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Abstract In this work, we investigate the idea of variance reduction by studying
its properties with general adaptive mirror descent algorithms in the nonsmooth
nonconvex finite-sum optimization problems. We propose a simple yet general-
ized framework for variance reduced adaptive mirror descent algorithms named
SVRAMD and provide its convergence analysis in both the nonsmooth noncon-
vex problem and the P-L conditioned problem. We prove that variance reduction
reduces the SFO complexity of adaptive mirror descent algorithms and thus accel-
erates their convergence. In particular, our general theory implies that variance
reduction can be applied to algorithms using time-varying step sizes and self-
adaptive algorithms such as AdaGrad and RMSProp. Moreover, the convergence
rates of SVRAMD recover the best existing rates of non-adaptive variance reduced
mirror descent algorithms without complicated algorithmic components. Extensive
experiments in deep learning validate our theoretical findings.

Keywords Variance Reduction - Adaptive Mirror Descent - Nonconvex
Nonsmooth Optimization - General Framework - Convergence Analysis

1 Introduction

In this work, we study the nonsmooth nonconvex finite sum problem

mingex F(x) := f(z) + h(zx)
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where f(z) =1 3" | fi(z) and each f; is a smooth but possibly nonconvex func-
tion, and h(z) is a nonsmooth but convex function, for example, the Li regular-
ization. Recently, the smooth version of the problem has been thoroughly stud-
ied, i.e., when h(z) = 0. Since it is difficult to determine the global minimum
of a nonconvex function, the convergence analyses of different algorithms have
focused on the gradient complexity of finding the first order stationary point of
the loss F(z), i.e., |[VF(x)||3 < e. To reduce the gradient complexity of gradient
descent and stochastic gradient descent (SGD), the famous Stochastic Variance Re-
duced Gradient method (SVRG) (Johnson and Zhang, 2013) and its popular vari-
ants have been proposed, such as SAGA (Defazio et al., 2014), SCSG (Lei et al.,
2017), SNVRG (Zhou et al., 2018b), SPIDER (Fang et al., 2018), stablized SVRG
(Ge et al., 2019), and Natasha momentum variants (Allen-Zhu, 2017a,b). These
algorithms are proven to accelerate the convergence of SGD substantially.

When it comes to the nonsmooth case, a few algorithms based on the mirror
descent algorithm (Beck and Teboulle, 2003; Duchi et al., 2010) have been stud-
ied recently. For example, Ghadimi et al. (2016) provided the convergence rate of
Proximal Gradient Descent (ProxGD), Proximal SGD(ProxSGD), and Stochastic
Mirror Descent (SMD) when the sample size was sufficiently large. The gradient
complexity of these algorithms were shown to match the original algorithms with-
out the proximal operation (Ghadimi et al., 2016). Reddi et al. (2016b) proposed
ProxSVRG and ProxSAGA and analyzed their convergence rates, which were the
proximal variants of SVRG and SAGA respectively. Li and Li (2018) proposed
ProxSVRG+ and obtained even faster convergence than ProxSVRG with favor-
able constant minibatch sizes.

However, all the above extensions of SGD and SVRG, both for the smooth and
the nonsmooth optimization problems, do not consider the case when the algorithm
becomes adaptive, for example, when the step sizes are not fixed or even when the
proximal functions in mirror descent are not fixed. Adaptive step sizes, such as
linear decay, warm up (Goyal et al., 2017), and restart (Loshchilov and Hutter,
2016) are frequently used in the training of neural networks in practice, but recent
papers of variance reduced algorithms only use constant step sizes in their anal-
yses (Li and Li, 2018; Zhou et al., 2018b). Moreover, adaptive algorithms such
as AdaGrad (Duchi et al., 2011), Adam (Kingma and Ba, 2015) and AMSGrad
(Reddi et al., 2018) have become popular in application, but their proximal func-
tions change with time. No theoretical guarantees of applying variance reduction
to such adaptive algorithms have been shown before.

Therefore, instead of trying to create even faster algorithms in the nonsmooth
setting with special components, this work addresses a more important and in-
teresting question: Can the simplest variance reduction technique accelerate the
convergence of all or most of the adaptive stochastic mirror descent algorithms?
We give an affirmative answer to this question, with the only additional mild re-
quirement that there is a lower bound for the strong convexity of the proximal
functions in the mirror descent algorithms.

In particular, we highlight the following contributions:

1. We propose a simple and general variance reduction algorithm framework for
most adaptive mirror descent algorithms named SVRAMD. We prove that in
both the nonsmooth nonconvex problems and the gradient dominated problems
(P-L condition, see Section 4.4), the SVRAMD algorithm converges faster than
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the original adaptive mirror descent algorithms with a mild assumption on the
convexity of the proximal functions.

2. Our general theory implies many interesting results. For example, we claim
that time-varying step sizes are allowed for ProxSVRG+ (and many other
variance reduced algorithms). As long as the step sizes are upper bounded
by the inverse of the smoothness constant 1/L, ProxSVRG+ still converges
faster than ProxSGD under the same step size schedule. Also, we claim that
variance reduction can work well with self-adaptive algorithms, such as Ada-
Grad (Duchi et al., 2011) and RMSProp (Tieleman and Hinton, 2012) (zero
momentum version of Adam) and make their convergence faster. Moreover,
our choices of the hyper-parameters in the theorem provide a general intuition
that larger batch sizes are needed when using variance reduction on adaptive
mirror descent algorithms with weaker convexity, which can be helpful when
tuning the batch sizes in practice.

3. We examine the correctness of our claims thoroughly using popular deep learn-
ing models on the MNIST (Schélkopf and Smola, 2002), the CIFAR-10 and the
CIFAR-100 (Krizhevsky et al., 2009) datasets. All the experimental results are
consistent with our theoretical findings.

2 Additional Related Work

Due to the huge amount of work in optimization algorithms and their analyses,
we are not able to review all of them in this paper. Instead, we choose to review
the two additional lines of research that are related to this paper.

2.1 Self-adaptive Algorithms and Their Analysis

Since the creation of AdaGrad (Duchi et al., 2011), self-adaptive algorithms have
become popular choices for optimization, especially in deep learning topics such
as Natural Language Processing (NLP) and training generative adversarial mod-
els (Ghadimi et al., 2016). Kingma and Ba (2015) proposed Adam that combined
momentum with RMSProp (Tieleman and Hinton, 2012) to further improve the
convergence speed of AdaGrad, but Reddi et al. (2016b) proved that Adam could
diverge even in convex problems. Wilson et al. (2017) also showed that the gen-
eralization performance of adaptive algorithms was even worse than SGD. There-
fore, several complicated variants of Adam have been proposed recently, such as
AdaBound (Luo et al., 2019), NosAdam (Huang et al., 2019), Radam (Liu et al.,
2019), AdaBelief (Zhuang et al., 2020) and AdaX (Li et al., 2020) to further im-
prove the convergence and the generalization performance of Adam. However, all
the aforementioned papers only proved their fast convergence in convex problems
and with sparse gradients. Recently, Chen et al. (2019) and Zhou et al. (2018a)
proved the convergence rates of some self-adaptive algorithms (AMSGrad, Ada-
Grad) in the nonconvex smooth problem, but their convergence rates are still the
same as that of SGD.
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2.2 Combining Variance Reduction with Mirror Descent Algorithms

Combining variance reduction with mirror descent algorithms has become another
heated topic. Recently, Lei and Jordan (2019) further extended SCSG to the gen-
eral mirror descent form with some additional assumptions on the (fixed) proximal
function, but they only considered a convex problem setting. Liu et al. (2020) pro-
posed Adam+ and claimed that variance reduction could improve the convergence
rate of a special variant of Adam. Dubois-Taine et al. (2021) proposed to use Ada-
Grad in the inner loop of SVRG to make it robust to different step size choices.

3 Problem Setup and Notations

In this section, we present the preliminary notations and the concepts used for the
convergence analysis throughout this paper.

3.1 Notations

We first present the notations we use. For two matrices A, B € R¥*?, we use A = B
to denote that the matrix A — B is positive semi-definite. For two real numbers
a,b € R, we use a Ab,a Vb as short-hands for min(a, b) and max(a,b). We use |a|
to denote the largest integer that is smaller than a. We use 5() to hide logarithm
factors in big-O notations. Moreover, for an integer n € N, we frequently use
the notation [n] to represent the set {1,2,---,n}. For the loss function F(z), we
denote the global minimum value of F(z) to be F'*, and define Ap = F(x1) — F*,
where 1 is the initialization point of the algorithm.

3.2 Assumptions and Definitions for Nonconvex Nonsmooth Analysis

We recall the update rule of the general stochastic mirror descent (SMD) algorithm
with adaptive proximal functions ¥:(z) as follows

Ty1 = argming, {ai(ge, ) + ath(x) + By, (z,24)} (1)

where o is the step size, gr = szj (z¢) is the gradient from a random data batch
Z;, and h(z) is the regularization function on the dual space. By, (z,x¢) is the
Bregman divergence with respect to the proximal function ¢+ (z), defined as

By, (z,y) = i(z) — ¥i(y) — (Vu(y), z — y)
Different :(x) would generate different Bregman divergences. For example,
the update rule for ProxSGD is
. 1 2
Te41 = argming § ae(ge, ) + ach(z) + §||x — x¢]|3)

In this case, By, (z,y) = 1|lz — y||3 and it is generated by the proximal function
Ye(x) = %||33||§ A very important property for Bregman divergence is that ¢ (z)
is m-strongly convex if and only if By, (z,y) > 2|y — z|5. In this work, we
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consider general adaptive mirror descent algorithms whose proximal functions are
undetermined and can vary with respect to time. However, we require that they
are all m-strongly convex for some real constant m > 0 (Assumption 1) ,

Assumption 1 The proximal functions y(x) are all m-strongly convex with re-
spect to || - ||2, i-e.,

oY) = n(@) + (Vor(@),y —2) + 5 ly — all3, vt > 0

The constant m can be viewed as a lower bound of the strong convexity of
all the proximal functions {t¢(z)}7—1, where T is the total number of iterations,
and therefore Assumption 1 is mild. Here we provide a few examples of different
proximal functions that satisfy Assumption 1 and the corresponding lower bound
to show the cases where our general theory can be applied.

Ezample 1 i(z) = ¢¢(z) + £||z]|3,¢ > 0, where each ¢;(x) is an arbitrary con-
vex differentiable function, then m = c. Note that this case also reduces to the
ProxSGD algorithm when ¢¢(z) =0 and ¢ = 1.

is equivalent to using time-varying step sizes in ProxSGD even when oy is fixed,
as we can divide all terms in Eqn. (1) by ¢; simultaneously. In other words, we
only require the time-varying step sizes (at/ct) to be upper bounded to satisfy
Assumption 1.

Ezample 2 i(z) = 4 |z||3, where ¢; > ¢ > 0,Vt € [T], then m = c. This case

Ezample 3 i(z) = 3(zx, Hix), where H, € R and H; = cI,Vt € [T], then
m = c. This case covers all the adaptive algorithms with a lower bound for the
matrix H:. Such a lower bound can be achieved by adding mI to H¢ when it is a
non-negative diagonal matrix or by assuming a lower bound of the gradient sizes.

More details will be discussed in Section 4.

For the functions {fi}ij—;, we assume that their gradients are all L-smooth,
unbiased with mean V f, and have bounded variance o2, which are all standard as-
sumptions in the nonconvex optimization analysis literature (Ghadimi et al., 2016;
Reddi et al., 2016b; Li and Li, 2018).

Assumption 2 Fach function f; is L-smooth, i.e.,

IV fi(x) =V i(y)llz < Lllx — yll2

Assumption 3 FEach f;(x) has unbiased stochastic gradients with bounded vari-

ance 02, i.€.,

Einspn) [V fi(2)] = V(2), Binimy [ IV filw) = VF (@) 3] < 0

The convergence rates of different algorithms in the nonconvex optimization
problem is usually measured by the stationarity of the gradient V f(x), i.e., E[||V f(z)||*] <
e 1. However, due to the existence of h(z) in the nonsmooth setting, such a defini-
tion is no longer intuitive as it does not indicate that the algorithm is stationary
anymore. Instead, we use a more general definition of the generalized gradient and
the related convergence criterion.

1 Some recent works such as Zhou et al. (2018b) use E[||V f(z)||?] < €2 instead of our choice.
Simply replacing all the € in our results by €“ can generate the conclusions in their settings.
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Definition 1 Given the x; generated by Eqn. (1), the generalized gradient gx :
is defined as

1 .
9x,6 = — (2t — 1), where &f; = argmin, {a(V f(2),x) + arh(z) + By, (z,2)}
t

Correspondingly, we change the convergence criterion into the stationarity of the
generalized gradient E[[|gx.¢+]|*] < e. In Definition 1, we replace the stochastic
gradient g+ in Eqn. (1) by the full-batch gradient V f(z:). In other words, 33?_-;-1 is
the next-step parameter if we use the full batch gradient V f(z:) for mirror descent
at time ¢, and gx; is the difference between x; and $;r+1 scaled by the step size.
Therefore, the generalized gradient is small when 11 and z¢ are close enough and
thus the algorithm converges. We emphasize that Definition 1 and the convergence
criterion are commonly observed in the mirror descent algorithm literature such
as Ghadimi et al. (2016); Li and Li (2018). If ¢¢(z) = 1||z[|3, then the definition
is equivalent to the generalized gradient in Li and Li (2018). If we further assume
h(z) is a constant, then Definition 1 reduces to the original full batch gradient
Vf(z). When h(z) is a constant and v¢(z) = 1 (z, Hyz), the generalized gradient
is equivalent to H; 'V f(z), which is the update rule of self-adaptive algorithms.

3.3 Assumptions and Definitions for P-L condition

Next, we present the additional assumptions and definitions needed for the conver-
gence analysis under the generalized Polyak-Lojasiewicz (P-L) condition (Polyak,
1963), which is also known as the gradient dominant condition. The original P-L
condition (in smooth problems h(z) = 0) is defined as

Ju >0, s.t. |[VF(x)|? > 2u(F(z) — F*), Vz € R

which is even weaker than restricted strong convexity and it has been studied
in many nonconvex convergence analyses such as Reddi et al. (2016a); Zhou et al.
(2018b); Lei et al. (2017). Note that P-L condition implies all stationary points are
global minimums. Therefore the original convergence criterion (E[|VF(z)||?] < )
is equivalent to

2u [E[F(z)] — F*] <e

However, because of the existence of h(z) in nonsmooth problems, we utilize the
definition of the generalized gradient gx  to define the generalized P-L condition
as follows.

Definition 2 The loss function F'(z) satisfies the generalized P-L condition if
Ju>0, st |lgx.ll> > 20 (F(x) — F*), Vo € R?
where gx ; is the generalized gradient defined in Definition 1.

Li and Li (2018) used a similar definition of the general P-L condition, and ours
is a natural extension since the proximal functions in Eqn. 1 are undetermined. The
above definition reduces to the P-L condition by Li and Li (2018) when v (z) =
1||z|3. If we further assume that h(z) is a constant, then Definition 2 is the same
as the original P-L condition. For simplicity, we further assume that the constant
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Table 1: Comparisons of the SFO complexity of different algorithms to reach e-
stationary point of the generalized gradient. n is the total number of samples and
b is the mini-batch size. O notation omits the logarithm term log%

Algorithms Nonconvex Nonsmooth  P-L condition

ProxGD (Ghadimi et al.,, 2016) O (%) o(2)

ProxSVRG (Reddi et al., 2016b) O (=2 +n) %) (m

SCSG (Lei et al., 2017) o (=L ey o2l A 0’}13/2/3 +nnL)
ProxSVRG+ (Li and Li, 2018) O (% Az+t)  O(ma ‘% L)
Adaptive SMD (Algorithm 1) o (g A %) o (g A )

SVRAMD (Algorithm 2) 0 ( g) o ((n N b)

w satisfies L/(m?u) > /n, which is similar to what Li and Li (2018); Reddi et al.
(2016b) assumed in their papers. The condition is similar to the "high condition
number regime” for strongly convex optimization problems and it is assumed only
because we want to use the same step size oz = m/L in all the theorems (especially
for Theorem 2 and Theorem 4) in this paper. If it is not satisfied, we can simply use
a more complicated step size setting as in the Appendix A.2 in Li and Li (2018).

3.4 Comparison Measure

We use the stochastic first-order oracle (SFO) complexity to compare the conver-
gence rates of different algorithms. When given the parameter x, SFO returns one
stochastic gradient V f;(z). In other words, the SFO complexity measures the num-
ber of gradient computations in the optimization process. We summarize the SFO
complexity of a few mirror descent algorithms in both the nonconvex nonsmooth
setting and the generalized P-L condition in Table 1.

4 Algorithm and Convergence

In this section, we present our main theoretical claims. In subsection 4.1, we pro-
vide the convergence rate of the Adaptive SMD algorithm as a competitive baseline,
which matches the best existing rates of non-adaptive mirror descent algorithms.
In subsections 4.2, 4.3, and 4.4, we present our generalized variance reduced mir-
ror descent algorithm framework SVRAMD and provide its convergence analysis
to show that variance reduction can accelerate the convergence of most adaptive
mirror descent algorithms in both the nonconvex nonsmooth problem and the
generalized P-L conditioned problem.

4.1 The Adaptive Mirror Descent Algorithm and Its Convergence

We first establish the the SFO complexity of the general adaptive SMD algorithm
(Algorithm 1) as the baseline, which is to our best knowledge, a new result in liter-
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ature. We prove in both the nonconvex nonsmooth case and the P-L conditioned
case, the convergence rates of Algorithm 1 are similar to those of the non-adaptive
SMD algorithm (Ghadimi et al., 2016), (Karimi et al., 2016). The proof of these
SFO complexities are provided in Appendix A.

Algorithm 1 General Adaptive SMD Algorithm

: Input: Number of stages T, initial x1, step sizes {az}7_,, proximal functions {t:}1_,
: fort=1to T do
Randomly sample a batch Z; with size b
gt = Vfz,(z¢)
xt41 = argming {o(gt, ) + ash(x) + By, (x,2¢)}
end for
: Return Uniformly sample ¢* from {t}7_; and ouput zs+

NPT W

Theorem 1 Suppose that ¥+ (x) satisfies the m-strong convezity assumption (1),
and f satisfies the Lipschitz gradients and bounded variance assumptions (2, 3).
Further assume that the learning rate and the mini batch sizes are set to be ax =
m/L,b=nA(120°/(m?¢)). Then the output of Algorithm 1 converges with gradient
computations

2

2
O<E/\U—2+n/\g—)
€ € €

Remark. The above complexity can be treated as O(ne ' Ae™?) and it is the
same as the complexity of non-adaptive mirror descent algorithms by Ghadimi et al.
(2016). Algorithm 1 needs a relatively large batch size (O(¢ ™)) to obtain a conver-
gence rate close to that of GD (O(ne™')) and SGD (O(e™?)) (Reddi et al., 2016a).
However, it is still only asymptotically as fast as one of them, depending on the
relationship between O(e~') and the sample size n.

We now provide the convergence rate of Algorithm 1 in the generalized P-L
conditioned problem.

Theorem 2 Suppose that Y. (x) satisfies the m-strong convexity assumption (1),
and f satisfies the Lipschitz gradients and the bounded variance assumptions (2, 3).
Further assume that the P-L condition (Definition 2) is satisfied. The learning rate
and the mini-batch sizes are set to be ay = m/L,by = n A (2(1 +m?)o?/(em?p)).
Then the output of Algorithm 1 converges with gradient computations

n o2 1
O((=nZ)log=
((u uQe) Oge)

Remarks. The above result is 6(71“*1 A ;er*l) if we hide the logarithm
term. Similar to Theorem 1, the SFO complexity matches the smaller complexity
of ProxSGD and ProxGD in the P-L conditioned problem (Karimi et al., 2016).
We emphasize that since the general Algorithm 1 covers ProxSGD (b = 1) and
ProxGD (b = n) with ¢¢(z) = 3||z||3, we believe that our convergence rates in
Theorem 1 and Theorem 2 are the best rates achievable.
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4.2 The General Variance Reduced Algorithm-SVRAMD

We now present the Stochastic Variance Reduced Adaptive Mirror Descent (SVRAMD)
algorithm, which is a simple and generalized variance reduction framework for any
mirror descent algorithm. We provide the pseudo-code in Algorithm 2. The input
parameters B and b; are called the batch sizes and the mini-batch sizes. The al-
gorithm consists of two loops: the outer loop has T iterations while the inner loop
has K iterations. At each iteration of the outer loop (line 4), we estimate a large
batch gradient g; = V fz,(z:) with batch size B; at the reference point z;, both
of which will be stored during the inner loop. At each iteration of the inner loop
(line 7), the large batch gradient is used to reduce the variance of the small batch
gradient V fft (yk) so that the convergence becomes more stable. Note that in line
8, the proximal function is an undetermined ¥ (x) which can change over time,
therefore Algorithm 2 covers ProxSVRG+ and a lot more algorithms with different
proximal functions. For example, if 1y, (z) = 1||z(|3, then B (y, yi.) = 3 lly — vkl
and SVRAMD reduces to ProxSVRG+H (Li and Li, 2018). If 4y (x) = 5(x, Hipx),
where Hy, = ml, then SVRAMD reduces to variance reduced self-adaptive algo-
rithms for different matrices H;, e.g., VR-AdaGrad in Section 4.5.

Algorithm 2 Stochastic Variance Reduced Adaptive Mirror Descent (SVRAMD)

1: Input: Number of rounds T, initial 1 € R?, step sizes {ax}7_,, batch, mini-batch sizes
{Bt, bt}thl, inner-loop iterations K, proximal functions {wtk}zﬂz’lszl

2: fort =1to T do

3: Randomly sample a batch Z; with size B

4 g =V (x); Y=

5:  for k=1to K do _

6: Randomly pick sample Z; of size bt

T of, = Viz, (W) — Viz, (W) + gt

& i, —argming{ar(v,y) + arh(@) + By, (v.y))}
9: end for

10: Tt41 = yé(-ﬁ—l

11: end for

12: Return x4+ where t* is determined by
(Nonsmooth case) Uniformly sample t* from [T7;
(P-L condition case) t* =T + 1.

4.3 Nonconvex Nonsmooth Convergence

Now given the general form of Algorithm 2, we provide its SFO complexity in the
nonconvex nonsmooth problem in the following theorem.

Theorem 3 Suppose that Y (x) satisfies the m-strong convezity assumption (1)
and f satisfies the Lipschitz gradients and bounded variance assumptions (2, 3).
Further assume that the learning rate, the batch sizes, the mini-batch sizes, and the
number of inner-loop iterations are set to be oy = m/L, By = nA (2002 /m?e), by =

b, K = L«/b/ZOJ V 1. Then the output of Algorithm 2 converges with SFO com-
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plexity

0 (L AT fz)
Vb 2Vb €
Remarks. The proof is provided in Appendix B. Theorem 3 essentially claims
that with Assumptions 1, 2, 3, we can guarantee the SFO complexity of Algorithm

21is O (eL\/E A 520—\2/5 + %), with an undetermined mini-batch size b to be tuned later.

Although a is fixed in the theorem, 15 can change over time and hence results
in the adaptivity in the algorithm. For example, our theory indicates that using
different designs of time-varying step sizes is allowed (Example 2 in Section 3).
When we take the proximal function to be vy (z) = <&||z||3, cor > m, Algorithm
2 reduces to ProxSVRG+ with time-varying effective step size a:/cer (i.e., ¢ in
Li and Li (2018)). As long as the effective step sizes a/cx, are upper bounded by
a constant (m/L)/m = 1/L, Algorithm 2 still converges with the same complexity.
Such a constraint is easy to satisfy for many step size schedules such as (linearly)
decreasing step sizes, cyclic step sizes and warm up. Besides, ¥ can be even more
complicated, such as Example 1 and 3 we have mentioned in Section 3, which will
be discussed later. Another interesting result observed in our theorem is that
when m is small, we require a relatively larger batch size B; to guarantee the fast
convergence rate. We will later show that this intuition is actually supported by
our experiments in Section 5.

Similar to ProxSVRG+, when SCSG (Lei et al., 2017) and ProxSVRG (Reddi et al.,
2016b) achieve their best convergence rate at either a too small or a too large mini-
batch size, i.e., b =1 or b = n2/3, our algorithm achieves its best performance
using a moderate mini-batch size e 2/3. We provide the following corollary.

Corollary 1 Under all the assumptions and parameter settings in Theorem 3,
further assume that b = € 2/3 where €72/3 < n. Then the output of Algorithm 2
converges with SFO complexity

0 n 1 1
€2/3 A €5/3 + €5/3

Remarks. The above SFO complexity is the same as the best SFO complexity
of ProxSVRG+, and it is provably better than the SFO complexity of adaptive
SMD in Theorem 1. Note that the number of samples is usually very large in
modern datasets, such as n = 10%, thus b = e2/3 < n can be easily satisfied
with a constant mini-batch size and a small enough ¢, such as b = 102,¢ = 1073,
If the above best complexity cannot be achieved, meaning that either n or € is
too small, some sub-optimal solutions are still available for fast convergence. For
example, setting b = n?/3 would generate O(n2/3671) SFO complexity, which is
also smaller than the SFO complexity of Algorithm 1. Therefore, we conclude
that if the parameters are carefully chosen, variance reduction can reduce the
SFO complexity and accelerate the convergence of any adaptive SMD algorithm
that satisfies Assumption 1 in the nonsmooth nonconvex problem. We summarize
the SFO complexity generated by a few different choices of b in the nonconvex
nonsmooth problem in Table 2.
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Table 2: Summary of the SFO complexity of SVRAMD given different mini-batch
sizes b. All notations follow Table 1. SVRAMD is much faster than adaptive SMD
in the middle three cases, i.e., b = 672/3, b=¢tand b=n?3 lItis asymptotically
at most as fast as adaptive SMD when the mini-batch size is either too small or
too big,i.e, b=1and b=n .

Mini-batch ~ Nonconvex Nonsmooth P-L condition

b=1 o(2nd+12) o ()

b=e?/3 % (a% A 651/3 + 651/3> 6( Zezl//; 6;//33 + 6;//33 ))
b=t O(dmiamtE)  O(:F A gkm k)
b=n?3  O(ZEALp+2) O((EEA )+ 22
on o(Enager)  a(nh e

4.4 Convergence under the Generalized P-L. Condition

Now we provide the convergence of Algorithm 2 under the generalized P-L condi-
tion (Definition 2). Note that the only difference in Algorithm 2 in such problems is
the final output, where we directly use the last x741 rather than randomly sample
from the historical x+s. Therefore, we preserve the simplicity of our algorithm in
the nonconvex nonsmooth case, i.e., there is no additional algorithmic components,
such as the restart process in ProxSVRG (Reddi et al., 2016b). Now we present
the SFO complexity of our variance reduced algorithm under the generalized P-L
condition and show its linear convergence rate.

Theorem 4 Suppose that Y, (x) satisfies the m-strong convezity assumption (1)
and f satisfies the Lipschitz gradients and bounded variance assumptions (2, 3).
Further assume that the P-L condition (2) is satisfied. The learning rate, the batch
sizes, the mini-batch sizes, and the number of inner loop iterations are set to be
ar =m/L, By =n A (100%/(em?p)), by =b, K = [\/b/32] V 1. Then the output
of Algorithm 2 converges with SFO complezity

2
0] ((n/\ U—)Llogl + b logl)
pe” /b € I €

Remarks. The proof is provided in Appendix C. The above SFO complexity is
of size O((n A (ue) 1) (uv/b) ™t 4+ bu~') if we hide the logarithm terms. Compared
with the complexity of the original adaptive SMD algorithm, our complexity can be
arguably smaller when we choose an appropriate mini-batch size b, which further
proves our conclusion that variance reduction can be applied to most adaptive
SMD algorithms to accelerate the convergence. We provide the following corollary
for the best choice of b to show its effectiveness.

Corollary 2 Under all the assumptions and parameter settings in Theorem 4,
further assume that b = (,ue)72/3 < n. Then the output of Algorithm 2 converges
with SFO complexity

1/3  _—2/3 _—2/3 1
ne € €
O<( 1273 A e + 11573 )lng)
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Remarks. The above complexity is the same as the best complexity of Prox-
SVRG+ and it is smaller than the complexity of adaptive SMD in Theorem 2.
Moreover, it generalizes the best results of ProxSVRG/ProxSAGA and SCSG,
without the need to perform any restart or use the stochastically controlled itera-
tions trick. Therefore, Algorithm 2 automatically switches to fast convergence in
regions satisfying the generalized P-L condition. We also provide the SFO com-
plexity of some other choices of b in Table 2 for a clearer comparison. Similarly, if
b= (,ue)_2/3 is impractical, using b = n?/3 also generates faster convergence than
adaptive SMD.

4.5 Extensions to Self-Adaptive Algorithms

Algorithm 3 Variance Reduced AdaGrad Algorithm

1: Input: Number of stages T, initial z1, step sizes {az}_,, batch sizes {B;}7_,, mini-batch
sizes {b+}I_,, constant m

2: fort=1to T do

3 Randomly sample a batch Z; with size B

4: gt =Vifr,(x¢)

5: yi = x¢

6: for k=1 to K do _

7 Randomly pick sample Z; of size bt

8 v, = Viz, (h) — Viz, (i) + g

9: Hy, = diag(\/ LYK wm2 8 0f2 4om)

10: vyt = argmin, {ou (v}, y) + ash(z) + 5y — vl Hu(y — v8))}
11: end itor

120 zpqp1 = y%+1

13: end for

14: Return (Smooth case) Uniformly sample x4+ from {yz}fz’qlﬂytzl; (P-L case) x4+ = 41

As we have mentioned in Section 3, self-adaptive algorithms such as AdaGrad
are special cases of the general Algorithm 1 and thus we can use Algorithm 2
to accelerate them. The proximal functions of most adaptive algorithms have the
form of ¢y (z) = 3(zx, Hix), where H; € R**? is often designed to be a diagonal
matrix.

Assumption 1 is satisfied if we consistently add a constant matrix mI to
Hy, with I being the identity matrix. We remark that such an operation is com-
monly used in self-adaptive algorithms to avoid division by zero (Duchi et al., 2010;
Kingma and Ba, 2015), and thus variance reduction can be applied. Assumption
1 can also be satisfied for many special designs of H; with some mild assumptions.

For example, if Ht i = \/ng +95,+ 974 Vi € [d] (the original AdaGrad algo-

rithm), then H; > ml if there exists one 7; € [t] on each dimension 4 such that
gr;,i > m, meaning that there is at least one derivative larger than m on each
dimension in the whole optimization process. If such a mild condition holds, then
the conclusions in Theorem 3, 4 and Corollary 1, 2 still hold.

However, notice that the strong convexity lower bounds of these algorithms
are relatively smaller (m is often set as le-3 or even smaller in real experiments),
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Theorem 3 implies that the batch size B: needs to be sufficiently large for these al-
gorithm to converge fast. If variance reduction can work with such algorithms with
small m, then we should expect good performances with the other algorithms that
have large m’s. We provide the implementation for Variance Reduced AdaGrad
(VR-AdaGrad) in Algorithm 4 and Variance Reduced RMSProp (VR-RMSProp)
is similar.

One interesting question here is whether VR-AdaGrad and VR-RMSProp can
converge even faster than ProxSVRG+, since AdaGrad and RMSProp are known
to converge faster than SGD in convex problems. Our conjecture is that they can-
not do so, at least not in the nonconvex case because their rapid convergence
relies on not only the convexity of the problem, but also the sparsity of the gradi-
ents (Duchi et al., 2011). Neither of these two assumptions is appropriate in the
nonconvex analysis framework.

5 Experiments

In this section, we present several experiments on neural networks to show the
effectiveness of variance reduction in the adaptive SMD algorithms. We train a
two-layer fully connected network on the MNIST dataset, the LeNet (LeCun et al.,
1998) on the CIFAR-10 dataset, and the ResNet-20 model on the CIFAR-100
dataset (He et al., 2016).

Implementations. In general, we follow the settings by Zhou et al. (2018b)
on SNVRG for all our experiments. Except for normalization, we do not perform
any additional data transformation or augmentation techniques such as rotation,
flipping, and cropping on the images. For the batch sizes and mini batch sizes
By and b; in the algorithms, we follow Zhou et al. (2018b) to use a slightly dif-
ferent but equivalent notation of batch size ratio r = B;/b;. Note that increasing
this ratio when b; is fixed would be the same as increasing the batch size B;.
Our code is based on the publicly released PyTorch code by yueqiw (2019). All
experiments here are run on Nvidia V100 GPUs. We have thoroughly tuned the
hyper-parameters for all the algorithms on the different datasets. More details of
our experiments can be found in Appendix D.

We first validate our claims in Section 4 by showing that variance reduction can
work well with different step size schedules. We choose two special schedules that
are both complicated enough and popular nowadays, warm up and warm restart.
We choose to compare ProxSGD and ProxSVRG+ because they are special cases
of Algorithm 1 and Algorithm 2 with proximal function Q—;t |z||3, where oy is the
step size. For warm up, we increase the step size from zero to the best step size of
ProxSGD/ProxSVRG+ linearly for the initial 5 epochs and then multiply the step
size by 0.1 at the 50-th and the 75-th epoch. For warm restart, we decrease from
the best step size to zero with cosine annealing in 50 epochs and then restart the
decay. The training loss, the testing accuracy and the step size schedules on MNIST
and CIFAR-10 are plotted in Figure 1. As can be seen in the figures, ProxSVRG+
converges faster than ProxSGD with both of the two special step size schedules,
proving our claim that as long as the step sizes are bounded, variance reduction
can still improve the convergence rate of ProxSGD with time-varying step sizes.

We then choose VR-AdaGrad and VR-RMSProp as the other two special exam-
ples of our general algorithm because they have relatively smaller lower bound of
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ProxSGD, warmup
ProxsVRG+, warmup|[ |
ProxSGD, restart N

ProxSVRG+, restart

ProxSGD, warmup
ProxsVRG+, warmup([ |
ProxSGD, restart A

ProxSVRG+, restart

ProxSGD, warmup
ProxSVRG+, warmup|
SGD, restart
SVRGH, restart

(a) MNIST Training (b) MNIST Testing (c) CIFAR10 Training (d) CIFARI1O Testing
Loss Acc. Loss. Acc.

Fig. 1: Performance of ProxSGD and ProxSVRG+ with different step size sched-
ules. The solid lines are trained with the warmup schedule (warmup for 5 epochs
then step decay) and the dashed lines are trained with the warm restart schedule.
We plot the two schedules at the top-right corners of the training loss subfigures for
the readers’ reference. (a) and (b): training loss and testing accuracy using fully
connected network on MNIST. (c) and (d): training loss and testing accuracy
using LeNet on CIFAR-10. The results were averaged over 5 runs.

o s
o AdaGrad AdaGrad ol AdaGrad
VR-AdaGrad VR-AdaGrad VR-AdaGrad
oslll — RMSProp 1| — RMSProp *I| — RMSProp
/| — VR-RMSProp ~—  VR-RMSProp 30| — VR-RMSProp

< < £ 20
.
a SN A oA 03 — =

o o
% @ EY £ oo £ W0 E] % 100 10 ) £ £y EY 0
Epochs Epochs Epschs

AdaGrad ] AdaGrad

AdaGrad
| —  VR-AdaGrad ~—  VR-AdaGrad * —  VR-AdaGrad
o — RMSProp M — RMSProp 1 — RMSProp

— VR-RMSProp —  VR-RMSProp — VR-RMSProp

i [ 3 Eg 00 20 W Eg EQ 100 10 0 30 @ Eg 0
Epochs Epochs Epochs

(d) MNIST Testing Acc. (e) CIFAR10 Testing Acc.  (f) CIFAR100 Testing Acc.

Fig. 2: (a) and (d): training loss and testing accuracy on MNIST. (b) and (e):
training loss and testing accuracy on CIFARI10. (¢) and (f): training loss and
testing accuracy on CIFAR100. The results are averaged over 5 runs.

the strong convexity and their proximal functions are even more complicated. We
use the constant step size schedule for these algorithms as they are self-adaptive.
The training loss and the testing Top-1 accuracy of VR-AdaGrad, VR-RMSProp,
and their original algorithms on all the three datasets are plotted in Figure 2. As
can be observed, the variance reduced algorithms converge faster than their orig-
inal algorithms and their best testing Top-1 accuracy is also comparable or even
higher, proving the effectiveness of variance reduction. We emphasize that the
experiments are not designed to pursue the state-of-the-art performances, but to
show that variance reduction can work well with any adaptive proximal functions
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Fig. 3: (a) and (d): training loss with different » on MNIST. (b) and (e): training
loss with different » on CIFAR10 . (c¢) and (f): training loss with different ratio r
on CIFAR100.

and contribute to faster training, even if the proximal functions have very small
strong convexity lower bound.

Finally, we also show that algorithms with weaker convexity need a larger batch
size Bt to converge fast, which corresponds to our claims in Section 4.3 and 4.4.
We fix the mini batch sizes b; in VR-AdaGrad and VR-RMSProp to be the same
as in the previous experiments and gradually increase the batch size ratio r. The
baseline ratios of ProxSVRG+, which has a large strong convexity lower bound, are
provided in Appendix D for the readers’ reference and the training performances
of VR-AdaGrad and VR-RMSProp with different r are shown in Figure 3. Note
that ProxSVRG+ only needs a small ratio (r = 4 or r = 8) to be faster than SGD
(Li and Li, 2018), but for VR-RMSProp, even when r = 16, the algorithms still do
not converge faster than RMSProp, proving that algorithms with weaker convexity
need larger batch sizes B: to show the effectiveness of variance reduction.

6 Conclusions

In this work, we generalize the convergence results of variance reduced algorithms
to almost all adaptive stochastic mirror descent algorithms by proposing a general
adaptive extension of ProxSVRG+. We prove that the variance reduction tech-
nique contributes to the same level of improvement in the convergence rates of
adaptive mirror descent algorithms under a very mild assumption, both in the
general nonsmooth nonconvex problems and the PL-conditioned problems. In par-
ticular, our theory can be applied to proving the soundness of using time-varying
step sizes in the training process of ProxSVRG+, and the effectiveness of apply-
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ing variance reduction to adaptive algorithms such as AdaGrad and RMSProp. A
potential future work direction is whether our Assumption 1 can still be replaced
by weaker conditions, such as the CHEF conditions Lei and Jordan (2019) have
mentioned in the convex case. Another interesting direction is whether the SFO
complexity can be further improved with the help of additional algorithmic compo-
nents, for example, the nested variance reduction technique by Zhou et al. (2018b)
or momentum accelerations.
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APPENDIX

A Convergence of the Adaptive SMD Algorithm

Definition 3 We define the generalized stochastic gradient at ¢ as

N 1
gx,t = —(xt —x¢41)
o

A.1 Auxiliary Lemmas

Lemma 1 [Lemma 1 in Ghadimi et al. (2016)]. Let g¢ be the stochastic gradient in Algo-
rithm 1 obtained at t and gx ; be defined as in Definition 3, then

(gendix.) > mllaxll® + i[h(xm) — h(zo)] @)

Proof. By the optimality of the mirror descent update rule, it implies for any z € X and
Vh(zi+1) € Oh(xi41)

1
{gr + — (Vi (@e41) = Vipe(20)) + Vh(zeg1), 20 — 2441) 20 (3)
t
Let x = z+ in the above in equality, we get
1
(gt, ¢ —xp41) > —(Vi(wi41) — Ve (xt), w41 — x) + (Vh(zt41), Te41 — o4)
ot 4)
m 2
> a—||It+1 —zt||3 + h(ze41) — h(z)
t

where the second inequality is due to the strong convexity of the function v:(z) and the
convexity of h(x), by noting that s — x¢+1 = atgx,+ , the inequality follows.

Lemma 2 Let gx ¢, gx,: be defined as in Definition 3 and Definition 1 respectively, then

5 1
lox,: — gx,tll2 < EHVf(ﬂCt) —gtll2 (5)

Proof. By the definition of gx, and gx ¢,

- 1 1
lgx,t — gx,tll2 = ;II(It —zf ) = (@ —ze)ll2 = ;tllrt+1 —zf 42 (6)

Similar to Lemma 1, by the optimality of the mirror descent update rule, we have the
following two inequalities

1
(gt + — (Vi (@er1) = Ver (@) + Vh(zet1), @ = 2141) 2 0,Y2 € X, Vh(zer1) € Oh(zer1)
t

(Vf(ze) + ait(v¢t(x:r+1) — Ve (xt)) + Vh(ztt_l),x - :v:r_H) >0,Vz € X,Vh(:v:r_H) S 8h(zt++1)
(7

Take x = :vztrl in the first inequality and x = x;41 in the second one, we can get

1
(=gt mep1 — 2 y) > a—<V¢t($t+1) = Vi (@e), o1 — xf ) + h(@e1) — h(zf )
t
®)

1
(Vf@e), w1 — 2/ ,) > a—tWiﬂt(ﬂﬁfH) = Vi (@e), &y — we1) + () — h(wir)



20 Wenjie Li et al.

Summing up the above inequalities, we can get

(Vf(@e) = g, we1 — /)

>

1
a—t((V%(wtﬂ) = Vi (xt), Ter1 — 3y 1) + (V@) — Ve (), 2 — 2e41))
1 9)
a—t((VW(wtﬂ) = Vi(@f ), wer1 — i)

> e = o3

Therefore by Cauchy Schwarz inequality,

m
llgt — Vf(ze)ll2 > ;tllrt+1 — x4 (10)

Hence the inequality in the lemma follows.

Lemma 3 [Lemma A.1 in Lei et al. (2017)]. Let x1,--- ,xpr € R® be an arbitrary popula-
tion of M wvectors with the condition that

M

Sy =0 ()

i=1
Further let J be a uniform random subset of {1,---, M} with size m, then

M
1 I(m < M)
El||— | < —— 2 x| 12
s o eall) < 55723 el (12)

Proof of the above general lemma can be found in Lei et al. (2017).

A.2 Convergence of the Adaptive SMD Algorithm in the Nonconvex Nonsmooth
Problem

Proof of Theorem 1. From the L-Lipshitz gradients and Lemma 1, we know that

Feern) € F@o) + (V50 zee = 20) + o llwees il

_ L _
= f(@t) — ae(V f(2t), Gx,e) + Eafllgx,tﬂg

. L . -
= f(@e) = arlge, 9x.0) + 5 o7 1Gx.ell3 + arlge = V(@) Gx.0)

L _ - -
< flme) + Eafllgx,tllg — arml|gx,ell3 — [P(zes1) = h(@e)] + arlge — VF(21), 3x,0)
(13)
Therefore since F(z) = f(z) + h(x), we get

L B N 3
F(xt41) < F(zt) — (owm — Eaf)llgx,tllg +ai(ge — VF(2e), §x,t) + a9t — VF(xt),Gx,t — 9x,t)
L . - ~
< F(xt) — (aem — Eaf)llgx,tllg +ap(ge — VI(ze), Gx 1) + e[V f(@e) — gell2llgx,e — g9x ¢ll2

L - - i
< F(at) — (aem — Ea?)llgx,tllg toauge = VF(@e), gx ) + IV F(ze) = g¢1I3

(14)
where the second last one is a direct result from Cauchy-Schwarz inequality and the last
inequality is from Lemma 2. Rearrange the above inequalities and sum up from 1 to T, we get
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T T
L - Qg
Z(atm - Eaf lgx,:013 < Z [F(xe) = Fzir1)] + > lae(ge — V(@) Gix,0) + IV fe) = g¢113]
t=1 t=1 t=1

T
~ [e77
= F(z1) = F(zrp1) + > _loe(ge — VF(e), gx.0) + AV Fe) -~ gtl1%]
t=1
T o
< F(z1) = F* 4+ [atlge — V(@) gx,e) + V() = g¢11°]
t=1
(15)
where the last inequality is due to F* < F(z),Vz. Define the filtration 7t = o(z1, -+, x¢).

Note that we suppose g is an unbiased estimate of V f(x¢), hence E[(V f(x¢) —g¢, gx,¢) | Ft] = O.
Moreover, since the sampled gradients has bounded variance o<, hence by applying Lemma 3
with @; = Viez; fi(ze) — Vf(2e)

02
E[IVf(zt) — g¢]*] < oy [ <m) (16)

where I is the indicator function. Since the final x4+ is uniformly sampled from all {xt}le,
therefore

T
Ellgxc. - 1] = EIElIgx,e 181671) = 2 D" Ellax.ol3 a7

Therefore when o, by are constants, the average can be found as

T
T(arm — ZadE(lax.e+ IB) < F(o1) = F* + 3" “E[Vf(w1) — g1ll]
=1 (18)

2
= Ap + T 16y < )
mby

2
where we define Ap = F(z1) — F*. Take a; = %, then aym — %af = g”—L and

2ApL N 202
m2T bym?

E(llgx,-[13) < I(by <n) (19)

Also by Lemma 2, the difference between gx ;+ and gx ¢+ are bounded, hence

Elllgx,e« 3] < 2E[|1gx ¢+ 13] + 2E[lgx e+ — dx, e+ [13]
< AARL 402

- m?2T bim?2

4ARL 602

= I(b
m2T +btm2 (be <m)

I(bt < TL)

) (20)

Take by = n A (1202 /m?%e), T = 1V (8ArL/m?€) as in the theorem, the expectation is

A4ARL 602
Blllgxe= 3] <~ + 7 1(br <)
m em (21)
€ €
<S4 f_
=3 + 2 €

Therefore since one iteration takes b; stochastic gradient computations, the total number
of stochastic gradient computations is

8AFL

T <

€ 62 €

2 2
by + b = O(ﬁAl+n/\i) (22)
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A.3 Convergence of the Adaptive SMD Algorithm under the P-L condition

Proof of Theorem 2 By the proof in A.2, we have

L - ag
F(ai41) < F(a) — (awm — —Oft)llgx tll3 + atlge — Vf(@e), dx.0) + —lIV#(ae) ~ gell3 (23)
Take expectation on both sides, we know that

BIF(z041)] < BIF(e0)] — (aom — S adEllaxolf] + SRV @) - ailf] (20

Since
Elllgx, e+ 13] < 2E[||gx, ¢+ 13] + 2E[llgx, e+ — Gx,¢+[13] (25)

Hence the inequality becomes

E[F(z4+1)] < E[F(2t)] — (cem — ga?)(%ﬁ[llgx,tllgl —E[|Vf(xt) - gel13]) + %E[Ilvf(xt) —gtl3]

< B[FG)] - ("~ Zad)Ellgx o8] + (2 +aim — LoDV @)~ gll)
< E[F(e0)] — plarm — Zad)(EF@0)] — F) + (2 + avm — Za? BV F (1) - gelB]

(26)
Take oy = m/L and minus F(z)* on both sides, we get

B[R (zes1)] - F* < (1 - plaim — Zad) EIF@)] - F7) + (2 +am — Zad)E[I V() - il
m2 m2
= (1= w T EIF @)~ ) + (1 + 2BV S(@0) ~ 03]

(- u—)(E[F(m)J ~F) (g + E);I(bt <n)

(27)

Let v =1— 2" since m?u/L < f’ ~ € (0, 1), divide by 4**! on both sides, we get

2L’

2
E[F (o)l = F* _ElF(@)]| —F* (3 +%57) 0?
,yt+1 - ,yt ,yt+1 bt

I(b: < n) (28)

Take summation with respect to the loop parameter t from ¢t = 1 to t = T, assume that
bt is a constant, the inequality becomes

T 1
(£ +

E[F(zp41)] — F* <" Ap +7 Z Lv b

— t
<~TA +(1+ )1 7 U2I(b < n)
F+(=+ - —I(bt <n

v L 2L 1—~ bt (29)

1 m2 2L ¢

S AR S e by

I(bs <n)
1 1

=T Ap+(—5 + D% 10, < m)
m w bt

2A 24 2(14m?)o?
Therefore when taking T' = 1V (log ==£)/(log %) = O(log =F /i), bt = n A %
Then the total number of stochastic gradlent computations is

0.2
Tb=0((n A Z) (= log 1))
pe’ €

2 1
=O((ﬁ/\%)logf)
poopPe’ e

(30)
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B Convergence of SVRAMD in the nonconvex nonsmooth problem

Recall the Algorithm 2 in the algorithm section, similarly define
Definition 4 We define the variance reduced generalized gradient mapping as

1
~t Lttt
9y ,k o Yk — Vg1

Definition 5 We also define its corresponding term when the algorithm uses non-stochastic
full batch gradient

1 .
s = (o — v, when yEE, = argmin, s (V164 0) +ath(z) + By, ()} (31

B.1 Auxiliary Lemmas

Lemma 4 Let v}i be defined as in Algorithm 2 and §§,k be defined as in Definition 4, then
we have

. . 1
(0, 3% 1) = mlgy 1> + o [2(Yhg1) — h(yp)] (32)

Proof. The proof of this inequality is similar to that of Lemma 1. By the optimality of the
mirror descent update rule, it implies for any y € X, Vh(szrl) S 8h(y£+1),

1
(vt + o (Ve Wign) = Veu(Wh) + VA1) Y — i) 2 0 (33)

Let x = yl’i in the above in equality, we get

1
(WE Uk = Yhy1) = a—t(V%k(yiﬂ) — Vi (Wh)s Y1 — Ui) + (VAL 1), Yk — k)
(34)

A%

m
a—tllyiﬂ —yhlI3 + [h(yfyq) — h(yh)]

where the second inequality is due to the m-strong convexity of the function k() and
the convexity of h. Note from the definition that 3% — yZJrl = atg; i » the inequality follows.

Lemma 5 Let gt ., Gt . be defined as in Definition 4 and Definition 5 respectively, then we
Y,k 9Yk
have

. 1
13k = gvill2 < ElIVf(yi) — v 2 (35)

Proof. The proof is similar to Lemma 2. By definition of g}ﬁ,k and gﬁ,k,

- 1 1
1% = 9vkll2 = a—tll(yi ~Yha1) — Wk —y )2 = a—tlly}i —yitall (36)

As in Lemma 4, by the optimality of the mirror descent update rule, we have the following
two inequalities

1
(v}, + a—t(thk(y}iﬂ) — Vi (yh) + VR(YE 1), ¥ — Y1) > 0,Yy € X, Vh(yh 1) € Oh(yl, 1)

1
(Vf(yk) + a—t(thk(yz:l) — V(i) + VRt ),y — vty > 0,Vy € X, Vh(y ) € onlyhy)
(37)
Take y = yZJ_rH in the first inequality and y = y,’i+1 in the second one, we can get
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1
(Vs Yty — Yhy1) = a—t(thk(yZH) — Vi (Wh), Vi1 — Yp) + W) — h(yty)

1
(VR Y1 = Yii) = a—t(thk(y}i) = Vi (Y1) Vs — Y1) + R ) = h(Ylg)
(38)
Summing up the above inequalities, we can get

t t t t
(Uk - Vf(yk)7 ykr—l - yk+1>

1 1
> ;t<v¢tk(yi+1) — Vi (Wh) Vi — Vi) + ;(thk(yi) — Vi Wit ) Ut s — vk

1
= ;((thk(yiﬂ) - vz/’tk(yZil)y Yhy1 — yZiLl))

Y

m t 2
aft”yi-ﬂ - yk11||2

(39)
where the last inequality is due to the strong convexity of .k (x). Therefore by Cauchy
Schwarz inequality,

1 1 ¢ _
—IVFk) = vill2 > ;tllyi+1 Ykl > 1135 — 9% kll2 (40)
Hence the inequality in the lemma follows.

Lemma 6 Let Vf(y}i),vz be the full batch gradient and the , then

2 0.2
BIIV£(55) — o IB] < T Bl — el + LS (41)
't t
Proof. Note that the large batch Z; and the mini-batch _’Zj are independent, hence
E(IV£(sL) — oL 3]
—E[l, 3 (VAiluh) — VAilwn) — (TFh) — a0l
i€y,
=Bl 3 (VA - Vi) - (VG - 5 3 V)R]
b ety tieT,
= Ellly 3 (VAGR) = Vhie0) = VL) + V) + 5 3 (Vhile) = V@)
i€y, i€
~Elll, 32 (VAR ~ Vhilen) = VR + V@l + Bl 3 (Vhila) - V@)
i€y, €L
—Elll, 32 (VAGR) ~ V04 — (Vhilen = VI@)IE + Bl 3 (Vhile) - V@)
i€y, i€
2
<Ell5 3 (VAiluh) - VI - (Vhiter) - V@) + L2
i€y,
1 I(B o2
= EL IV = Ve = I6h) + Sl + [l
0.2
< SRS IVAih) — Vi) + T ES T
toedy, t
2 2
< TEllaf, - o]+ ST
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where the fourth equality is because of the independence between Z; and ij. The first and
the second inequalities are by Lemma 3. The third inequality follows from E[||z — E(z)||?] =
E[||z]|2] and the last inequality follows from the L-smoothness of f(x)

B.2 Main Proof

Proof of Theorem 3. From the L-Lipshitz gradients and Lemma 4, we know that

L
FWhar) < FWR) + (VW) Yierr = Vi) + 5 W — yill®
_ L _
= Fuh) = ae{VIWh), Gy,) + 5 071155, 13
~ L ~ _
= f(yp) — e (vp,, Gy i) + Eafllg?kll% + o (vf, = VL), 3% 1)

L o _ .
< flyk) + EQ%HQY,Ic”% — arml|gy i lI3 + e (i, — VL), Fyp) — [R(Whi1) — h(y)]

(43)
Since F(z) = f(z) + h(z), we can get

L - -
F(yy1) = Flyp) — (aem — Ea?)||g§’,k”§ + o (v, = VI(k), 9v) + vy = VL), 85k — 9vk)
L 5., .
< Fyg) — (aum — Eaf)Hg?kH% +ou (v = VEL), 9vi) + ol VFw) — vill2llay e — 9v,kll2

L . at
< F(yi) — (aem — Ea%)||g§’,k||% + (v, = VI(y)s 9%,k) + EIIVf(yZ) —vpl3
(44)

where the second last inequality is from Cauchy Schwartz inequality and the last inequality
is from Lemma 5. Define the filtration 7} = o(yi,- --y}<+1,y%, e 7y§<+17 ey ).

Note that E[(V f(y}) — vL, g% )| Ff] = 0. Take expectation on both sides and use Lemma 6,
we get

m L L%a4 oI (By < n)02
E[F(y}41)] < E[F(y})] — (oz_t - E)E[Hyiﬂ —yrll3) + bt—mE“lyZ — x| + B

m L2y arI(By < n)o?
< E[F(yt)] — — I\Elllyt _at2 Elllyt — 2
< BIFQR) - (g = OBl — w131+ | rBlyf — )] + 2=
m L a?L? + 9 m L a?I(By <n)o? m L . 2
- _ = E _ A P S A AN ) _
+ (2% 4)m2bt (llyr — zll*] + (2% 7) 2B, (4at 8) vy —wella]
_ t m L t 12 m L t4 12
— B - (o = )Ellvb o —vbI3] - (o = Bl - 1)
3L%c; 2L . 9 3y a2L I(B¢ < n)o?
_ E _ ot ey At S T
+( 2bym 4m2bt) (s, = 2ell") + 2m  4m? ) B:
BRG] - (2 — DBl — vl — (72 - EE gt 3
20, 4 + 4 8 ’
3L%a; 2L . 9 3y a2L I(B¢ < n)o?
_ E _ o7t ey At s T
+( 2bym 4m2bt) (s, = 2ell") + 2m  4m? ) B:
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where the second inequality uses the fact that by Lemma 6
]E[||yk+1 912”2] = Oét]E[HQYk”ﬂ < 2at]E[||§Yk”2} + 2at]E[||9Yk ng”%}
< QG?E[”_‘JYk”Q] + t E[”Vf(yk) - Uk” ]

I(B; < n)o? ) (46)
By
20212 21(Bt < n)o?a?
Ellyt — 2,112 t
ol — ol + S

Since by Young’s inequality, we know that

202 L2
< 2B[|lyfyr — vk l3) + m—ﬁ(b—tE[llyZ -z’ +

= 2E[|lyk 41 — vkl3] +

[Yhgr — el < (14 = )Ilyk —ztl3 + (L +p)llyksr — vkll3. VP €R (47)

Hence substitute into equation 457 we can get

m o Lo i —=ell3 lyh — 23 may  La?
E[F (yj41)] SE[F(yZ)}*(***)lE( - -k - ‘

Loy 2
200 1 1+p » 1 ] ) [”gY,k”ﬂ
3L%a;  a? 3 a?L I(B: < n)o?
(thm ~ im 2b ) [”yk_xt” 1+ (%—W)T
m ”y2+1 - It”% maot LOé2
B[R] — (- — Dyg( e Z 72y - K 2
PR - (g — DB - (T2 22yt )
3L%a; 213 m L a?L I(By < n)o?
+( Sorm  am?hy | 2y 4—) (llys — a? ]+( - —4m2)73t
(48)
Let p = 2k — 1 and take summation with respect to the inner loop parameter k, we can
get
E[F(z"*)]
L K mat La?
<E[F( Z<2a 5~ (g ks — ) 3OO - TRkl
3L%c; a?L3 m L . 9 3y 2L I(B¢ <n)o?
_ _ E _ bt At T Sl S A
= bym  Am?2b, t k=) Ak =1 Elllvk el + kz::l(zm 2" B
L K maou La?
<E[F(z E(|lyt _ 2y _ _ ZYE(at 2
[F( Z oy~ o Bk — 1) = SO = 5Bl
3L%2a; a2L3 m L K 3o 2L I(B; < n)o?
_ Elllyt — 2 e Tt W St A
* Z oo~ a2y 2ap@k— 1) a@k = 1) vk el + D )T B,
maog La? 3o a?L I(B: < n)o?
<E[F(@ Z( — ZZ0)Rlg} 1) +Z( R e
3oy a?r? m L m L . 2
Y ; - - — ZEllyf — el
=t obym Am2h | 204(2k+1) 42k +1)  2a4(2k)  A(2k)
maog 3o a?L I(B: < n)o?
= E[F( Z( ~ Lo gt ) +Z<——4;HQ>T

K—1

3L%a; 213 L m 1 . 5
E _ Y (——  ))E _
* Ic:l( bom  am2h (1 Zat)(Qk(Zk-i- n) iy = el




Variance Reduction on General Adaptive Stochastic Mirror Descent 27

where the second inequality is due to the fact that x; = yi and ||z¢41 — x¢]| > 0. Take
atr =m/L

K K-1

2 5 I(Bt < n)a 5L L
ElF (2T < E[F(zt)] — M R'illgt e > 2 E[Ilt
[F(e™+))] < E[F)] ; S Ellg} 3] + Z( + X (G~ ey
5 I(Bt < n)a2
< E[F(z")] - Z [”ng” + Z( —
(50)
where the last inequality follows from the setting K < b/bt / 20J and therefore
5L L 5L L
e < e < (51)
4by  8(K —1)(2(K —1)+1) — 4by 16K2
Take sum with respect to the outer loop parameter ¢ and re-arrange the inequality
T K T K
m? 5 I (Bt < n)a?
>3 gyl < EIF@) - FE )]+ 303 () ==
t=1k=1 t=1k=1 By (52)
5 I(B o?
S Ap+TK( )= (B <n
By
Therefore when taking By = n A 2002 /(m?¢), T = 1V 16 ArL/(m2eK)
8ArL  10I(By <n)o? e ¢
E «|13] < <-+4+-XZ 53
llgx.e-llo) < 57 Bm? 2 2°¢ (53)
The total number of stochastic gradient computations is
TB+TKb:O((n/\—+b\/)(1+ )
b
~0 ( ) (54)
\/ \/ €

_ O( n_. o? n b)
e\/g 62\/5 €
where the last inequality is because b2 < €2 when b < ¢! and Vb < e ! when b < €2

However,we will never let b to be as large as €2 as it is even larger than the batch size B
and doing so will make the number of gradient computations O(¢~3), which is undesirable.

C Convergence of SVRAMD under the P-L Condition

Proof of Theorem 4. Recall the definition of the PL condition and modify the notations a
little bit, we get

3> 0,5 lgl I 2 2(F (yf) — ) (5)
By the proof in appendix B, we know that
BIF(vh)] < BIFG)] — (G- - §> M 2208kl e Loy g
G G yf o) (G2 S0 [ < nlo
EIF ()]~ (5~ Z)E(W) - (G- %"?W(E[F(ym ~ F)
p A I D) -+ (B2 - S LB e

(56)

— z¢|%]
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2
Therefore when p = 2k — 1, define v := (1 — (™Gt — #)), we obtain

BRI =P EFGDI=F) L ke —wl
,yk+1 - ,yk 2at,yk+1 4,yk+1 2k
1 ,3L%c; a?L3 m L . 5
+ - - E -
T Shem  Amzby T 2ai@k— 1) 1@k 1) [y = ell")
" 1 (3at afL)I(Bt < n)o?
Nkt 2m  4m? B:
(57)
Summing up with respect to the inner loop parameter k, we get that
K t 2
L ”yk 1 — xell3
E[F — F* < AK(B[F(a0)] — F*) — 7K+ LT E(—2t
(Floen)] = F* <" @IFe)] - ) = 3G - B
K
1 3L2q 23 m L
K+1 t t 2
+ - + — E —
7 ,; S pem ~ am2te T 2ar @k 1) ak = 1) Sk — el
4K i 1 (304,5 a%L)I(Bt < n)o?
K — AR+l 2m 4m? By
K ¢ 2
_ K X K+1 m L lYkir — ell3
= E[F — F*) — — E
TEERE] =) =D e — e B )

K
1 3%« o2L3 m L
1y E+ o _ Elllut — 412
K ; T Spem  Amzhy T 2ai@k =) 1@k 1) iy = el)

N 1—~K (3ozt afL)I(Bt < n)o?
1—v 2m 4m2 By
(58)
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By the fact that ¢ = z%, and ||zt4+1 — x¢]| > 0, we know that
E[F(ze41)] — F*

Lo gk — w3
K * K+1 _ k+1 2
(E[F (4)] - Z (QQMH SR B )

i Z a?L3 m
k+1 2btm 4m2bt 20 (2k — 1) 4(2k

) vk — @¢ll?]

1 7'yK 3at atL

(Gt =212

1—~ "2m  4m?2

I(Bt <n)02

By
1,71( 3at afL
1= om  am?)

K-1 L

2
Y (e - i et~ ol
— 20kt 4yktl 2k

+

I(Bt < n)02
By

=R (EB[F(21)] - F*) +

af L3 m

K1 Yo 2
Z k+1 2btmy Am2byey | 204(2k + 1)y 4(2k+1) ey, =l

1—~K 3ay 2L I(B: < n)a
K * t
E[F _F A G A T el S B 7l
(BLF ()] )+ 1—7 (2m 4m2) Bi
273
S atiatL m B L L'yim'yE t 2
Z k+2 2btm am2b; T 200 @k 1 1) A@k+1) sk dkag Bk @l

1—~K 3a; o?L I(B: < n)o>
K * t
E[F(z)] — F*) + —— (250 _ 22y I S T
(BRG] - F) + (Gt = 0 TP
273
K+1 at ap L 7&77 R 1 Ellyt — 2
Z k+2 2btm "2t B 4)(2k o 1) Ellue =l
(59)
By the definition v = 1 — Z3tE + Lat” , we know that
L 1 _ 1 _ maogp Lafu
2%  2k+1  2k(k+1) 4k 8k (60)
1 afu m L

T %(Ek+1) ETRCY

Therefore when taking oy = % and with the assumption L/(um?) > v/n, the last term in
the inequality (59) is

2 213
AE+ a  ogl® om Loy 1 Ellyt — 2
Z ol 2btm 1zt 2o 4)(% o g 1 Bk — ell”]
2 273 2
JEH o ol o om Ly 1 eipem Lipn e e
Z =l 2btm ozt ey T D S@E ) T 2k Gap 2Bl el
2 273 2
JEH o ol om L, 1 oegmem Ligyen e e
Z iz 2btm “ a2t e DG T ok Gap 7)) VBl — ]
1 L 1 L
AR+ oL L Elllyt — o112
kZl 2 4bt 2 Grk D)) T 32y Bl — el
1 1 5 8. 2 1 1 8. 2 (61)
P H' _ x4+ _ x4+
Define H(z) := 5 GeTT) +W + b H'(z) = 1222z +1)2  8z2vm _(412+4z+1 -
1y 1 28z+42)n—(4z’+4x+1) b 842
m) = 52 2(dz2 +dz+1)v/n ). When z < K -1 < K < Y% 6 < 1/ 16 4:02-19—4;0-0—1 -
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1 8K+2 1 5 14K +1
5/m 2 TRZART ~ 3vm > 0. Therefore H(z) < H(K — 1) < b~ BRE-1)ER=T) <0

when K = |4/ %J which means the inequality above is smaller than zero. Hence

1—~K 5L I(B: < n)o?

E[F(z41)] = F* <" (E[F(20)] = F*) + (62)

1—v 4 Bt
Therefore
ElF(ze41)] — Fae) _ (E[F(z¢)] - F7) 14K 5L I(B: < n)02) (63)
,\/K(t+1) - ,YKt (1 _ ,\/),YK(tJrl) 4 B:

Now take sum with respect to the outer loop parameter ¢ and take B as a constant, we
can get

1—~K 5L I(By < n)o?

T
E[F(er)] = F* <" T (F@) = F)+95 TS o T = 5,

t=1

T
1—~K 1 5L I(Bt <n)o?
< ,YKTAF +,yK(T+1)
1—=n ;v’“f“) 4 B

T
— KT A 4 KT+ 1—4K Z 1 5LI(B: < n)o? (64)
S At ,\/K(tJﬁl) 4 By

KT AL 4 5LI(By <n)o? 1—~K 1 —4KT
4By 1—vy 1—7K
KT AL 4 5LI(Bt <n)o?1— KT
4By 11—~

=7

=7

2 2 2
Since17'*/KT<1,'\/:17m—(;‘ﬁJr%=lfmTLﬁerTL/i=17m—H hence

2
Zy A
5LI(By < n)o?

4B¢(1 — )
51(By < n)o?
Bim?2pu

Therefore when taking 7' = 1V (log 2ATF)/(K log %) = O((log 2ATF)/(K,u)), Bi =nA 1002

em?2p

E[F(zr41)] — F* <5 TAp +
(65)
= ’YKTAF +

Then the total number of stochastic gradient computations is

2
TB+TKb=0 ((n AT VB (— log 1))
e Vo €

o2 1 1 b 1
=0((nAN—)—=log— + —lo —)
(c ) los T+ g

D Algorithm Implementation and More Experimental Details

D.1 Algorithm

We provide the implementation of Variance Reduced AdaGrad (VR-AdaGrad) in Algo-
rithm 4 when h(z) = 0. Note that this implementation is actually a simple combination of the
AdaGrad algorithm and the SVRAMD algorithm The implementation can be further extended
to the case when h(z) # 0, but the form would depend on the regularization function h(x). For
example, the AdaGrad algorithm with h(z) = ||z||1, a nonsmooth regularization, can be found
in Duchi et al. (2011). The VR-AdaGrad algorithm with h(z) = ||z||1 will therefore have a
similar form. To change the algorithm into VR-RMSProp, one can simply replace the global
sum design of the denominator with the exponential moving average in line 9.
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Algorithm 4 Variance Reduced AdaGrad Algorithm

1: Input: Number of stages T, initial z1, step sizes {c}]_;, batch sizes {B¢}%._;, mini-batch
sizes {bs}I_,, constant m

2: fort=1to T do

3: Randomly sample a batch Z; with size B

4. g1 = Vifr, ()

5: Yl =y

6: for k=1 to K do _

7 Randomly pick sample Z; of size bt

8: v, = Viz (yh) — Viz, (i) + gt

9yl = vl el /(SIS 0+ T ol )
10: end for

11: Tt41 = y%+1

12: end for

13: Return (Smooth case) Uniformly sample x4+ from {yi}f::’f’tzl; (P-L case) ¢+ = 41

D.2 Experiment Details

Datasets. We used three datasets in our experiments. The MNIST (Schélkopf and Smola,
2002) dataset has 50k training images and 10k testing images of handwritten digits. The images
were normalized before fitting into the neural networks. The CIFAR10 dataset (Krizhevsky et al.,
2009) also has 50k training images and 10k testing images of different objects in 10 classes.
The images were normalized with respect to each channel (3 channels in total) before fitting
into the network. The CIFAR-100 dataset splits the original CIFAR-10 dataset further into
100 classes, each with 500 training images and 100 testing images.

Network Architecture. For the MNIST dataset, we used a one-hidden layer fully con-
nected neural network as the architecture. The hidden layer size was 64 and we used the Relu
activation function (Nair and Hinton, 2010). The logsoftmax activation function was applied
to the final output. For CIFAR-10, we used the standard LeNet (LeCun et al., 1998) with
two layers of convolutions of size 5. The two layers have 6 and 16 channels respectively. Relu
activation and max pooling are applied to the output of each convolutional layer. The output
is then applied sequentially to three fully connected layers of size 120, 84 and 10 with Relu
activation functions. For CIFAR-100, the ResNet-20 model follows the official implementation
in He et al. (2016) by Li et al. (2020).

Parameter Tuning. For the initial step size ag, we have tuned over {1, 0.5,0.1,0.01, 0.005, 0.002, 0.001}
for all the algorithms. For the batch sizes of the original algorithms, we have followed the choices
by Zhou et al. (2018b) for ProxSGD and adaptive algorithms (Zhou et al. (2018b) used Adam
but here we use AdaGrad and RMSProp). For the batch sizes and mini batch sizes B; and
bt of the variance reduced algorithms, we have tuned over by = {64, 128, 256,512,1024} and
r = {4,8,16,32,64}. For the constant m added to the denominator matrix H; in AdaGrad and
RMSProp, we choose a reasonable value m=1e-3, which is slightly larger than the values set
in the original implementations to guarantee strong convexity (Kingma and Ba, 2015). The
other parameters are set to be the default values. For example, the exponential moving average
parameter 8 in RMSProp (and VR-RMSProp) is set to be 0.999. No weight decay is applied
to any algorithm in our experiments. The parameters that generate the reported results are
provided in Table 3, 4, and 5.

D.3 Additional Experiments

We provide the performances of AdaGrad, RMSProp and their variance reduced variants with
different step sizes in figure 4 and 5. A too-large step size actually makes the convergence of
AdaGrad and RMSProp slower. Note that variance reduction always works well in these figures,
and it results in faster convergence and better testing accuracy under both step size settings.
Therefore for different step sizes, we can apply variance reduction to get faster training and
better performances.
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Table 3: Parameter settings on the MNIST dataset. The batch size B; is equal to

bt * 7.

Algorithms Step size  Mini batch size bt Batch size ratio r
ProxSGD 0.1 1024 N.A.
AdaGrad 0.001 2048 N.A.
RMSProp 0.001 1024 N.A.
ProxSVRG+ 0.1 256 32
VR-~AdaGrad 0.001 256 32
VR-RMSProp 0.001 256 64

Table 4: Parameter settings on the CIFAR-10 dataset. The batch size B; is equal

to by * 7.

Algorithms Step size  Mini batch size by ~ Batch size ratio r
ProxSGD 0.1 1024 N.A.
AdaGrad 0.001 1024 N.A.
RMSProp 0.001 1024 N.A.
ProxSVRG+ 0.1 512 64
VR-AdaGrad 0.001 512 64
VR-RMSProp 0.001 512 64

Table 5: Parameter settings on the CIFAR-100 dataset. The batch size B; is equal

to by x 7.

Algorithms Step size  Mini batch size bt Batch size ratio r
ProxSGD 0.1 1024 N.A.
AdaGrad 0.001 1024 N.A.
RMSProp 0.001 1024 N.A.
ProxSVRG+ 0.1 512 64
VR-AdaGrad 0.001 512 64
VR-RMSProp 0.001 512 64

The baseline ratios of ProxSVRG+ and ProxSGD in different datasets are provided in
Figure 6. Note that ProxSVRG+ only needs a small batch size ratio (r = 4) to be faster than

ProxSGD.
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Fig. 4: Comparison of AdaGrad and VR-AdaGrad on CIFAR-10 using different
learning rates. The other parameters are the same as in Table 4. “Ir” stands for
learning rate, which is a different name for step size. The results are averaged over
5 independent runs
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Fig. 5: Comparison of RMSProp and VR-RMSProp on CIFAR-10 using different
learning rates. The other parameters are the same as in Table 4. “Ir” stands for
learning rate, which is a different name for step size. lr=1e-2 is too large for
RMSProp and the algorithm diverges. The results are averaged over 5 independent
runs



34

Wenjie Li et al.

SGD

ProxSVRG+, r = 32
12t| — ProxSVRG+, r = 16
ProxSVRG+, r = 8
ProxSVRG+, r = 4

(a) ProxSVRG+ on MNIST

100

SGD

= ProxSVRG+, r = 32
Lol| = ProxSVRG+,r =16
ProxSVRG+, r = 8
ProxSVRG+, r = 4

(c)

— ProxSVRG+, r =16

SGD
ProxSVRG+, r = 32

ProxSVRG+, r =8
ProxSVRG+, r =4

szszsz

ProxSVRG+

(b) ProxSVRG+ on CIFAR10 FAR100

on

CI-

Fig. 6: 6a. training loss of ProxSGD and ProxSVRG+ with different » on MNIST.
6b. training loss of ProxSGD and ProxSVRG+ with different » on CIFAR-10. 6c¢.
training loss of ProxSGD and ProxSVRG+ with different » on CIFAR-100. The
other parameters are the same as in Table 3, 4. The mini batch size is set to be
the same as AdaGrad and RMSProp to ensure fair comparisons. The results were
averaged over three independent runs.
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