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ABSTRACT

Common envelope (CE) evolution, which is crucial in creating short-period binaries and associated astrophysical events, can be
constrained by reverse modelling of such binaries’ formation histories. Through analysis of a sample of well-constrained white
dwarf (WD) binaries with low-mass primaries (seven eclipsing double WDs, two non-eclipsing double WDs, one WD-brown
dwarf), we estimate the CE energy efficiency «cg needed to unbind the hydrogen envelope. We use grids of He- and CO-core WD
models to determine the masses and cooling ages that match each primary WD’s radius and temperature. Assuming gravitational
wave-driven orbital decay, we then calculate the associated ranges in post-CE orbital period. By mapping WD models to a grid
of red giant progenitor stars, we determine the total envelope binding energies and possible orbital periods at the point CE
evolution is initiated, thereby constraining cg. Assuming He-core WDs with progenitors of 0.9-2.0 Mg, we find acg ~ 0.2-0.4
is consistent with each system we model. Significantly higher values of «cg are required for higher mass progenitors and for
CO-core WDs, so these scenarios are deemed unlikely. Our values are mostly consistent with previous studies of post-CE WD
binaries, and they suggest a nearly constant and low envelope ejection efficiency for CE events that produce He-core WDs.
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1 INTRODUCTION

White dwarf (WD) binaries are not only the progenitors of many
interesting astrophysical events, but they are also incredibly useful
astrophysical laboratories. The discovery rate of WD binaries has
greatly accelerated over the past decade, primarily due to two
surveys: the Extremely Low Mass (ELM) Survey (e.g. Brown et al.
2020) and the Zwicky Transient Facility (ZTF) survey (Bellm et al.
2019). The ELM Survey has discovered ~100 WD binaries, but
most are non-eclipsing and have poorly constrained companions.
The ZTF survey has doubled the number of eclipsing WD binaries
(e.g. Burdge et al. 2020) whose masses and radii are usually well
constrained. Backwards modelling from the observed properties of
these binaries can lead to new insights on their formation history,
especially their common-envelope (CE) phase of evolution.

The CE is a stage of binary stellar evolution where two stars
orbit inside a shared envelope (Paczynski 1976). CE evolution is
thought to be crucial for the creation of exotic systems such as
double WD binaries (DWDs) and merging neutron stars. These and
other short-period binaries that contain at least one compact object
likely underwent CE evolution in the past (Ivanova et al. 2013).
The CE is the most important phase of such a binary’s formation
history, because it is responsible for the expulsion of the hydrogen
(H) envelope and a drastic reduction in separation, transforming a
wide binary into a short-period, compact binary.

Despite its importance, the CE is arguably the least understood
stage of binary evolution, representing a limitation of binary popu-
lation synthesis models. For example, changing the parametrization
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of the CE event can affect the theoretical rates and delay times of
black hole mergers, which is important to interpret the gravitational
wave (GW) events detected by LIGO-VIRGO (e.g. LIGO Scientific
Collaboration & Virgo Collaboration 2019). The rate of Type Ia
supernova, as well as the nature of their main formation channel,
also depends on the parametrization of the CE (Ivanova et al. 2013).
Therefore, uncertainty regarding the CE event propagates to different
areas of astronomy.

The most common parametrization of the CE event is based
on an energy conservation approach, using an «cg parameter that
is defined as the fraction of the change in orbital energy (as the
inspiral occurs) that goes into the unbinding of the CE (Livio &
Soker 1988). Hydrodynamical simulations of the CE have produced
a range of results for «cg, possibly due to a failure of simulations to
converge (laconi et al. 2017). They also struggle to track the long-
term (thermal time-scale) evolution, which may continue to affect
the orbit. Therefore, an independent approach to estimate «.cg, based
on observations rather than pure simulations, is valuable.

The short orbital period of many WD binaries implies that they
were created through CE evolution, and they provide a unique
opportunity to constrain the physics of the CE. In addition to the
system’s orbital period, properties such as component masses, radii,
and temperatures are often reported for both WDs, using methods
such as light-curve fitting and radial velocity measurements. These
well-constrained systems can yield detailed insights into the histories
of WD binaries.

Estimates of «cg have already been reported from discoveries of
WD-M dwarf binaries (Zorotovic et al. 2010; De Marco et al. 2011;
Davis, Kolb & Knigge 2012), but the evolution of those systems is
complicated by poorly understood magnetic braking that dominates
orbital decay. Many of these systems are young and hence the braking
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prescription does not strongly affect their inferred post-CE orbital
period (Schreiber & Giénsicke 2003), but it is still necessary to
compare to other types of post-CE systems. WD binaries are simpler
to model because their orbit only decays through GW emission.
Hence, they can provide both comparisons to existing values of «cg
and also additional constraints. For instance, if acg values from
WD binaries show agreement with «cg values from WD-M dwarf
binaries, it would become more justified to extrapolate that value
to all binaries formed through CE evolution and make more robust
predictions for population synthesis. The growing number of well-
constrained WD binaries makes it possible to report acg for many
such systems, not just a few case studies.

Either one or two phases of CE evolution may be responsible for
the formation of DWD binaries. In this paper, we concentrate on the
most recent phase of CE evolution, assumed to be responsible for the
formation of the hotter, primary WD and also likely responsible for
the most drastic reduction in separation. We are motivated by Woods
et al. (2011), which found that a stable first stage of mass transfer
can explain observed systems, but that the second stage (what we
model) is indeed unstable and involves a CE.

By backwards modelling of the WD primary, we can therefore
constrain «cg for the final phase of CE evolution. Specifically, if
the system’s ’birth period’ can be determined — its orbital period
immediately following CE ejection, when the primary WD is formed
— then we can calculate the post-CE orbital energy. Combining that
with the possible binding energy of progenitor stars, plus the pre-CE
orbital energy, determines the energy budget for the CE. Nelemans
etal. (2000) and Nelemans & Tout (2005) used similar techniques for
previously discovered WD binaries, but here we additionally model
more recently discovered systems from ELM and ZTF.

In Section 2, we discuss the creation of a grid of helium (He) WDs
in order to estimate cooling ages and birth periods for 10 binaries.
In a similar analysis in Section 3, we consider the possibility of the
primary WD instead being a carbon-oxygen (CO) WD. In Section 4,
we construct a grid of red giant stars to model the progenitors of the
binaries and determine their envelope binding energies. Section 5
presents the ranges for birth period and «cg for all systems. In
Section 6, we discuss additional uncertainties and compare our results
to estimates of acg in other works. We conclude and summarize in
Section 7.

2 HE WD SIMULATIONS

2.1 Binary systems

We modelled short-period WD binaries that (1) have primary masses
between ~ 0.3 and 0.45 Mg, and are likely He-core WDs, (2) have
a tight constraint on the secondary mass M;, and (3) are at orbital
periods greater than 20 min. We did not model binaries at periods
lower than 20 min because of the associated uncertainties with strong
tidal effects that could change the cooling behaviour (Fuller & Lai
2013). Table 1 summarizes the systems we model. All except for two
(WD 0957—666 and WD 1101+364) are eclipsing. Each of these
systems has a primary mass M; 2 0.3 Mg, and is likely to be formed
by a CE event rather than stable mass transfer (Li et al. 2019).

From a sample of WD binaries discovered with ZTF, we model
ZTF J2029+-1534, ZTF J0722—1839, ZTF J17494-0924, and ZTF
J19014-5309 (Burdge et al. 2020). Burdge et al. (2020) determined
radii via light-curve modelling and surface temperatures via spec-
troscopy, then combined radius and temperature measurements to
determine masses via mass—radius relations.
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We also model SDSS J082239.546+-304857.19, found by the ELM
Survey (Brown et al. 2017). Radii were reported via light-curve
modelling, temperature, and surface gravity (log g) of the primary
from spectroscopy, and mass from evolutionary curves fitted to
temperature and log g. A later paper updated the radius of the primary
and the orbital period of the system (Kosakowski et al. 2020), which
we use in our analysis, but did not contain an updated mass estimate of
the primary. Most other binaries in the ELM Survey are not eclipsing
and do not have well-constrained secondary masses, which would
lead to an inherent uncertainty in the orbital evolution of the system.
Hermes et al. (2014) estimated M, and M, for eight ELM WDs using
the observed ellipsoidal variations — however, M; for these systems
(M; <0.2Mp) is less than that of the other systems we model,
and it is unclear whether these low-mass WDs were created through
unstable or stable mass transfer.

For the WD binary CSS 41177 (SDSS J100559.10+4-224932.3), the
mass and radius are measured from light curve plus radial velocity
modelling, independent of mass—radius relations (Bours et al. 2014).
The temperature of the primary is again from spectroscopy, and log
g values are also reported (Bours et al. 2015). Similarly, for the
WD binary SDSS J115219.99+024814.4, the masses and radii are
measured from light curve plus radial velocity modelling (Parsons
et al. 2020). Temperatures and log g values are reported both from
light-curve modelling and from spectroscopy. The original discovery
paper (Hallakoun et al. 2016) had different results (including higher
temperatures and mass estimates), but Parsons et al. (2020) use Gaia
data to refine the measurements, and we therefore use the more recent
values. We also model the eclipsing WD-brown dwarf (BD) binary
SDSS J120515.80—024222.6 (Parsons et al. 2017). The masses and
radii are again from light curve plus radial velocity modelling,
supplemented by temperature and surface gravity measured via
spectroscopy.

Finally, we model two non-eclipsing WD binaries, WD
0957—666 (2MASS J09585493—-6653102) and WD 11014364
(SDSS J110432.56+361049.0). A surface gravity value for WD
0957—666 (from the combined spectrum) is given in Bragaglia
et al. (1995), and their reported external uncertainty is used for
our modelling (see also Moran et al. 1997). A surface gravity
value for WD 11014364 (from the combined spectrum) is reported
in Bergeron et al. (1992), and we use the average value of their
reported external uncertainty in our analysis. The mass ratio ¢ = %
of these double-lined systems is measured for WD 0957—666 in
Maxted et al. (2002) and WD 11014364 in Marsh (1995). Maxted
et al. (2002) also performed spectroscopic modelling to estimate
the surface temperatures (with uncertainties estimated to be at least
500 K) and masses for both WDs in both systems.

WD 0957—666 and WD 11014364 are also modelled in Nele-
mans & Tout (2005), but we do not model the other binaries from
that work because they either have an unconstrained companion mass
or the mass of the primary is 2 0.45 Mg and more consistent with
a CO WD as opposed to a He WD. In particular, we do not model
WD 17044481 because Maxted et al. (2002) found that the He
WD that Nelemans & Tout (2005) assumed to be the primary (the
more recently formed WD) likely formed second. Instead, the more
massive CO WD in the binary likely formed after the most recent
stage of mass transfer.

For all systems, the primaries have a hydrogen atmosphere. Several
of the binaries (those with measured values of both T and Tegr2)
are double-lined DA binaries. The two without reported T, are
single-lined, with hydrogen absorption lines only detected from the
primary.
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Table 1. Measured parameters for all the systems we model, including the masses of the two components, M and M», the radii of the components, Ry and
R, the effective surface temperature of the components, Tefr 1 and Tefr2, the surface gravity log g, the mass ratio g = % (if measured), and the orbital period,
Py. An asterisk next to the log ¢ means there is only a single value reported; otherwise, log g> is reported as well. M is defined as the primary via observation
of the primary eclipse, except for WD 0957 and WD 1101 where it is the brighter WD. As expected, M| is hotter than M, when companion temperatures
are reported. All companions M, are believed to be WDs except for SDSS J1205, where the companion is a BD. Parameters are from Burdge et al. (2020)',
Brown et al. (2017)2, Kosakowski et al. (2020)3, Parsons et al. (2017)4, Maxted, Marsh & Moran (2002)5, Moran, Marsh & Bragaglia (1997)6, Bragaglia,
Renzini & Bergeron (1995)7, Parsons et al. (2020)%, Bours et al. (2014)°, Bours et al. (2015)!°, Marsh (1995)!!, Bergeron, Saffer & Liebert (1992)'2.

System M Mo) M, (M) Tert, (KK) Teiia (kK) Ry (1072 Rp) log ¢ q Py, (min)
ZTF 12029! 0.32£904 0.3 18254023 153493 2.9+932 - - 20.868
ZTF J0722! 0.38£004 0.33+0:03 19.94913 16.8+£013 2.24£0% - - 23.709
ZTF J1749! 0.40+0:07 0.28+£90 20.4452 12.0+9:¢ 2.2453 - - 26.434
SDSS J0822%3 0.304£91% 0.524+0:03 139245233 - 3.1 714003 - 40.501
ZTF 119011 0.36004 0.36+003 26.0£)3 16.54+2) 2.9+7) - - 40.602
SDSS J1205* 0.39£003  0.04945:9% 23.68+043 - 224003 7374003 - 71.230
WD 095767 0.37 - 30403 11 - *7.285£5082  1.13£9%2 87.83
SDSS J11528 0362001 032540013 20.8+%(eclipse) 10.4£04, (eclipse)  2.124593  7.344£3914 - 143.806
21.2+}% (SED)  11.1£)25(SED)
€SS 41177%10 0.378+£003  0.316=9011 22.439£0059 108765032 22242004 732240013 - 167.062
WD 11018 11:12 0.29 - 155493 12 - 7384000 0.8745% 208.4

2.2 Creation of He WD models

All models/simulations are performed using the MESA stellar evolu-
tionary code (Paxton et al. 2011, 2013, 2015, 2018, 2019). We used
MESA version 12778, except for cooling WD models that included H
flashes and Roche-lobe overflow (RLOF) in Section 2.5, for which
we used version 10398. MESA inlists used in this work are provided
in a Zenodo repository (Scherbak & Fuller 2022).

WD models were created by evolving a star up the red giant branch
(RGB) until its He core reached a desired mass, then stripping away
most of its envelope to leave the core as a WD, as briefly outlined in
Paxton et al. (2018) and also Burdge et al. (2019). Unless noted, we
define the boundary of the He core to be where Xy < 0.01 and Xy, >
0.1 (default in MESA). As an example, to create a 0.32 My WD with
a 0.318 Mg He core, our specific steps are:

(1) Create a star via create_pre_main_sequence_model = true
with some initial_mass and initial z. We use Z = 0.02 for our
main grid, but we investigate the effect of changing metallicity
on WD models in Appendix C. Different progenitor masses can
have an impact on the ultimate behaviour of the WD models
(Appendix A1), but we found the cooling behaviour similar for initial
masses of 0.9-2.0 M. This covers the most likely CE progenitor
mass for He WDs, which is roughly between 1 and 1.3 Mg (Li
et al. 2019). For 2-3 My, progenitors (a less likely channel), the
newly formed core is less degenerate, and can cool differently.
Above about 3 Mg, we do not expect an RGB star to be able
to form a He WD through the CE channel (see Section 4.1). We
therefore used a 1.2 Mg progenitor to create the main grid of
models.

(2) Evolve star on the main sequence and up the RGB until its He
core reaches 0.318 Mg, via he_core_mass _limit.

(3) Use MESA’s method relax_mass to strip away most of the star’s
H-rich envelope, until new_mass = 0.32 M. This leaves only a
small H envelope atop the He core.

(4) Allow the newly formed WD to adjust to the mass-loss. In
all cases, the model experiences an increase in surface temperature
and radius, with the surface temperature increasing from ~10 000 K
immediately after relax mass, to 40 000—100 000 K depending on
the WD’s mass, before beginning to cool. In most models, this
adjustment period is irrelevant (duration <1000 yr). However, if
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there is excess H on the model, there will be elevated H-burning
that can last for >10° yr and cause the envelope to temporarily
inflate.

As we expect the binaries we model to be at small separations,
we reject WD models that expand beyond 1 Rg. For a typical M, of
0.4 Mg, a typical M, of 0.3 M, and a maximum post-CE period of
about 200 min, the orbital separation is 1.0 Rg. Therefore, none
of our systems can fit a WD that expands beyond this value. This
restricts the upper age of this adjustment phase at 10° yr, which is
small compared to the resulting cooling ages. See also Section 2.5
and figure within for the upper mass of H this sets in our grid.

We save the model for continued analysis when it begins to cool,
i.e. when 7.5 begins to decrease, and define this as a cooling age of
ZEro0.

2.3 Grid of WD models

The model saved in the previous step, simulating a hot and newly
formed WD, can now be introduced into a binary simulation. We run
a grid of models with WDs of different total masses and different
masses of hydrogen. The lowest measured primary mass we model
is reported as 0.32+£3%4 Mg, and the highest as 0.4£5! M, and the
masses in our grid ranged from 0.24 to 0.45 M, in steps of 0.01 Mg.
We found it difficult to create a He WD at 0.46 M, or above, as these
models would instead burn He and form CO cores.

We include diffusion and gravitational settling for all models, but
only during their cooling phase (after the post-relax mass adjustment
above). These processes are important to include for two major
reasons:

(1) Turning on diffusion noticeably increases a WD model’s radius
as in Althaus & Benvenuto (2000), who demonstrated the effect both
through simulations and through an analytical argument involving
the effect of the partially degenerate H envelope.

(i1) Turning on diffusion changes that models undergo H-burning
flashes, which drastically changes their subsequent cooling be-
haviour. Because of the importance of the CNO cycle to H flashes
(e.g. Istrate et al. 2016), we included the dominant isotopes of carbon,
nitrogen, and oxygen in addition to H and He, in our list of elements
for diffusion.
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Figure 1. The effect of changing the initial hydrogen envelope mass on the
cooling behaviour of non-flashing WD models with a fixed total mass of
0.35Mg. As the H-mass is reduced, the WD’s luminosity (top panel), radius
(middle panel), and temperature (bottom panel) all decrease faster. The top
(dark blue) curve is a model with residual H-burning and narrowly avoids a
burning flash. Below & 1077 M, further reducing H has a diminishing effect
on evolution.

The most important diffusion parameter to include was diffu-
sion_use_cgs_solver = .true., which correctly accounts for degener-
acy when performing diffusion (Paxton et al. 2018).

2.3.1 Hydrogen bounds

Overall, there are three regimes in WD cooling behaviour delineated
by the amount of H on a model (see also Section 2.5 and figure
within). For large H masses, elevated H-burning occurs and the WD
expands beyond 1 R , and such models are not considered in our
grid.

For moderate H masses, delayed H-burning flashes can occur (e.g.
Istrate et al. 2016). In this regime, unstable H-burning flashes lead
to increases in surface temperature and expansions in radius, likely
leading to RLOF with the companion. Such simulations are more
complicated to run, and are discussed in Section 2.5.1. For low H
masses, the models steadily cool without ever undergoing an H flash.
Both flashing and non-flashing models may have an early stage of
elevated H-burning post-relax mass, and begin to cool once the mass
of H has dropped low enough.

For non-flashing models of a given mass, a varying mass of
H leads to a range of cooling behaviour (Fig. 1). In general, the
trend with decreasing H mass is for the model to both contract
and cool faster. A model that nearly flashes (upper curve, with
~5.2x 10 Mg H) has a brief period of elevated luminosity,
temperature, and radius. In addition, at high H masses, small changes
in Hmass (i.e. from~5.2 x 107* Mg Hto ~4.8 x 10~* Mg H) have
a significant affect on cooling behaviour. Therefore, it is important
to have densely sampled high-H models in our grid. At smaller
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Figure 2. In blue (green): Temperature (radius) curve of a cooling 0.34 Mg
WD. Dashed lines show temperature/radius constraints of ZTF J2029’s
primary. Blue/green shaded regions demonstrate allowed age and temper-
ature/radius ranges independently. Their intersection in red gives the model’s
age range consistent with both temperature and radius. Repeating this exercise
for all primary models (of varying total mass and H mass) traces out the
allowed age range.

H masses, the effect of changing H is less pronounced — between
the curves representing ~ 1077 My H and ~10~'2 My, H there is
only a relatively small decrease in radius and almost no change in
temperature and luminosity. Note in the case of Fig. 1 we show only
a subset of our grid of models of varying H mass.

The lower bound of H mass used in our grid is constrained by
the classification of the WD primaries we model as DA WDs, i.e.
the presence of H lines in their atmosphere. Therefore, we do not
want to completely remove hydrogen from our WD models. We
found that when the mass of H was reduced below about 1078 M, H
would cease to dominate the model atmosphere. Even with element
diffusion/gravitational settling turned on, the fraction of H in the
model’s outer cells would never rise above about 0.01. Therefore,
the lower mass of H included in our grid is 1078 M. We show a
model with &~ 10~'> M, H in Fig. 1 to demonstrate that, even if such
a model was included, it would make little difference in cooling
behaviour. Including such models would, however, slightly change
the modelled mass ranges for some of our systems (e.g. a 0.25 Mg
WD is only a good fit for ZTF J2029 when having extremely low
H masses of ~107'2 M,). The modelled lower mass bound would
change by 0.01 Mg, in such cases.

2.4 Non-flashing models in a binary: determining birth period

In cases where H-burning flashes do not occur, the only evolution
of the binary system is for the WDs to cool and inspiral towards
one another due to the emission of GWs. We assume no magnetic
braking for the low-mass WDs we model. For all systems (except
SDSS J0822, WD 0957—666, and WD 11014364, see Sections
2.4.1 and 2.4.2), we determine which WD models are good fits by
finding the age intervals at which both their radius and temperature
match observational constraints for each primary (see Fig. 2 for
example). The end result for each binary (more accurately, each
primary) is a collection of ‘matching’ WD models with an associated
mass and cooling age (see Table 2). Accounting for any initial phase
of elevated H burning would only affect such ages by less than 1 Myr
(Section 2.2), which is generally quite small compared to the possible
cooling age range.

Given a matching model with some M; and some age, we use the
following method to find the associated birth period following the
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Table 2. From left to right: System, measured mass range M, modelled mass (without flashes), modelled cooling age (without flashes), modelled birth
period (without flashes), modelled mass (with flashes), modelled birth period (with flashes). The rightmost columns assume non-mass-transferring flashing
models, while numbers in parentheses account for models undergoing mass transfer at an orbital period of 100 min and with a companion mass of 0.3 Mg.

Modelled mass Mass of flashing models Flashing models, birth
System M; Mg) Mg) Cooling age (Myr)  Birth period (min) Mp) period
ZTF 12029 0.32£004 0.26-0.35 24-1125 23.3-70.8 0.26-0.34 35-66 (31-69)
ZTF J0722 0.38+004 0.34-0.4 36.5-106.2 47.0-74.2 0.39 58-64 (56-60)
ZTF J1749 0.40£507 0.32-0.45 15.2-118.6 36.0-78.5 0.37-0.43 (0.33-0.43) 48-71 (44-68)
SDSS J0822 0.3040:014 0.3-0.32 93.6-265.0 75.1-113.5 0.31-0.32 83-104 (79-96)
ZTF J1901 0.365% 0.3-0.39 0.46-25.0 40.8-54.7 0.31-0.39 (0.29-0.39) 44-63 (44-70)
SDSS J1205 0.39£5:%2 0.38-0.43 19.8-60.5 72.0-74.2 0.42-0.43 72-73
WD 0957 0.37 0.38-0.45 2.0-22.2 88.2-92.6 0.41-0.43 (0.4-0.43) 89-90 (88-90)
SDSS J1152 0.362£014 0.36-0.38 31.5-54.2 146.0-147.8 n/a n/a
CSS 41177 0.378£0023 0.37-0.4 25.5-31.5 168.4-168.9 n/a n/a
WD 1101 0.29 0.27-0.4 5.8-272.0 208.6-222.7 0.37-0.4 215-222 (215-221)

end of the CE. There is an additional intrinsic uncertainty associated
with M, for which we use the values in the literature (i.e. the values
in Table 1, going to +10).

(1) Via Kepler’s Third Law, convert the binary’s observed period
to a separation.

(i) With M = M, + M,, integrate
da —64G3 M 1 M 2 M 1
dr — 5a3cd M
to find the birth separation of the binary (Peters 1964). This assumes
that gravitational radiation is solely responsible for the inspiral, and
is valid for circular orbits, which is a reasonable assumption since
systems are expected to leave the CE with an eccentricity < 0.1
(Ivanova et al. 2013).

(iii) Convert the birth separation to the birth period.

With this approach, age (determined by the behaviour of the
temperature/radius cooling curves of the primary) is the fundamental
property of a matching model, and acts as a proxy for the birth period
of the binary. For all non-flashing models, we verified that the radius
remained well below the Roche lobe so that our assumption of mass
transfer not occurring is valid.

In general, the matching model with the maximum age has a
relatively high mass and a high mass of H. In contrast, the matching
model with the minimum age has a relatively low mass and a low
mass of H. As expected, WDs with higher masses tend to cool slower,
given their reduced radius. In addition, the presence of a significant H
envelope helps prevent cooling. See also Section 2.5 for an example
of the slowest and fastest cooling models for ZTF J1749 , also with a
comparison to flashing models. The mass range of matching models
is in good agreement with the quoted mass of the primaries from the
literature (Table 2). This is expected since several of the systems had
their masses inferred from theoretical mass—radius relations.

For two systems (CSS 41177 and SDSS J1152), the reported mass
M, is from radial velocity and light-curve modelling, independent
of theoretical cooling models/mass—radius relations. Therefore, we
treat M, as an independent observational constraint enforced for our
range of matching models. This does not significantly change the
estimated birth periods for these two systems, but it does ultimately
help restrict the range of possible acg values (which depends on the
modelled WD mass).

Apart from CSS 41177 and SDSS J1152, the above analysis fitted
models only to observed surface temperature and radius. For four of
the systems (CSS 41177, SDSS J1152, SDSS J1205, SDSS J0822),
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surface gravity data are also reported via spectroscopy. For the first
three of these, applying that measurement (using the 10 range in
log g) produced no additional constraint because almost all models
that matched to temperature and radius were also consistent with log
g. So for CSS 41177, SDSS J1152, and SDSS J1205, we do not use
the surface gravity constraints.

2.4.1 SDSS J0822

However, the surface gravity measurement does affect results for
SDSS J0822, because of tension between surface gravity and radius
constraints. The WD primary’s radius is not well constrained from
light-curve fitting, with a value of 0.031 £ 0.006 R, (Kosakowski,
Kilic & Brown 2021). However, Kosakowski et al. (2021) also
performed an analysis assuming that the mass of the primary was
0.304 +0.014 Mg (which was reported in the discovery paper by
Brown et al. 2017, using T and log g). Assuming this mass and
using WD cooling tracks gave a model radius of 0.025 £ 0.001 R,
just within 1o of the light-curve constraint.

In our analysis, when we fit to 7. and radius constraints alone
(the latter from light-curve modelling), our modelled mass range
extends from 0.22—0.32 M, mainly because of the high-radius error
bars. Only the primary’s log g value is reported for this system,
but the contribution of the unseen secondary is likely small. If we
fit to Tegr, radius, and log g, our modelled mass is reduced to only
0.30—0.32 M, (overlapping well with the mass estimate from Brown
etal. 2017). Discarding the radius and fitting to 7. and log g slightly
broadens the range to 0.28—0.32 M, (therefore the radius constraint
is still useful). Therefore, for our results, we fit to 7. and log g (from
Brown et al. 2017) and radius (from Kosakowski et al. 2021) to find
the range of masses/cooling ages for SDSS J0822.

2.4.2 WD 0957—666 and PG 11014364

Unlike the systems discussed above, WD 0957—666 and PG
11014364 have measured log g values but do not have measured
radii. So for these models, we instead fit our cooling curves to log g
and surface temperature to find matching models and the associated
cooling age. Maxted et al. (2002) reported surface temperatures for
both WDs in each system (Section 2.1). However, only a combined
value of log g is reported (instead of fits to both WD’s atmospheres).
For WD 0957—6660, T, is much larger than T, (30 000 K versus
11 000 K) so the contribution of the secondary likely does not matter
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Figure 3. WD cooling behaviour as a function of WD mass and initial
hydrogen mass. Red region: Model has elevated H burning and expands
beyond 1 Ry . The red line is the upper bound of hydrogen included in our
main grid. Orange region: Model will begin to cool as a proto-WD (Istrate
et al. 2016) but then undergo one or more H flashes. Blue region: Model will
cool without ever experiencing a flash. Above 0.43 Mg, models do not flash.

greatly. Maxted et al. (2002) estimated a primary mass of 0.37 Mg by
accounting for both WDs and using their luminosity ratio, the same
value estimated by Moran et al. (1997) by simply fitting a single star
model.

For WD 11014364, the temperatures of the WDs are closer
together (15 500 K versus 12 000 K) and so it is not justified to ignore
the secondary. For our upper mass limit, we assume the spectrum is
dominated by the primary (lower mass WD), and fit to T¢; and
the combined log g, which leads to matching models from 0.34 to
0.40 Mg, (likely too large compared to the true value). For our lower
mass limit, we assume the spectrum is dominated by the secondary
and fit T, and the combined log g to find values for M,. Then, we
use the measured mass ratio g to give the range of primary masses
as 0.27-0.34 Mg, To determine the cooling age associated with this
lower mass range, we fit to Tes; alone — however, any ambiguity in
cooling age/birth period is less important than the large uncertainty
in mass for this system. In summary, we estimate the mass of WD
1101+364’s primary to be between 0.27 and 0.4 Mg,.

The other difference for these two systems is that the mass ratio
q is reported instead of M,. Therefore, for each WD primary model
with mass M, we calculate the associated range of M, values (going
to £1o in g). Then, the cooling ages can be converted to a range of
birth periods as before.

2.5 Flashing models in a binary
2.5.1 Basics

An H flash occurs when semidegenerate H-burning ignites unstably,
similar to H-novae in accreting WDs, creating enormous increases
in burning luminosity (Althaus, Miller Bertolami & Cdrsico 2013).
Fig. 3 shows which models do and do not flash (showing results only
down to a mass of 0.26 M, which are the masses of models relevant
to our systems). Flashing behaviour is made more likely by diffusive
mixing (e.g. Istrate et al. 2016). After the onset of the flash, the star
expands greatly. If the model was allowed to continue without RLOF,
the radius would continue to expand to tens of Ry (middle panel of
Fig. 4). However, in a binary simulation, the model undergoes RLOF
and its radius remains fixed at its Roche-lobe value (bottom panel
of Fig. 4). Our MESA binary simulations included the flashing model
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as the primary, and a point mass as the secondary. For the bottom
panel of Fig. 4, the simulation is performed at an orbital period of
100 min and with a companion of 0.3 Mg. See also Appendix D
for discussion of the mass transfer prescription and effect of orbital
period and companion mass.

Once nuclear burning has subsided, the model’s envelope can
begin to contract and cool once more. Overall, the flash and
subsequent RLOF cause the model to do a loop on an HR diagram,
making WD cooling more complicated to model.

We find that ~75 per cent of the pre-flash H is either lost to mass
transfer or burnt to He during an H flash. The mass transfer rate can
be very large, approaching 1073 Mg yr~! at its greatest, and leads
to a significant stripping of the H envelope, with total mass-loss
sometimes above 1073 Mg,. The speed of our model runs is heavily
dependent on what orbital period mass transfer occurs at, as that
sets how much material is expected to overflow the Roche lobe.
Therefore, runs at shorter orbital periods are more challenging than
runs at longer orbital periods.

For flashing models including mass transfer, we found the effect on
the orbit to be small, and the subsequent orbital evolution is nearly
identical to that which includes GW-induced inspiral alone. The
reason is that even if the entire H envelope is lost (at most 1073
Mgp), it will have little effect on the orbital separation, which to
order of magnitude changes as Aa/a ~ AM/M. Such small changes
are much smaller than other uncertainties, so we can again safely
ignore the effect of mass transfer. For our fiducial simulations, we
assumed conservative mass transfer, but changing that prescription
led to only small changes in the orbit or the change in the companion
mass.

2.5.2 Do flashing models provide upper/lower age bounds?

While we have argued that mass transfer due to an H flash does not
greatly affect the system’s orbit, mass transfer certainly can affect the
cooling of the primary. In no binary did we find the cooling curves
pre-flash to be a good fit to constraints, as the radii of pre-flash
models were too large.

Post-flash comparison is more difficult. Even though a flashing
model temporarily becomes hotter after a flash, it will cool faster in
the long term compared to a model that is borderline to flashing, but
maintains stable-burning. The stable-burning model retains a high
amount of H that inhibits its long-term cooling, whereas the flashing
model loses that H in its flash and cools faster. This is demonstrated
by the vertical shaded regions in Fig. 4, showing the location of the
model on the HR diagram at a fixed age. Therefore, non-flashing
models are likely to produce longer maximum cooling ages than
flashing models.

To test this hypothesis, we ran a full grid of flashing, non-mass-
transferring models as well as a grid of flashing models that undergo
mass transfer at an orbital period of 100 min and a companion of
0.3 Mg,. These grids sampled the flashing region of Fig. 3 (i.e. models
from 0.26 to 0.43 M, with mass H in the orange flashing region). The
results (summarized in Table 2) for primary masses and birth periods
do not greatly differ between these two flashing grids. Therefore,
modelling the mass transfer itself does not greatly affect results. This
is because models will burn most of the H to He even if no H is lost
due to RLOF. When comparing individual models, models with mass
transfer always cooled faster post-flash. However, the upper bound
on birth period is not necessarily lower when comparing the two
flashing grids, because different models can be matching in different
grids.
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Figure 4. HR diagrams for three 0.37 Mg models, with different initial
masses for H envelopes. Upper: Model undergoes leftover, stable H-burning
and avoids H flash. Middle: Model undergoes H flash, but mass transfer is
turned off. Lower: Model undergoes H flash, and remains at constant radius
once RLOF begins. Coloured bars represent when the model is ~ 1e8 yr old.
Therefore, the non-flashing model cools more slowly in the long-term than
flashing models.

For all but two systems, a subset of the flashing models were
consistent with observed characteristics, meaning that these WDs
could have undergone a flash in the past. However, for the binaries
we modelled, we find that their upper and lower age bounds (as
well as birth period bounds) are almost always set by non-flashing
models. Note that we are not comparing models of the same mass
— just saying that when compared to the entire grid of non-flashing
models, flashing models do not set the bounds.

Fig. 5 summarizes the above argument, with all models shown
matching observational constraints for ZTF J1749. The upper age
bound comes from a non-flashing model with H mass slightly below
the threshold required to flash, which cools slowly and with a tell-
tale bump in temperature (where it nearly flashes) before it continues
cooling. Flashing models, whether mass transferring or not, give ages
below this upper bound. While this is only one system and one set
of flashing models, we could construct similar figures in almost all
cases.

In one system (ZTF J1901), flashing models do give the upper
age/birth period bound, but this only occurs when the model matches
observations during a very brief period of time right after a flash. This
is discussed further in Appendix D.

Another important result is that the grid of flashing models does not
change the estimated mass range for the systems (the masses in the
flashing column lie within the mass range of the non-flashing models
in Table 2). This means that flashing models will not significantly
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Figure 5. For ZTF J1749, we plot four models whose temperature and
radius match observational constraints (radius is not shown for simplicity).
The dotted lines are the observed temperature range and vertical shaded bands
show the ages at which each model matches this temperature. The model with
the maximum age (blue curve) is a non-flashing model that is close to flashing
and slowly cools. The model with the minimum age (yellow curve) has a thin
H envelope and cools quickly. Two flashing models, one with mass transfer
that occurs at an orbital period of 100 min (red solid line), and one without
any mass transfer (red dashed line) are also shown. Non-flashing models
therefore produce the minimum and maximum possible cooling ages.

increase uncertainties in «cg. Again, there is a potential exception
for ZTF J1901, where the flashing grid run at a period of 100 min
introduces a lower mass model, but it is again only a good fit for a
brief period of time after the flash.

3 CO-CORE WD SIMULATIONS
Although the WDs we model have M, < 0.4 Mg, and are most likely

He-core WDs, it is possible that some are in fact CO-core WDs
(sometimes referred to as hybrid WDs), which formed from stars
with M 2 2 Mg, that ignited He-burning at smaller He-core masses
than lower mass stars. Hence, we must consider this possibility in
our modelling, as it entails significantly different progenitor masses

and evolutionary histories.

3.1 Creating grid of models

In a similar process to the creation of He-core WD models, we
create CO-core models through mass stripping of an evolved stellar
progenitor. We find that progenitors from about 1 to 4 M, can create
CO WDs with masses that are relevant to the binaries we model
(Section 4.1). The progenitor mass can potentially affect the WD
cooling behaviour — however, we found that such differences are
generally small (see Section 4.3 for further discussion). Therefore,
except where noted, we used a 3 Mg, progenitor to create our grid of
CO WD models.

To create a grid of WD models of a given mass (e.g. 0.4 Mg) our
specific steps are:

(1) Evolve a 3 Mg, star up the RGB until its He core reaches values
close to but beneath 0.4 Mg, (e.g. 0.39-0.3999 My,). Significant He-
burning may begin before the envelope is stripped.

(i1) Relax mass to 0.4 M. Helium burning will start, or continue
if started before mass stripping. Therefore, the model represents a
subdwarf B (sdB) star formed following the CE (e.g. Xiong et al.
2017). The model runs through the sdB phase until it becomes a CO
WD.
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Figure 6. Similar to Fig. 2, in blue (green) is the temperature (radius) curve
of a 0.42 Mg, sdB star which subsequently cools as a CO WD. Dashed lines
show temperature/radius constraints of ZTF J1749’s primary. In this case,
temperature is the only useful constraint on the model’s age. The sdB phase
occurs during the first ~300 Myr.

Different He core masses will leave different masses of initial H
on the model. Excess H will burn off during the sdB phase, meaning
there is a maximum amount of H possible when the model enters
the WD cooling track. For example, a 0.4 My He star starting with
either a 0.39 Mg He core or a 0.395 M He core will wind up with
roughly the same mass of H, despite starting with different values.
This sets the maximum amount of H used in our grid, which is a
few x107* Mg, in the WD mass range of interest. The initial mass
of H can affect the duration of the sdB phase, but the effect is small
compared to the overall duration. Conversely, CO models with the
lowest amount of H correspond to sdB models starting with low H.
Similarly to He-core WD models, the exact lower limit does not
affect the WD cooling uncertainties and is not important for age
estimates.

Our grid of CO WD models has its upper mass bound set by
the masses of the primaries we model. Considering WDs 1o above
measured values, that upper limit is 0.47 Mg from Table 1. The
lower limit is set by the transition between a He- and a CO-core WD,
which depends on progenitor mass (Section 4.1), but reaches a low
of ~0.32 Mg (e.g. Moroni & Straniero 2009).

3.2 sdB+CO WD behaviour

During the sdB phase defined by He-burning, the models stay at
an elevated temperature of 7 ~30000K and radius of R~0.1Rg.
During this phase, the star can exhibit ‘oscillations’ in luminosity,
temperature, radius, and nuclear burning power. This is due to He-
burning shell flashes, as explained in Iben et al. (1986), Sweigart
et al. (2000), and Prada Moroni & Straniero (2009). The sdB
phase can last for a few times 10® yr, meaning that there is a
significant time gap between the initial period of mass-loss that
forms the sdB (in our case, assumed to be CE evolution) and the
formation of the CO WD. Once He burning has subsided, the star
will cool and contract on to the WD cooling branch, with a CO-
core.

Our models’ radii during the sdB phase are far too large to match to
any of our WD primaries, and they only match during the WD phase.
The temperature and radius cooling curves can then be compared
to the constraints on the primary, and the cooling age turned into a
birth period, in the exact same manner as performed for He WDs in
Section 2.4. Fig. 6 shows a typical matching model for one of our
binaries, including both the sdB phase and the WD cooling phase.
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Similarly to Section 2.4.2, we instead apply temperature and surface
gravity constraints for WD 0957—666 and WD 1101+4-364.

Table 3 presents a summary of the cooling ages/birth periods for
each WD primary, assuming it is a CO-core WD formed from an sdB
star. The one system not shown in the table (SDSS J0822) had no
matching CO-models; unsurprisingly, it had the lowest-mass primary
(mean value of 0.3 Mg,), which is unlikely to be a CO WD.

3.3 Comparison to He-core models

Even for models with the same mass and same envelope mass, there
are cases where there are good fits for He WD models, but not for CO
WD models. Specifically, the radius and temperature cooling curves
can be altered based on the model’s composition. Most noticeably,
the radius of our CO models is always smaller than the radius of a
corresponding He model. If the WD cores were purely degenerate,
this would be unexpected — however, CO-core models are slightly
smaller because of their heavier compositions and not being fully
degenerate for the low masses we include. This is similar to the trend
found in Prada Moroni & Straniero (2009), where CO models had
lower radii than He models when compared at the same temperature.
In addition, Prada Moroni & Straniero (2009) found that CO WD
models cooled faster (after the sdB phase) than He WD models.

3.4 Effect of mass transfer during sdB phase

Because the sdB star is at an elevated radius, it is possible that
it undergoes mass transfer with its companion before ending He
burning and contracting into a WD. We modelled conservative mass
transfer as in Section 2.5.1, focusing on models with the most massive
H envelopes during the sdB phase, as these are the most bloated. As
expected, mass transfer strips much of the H envelope. However, the
cooling behaviour after the sdB phase (when mass transfer ends) is
similar to models without mass transfer. This is because, even without
mass transfer, most of the H envelope is burnt to He. Therefore, the
H envelope will wind up being small (< few x le-4 Mg) in either
case. As long as mass transfer only strips the H envelope, it will
likely not affect the parameter space of possible H mass on a cooling
CO WD. If mass transfer resulted in mass-loss from the He core,
then it would likely affect the cooling behaviour (Bauer & Kupfer
2021). However, because we model DA WDs, we do not consider
this possibility.

We also find that mass transfer of the H envelope does not signifi-
cantly change the duration of the sdB phase (which is predominantly
determined by the burning of He deeper in the star). Therefore, we
find that mass transfer does not significantly change T or R as
a function of age after the sdB phase. In principle, mass transfer
affects the orbital period evolution and therefore the inferred birth
period. However, the effect is not very large because the amount of
transferred mass is relatively small. Therefore, for our results, we run
a grid of sdB models/CO WDs that do not undergo mass transfer, as
the grid’s behaviour will likely not be significantly altered by mass
transfer.

4 RGB PROGENITOR MODELS

4.1 Possible progenitor masses for CE evolution

For each matching WD model from the previous two sections,
we determine the range of possible pre-CE progenitor masses and
evolutionary states. Fig. 7 summarizes the possible channels to
creating WDs through CE evolution. The basic idea is that as a
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Table 3. From left to right: System, observed mass range M; mass range, age range, and birth period range
of our matching CO WD models. There were no matching CO WD models for the system not shown (SDSS

J0822).
Matching CO models

System Observed (M) Mp) Cooling age (Myr)  Birth period (min)
ZTF J2029 0324004 0.32 998-1074 143-160
ZTF J0722 0.38004 0.33-0.38 436-707 115-143
ZTF J1749 0.4 0.33-0.45 186-1086 84-161

ZTF J1901 0.36=004 0.33-0.37 435-1064 114-172
SDSS J1205 0.39£9%2 0.37-0.41 305-458 82-89

WD 0957 0.37 0.35-0.42 243-602 124-145
SDSS J1152 0.362£0014 0.35-0.38 414-624 169-180
CSS 41177 0.378+£0033 0.35-0.4 330-496 184-196
WD 1101 0.29 0.33-0.39 493-778 228-240
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Figure 7. A chart showing the range of He/CO core masses that can be
formed, as a function of progenitor mass. A given progenitor model moves
upward on this diagram as it evolves. The horizontal grey region is above
the mass of WDs relevant to our grid. The cyan curve represents the core
mass where the model is half-convective by mass or radius — only progenitors
above this line will undergo unstable mass transfer, and hence we do not
consider WDs from progenitors in the yellow region. The red line is the core
mass at which He burning will start following envelope stripping, while the
blue line represents the He core mass at the tip of the RGB. The black line
represents the formation of a CO core and the start of AGB ascent. In the
shaded blue region, the star is smaller than its radius at the tip of the RGB, so
a CE event in this region is unlikely. The shaded green region is the possible
domain of He WD progenitors, while the shaded pink region is the possible
domain of CO WD progenitors.

star evolves, its core mass increases and it moves vertically up the
chart. It then encounters different regions that determine whether it
can undergo CE evolution and the resulting composition of the WD.
The core mass of the progenitor star is almost exactly equal to the
mass of the WD that is formed after the envelope is stripped. We
do not consider progenitor masses below 0.9 Mg as these stars will
not have evolved off the main sequence within a Hubble time. This
statement is slightly dependent on metallicity (e.g. Bazan & Mathews
1990) but very low metallicities are unlikely for the field stars we
consider.

Our first criteria for successful CE evolution is that the progenitor
star should be predominantly convective in order for unstable mass
transfer to occur (Hjellming & Webbink 1987; Soberman, Phinney &
van den Heuvel 1997). We find the mass of the He core at the point
the star becomes half-convective by mass or radius (whichever comes
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first, but they occur almost at the same core mass), which is shown
by the cyan line in Fig. 7. Above this line, the RGB star will be
mostly convective and CE evolution allowed; below it, CE evolution
is likely not possible. For example, a 2.5 M, star with a 0.25 Mg, core
will not have a thick convective envelope; however, when its core
increases to 0.3 Mg, it will have become mostly convective, and be
eligible to undergo CE evolution. A more accurate criterion for CE
could be obtained by analysing whether mass transfer is stable using
detailed models (e.g. Pavlovskii et al. 2017). Their results show that
mass transfer becomes much more unstable when the star develops a
convective envelope after the main sequence. This partially justifies
our choice, but a more thorough analysis would need to consider
both the evolutionary state and the mass ratio of the system.

CE evolution will occur either on the RGB or asymptotic giant
branch (AGB) as the star is expanding. Between the RGB and AGB,
the contracting star will not overflow its Roche lobe if it has not done
so already. We define the tip of the RGB by a spike in He-burning
power (or equivalently a decrease in radius). The mass of the He core
at the tip of the RGB is plotted in blue in Fig. 7 — this curve is similar
to one found in Bauer & Kupfer (2021). We define the start of the
AGB by the formation of a CO-core. The He core at the start of the
AGB is plotted in black. Therefore, the blue shaded region between
blue and black lines is another forbidden region for CE evolution
when the star is contracting. For example, as a 2.5 Mg, star’s He core
evolves from 0.34 to 0.43 Mg and it moves through the blue region,
it is not likely to undergo CE evolution.

Finally, we consider where mass stripping representing CE evolu-
tion will create a He-core WD versus a CO-core WD. The transition
between these scenarios is shown by the red line in Fig. 7. For arange
of progenitor masses, we strip mass as in previous sections, creating
a limited set of models. If the He-burning luminosity is negligible
and the model cools similarly to those constructed in Section 2.2, it
becomes a He WD. If He ignites before or after the mass stripping,
leading to an sdB phase as in Section 3.2, it will become a CO WD.
Above the red line, any model formed through mass stripping will
form a CO WD; below it, a He WD. As a 2.5 Mg, progenitor moves
upward across the red line, it will go from being able to form a He
WD toa CO WD when its core mass exceeds =~ 0.32 Mg, In a couple
of cases, the He-burning power spikes sharply after mass-stripping
and leads to numerical difficulties, but for most models we can track
the formation of the CO-core as well.

In summary, the region of Fig. 7 in which the progenitor will
form a He WD through CE evolution is defined as (1) the star is
mostly convective, (2) helium has not ignited when the envelope is
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stripped, and it will not ignite afterwards. This region is shaded green
in Fig. 7. There is an obvious transition around 2.2 Mg where the
parameter space to form He WDs drops sharply — this coincides with
the boundary of the star’s He core being degenerate or not (Nelemans
et al. 2000).

The region of Fig. 7 that can form a CO WD through CE evolution
is defined as (1) the progenitor is mostly convective, (2) the progenitor
is in an expansion phase below the tip of the RGB or above the start
of the AGB, (3) helium has started burning (or will start burning)
when the envelope is stripped. These regions are shaded in pink in
Fig. 7. There is a wide band above 2.3 M, where a CO WD can form
with as low a mass as ~0.32 M. There is a smaller region between
the red and blue lines from 0.9 to 2 Mg — these represent models
that undergo CE evolution very close to the tip of the RGB, resulting
in the formation of canonical 2~ 0.47 M, sdB stars (e.g. Xiong et al.
2017). Finally, there is a transitional region from about 2 to 2.3 M.

4.2 Determination of Eynq

The CE event involves the unbinding of the donor star’s envelope,
which requires a source of energy to occur. The binding energy of
the envelope in its simplest form is defined to be the gravitational
binding energy Eq,, alone,

Mo _G d
Egu = / —Gm(r)dm @)

Mcore r

where m(r) refers to the enclosed mass at some radius r. Unless noted,
we define the mass of the He core M. to be where Xy < 0.01 and
Xpe > 0.1 (mass fraction of H drops below 0.01 and mass fraction of
He rises above 0.1). We investigate the effect of changing the core
boundary definition in Appendix E and find it to be small compared
to other uncertainties. For all RGB models, we do not include mass-
loss through winds. Including winds may decrease the progenitor
mass by up to ~10 per cent (De Marco et al. 2011) at the time of the
CE event, but is a small effect relative to other uncertainties.

There are two other sources of energy that can make Ey;,q lower in
magnitude, and the envelope easier to eject: the envelope’s internal
energy Ejy, and the energy released from recombination of elements
within the envelope such as H and He (Han, Podsiadlowski &
Eggleton 1994). The internal energy of the envelope Ejy is simply
an integral of the internal energy per unit mass U, over the mass of
the envelope:

Mot

Ein = / Udm . 3)
Meore

MESA defines internal energy U as a sum of thermal energy and

recombination energy (Paxton et al. 2018) and both energy sources

are therefore included in our definition of Ej,. The total binding

energy is

Eping = Egrav + Ein - (4)

With Eg,, defined as negative, Ejy is a positive quantity, and therefore
makes the total Ening less negative, i.e. the envelope less strongly
bound. Here, we assume that all the thermal energy contributes to
unbinding the envelope, i.e. there is a thermal efficiency of one
(Dewi & Tauris 2000).

The behaviour of Epyg is shown in Fig. 8, and depends both on
the total mass of the RGB star and the mass of its core. We focus
on RGB masses between 0.9 and 2.0 M, because they correspond
to our main grid of He WD models. For a given progenitor mass,
the envelope binding energy decreases as the core grows in mass and
the RGB star expands. For a given core mass of a star ascending the
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Figure 8. Envelope binding energy of RGB stars versus the helium core
mass. Since Eping 1S negative, a higher magnitude represents a more bound
envelope. We plot the envelope’s gravitational energy (blue shading), and
gravitational + internal energies, with internal = thermal + recombination
(orange shading). The range of Epinq corresponds to the possible range for
0.9-2.0 Mg RGB stars, with the upper boundary from a 2.0 Mg model and
the lower from a 0.9 M model. Also shown is Epjng for a 2.5 Mg model (red
dashed line), shown only up to a core mass of 0.32 Mg (the tip of the RGB
at that mass).

RGB, the envelope radius is nearly independent of total mass. Hence,
the value of Eyiyg is roughly proportional to the total mass squared,
spanning a factor of ~4 for 0.9—2 M, stars.

4.3 Effect of progenitor mass on WD models

The progenitor mass used to actually create our grid of WD models
can potentially affect that grid and its cooling behaviour. However, we
generally find that the effect is small. Therefore, the main uncertainty
associated with the mass of the progenitor is through the envelope
binding energy (previous section), and not the WD cooling.

4.3.1 He WDs

As an example, a 0.3 My He WD can be formed through a CE from
a 0.9 Mg to &~ 2.8 Mg progenitor RGB star (referring to Fig. 7).
However, it would be time-consuming and redundant to create a grid
of WD models from each possible progenitor mass. As mentioned
in Section 2.2, the cooling behaviour of He WDs with a 0.9-2.0 M
progenitor are similar and we use a 1.2 M progenitor model to create
these WDs in MESA. However, models created from 2.1 to 2.8 Mg
progenitors show more significant cooling differences, likely because
the core is less degenerate when formed (Nelemans et al. 2000 use
2.3 Mg, as the transition to non-degeneracy). See further discussion
in Appendix Al.

4.3.2 CO WDs

As an example, a 0.4 Mg CO WD can be formed through a CE from
two distinct regions in Fig. 7: either the pink region centred around
a 3.5 Mg progenitor, or a narrow region between the blue and red
lines at &~ 2.1 M. The latter region represents an sdB star that forms
from mass-loss very close to the tip of the RGB.

Our main grid of sdB/CO WD models was created in MESA from a
3.0 Mg progenitor. We compared models from the 3.0 M, progenitor,
to models created from 1.0, 2.0. 3.5, and 4.0 M progenitors. In
general, the main effect is the duration of the sdB phase, not the
behaviour of the cooling CO WD. In most cases, the change in
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Figure 9. The range of possible orbital periods at birth (immediately
following the CE) for each of our systems, assuming the primary is a He
WD (green points) or a CO WD (blue points). SDSS J0822 has no matching
models consistent with a CO WD.

duration was small compared to the overall duration. The change was
more significant when comparing canonical sdB models (creating ~
0.47 Mg WDs) from the 1.0 M, progenitor. However, such massive
CO WDs were not matched to any of our systems (Table 3), so they
are likely irrelevant. See Appendix A2 for more details.

4.4 Matching WD models to progenitor star

For each matching WD model with mass M, we connect that model
to the allowed regions of Fig. 7 that could have formed it. We do so by
assuming that the CE event occurs at the point where the progenitor
star’s core mass equals the WD’s initial core mass. Progenitors of
1.7 M and below can create any of our He WD models (which go
up to 0.45 Mg, in our grid). Higher mass progenitors can only form
lower mass He WD models as shown in Fig. 7.

For a given progenitor mass and WD mass, we can therefore
calculate Eping at the exact point that the progenitor has a core mass
equal to the mass of the WD. However, we do not calculate Ey;nq as the
binding energy of the entire envelope, because our WD models also
have a finite H envelope (i.e. not all of the progenitor’s H envelope is
unbound). We therefore integrate equations (2) and (3) from M4 to
M, where M4 is slightly larger than the core mass. This reduces the
associated Eping for some WD models that have a relatively massive
H envelope.

5 RESULTS

5.1 Birth periods

After finding the range of cooling times consistent with observations,
we found the range of possible birth periods for each system that we
model. Assuming inspiral due to GW emission only and integrating
equation (1) for possible M, and M, determines birth period for a
given cooling age. The range of possible M, is from our matching
WD models (i.e. Tables 2 and 3), which show good agreement with
values in the literature. For most systems, the range of M, is solely
from published literature measurements and uncertainties (i.e. the
range in Table 1). For WD 0957—666 and WD 11014364, the mass
ratio g is instead used to find the range of M, values for each M,.
Fig. 9 shows the corresponding birth periods for both our main grids:
He-core WDs created from a 1.2 Mg progenitor and CO-core WDs
created from a 3.0 Mg progenitor.

Note there are no matching CO models for SDSS J0822 because
the primary mass M, in this system is relatively low (mean value
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of 0.3 M) and most CO WDs form at higher masses. In contrast,
all the other systems (with higher M;) have matching CO models.
Because of the sdB phase which follows the CE (which can last 100s
of Myr), our matching CO models are older than He models and
correspondingly give higher estimates for the system’s birth period.
The maximum birth periods we find correspond to orbital separations
on the order of only 1 Ry — therefore, the overall assumption of CE
evolution taking place is valid, since that separation is much less than
the radius of an evolved RGB star.

The possible birth periods sometimes span a wide range due
to uncertainties in cooling age, which results from models with a
range of masses and hydrogen shell masses being consistent with
the observed properties of a primary. In general, the uncertainty in
hydrogen mass contributes much of the uncertainty in birth period.
For example, for ZTF J2029 the total possible birth period range
(considering all primary masses) is 23—71 min, but 0.32 M models
alone have a wide associated range (34—63 min). This latter range is
not predominantly from uncertainty in M, (fixing M, only reduces
the range by about 3 min). Instead, it is mostly due to varying cooling
ages for models with different masses of hydrogen.

Several systems have a smaller range of possible birth periods.
SDSS J1152 and CSS 41177 have similar age uncertainties to other
systems (see Table 2), but they were discovered at longer orbital
periods. Hence, they cannot have been born at periods much greater
than observed, because GW-driven orbital decay is less efficient at
long periods. Similarly, the narrow birth period range for SDSS
J1205 (the WD-BD binary) arises from the small mass of the BD
companion, which decreases the GW orbital decay rate such that
the observed period is very close to the birth period. For WD 1101,
despite being observed at a long period, the cooling ages can be
quite large (due to the system’s low T.), so there is a reasonable
uncertainty in birth period. Conversely, the cooling ages are small
for WD 0957 because of the WD primary’s high T, of 30 000 K,
as models of all masses quickly cool below 30 000 K, leading to a
small birth period uncertainty.

5.2 acg constraints

5.2.1 He WD simulations

The CE efficiency factor, acg, is defined via an energy parametriza-
tion as

(&)

GM\M, GM;M,
Eping = ace | — + .

2af 2611

Here, M is the mass of the progenitor star, and a;/a¢ are the initial/final
orbital separations. The value of acg represents the fraction of the
change in orbital energy that is used to unbind the donor star’s
envelope (Ivanova et al. 2013). An ocg of unity implies that all
the orbital energy released by the inspiral goes into unbinding the
hydrogen envelope (full conservation of energy). Values smaller than
unity imply that some energy is lost during the CE event (e.g. because
it is radiated away) or that the ejected material has positive kinetic
energy when it escapes to infinity. Values greater than unity can only
be achieved with an extra source of energy, e.g. energy released due
to accretion on to the companion during the CE.

Equation (5) is a parametrization that relates the initial and final
orbital energy to the binding energy of the progenitor star at the
‘onset’ of the CEE. Our method defines this onset to be when Roche
lobe overflow first occurs. In principle, there could be a phase of
stable mass transfer preceding or following the dynamical CEE (e.g.
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Figure 10. Values of acg using a grid of He WDs and progenitor mass from
0.9 to 2.8 M (the maximum mass RGB star that can produce a He WD from
Fig. 7). The horizontal line and shaded region denotes a least-squares fit to
the ensemble of systems.

Ge et al. 2010). Our inferred value of «cg thus describes the orbital
decay resulting from the entire process, but not its individual phases.

For each matching WD model (with mass M; and birth separation
ar), we determine the corresponding value of acg as follows. To link
pre- and post-CE states, we map the newly formed WD model to a
red giant progenitor model with that same core mass (Section 4.4).
Then, Eying is computed using equations in Section 4.2, where the
energies are integrated over the ejected envelope. The companion
mass M, is assumed to remain constant throughout the CE event. It
is also assumed constant during any further phases of mass transfer
(e.g. an H flash of the primary, or a bloated sdB phase).

The initial semimajor axis g; is calculated by assuming the donor,
which goes on to form the primary WD, is just overflowing its Roche
lobe. We use the Roche lobe approximation of (Eggleton 1983)

R 0.49¢2
a4 0.6 +1n (1 + Qi1/3)

: (6)

where the mass ratio is ¢; = M;/M,, and R; is the radius of the
progenitor star. In practice, the initial orbital energy GM;M,/(2a;)
does not matter greatly, since the final orbital energy is much greater
in magnitude. For each possible configuration (M, M,, etc.) of each
system, we compute the corresponding value of acg from equa-
tion (5). We include internal energy (thermal plus recombination)
into Ey;nq for our best estimate.

The possible range in acg for each system, assuming the primary
is a He WD, is shown in Figs 10 and 11, for different assumptions
involving progenitor mass. Results for our grid of CO models are
discussed in Section 5.2.3. The results of Fig. 10 correspond to our
most general criteria, in which viable He WD-progenitor pairings
are made using Fig. 7, making the effective upper limit 2.8 Mg.
In addition, progenitors more massive than 2.2 Mg cannot form a
He WD more massive than about 0.32 M. Therefore, half of the
systems we model, with relatively high-mass He WDs, cannot have
progenitors more massive than 2.2 M. Note that we use our main
grid of WD models, constructed in MESA from a 1.2 M, progenitors,
for our calculations (see Appendix Al for further discussion).

All systems are consistent with CE efficiencies acg < 1 when
considering typical progenitors of ~1-2 Mg. For several systems,
aceg values in Fig. 10 can be substantially above unity when
considering massive donors. For example, ZTF J2029 and WD
1101 have extremely high associated «cg values because their
low-mass He primaries can be formed from RGB stars up to
2.8 Mg, leading to high values of Epig. In contrast, systems
like WD 0957 and CSS 41177 have higher mass He primaries
(~0.4My), limiting their progenitors to a maximum of 2.1 Mg,
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Figure 11. Values of acg for He WDs if progenitors of 0.9-2.0 M, are
assumed (top), if acg values above unity are discarded (middle), and if a
progenitor of fixed mass 1.0 Mg is assumed (bottom). The shaded regions
denote least-squares fit to each ensemble of systems.

and hence lower Epj,g and acg. If we assume a constant value
of acp applies to all systems, we calculate a value of acg =
0.41 £ 0.28 using a least-squares fit with each system weighted by
the inverse of the possible range in «cg (i.e. the maximum—minimum
value).

The most likely values of «cg are difficult to determine because
they depend on the uncertain progenitor mass distribution, which may
have been affected by a previous phase of stable mass transfer. High-
mass progenitors are less likely because they require unphysically
large values of «cg and are less likely according to the initial mass
function. To estimate more realistic ranges ocg, in the top panel of
Fig. 11, we restrict the progenitor mass to 0.9-2.0 Mg, In this case,
possible values of «cg range from ~0.1 to ~2 for all systems except
WD 1101, where «cg reaches a maximum over 5. If we again assume
a constant value of «cg applies to all systems, we calculate a value
of acg = 0.33 £ 0.19 using the same method as above.

In the middle panel of Fig. 11, we eliminate all values of o/cg > 1
as they are not physical under this formalism without an extra source
of energy. The resulting best-fitting for «cg then becomes acg =
0.34 £ 0.18. In the bottom panel of Fig. 11, we instead assume a
fixed progenitor mass of 1.0 My to demonstrate the small ranges in
acg that result. Assuming a 1.0 M, progenitor results in a best-fitting
ace = 0.18 = 0.04, which represents an approximate lower limit to
the actual CE efficiency.

In summary, we find that given reasonable assumptions on the
progenitor, a universal acg substantially below unity is favoured.
This conclusion is strengthened by the fact that several systems can
only have low values of acg due to their high-mass WDs, which
require low-mass progenitors with low Eyi,g These several systems
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therefore have associated «cg values less than unity regardless of our
assumptions regarding the progenitor.

5.2.2 Uncertainties in o cg

For most systems, the uncertainty in «cg is a factor of several. Most
of the range comes from uncertainty in the progenitor mass, which
affects Ening by a factor of ~ 2-4 when assuming progenitors of
0.9-2.0 Mg, and by a greater factor if considering progenitors up to
2.8 M (Fig. 8). In Fig. 11, WD 1101 has the highest associated acg
values because of the combination of a low primary mass (minimum
0.27 Mg, which results in high envelope binding energies), and a
long birth period. The system with the second highest range of «cp
values (SDSS J1205) has a BD companion, so the low values for M,
drive acp upward.

The second largest uncertainty comes from observa-
tional/modelling uncertainties in the primary mass M, even though it
is usually a secondary uncertainty in regard to birth period. Because
lower (higher) values of M, require more (less) compact RGB
progenitors with higher (lower) binding energies, uncertainty in M,
translates to a substantial uncertainty in Eyj,q and hence to ocg.
Additionally, referencing Table 2 and Fig. 9, there is another factor
of < 2 uncertainty from max/min birth periods for these systems
(although several have < 5 per cent uncertainty) that arises primarily
from the uncertainty in the WD’s H shell mass.

The configurations that result in upper/lower values of «cg can
be understood by examining equation (5). Since the initial orbital
energy term is usually small, we can ignore that term and solve for
OCE-

(N

1/3
2Eping (G<M1 + Mz)Pf2> /
OCE ™ )

GM M, 42

where P is the final (birth) period. Maximum values of acg arise
from a high progenitor mass and a low M, (creating high Eyjng).
Although Py tends to decrease for lower M, that effect is not strong
enough to dominate. Minimum values of acg are associated with
models with a low progenitor mass and a relatively high M, (creating
low Eping)-

For illustrative purposes, we assume progenitors of 0.9-2.0 Mg
in the following two paragraphs. In the case of ZTF J2029, the
maximum value of acg is associated with a 0.26 My WD model (the
lowest mass consistent with observations), a 2.0 Mg progenitor(the
highest mass considered in this example), and a birth period of
24 min. The minimum value of a ¢ is associated with a 0.35 Mg WD
model, a 0.9 Mg, progenitor, and a birth period of 55 min. Therefore,
the maximum value of acg counter-intuitively is associated with a
model with one of the lowest birth periods, and vice versa.

Similarly, low uncertainties in birth period do not necessarily lead
to tight ranges in ocg. ZTF J0722 has a ~50 percent difference
between lower/upper values of birth period, whereas CSS 41177 has
less than 1 per cent difference. However, the range in possible Eying
varies greatly for both (a factor of ~5 for JO722 and a factor of
~3.5 for CSS 41177), leading to high ratios of max/min acg (~6
for JO722 and ~4 for CSS 41177). Hence, the benefit of having a
well-constrained birth period is largely wiped out by the uncertainty
in Eping due to the unknown progenitor mass.

5.2.3 CO WD results

From Fig. 7, the progenitors that can form a CO WD through CE
evolution can be subdivided into three regions, two of which we
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Figure 12. «cg ranges assuming CO WDs arising from progenitors of the
specified mass ranges. Not shown are green error bars for J1205 (lower value
~10) and J1152 and CSS 41177 (lower values ~4). Otherwise, a lack of value
indicates such a progenitor cannot create a relevant CO WD.

focus on. For 1.8-2.2 Mg progenitors, CO WDs of mass 0.39—
0.45 Mg can be created. Lower mass progenitors would create CO
WDs more massive than 0.45 Mg, but those are not relevant to our
matching CO models (Table 3). A 2.3 Mg, progenitor can only form
CO WDs near 0.32 Mg, and for progenitors more massive than
2.3 Mg, the mass of viable CO WDs slowly rises. We therefore
report «cg values separately for 1.8-2.2 My progenitors and 2.3—
4.0 Mg progenitors. We use the same grid of CO WDs in both
cases, although such models were created with a 3.0 M, progenitor
(justified in Section 4.3.2). Similarly to previous sections, we map
the CO WD models to progenitors in the regions of Fig. 7 that could
have formed them through CE evolution (in this case, the two lower
pink regions).

The results for «cg are shown in Fig. 12. The «acg values for
the progenitors with M >2.3 My, are all greater than 1 and likely
represent an unphysical pathway. The lowest values (still greater than
1) come from a 2.3 Mg progenitor and CO models near 0.32 Mg,
SDSS J0822 has no matching CO models. SDSS J1152, CSS
41177, and SDSS J1205 have models associated with progenitors of
M >2.3 Mg but the corresponding values of acg are exceptionally
high, with minimum «cg values greater than ~4. The values are so
high because these systems have high post-CEE birth periods and
associated CO WD masses 2 0.35 M. From Fig. 7, the M > 2.3 M,
progenitors that can form such a CO WD through CE evolution are
at masses greater than 3 Mg, resulting in very high envelope binding
energies and high ocg.

The results for 1.8-2.2 M, progenitors are more interesting. In
the case of five systems, no results are shown because this set of
progenitors is incapable of forming a CO WD with mass < 0.39 Mg
through CE evolution, and these five systems only have matching
CO WD models with masses below 0.39 M. Again, no result is
shown for SDSS J0822 because it has no matching CO WDs of
any mass. ZTF J1749, SDSS J1205, WD 0957, and CSS 41177, in
contrast, have matching CO WD models with masses = 0.39 M.
The first three of these can have acg values less than 1, soa CO WD is
possible. For SDSS J1205, the low mass of the BD companion drives
acg higher than 1, so a CO WD is unlikely. Assuming a constant
value of acg applies to all four systems and doing a fit in the same
manner as in Section 5, we find acg = 0.46 + 0.05, which lies in
the range of our estimate from He WD models.

The CO WD models with 1.8-2.2 Mg progenitors have ocg
values that overlap with the values from our main He WD grid.
This may seem surprising, as CO models cool more slowly and
entail significantly higher birth periods than He models. However,
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the behaviour of Ey;,q can offset this effect. In the case of ZTF J1749
for example, comparing to the top panel of Fig. 11, the maximum
value of acg assuming a He WDis associated with a 0.32 My WD,
2.0 Mg progenitor. The minimum value of «cg assuming a CO WD
is associated with a 0.45 Mg WD model, 1.9 Mg progenitor. Even
though the birth period is roughly double for the CO model versus
the He model, Ey;nq is reduced by a factor of ~10 on account of the
higher mass WD, which means the progenitor is higher up the RGB.

The large difference between results for 1.8-2.2 Mg and M >
2.3 Mg, progenitors is similarly based on Ep;,q. Whereas lower mass
progenitors ignite He burning at the tip of the RGB, higher mass
progenitors ignite He burning closer to the base of the RGB when
the progenitor is much more compact. This leads to a factor of ~3
change in Eping, Which results in a gap between the highest values of
acg for the 2.2 M, progenitor and the lowest values of acg for the
2.3 Mg progenitor.

6 DISCUSSION

6.1 Comparison to previous studies

Nelemans et al. (2000) and Nelemans & Tout (2005) used similar
techniques to constrain CE efficiency for several WD binaries. They
argued that observed short-period WD binaries require large orbital
decay during the second phase of mass transfer, but not the first
phase of mass transfer. In other words, they found that an energy
formalism based on «cg applied to the first phase of mass transfer
could not reproduce observed systems, so they argued for an angular
momentum-based CE prescription (the y-algorithm). We interpret
their results as evidence that the first stage of mass transfer is usually
stable (though perhaps not conservative), while the second stage of
mass transfer is unstable. We have not modelled the first stage of mass
transfer, so we defer a more thorough comparison to future work.
Based on the modelling presented here, a nearly constant value of
acg in the second phase of mass transfer can reproduce the observed
systems.

We can compare our results for WD 0957 and WD 1101 to the
work by Nelemans & Tout (2005), where they present their results
in terms of acgA, defined as

GM{M, GMM,
acgh | — +

= 5 8
Zaf 201 ( )

where M., is the mass of the star’s envelope. In our models, for WD
0957 we find that «cgA ranges from 0.02 to 0.50, whereas for WD
1101 acgA ranges from 0.05 to 8.0. We interpret fig. 5 of Nelemans &
Tout (2005) and estimate that the most likely range of acg for WD
0957, where many models overlap, is from about 0 to 0.5. This
agrees well with our estimate. For WD 1101, their most likely range
of acpA seems to be from about 0.2 to 0.8. If we restrict our WD mass
range to 0.27-0.31 Mg, our acgA values reach a minimum of 0.3,
roughly consistent with theirs. However, our possible range of ocg
is much larger than Nelemans & Tout (2005) because we consider a
wider range of primary masses, corresponding to a wider range of
progenitor envelope binding energies and therefore a wider range of
O CE-

Zorotovic & Schreiber (2022) performed a similar analysis for
several WD-BD binaries, finding that they are consistent with a low
CE efficiency (ocg of about 0.2-0.4). They exclude recombination
energy (but do include thermal energy), meaning their «cg values
should be decreased slightly to compare with our values. For SDSS
J1205, they found acg to be between 0.18 and unity using progenitor
masses of about 1.1-1.9 Mg. For a similar range of progenitor
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masses, our value of «cg ranged between 0.19 and 2. However, if we
only use masses within 1o of the quoted values (as Zorotovic &
Schreiber 2022 appear to have done), our acg values reach a
minimum of 0.4 instead of 0.19. Therefore, our required «cg values
appear to be somewhat larger than theirs, but we agree that acp
substantially less than unity can explain WD-BD binaries. SDSS
J1205 was also examined by Parsons et al. (2017), who found «cgA
for this system ranges from about 0.1 to 0.6 for a progenitor mass
ranging from 0.9 to 1.5 Mg and a WD mass of 0.43 My — we find
acgA from about 0.1 to 0.67 for these same parameters. Our values
are therefore in good agreement with theirs.

Our primary result for He WDs with 0.9-2.0 Mg progenitors
is that all systems are consistent with a CE efficiency of ~ 0.2
to 0.4. In a study of post-CE binaries composed of a WD and
a main sequence star, Zorotovic et al. (2010) determined ranges
of acg for 60 binaries. Note that they refer to recombination
energy as internal energy, differing from our terminology. When not
including the recombination energy, they find ccg close to 0.5 works
best to describe most systems (Zorotovic, private communication).
Including some recombination energy would shift acg to slightly
lower values, particularly for progenitors on the AGB. Hence, their
results are approximately consistent with our best-fitting o/cg.

Hernandez et al. (2021, 2022) modelled post-CE binaries and
found that acg between 0.2 and 0.3 can reproduce binaries with
a WD and an AFGK-type companion, without the inclusion of
recombination energy. However, Hernandez et al. (2021, 2022) also
found wider ranges of acg (~0.1-1) could be consistent with their
systems. Because recombination energy is relatively unimportant for
our RGB progenitors, their values of «cg can be compared directly
to ours and appear consistent.

Davis et al. (2012) report acg values for WD-main sequence
binaries. In their models including internal energy, ocg has a large
scatter from about 0.02-2, but most systems are consistent with our
inferred range of 0.2—-0.4. Similar to Zorotovic et al. (2010), they find
higher values of «cg for RGB progenitors versus AGB progenitors.
Davis et al. (2012) explain that their acg values above 1 come from
WD-BD binaries. For the single WD-BD binary that we modelled
(SDSS J1205), we also find a median value of acg slightly larger than
1, but the range for that system extends down to ecg ~ 0.17. Hence,
our results indicate BDs can only survive the CE when the WD’s
progenitor is relatively low-mass and high up the RGB. Davis et al.
(2012) find that their acg values decrease with increasing progenitor
mass and increasing M,. Because of our smaller sample size, we did
not perform a correlation between acg and the parameters of each
system.

For some of the same systems, De Marco et al. (2011) found
lower values of acg than Davis et al. (2012). De Marco et al. (2011)
included thermal energy in their estimates of the energy budget. Our
inferred range of acg (~ 0.2-0.4) is consistent with most of their
results. They find a trend of increasing values of ap, for increasing
progenitor masses. However, they use initial to final mass relations to
relate the WD mass to a progenitor mass, which may be problematic.
For instance, a 0.55 Mg WD could be produced by a 1 M, progenitor
high on the AGB, or a 3 M, progenitor soon after core He burning.
It is possible their assumption introduces artificial trends into the
results. When they modelled binaries that underwent CE evolution
on the RGB, they used a progenitor mass of 1.19 4= 0.40 M, based
solely on the initial mass function of Kroupa (2001).

Future work should re-investigate whether there really is a trend
between o/cg and progenitor or companion mass. In our analysis,
we find that there may be a trend where o cg is inversely correlated
with the mass of the WD primary, M;. However, this could be a
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result of correlations between uncertainties in M, and the inferred
acg, because higher values of M, correspond to progenitors with
smaller binding energies and hence lower inferred values of acg.
More rigorous analysis including the correlations between the
measurement and model uncertainties for each system should be
the subject of future work.

By analysing WD binaries in the ELM Survey, Brown et al. (2016)
found that in order to match the observed number of short-period
systems, most of the progenitors of He-CO WD binaries detach from
the CE at an orbital period less than 1 h. Four of the systems (ZTF
J2029, 10722, J1749, and J1901) we have modelled were likely born
at a period less than an hour, so our results are qualitatively similar
to those of Brown et al. (2016). However, the typical WD mass in
the ELM Survey of ~ 0.2Mg, is lower than the average mass of
systems we analyse. Lower mass WDs (which have progenitors with
higher binding energies) are expected to be born at shorter periods
on average, assuming the same acg, helping to explain the short birth
periods they infer. However, we caution that a substantial fraction
of low-mass He WDs (M < 0.25Mg,) are likely formed via stable
mass transfer rather than through CE evolution (Li et al. 2019),
complicating their analysis.

Han et al. (2002, 2003) examined the formation of short-period
sdB binaries through CE evolution, and found acg of 0.75 to be
the most appropriate to replicate the observed period distribution,
but with only 75 per cent of thermal energy contributing to envelope
binding energy. Therefore, their efficiency factor oy is defined as

agAEy, = Egrav + agEin - (9)

One can show that their efficiency factor can be related to ours by

_ XCE
1= B+ Bace

where B = —E;,/E,ry ~ 0.5 for stars low on the RGB. Hence ay
~ (.75 corresponds to acg ~ 0.6 by our definition, somewhat larger
than our preferred value, though they note that «cg could not be
accurately constrained.

Recently, Ge et al. (2022) analysed the CE ejection efficiency
short-period binaries containing an sdB star with an M-dwarf or WD
companion. A large fraction of their systems are consistent with ccg
~ 0.2-0.4, in line with our results. However, some of their systems
fall above or below these limits, and it is not clear why.

Sandquist, Taam & Burkert (2000) performed CE simulations for a
few different progenitor masses, evolutionary states, and companion
masses. Although their simulations only probed the dynamical phase
of the CE and could not be run to complete envelope ejection,
their estimates of acg ~ 0.1-0.5 during the initial phase of the
CE are consistent with our empirical estimates. Nandez, Ivanova &
Lombardi (2015) used 3D simulations to construct DWD binaries,
with low-mass red giant star progenitors from ~1-1.8 Mg. They
incorporated both thermal and recombination energy, and found
an oy of 0.2-0.44 (representing energy taken away by unbound
material). This is related to the CE efficiency via acg = 1 — aypp,
leading to an acg of 0.56-0.8. The minimum value of this range is
slightly above the upper bounds of our fiducial range. Additionally,
our maximum values correspond to high-mass progenitors, while
their minimum values correspond to low-mass progenitors, so their
values of acg appear to be inconsistent with ours. This tension should
be examined in future work.

Simulations by Ohlmann et al. (2015) with a 2 Mg donor star only
ejected 8 percent of the envelope mass on a dynamical time-scale.
They suggest that either processes on a thermal time-scale or the
contribution of recombination energy may lead to full unbinding.

on (10)
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Similarly, simulations by Ricker & Taam (2012) with a 1.05 Mg
donor star only ejected 26 per cent of the envelope mass, while the rest
of the envelope remained bound. Recently, Law-Smith et al. (2022)
performed simulations with a 12 M, donor star where the envelope
was completely ejected. They found «cg ~ 0.1-2.7 depending on
how much material is ejected after the end of their simulations.
However, they only included gravitational potential energy in their
definition of envelope binding energy, meaning their values should
be roughly halved to compare to ours, and therefore appear to be
similar to ours.

6.2 Constraining the progenitor mass

The main uncertainty in «cg for each system arises from the uncertain
progenitor mass. If this could be constrained some other way, a more
precise acg could be determined. Zorotovic & Schreiber (2022) use
the BD companions to estimate the total age of the system and
therefore constrain the WD progenitor mass. Discovering a DWD
binary in a cluster with known turnoff mass could also constrain
the initial progenitor masses. Similarly, discovering a WD binary
in a widely separated tertiary (Toonen, Hamers & Portegies Zwart
2016) whose third star could be age-dated could constrain progenitor
mass. A complication for both of these scenarios is that the primary
(second-formed) WD progenitor may have accreted mass from its
companion during a prior phase of stable mass transfer, increasing
the mass of the primary WD progenitor and decreasing its lifetime.
Indeed, the population synthesis of Ruiter et al. (2010) predicts that
the vast majority of binary He WDs (which represent most of our
sample) are formed in this manner.

6.3 Other progenitor uncertainties

The effect of metallicity on cooling He WD models is discussed
in Appendix C. In the case of SDSS J0822, the discovery paper
(Brown et al. 2017) argues that the WD binary is likely located in
the Galaxy’s halo based on its distance. Therefore, it is possible
that it has a significantly lower metallicity than solar. Assuming a
tenth of solar metallicity for WD models increases the maximum H
envelope mass, thus enlarging the maximum possible cooling age
and increasing the maximum birth period for SDSS J0822 by about
35 per cent (while not significantly changing the minimum period).
Metallicity is also important in the progenitor RGB models, where
changing metallicity changes the star’s radius (and therefore Eping)
as a function of its He core mass. The difference in Eyinq (compared
to the Z = 0.02 model) ranges from 20 to 40 percent for Z =
0.0067, and from 40 to 80 per cent for Z = 0.002. These differences
would propagate to «cg. However, these uncertainties are still lower
than those associated with the mass of the progenitor (where Eping
can triple). In the case of SDSS J0822, reducing metallicity for the
progenitor star by a factor of ten increases Eping by about 40 per cent.
Together, the changes in birth period and Ey,g lead to values of
ocg approximately doubling. Using doubled «cg values for this one
system does not substantially affect the least-squares fit in Section 5,
but using lower metallicity progenitors to model all systems would
substantially increase our best estimate of ocg. However, it seems
unlikely that a large fraction of these systems formed from low-
metallicity progenitors (but see Thiele, Breivik & Sanderson 2021).
For a given progenitor mass, parameters such as convective mixing
length and convective overshoot can affect the relationships between
main sequence mass, core mass, and red giant radius. Decreasing
the convective mixing length a1 has been found to decrease the
temperature and increase the radius of an RGB star at the same
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luminosity (i.e. core mass; Bressan et al. 2012). Our default model
has a aprr of 1.89. When we run a 1.0 Mg model with eyt of 1.7,
the radius versus core mass increases by up to 9 per cent, while using
appr = 2.0 decreases the radius versus core mass by up to 5 per cent.
Tayar et al. (2017) find that a1 ranges from about 1.74 to 2.06 for
[Fe/H] ranging from —1 to 1, motivating the range we checked. These
changes in radius would affect Ey;pg and acg by similar factors, but
these remain much smaller than the uncertainty due to the unknown
progenitor mass.

Convective overshoot on the main sequence (not included in our
models) can slightly increase the core mass, causing stars to behave
like slightly more massive stars on the RGB. Increasing overshoot
would cause the lines in Fig. 7 to move to the left, slightly decreasing
the progenitor masses and binding energies for the same core masses.
However, this uncertainty is also dwarfed by the large possible range
in progenitor mass.

7 CONCLUSION

For a sample of nine DWD binaries and one WD-BD binary, we
model the primary WD’s cooling age and thus constrain the system’s
‘birth period’ following CE evolution. Each system we analyse has
a low-mass primary WD (M; $0.45My) which is likely a He-
core WD. By considering all possible red giant progenitor stars for
each WD primary, we constrain the range of possible CE ejection
efficiencies, acg. Because of (1) the eclipsing nature of eight of
the binaries and resulting low uncertainties for radii, temperatures,
and masses, and (2) the lack of magnetic braking (as opposed to
WD-M dwarf binaries), the binaries we model are some of the
most promising candidates for precisely constraining CE ejection
efficiency.

We estimated the cooling age of the WD primary via a grid of
WD models. Unlike some prior analyses that use published WD
cooling tracks, we perform a comprehensive analysis that accounts
for uncertainties such as the WD’s hydrogen envelope mass and
the possibility of H-burning flashes. Our two separate grids of He-
and CO-core WDs incorporated element diffusion and gravitational
settling, and assumed solar metallicity. We assumed GW-induced
inspiral alone to convert the cooling age to the binary’s post-CE birth
period. We found that:

(i) Our models that are consistent with the primary’s radius and
Tefr have masses that generally overlap well with the quoted mass
M, from discovery papers.

(i) While hydrogen shell flashes may occur in the WD primary,
models with hydrogen flashes and mass transfer do not set the
upper/lower bounds on birth periods.

(iii) All but one system has a primary that is consistent with a low-
mass CO WD as well as a He WD. The birth periods assuming a CO
WD are larger than when assuming a He WD, due to the significant
duration of the post-CE sdB phase preceding the CO WD’s formation.

We created a mapping from our WD models to possible RGB
progenitor stars, calculating the envelope binding energy when a
viable progenitor has core mass equal to the core mass of the WD.
We assumed the binding energy to be the sum of gravitational and
internal (thermal plus recombination) energies, and the pre-CE period
is calculated from the RLOF criterion. From the ratio of binding
energy to the change in orbital energy (as mainly determined by the
WD binary’s birth period), we calculated «cg. Our results are:

(i) Assuming He WDs from RGB progenitors between 0.9 and
2.0 Mg leads to a best-fitting constant acg in the range ~ 0.2-0.4.

WD binaries suggest a CE efficiency o ~ 1/3
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Therefore, our 10 systems are consistent with a value of «cg that is
substantially less than unity.

(ii) The main uncertainty in «cg arises from the unknown progen-
itor star mass, followed by observational uncertainty in the primary
WD mass (and hence progenitor core mass and envelope binding
energy). Uncertainties stemming from the WD’s hydrogen envelope
mass, companion mass, metallicity, recombination energy, core
boundary definition, modelling uncertainties, and other measurement
uncertainties contribute at a lower level.

(iii) Progenitors with M 2 2.1 M, require larger values of ocg
because of the larger progenitor mass and smaller progenitor radius
(hence much larger binding energies) when the CE event occurs.
However, several systems have associated values of «cg significantly
less than unity regardless of our inclusion of massive progenitors
because massive progenitors are more limited in the masses of
He WDs they can create. Therefore, considering the ensemble of
systems, acg < 0.5 is still favoured.

(iv) CO WD primaries from RGB progenitors between 1.8 and
2.2 Mg, (creating WDs of 2> 0.4 M) are relevant only to four systems.
In this case, we find a best-fitting acg ~ 0.5. Progenitors of M 2
2.3Mg, (which create CO WDs of = 0.32 M, and are relevant to
nine systems) have associated «cg values larger than unity and are
hence unlikely.

Our relatively low g values (acg ~ 0.2-0.4 for our main grid of
He WDs) appear to be consistent with constraints from similar previ-
ous modelling of WD-WD, WD-M dwarf, and WD-BD binaries. This
motivates further investigation of whether a low acg is consistent
with other types of post-CE binaries, and the corresponding impact on
predictions of binary population synthesis. Our work also encourages
additional efforts to find and characterize short-period WD binaries,
which are extremely useful for constraining «cg. If a universal value
of acg is found to exist, a sample of short-period WD binaries with
well-constrained masses and temperatures will likely be a major
cornerstone in supporting it.
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APPENDIX A: EFFECT OF PROGENITOR MASS
ON WD MODELS

A1 He models

To characterize the effect of progenitor mass on the behaviour of WD
models, we created a grid of 0.3 M, He models from several different
progenitor masses: 0.9, 1.2, 2.0, 2.3, 2.5, and 2.8 M. We found that
models created from higher mass RGB stars tended to cool slower,
as expected from considerations that the core is less degenerate at
mass stripping and contracts further following the WD’s formation,
releasing thermal energy. For models from 0.9 to 2.0 M, progenitors,
the effect of progenitor mass on the WD cooling and inferred birth
period was small compared to overall uncertainties.

However, using models from a 2.2 Mg progenitor started to
increase the inferred birth period substantially, and using more
massive progenitors continued the increase (Table A1). We use ZTF
J2029 and SDSS J0822 as benchmarks because they are well matched
by 0.3 My He models. Additionally, the mass of H that formed
the boundary between flashing and non-flashing models remained
similar for 0.9-2.0 Mg-generated models, but began to change once
a progenitor mass of 2.2 M was reached.

When calculating values of «cg, we use the grid of WD models
generated from a 1.2 Mg progenitor. This is justified because
the dominant effect of a massive (>2 Mg) progenitor will be to
increase Eping and therefore increase acg, with the change in WD
models/cooling ages a secondary effect. In the case of ZTF J2029,
for example, the effect on acg from different WD cooling models
(generated with a 2.0 M, versus 2.3 M, progenitor) will be less than
about 30 per cent due to the difference in associated birth period. The
change in Eyiqg when comparing a 2.0 Mg, versus 2.3 M, progenitor
is generally much larger and more important. Therefore, we use the
same grid of WD models to model the WD primary (i.e. finding the
same cooling age/birth period) and to perform the calculation of «cg
even when considering high-mass progenitors.

A2 CO models

We compared 0.4/0.45 Mg CO WD models made from a 3.0 Mg
progenitor (in the blue CE-forbidden region of Fig. 7) to models made
from 3.5/4.0 Mg progenitors (in the pink CE-allowed region). The
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Table Al. The inferred range of post-CE birth periods (in minutes) for two systems, using progenitors of different
initial masses. Top row refers to the initial mass of the progenitor used to create a grid of 0.3 Mg He WD models.
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System 0.9 Mg 12 Mg 2.0 Mo 23 Mg 2.5 Mo 2.8 Mo
ZTF 12029 27.9-36.7 27.2-37.6 31.6-41.3 44.9-542 47.1-63.2 51.8-59.8
SDSS 70822 75.8-83.4 75.1-83.8 78.2-86.8 85.4-94.2 86.7-97.0 89.7-98.4
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Figure A1. Two 0.47 Mg CO models, one from a 1 Mg progenitor stripped
just after He ignition (close to canonical) and one from 3 M progenitor.
The second model shows oscillations due to He-burning flashes (discussed in
3.2). The duration of the sdB phase changes (by the offset of 3e7 yr), but the
WD cooling curves are not significantly affected by the choice of progenitor.

differences occur predominantly in the duration of the sdB phase
(which makes sense, given the choice of progenitor determines
whether He-burning has already begun before mass stripping).
However, the changes are small (a few times 107 yr) compared to the
overall duration of the sdB phase (several times 10% yr) and do not
greatly affect our results. Therefore, even though we do not expect
a 3.0 Mg progenitor to create a 0.4 or 0.45 My CO WD through
CE evolution (as those are core masses past the tip of the RGB but
preceding the AGB), it is reasonable for our purposes to use a 3.0 Mg
progenitor model.

Similarly, we compared 3.0 Mg progenitor models with sdB
models formed near the tip of the RGB from 1.0 and 2.0 Mg
progenitors. It was difficult to run stripped star models that flash after
mass stripping. While we could create such models, and track the
He flash (therefore identifying them as about to become sdB stars),
numerical difficulties prevented us from running them through the
duration of the sdB. However, as in the MESA test suite and also
Bauer & Kupfer (2021), we could create and run models that flash
just before mass stripping.

Therefore, we compared 3.0 Mg progenitor, 0.44/0.47 My WD
models (in the blue CE-forbidden region) to 2.0 My progenitor, &~
0.44 My WD models and 1.0 Mg, progenitor, ~ 0.47 Mg WD models
(in both cases stripped slightly after the tip of the RGB). Models from
a2.0 Mg progenitor were similar to models from a 3.0 M, progenitor.
Models from a 1.0 Mg progenitor showed a significantly longer sdB
phase versus the 3.0 Mg progenitor models because the 3.0 Mg
progenitor models had already burnt much of their He at the time of
mass stripping. However, the post-sdB behaviour (i.e. the cooling CO
WD) showed similar behaviour (e.g. Fig. Al). Therefore, we would
expect 0.47 Mg models from two different progenitors to either
be both good fits or both bad fits to the observational constraints.
Therefore, as no 0.47 Mg WD models with a 3.0 Mg progenitor
were matches to our systems, they would likely not be matches even

if created with a 1.0 M, progenitor, and we did not create a full grid
of canonical sdB models.

APPENDIX B: CREATION OF HE WD MODELS

Our He WD models are created through mass stripping of an evolved
RGB star. We do not assume ab initio the maximum amount of H
expected to be found on a cooling WD. In the case of a large amount
of H on the model, the model will remain radially extended and its
surface temperature will remain elevated (i.e. the model does not
cool) until excess H burns. One method is to let the model adjust in
isolation, burning any excess H, then save the model immediately
after the surface temperature began to decrease, so that further
evolution in the binary starts with the WD primary at the top of its
cooling track. The other method is to place the model into a binary
as it adjusts, where we find that excess H is lost to mass transfer to
the companion on a time-scale of hundreds of years, after which the
model begins to cool/contract. Comparing the two methods showed
that they result in similar cooling behaviour for the model after a time
much shorter than the ages we infer, so this initial transient phase is
unimportant for our purposes.

For our grid of models, we choose to model them in isolation, sav-
ing them for further use when their temperatures begin to decrease.
However, we still need a criterion so that the adjustment phase does
not extend arbitrarily long for large amounts of H. Therefore, we
reject models that expand beyond 1 Ry, as they will almost certainly
undergo mass transfer and lose the excess H to the companion. This
limits the adjustment phase to less than 1 Myr and makes it irrelevant
to estimating cooling ages. However, it is still important to model
this phase to see how much H can survive, which influences the WD
cooling behaviour.

B1 Creation of models with low masses of H

To create models with a very low mass of H, we take a relatively
low-H model as created above in Section 2.2 (e.g. a 0.3198 Mg
core, 0.32 My model) and replace most of its outer H envelope
with He, via replace_element = .true. and setting the boundaries
replace_element_nzhi and replace_element_nzlo to target the inner
regions of the H envelope. This method was used to create models
with masses of H below around 107° M.

APPENDIX C: EFFECT OF METALLICITY ON
HE WD MODELS

We have assumed solar metallicity (Z = 0.02) in the creation of
all WD models. However, a lower metallicity can change WD
cooling behaviour. At lower metallicity, the threshold of H required
to undergo an H flash increases — i.e. there are models that flash
at Z = 0.02, as opposed to those that maintain stable burning at
Z = 0.002. Therefore, the main effect of lowering metallicity is
to introduce slowly cooling models with high H, that would have
flashed and then cooled more quickly at higher metallicity. This
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Figure C1. A lower metallicity grid results in longer possible birth periods
for most of the systems that we model. Not all systems are shown because
some have low birth period uncertainties when modelled at either metallicity.

leads to higher possible birth periods for several of the systems that
we model (Fig. C1). We show only half the systems we model for
clarity, because the others have relatively small period uncertainties
for either metallicity grid. The change is largest in the case of SDSS
J0822 — models with a large H envelope can take a very long time
to cool to its relatively low Ti; >~ 14 000 K. Interestingly, this is
the only binary we model where the discovery paper claims it to
be located in the Galaxy’s halo (Brown et al. 2017). Therefore, it
is possible that it does indeed have low metallicity, and the upper
period quoted for our main grid of solar-metallicity models is an
underestimate. The effect of this change, combined with the change
in envelope binding energy for progenitor stars of lower metallicity,
is discussed in Section 6.3.

APPENDIX D: FLASHING HE WD MODELS:
EXTRA DETAILS

Flashing WDs undergo a large expansion in radius that will likely
lead to mass transfer with the companion. When modelled, mass
transfer was computed via mdot_scheme = Kolb. We compared the
Kolb and Ritter mass-loss schemes for a single model, and found
the mass-loss and resulting cooling behaviour nearly identical, but
Ritter requiring more time-steps and computing time. Additionally,
we used MESA release 10 398 instead of more recent versions, because
of its empirical increased computational speed for flashes and mass
transfer.

We tested the effect of changing the orbital period and the compan-
ion mass on our simulations. Performing a subset of simulations with
M, of 0.57 Mg, (the highest feasible M, from Table 1) made negligible
difference with regard to mass-loss/post-flash cooling curves. We
also ran a subset of models at (more computationally difficult) periods
of 60—70 min, and found that the amount of H lost or the post-flash
cooling behaviour was not greatly changed when compared to models
at 100 min periods. Because the flashing model’s envelope wants to
expand so greatly beyond the RL (i.e. it would expand to 10s of R, if
not modelled in a binary), the exact value of the RL does not matter
greatly. As expected, we found that any of these additional models
that matched to our systems could be bounded above and below in
cooling age/birth period by non-flashing models.

The one exception is ZTF J1901, where flashing models (fitting to
observed radius and 7eg) do provide the upper cooling age bound for
the system. However, in these cases the upper-bound flashing models

MNRAS 518, 3966-3984 (2023)

only match the observed temperature during the spike in temperature
immediately after the flash (such a spike is demonstrated in the
nearly vertical red lines in Fig. 5). The time-scale for this spike in
temperature (which is similar to the time-scale of the large loop
in the HR diagram in Fig. 4) is less than 10° yr and these models
match the observed temperature for only about 10* yr. In contrast, the
length of time non-flashing models match temperature constraints is
closer to 10° yr for this system. Therefore, it is far less likely that
we are observing the system in an immediately post-flash state, as
compared to undergoing normal cooling behaviour. We reject such
flashing models, which show similarly small ages of relevance, for
all systems we model.

APPENDIX E: EFFECT OF HE CORE
BOUNDARY DEFINITION ON ENVELOPE
BINDING ENERGY

An additional uncertainty associated with calculating the binding
energy of the H envelope Epy,g is the exact definition of the
envelope/core boundary. For both WD and RGB models, we have
used MESA’S default definition of the He core to be where the mass
fraction of H, Xy, drops below 0.01. The effect of changing this
definition on Eping is shown in Fig. E1. To calculate this, we iterate
through the saved profiles for a 1.5 M RGB star, finding when the
core reaches a certain mass by a certain definition (e.g. when the core
reaches 0.4 Mg for Xy = 0.5). As before, we then integrate down
to that mass coordinate to find Ey;g. Using a smaller value of Xy
decreases the core mass for a given model and therefore increases
Eping, and vice versa. The change depends on core mass, but can
reach up to 20 per cent. However, this uncertainty is small compared
to the uncertainty from the unknown total mass of the RGB star.
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Figure E1. Effect of core/envelope boundary definition on envelope binding
energy. Xy refers to the mass fraction of H below which the He core is defined
to begin. Epind,o refers to envelope binding energy with our default definition
for core/envelope boundary (Xy = 1072).
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