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The mechanism for generating neutrino masses remains a puzzle in particle physics. If neutrino masses
follow from a Dirac mass term, then neutrino states exist with opposite chirality compared to their weakly
interacting counterparts. These inactive states do not interact with their active counterparts at measurable
scales in the Standard Model. However, the existence of these states can have implications for cosmology
as they contribute to the radiation energy density at early times, and the matter energy density at late times.
How Dirac neutrinos may populate thermal states via an anomalous magnetic moment operator is the focus
of this work. A class of models where all neutrinos have a magnetic moment independent of flavor or
chirality is considered. Subsequently, the cross sections for neutrinos scattering on background plasma
particles are calculated so that the relic inactive neutrino energy is derived as a function of plasma
temperature. To do so, one needs cross sections for scattering on all electrically charged Standard Model
particles. Therefore, the scattering cross section between a neutrino andW boson via the magnetic moment
vertex is derived. Current measurements put a constraint on the size of the neutrino magnetic moment from
the cosmological parameter Neff and light-element primordial abundances. Finally, how the extra Dirac
states contribute to the matter energy density at late times is investigated by examining neutrino free
streaming.
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I. INTRODUCTION

In his “Dear Radioactive Ladies and Gentlemen” letter to
the Tübingen meeting of the German Physical Society
(reproduced in Ref. [1]) Wolfgang Pauli, in addition to
proposing the existence of neutrino itself, implied that the
neutrino is massive and hence it interacts via its magnetic
dipole moment. Since Pauli did not explore the possibility
of a new kind of interaction, i.e., the weak interaction, the
magnetic moment he could deduce was too large. After the
weak interaction was introduced by Enrico Fermi and it
was realized that neutrinos could be massless, interest in
the electromagnetic interactions of neutrinos waned since
symmetry considerations suggest that neutrino magnetic
moment would vanish for massless neutrinos. Earlier sur-
veys did not come up with any experimental evidence for
electromagnetic interactions of neutrinos [2]. However, as
solar neutrino experiments found increasingly strong evi-
dence for the presence of nonzero neutrino masses, papers
exploring astrophysical and cosmological implications of a

nonzero neutrino magnetic moment started to appear in the
literature [3–11]. Indeed one of the solutions of the solar
neutrino problem was to invoke interactions of neutrinos
with solar magnetic fields [12].
Within the Standard Model, neutrinos are taken to be

massless. If indeed neutrinos are massive, as the solar
neutrino experiments suggested, then the question arise as
to how they obtain their masses in an extension to the
Standard Model. Since they are neutral fermions, a neutrino
mass term added to the Standard Model Lagrangian
can produce a discernible difference between Dirac or
Majorana character. A Dirac neutrino is distinct from its
antiparticle: Dirac neutrinos carry lepton number þ1 and
Dirac antineutrinos carry lepton number −1. Conversely,
a Majorana neutrino is identical to its antiparticle and
consequently there is no conserved lepton number with
Majorana neutrinos. A free Dirac neutrino, like all the other
charged fermions, is described by a spinor with four
independent components. In contrast, since a Majorana
neutrino is its own antiparticle (i.e., equal to its charge-
conjugate up to a phase), its spinor has only two indepen-
dent components. A direct consequence of this is that a
Majorana neutrino cannot have a diagonal (i.e., connecting
two mass eigenstates that are the same) magnetic moment,
but magnetic moments connecting two different mass
eigenstates are permitted. Dirac neutrinos have no such
constraint.
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Determining the Dirac versus Majorana character of
neutrinos is a major area of research and there exist many
terrestrial experiments dedicated to this search, e.g., neu-
trinoless double beta decay [13–20]. Complementary to the
terrestrial searches, there has been a long history of using
cosmology to probe neutrino properties and interactions.
Early work by Schramm and his collaborators [21,22]
connecting the number of neutrinos to cosmological
parameters and observables brought those efforts to the
forefront. This work particularly emphasized using the
effective relativistic degrees of freedom, Neff , and
the neutrino mass density in the Universe to constrain
the neutrino parameters. The interplay of terrestrial experi-
ments and cosmological observations continues to the
present day [23] and this work follows in the same spirit.
Only left-handed neutrinos (and right-handed antineu-

trinos),1 which are referred to as “active,” take place in
weak interactions. Any neutral fermion that does not
participate in weak interactions is “sterile,” although this
term is more frequently used for those neutral fermions that
mix with the active states and have different mass eigen-
values. To avoid confusion in this work, we will label the
opposite chirality Dirac states (right-handed neutrinos and
left-handed antineutrinos) as “inactive.” Additional inter-
actions of neutrinos beyond the weak interactions (such as
electromagnetic couplings) allow neutrinos to remain in
thermal contact longer during the big bang nucleosythesis
(BBN) epoch [3]. Imposing the condition that production
of inactive neutrino states does not alter the primordial 4He
abundance Morgan obtained a limit of ∼10−11μB [4] on
the neutrino magnetic moment, where μB ¼ e=ð2meÞ is the
Bohr magneton. Further imposing the condition that
inactive states do not increase the effective relativistic
degrees of freedom in excess of one more neutrino species,
Morgan’s limit was relaxed by a factor of ∼3 [24]. This
limit only applies to Dirac neutrinos since for Majorana
neutrinos right-handed states are not additional neutrino
states but represent antineutrinos. The energy dependence
of the reaction cross sections due to the contribution of the
electromagnetic couplings of neutrinos is different than that
of the usual weak interaction couplings. For Majorana
neutrinos with transition (i.e., connecting two different
mass eigenstates) magnetic moments such reactions con-
vert neutrinos into antineutrinos and vice versa. The
resulting change in the reaction rates would alter the
way neutrinos decouple from the plasma of electrons/
positrons and photons. Such considerations can be used
to limit magnetic moments of Majorana neutrinos as was
done in Ref. [25]. The purpose of this paper is to improve
limits on the magnetic moments of Dirac neutrinos using a

careful assessment of the physics of decoupling in the
early Universe, i.e., the epoch at which the scattering
rates of inactive neutrinos become too small to maintain
thermal equilibrium with the plasma of Standard Model
constituents.
To determine the decoupling of the inactive neutrinos,

we require a form for the electromagnetic interaction. We
introduce the electromagnetic vertex function to character-
ize electromagnetic interactions below electroweak sym-
metry breaking [26]

FαðkÞ ¼ fQðk2Þγα þ fMðk2Þiσαβkβ − fEðk2Þσαβkβγ5
þ fAðk2Þðk2γα − kα=kÞγ5: ð1Þ

In Eq. (1), we adopt the conventions σαβ ¼ i½γα; γβ�=2,
γ5 ¼ −iγ0γ1γ2γ3, and =k ¼ γαkα. fQ, fM, fE, and fA are the
electric monopole, magnetic dipole, electric dipole, and
anapole form factors, respectively, for momentum transfer
kα. Using the operator for the magnetic dipole interaction in
Eq. (1), we will calculate scattering amplitudes, cross
sections, and rates as a function of plasma temperature
T. We calculate both elastic scattering (νþ c ↔ cþ ν) and
annihilation (νþ ν̄ ↔ cþ c̄) processes between neutrinos
and charged particles c. As a result of considering the
scattering interactions at times after the electroweak tran-
sition (EWT), we take the Higgs and electroweak bosons
as massive particles. A corollary of this treatment is the
inclusion of electromagnetic interactions between W�
bosons and neutrinos, which we will show have profound
effects on setting limits on the neutrino magnetic moment.
We will loosen the restriction for the quark-hadron tran-
sition (QHT)—where quark and gluon degrees of freedom
disappear and are replaced by hadrons—and consider
epochs before and after this transition. The QHT is included
using the approximate treatment described in Appendix C
and based off of Ref. [27].
The outline of this paper is as follows. We summarize

neutrino magnetic moment interactions and the pertinent
cosmology in Secs. II and III, respectively. Our results for
the early and later Universe are given in Secs. IV and V. In
Sec. VI we present our conclusions. Appendices A and B
cover description of differential cross sections with mag-
netic moment vertices and thermal averaging of the
cross sections. Appendix C details our treatment of the
QHT. Throughout this work, we use natural units where
ℏ ¼ c ¼ kB ¼ 1.

II. MAGNETIC MOMENTS

Comprehensive reviews of neutrino electromagnetic
interactions in the context of both the Standard Model
and physics beyond the Standard Model are available in the
literature [28–30]. The value of the neutrino magnetic
moment in the minimally extended (i.e., to include the
neutrino mass) standard electroweak theory is very small.

1We note that these states should properly be called left chiral
or right chiral, not left handed or right handed. Nevertheless, we
adopt the nomenclature present in the literature when referring to
the chiral states.
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Using the expression for the one-loop electromagnetic
vertex for fermions [31] it was calculated to be order of
10−20μB [32]. Given our current knowledge of the neutrino
masses and mixing angles, the updated prediction of the
Standard Model, minimally extended to allow massive
neutrinos, for the electron neutrino magnetic moment is
even smaller [33]. In contrast, the most stringent laboratory
limit on the neutrino magnetic moment obtained from
electron scattering experiments is orders of magnitude
larger: 2.9 × 10−11μB [34]. Recently excess electron recoil
events at the XENON1T detector [35] was interpreted as a
possible signature of the neutrino magnetic moment [36].
PandaX collaboration reports a neutrino magnetic moment
limit of 4.9 × 10−11μB using the low energy electron recoil
events [37]. A recent analysis of the LUX-ZEPLIN data
similarly limits the effective neutrino magnetic moment
data to be less than 1.1 × 10−11μB [38]. Finally, a recent
analysis of XENONnT data yields the most stringent limit
for electron-flavor neutrino magnetic moment of 0.9 ×
10−11μB [39]. All three limits would rule out the neutrino
magnetic moment interpretation of the XENON1T data.
Large magnetic moments of neutrinos would have very

interesting implications for astrophysics and cosmology.
If there is an electromagnetic channel to produce neu-
trinos besides the usual weak one, then these additional
neutrinos transfer more of the energy and entropy over
large distances. It was remarked quite some time ago that
extra energy loss due to the additional electromagnetic
neutrino pair emission can limit the value of neutrino
magnetic moment [2]. Indeed right after the observation
of SN 1987A, it was shown that bounds on the flux of
right-handed neutrinos from a core-collapse supernova can
be translated into bounds on neutrino magnetic moments
[40–42]. Perhaps the tightest astrophysical bound comes
from red giant stars at globular clusters; the increased
energy loss resulting from the electromagnetic neutrino pair
production near the helium flash could lead to an increased
core mass [7]. The most recent such analysis yields a limit
in the range of ð1.2 − 1.5Þ × 10−12μB [43]. Other energy
loss arguments typically yield less stringent limits. For
example additional energy losses would eliminate the blue
loops in the evolution of intermediate-mass stars; hence for
Cepheid stars to exist, the neutrino magnetic moment
should be smaller than the range ∼2 × 10−10μB − 4 ×
10−11μB [44]. Similarly if the neutrino magnetic moment
is of the order of 10−12μB, additional energy losses can
explain the enhanced lithium abundance observed in red
clump stars [45]. An examination of the pulsations [46] or
the luminosity function of hot white dwarfs [47] give
similar limits. However such limits are subject to large
uncertainties, such as the rate of the 12C reaction or the
stellar metallicity. It was suggested that it is possible to
evade such astrophysical limits [48] by invoking new
interactions of the neutrino with a light scalar boson
[49–51]. One can use spin-flavor precession of neutrinos

to assess the value of the neutrinomagnetic moment. Amore
recent analysis using this approach with ultra-high-energy
neutrinos is consistent with a limit of 1.2 × 10−11μB [52].
More recent work from astrophysics and cosmology con-
sidered transition magnetic moments between active and
additional sterile neutrino states [53–55]. These limits are
also of the order of 10−11μB.
The constraints on neutrino magnetic moment, such as

those listed in the previous paragraph, are obtained con-
sidering neutrino electromagnetic scattering takes place in a
plasma consisting of charged particles and antiparticles in
the early Universe. In such an environment screening of
photons needs to be taken into account. We adopt a static
screening prescription. Hence photons acquire an effective
mass, which we denote by mγ. The inverse of this mass is
the Debye screening length for electromagnetic inter-
actions. It is given by

m2
γ ¼

1

λ2D
¼ 4πα

X
i

q2i
∂

∂μi

h
nð−Þi − nðþÞ

i

i
: ð2Þ

In Eq. (2), α is the fine structure constant, nð∓Þ
i is the

number density for particles (antiparticles), respectively.
The partial derivative is with respect to the particle
chemical potential and qi is the charge coefficient of the
particle for each particle-antiparticle pair (e.g., for an
electron-positron plasma q2i ¼ 1). Assuming thermal equi-
librium and vanishing chemical potentials and masses for
all particles, we obtain

m2
γ jmi¼0;μi¼0 ¼

2πα

3
T2

X
i

q2i gi; ð3Þ

where T is the plasma temperature and gi are the internal
degrees of freedom from spin, color, etc. The effective
photon mass is plotted in Fig. 1 as a function of the

FIG. 1. Effective in-medium photon mass plotted as a function
of plasma temperature [see Eq. (2)].
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temperature. At very early times many particles are present
in the plasma. As the Universe evolves, the particle-
antiparticle pairs annihilate one by one into lighter particles
and no longer contributing to the effective photon mass
in Eq. (2).
One can also explore dynamic effects on neutrinos

coming from the plasma background [56,57] The authors
of Refs. [58,59] explored such effects and found changes in
Neff comparable to what we describe later in this article.
This is perhaps not unexpected. For example in Ref. [60] it
was reported that light element abundances in BBN does
not change when one considers dynamic screening.
In our analysis we will use only the magnetic-moment

term of the neutrino electromagnetic vertex function in
Eq. (1), namely fMðk2Þiσαβkβ. We adopt the symbol κ for
the neutrino magnetic moment, defined as the magnetic
dipole form factor in the forward-scattering limit, i.e.,
κ ≡ fMðk2 ¼ 0Þ, which we scale to the Bohr magneton as

κ ¼ μ
e

2me
; ð4Þ

using the dimensionless parameter μ and not to be confused
with the chemical potentials in Eq. (2). We will include
the effective photon mass from Eq. (2) when calculating
scattering amplitudes and the resultant cross sections and
rates. For example: including in-medium effects modifies
the well-known differential cross section expression for
elastic scattering from charged fermions to the following

�
dσ
dt

�
νf

¼ πq2fα
2

m2
e

μ2
t

ðt −m2
γÞ2

sþ t −m2
f

s −m2
f

ð5Þ

for each charged fermion with a mass mf and charge
coefficient qf. In Eq. (5), the magnetic moment μ is given
in units of Bohr magneton, hence me in the prefactor is the
same for all fermions since it comes from the definition of
μB. s and t are the usual Mandelstam variables.
We list the differential cross sections used in this work

in Appendix A. To obtain integrated cross sections, these
expressions need to be integrated from tmin ¼ −ðs−m2

i Þ2=s
to tmax ¼ 0 to give the cross section as a function of s and
T, for each target massmi. Returning to the example for the
differential cross section in Eq. (5), integrating over t gives

σνfðsÞ ¼
πq2fα

2

m2
e

μ2
��

1þ 2m2
γ

s −m2
f

�
log

�
1þ ðs −m2

fÞ2
sm2

γ

�

−
s −m2

f

s
− 1þ m2

γm2
f

sm2
γ þ ðs −m2

fÞ2
�
: ð6Þ

We have explicitly given the cross section for elastic
scattering off of fermions in Eq. (6), but for all the other
cross sections we numerically integrate the differential
cross sections. After obtaining a cross section like the one

in Eq. (6), we can calculate the thermal average of cross
section multiplied by the Moller speed [61], namely

hσkvMoli ¼
g1g2
ð2πÞ6

R
d3p1

1
eE1=Tþ1

R
d3p2σkvMol

1
eE2=T�1

g1g2
ð2πÞ6

R
d3p1

1
eE1=Tþ1

R
d3p2

1
eE2=T�1

; ð7Þ

where the k subscript indicates a specific scattering target
and process. In writing Eq. (7), we have assumed equilib-
rium distributions for the incoming neutrino (labeled as
particle 1) and the scattering target (particle 2) and ignored
the Pauli blocking/Bose enhancement of the products.
The� 1 in the distribution function for particle 2 corre-
sponds to either fermions (þ) or bosons (−). For elastic
scattering, the target particle is charged, whereas for
annihilation it is an antineutrino. Appendix B gives
simplified expressions for Eq. (7) in the case of scattering
off of either fermions or bosons, and the annihilation
process.
The last step in the procedure is to calculate the

scattering rate using the thermally averaged hσkvMoli
number density of incoming neutrinos, nν

Γk ¼ nνhσkvMoli: ð8Þ

Including the example specifically given in Eq. (5), we
calculate the individual rates for the processes of elastic
scattering and annihilation for each charged particle target
or product. Summing over all of the individual rates
gives us a total scattering rate Γν as a function solely of
temperature and μ.
Returning again to the example in Eq. (6), one can see

that to leading order σ does not scale with temperature. In
fact, hσvMoli also does not scale with T to leading order.
Only the number density nν in Eq. (8) provides a nontrivial
T3 scaling. The Hubble expansion rate scales as T2,
implying that the magnetic moment interaction keeps the
inactive neutrino states thermally populated at high temper-
atures, but become ineffective at lower temperatures.

III. COSMOLOGY

The scattering and annihilation rates via the magnetic-
moment vertex all scale as μ2, implying that increasing μ
will increase the interaction rate and postpone the point
when the inactive states decouple from the plasma. In
principle, decoupling could occur at low temperatures
when the matter energy density comprises a significant
fraction of the total energy density. As we will show in
Sec. IV, current cosmological bounds imply that inactive
neutrinos must decouple at early times, when the Universe
is dominated by radiation.
For radiation-dominated conditions, we will parametrize

the energy density in two different ways. When doing a
calculation to determine decoupling, we use the parameter
g⋆ as an effective spin statistic constant [62]
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ρ ¼ π2

30
g⋆T4: ð9Þ

When showing results on extra radiation energy density, we
use the effective number of degrees of freedom, Neff , to
parametrize the radiation energy density. We delay dis-
cussion of Neff until Sec. IV. g⋆ contains contributions
from massless and massive particles. To determine g⋆, we
first calculate the total energy density using the appropriate
Bose-Einstein or Fermi-Dirac (FD) equilibrium distribution
function

ρ ¼
X
i

gi

Z
d3p
ð2πÞ3 EfiðEÞ; ð10Þ

where the energy E is related to the rest mass mi through
E ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
. We equate Eqs. (9) and (10) and solve

for g⋆ as a function of temperature. Figure 2 shows the
relation between g⋆ and plasma temperature employed in
our decoupling calculations. At the TeV scale, the entire
Standard Model is present with ultrarelativistic kinematics.
As the Universe expands and the temperature decreases,
the equilibrium abundances of massive particles become
Boltzmann suppressed and their respective degrees of
freedom vanish. The “plateau-hill” pattern in Fig. 2 shows
multiple instances of vanishing degrees of freedom. When
the temperature reaches 10 MeV, only photons, electrons,
and neutrinos contribute to g⋆. Included in the calculation
of g⋆ are the six inactive neutrino states at all temperatures.
To construct the plot in Fig. 2 we make a number of

simplifying assumptions. First, we take the masses of the
Higgs, vector bosons, and the top quark to be constant and
equal to their vacuum values at all times. In reality, these
and other particles acquire their masses during the EWT
which occurs at ∼140 GeV [63]. As a result, our values for

g⋆ for T ∼ 140 GeV are an underestimate in Fig. 2. Second,
we use a fitting function to model the dynamics of the QHT
centered at T ∼ 170 MeV. The fitting procedure produces a
local maximum at T ∼ 200 MeV when bound hadronic
states coexist with free quarks and gluons. Despite the local
maximum, the energy density monotonically decreases
with decreasing temperature at all times during the tran-
sition. Appendix C gives details on the fitting procedure
adopted from Ref. [27].
Equation (9) ignores any contribution to the total energy

density from matter or vacuum, appropriate for our pur-
poses of inactive neutrino decoupling in the radiation-
dominated regime. We can calculate the Hubble expansion
rate with g⋆ to yield

H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8π

3m2
pl

ρ

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4π3

45
g⋆

r
T2

mpl
; ð11Þ

where mpl ¼ 1.2 × 1019 GeV is the Planck mass.
Equation (11) shows that the Hubble expansion rate scales
as T2. The previous section showed that the magnetic-
moment interaction rates scale as ∼ T3. As a result, inactive
neutrinos will maintain thermal equilibrium with the
plasma at high temperatures, and eventually freeze-out
and free stream at lower temperatures. Figure 3 shows
the total magnetic-moment interaction rate (solid blue) and
Hubble expansion rate (dashed green) each as a function
of temperature. For this particular example, the magnetic-
moment strength is taken to be μ ¼ 10−13. For our
purposes, we approximate decoupling as an instantaneous
event when the interaction rate falls below the Hubble
expansion rate

Γν < H ⇒ decoupled: ð12Þ

FIG. 2. Hubble expansion rate parameter g⋆ plotted as a
function of temperature. Included in the calculation of g⋆ are
the six degrees of freedom from the inactive neutrino states.

FIG. 3. Rates plotted against temperature. The inactive neu-
trino scattering rate (solid blue) is for a magnetic moment
strength μ ¼ 10−13. Also given is the Hubble expansion rate
(dashed green).
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For the example in Fig. 3 we estimate the decoupling
temperature as Tdec ≃ 200 GeV. The magnetic-moment
interaction rate scales as T3 at low temperatures. Once
W� bosons are present in the plasma (T ∼ 100 GeV), the
interaction rate increases dramatically, scaling as T7. This
change in the scaling law is present in Fig. 3 at a temper-
ature scale comparable to the W� rest mass.
In our calculations, the magnetic-moment interaction

rate is solely a function of the dynamical variable T and the
model parameter μ. All interaction rates are proportional
to μ2, so an individual rate has the same temperature
dependence as the blue curve in Fig. 3 with an overall
scaling dependent on μ. As a result, we can fix a decoupling
temperature Tdec and solve for the corresponding μ by
locating where the interaction rate falls below the Hubble
expansion rate. Figure 4 shows the magnetic moment
strength as a function of the decoupling temperature.
The general behavior of the curve shows that increasing
magnetic-moment strengths delays decoupling. The
shoulder at T ∼ 100 GeV is again due to the presence of
W� bosons in the plasma, akin to the behavior of the blue
curve in Fig. 3.

IV. EARLY UNIVERSE RESULTS

With the presence of the inactive Dirac states, there exists
more energy density in the neutrino sector. The inactive
states have identical mass eigenvalues to those of the active
neutrinos, and so their masses are small. At early times,
before photon decoupling, all of the neutrinos are ultra-
relativistic and their energy density contributes to radiation.
At later times and the current epoch, the neutrino energy
density contributes to matter. In this section we discuss the
implications at early times for the cosmic microwave
background (CMB) and BBN.

During atomic recombination, the radiation energy
density is composed of photons, active neutrinos, and
inactive neutrinos. We assume that inactive-neutrino
decoupling and active neutrino decoupling preserve the
Fermi-Dirac spectra of the various neutrino species (see
Refs. [64–72] among others on noninstantaneous decou-
pling). The implication is that we can use temperaturelike
variables for the three components of the radiation.
Therefore, we write the radiation energy density during
recombination as the following:

ρrad ¼
π2

15
T4 þ 3 ×

7π2

120
T4
a þ 3 ×

7π2

120
T4
i ; ð13Þ

where Ta is the active neutrino temperaturelike quantity,
and Ti is a comparable quantity for the inactive neutrinos.
Conservation of comoving entropy gives the familiar
relation between Ta and T [62]

Ta

T
¼

�
4

11

�
1=3

: ð14Þ

The same principle applies for deducing the ratio Ti=T,
and we find

Ti

T
¼

�
43

11

1

gdec⋆;S

�
1=3

; ð15Þ

where gdec⋆;S is the effective entropic degrees of freedom
at inactive-neutrino decoupling Tdec (see Fig. 4). gdec⋆;S is
related to gdec⋆ by subtracting off the inactive neutrino
degrees of freedom

gdec⋆;S ¼ gdec⋆ −
7

8
× 6: ð16Þ

Using the cosmological parameter Neff and the temper-
ature ratios in Eq. (13), we can relate Neff to gdec⋆;S

Neff ¼ 3

�
1þ

�
43

11

1

gdec⋆;S

�
4=3

�
: ð17Þ

Figure 5 shows the change in Neff in the presence of the
inactive neutrino states. The vertical axes are the change in
Neff from 3, namely

ΔNeff ≡ Neff − 3 ¼ 3

�
43

11

1

gdec⋆;S

�
4=3

: ð18Þ

The horizontal axes give a range of μ. In the top panel, we
show the entire range of μ studied in this work, where
the lower limit corresponds to Tdec ∼ 1 TeV and the upper
limit to Tdec ∼ 1 MeV. For the large magnetic-moment
strengths, the inactive neutrinos decouple at the same time

FIG. 4. Magnetic moment strength μ, corresponding to an
interaction rate below the Hubble expansion rate, plotted as a
function of decoupling temperature.
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as the active neutrinos do, implying that Ta ¼ Ti and both
sectors contribute equally to Neff .
The bottom panel of Fig. 5 shows a restricted range

of μ, corresponding to decoupling before the QHT.We have
inserted horizontal lines to show the 1σ limits from the
Planck mission [73] and projections from CMB Stage IV
[74]. We observe that at the level of 1σ, μ ≃ 5 × 10−12

would produce a value ofNeff in tension with Planck. In the
future, if CMB-S4 does not see any evidence of extra
radiation energy density, then Dirac neutrinos could not
have been in thermal equilibrium below the EWT to nearly
4σ level.
With an increase in radiation energy density, the Hubble

expansion rate also increases which leads to an earlier
epoch of weak freeze-out and nuclear freeze-out during
BBN [75] (see Ref. [76] for the present status on BBN
observations). Figure 6 shows the relative differences in the
helium-4 mass fraction, YP, and the ratio of deuterium to
hydrogen, D=H, as solid blue and dashed green lines,

respectively. The relative differences are computed by
comparing to a baseline where there are no inactive
Dirac states, and the active neutrinos decouple at a tem-
perature of 10 MeV. The horizontal axis in Fig. 6 is the
same range in μ as the bottom panel of Fig. 5. The shapes of
the curves in Fig. 6 andΔNeff in Fig. 5 are all similar to one
another as the abundances linearly scale with Neff in this
range [77]. D=H is more sensitive to Neff and so has a
larger deviation from the baseline value than YP. For
δðD=HÞ < 1%, μ≲ 4 × 10−12, in line with the 1σ Planck
limit from Fig. 5.

V. LATER UNIVERSE RESULTS

For the various epochs prior to photon decoupling,
neutrino masses are small compared to the momenta,
and so we approximated neutrinos as massless for calcu-
lations of energy density and interaction rates in Sec. IV.
After neutrinos decouple from electrons and positrons (an
epoch well before the photon-decoupling one), they con-
tinue to have ultrarelativistic kinematics and move at
speeds nearly that of light. During these later epochs
neutrino kinematics will become increasingly nonrelativ-
istic in an expanding Universe. Accordingly, neutrino
3-momenta will redshift and asymptotically approach zero,
implying the neutrino rest mass contribution evolves from
a negligible to the dominant component of the neutrino
energy density. As a result, we will need to discard our early
Universe approximation of neutrinos being massless.
Typically, the dynamics of massive neutrinos is included

in cosmology by extending the ΛCDM model to include
the “sum of the light neutrino masses” parameter, denoted
as Σmν [78,79]. The presence of neutrino rest mass changes
the growth of smaller versus larger-scale structure as
neutrinos free stream during the initial stages of structure
formation, but act as component of the total matter energy

FIG. 5. Change in Neff versus magnetic moment strength. The
top panel shows the entire range of magnetic moments explored
in this work. The bottom panel is a narrow range for low values of
μ. Also plotted is the 1σ uncertainty from the Planck mission [73]
and the proposed 1σ uncertainty from CMB-S4 [74].

FIG. 6. Relative changes in primordial abundances plotted as a
function of μ. The solid blue curve gives the relative change in the
helium mass fraction ðYPÞ and the dashed green curve gives the
relative change in the deuterium abundance ðD=HÞ.
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density at later stages. The difference in the structure
growth rates yields a modified matter power spectrum,
which can be elucidated by considering weak gravitational-
lensing of the CMB convolved with matter distributions
from cosmological surveys [80]. The transition between the
small and large-scale regimes depends on Σmν, but also
depends on the spectrum of the neutrinos. If we introduce a
nonthermal portion to the total cosmic neutrino spectrum
via a low-energy contribution from the inactive Dirac
states, we change the epoch when neutrinos become
nonrelativistic and hence the matter power spectrum and
weak-lensing potential are appropriately altered.
A theoretical calculation of the lensing potential in the

presence of anomalous magnetic moments for massive
neutrinos is beyond the scope of our exploratory work.
As an alternative to calculating the lensing potential, we
will investigate the dependence of Σmν and μ on free
streaming. Neutrinos move at speeds less than the
speed of light, implying the more massive the neutrino
the earlier it will become nonrelativistic over the history
of the Universe. This implies a smaller free-streaming
scale, λfs. We will use the free-streaming wave number
kfs ¼ 2πa=λfs (at scale factor a) to evaluate the roles of
neutrino rest mass and anomalous magnetic moment
strength on late-time cosmology.
Neutrinos will begin to move at speeds appreciably less

than the speed of light once their momenta become
comparable to their masses. The results of Neff from the
previous section showed that the inactive neutrinos must
decouple from the plasma prior to the active neutrinos,

implying that the comoving temperature quantity for the
inactive states, Ti, is smaller than the counterpart quantity
for the actives, Ta. In fact, if Ti ≪ Ta, there is a possibility
that the inactive states could become nonrelativistic in the
early Universe. For the range of magnetic moment strength
we consider in this work, the inactive states do not become
nonrelativistic until well after photon decoupling.
We adopt the definition of kfs from Eq. (93) in Ref. [78]

kfsðtÞ ¼
ffiffiffi
3

2

r
aðtÞHðtÞ
vthðtÞ

; ð19Þ

where t is the time coordinate and vth is akin to the thermal
speed with more explanation below. For our purposes, we
will use the scale factor a as an independent variable. If we
consider the current epoch where a ¼ a0, we will denote
the free-streaming wave number as kfs;0. To incorporate the
physics of anomalous magnetic moments, we will calculate
the thermal speed using an ensemble average over the
inactive and active states. We describe both the active
and inactive neutrino states using FD distributions with
their respective comoving temperature quantities. All mass
eigenstates for the active neutrinos have the same distri-
bution with Ta, and similarly for the inactive states with Ti.
Due to Ti ≠ Ta, the thermal speed is not a true thermal
average, but instead an ensemble average. Nevertheless, we
adopt the nomenclature of thermal speed for consistency
with the literature. The thermal speed in our cosmology
with anomalous magnetic moments is

vth ¼
2 ×

P
3
j¼1

R
∞
0

d3p
ð2πÞ3

1
ep=Taþ1

p
Ej
þ 2 ×

P
3
j¼1

R
∞
0

d3p
ð2πÞ3

1
ep=Tiþ1

p
Ej

2 ×
P

3
j¼1

R
∞
0

d3p
ð2πÞ3

1
ep=Taþ1

þ 2 ×
P

3
j¼1

R
∞
0

d3p
ð2πÞ3

1
ep=Tiþ1

; ð20Þ

where Ej ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

j

q
and the summations over j are for the three separate mass eigenstates. Note that Ti and Ta redshift

with scale factor, so vth also depends on scale factor. At high temperatures—equivalently low scale factor a—the neutrinos
are ultrarelativistic and p=E ∼ 1 and so vth ∼ 1. Conversely, at high scale factor p=E < 1. We can simplify Eq. (20) to
the following:

vth ¼
2

9ζð3Þ½T3
a þ T3

i �
Z

∞

0

dϵ
ϵ2

eϵ þ 1

X3
j¼1

2
64 T3

affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðmj

ϵTa
Þ2

q þ T3
iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðmj

ϵTi
Þ2

q
3
75; ð21Þ

where we have used ϵ ¼ p=Tx for either x ¼ a, i. Figure 7
shows the evolution of kfs as a function of the ratio a=a0. To
plot kfs, we need the following model input parameters:
the ratios of temperature quantities Ti=T and Ta=T; and the
light neutrino mass eigenstates. Ti=T is a function of
the magnetic moment strength μ implied in Eq. (15),
and Ta=T ¼ ð4=11Þ1=3. For the mass eigenstates, we use
the parameter Σmν and specify an ordering, either normal

or inverted, using the solar and atmospheric mass splitting
values where appropriate [81]. For both curves in Fig. 7, we
pick μ ¼ 1.88 × 10−14. The solid blue curve uses Σmν ¼
60.6 meV with a normal mass ordering, i.e., a smallest
mass eigenvalue m1 ¼ 1 meV. To show the effect of mass
on kfs, we also plot a dashed green curve using massless
neutrinos, i.e., using vth ¼ 1. The neutrino energy density
differs between the two cosmologies. For the purposes of
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comparing the two models, we preserve the Hubble
expansion rate at the current epoch by adjusting the vacuum
energy density, i.e., we decrease ρΛ for increasing Σmν.
For a=a0 ≳ 10−3, we see that the blue curve diverges from
the green curve due to massive neutrinos becoming non-
relativistic. The increase in kfs corresponds to a decrease in
power on small scales at later times. The divergence
increases to the current epoch, at which point kfs differs
by an order of magnitude between the two cosmologies.
For concreteness, we give the two values at the current
epoch

kfs;0ðΣmν ¼ 60.6 meVÞ ¼ 1.70 × 10−3; ð22Þ

kfs;0ðΣmν ¼ 0 meVÞ ¼ 2.74 × 10−4: ð23Þ

We have employed a cosmology in Fig. 7 where the
magnetic-moment interaction populates the inactive states
resulting in a larger value of Neff . At this point, we give a
brief digression to discuss how neutrino rest mass affects
kfs when magnetic moments are not present but ΔNeff > 0.
For a cosmology where ΔNeff ¼ 0, yet neutrinos have
nonzero masses, we can compensate for the larger neutrino
energy density by using a smaller vacuum energy density
fraction, ΩΛ, to preserve the Hubble expansion rate at
the current epoch. We use the same prescription when
ΔNeff > 0, regardless of whether that extra radiation
energy density is from neutrinos or some other undeter-
mined particles. For the base values ofΩΛ and the cold dark
matter fraction we use in this work [73], a small decrease
in ΩΛ implies a younger Universe, and therefore a lower
value of the free streaming length and larger value of
kfs. When we introduce the inactive Dirac states via

μ ¼ 1.88 × 10−14, kfs;0 does not vary at all from the base
cosmology if neutrinos were massless. This is a result of
vth ¼ 1 and our prescription of fixing the Hubble expansion
rate at the current epoch to be the same in Eq. (19)
regardless of the cosmological model. On the other hand,
for massive neutrinos with Σmν ¼ 60.6 meV and vth ≠ 1,
the value in Eq. (22) is 5% higher than the comparable
cosmological model with massive neutrinos and unpopu-
lated inactive states.
Figure 7 shows the impact on kfs when neutrinos become

nonrelativistic. At the current epoch, the CMB photon
temperature is T ¼ 2.726 K, implying that the active
neutrino temperature is Ta ¼ 0.17 meV. For Σmν ¼
60.6 meV in a normal ordering, the neutrinos with the
two heavier mass eigenvalues are nonrelativistic and have
been for much of the history of the Universe. Decreasing
Σmν below 60.6 meV to its absolute minimum of 59.6 meV
only slightly changes the values of m2 and m3, but it has a
significant effect on kfs. Although Σmν changes by less than
2%, kfs decreases by nearly 60%. The decrease is entirely
due to the kinematics of the neutrinos with the smallest

mass eigenvalue m1. Figure 8 shows the quantity kð1Þfs;0

plotted against m1. k
ð1Þ
fs;0 is the free-streaming wave number

for only the neutrinos with m ¼ m1. We calculate kð1Þfs;0 by
first replacing the summations in Eq. (20) for vth with
single calculations where mj ¼ m1, and then calculating
the free-streaming wave number with Eq. (19). For
m1 ¼ 1 meV, Fig. 8 shows that the distribution of lightest
mass neutrinos is in transition from ultrarelativistic to
nonrelativistic at the current epoch. Decreasing m1 ≲
0.1 meV ensures the lightest neutrinos are ultrarelativistic
for the entire history of the Universe.

FIG. 7. kfs plotted as a function of expansion parameter ratio
a=a0. Solid blue line is for massive neutrinos as given in Eq. (21)
with Σmν ¼ 60.6 meV in the normal mass ordering. Dashed
green line is kfs if neutrinos were massless, i.e., mj ¼ 0 in
Eq. (21). For both curves, we take the neutrino magnetic moment
strength to be μ ¼ 1.88 × 10−14.

FIG. 8. Free-streaming wave number for the neutrinos with
lightest mass eigenvalue m1 plotted as a function of m1 (meV).

kð1Þfs;0 is calculated by setting the summations in Eq. (20) for vth
only to range over j ¼ 1, and includes active and inactive
neutrinos for the model μ ¼ 1.88 × 10−14.
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We have used a model where μ ¼ 1.88 × 10−14 when

plotting kð1Þfs;0 in Fig. 8. For other values of μ, kð1Þfs;0 vs. m1

would look qualitatively identical to Fig. 8. One of the
quantitative differences for differing μ models is the value
of m1 where the kinematics of the neutrinos transition from
relativistic ðE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

p
Þ to ultrarelativistic (E ¼ p),

represented by the ramp-up from the plateau of kð1Þfs;0 in
Fig. 8. There are two competing effects that alter the point
of departure from the plateau. First, the inactive neutrino
temperature is always smaller than the active neutrino
temperature, and so the inactive neutrinos with a given
mass depart from ultrarelativistic kinematics before the
actives with that same mass in the history of the Universe.
Figure 4 implies that the ratio Ti=Ta decreases with
decreasing μ, so models with smaller μ have earlier points
of departure in Fig. 8. However, in opposition to this first
effect is the fact that smaller Ti implies a smaller number
density for the inactive neutrinos. A smaller number density

increases kfs (and by extension kð1Þfs;0) in Eq. (21), implying
models with smaller μ would have a later point of departure
in Fig. 8.
To show the competition between temperature and

number density, we consider how kfs;0 varies with μ for a
fixed m1 or equivalently a fixed Σmν. Figure 9 shows
how kfs;0 changes with μ for Σmν ¼ 60.6 meV in a
normal ordering. The higher values of μ show the effect
of Ti=Ta close to unity, whereas the lower values show
the effects of a smaller number density. There is a global
maximum for these models at μ≲ 10−10, corresponding
to a decoupling temperature Tdec ≃ 100 MeV. This epoch
occurs in proximity to the QHT and therefore the exact
value of the global maximum is dependent on the
treatment of the QHT. The shape of the curve in
Fig. 9 is a function of the temperature ratio Ti=Ta. A
larger value of Σmν acts to shift the curve down to

smaller values of kfs;0 while preserving Ti=Ta and the
shape of that curve.
Finally, we show how kfs;0 changes with Σmν for

the normal (solid blue) and inverted (dashed green)
orderings in Fig. 10. Both curves use a model where
μ ¼ 1.88 × 10−14. The apparent asymptote at the lowest
values of Σmν for each ordering are a result of neutrinos
with mass eigenvalue m1 staying ultrarelativistic until the
current epoch, analogous to the descent to the plateau in
Fig. 8. kfs;0 has a smaller minimum value for the normal
ordering as a result of a smaller neutrino energy density and
older Universe. We have plotted the 2σ constraint on Σmν

from the Planck mission [73] and a 4σ forecast from CMB-
S4 [74]. If CMB-S4 finds a nonzero value for Σmν, then
scales such as the free-streaming length would differ
between the two orderings.

VI. CONCLUSIONS

The mechanism which generates the neutrino mass has
yet to be determined, and as a result the nature of whether
neutrinos are Majorana or Dirac is unknown. In this work,
we have considered the cosmological implications on the
existence of the inactive Dirac states and how they may be
thermally populated at an early epoch in the history of
the Universe. Both Dirac and Majorana neutrinos could
impact Neff through undetected interactions. For example,
electromagnetic scattering of electrons and positrons with
Majorana neutrinos changes the spectra of the active
component through a heat flow from the electromagnetic
plasma into the neutrino seas [25]. In the models con-
sidered in this work, electromagnetic scattering channels
of charged particles with Dirac neutrinos populate the

FIG. 9. kfs;0 plotted as a function of magnetic moment strength
μ. Σmν ¼ 60.6 meV in the normal ordering.

FIG. 10. kfs;0 from Eq. (21) plotted as a function of Σmν (meV).
Solid blue line is for the normal ordering, and dashed green line
for the inverted ordering. Plot is for the model μ ¼ 1.88 × 10−14.
Also plotted are the current constraints on Σmν from the Planck
mission at 2σ (Ref. [73]) and a forecast from CMB-S4 at 4σ
(Ref. [74]).
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inactive states while preserving the FD spectra of the
active states.
Motivated by the search for phenomenological differences

between the Majorana versus Dirac nature of neutrinos, we
studied a class of interactions between Dirac neutrinos and
StandardModel particles not mediated by theweak force. As
a hypothesis, the model we employed utilizes anomalous
neutrino magnetic moments and an associated electromag-
netic vertex, namely iκσαβkβ in Eq. (1), to couple neutrinos to
charged leptons, quarks, and W� bosons. We calculated
thermally averaged cross sections for both the elastic
scattering and the annihilation processes using the Debye
screening length to reflect the bath of charged particles
present in the plasma of the early Universe. In addition, we
calculated the two scattering cross sections between neu-
trinos and W� for the first time using a magnetic moment
vertex (see Appendix A). With these cross sections, we
compare the associated scattering rates to the Hubble
expansion rate to find a decoupling temperature as a function
of the neutrino magnetic moment, parametrized using μ.
Figure 4 shows the relation between the decoupling temper-
ature and μ, where the scaling law changes around
T ∼ 100 GeV due to the presence of the W� bosons.
With the additional neutrino states populated, we were

able to calculate changes toNeff , the primordial abundances
YP and D=H, and the free-streaming wave number. Our
strongest limits on μ come from those of Neff using
parameter estimations from the Planck mission [73].
Table I gives limits from experiments [34,82–85], other
astrophysical or cosmological sources [25,43–45], and
finally our current work, and will be further constrained
with upcoming CMB experiments. More specifically, the
relation between Neff and μ in Fig. 5 is sensitive to how one
treats the EWT and QHT. In terms of computing direct
energy density, the QHT is obviously the more sensitive
probe. However, if CMB-S4 pushes the limits on Neff to
epochs preceding the QHT, the EWT becomes more

pertinent. We caution though that the EWT is not well
understood and the scaling relations between the rates and
μ may differ above electroweak symmetry breaking. Our
results above ∼100 GeV should be taken as extrapolations.
We note two points about our work which is unique to

Dirac neutrinos but not anomalous magnetic moments in
the context of cosmology. The first is the fact that there
must exist three eigenstates for the inactive states with mass
eigenvalues identical to the active neutrinos. When con-
sidering the energy density of a new low-mass particle in
the early Universe, Dirac neutrinos come with a factor of 3
attached and as a result increase the energy density over
that of a single neutral fermion [see both Fig. (21) in
Ref. [74] and Ref. [87]]. Second and related to the first, the
inactive neutrinos have nonzero masses—negligible at
early times but not at late. Structure growth and neutrino
free streaming are indeed dependent on the population of
the inactive neutrinos, although those states cannot be
thermally populated. A corollary of this result is that the
inactive states must have different temperatures or spectra
than the actives. Together, the low-mass and extra states of
Dirac neutrinos give two methods to probe the neutrino
spectra and search for new physics in cosmology.
We have examined the implications of Dirac neutrinos

with anomalous magnetic moments on early and late-time
cosmology in this work; and is a follow-up to the Majorana
case of Ref. [25]. In a standard seesaw mechanism [30,88],
the three active states are Majorana neutrinos; the three
sterile states have mass eigenvalues much heavier than the
active states and cannot be probed by current cosmological
observations. However, there exists a possibility that those
three sterile states could have mass eigenvalues nearly
degenerate with the active ones. This possibility of neu-
trinos being “pseudo-Dirac” has been studied in the case of
the diffuse supernova background [89] and mentioned in
the case of early time cosmology [90]. If this mass model
holds and neutrinos have anomalous magnetic moments,
then they are Majorana particles and the analysis of BBN

TABLE I. Summary of limits on neutrino magnetic moments. Adapted from Table III of Ref. [86].

Method Limit (in units of μB) Notes

Reactor 2.9 × 10−11 GEMMA [34]
Accelerator νe-e− 10−11 LAMPF [82]
Accelerator ðνμ; ν̄μÞ-e− 6.8 × 10−10 LSND [83]
Accelerator ðντ; ν̄τÞ-e− 3.9 × 10−7 DONUT [84]
Dark matter direct detection 4.9 × 10−11 PandaX [37]
Dark matter direct detection (νe) 0.9 × 10−11 XENONnT [39]

Solar ð7BeÞ 5.4 × 10−11 Borexino [85]
Red giant stars 1.2 × 10−12 Ref. [43]
Cepheid stars 2 × 10−10 Ref. [44]
Lithium in red clump stars 10−12 Ref. [45]

Cosmology (Majorana) 10−10 Ref. [25]
Cosmology (Dirac) 5 × 10−12 This work (Neff limit from Planck [73])
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in Ref. [25] would apply. In addition, the analyses on early
and late time cosmological energy density in this work
would also be relevant. Although such a hybrid situation is
intriguing, Ref. [25] showed that the magnetic moment
needs to be ∼ 10−10μB to influence the neutron-to-proton
rates (and subsequent abundances) through altered neutrino
spectra. If additional nonactive or sterile states can be
populated via an anomalous magnetic moment, then Fig. 5
shows that the Neff would be nearly 6.0 and ruled out by
current cosmological parameter estimation. For early time
cosmology, pseudo-Dirac cannot be distinguished from
uniquely Dirac via anomalous magnetic moments.
Where there might be a difference between these two

mass models is interpreting Σmν from large-scale-structure
growth. If κ < 10−10μB and the mass eigenvalues for the
sterile states are nearly degenerate, then this situation is a
close reproduction to the situation studied in Sec. V. To be
precise, we would need to slightly alter the summations
over the sterile states in Eq. (20) to account for different
masses, although this should not make a significant differ-
ence if the sterile mass eigenvalues are nearly degenerate
with the active ones. If, however, the sterile masses are
smaller than the active ones, then there would be a
contribution to Neff but not to the dark-matter contribution
at late times (see Fig. 8), thereby changing the free-
streaming scale for the active neutrinos. In addition, lighter
sterile states also introduce the possibility of active neutrino
decays that alter the dynamics in late-time cosmology
[91–93]. For this scenario of light sterile states and
anomalous magnetic moments, pseudo-Dirac and uniquely
Dirac give different predictions in late-time cosmology.
Finally, we comment on an often quoted result in the

literature, colloquially referred to as the “Kayser confusion
theorem” [94,95]. The theorem points out that other
neutrino properties could lead to similar effects as the
magnetic moment in scattering processes. Specifically,
a Dirac magnetic moment could be confused with a
Majorana anapole moment [see the fM and fA terms in
Eq. (1)]. In this connection it is worthwhile to point out that
cosmology differs from particle-beam experiments in one
key aspect. In brief, the cosmological parameters Neff and
Σmν give a measure of the energy density, i.e., they indicate
which states are populated by particles and have distinct
manifestations for Majorana versus Dirac character.
Conversely, particle-beam experiments measure cross sec-
tions and have difficulties discerning between the two
characters as discussed in Refs. [94,95]. We do not
advocate for using one method over the other. Rather, both
should be pursued as they complement one another in
probing the nature of neutrino interactions.
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APPENDIX A: DIFFERENTIAL CROSS
SECTIONS WITH A MAGNETIC

MOMENT VERTEX

Here we give differential cross sections for the various
scattering and annihilation processes with fermions and
bosons. The differential cross sections are functions of
Mandelstam variable t ¼ ðp1 − p3Þ2 for the reaction
1þ 2 ↔ 3þ 4, and depend on Mandelstam variable
s ¼ ðp1 þ p2Þ2, the neutrino magnetic moment strength
μ, the effective in-medium photon mass mγ from Eq. (3),
and the vacuum mass of the charged boson/fermion.
We calculate the integrated cross sections using

σðsÞ ¼
Z

tmax

tmin

dt
dσ
dt

; ðA1Þ

where the limits of integration are

tmin ¼ −
ðs −m2

i Þ2
s

; ðA2Þ

tmax ¼ 0: ðA3Þ

1. Fermions

Equation (5) gave the differential cross section for the
scattering of neutrinos from charged fermions of mass mf
and charge coefficient qf

�
dσ
dt

�
νf

¼ πq2fα
2

m2
e

μ2
t

ðt −m2
γÞ2

sþ t −m2
f

s −m2
f

: ðA4Þ

Figure 11 shows a contour plot of the total cross section in
the mγ versus s plane. The magnetic moment contribution
to the neutrino-antineutrino annihilation differential cross
section into charged fermion-antifermion pairs each with
mass mf is given by
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�
dσ
dt

�
ff̄

¼
�
2πq2fα

2

m2
e

�
μ2

1

sðs −m2
γÞ2

ðtþ s −m2
fÞðm2

f − tÞ: ðA5Þ

2. Bosons

The only boson particle we consider is W�. The cross section for the magnetic moment contribution to the scattering of
neutrinos from W bosons with mass mW ≃ 80.4 GeV is given by

�
dσ
dt

�
νW

¼ πα2

m2
e
μ2

t
ðt −m2

γÞ2
��

1 −
t

3m2
W
þ t2

4m4
W

�
sþ t −m2

W

s −m2
W

þ
�
−

5

12
−

t
16m2

W
þ t2

16m4
W

�
t2

ðs −m2
WÞ2

�
: ðA6Þ

Figure 12 gives contours of total cross section in the mγ versus s plane. Finally, the magnetic moment contribution to the
neutrino-antineutrino annihilation cross section into Wþ −W− pairs is given by

�
dσ
dt

�
WþW−

¼ e2κ2

16π

1

sðs −m2
γÞ2

�
ðsþ 2t −m2

WÞ2
�
3 −

s
m2

W
þ s2

4m4
W

�
þ 8s

�
−sþ s2

4m2
W

��
: ðA7Þ

In calculating the cross sections involving W bosons we
ignored the four-boson couplings since the associated
amplitudes are suppressed by another order of the magnetic
moment.

3. Hadrons

The cross section for scattering on scalar charged
hadrons with mass mh is

�
dσ
dt

�
νh

¼ e2κ2

4π

t
ðt −m2

γÞ2
�
1þ t

s −m2
h

þ t2

4ðs −m2
hÞ2

�
:

ðA8Þ

Figure 13 gives contours of total cross section in the mγ

versusmh plane. We take the annihilation cross section into
scalar hadron-antihardron pairs to be zero. In the case of

charged vector hadrons, we ignore the contributions to the
scattering rates, and so do not provide the scattering and
annihilation differential cross sections. Although these
rates would be nonzero, we estimate only a small error
as the vector hadrons have large masses and do not appear
in appreciable numbers at temperatures below the QHT
(see rows 7 and 9 in Table II).

APPENDIX B: THERMALLY AVERAGED
CROSS SECTIONS

1. Elastic scattering

We use the thermally averaged product of σ and vMol,
denoted hσvMoli, to calculate scattering rates between
neutrinos and other particles via the magnetic-moment
vertex. The formula for the thermal average is the
following:

FIG. 11. mγ versus kinetic variable s plotted at contours of
constant σνf for νþ f� ↔ f� þ ν elastic scattering channel [see
Eq. (A4)]. We take qf ¼ 1 in this figure.

FIG. 12. mγ versus kinetic variable s plotted at contours of
constant σνW for νþW� ↔ W� þ ν elastic scattering channel
[see Eq. (A6)].
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hσvMoli ¼
g1g2
ð2πÞ6

R
d3p1

1
eE1=Tþ1

R
d3p2σvMol

1
eE2=T�1

g1g2
ð2πÞ6

R
d3p1

1
eE1=Tþ1

R
d3p2

1
eE2=T�1

; ðB1Þ

¼ g1g2
ð2πÞ6n1n2

Z
d3p1

1

eE1=T þ 1

×
Z

d3p2σvMol
1

eE2=T � 1
; ðB2Þ

where we have assumed equilibrium distributions and
ignored the Pauli blocking/Bose enhancement of the
products. Particle 1 is the neutrino with zero rest mass,
and particle 2 is the scattering target with rest mass m.
The� 1 in the distribution function for the second particle
corresponds to either fermions (þ) or bosons (−). Both σ
and vMol are given in terms of Mandelstam variable s,
particle 2 mass m, and the in-medium photon mass mγ .
With a change in variables and using vMol ¼ ðs −m2Þ=

2E1E2 [61], we can reduce the expression in Eq. (B2) to a
double integral. For fermions, that expression is

hσvMoliFD ¼ 2g1g2π2T6

ð2πÞ6n1n2

Z
∞

ϵ2m

dϵsðϵs− ϵ2mÞσ
Z

∞ffiffiffi
ϵs

p dϵþ
1

eϵþ − 1

×

�
βþ ln

�
1þ 2eð−β−ϵþÞ=2 coshðα

2
Þþ e−β−ϵþ

1þ 2eðβ−ϵþÞ=2 coshðα
2
Þþ eβ−ϵþ

��
;

ðB3Þ

where the ϵ notation denotes an energy quantity normalized
by the appropriate power of T, namely ϵs ¼ s=T2,
ϵþ ¼ Eþ=T, ϵm ¼ m=T, and ϵγ ¼ mγ=T. We rewrite σ
as a function of ϵs, ϵm, ϵγ, and T. In Eq. (B3), we have also
defined new quantities for ease in writing

α ¼ ϵþ
ϵ2m
ϵs

; β ¼ ϵs − ϵ2m
ϵs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2þ − ϵs

q
: ðB4Þ

Our expression in Eq. (B3) is the same as Eq. (B6) in
Ref. [25] where we have corrected a few typographical
errors.
For bosons, the thermal average for elastic scattering is

hσvMoliBE ¼
2g1g2π2T6

ð2πÞ6n1n2

Z
∞

ϵ2m

dϵsðϵs − ϵ2mÞσ
Z

∞ffiffiffi
ϵs

p dϵþ
1

eϵþ þ 1

× ln

"
sinhðα

2
Þ þ sinhðϵþþβ

2
Þ

sinh ðα
2
Þ þ sinhðϵþ−β

2
Þ

#
; ðB5Þ

with the same notation as Eq. (B3).

2. Annihilation scattering

For the annihilation channels, the expression for hσvMoli
is the same for either boson or fermion pairs with mass m,
as we average over the initial neutrino-antineutrino

distributions. The result is the same expression as
Eq. (B3) except with a different threshold value of s and
massless reactants

hσvMoliann ¼
4g1g2π2T6

ð2πÞ6n1n2

Z
∞

4ϵ2m

dϵsϵsσ
Z

∞ffiffiffi
ϵs

p dϵþ
1

eϵþ − 1

× ln

"
cosh ðϵþþβ

4
Þ

cosh ðϵþ−β
4
Þ

#
; ðB6Þ

where β ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2þ − ϵs

p
.

APPENDIX C: TREATMENT OF
QUARK-HADRON TRANSITION

IN THE EARLY UNIVERSE

We have considered a range of models of anomalous
magnetic moments which include decoupling of the inac-
tive Dirac states in the T ∼ 100 MeV range. Decoupling in
this range is complicated by the transition from free quarks
and gluons to bound hadrons in an expanding and cooling
Universe. As a result, we model this epoch using a smooth
crossover from a quark-gluon equation of state to one
dominated by hadrons.
At high temperatures, we approximate the quark-gluon

(qg) component as an ideal gas with negligible chemical
potential. The qg component includes the six quark and
gluon degrees of freedom with appropriate degeneracy
factors. Conversely, at low temperature, we also approxi-
mate the hadron (h) component as an ideal gas with
negligible chemical potential. We use the lightest hadrons
shown in Table II. The next heaviest hadrons after the
K�0ð896Þ states are protons and neutrons. We have verified
that excluding those baryons from the hadron component
do not alter any of our results.
We use the combination of qg and h components to

calculate thermodynamic quantities and the Debye

TABLE II. Table of hadrons used in the early Universe for this
work. First column is name/symbol of the particle. Second, third,
and fourth columns are mass (MeV), charge, and degeneracy
(respectively). All positively charged hadrons have negatively
charged partners. All particles are bosons.

Name Mass (MeV) Charge Degeneracy

π0 135.0 0 1
πþ 140.0 1 1
Kþ 494.0 1 1
K0 498.0 0 2
η0 548.0 0 1
ρ0 775.0 0 3
ρþ 775.0 1 3
ω0 783.0 0 3
K�þð892Þ 892.0 1 3
K�0ð896Þ 896.0 0 6
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screening length. We denote the pressure, entropic density,
number density, and energy density for the qg component
as Pqg, sqg, ngq, and ρqg, respectively. For the hadrons, we
replace the qg subscript with an h. To weight the con-
tributions from the two seas when both components are
present, we use a switching function following a prescrip-
tion from Ref. [27]

SðT; μÞ ¼ exp½−θðT; μÞ�; ðC1Þ

θðT; μÞ ¼
��

T
T0

�
r
þ
�
μ

μ0

�
r
�
−1
: ðC2Þ

The switching function uses data calculated with lattice
QCD [96] to fit the parameters T0, μ0, and r. We use r ¼ 4,
T0 ¼ 145.33 MeV, and μ0 ¼ 3πT0 from the first row of
Table I in Ref. [27]. μ is the chemical potential.
According to the procedure in Ref. [27], we apply the

switching function directly to the pressure

Pqgh ¼ SðT; μÞPqg þ ½1 − SðT; μÞ�Ph; ðC3Þ

where Pqgh is the total pressure supplied by the quarks,
gluons, and hadrons. Figure 14 shows Pqgh=T4 as a
function of T for μ ¼ 0. The increase in Pqgh between T ¼
100 MeV and T ¼ 200 MeV is due to the appearance of
the qg degrees of freedom and concomitant disappearance
of the h degrees of freedom. The expressions for s, n, and ρ
follow from derivatives of the pressure

sqgh ¼ Ssqg þ ð1 − SÞsh þ S
rθ2

T

�
T
T0

�
r
ðPqg − PhÞ; ðC4Þ

nqgh ¼ Snqg þ ð1 − SÞnh þ S
rθ2

μ

�
μ

μ0

�
r
ðPqg − PhÞ; ðC5Þ

ρqgh ¼ Tsqgh − Pqgh þ μnqgh: ðC6Þ

When calculating the inverse square of the Debye length in
Eq. (2), the relevant quantity is the derivative of the number
density with respect to μ. We would need to take the
derivative of Eq. (C5) with respect to μ to calculate m2

γ

during the QHT with the switching function. However, in
the CP-symmetric conditions of the early Universe, all
derivatives of the switching function with respect to μ are
zero for μ ¼ 0. Hence, the expression for the contribution to
m2

γ from the quark-gluon-hadron components are

m2
γ;qgh ¼ 4πα

�
SðT; μ ¼ 0Þ

X
j

q2j
∂

∂μ

h
nð−Þj − nðþÞ

j

i

þ ½1 − SðT; μ ¼ 0Þ�
X
k

q2k
∂

∂μ

h
nð−Þk − nðþÞ

k

i�
;

ðC7Þ

where the first summation is over quark pairs and the
second summation is over charged hadron pairs.

FIG. 14. Pressure of quark-hadron components versus temper-
ature [see Eq. (C3)]. At high temperature, the system approaches
that of an ideal gas of quarks and gluons. At low temperature, the
system approaches that of an ideal gas of hadrons. For temper-
atures in the 100 MeV range, results are used from lattice QCD.

FIG. 13. mγ versus kinetic variable s plotted at contours of
constant σνh for νþ h� ↔ h� þ ν elastic scattering channel
[see Eq. (A8)].
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