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Abstract

In this paper we examine necessary conditions for an anisotropic inhomogeneous medium
to be non-scattering at a single wave number and for a single incident field. These con-

ditions are expressed in terms of the regularity of the boundary of the inhomogeneity.

We assume that the coefficients, characterizing the constitutive material properties

of the medium, are sufficiently smooth, and the incident wave is appropriately non-

degenerate. Our analysis utilizes the Hodograph transform as well as regularity results

for nonlinear elliptic partial differential equations. Our approach requires that the

boundary a-priori is of class C1* for some 0 < a < 1.

1 Introduction

Spectral problems with the wave number as spectral parameter play a central role in math-
ematical scattering theory. A particularly noteworthy development has been the theory
of scattering resonances, which correspond to the poles of the scattering operator viewed
as a meromorphic operator valued function of the wave number [14]. Quite related is the
question of injectivity of the relative scattering (incident-to-outgoing [13, 23]) operator for
inhomogeneous media, which has led to the study of the transmission eigenvalues [7]. To
be precise, given an inhomogeneous medium of compact support, the question is if there are
wave numbers for which there exist incident waves that are not scattered by the medium, i.e.,
the medium is rendered invisible to this particular probing experiment. Such wave numbers
are referred to as mon-scattering wave numbers, and the corresponding incident waves as
non-scattering incident fields. An inhomogeneous medium that admits non-scattering wave
numbers is called a non-scattering inhomogeneity.
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If the given inhomogeneity does not scatter an incident wave at a fixed wave number, then
inside the support of the media this incident wave and the corresponding total field solve
the Helmholtz equation governing wave propagation in the background and in the medium,
respectively, and share the same Cauchy data on the boundary. This homogeneous boundary
value problem is known as the transmission eigenvalue problem, and its eigenvalues (the
wave numbers) are referred to as transmission eigenvalues. The transmission eigenvalue
problem is non-selfadjoint and has an interesting mathematical structure. Its formulation
involves the governing equations for the medium and background only inside the support
of the inhomogeneity, i.e., it does not depend on the external probing wave. Transmission
eigenvalues play a central role in inverse scattering theory for inhomogeneous media; we refer
the reader to [7] for an up-to-date discussion of transmission eigenvalues, their applications to
inverse scattering, and the vast literature on the subject. In particular, non-scattering wave
numbers form a subset (possibly empty) of the real transmission eigenvalues. The existence
of infinitely many real transmission eigenvalues is proven for a large class of (not necessarily
regular) inhomogeneities [8, 9]. The question then arises, whether these inhomogeneities are
non-scattering, in other words whether any of the corresponding real transmission eigenvalues
is a non-scattering wave number. It turns out that the existence of a non-scattering wave
number (unlike the existence of real transmission eigenvalues) generically implies a certain
regularity of the inhomogeneity. Such regularity results are proven in [10] and [27] for the
case of isotropic media with contrast only in the lower order term of the Helmholtz equation.
In this paper we deal with scattering by an anisotropic medium governed by the Helmholtz
equation, with variable coefficients in the principal operator and the lower order term. We
establish necessary conditions for such a medium to be non-scattering, or equivalently by
negation, sufficient conditions for it to be scattering. The investigation of non-scattering
anisotropic media presents additional mathematical difficulties and leads to interesting open
questions.

Consider the following time-harmonic scattering problem

V- -AVu+Ek*nu=0 in RY,

uw=u"+u* in R (1)
_ 0
lim |x|% (musc - ik:usc) =0, uniformly for all Z := 7 € St

x
where k > 0 is the wave number proportional to interrogating frequencies, and d > 2. Here,
v is a given incident field which satisfies the Helmholtz equation Au™™ + k?u™ = 0 in R?
and u* is the corresponding scattered field. We assume that n is a real-valued function
in L>®(R%), and A = (a;;) is a real, d x d symmetric matrix-valued function with L>(R¢)
entries, satisfying

cgMEP < ETA(n)E <col€]*  for almost all 2 € RY and all £ € RY, (2)

for some positive constant ¢y. We further assume that A — I and n — 1 are supported in
Q C RY, where Q is a bounded Lipschitz domain. Let v denote the outward unit normal
vector to 0€2. In this model A(z),n(z), for € €, characterize the constitutive material
properties of an anisotropic dielectric inhomogeneous medium occupying the region €2 and



located in an isotropic homogeneous background with constitutive material properties scaled
to one. In what follows (A, n, Q) refers to this inhomogeneous medium. It is known that the
scattering problem (1) admits a unique solution u € H{ (R?) (see e.g. [7]). Note: the fact
that v € HL (R?) solves (1) implies

u =u", v AVu~ = 0u’, on 0N , (3)

where + and — indicate traces on the boundary 9¢) from outside and inside €2, respectively.
Additional regularity conditions on the inhomogeneity (A,n,) will be imposed later as
required. Of main interest to us is the case when A has a jump across 0€2. In the following,
when A (or n) is continuous on , and we talk about the value of A (or n) on 9, we always
mean the limit value from inside (2.

The main focus of this paper is to investigate the implied regularity on 0} if it happens
that u™™ is a non-scattering wave for the medium (4,n, (), in other words if u*® vanishes
identically outside €. In this case, with v := u™, for simplicity of notation, we have that u|q
along with v becomes a solution to the following homogeneous problem

V- -AVu+Enu=0, Av+k*v=0, in 2,

4
w=v, v AVu=0,v, on 082 , W

with v actually being a solution to
Av+k*v =0 in all of RY. (5)

We note that v is real analytic in R?. In our earlier terminology, the wave number k& > 0
is a non-scattering wave number for (A, n,2). Considering only the set of homogeneous
equations (4), also known as the transmission eigenvalue problem, we conclude that & > 0
is a real transmission eigenvalue. The anisotropic transmission eigenvalue problem has been
subject of extensive investigation in the past decade [7]. Despite its deceptively simple
formulation, it is a non-selfadjoint eigenvalue problem even for real valued coefficients A
and n. Nevertheless, for A, n real valued, and in L>°(£2) and 09 Lipschitz, the existence of
an infinite discrete set of real transmission eigenvalues accumulating only at 4oco is proven
in [8] provided A — I is one-sign definite uniformly in Q and n = 1, and in [9] provided
both A — I and n — 1 are one-sign definite (the same or opposite sign) uniformly in Q. The
state-of the-art of the spectral analysis for the transmission eigenvalue problem, including
discreteness of real and complex eigenvalues, completeness of generalized eigenfunctions in
(L?(2))?, and Weyl asymptotics for the eigenvalue counting function, can be found in [25].
This spectral analysis is conditional on some “ellipticity” assumptions on the coefficients at
the boundary 0). More specifically, it requires that 9 is of class C?, and that A and n are
continuous on  and satisfy for all z € 952,

(Al@)v - v)(A@)§ - &) — (Alx)v - €*#1  and  (A(z)v-v)n(z) # 1,

for all unit vectors & € RY perpendicular to the normal vector v (the first condition is equiv-
alent to the complementing condition, due to Agmon, Douglis and Nirenberg [1]). However,
under the above less restrictive assumptions on A and n, it is not known whether real



transmission eigenvalues exist. We refer the reader to [28] for results about the location of
transmission eigenvalues in the complex plane.

Whereas real transmission eigenvalues exist for a broad class of (not necessarily smooth)
anisotropic inhomogeneities, the main result of this paper states that the existence of a non-
scattering wave number associated with an appropriate incident field, for regular A and n
implies a certain regularity of the inhomogeneity. In particular we prove that if A and n
are real analytic in ©Q, A # I on 0, and 92 is a-priori of class C1® for some 0 < a < 1,
and if 00 is not analytic in any neighborhood of a point P € 052, then (A,n, ) scatters
all incident fields having a non-vanishing (A — I) conormal derivative at that point (see
(9)). In terms of the transmission eigenvalue problem, formulated only in 2, our result
provides a necessary condition, that the part v of the corresponding eigenfunction can be
extended as a solution of the Helmholtz equation in the exterior of € (i.e., v is real analytic
up to the boundary). We establish similar results for less regular A and n. To prove these
results we employ the Hodograph transform to locally straighten the boundary and transform
(4) to a strongly elliptic second order nonlinear partial differential equation in divergence
form, accompanied with a nonlinear oblique derivative boundary condition. The regularity
result is then obtained by appealing to the work by Agmon, Douglis and Nirenberg [1].
The idea to use the Hodograph transform for C%® boundaries is inspired by the work of
Kinderlehrer and Nirenberg [19] (see also the work by Kinderlehrer, Nirenberg and Spruck
[20] and Alessandrini and Isakov [2]). Scattering from inhomogeneities (A, n,2) where 02
contains corner singularities is investigated in [11] and [33] by a different approach based on
the so-called Complex Geometric Optics (CGO) solutions combined with asymptotic analysis
in a neighborhood of the corner. For the readers’ convenience, we summarize these results
on corner scattering in Section 3, where we also provide a simple example of a non-scattering
inhomogeneity of the form (A, n, Q) with corners. If  is a ball of radius R centered at the
origin, and A := a(r)I, n := n(r) with scalar functions depending only on the radial variable

r, satisfying
1 R 1/2
L / N g1
R Jo \a(r)

then it is possible to show by separation of variables the existence of infinitely many non-
scattering wave numbers [9, 13]. In fact, for this spherically stratified medium the set of
transmission eigenvalues and the set of non-scattering wave numbers coincide. Furthermore,
the non-scattering incident waves are superpositions of plane waves, otherwise known as
Herglotz wave functions with particular densities, and each density is associated with an
infinite set of non-scattering wave numbers.

The fact that we in this paper assume that A — I # 0 on the boundary is essential, and it
makes the analysis more challenging. Regularity results for non-scattering inhomogeneities
with A = I in R? are established in [10] and [27] (see also [4]). In this case the starting
regularity of the boundary is Lipschitz, and the incident wave can not vanish on boundary
points of interest. These results can be extended to the case when A(z) = a(x)I with a scalar
function a(r) which is at least C*® up to and across the boundary, by use of a standard
Liouville transformation. However, they do not extend to the case when a has a jump across
the boundary, nor to the anisotropic case. Scattering from corners has been investigated in
3, 11, 15, 18, 26, 33]. It turns out that for geometries with corners and smooth A across the



boundary (in particular A = I on 0€2) the non-vanishing of the incident wave is not necessary
to achieve non-zero scattered field. These results provide the foundation for proving that a
convex polygonal inhomogeneity with smooth A in a neighborhood of all corners is uniquely
determined from scattering data corresponding to one single incident wave [11, 15, 18]. Our
example in Section 3 show that such results cannot be expected in general for (A, n, ), when
A has a jump across the boundary, without additional assumptions on A and n. Finally let
us mention, that the non-scattering phenomenon of spherically symmetric media is very
unstable. More precisely, if a disk in R?, with A := I and n > 0 constant, is perturbed
using a very broad class of perturbations, then there exist at most finitely many positive
wave numbers for which Herglotz wave functions, with smooth non-trivial densities in an
appropriately compact set, can be non-scattering (see [29, 30]).

2 The Hodograph Transform and the Main Result

We start by rewriting (4)-(5) in a different form more convenient for our analysis, that is,
we write it in terms of the scattered field instead of the total field. To this end, we define
w :=u —v. Then w satisfies

V- AVw + E*nw = -V - (A—1)Vv — k*(n — 1)v in Q, (6)

with

w=0 and v ' AVw=-v'(A-I1)Vuv  on 9, (7)
with v being a solution to (5), and hence real analytic in R%. As it will become clear later
in the paper, what matters to our results is that v is sufficiently regular on €.
From now on we shall assume that  is a C1* domain and that the matrix valued function
A has entries in C**(Q)'. Due to the regularity of v, a standard regularity result for elliptic
equations (see Corollary 8.36 in [17]) gives that w € C1*(Q2). Moreover, since w = 0 on 952,
we have v = £Vw/|Vw|, provided Vw # 0. The second condition in (7) therefore leads to

(Vw)"AVw + (V) (A—=1)Vu=0  on 09 . (8)

We are interested in the case when A has a jump across J2. Now let P be a (fixed) point
on 0N with A(P) # I. We also assume that

v (A—1)Vu(P)#0. (9)

Then, recalling the boundary condition (7) we also have

v AVw # 0 at P.

1By C*2(Q), k an integer > 0, and 0 < a < 1, we understand the set of functions that may be extended
as C* functions in an open neighborhood of 2. The analogue of Whitney’s Extension Theorem [31] for
CHk functions, 0 < a < 1, asserts that this definition of C*<(2) amounts to requiring that all derivatives
of order less than or equal to k are a-Hoélder continuous in €2, and up to the boundary 02, with constants
that are uniformly valid in Q.



Up to a rigid change of coordinates we may assume that v'A = (—c;,0,...,0) with ¢; =
|Av| > 0 at P, and that P = 0. Without loss of generality we may also assume that
v (P)A(P)Vw(P) = —c;0,w(0) < 0. Then, by the regularity of w we can find positive
constants r and ¢y such that

0<c! <dw) < c, for all x € QN B,(0) , (10)
and hence
0<cl< —(vw)T‘(v’éle DVV o forallz € 001 B,(0) (11)
for some constant cz. Denoting = (x1, 29, ... ,24) = (21,2"), we consider the mapping
H: z—y=(w),2), r€QnNB,(0).

Due to the regularity of w, the map H is in C4*(Q N B,(0)). It can be calculated directly
that the Jacobian of H is

| Opw V;w
DH(x) = [ 0 I ] :
Therefore, H is invertible on Q N B,(0), thanks to the non-vanishing of 9,,w. We may
conclude that H is bijective from QN B,.(0) to V' =V N {(y1,¥’) : y1 > 0}, and also from
INNB,(0) to X =VN{(y1,y) : y1 = 0}, where V is an open neighborhood of 0. The inverse
map of H can be expressed as H '(y) = (2(y),y’) for some function z € Ct*(V*T UX). In

terms of z the Jacobian of H can be re-written as

Oy, W V;w} _ [1/6ylz —Vy2/0y, 2

0 7 0 7 oH(a:).

DH(z) = [

Next, we derive equations for z. By a direct calculation we obtain for y = H(z) that

1
Oy, 2

V) =V'z8, + (0, V), where VT2 = (1,=V,2) .

In the following, all the differential operators are with respect to y, unless they carry explicit
subscripts of x. We then have

(Vow)o H ' =Vz and (Vo AV w)o H™ ! = <€Tz o1 + (0, V;)) (ApVz) |
with Ay = Ao H~'. A direct calculation gives that
2V 2 8y1(AH6z) =0, ((6Tz) AH62> +V72 (Oy, Amr) vz,

and that

Oy Any) = 0, AH(4)) = 0, AG=(y), o) = (9, 2) g—iw—%y)) |



Therefore, we deduce from (6) that z(y) satisfies

d
Zayjaj(y, 2, Vz)+ao(y,z,Vz) =0 in V*, (12)

j=1
where a;, j =0,1,...,d, are functions of 2d 4 1 arguments given by
1 ~ ~ ~
a; = §(VT2)AHV3 ,a;=(ApgVz);, j=2,....d,
and ]
a = (012) V' 2(0,, A) Vz + k*ny; + V- (A= DV, + K (n — v .

Here, in the lower order term ag, with an abuse of notation, we still use n to denote n o
H=Y(y) = n(z(y),y'); the same applies to A and v, as well as their derivatives with respect
to . Similarly, from the boundary condition (8) for w we obtain that

by, 2, Vz) = (V2) AgVz+ (V2) (Ag —)V,o=0 onX, (13)

where Ay = Ax(0,9') and V,v = (V,v) o H1(0,9) .

We claim that (12) is a uniformly strongly (nonlinear) elliptic equation and (13) is an
associated proper (nonlinear) oblique derivative boundary condition. This result heavily
depends on the fact that 0,z = 1/9,,w and thus

0<ct <z(y) <c forally e VTUX . (14)
We shall present the proof of this claim in the Appendix.

Remark 2.1. In the special case when A = al in Q with a being a positive constant, the
problem for z becomes

1 1 1
—5 a@l <W<1 + ]Vy/zIQ)) + avy/ . (@VyZ) = kznyl + ]{?2(71 — CL)'U in V+,
1+ |Vy/z|2 83;11} - (Vy/z) : Vm/v .
EBE (a—1) 7.7 =0 on Y .

Moreover, the non-degeneracy condition (9) simplifies to
a#1 and 0,v(P)#0 .

We now assume that n € C*(Q) and A € (C’Q’a(ﬁ))dXd. We are then in a position to use
Theorem 11.2 of [1], with [ = m = m; = 1 and p = 2, to conclude that a solution to the
boundary value problem (12)-(13) which belongs to C**(V* UX) is indeed in C**(V*TUX).
Here we use (among other things) that the functions a; in (12), j = 0,1,...,d, are C** in
all the arguments, and so is b in (13). Once we have established that z is C** near P = 0, it
follows that 092 and w are C%® near 0. Furthermore, if A and n admit higher regularity up
to C', by a bootstrap procedure we can establish higher regularity results for 09 (as well as
for w and w) up to C*° . In addition, if A and n are analytic, we can also prove analyticity
of 0 near P = 0, using results of Morrey [24]. To be quite precise we have established

7



Theorem 2.1. Let Q be a bounded domain in RY, d > 2, of class CY*. Suppose for some
integer £ > 1 that n € C%*(Q) and that A € (C”l’a(ﬁ))dw with the condition (2) satisfied.
Let (u,v) be a solution to (4), with v a solution to Av + k*v = 0 in a neighborhood of Q.
Let P be a point on 0X) at which the non-degeneracy condition (9) is satisfied. Then O is
of class C**1% near P. Moreover, if both A and n are C™ on €, then 0 is C™ near P. If
A and n are real analytic on O, then 0K is also analytic near P.

Remark 2.2. We note that we never specifically use in the proof of Theorem 2.1 that v solves
the Helmholtz solution in the exterior of €2, it suffices that it has a smooth extension. In
fact, we need only sufficient regularity of v, that is C**% up to the boundary. Furthermore,
the higher regularity assumptions on the coefficients in Theorem 2.1 are only needed locally
in Q N Bg(P) for some R > 0.

Remark 2.3. Theorem 2.1 in particular implies C** regularity of a non-scattering inho-
mogeneity, provided that the associated incident field v satisfies (9), since in that case the
incident field v is an analytic solution to Av + k?v = 0 in all of R%.

Of course Theorem 2.1 only adds insight if the wave number £ is a real transmission eigenvalue
(which is a necessary condition for the incident field to produce a vanishing scattered field). If
k > 0 is a transmission eigenvalue, a variant of Theorem 2.1 also sheds light onto regularity up
to the boundary of the v part of the corresponding transmission eigenfunction. In particular
we have the following result.

Corollary 2.1. Assume k > 0 is a real transmission eigenvalue with eigenfunction (u,v)

satisfying (4). Assume that 9 is C1*, A € (Cl’o‘(ﬁ))dXd, 0 < a < 1 satisfying (2). Let
P € 09, and assume that A(P) — I # 0. The following assertions hold:

1. If A and n are real analytic in a neighborhood of P, and 0QN B,.(P) is not real analytic
for any ball B.(P), then v can not be real analytic in any neighborhood of P, unless

v (A—I)Vu(P) = 0.

2. If n € C*(Q) N Br(P), A € C*Y*(Q N Br(P)) for some integer £ > 1,0 < a < 1
and some ball Br(P), and QN B,(P) is not C*** for any ball B,(P) then v cannot
be in C*1(Q N B.(P)) for any ball B.(P), unless v (A — I)Vu(P) = 0.

The idea to use the Hodograph transform, as an essential tool when starting from a C1
boundary, is one we have borrowed from Kinderlehrer and Nirenberg [19] (see also Kinder-
lehrer, Nirenberg and Spruck [20], and Alessandrini and Isakov [2]). For the problem treated
in [2] in the two dimensional case there is a direct approach using conformal mapping, which
works when starting only with a Lipschitz assumption on 0f2. That approach does not work
for our problem even in R?, and so it remains an open and very interesting problem to resolve
whether the initial C1* assumption on 9 can be relaxed to a Lipschitz assumption.

In the case when A = I but n differs from 1, a result similar to that in Theorem 2.1 was
established in [10] (see also [18]), starting from a Lipschitz domain, and under the assumption
that the incident wave does not vanish (locally). In that case, techniques of Caffarelli [6]



and Williams [32] were used to proceed from Lipschitz to C**. The result in [10] is entirely
local in character, and therefore also applies if A = I in a neighborhood of P € 902 with
n(P) # 1. In that case it only guarantees local regularity of 02 near P. For A = I the
non-vanishing of the incident wave turns out not to be necessary for scattering from corners;
see e.g. [11, 15, 26, 33].

3 Concluding Remarks

3.1 Examples of Non-Scattering Inhomogeneities

Scattering properties of inhomogeneities (A4, n, Q) in R? with support € containing a corner
are studied in [11, 33]. In the remark below we summarize the main results, obtained in [33]
in the case when A is isotropic and is discontinuous across 0f).

Remark 3.1. Let Q € R? and P € 09 be the vertex of a corner with aperture 20, 6 €
(0,7/2) U (7/2,7). Assume that A := al with a scalar function a € C**(Q) N Br(P),
for some ball Br(P), such that a(P) # 1. Then this inhomogeneity (A,n,2) scatters any
incident field v (which is a solution to the Helmholtz equation in a neighborhood of ),
provided that:

(a) v(P) # 0 and Vo(P) # 0, or

(b) v(P) =0 and 26 # pr/N for any integer p > 1, with NV being the vanishing order of v
at P (in particular if 20 € (0,27)/Qm)), or

(c) v(P) # 0 and Vu(P) = 0, and either 20 ¢ {m/2,37/2} with v admitting a specific
expansion, or 260 € {r/2,37/2} and a(P) # n(P).

In the next example we show that (exceptional) non-scattering may indeed happen for non-
smooth inhomogeneities.

Example (Non-Scattering Waves and Non-Scattering Isotropic Inhomogeneities with Cor-
ners). Consider the case when A = al and n = a, with a a constant different from 1. In that
case any k2 for which (4) has a non-trivial solution is either a Dirichlet eigenvalue for —A
or a Neumann eigenvalue for —A on € [12]. To see this, define w; = u — v and wy = au —v.
Then Aw; +k*w; = 01in Q, j = 1,2, and w; = 0 on 9 while d,w, = 0 on IQ. The functions
wy and wy cannot both vanish identically, since (u, v) is a non-trivial solution to (4), and so it
follows that k? is either a Dirichlet eigenvalue or a Neumann eigenvalue for —A. Conversely,
if \ = k? is a Dirichlet or a Neumann eigenvalue for —A on ) with associated eigenfunction
w, then (u,v) = (w,aw) or (u,v) = (w,w), respectively, is a nontrivial solution to

V-aVu+klau=0, Av+k*v=0, in Q ,

u=wv, ad,u= 0,v, on 0f) .

Whether w corresponds to a non-scattering incident wave at wave number k, depends on
whether w can be extended to a (smooth) solution to Aw + k*w = 0 in all of R%.



Let us now take Q C R? be to the unit square 2 = Q = (0,1) x (0,1). In that case all the
Dirichlet eigenvalues of —A are given by (p* + ¢?)m2, where p and ¢ are positive integers;
corresponding Dirichlet eigenfunctions are given by w(xy,x2) = sinprz; singrazy. All the
Neumann eigenvalues of —A are given by (p* + ¢?)7?, where p and ¢ are non-negative inte-
gers, and corresponding Neumann eigenfunctions are given by w(x1, 3) = cos prxy cos qms.
Notice that all these eigenfunctions are smooth functions on all of R%. As a consequence it
follows that, as an incident wave for the medium 0 < a = n # 1, u™ := v = cos pmx; cos qny
is non-scattering (at wave number k = \/(p? + ¢?)72)) for any p, q € Z. The same holds for
the incident wave sin prx; singmzs for any p,q € Z \ {0}. We note that Vw vanishes at all
the corners of € for any of these w, which violates the non-degeneracy condition (9). This
example of non-scattering waves in fact falls into the possible set of non-scattering waves in
Remark 3.1.

This very simple example illustrates two points: (i) It furnishes an example of a Lipschitz
domain and isotropic A for which there exist plenty of non-scattering incident waves, however,
notice that these non-scattering incident waves all have vanishing gradients at the irregular
boundary points. (ii) In doing so, it indicates the need for a non-degeneracy condition of the
form (9) (or Vo # 0 at points, where the normal is not well defined) if one wants to prove
regularity of 0€), starting with a Lipschitz assumption.

Example (Non-Scattering Inhomogeneities with Anisotropic A). If one allows anisotropic
A, there is a natural way to construct a media which is non-scattering for any incident wave.
Simply let ® be a sufficiently smooth (C%%) diffeomorphism from Q onto 2, with ®(z) = x
on 02, and define

DODPT 1 .

A=, =—" o0 ! d n=d,1l=—""-——00®
[det DO| ° e [det DO| °

(A, n, Q) is the so-called pushforward of (I, 1,€2) under ®. It is well known that the operator
V- (AV-)+k?*n- has the same Dirichlet-to-Neumann data map (or Cauchy data) as A+k? for
any k > 0 (see [21, 22]). Therefore (A, n, ) is non-scattering for any wave number and any
incident wave. We note that @, is anisotropic, unless ® = id, in which case A = I and n = 1.
To understand why this construction does not contradict Theorem 2.1, one must understand
that if 9O is not of class C"*1 near P, then either Range(A(P) — I) = Range(®.1(P) —I)
is orthogonal to the normal to 02 at P (remember, the gradient field of the incident wave
at P can be arbitrary) or (A,n) = (®,1,®,1) fails to be (C*+he C4) near P. To further
illustrate this: if one takes  C R? be to be a polygon, with vertices P;, i = 1,..., N,
and if ¥(x) is a nontrivial C'* vector field that vanishes on 012, then ®(x) = Iz + e¥(z)
is a C*° diffeomorphism of €2 onto 2 for e sufficiently small, with ®(z) = 2 on 99 and
with D®(P;) = [ for i = 1,...,N. The corresponding medium (A,n,) = (®.1,P,1,Q)
is anisotropic and non-scattering for any wave number and any incident wave; it has C'*°

coefficients A and n, however, it has A(P;) = I, n(P;) = 1 for all 1.
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3.2 Incident Fields satisfying the Non-Degeneracy Condition (9)

A natural question to ask is whether there are incident fields that satisfy the non-degeneracy
condition (9) at any point on 02, i.e., whether one can find v that satisfies

Av+k*v =0 inR? and v (A-=D)Vu#0 ondQ, (15)

provided that A # I on 0f). For (isotropic) inhomogeneities with A = al and a(z) # 1 for
x € 012 this reduces to finding v that solves

Av+k*v=0 inR? and ? #0 on 0N, (16)
v

A plane wave v(z) = cos(k &-x) (or v(x) = sin(k &-x)) where € € S is the unit propagation
direction, is one of the most commonly used incident waves in scattering theory. It doesn’t
satisfy the non-vanishing condition in (16) on all of 9. In fact, for a smooth boundary,
by continuity of v(x) there always exists a point P € 9Q where v"(P) - £ = 0 and hence
Ov/Ov(P) = 0. This applies to point sources as well. However, there are plenty of Herglotz
wave functions (superpositions of plane waves) given by

w@)i= [ m©eskevdse+ [ pl©sinlhe ) dsc. (7)

Sd—1
which satisfy (15), and thus (16) for A = al, if we exclude some values of wave number

k > 0. Such values of k > 0 correspond to k? being an eigenvalue of the oblique Neumann
eigenvalue problem

Ag+k*q=0 inQ and v (A-=D)Vg=0 onof .
If we assume the regular oblique derivative condition, i.e.,
(A(z)v - v)(A(2)E - &) — (A(z)v - €)? #1 forall ¢ €S suchthatv-£=0,

then the oblique Neumann eigenvalues form a discrete set that accumulate at oo (see e.g.
[17]). Now if k2 is not an oblique Neumann eigenvalue, then one can find a v € C1%(Q) that
satisfies the Helmholtz equation Av + k?>v = 0 in € such that v"(A — I)Vv = v > 0 on
0. Therefore any Herglotz wave function (17) that approximates v sufficiently well in the
C'(Q2) norm? satisfies the non-degeneracy condition (15) on all of 2. Since Theorem 2.1 is
meaningful only if k is a real transmission eigenvalue, the excluded values are real transmis-
sion eigenvalues k > 0 such that k? is simultaneously a (oblique) Neumann eigenvalue. It is
an open problem if such a set of wave numbers is finite or not.

It is possible to slightly modify the duality argument in the proof of Preposition 3.4 in [27]
to show that Herglotz wave functions (17) with g1,90 € C(S?"!) are dense in the space
{v:e WHoP(Q) : Av+ k?v =0} for some 0 < o < 1 and any p > 1, with respect to the W'7?(Q)-norm.
Then the approximation property in C*(£2) follows from the Sobolev Imbedding Theorem.
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Appendix

Here we show that the first variation of the nonlinear partial differential equations (12)—(13)
is uniformly strongly elliptic with a proper oblique derivative boundary condition; this allows
us to apply Theorem 11.2 in [1]. The first variation

L.(y,¢,V¢) =0
of the set of nonlinear equations (12)—(13), in shorthand written as
Fly,2,Vz) =0,
is defined by means of
L. =170) where Z(r) = Fly,z+ 19, V(z + 79)) .

See [16, Chapter 8] and also [1, Page 684]. Assuming that z is a function of d variables, Vz
is regarded as d arguments, namely 0;z, j =1,...,d, of F.

A straightforward calculation shows that the first variation of (12) has the following matrix
coefficient A in the principal (divergence form second order) part of the operator at each
point y € VT,

Ao L | (V'9AVe @ - AnVya)|
81,2 @(a —Ad,lvy/z) Ad,1
where @7 = (a12, a13,...,a14) and Ay = (aij)ngQ, that is,
A= {“j} ‘T,T} .
a  Aga
For simplicity of notations, we have again used A = (a;;) to denote Ay = Ao H =

(aij o H™1). We calculate for £ = (£;,&'T)" € R? that
~ St s 1, o IR
—(012) STAS - 6% (vTZ) AVz+ 251@(6‘ - An—lvy/z)—rg + 5 TAn—lg = SJASZ )

with X o
P P VYR eNT Y T =T
(380 €- T ) 0.6 +aT.

It then follows by continuity (and compactness) that, for all y € VT,
(c)' € < —¢TAE < ellel

with some positive constants ¢; > 0 depending on ¢y in (2), ¢5 in (10), and ||Vz|y+ns =
IV2wllgnp, o) This verifies the uniform, strong ellipticity condition.

In regards to the boundary condition (13), the principal part of the first variation at each
boundary point y = (0,y’) is given by Z?Zl b;0; with

12



D (ST AT (ST (A L emauv
by = 81Z<2(v 2 AVz+ (V2) (A ])va>_ 52 (V9 AVz,
and
b-——i(m%zﬂA—])vu) i=2,....d
J 812' T j’ J =4, 3

where again, by abuse of notation, we use A in place of Ao H~'(0,%') and V,v in place of
(Vev) o H1(0,y'). From (2) and (14) we get that

0<ciley® <egley'|Val? < —=by  forally=(0,4/) on 3 .

This ensures that the linearized boundary condition (on X) is a proper oblique derivative
condition, and as a consequence it is “covering” for the linearized second order elliptic
differential operator.
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