momentum,

IMyy_ iz (Pi> Pw. i Pe. PO 2

my —m ~
=2’Mic—>§c (pf, Twcw bi, Pc>

2

« (27)32E:5®) (ﬁa - ,::—;ﬁw) . (14)

In doing so, the binding energy of the W is included in the mass of
the incoming ¢ quark participating in the scattering, m — m.—Ep,
while the ¢ quark acts as a spectator, which implies incoming 3-
momenta as
i my —Mc i me
pl'=———pv, P{'=—Du. (15)
my W
Since the spectator’s momentum does not change, the momentum
conservation in Eq. (11) becomes

8@ (py + pi — pi — pc — pe) = 8@ (Pi" +pi — Pi — Pc) ,
and the final spectator momentum integrates out as
d3p; 273268 (Be — < py ) =1 (16)
(27m)32E; ¢ CTmg Y '

This is the origin of the extra factor in Eq. (14), while an addi-
tional factor of 2 accounts for inelastic scattering off the ¢ quark.
Inserting this into Egs. (9) and (10) leads to the following reaction
rates:

a(py, T) =2d; Z/ dMqe|M;_ ;. (i, P, Pi. Pe) |2
i

x (1% fi(B1 11 = fe(po)l 11 — fz(z—;pw)] fi(py) (17)

B(Pw. T) = 2y2dyd Z[dHQFW,-C_,;C (pi P, Bi, pe)|*
i

% [1£ fi(p)] fi(Bp) fe(pi™) fa(nn:—;lw) (18)

with the quasifree measure
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_ 1 d3p,' d313i d3pc
"~ 2Ey (27)32E; 27)32E; (27)32E,

HQF

x (2)46@ (wp?’wi—ﬁi —pc>. (19)
VY]

One can now appreciate the explicit relation between the quasifree
charmonium reaction rates, « and $, and the relaxation rate A for
charm quarks, in terms of the same underlying heavy-light scat-
tering amplitude. In particular, nonperturbative effects, which we
mimic by a K-factor, figure on equal footing for phenomenological
extractions of heavy-quark and quarkonium transport parameters.
Finally, we account for a suppression in the charmonium rates due
to the interference of the amplitudes for the c-quark and antiquark
(which, in particular, ensures that for vanishing bound-state size
the rate becomes zero). Toward this end we augment the char-
monium rates, & and B, by an interference factor inspired by the
pQCD form [42]

_ r zdz 1 sin(zx) 20
o2 [ i (1-757) .
0

where x = mpr and r is the average radius of the charmonium
state. We approximate the radius by an inverse relation to the
charmonium binding energy r ~ CE—";S [26], where C >~ 3 — 4 is esti-
mated from the vacuum values.

The time-dependent c-quark distributions, fez(Pcz) directly
control the charmonium regeneration rate B(p, T(t)). For quanti-
tative applications one needs to determine their absolute norm,
which is set by their initial hard production in binary NN colli-
sions (including shadowing corrections) and assumed to be con-
served thereafter. This is done in the same way as in the statistical
hadronization model, by introducing a fugacity factor y.=y; ac-
cording to

I (ye(Mnc (T () V(1))

1
Neg = =yYe(One(T(t)) Ves(t , 21
2%( ne(T(t)) FB()Io(]/c(t)nc(T(t))VFB(t)) (21)
where the total c+c density reads,
ne(T(6) = 2d d3—pf(* T()) (22)
(TO)=2de [ 5 fep. T

are computed with their thermal off-equilibrium distributions at
each time and temperature from the Langevin simulation discussed
in Sec. 3.

When the fireball approaches and reaches the critical temper-
ature, charmonium regeneration from charm hadrons comes into
play. The explicit treatment of these processes is beyond the scope
of the present study, and therefore we implement them in a sim-
plified form through the mixed phase at T, = 180 MeV in our
fireball (corresponding to the time window from ~5.5-9 fm/c in
Fig. 2). Noting that the fugacity factor is inversely proportional
to the open-charm density at fixed temperature, Y. ~ 711—c and
that the regeneration rate quadratically depends on fugacity fac-
tor, B ~ y2e (in relaxation time approximation, g = aNy'), we can
approximate the hadronic regeneration rate at T, as

2
had (3 qagp
had /2 ~ R48P (7 a™(p,T) [n¢
G D= 6. o 5 e ) (23)

where the superscript “had” refers to the quantities in hadronic
matter taken from Ref. [10]. We then employ the standard mixed-
phase construction to partition the hadronic and QGP quantities
according to
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Fig. 2. Results from our coupled Langevin-Boltzmann approach for the regeneration
component of the direct-J /¢ Raa(t) in central Pb-Pb collisions for constant c-quark
relaxation rates, A=0.2,0.5,12,4 fm~! (red, orange, green, light-blue, and blue lines,
respectively), and for (instantly) equilibrated c-quark spectra (purple line). Also
shown are the equilibrium limit from our previous rate equation approach (black
line), and the temperature evolution until the end of the QGP phase (dashed black
line).

XMX(£) = f(£)XUBP(Te) + (1 — F(£))X"(Tc) (24)

(X=a, B), where f(t) denotes the volume fraction of the mixed
phase occupied by QGP (as inferred from entropy conservation).

We note that our mixed-phase construction is somewhat out-
dated and should be updated with a lattice-QCD equation of state
in the future. We have done that in the context of bottomonium
production within the same approach [26], and found only small
variations in the temperature evolution and its impact on quarko-
nium transport.

5. J /¥ yields and spectra in URHICs

We now turn to the numerical results of the coupled Langevin-
Boltzmann framework for ¢ and W transport within the expanding
fireball framework for URHICs as developed and deployed in our
previous works.

First we conduct a check of the thermal equilibrium limit, by
carrying out Langevin simulations for c-quarks with fixed thermal-
ization rates between A=0.2-4 fm~! and coupling these into the
J/¥ Boltzmann equation using the basic pQCD matrix element (no
K factor) for the reaction rates in central 5 TeV Pb-Pb collisions.
The resulting time dependence of the regeneration component of
the direct-J/v¥ Raa (without feeddown) shows the expected in-
crease with increasing A and converges to the equilibrium limit
obtained from thermal c-quark distributions (and as previously
used in our rate-equation approach), cf. Fig. 2. We also confirm
that the regeneration yield in off-equilibrium scenarios, say, for
A=0.5 fm~!, is quite consistent with a schematic relaxation time
correction factor employed before [17,18,46].

Next, we perform our microscopic simulations, focusing on the
resulting pr spectra plotted in terms of the inclusive-J /v Raa(PT)
in central Pb-Pb (5 TeV) collisions at forward rapidity (including
feeddown from x. and v’ states, as well as b decays), see Fig. 3.
For K=1 the c-quark relaxation rates are clearly too small, gener-
ating too little yield and too hard spectra in comparison to ALICE
data [47]. However, for K=5 a fair description of both total yield
and spectral shape at low and intermediate pr is found. This is
rather remarkable, since it is consistent with independently in-
ferred K factors from (a) low-pr open-charm observables [32],
and (b) a recent statistical extraction of bottomonium data at RHIC
and the LHC [30] (where regeneration plays a subleading role). For
pr 2 6 GeV the ALICE data are underestimated, but this is not
unreasonable as one expects the K factor to decrease with mo-
mentum. Non-thermal anisotropic charm spectra have also been
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Fig. 3. Inclusive J/¢ Raa(pr) calculated from Langevin-Boltzmann transport for
charm/-onia using the same pQCD matrix elements with different K factors of 1
(orange, light blue and grey bands for regeneration, primordial and total yields, re-
spectively) and 5 (red, blue, and black bands), compared to ALICE data [47].

found to be critical for the description of J/v elliptic flow for
pr~4-8 GeV [20,31].

The most significant difference in the outcome of our cou-
pled transport approach, relative to our previous rate equation
results [9,46], is the magnitude of the charmonium reaction rates.
The K factor renders them significantly larger than before, due to
the much larger interaction strength which is now compatible with
the notion of a strongly coupled QGP (sQGP).

6. Conclusions

We have constructed a coupled transport approach of open and
hidden charm within a Langevin-Boltzmann framework, by imple-
menting explicitly evolving c-quark distributions into charmonium
kinetics. Utilizing a quasifree approximation, as appropriate for the
relatively weak binding of the ]/ (and excited states) in the QGP,
the same charm-medium scattering amplitude figures in both open
and hidden charm transport equations, thus manifesting the con-
nection between the medium properties of the two sectors.

In a first application, and to make contact with our previous
rate equation results, we have employed pQCD Born amplitudes for
the c-quark interaction with thermal-medium partons. The sim-
ulated c-quark spectra remain rather hard throughout the QGP
evolution, providing little phase space overlap for charmonium re-
generation. The resulting J/v yields are too small, and their pr
spectra too hard, in comparison to experimental data in Pb-Pb
collisions at the LHC, describing the data only toward higher pr.
However, when augmenting the (squared) amplitude with an over-
all K-factor of 5, emulating nonperturbative interaction strength, a
simultaneous description of the measured yields and pr spectra
at low and intermediate pr for inclusive /v production in cen-
tral Pb-Pb collisions is achieved. We thus realize a nonperturbative
description of J/v observables characteristic for a sQGP, with a
medium coupling comparable to recent extractions from bottomo-
nium suppression and open HF diffusion calculations. At higher
pr, the data are better described with smaller K factors, which
is consistent with the generic momentum dependence of the QCD
coupling strength.

Our results warrant a systematic re-investigation of charmo-
nium data at SPS, RHIC and the LHC. In particular, the schematic K
factor should be replaced by explicit nonperturbative calculations,
such as those from the T-matrix approach which have been con-
strained by a variety of lattice-QCD “data”. Another improvement
concerns the inclusion of quantum effects in the transport equa-
tions in a more explicit manner. In the quarkonium sector, several
efforts in this direction are in progress [48-56], specifically in the
quantum-Brownian motion limit of small binding and for the case
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of charmonia where perturbative hierarchies are not readily appli-
cable and regeneration from independent charm-quark pairs needs
to be considered. Future developments can therefore be expected
to further consolidate the understanding of the sQGP through HF
observables in URHICs and advance them to the next level.
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