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Abstract

We consider an initial boundary value problem of the multi-dimensional Boussinesq equa-
tions in the absence of thermal diffusion with velocity damping or velocity diffusion under
the stress free boundary condition in horizontally periodic strip domain. We prove the global-
in-time existence of classical solutions in high order Sobolev spaces satisfying high order
compatibility conditions around the linearly stratified equilibrium, the convergence of the
temperature to the asymptotic profile, and sharp decay rates of the velocity field and temper-
ature fluctuation in all intermediate norms based on spectral analysis combined with energy
estimates. To the best of our knowledge, our results provide first sharp decay rates for the tem-
perature fluctuation and the vertical velocity to the linearly stratified Boussinesq equations
in all intermediate norms.

Mathematics Subject Classification 35Q35 - 35Q86 - 76D50

1 Introduction

We consider the Boussinesq equations for buoyant fluids

v+ V(=AY 4+ (v- Vv = —=Vp + pey,
div v =0, ’
v(x,0) = vo(x), p(x,0) = po(x),
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where v, p, and p denote the fluid velocity field, scalar pressure and density (or temperature)
respectively. The parameter « > 0 and f > O represent the strength of dissipation and
thermal diffusion, while the parameters v > 0 and x > 0 stand for the nonnegative constant
fluid viscosity and thermal diffusivity, respectively. The d-dimensional vector e; stands for
,---,0, DT,

The Boussinesq equations (1.1) arise in geophysical fluid dynamics to model and study
atmospheric and oceanographic flows [36, 39] and describe interesting physical phenomena
such as Rayleigh-Bénard convection [18, 22] and turbulence [10]. From a mathematical point
of view, the Boussinesq equations are intimately tied to the Euler and Navier-Stokes equations
and they share important features such as the vortex stretching. In fact, the two-dimensional
inviscid Boussinesq equations can be viewed as the three-dimensional axisymmetric Euler
equations for swirling flows [37]. Due to its physical and mathematical relevance, there have
been a lot of works and progress made on the Boussinesq system in the past decades: for
instance, see [1,2,4,6,7,9, 11, 12, 20, 23, 24, 26, 27, 29-31, 33-35, 41-45] and references
therein on the local, global well-posedness and regularity problem.

On the other hand, it is well-known that the system (1.1) has the exact solutions, called
hydrostatic equilibrium, with the balance equation

v=0, iP(xal) = p(xa).
0xy
In recent years, the stability around the linearly stratified state (v, ps, ps) := (0, ---, 0, x4,
xt% /2) has been a subject of active research in the presence of dissipation where damping is
understood as a limit of fractional diffusion. For d = 2, there exist many stability results
(see [2, 3] and references therein), while less works are available for other space dimension.
Among others, asymptotic stability with velocity damping was studied in R3 [15], and the
stability result has been extended to R¢ with more general initial data in [28].

In this paper, we focus on the domain with boundary, in particular Q = T¢~! x [—1, 1].
This type of domain with p = 1 and p = —1 fixed on the bottom boundary and top boundary
has been used to demonstrate the Rayleigh-Bénard convection [18, 22], which leads to the
instability of the solution by a continuously heated bottom fluid. On the contrary, the opposite
case where p = —1 and p = 1 on the bottom and top boundary respectively stabilizes the
system. We will show stabilizing aspects of the latter by analyzing the dynamics near linearly
stratified hydrostatic equilibrium (v, ps, ps) = (0, --- , 0, x4, xﬁ /2). We consider two cases:
o = 0 (velocity damping) and o = 1 (velocity diffusion) without thermal diffusion (k = 0).
When o = 0, we take the no-penetration boundary condition v - n = 0 and when @ = 1,
we impose the stress free boundary condition, also known as the Lions boundary condition
v-n = 0and curl v x n = 0, where the temperature is fixed at p; = —1 and p; = 1 on the
each boundary. Here, n denotes the outward unit normal vector to d€2. Let us set

plx. 1) =xa+0(x.1),  plx.t)=x7/24 P(x.1).
Then, the perturbed system is given by

v+ (=A)*v+ (v-VIv=—VP +0ey, divv =0,
0 + (v- V)0 = —uvy, (1.2)
v(x,0) = vo(x), O(x,0) = Oy(x),

where the boundary conditions of the velocity field are preserved and 6 vanishes on <2 in
each case « = 0 and o = 1 with |y = 0.
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We now discuss some relevant prior works regarding (1.2) starting with the case « = 0.
Castro, Cérdoba, and Lear [5] showed the asymptotic stability of (1.2) ford = 2. In particular,
the authors showed that high order compatibility conditions are satisfied for well-prepared
data, and introduced proper solution spaces X (2), Y (2) € H™(S2) with orthonormal
bases (see Sect. 2.2 for the definitions). For their main result, form € Nwithm > 17, the small
data global existence with temporal decay estimate (1 + t) (||v(t) | g4 + 16 lgs) <C
was obtained, where 8(7) := 0(¢) — fT 0(t, x) dxj. It is worth pointing out that the temporal
decay rates of H*-norm increase as m gets larger, namely the solutions are more regular. Next
we consider the case « = 1. In d = 2, long time behavior was first considered by Doering
etal [13] for v € H? and € H' and explicit decay rates were given in T2 by Tao et al
[40] using the spectral analysis. Recently, Dong and Sun considered the asymptotic stability
problem on the infinite flat strip RY~! x (0, 1) for d = 2 and 3 in [16, 17] respectively, and
Dong [14] obtained the stability result on T x (0, 1).

In the aforementioned works, some explicit decay rates were obtained with high regularity
index m or global existence (2D) with more general initial data was obtained without explicit
decay rates. However, the convergence of the temperature fluctuation and its optimal equili-
bration rate has remained elusive. The goal of this paper is to establish the global existence in
H",m>2+a+ % satisfying high order compatibility conditions, the convergence of 6 to
the asymptotic profile o, and sharp decay rates of (v, § — o) in H* norms for all s € [0, m].
We now state the main results:

Theorem 1.1 Let d € N withd > 2 and let m € N satisfying m > 3 + %. Then there
exists a constant § > O such that if initial data (vo, 6p) € X™ x X"™(2) with divvg = 0,
fQ vodx = 0, and ||(vo, 90)||%1m < 82, then (1.2) with a = 1 possesses a unique global
classical solution (v, 0) satisfying

v € C([0, 00); X"(2) N L2(0, 00); X"+ (Q)), 6 € C([0, 00): X" ()
with
sup [|(v. O)()[|Fpm + / IV (@) 13 dt + / VRO D113 dt < 4l (vo. 60) [ Fm -
t€[0,00) 0 0

(1.3)

Moreover, there exists a function

o0
o(xg) := / 6o dxy, —/ f ((v- V)0 + vy) drdxy, (1.4)
']I*d—l 'H*d—l 0
such that

L+ 0" T 100) — o )l + (1 + D" T ol + (A + 0" ug@) s < €
(1.5)

forany s € [0, m].

Remark 1.2 The assumption fQ vo dx = 0 is essential for the velocity field v decaying in ¢
(see Lemma 2.1).

Remark 1.3 Indeed for any € > 0, there exists a constant C > 0 such that
3 mos
A v@) | gs—e = C

for any s € [0, m + 1]. See Proposition 6.6.
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Theorem 1.4 Let d € N withd > 2 and let m € N satisfying m > 2 + %. Then there
exists a constant § > 0 such that if initial data (vy, 6y) € X" x X" () with divvg = 0
and || (vg, 6p) ||%{m < 82, then (1.2) witha = 0 possesses a unique global classical solution
(v, 0) satisfying

v € C([0, 00); X" (R)) N L*([0, 00); X" (), 6 € C([0, 00); X" (R))

with

o0 o0
sup (v, )O3 + /0 o) |3m dt + /O VRO, 1 dt < 4]l (vo, o)1 m-

t€[0,00)

(1.6)

Moreover, there exists a function o (xg) defined by (1.4) such that

m=s

A+0"T100) — o)l + A+ 02T Jo@)llas + A+ 0T lug(@)llgs < €
(1.7)

for any s € [0, m].
Remark 1.5 The decay rates for 6 and vy in Theorem 1.1 and 1.4 are sharp (see Sect. 7).

To the best of our knowledge, our results provide the first sharp decay rates for the tem-
perature fluctuation and the vertical velocity in all intermediate norms. In particular, they
show the enhanced L? decay rate for higher order initial data, while H” decay rate doesn’t
change for both velocity damping and velocity diffusion. This is in contrast to parabolic
equations for which higher norms enjoy faster decay rates. The regularity index m required
in our analysis is higher than the one required for the local existence, but it is still signif-
icantly smaller than the ones required in the previous results. Also our results demonstrate
that the velocity damping leads to faster decay than the velocity diffusion in the presence of
the slip boundary, despite having the Poincaré inequality for the velocity field in hand. This
is because of coupling structure between the velocity field and the temperature fluctuation of
Boussinesq equations: it causes the temperature to decay much slower than the velocity field
and the velocity diffusion weakens the temperature damping in high frequency. Moreover,
the method developed in this paper is robust and applicable to the periodic box T¢, and to
various partially dissipative PDEs including non-resistive MHD and IPM (cf. [25]).

The main difficulty comes from the non-decaying 6 and weak damping in V;0, which
makes the standard energy estimates alone hard to bootstrap the local theory to global theory
and to capture precise decay rates. To establish the results, we employ the spectral analysis
using the orthonormal basis associated to our domain with the slip boundary together with
energy estimates, first to obtain the global existence and then to prove the decay rates by
relying on the already established uniform bounds of the solutions. The relaxed condition for
m comes from estimating the key quantities f IVv(t)| e dt and f 1044 (t) || Loo dt which
appear in the energy estimates. The previous works on the stability problem of (1.2) (d = 2)
were devoted to obtaining the temporal decay estimate for [[u(¢)||y4 or ||9; curl v(?)|| 52,
which obviously require stronger condition for m (see [5, 14]). Getting decay rates in bounded
domains turns out to be more subtle than in the whole space, since 6 does not decay, while
it decays in the whole space. To prove the sharp decay rates of (v, & — o) in H® norms for
all s € [0, m] in our domain, we adapt Elgindi’s the splitting scheme of the density first used
for the linearly stratified IPM equation in T2 [19]. In particular, splitting the density into
decaying part and non-decay part and using the boundedness of high norms obtained from
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the global existence part, the decay of low norms can be obtained through optimizing splitting
scale of frequency in spirit of [19]. We refer to Lemma 3.1 for a clear view of the sharp decay
estimates for the linearized system of (1.2), and Sect. 6 for controlling the nonlinear terms
in (1.2) with the splitting scheme.

The rest of this paper proceeds as follows. In Sect. 2, we give some preliminary results used
for the paper and introduce key function spaces X" (2), Y (2), X" (£2) and their orthonor-
mal bases. Section 3 is devoted to spectral analysis of (1.2) in frequency variables and the
proof of linear decay estimates. In Sect. 4, we present the energy-dissipation inequalities
for (1.2). In Sect. 5, we extend the local existence to global-in-time result by combining
the energy estimates with spectral analysis to estimate key quantities (5.1) appearing in the
energy estimates. Section 6 is devoted to the proof of temporal decay estimates based on the
spectral analysis and the splitting scheme. In Sect. 7, we argue that the decay rates are sharp
by showing that the linear decay rates can’t be algebraically improved.

2 Preliminaries

We first introduce some notations that will be used throughout this paper. Let (-, -) be the
standard inner product on C for any d > 2. We use y as a multi-index, and let v, =
Wi,y vg-DT, xp = (1, s xg—)T, and V= (81, -+, d4—1)T. For any smooth
function f : @ — R, we use the notation

f=rf- f f(x) dxy.
Td—1
Next we investigate the average of the solution (v, 8) over time.

Lemma 2.1 Let (v, ) be a smooth solution to (1.2) with o € {0, 1}. Then, there hold

/ vg(t, x)dx, =0, x4 €[—1,1] 2.1)
Td—1
and
/ o(t, x)dx :/ Op(x) dx 2.2)
Q Q
forallt > 0. Moreover, if ¢ = 1, then
/ v (t, x)dx :/ v, (0, x) dx, 2.3)
Q Q
and if x =0,
/ vp(t, x)dx = 97’/ v, (0, x) dx. 2.4)
Q Q

Proof By the divergence-free condition and the boundary condition vy (x;, —1) = 0, we
have

0:—[ V- vy dx :/ deddx:/ vg (xp, xq) dxp
Td=1x[—1,x4] Td=1x[—1,x4] Td—1

for all x4 € [—1, 1]. From the vy, equation in (1.2), we have

d
7/ vhdx—i-/(—A)“vhdx—i-/(v-V)vhdx:—/ Vi Pdx.
dr Jo Q Q Q
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Integration by parts and the boundary condition for vy yield

/(v~V)vhdx=/ VyPdx =0,
Q Q

thus,

d
—/ vhdx—i—/(—A)“vhdx =0.
dr Jo Q

This gives (2.4) when « = 0. In the case of @ = 1, 95v; = 0 on 92 implies (2.3). Similarly,
we can obtain (2.2) by the use of (2.1). This completes the proof. ]

2.1 Boundary conditions

In the section, we briefly show in both cases « = 0 and ¢ = 1 the high compatibility
conditions, whose statement is as follows: Let (v, 8) be a global-in-time smooth solution to
(1.2) and suppose that there exists n € N such that 83"00 = 0 holds on the boundary for all
0 < k < n. Then, we have

9hvg = 9312y, = 92k =93P =0 (2.5)

forany 1 <k <n.

When d = 2, Castro, Cérdoba, and Lear [5] and Dong [14] showed (2.5) for « = 0 and
o = 1 respectively. It is not hard to extend it to the d > 3 case. Here, we only give details
for the case a = 1.

From our boundary conditions, we see that

vg(x) =0(x)=0 and Iyvp(x) =0, x e€IQ. (2.6)
By (2.6) and the incompressibility, it holds
32vg(x) = —Vj, - 0qup(x) =0,  x € 9.
Then from the vy equation in (1.2), we can see
—dgP = 0rvg — Avg+ (v-Vyvg —60 =0
on the boundary. Next, we apply 9, to the vy, equation in (1.2) and have
0;0qvy — Adgvy + 04(v - V)vy, = —V304P.

The previous results imply that 83 v, = 0 on the boundary. From the 6 equation in (1.2), we
can see

3030 + 93 (v - V)8 = —d3v4,
hence,
3036 + 84v4030 + (vn - V)30 =0,  x € 0.

Consider the flow map @ (¢, x) with 9, (¢, x) = (v, (¢, P(z, x)), 0). Then, it holds

%age(t, (1, x)) + dgva(t, D(1, x))320(t, (1, x)) = 0.
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By the use of Gronwall’s inequality, we have
t
330(t, ©(r,x)) = 3360(x) exp (/ dava(z, ®(z, X)) dr) .
0

Thus, 8390 = 0 is conserved over time on the boundary, whenever d vy € L,l. Thus, (2.5)
with kK = 1 is obtained. It is clear that
Bvg(x) = —Vj, - up(x) =0,  x € 9.

Repeating the above processes, we can deduce (2.5) forall 1 <k < n.

2.2 Functional spaces and orthonormal bases
To introduce our solution spaces, we define orthonormal sets {b, },en and {c, }4enufoy by

sin(%qxd) g : even
by(xa) = . with xg € [—1, 1],
cos(qud) g : odd

—sin(%qxd) q : odd
cq(xq) = - with xg € [—1, 1].
cos(qud) q : even

Note that each set is orthonormal basis for L2([—1, 1]). Let
B q(x) 1= by (xg),  (n,q) € Z97" x N,
g (X) 1= e, (xy),  (n,q) € Z7N x NU{0).

Then we have the following relations

T
_*q<%n,q~

v
ViBng =2mwinBy g, ViCng =2win6ny, 04Bng = Eq%”"” 04Cn,g = 2

Now, we consider the function spaces
X"(Q) = {f € H"(Q); 9 flag =0, k=0,2,4,--,m*},
Y'(Q) = {f € H"(Q: 9 flsa =0, k=135 m.,
where

m—2, m: even m—1, m: even
m* = and  my =
m—1, m : odd m—2, m: odd.

Then, {Zn.g}n g)ezd-1 xn A {G g} gye74-1 U0y Decome orthonormal bases of X™ (€2)
and Y (R2) respectively. For the velocity field, we define a d-dimensional vector space X" (£2)
by

X™MQ) :={ve H"(Q); v = (vp,vq) € Y"(RQ) x X™(Q)}.

We introduce series expansions of the elements in X (€2) and Y (2). Let

Fofn,q) = /Q FOBrg@dx,  Fef(n.q) = /Q F O Gra 0O dx
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for each (n,q) € Z7 ' x Nand (n,q) € Z4' x N U {0} respectively. Then for any
f e X"™(Q) and g € Y (R2), we can write

fO= Y BB ).  gkx) = Yo T )% q ().
(n.q)eZ4~1xN (n,q)€Z4~1 xNU{0}

We refer to [5, Lemma 3.1] for details.

We give two simple lemmas. The first one implies fg € X when f € X" and g € Y,
and the second one implies fg € Y™ when f,g € X" or f, g € Y™ for any given m € N
with m > d /2. Since the proofs are elementary, we omit them.

Lemma 2.2 Let g, and q, be even and odd number respectively. Then, there hold

sin deXd) SIN qoXd) = Cos de +qo0)X Ccos q qo)X
1 ) eXd) S1 2 oXd ) 2 e 0)Xd 2 e 0)xd) )

. T T, 1/, =« , . T ,
sin(5qexa) cos(3q.xa) = 5 (sin(5 (Ge + gxa) + sin(5 (@ = g)xa) ).

b4 LT, 1,. = , .o,
- COS(E‘]oxd) sm(zq(,x[z) == <81n(5(q,, + qo)xa) + sm(g(q,, - qo)Xd)) ,

1
COS(%Qoxd) COS(%Qexd) =5 (COS(%(% + ge)xq) + Cos(%(% - qe)Xd)) .

Lemma2.3 Letq — q' and g — q” be odd and even number respectively. Then, there hold

—sin(Zgxg) sin(Zq"xg) = ! <COS(z(q +q")xq) — cos(=(q — q”)xd)) ,
2 2 2 2 2

1
sin(5qx4) cos(3q'x0) = 5 (sin(5 (g +)xa) +sin(F (g = ¢)xa) ).

Caxa)sin(5q'xa) 1('<”</+))+'<”</ xa))
— — n(— = —— (|sin(— m(—=(q —
Cos quds qud 5 S 2q q)Xd S 2q q)Xd s

” _ 1 T " i i
xXg) = 3 (cos(z(q +4")xa) + COS(E(q —q )Xd)) .

The next proposition provides convolution estimates similar to the Fourier expansion.

Cos Xq) COS

Proposition2.4 Let f, f' € X™ and g, g’ € Y™ for some m € N withm > %. Then, there
hold

> 1 Flfeln @)l < > 1P S 9)l ( > 1 Zem 9l ],
(n,q)eZ4—1xN (n,q)eZ4—1xN (n,q)€Z4~1 xNU{0}
> Z gl < 3 %.f(n,qn) ( > I%f/(n,q)),
(n,q)€Z4~1 xNU{0} (n,q)eZ4—1 xN (n.g)eZd~1 xN
> | Ze88'1(n. q)| < > |fcg(n,q>|) ( > |3%g’<n,q>|).
(n,9)€Z4=1 xNU{0}) (n.q)€Z4=1 xNU{0} (n,q)€Z4=1 xNU{0}

Proof We only show the first inequality because the others can be proved similarly. By the
series expansions of f € X" (2) and g € Y™ (L), it holds

felx) = Y T, ) B (x) Yo Zeg(n, g (x)

(n,q)eZd~1xN (n,q)€Z4~1 xNU{0}
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By the use of Lemma 2.2, we can see for each (1, g) € Z4-1 x N that

|Fplfel(n, q)]

1 1
< > (2 Y BLELONFg@" gD+ 5 Y L%f(nﬂq/>||%g(n”,q”)|).

n'+n"=n q'+q"=q 9’ —q"|=q
This estimate infers
> 1Alfell < > 1P > | Zc8l
(n,q)eZ~1xN (n,q)eZ4~1xN (n,q)eZ4~1 xNU{0}

This finishes the proof. O

3 Spectral analysis

In this section, we give a different form of (1.2) via spectral analysis. Then, we provide
temporal decay estimates for the linear operator of (1.2). From now on, we use the notations
i :=2mnand g := 5q foreachn € 791 and g € N U {0}. We define two sets

I:={n=@.9:0q) €Z™ xNU{O})},  J:={n=(@9:(nq) € Z™ xN}.
We estimate the pressure term first. From the v equation in (1.2), we can see
div(v-V)v=—AP + 046.

Using the basis 6, 4 (x) = 4, (x), we have for each € I \ {0} that

1 1
Feldiv (v - V)v](n) — —5 Fc0a0 ().

FeP() = —
¢ n|2 In?

Since V6, = in¢, and 9,6, = —q%,, we can see

ZFeldiv (v - V)v](n) = / Vi - (- V)up(x)6(x) dx + / 0q(v - VIvg(x)6,(x) dx
Q Q

=in- / (v - V)vp(x)€y(x)dx + ¢ / (v - V)vg(x)%,(x) dx
Q Q

=in- Z[(v-VIvpl(n) + ¢ Fpl(v - V)val(n)

and

Feda0(n) = GF0 ().

Thus, we obtain

VP() = | Y 2 PM)%(x), Y FpdaP()%y(x) |

nel neJ
where
nen . qn . qn
PP () = =7 Tl Vvl + 1577%[@ V)l () — zﬁ’wﬂbe(m
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and
. qn q’ q’
FpdaP(n) = e - e[ - Vyup](n) — T |2Jh[(v V)vd](n)+| |2</b9(77)

From these formulas, we have

n®n
a,ﬁcvh+|n|2%vh+<1— B )/c [(v- V)vh]+l| 2 2 Z v V)vg
. gn
—i—=7p0 =0
In|?

forn e I\ {0}, and
(?2
- Fpva + 1> Fpva + (1 E |2> Fp[(v - V)vg]

5 )

—iq—"2 cFelw- Vvl — %%9 =0,
In] ]

0,70 + Fp[(v-V)O] + Fpvg =0

3.1)

(3.2)
(3.3)

for n € J. Due to the linear structure of (3.2) and (3.3), we can observe a partially dissipative

nature by writing the two equaitons at once with u := (vd, N,

Let us define an operator .7 (LD x L2 5 cih xC by .Z = (%, %p). Then, it

follows
orFpu+ MFpu+ (P77 (- Vv, eq)er + Fp[(v-V)bler =0,
where
P::I—L(ﬁ.?ﬁ _iéﬁ>, M = <|n|2a _%
Inl> \ igqn | ¢ 10
For simplicity, we use the notation

N, 0) = (PF(-V)v,eq)er + Fp[(v - V)bles.

Ss~—

Since the characteristic equation of M7 is given by

2
det (MT — A1) = 2> — [n**A + : :2,
the two pair of eigenvalue and eigenvector (A1 (), a1 (n)) satisfy

Inl? £ /Inl* — 472/ |n|? Ax
Ar(n) = > ,ax(m =\ jap

T

3.4)

where MTay(n) = A(n)+as(n) holds. We note that there is no pair n € J satisfying

In|** — 4|7i|?/|n|> = 0. Since
|2

1 1 &

A= a_ d B=—" !
@ra-) an Ay — A

Asx

)= 6)
W b_

\nl2

satisfy BA = [, it follows by Duhamel’s principle

t
(Zpu(t), ap)by = e (Fpug, ar)by — / e TN (v, 0)(1), ag )by dT. (3.5)
0
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However, using this formula directly can be problematic because of the unboundedness of
[b- | around the set {|n|** = 4|71|%/|n|?}. For this reason, we employ

t
Fpo(t) =Y _ e M (Fpug, aj)(bj. e2) — Y / e HUTUN (v, 6)(1), a) (b, e2) dt
jex jex’0
= (e —e M) (Fpug, a_)(b_, e2) + e Fpfy
t 3.6)
- f (e — ¢+ =D (N (v, 0)(), a_)(b_, e2) dT
0

t
—/ e MU0 7 [(v - VYO dr,
0

which allows us to get rid of the singularity of b. Here, we note some useful calculations
when using (3.6). From the definition of A+, a4, and b+, we have

2a 1 ~
o 1 e*\'ﬂ aj’ |n|2+4a _ 4|n|2 <0,
i T N e R (3.7)
e InZt , |n|2+4ot _ 4|’7l|2 >0,
~ 14
|7

4 2
la_? = A >+ e (b, e2)” = W{]ﬂ%
Thus, it follows
C
Ay =’
Clul*
Iy =2’

In|?+4 — 4] < 0,

la_[|(b_, e2)| <
In|> 4 — 4]i|> > 0.

Let us consider the three sets
7|
Dy :={nel;n* - —- <0},

47|
Inl? —

4% 1
Dy:={neJ;0<n* - —= < -In*},
nl 4
4?1,
Dy ={nel;n* - —— = ~|n[*),
n> ~ 4
with J = Dy U Dy U D3. Then, for any f € C2, there exists a constant C > 0 such that
(e — e ) (f, a) (b, e2)] < Ce 4[], pe Dy,

(7" — e a )b, ea) < Ce MR, ne Dy, (338)
__i?
(e — e+, a_)(b_,e2)| < Ce W '[f], e Ds.

For the first and second inequalities, we apply the mean value theorem so that

—A_t —Ayt
e —e "t o
(74" — e if a) (b e2)]| < Cﬁm < Cre 3|
+ - p—

for any n € Dy and

Aot et o t 3t
e = e ) b ex)] < Clnl =gy < cprie i, we (L2

Ay —A_| 4 4
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for any n € D;. One can easily obtain the last inequality in (3.8) by the use of Ay — A_| >
1 2a
2 [n]=*.
Now, we are ready to show temporal decay estimates of solutions to the linearized system
of (3.4):
o Fpu+ M Fpu = 0. (3.9)

Lemma3.1 Letd € Nwithd > 2 andm € N. Let uyg € X" (2). Then, there exists a unique
smooth global smooth global solution u = (vg, 0) to (3.9) such that

la )l s < Ce™* gl s + C(1 4+ 1)~ 205 Jlug | (3.10)
and
16 e < Ce™ [lugll 75 + C(L+ 1) 215 gl 3.11)
forall s € [0, m].
Proof We recall
Fpu = (e " — e ) (Fpug, a_)b_ + e M Fpug

and prove (3.11) first. We can see

=

16155 < D Inl*1e™" — e ) (Fpug, a_) (b, e2)|?
710

1

2

+ Do P le (Fpuo, e2)?
10
From (3.7) it is clear that

D=
ol—

S Ple (Fpug. e | e [ Y ¥ Fpuol
70 0
On the other hand, (3.8) gives

=

D Pl — e+ (Fpug, a) (b, e2) |

70
1 1
! 2 2 i Lt 2 2 i
<Ce i [ D mEIFul* | +C | D e W P Fpu|
7i£0 {i#0}ND3
Since
m—s m—s
_2i? |ﬁ|2 RET |ﬁ|2 The 2,
22l 251 g (2 W28 g2
e 17| Fpuo|” < |77|2+2°’t |n|2+2°‘t e I EZA

m—s

< Ct™ 1 |n|*" | Fpug?,
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and
_ 2,
e P || Zypuol* < > Fpuol,
it follows
1 1
_ 2, ’ _m=s ’
Z e E 2 w2 | < o 42w X:|r;|2m|ﬂ‘buo|2 . (3.12)
{7i£0)NDs A#0

Collecting the above estimates, we deduce (3.11).
It remains to show (3.10). We can see

™
=

— — _r
lvallgs < [ D 11" — e+ (Fpup, a_) (b, e1)|? ol DI EA S
#0 £0
~12
Since (b_, e1) = Ill ||\Vl|2 (b_, e2), using M‘W < Cforn € D1UD;and I)\ Iln\z < 2“]'&2&

for n € D3, we have

D E e — e (Fpug.a-) (b er) |

7i#0
1 1
2 I 2
‘ n
<ce i Y mP1Fwl | o Y e 12| Fyuol?
720 GiA0nD; !
Estimating as in (3.12), we deduce
1 1
|l 22 : 2
n - t (14 s
2 T 1 Zpuo? | < C(1 4+~ HaE) | 3 52" Zpu)
{i#0)NDs i#0
from which we obtain (3.10). This completes the proof. O

4 Energy estimates

In this section, we provide the energy estimates which specify the quantities that should
be computed via the spectral analysis. We start with the following standard local existence
result. For the proof, we refer to [5, 37].

Proposition 4.1 (Local well-posedness) Let d € N withd > 2 and o € {0, 1}. Let m € N
withm > 1 + % — « and an initial data 6 € X™ and vy € X™. Then there existsa T > 0

such that there exists a unique classical solution (v, 0) to the stratified Boussinesq equations
(1.2) satisfying

ve L®0,T; X"(Q), 6eL>0,T;X"(Q).
Let T* € (0, 00] be the maximal time of existence. Moreover, if T* < oo, then it holds

li Ol 3m + 10@)13m) = 00.
Jim, (1@ + 16 0)l7m) = 00
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We will frequently use the following result on the product estimates
(see [21] for the proof).

Lemma4.2 Let m € N. Then for any subset D C {y;|y| = m}, there exists a constant
C = C(m) > 0 such that

DoV = CAflamliglio + I f e liglam)

veD L2

forall f,g € H™(Q2) N L*° (). Moreover, if m > %, then it holds

Y ()| = Cliflamliglan.

veD L2

Let us use the notations for k € N

1
Ex(t) := (I3 + 160)12)?

k
Ax(t) := Z /Qayud(t)aye(t)dx.

lyl=1

Note that Young’s inequality implies
1
AL = 5 Ex (0, .1

Proposition4.3 Letd € Nwithd > 2 andm € Nwithm > 2 + %. Assume that (v, 0) is a
smooth global solution to (1.2) with @« = 1. Then there exists a constant C > 0 such that

L B0 = At (0) + SIV0O By + 214601202
dt 2 2 H" 4.2)
< CIOO N an (IVV@ 1 3m + IVROO1Z0-2) + CUIOO I Fm + 0@ 17m) VU@ | o0
forallt > Q.

Proof From the system (1.2), we have

1d
=- Z /3V(U-V)v8Vvdx— Z /W(v'V)@aVedx,
N Q

I<ly|=m I<|y|=m

We only consider the || = m case because the others can be treated similarly. It is clear by
the divergence-free condition and the boundary condition that

/(U-Vayv)ayvdx :/(U-VBVG)BVde =0, ly| = m.
Q Q

Thus, Lemma 4.2 implies

- Z /BV(U~V)v8Vvdx— Z /(W-ayve)-ayvedx
Q Q

lyl=m ly|l=m—1
2 2
< ClIVullLeelvllgm + 1011 gm)-
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For estimating the remainder term

Z /aV(Au-Ve)aVAedx ,
Q

lyl=m=2

we use a simple formula Av - VO = Awvy, - V30 + Avgdz0. We can infer from Holder’s
inequality with Sobolev embeddings that

/ 37 (Avp, - V40)d? A8 dx
lyl=m—2"7%

< llAvp - Vil gm—2 10| g
= ClIIVollgn VOl gm=2 1101 m 4 | Av ][ Lo VRO | gm—2 1|0 ]| Frm -
Since m > 2 + d /2 implies
[AvliLe < ClIVvliLe + ClIVollgm,

it follows

> / 37 (Avy - Vi0)d” A0 dx| < CIIV ]l g [ Vabll g2 01l s + IV Lo 101 7y
Q
ly|=m—2

Otherwise, we have

Z / 37 (Avg940)9” A dx
=m-2 Q2
vl (4.3)

< E / 0¥ Vi, (Avgd40) - 3V AV,0 dx| + ‘/ 32”72(351)(18619)32"9 dx|.
Q Q
lyl=m-3

Here, we need to estimate carefully with the boundary conditions. The first integral on the
right-hand side is bounded by

/ Y Vi (Avg040) - 0507 V0 dxp | + Z /BVVh(AvdadG)-BVVthx .
lyl=m—3 79 lyl=m—2"72

Since vy € X"t (Q)and 6 € X™(Q) fora.e.t > 0, the boundary term vanishes. Lemma 4.2
implies

> fayvh(Avdade)wvhedx < CIVoll g 1V3O g2 10| 1.
Q

lyl=m=2

On the other hand, we write the second integral in (4.3) as

=

’/ 9" 2(0304040)0'0 dx
Q

/ A2V - (3401 040) 906 dx
Q

+ ’/ 372 (Bqvn - V3 0a0)0'0 dx
Q
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It can be shown by Holder’s inequalities and Sobolev embeddings that

< (19773 @Fvn - Vada) Nl 2 + 18avn - V501 2) 10201 12

/ A" (avn - V4046)31'0 dx
Q

< CIVollan Va6l gm0 5 + CUV L% 101137

Since 94v,940 € X! and 6 € X™, it holds

= > G" it - Fp(Davndat) ()G -Fp0 (1)

/ "2V, - (B4v0a0) 900 dx
Q

neJ
—m— =T (44
= |3 " F@avndad) ) - i 70| Y
neJ
= / 3" (9qv4046) - V3,710 dx| .
Q
Then, we have
‘/ 3" (9404 046) - V3,710 dx
Q
< ‘/ (3qvpd110) - V3" 10 dx| + ‘/ 3" 2(93v440) - V39716 dx
Q Q
= V (Dqund2'0) - V4ol ' dx | + ’/ =1 (330,046) - V0126 dx
Q Q
< CIIVollL< 100 5m + IVl V46 gyn—2 1601
Combining the above estimates, we have
2L (o) g + 16 ) + V0
2 dt (4.5)
< CIIVlles (vl Fm + 101Fm) + CUVO L V4O g2 [0
Now we claim that
3 2 1 2 d 2
§||Vv||Hm = §||Vh9||Hm4 - aAm—l(t) = CEnIVVllym-s- (4.6)
We recall the v, equation in (1.2)
vy — Avg + (P (v - Vv, eq) = (POey, eq). 4.7

We first take —A on the both sides of (4.7). Since the definition of IP implies
—A{PWw-V)v,eq) =—AW-Vvg +04V-(-V)v
and
—A(Pbey, eq) = —Ap0,
it follows

B (=A)vg + (=A)vg — A - VIvg + 94V - (v- V)v = —Ay6.
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Then, we have for |y| = m — 2 that
/ 9, Va¥vy - VY0 dx +/ V(—=A)3" vy - V370 dx +/ VY (v - V)vg - VY0 dx
Q Q Q
—/ v.ay(v.V)vadayedx=/ [V, 0% dx.
Q Q
On the other hand, we have from the 8 equation in (1.2)
/ 9, Va’0 - Va¥ vy dx +/ VoY (v- V)0 -Vorvgdx +/ [V vg|? dx = 0.
Q Q Q
Adding these two equalities gives
d

P Va¥vg - VY0 dx +/ V(—=A)d"vg - VY0 dx — / V.-3"(v-V)vdy 076 dx
Q Q Q

+/ (V3Y (v - V)vg - Vo708 + V¥ (v- V)6 - VO vy) dx
Q
+/ IV vg|?dx = / V497 6]? dx.
Q Q
We have by Lemma 4.2 and the divergence-free condition that

‘—/ V-93"(v-V)vdg 076 dx §C||U||12qm||6’||ym.
Q

From dyv; = —V), - v, and the cancellation property, we deduce

1 1
< 11807 Vol 2187Vl 2 < 1A VllZ, + 2107 Vad 17,

/ V(—A)3" vy - VY0 dx
Q

and

‘/ (VY (v Vg - VY0 + VY (v- V) - V37 vg) dx| < Cllv[|3m 161 g
Q

respectively. The above estimates yield

d 1
> 5/ V0 vg - VO dx + Vol + IVl + Clolm 10
Q

lyl=m—2

1 2
z EHVI’IOHHM—Q'

Similarly, we can repeat the above procedure for the lower order derivatives. Then, (4.6) is
obtained.
We multiply (4.5) by 2
d
3 (IO + 10@17) + 20Vl
< CIIVllo (vl Fm + 101Fm) + CUVV 1 V4O g2 [0

and recall (4.6)
3 2 1 2 d 2
~S IVl 4 S IVAO G2 = 3 Anc1(0) < CEn (V0] 2.
Adding these two inequality, we obtain (4.2). This completes the proof. O
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Proposition4.4 Letd € Nwithd > 2 andm € Nwithm > 1+ %. Assume that (v, 0) is a
smooth global solution to (1.2) with « = 0. Then there exists a constant C > 0 such that

d 1 1
3 En(®? = An(@) + S 10Ol + SIVAO Ol
< CIO@ N (10O 3 + 1VROO 20 1) @3)
+ Clv@lm + CUOO 1T + 0@ 1 3m) 19ava (@) ]| Lo

forallt > 0.

Proof From (1.2), we can have

1d
Ea(nv(r)n%,m + 10O NFm ) + [0 l13m
< - Z /BV(U-V)vayvdx— Z /ay(v-V)Ga’”@dx.
Q Q

I<lyl=m I<lyl<m

We only estimate |y | = m case because the others can be treated similarly. The first integral
on the right-hand side can be estimated by lemma 4.2 and the divergence-free condition that

3
= Cllvligm.

/ ¥ (v-VyvaYvdx
Q

To estimate the remainder term, we consider the case 37 # 0/ first. As estimating the first
one, we can see

/ 87 (v-V)09376 dx
Q

< Cllvlam I RRO Nz 161 -

In the case of 37 = 3/, we have
/Qa;"(v V)09 dx = /Qay—‘(aduh - V3600 dx +/Qag’—1(advdad9)aye dx
< Clllan IR0z 101 5m + Cll3gvall oo 10117
+/Qa;;“2(a§vdade)agf9 dx.
We note that

La;*z(agudade)aye dx = — /Q 02V (Dgvpda0) 00 dx
+/Qag1*2(advh - V43403170 dx
< —/Qa;”—zvh - (9qv4040)0'0 dx

+ Cllvlliam | RRO | Em 101] m -

By (4.4), we can deduce

‘/ 04 "2V - (8av0a0)26 dx| < Cllvll || RO 0]
Q
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thus,
V 372 (83v4940)30 dx| < Cllvll gm | RAO | prm 101 g

Collecting the above estimates, we have

;d (IO + 10O 15m) + 101Fm < Clvlgm + Cllollgn [ RaO ) gm 101 49)
+ ClldgvallL< 1011 3m-
As estimating (4.6), we can show
2 d 2
Ellvllym > 2||Vh9||Hm 1= aAm(t) = CEn@vllgm. (4.10)

We only consider the highest derivative case. We can see from the vy equation in (1.2)
0 (=M vg + (=A)vg — A - Vvg) + 94V - (v - V)v = —Ay0.

Thus, we have for |y| = m — 1 that

/ 9, Vd’vg - VY0 dx +/
Q

Va¥vg - VaYodx + / VY (v-Vug) - Va¥6 dx
Q Q

—/ V«BV(U~V)v8d8V9dx=/ V497 6% dx.

Q Q

From the 6 equation in (1.2), it follows
/8,V8V9-V87’vddx+/ Vay(v-VG)-Vayvddx+/ [Va” vg|*dx = 0.
Q Q Q

Combining the two above gives

d

| viru-virea
dar v o +/

Vayvd-VBVde—/ V37 (v-V)vdg07 6 dx
Q Q

+/ (V3Y (v - Vug) - V070 + V" (v- V) - Vo' vy) dx +/ VY vy|* dx
Q Q
= / [V, 0% dx.
Q
The divergence-free condition and Lemma 4.2 imply

‘/ V0" (- V)vagd’0dx| < Cllo|3m 0] am.
Q

We also have with the divergence-free condition that

1 1
< 107 Voll 2017 Vabll 2 < S10Y Vullz, + 5137 Vabllz».

/ Va¥vg - VY0 dx
Q

The cancellation property yields

U (V8” (v - Vug) - V70 + V2 (v - VO) - V¥ vg) dx| < Cllvl|2m 0]l .
Q

Therefore, we deduce that

T vayvd vayodx+f||u||Hm
lyl=m—1

+ Cllvllm 101 m = *IIVhGIIHm I
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which implies (4.10).
Multiplying (4.9) by 2 and adding (4.10) gives (4.8). This completes the proof. O
5 Global-in-time existence

In this section, we prove the global existence part of Theorem 1.1 and 1.4. It remains to
estimate the key quantities in Proposition 4.3 and Proposition 4.4, namely,

/ ||VU(I)||LOG dr and / ”adl)d(t)”Loo dt (51)

respectively. For this purpose, we recall the notations introduced in Sect. 3. From now on,
we use the notations

_ in _ in
Ruf =A™ f=)" P MZy 0. Rig = Vi le=>" o] Fe8 ().
720 |7i|#0

for f € X" (Q2) and g € Y (RQ).

5.1 Proof of Theorem 1.1:Global-in-time existence part

Here, we fix @ = 1. We show the two propositions that provide proper upper-bound of the
key quantity. Then combining with Proposition 4.3, we finish the proof.

Proposition 5.1 Letd € Nwithd > 2 and m € N satisfyingm > 1+ %. Assume that (v, 0)
is a smooth global solution to (1.2) with « = 1. Then there exists a constant C > 0 such
that

T T
> [ mizn@nar+ Y [ wPiFaoldr < Cluolm
0 0

nel neJ

T T
+C sup Wolae [ X [ miZeonoiar+ 3 [Pzl | 62

1€[0.7] nel neJ
" Fpo(t)|d
+y MGl
neJ

forall T > 0.

Proof We first note that the divergence-free condition implies

[l Fpva(m < ClallFevp(m)| + ClallFpva (). (53)
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Thus, it suffices to show

T T
S [ i+ 3 [ il Fvaoniar < Cloolan
0 0

neJ neJ

T T
+C sup [Ju(®) || g Z/O |n||ﬂcvh<z)|dt+2/0 01?1 Zpva(6)| dt
1

1€[0.7 nel nel

T |ﬁ|2
+Zf = Fp0(1)] dt.
ey o Il

We only estimate the first term on the left-hand side because the other can be treated similarly.
Applying Duhamel’s principle to (3.1), we can have

T

Z/ il Zeon (Ol dt < i + b+ I+ L,
0

neJ

where

T
- 2
=Y [ illnie vl ar
0

neJ

T t
Li=) liillnle™ P00 Z (v - Vv )(7)| drdr,
0 0

neJ

T t . 2
Ii=)" liillnle™ "2 v - V)vgl(o)| ded,
0 0

neJ

T 1 ~
Iy = Z |ﬁ||n|e*‘"‘z<’*f>'"—'@he(mdrdr.
o Jo 0]

neJ

We have used that | .#P f| < |.% f| for I, and I3. It is clear that

T
12
I < Z/ Inl>e™" | F vl dr < Y | Fvol < Cllvoll
neJ 0 nel

We can see by Fubini’s theorem that

T |ﬁ|2 _
lix) | oalfold.
neJ

Similarly,

T
L < CZ/O EACRIAGINE

nel
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Using (v - V)vy = (v, - Vi)vp 4+ vg94v;, and Proposition 2.4, we have

T
125/0 S 1zl | | 12V | dr

nel nel
T
[ Zimon | [ Zimamon ) o
0 neJ neJ

=€ s POl Z/ |n||fcvh(r>|dr+2f 02| Zyva ()] de

nel neJ

In a similar way with the above, we can have the same upper-bound for /3. Collecting the
estimates for I, I, I3, and I4, we obtain the claim. This completes the proof. O

Proposition 5.2 Letd € Nwithd > 2 and m € N satisfying m > 3 + %. Assume that (v, 0)
is a smooth global solution to (1.2) with « = 1, and fQ vo dx be satisfied. Then there exists
a constant C > 0 such that

| |2 T
Z/ |2|ﬂbe<t)|dr<C||(vo,eo>||Hm+C/ ||wa)||3,mdz+c/0 VRO D) 13— dt

neJ

T T
+C sup (Jo@llam + 10@) [ ) fo Zmnﬁfcvhwdw/ > P Fpva(n)] dt

1€[0,T] nel nel
5.4

forallT > 0.

Proof We recall (3.6) and have
T | |2
Z/ | Z0O1dr < I+ I+ Iy + Iy,
neJ

~12
n
Isi=)" / I (et — 1) (Fyo, a )b, )] dr,
0

2
= Jo Inl
Is = Z/ ~h 2,600 dt,
nelJ
T pt |,7!|2
17 .= Z/ f W(e—)»_(t—r) _ e_M'(t_T))HN(U, 0)(c), a_)||(b_. e2)| drdr,
0 o In
Is —Z/ / T F (v - VION(T)| drdr.
nelJ

We estimate I and I3 first. By (3.7) we have

Is = Zf In2e~1"8 | 24001 dt < C 6ol -
neJ
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With Fubini’s theorem, we also have
Iy < cZ/ | Fol(v- V)OI dr.
neJ

Due to (2.1) and (2.3), Poincaré inequality implies

T
Igscfo Dﬂ(v—/ﬂvdx)(m > nllF6w! | de

nel neJ

T T
= swp 00 | [ i@+ [ 3 1ol
0

1€[0.7] nel neld

Now, we estimate /5 and /7. To apply (3.8), we consider n € D, and € D3 separately. Note
that D; = ¢ when o = 1. In the former case, as the previous estimates, we have

T |”| —het _ st
> [ e )] Fyug, a_) I(b_, ex)] dr

s ]

<Y [ e Sl = Cluole
neJ

and

Z/ P (00 0 (N, 6)(0), 2 b )] e

Tl
neDn o Inl

< ch [N (v, 0)(1)| dt

neJ

<CZ/ (710 - V>v1(z>|+|/b[((v—f vdx) - V)OI dr

ned

T
sc/O (Dﬂv(m (Zln|l%(x>|)+ D Il Zv@)] (Zlnﬂ%e(m de

nel nel nel neJ

T T
< C sup (u@llgn + 10O 1) /0 Zmn%vh(rndw/ Zmﬁ%vd(mdr).

1€[0,T] nel 0 es

In the latter case,

T | |2 12

T 1712
3 / e = e Fpug,a )| (b, ex)ldr < €Y / e " 1ol dr
n] — Jo Inl

neDs3

<C Y InP|Fpuol

neJ
=< Cllug|l g
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On the other hand, we similarly have

T pt 572
(e D — T (N (0, 6)(1), a)[[(b-, e2)| dTdr
Z//W K (t—T) dop (t—7)
2. /0 Jo Inl
T
s}jf nIPIN (v, 0)(0)] dt
neJ 0
T T
sZ[hﬁ%wwwmwij|M%wwme
neJ 0 neJ 0

Letn’ + 7" =#nand ¢’ + ¢” = §. Then, it holds
Il = 171>+ 1§17 < 201> + 21§ 1* + 207" 1 + 213" 1> = 211> + 20"
Similarly, for 7’ + 7" = i1 and |¢' — ¢”'| = G, we can see
Inl> <2101 + 21"

They imply

T
> [ wiasw- vl

nelJ

T
< C/o {(Zmzmm) (Zmnﬁv(m) + (Zp@v(zn) (Z|n|3|ﬁv(z>|)] dr
nel nel nel nel

T
< c/ Vol|%m dt.
0

On the other hand, with .%, (v - V)0 = Z (v - V)0 + Fp[vg040] it follows form > 3+4+d /2

T
Zfo 17121 (v - V)0 (0)] dt

neJ
T T
52/ m|2|,%,(vh~Vh)9(t>|dz+2f InI*1.Z5[va0401(2)] dt
neJ 0 neJ 0
T
<C f PLREAON N DN EATOL
0 nel neJ

+( 2o 1 Zeon @l | | Do mPIaNFe @) | ¢ de
nel nelJ

+CfOT { (Zmﬂ%vd(m) (Zm%ew) + (Z%vdw) (Zmﬂ%e(r))] de

neJ neJ neJ neJ
T
5Cf > o P1Zeon! | | D1l 0] | de
0 nel nelJ
T T N
+C sup [10()] / Zmufcvh(r)mw/ PIREAGI S
t€[0,T] 0 nel 0 ned
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Since
D IAZO®] =Y 1FVa0()] < ClIVAOW) | g
neJ neJ
and
> P Zevn @) < CIIVU@) | am,
nel
we have
’ 2 r 2
C/ PLIREANGIE N DNAEIOIE K= c/ IV o @) [ Fm dt
0 nel nel 0
T
+C / IVAO O, di.
0
Collecting the estimates for /s, Ig, I7, and Ig, we complete the proof. O

Now, we are ready to prove the global existence part of Theorem 1.1.Let T* > O and (v, 0)
be the maximal time of existence and the local solution given in Proposition 4.1 respectively.
We define

2

T T
B, (T) := ( sup En()? + / ”Aal)(t)”%_pn dr + / ||V;,9(z)||%{m,,,a dz) . (5.5)
te[0,T] 0 0
Then, from (5.2) and (5.4), we have

T T
> [ i+ Y [ nPigold < i @las

nel neJ

T T
+C1 By (T) §/ LEANGIEIES / 11121 Zpva(t)| dt | + C1 By (T)*
0 0
nel neJ

for some C| > 0. For a while, we assume that C| B, (T) < % forall T € (0, T*). Then, we
have

T T
> [ i+ Y [Pz oldr < Clwo. )l + Bur)

nel neJ

On the other hand, we recall (4.2) and integrate it on the interval [0, T']. Then by (4.1), we
have

1 3 T
EBmmz = 3 llwo, 00) 13 + CBu(T)? + C By (T)? / Vo)l o dt.
0

Since

2
Vvllree < E InllFcvnl + E [n1°|Fpval,
nel neJ
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it holds
1 3
EBm(T)2 = 3w, 00) 13 4 C B (T)? + C By (T)* (Il (vo, 60) | rm + B (T))
3
= 3w, 60)13;m + C2l(v0, 60) || rm By (T)? + C2 B,y (T)?

for some C; > 0. If we assume C3 | (vo. 60) |l g < 1% and C2B,,(T) < 1, then
By (T)* < 4| (vo, B0) [ < 482 (5.6)

Here, we take § > 0 such that C;(26) < % and C»(26) < %. By the above estimates, we can
deduce that (5.6) holds for all T € (0, T*), hence, T* = oo. Thus, (1.3) is obtained. This
completes the proof.

5.2 Proof of Theorem 1.4:Global-in-time existence part

In this subsection, we fix « = 0. We only provide two propositions counterparts of Proposi-
tion 5.1 and 5.2, because the rest of the proof is similar with that of theorem 1.1.

Proposition 5.3 Letd € Nwithd > 2 and m € N satisfyingm > 2 + % Assume that (v, 0)
is a smooth global solution to (1.2) with « = 0. Then there exists a constant C > 0 such that

T T T 1512
|72]
> [ mliFvao1dr < Clwlan +C [ vonimar+ Y [ ELz00)
nes /0 0 nes /0 n
(5.7)
forall T > 0.
Proof From (3.2) and Duhamel’s principle, we can have
T
Z/ Il FZpva | dt < Ji + T2+ J3+ Ja,
neJ 0
where
T
1= Y [ e 1w,
neJ 0
T t
J2 :=Z/ /|n|e—<f—f>|9,,[(v.V)ud](r)mrdt,
nes 70 Jo
T t
K=Y / / e~ |Fel(w - Vyual(o)] dedr,
nes 0 Jo
T t |ﬁ|2
Js ::Z/ /e*@*f)f@be(rndrdt.
ey ”0 Jo I

We can easily show

Ji <Y Inll.Fpvol < Cllvollam
neJ
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and
Ji < Z/ 1. Z0(1)| dt.

Fubini’s theorem and Propostion 2.4 gives

b= Z/ Il FHlw - Vyval(e)] dr < Cf 1o d.

neJ

Similarly, we can estimate J3 and have

T
J3 < c/ (@) [|3m dt.
0
From the estimates for Ji, J2, J3, and J4, we deduce (5.7). This completes the proof. ]

Proposition 5.4 Letd € Nwithd > 2 and m € N satisfying m > 2 + %. Assume that (v, 0)
is a smooth global solution to (1.2) with « = 1. Then there exists a constant C > O such that
| |2 2 ! 2

Z Iﬂbe(t)l dr < Cllugllgm + C IIU(I)IIHm dr+C | V0@ Ilym- dt
0
J
" (5.8)
+C s 100 Zf 01l Fpua()] .

tel0, ned

forall T > 0.

Proof We recall (3.6) and have

T |ﬁ|2
Z/ W|32,,¢9(t)| dt < Js+ Jo + J7 + Js,

where

T 1712
. _
’ =Z/0 nr ¢ Al e (Fpug,as) (b, e2)| dt,

Js _Z/ |iile ™+ |.Zp00| dt,

neJ

T t
” :=Z/ / '|”n'|<*A (=0 _ =400 (N (v, B)(z), a)|(b_, e2)] ddlr,

/8 _Z/ / |iile D Zp[(v - V)OI(r)| drdt.

neJ

It is clear by (3.7)

s < Z/ ¢ 51Z, Vb0l dt < Clléoln.
neJ
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Similarly, we have with Proposition 2.4 that

Jg <CZ/ | 5[V (v - V)61l dr

neJ

T
<C/ S mlZeonl | | D1l Z Vol | + [ D mllFpval | | Y nllFp0401 | ¢ dt
0 nel neJ nelJ neJ

T
§C/ ||v||%1mdr+6/ 1V461%,, 1 di + C sup ||9<r)||HmZ/ 1l Zpval dr.
0

tel0,T ned

To estimate Js5 and J7 with (3.8), we consider n € D; U D, and n € D3 separately. We note
that

T a)? —hot _ ket
> (e )(Fpug, a_)||(b_, e2)| dt

neD1UD, |n|

<CZ/ e 170 dr < Cllugllpm
neJ

Z / / s (e — T IN (v, 0) (1), a)|| (b, e2)| drds

neD1UDy |77|

< CZ/ 7i||N (v, 0)(¢)| dt

neJ

= CZ/ (Z[Va - VIVIO] + | F[Vi (v - V)O1(1)]) dt

neJ

T
gc/O 012 dt+C/ V4112, df + C sup ||9(;)||HmZ/ Inl|-Zpval dt.
0 tel0,T]

neJ
On the other hand,
r |n| T | |2 12
> [ B e g aibo el < 0 3 [T B gl
neDs3 neJ
chnH%um
neJ
< Cll(vo. 60)ll 1m-
We can see
Tt a)? —ho(1=1) _ p=halt=1)
Z e D) (N, 0)(7). a-)||(b_, e2)| drdr
< Z/ NN (v, 6)(1)] dt
neJ
<Zf Il 7 (v - V)v<r>|dz+2/ I0llF (v - V)O0)]dr.
neJ neJ
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As estimating /7 on the set D3, we can deduce

T
Z/O [(|.% (v - V)v(r)| dt

neJ
- 2
EC/ PLIEZIO B DNEZIOH  DLREZION h G
0 nel nel nel
T
< c/ w01 3m dt
0
and
T
> [ iz veoiar
neJ 0
T T
=53 MR AUCIEES 3 MU A
neJ 0 neJ 0
T
50/ Yl Zeon1 | [ Do1alFA6O1 | + | Yo 1ol | | Do nllllFb @] | ¢ dr
0 nel neJ nel neJ
T
+C/ Y 1l ZvaOl | [ D mzo 1 | + [ Do 1Zva@! | | Y InP170@) | ¢ de
0 neJ neJ neJ neJ
T T T
< [ ol dr € [ IV a4 C sup 106Hn Y [ inllFovalar
0 0 tel0,T] ned 0
for m > 2 + d/2. Collecting the estimates for Js, Jg, J7, and Jg, we obtain (5.8). This
completes the proof. o

6 Proof of temporal decay estimates

In this section, let (v, 8) be a smooth global-in-time solution to (1.2). In addition, we assume
that (1.6) or (1.3) holds in each case with

[I(vo, B) | gm <8 (6.1)

for sufficiently small § > 0. The next three propositions are for the temporal decay estimates
of |0(t)|l 2. lv(t)]l 2, and [|vg(t)]l ;2 in both cases « = 0 and @ = 1. After that, we prove
(1.7) and (1.5) combining with the temporal decay estimates for [[v(#)| z» and |vg(E) || gm -

Proposition 6.1 Letrd € Nwithd > 2 and a € {0, 1}. Let m € Nwithm > 1+ % + a and
(v, 8) be a smooth global solution to (1.2) with (1.3) or (1.6). Suppose that (6.1) be satisfied.
Then, there exists a constant C > 0 such that

1612, < C(A+1)"Ta, (6.2)

Proof From the v equations in (1.2), we have
1d
EE/Qde = —[|A“v||2, +/Qv(19dx.
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On the other hand, we have from (2.1) and the 6 equation in (1.2) that

1d . -~ - _
77/ |9|2dx=—/(U~V)(9+9)~9dx—/ vg0 dx
2 dr Q Q Q

=—/ vdada-édx—/ vg0 dx,
Q Q

where

~::/ 0 (x) dxy,.
Td—l

Hence,

1d

~ S (l2, + 10122) = —I1A%w|? —/ vqd8 - 6 dx.
2 dt L2 L? =

We can deduce from (3.2), (3.3), and (2.1) that

d _
——/ vaAT0dx = —/ g A0 dx—/ 8,0 A v, dx
dr Jo Q Q

- Vvl 2l A0 2 + [1(v - V)OIl 2| A vgll 2

IA

1 _ 3
— I RhATO172 + S 1A% V4l
2 2
Combining the above, we have
1d 2 0112 —2a 1 o 2 —apn2
3 a Il 10172 = deA dx | = =7 (AT + IIRRAZO172)
+Cllvl 2 IVO L A vall 2 + Cllvll 2 [0l g 16112 — /Q V4940 - 0 dx.
To estimate the integral on the right-hand side, we note

‘—/ vdadg-édx
Q

We consider o = 0 case first. The right-hand side is bounded by

< ‘—/ V2040 - —Ap(—A) 10 dx
Q

+ )— / vada6 - —93(—=A)"1G dx
Q

||vd||Lz||ad9|\Loo||R,%9||Lz+‘—/(vh~vh>ad§‘ad<—A>—lédx—f 0030 - d4(~A) "1 dx
Q Q

< llvall 21040l ow | R3O 22 + llon Nl 210481 Lo | RuO1I 2 + ‘—/ 0930 - da(—A) "' dx
Q

Using vg = —(Ap)(—A) vy + 84V, (—A) vy, we have

’— / 936 - 3g(—=A)'G dx
Q

=

—[ Vi (—=A) 10830 - Vida(—A) 710 dx
Q

+ V 3a(—=A) 10020 - V3da(—A) 10 dx
Q

< IV=8)""0lliz 1o 187612 | Rl 2

=< w2181z | ROl 2
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For « = 1, we can see

‘— / V2046 - —Ap(—A)"16 dx
Q

- ‘_/ Vivadq0 - Vi (—A) 16 dx
Q

< IVavall 218401 Lo | A~ Ryl 2

and
‘—/ vada6 - —93(—=A) "G dx
Q
< /(vh-aduh)adﬁ-(—m”édx +2‘/(Vh-vh)8§§-(—A)19_dx
Q Q
+V 02936 - (=A) 716 dx
Q
< 118avnll 2218461l Lo | A~ Ru6ll 2 + 2llvnll 2210760 oo | A~ RO 2
HIV=2) "0l 1 1936121 (=2) 710112,
where vy = —(AR)(=A) vy + 84V (—A) vy, also used here. Hence, we can deduce

< CIA V2101 am 1A RyO |l 2

‘—/ vda,ﬁ- 6 dx
Q

in both cases. Combining the above and using (6.1), we can have

1d < 2 512 / -2
S (vli2 + 101172 — | vaA™"*0 dx
2dr L L Jg

1 B _
—(; - CUvIFm + 101D UA* VI, + [ RRA ™01 + Cllvll 2110 g 16112

IA

IA

1 _ _
=g UvlZ2 + IRy ATOIL2) + Cllvll7, 1917

Let M > 1 which will be specified later. Since

- a2 I il 2
1015 — IR ATON5, = D (M ~ s ) 1700]
[72]7#0

1
- > |76

M a2
I <47 10

2+ =M

IA

A
=
~

IA
E
R

=
=
=2

s

and

- 1 1 -
< lvall 2 IA™20]| 2 < Envniz + E||e||iz, (6.3)

/ va A72%0 dx
Q
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it holds

1 2 — 2 1 2 an2 1 -2
- g(llvlle + [IRhAT*0l72) < ~3M (Ilvlle + 1017, — E/QUdA “0 dx
1 —2u 1 1~ 2 —apn 2
+ Toat /. vt Odx + o (210172 — IRR A6, 6.4)

1 1
< 912, — A2 4 R0
< —ten <||v||L2+|| 12, /de x>+8M1 IRRO -

<||v|\iz + 16132, —/deA_z"‘G dx>

1 2 312 -2 1 2 1412
5—167M(H0||Lz+||9|\Lz—/deA “0 dx +8M T IIRh9||Hm o« T ClIVlGn 10172

Thus,

| =
&la

Taking M =1+

t
7
8H~

d t m _
—la+ ) T+e (||v||22+||9||22—/ vdAmedx>>
dr ( 812 L e

r _ 3
CURWO o + CUVI Gy (14 ) 50 (||v||iz+||9||22 —/deA 2"‘edx).
I4o

Using Gronwall’s inequality, we obtain (6.2). This completes the proof. O

Proposition 6.2 Letd € Nwithd > 2 and o € {0, 1}. Let m € Nwithm > 1+ % + o and
(v, 0) be a smooth global solution to (1.2) with (1.3) or (1.6). Suppose that (6.1) be satisfied.
Then, there exists a constant C > 0 such that

@12, + IR ATOD3, < C(1+ 1) H ), (6.5)

Proof From the v equations in (1.2), we have

|a|* 2 2
w/ ol dx < — A%V +C [ ) muw(nn Y P F v
71|70 71|70
il
—*||v||L2+C > = |2(1+a)|/b9(77)|
7|70

Since Duhamel’s principle implies

o2, < e~ luol, + € / ~t=0 3 |2(1+a)|%9(n)|2df
|72 # 0

t
<euol3, +C sup (1+7) T ||RhA*“9(z)||§2/0 e~ + 1)~ UH 1) g,

7€[0,7]

we have

sup (14+0)F e u(n)|?, < C (nvoniz + sup (1+ r)”lwnkhz\—“e(r)n;) :
7€[0,1] 7€[0,7]

(6.6)
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On the other hand, from (3.2) and (3.3), we have

1d —2a
53 2 P AT va (DI = = llualla + 1@ - Vvl 2l A7 vl 2
neJ
+Y — i il Fp0 () Fpva(n)
B b0(n)Fpva(n
neJ
and

. a2
S IARA 0P < - / (0 VIORIA 0 s = 37 s 2001) Fyva ()
WEJ neJ

respectively. Thus,

1d —a 2 —apn2 2
3 A vallpe + IR A0, ) = —llvallps + 1 - V)vll 2 f[vall 2

- / (v-V)OR; A~ dx.
Q

Moreover, we can deduce from (3.2) and (3.3) that

d
——/ vgRIAT40 dx = —/ dva R2 A0 dx —/ ORI vy dx
dr Jo Q Q

IA

||(v.V)u||L2||R,3A—4“9||L2 +/(U.V)9R,3A—4%ddx

—2
*Ith “0ll7. + 5 ||Ud||L2

Combining the above, we have

1d

_ _ 1 _
o (IIA “vall2, + IRRAT*0)2, —/deR,%A 4“9dx> < — 7 (lallza + I REAT6IIZ)

1
+Cllvll 2 Vollze (lvall 2 + IRZAT20]|2) — f (- V)O(RIA20 — ERﬁ/\*z‘”vd)dx.
Q
By (v- V)8 = (vj, - Vj,)0 4 v4940, we deduce

1
’—/ (- V)O(RIA>0 — 5RﬁA—%d)dx
Q

< vl 2 1Vabll Lo (lvall 2 + IRFA ™26 2) + Clvall3 > + I RFA™201172) 11340 || oo
Thus, by WLe Q) < H"=*(Q), (6.1), and Young’s inequality, we have

1d

1A= val% + |Ry A2 —/ vdRZA*“‘"de)
2dr ( L2 R ]

. 1_ 2 A =202 2
< —(5 = ClIOIam)UIRTAT>*0NZ: + lvall72) + Cllvll2(1Vvll
+||vh9||Loo)(||vd||Lz + IRFAT20]|,2)

= —*(Ith 2007, + llvall72) + Cllvl 2 (vl 5, + 1RO F,—0)-
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Let M > 1 which will be specified later. Since

1 —ann2 2 A 2apn2 1 |ﬁ|2 —a 2
~IRAATOT, — IRFAT260I7, = 5 M o ) 1 R0
neJ
1
<= F Ry A0
“u > | Z Ry A0 ()]
ey < 7 il£0
= WIIRNIIW w
together with
— _ _ 1
— / vaREATH0 dx| < AT gl 2| RFAT0l 2 < Sllvalze + 5 LRy~ 9|7,
Q

6.7)

we can have as estimating (6.4) that
1 _
—5 (IREAT20IL, + llvall7.)

1 « 2\ —4a 1
=- 16M <||RhA 0”L2 + “Ud”LZ _/S;UdRhA Odx |+ W”RhenH’" o

Thus,

1d _ _
34 <||A “vall3, + I1RAATO]12, —/ vaRZA 4“9dx)

d Q

1
< ——— (IRRAT012, + 1A %val? —/ vdRZA*““odx)
16M ( L2 N
1
+8MT||Rho||Hm o + ClIVIT (0115 + I RAONZ, )

We take M Then, we can have with (6.6) that

_ t
=1+ 8(1+15) "

d t 1om
— 0+ —)F 1 (A2 RyA™0|% —/ RZAT*0d
@ (( +8(1+|ﬂ—a)) (II valli2 + I Rn 52 de P X

<C sup (1+ )T (1A 0 @12, + IRAATO@I: ) (N1 + 1RO,

7el0,1] 8(1+ 143)
FCU 1% + 1 RRO, )

We integrate it over time and use (6.7) with
* 2 2
/ 01, + IRAOI, ) df < C.
0
Then, for
T 1+ 2 —a 2 —a 2
f@ = sup A+ ———=) " (A v (D)ll}2 + IRRATO(D72)
cet0] 81+ 125) ( L2 )
it holds

t
f=<c +f0 F@UIZ, + 1RO, + [ Vval L) dr.

@ Springer



Asymptotic stability and sharp decay rates to the linearly... Page350f61 141

Applying Gronwall’s ineqaulity, we obtain

sup (1 + )T (|A v (D22 + IRy A*O(D)]I%,) < C.

T
re[0.1] 8(1+ 145)

With (6.6), we deduce (6.5). This completes the proof. O

Proposition 6.3 Lerd € Nwithd > 2 and o € {0, 1}. Let m € Nwithm > 2 + % + a and
(v, 8) be a smooth global solution to (1.2) with (1.3) or (1.6). Suppose that (6.1) be satisfied.
Then, there exists a constant C > 0 such that

loa @122 + IRFA20(D)]2, < C(1 + 1)~ FF 150 (6.8)

Proof Recalling the definition of b, we can verify that

1 |73 Fik ( 1 1 )
— T+ — — — | (Fpu,a )by, er), neld.
hg 02 Inl? i

Fpvg = —
bVd o

‘We note that

1 w2 1 2
<< , mneDb and — < , né¢Dr.
il = 1Al = nl? il Il
Together with

a1 1y, 1
P (Jbuv a+)<b+7 62) = r(ﬂbu! a+)a
+

WP \a- g
we have
1
2
lva @2 < CIRFAT 0 |2 +C | (P ap)l*] . (6.9)
neJ n
We show
1
2
1 2
> e (Fou s
neJ
— (1452 T4
<{+1 2+ (C 4 C6 sup (14 1) " 20 [lug ()|l 12), (6.10)
7€(0,¢]

where § is a small constant in (6.1). Then by taking § small enough, we obtain
sup (140" 750 o (D)2 < C+ € sup (140 T | RIA20(0) 2.

t€[0,7] 7€[0,7]
6.11)

We recall (3.5) and have

t
(Fpu(t),ay) = e (Fpug,ay) — / e UITDN (v, 0)(1), ay) dr.
0
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Since [e | < e~ "% for 5 e J, it follows by the Minkowski inequality
1
| 2
Y —= (T ag)l?
[n|4
neJ

1
2

t 1 2
+[} (Z W e MDY (v, 0)(7), a+)|) dr.

oy n

o=

1 2
< (Z P f|<%uo,a+>|2)

neJ

4
From the simple fact |a;|? = [A4 > + }’;}4 < C|nl* with (6.1), we have

1

2

] o — —m
3 e M Fpug, a )P | < Ce M lluollz < €1+,

4o
neJ |7/|

‘We note that

2 |*
(N (v, 0)(1),a4)| < [F (- V)Vllag] + | Fp(v- V)GIW (6.12)
Thus, it holds
1
t 1 2
/ 3 e MO N @, ) () a )P | dr
o \rc7 nl
1 1
t s 2 2
5/ Y eI Z - V) dr—i—/ 3 e hrusn 4a|</b(v Vo> | de
o\ o \rs7 Il

t
< f) eIl - Vv 2 + 1(n - V)0l 2 + lvg040 (D) |l 2) d.
¢
‘We have used
(V)0 = (v - Vi)0 + vgdqb

in the last inequality. We note by H” 2% < [

- V)vl2 = [vll2IVollLe <C||U||L2 el IIH,,, )

+a 1+Ot

lwn - V)0l 2 < Ilvll 21 Vafll L < CllvllelléllL’ 191

H m )

and
lvada0ll 12 < llvall 210401l L < Cllvgll L2101 5.

Combining (6.5), (6.2) and our assumptions, we can see

A+ 2@ (|- VYo 2 + 1 n - VB2 + vadab ]l 2)

<C+Cs sup (14+0)' @ |ug(1)] 2,
7€[0,1]
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where § is a small constant in (6.1). Hence,

t
fo eI - VIv@)ll 2 + I wn - Vi@l 2 + llvadabll2) de

<c+n M) +cs sup (1 + )23 o (D)l 2).
7€[0,1]

Collecting the above estimates, we obtain (6.10) and (6.11).
Now, we show

IRZA™20(1)|| 2 < C(1 4+ 1)~ atia) (6.13)

Since we have from (3.2) and (3.3),

1d
—— Y | FR,ATH 2
53 2T R AT g ()]
neJ
>4
- 2 2 A —d ||
< — IR A vall72 + @ - V)Vl 2 I REA™* vl 2 + ) W%B(n)%vd(n)
neJ
and
1d SIFRIATOMP < — | (- VIORA 0 dx — ) ﬂﬂ 0(n)-Fpva(n)
2dt &~ h E=T, h < [yl o) FbbalN
ne ne

respectively, it holds
li —2a 2 2 A —2apn2
(IRh A" vally 2 + IRFAT0I72)
2dt
< IR A" vgll72 + | - VIV]| 2| RhA™vgll 2 — / (v- V)OR, A0 dx.
Q
We can infer from (3.2) and (3.3) that

d
——/ va R} A0 dx = —/ dva RE A0 dx —/ 3O R A", dx
dt Jgo Q Q

IA

(v Vvl 2| REAT0 2 +f(v-V)0RﬁA*6“uddx
Q
LR A1, 1 IR A
5 1% 275 h dlly2-

Combining the above, we have

1d _ _ _
L4 Ry A2 012, + [ REA 202, —/ vaREA™5%0 dx
2.dt Q
1 _ _
< =5 (IRA “all7, + IRFAT017,)
vl 2 IVl oo (1 RRA ™% vall 2 + 1R} A6 12)

1
—f (v-V)O(RFA*0 — E1'i’21v‘%d)c1x.
Q
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We estimate the last integral with (v- V)8 = (vy - V3)0 +v4046. Holder’s inequality implies

1
—/ (v - VIO (RFA™0 — ER;‘,A’f""vd)dx
Q
< Clvll 2 IVR0 1 Lr (IREA™vall Lo + 1R} A0 19),

where%—}-é:%.Wetake%:%—%.Thenfore € (0, 1) withm >2+%+(¥+26,W6
can see

IVROllLr < ClIRAO| < Cl[RuOl ggm-1-¢, @ =0,

e d
Hl+§+e
and

VRO Lr < C||Rh9||]_.1 < CIRpO| gm—3—e, a=1,

(2l+€

together with | RFA ™ vyll 2o + | RFA™0 e < ClIRZA™vqll 2 + CIRFAT30]| 2, we
have

1
|—/ (- VIO (RN — 51!?,‘1‘1\—6‘%d)(1)c
Q

< Clvll 2 1RR AT gm—t-a—e (IRAA™vall 2 + | RFAT0] 12).

On the other hand, it holds
—/Qudade(R;‘A—““e - %R;‘A—ﬁ"‘vd)dx = —/th(vdadé’) SVi(=A) TN (REIAT0
—%R%Af(’“vd) dx
= /Q(thdaﬁ) V(=) TN (REATHG — %RﬁA‘Gavd)dx
—/Q(udadvhe) SVi(=A) TN (REAT0 — %RﬁA*ﬁ"ud)dx.
The second integral on the right-hand side is bounded by

1
‘—/(vdadvhe) Vi (=A) N RIATHG — ER,%zv‘“*vd) dx
Q

< Cllvall 21182 Va0l Lo (IR A0 2 + IRy A vall 12).

‘We note

1
‘—/(thdadﬂ) SVi(=A) TN (RIAT0 — ERﬁA—ﬁ‘)‘vd) dx
Q

1
= V (Vi A(=A) " 0840) - Vi(—A) L (RIA 0 — 5Rﬁ[\—éaug,)clx
Q

When o = 0, with the integration by parts, it holds

1
/ (VaA(=A)0,840) - Vi(—A) T (RFO — ERZv[odx
Q

< 1Rwvall 2 (12O o + 18401 ) (I R3O 12 + | Rpvall 2)
< ClOan (IRFAT013 5 + I RhA™vall3 ).
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For o = 1, we have

1
‘/ (Vi A(=A) " 04840) - V(=) "HRIA 0 — ER,%A*ud)dx
Q
< ClIRy A 0all 2 (18340 L + V4Ol L + 134601l o) IRFA 011 12 + Ry A vgll2)
< ClONan (IRFAT 0172 + | RhA ™ vgll72).

Therefore,

1
’—/ (- V)O(RIATHG — 5RﬁA—ﬁ‘*ud)dx
Q

< Clvl 2 IR AN fpn-1-a—e (IRAA " vgll 2 + | REAT0] 1)
+Cllvall 21182 Vabll Lo (1RF A6 12 + | RhA ™ vall2)
+C110 am (IRGATON7 5 + [ RhA™*vall7 ).

With Young’s inequality and (6.1) we can have

%% (||RhA‘2“vd||iz + IRFAT>017, — /Q va Ry A0 dx)

< —(i — ClOllam) (IRhA™vall72 + [ RFAT017,)
+Clll 2 (vl grmt—ae + 1RRA O f-i—a—e) (IRAA vl 2 + | RFAT6]|12)
+Cllvall 2184 Va0l oo (IRZA 01 12 + [|1RhA ™ val 12)

< —é(HRhA—“vdniz +IRIATO7) + Clol 2 (v ae + IRRAT* 01 o)

+Clvall 72 | RRO1 -

Let M > 1 which will be specified later. Since

1 _ B 1 |7]? _
S IREAT2 0N, — IRGAT017, = > (M — —si7a | | ZRAATO) P
i Inl
1|0
1 _
<o > |7 Ri A0 ()|
il2 ~
e 37,1710
—_— 2.
< s 1RO
and
‘—/ vaREATO0 dx| < Ry A gl 2| RE A0 12
Q
=

1 _ 1 _
L “vd||iz+5||R;2A 9|2, (6.14)
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we have
1 —3apy2 —a 2
g(lth 017> + IRhA % vall72)
1
<———(IR2AT2#0)2, + | Rh A% vyl? —/ vdR4A_6“9dx>
16M< h L2 A P
+W”Rh9”[{m a
Thus,

1d _ _ _
¥ <||RhA *vgll 72 + IRAT6]7, —/ vaREA 6"‘9dx>
Q

1 ( iy -2 4 5 —6
IRZAT2%0|12, + | Ry A~ vy|? /vdRA ?0 dx
oM \'h L? L2 fo T

2

I/\

1
+m”Rh9”HM a

I 0t mae + IRRATO1 3 m1ame) + Cllvall 2 | RAON e
Wetake M =1+ W and multiply 2M 2+1%a both sides. Then,

I+a

d 4 24 -2 2 20 =202 / 4\ —6
_ +a (|| Ry A RiAT%0 — RIAT¥6d
T <( + 80+ 1$a)) (IR vall;2 + IRy 52 de n x)

< ClIROI%, .
Y013t + IREATON )

d T2
+CA+ ) "l + s
82+ 12%) L 82+ 14)

C(l+— )i R0
+C( +8(2+]% ) ||Ud||L2|| h IIHm —a
Since the interpolation inequality implies

1t+a+te _ ltate

0l fmt-a—e + IRRATON gmr—a—e < 01" 0N, ™
1+ot+e

Itate
FIRRATO1,," [RyA™O]

we have from (6.5)

t m_
Ut gy I gy i+ IR0 o0
1+a

8(2 + m)
_ _ ltate
<ca +t)1 “+1+w’(||v||Hm + I RAATON, )
1+ate
<C+n7 T (vl + IRe A0, )T

By (6.11), it holds

! 24 2 240D N D 2

I+ =)™ lyll7, <C+C sup (1 + ————)" = [|[R;AT"0(0)|5>.
82+ 1) L cel0] 82+ ) " L
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Then, we deduce that

d

! 24 a2 20 —2a92 / 4 ) —6a
— 1+ — +a (|| Ry A ) + ||R; A 0 — viR; A 6dx
- (( sy ) URA s LA ~ [ k] )

_ldate e _ _ ltate
< CURON o + CA+ D™ T (Ul + IRAATON%,, )"

Hm—a*

+C| sup 1+ ————
(rE[O,t] 82+ t15)

)T (| R A vg |12, + ||R,%A2“9||iz)) IRAO%

Since we can verify

1— I+a+te

R Itate €
/ (CIRMIZ s + CAU+ ™ F T (o, + IRy AT61, )~ ) dr < C,
0

gm—a
using Gronwall’s inequality and (6.14), (6.13) is obtained. Then, (6.8) follows from (6.11).
This completes the proof. O

6.1 Proof of Theorem 1.4:Temporal decay part

In this section, we completes the proof of Theorem 1.4. For this purpose, we suppose (6.15)
and (6.16) hold true, which will be proved in the following proposition. From (6.5) and (6.15),
we obtain

A+ w@))|3s < C.
On the other hand, (6.8) and (6.16) imply

(L4 0> log ()17 < C.
Hence, it suffices to prove

(A +0"0@0) —oll7, < C

because of (1.6). We recall (1.4) and use (6.2) to have

o0
16— ol < ||9||L2+H[d / (v~ V)0 + vg) drdu,
Té—1 Jt

L2

o0
<C(+1n2 +/ [[(v- V)8 + vyll2dr.
!
Since

[(v- V)0 +vallp2 < [I(vp - Va)Oli2 + lvadabli2 + llvall g2
< Clvll 2| RpON e + Cllvall 2101 5 + Nlvallz2

< CU+0)" DR gm + C(1 + 1)~ 1+D)

by (6.5) and (6.8), we can deduce

.¢]
/ [0+ V)0 +vgll2 dr < € (140~ GFH)
t

e+ N T <Ccl+1)7.

L2(t,00

This completes the proof.
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Proposition 6.4 Letd € Nwithd > 2 anda = 0. Let m € Nwithm > 2 + % and (v, 0)
be a smooth global solution to (1.2) with (1.6). Suppose that (6.1) be satisfied. Then, there
exists a constant C > 0 such that

||v(t)||Hm + ||Rh9(t)||Hm <Cl+n"" (6.15)
and

a1 + IRV + IRRO D7, < C(L+172 (6.16)

Proof From the v equations in (1.2), it follows

1d
S— v, + vl

S q T < CIVOIL 0117, = D 0" 250 () Fpva ().

neJ

Using (5.3) gives

D=
Nl—=

= PP FomFvam| < C | Y P F RO | | D] InP"Fv
neJ neJ neJ

1

205 + CIRLOIZ,

H m

By (6.1) with (1.6), we have

1d 1
EEIIUIIHnl = (* - Cll(voﬂo)llgm)llvllH,ﬂ +C||Rh9||Hm = Ellvll +C|IRh9||Hm
Then, applying Duhamel’s principle shows
17, < e vl +C / RO, de
thus,
o)1, <C+n7" (uvoni,m + sup (1+ r)nRhe(r)ni,m) N (A1)
7€0,7]
Since (5.3) implies ||vd(t)||?_1m < CIIth(t)IIHm, we can similarly obtain
10a @1 + IRV, < C(1+1D)72 (nvou,,m + s (147) ||Rh6<r>||§m>.
(6.18)
We omit the details.
Now, we show that
||R£9(I)IIHW <C(l+n72 (6.19)

Since this implies

IR D%, < IR gullOE | g < C(L+D7,
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(6.15) and (6.16) follow by (6.17) and (6.18) respectively. Since H” (£2) is a Banach algebra,
we can show from (3.2) that

1d
mnthdnz-m + IRnva 1% < CIRRVN g 101l g | R

+ Y 1Al P 0 () Fpva ().
7210
From (3.3),

1d

S RO <= 3 fQ 87 05 (v V)0 - 07070 dx — Y |l [P Zp0 () Fpva ().

lyl=m—2 |7|#0

Thus,

1d
53 (IRwvaly + 1RROIG,, ) + 1 Rwvally,
<C

IRRO N g 101l o | R g — Y /ayahz(v-vw.aya,fedx.
Q
lyl=m—2

‘We note that

/ VR VIO Rodx = D (Ki+ K+ K3),
lyl=m—2 7% lyl=m—2

where

K = /Q 37 (3fv - V)6 - 7976 dx,
K, =/QaV(ahv V)30 - 87076 dx,
K3 :=/Qay(v.V)a,39~aVa§9dx.
The integration by parts and (v - V)8 = (vp, - V)0 + v4946 show
Ki+ K= —/Qay(ahvh V)6 - 879760 dx —/Qay(ahvdade) - 97870 dx.

Again using the integration by parts with the continuous embedding L>®(2) < H"~ (),
we obtain

K1+ Ka| < ClIRwsll o | RRO N g | RRE N gy + C IRy Valll g 101 | RAON gyn -
On the other hand, due to the cancellation property, we can have

K31 < Cllonll g | RN o | RO g + ClIVvall L 1RO 3
+ / 3" (930404070) - 92070 dx.
Q
The divergence-free condition and the integration by parts imply

‘ / O (03v404070) - 3 2070 dx
Q

= ‘/ A4 (Ba Vi - vrda070) - 32070 dx
Q

< Clvll gn RO fym | REO| gy
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Thus,
|K3] < Cllvll gn IR0 g | RRON o + C IV Vall oo [ RGO, -

From the above estimates, we deduce

1d
53 (IRwvaly + 1RO, ) + 1 Rwvally,

< CUIRRI| g + 1RGO ) A + IRO ) NI RV o + I RO gy )

+CIRhvall g 101 m | RAON i + ClIVVall oo [ RRON, -

On the other hand, using (3.2) and
— AP -V, eq) = —AW - VIvg + 9V - (v- V), (6.20)
we have
—/ dva(—A)"R}O dx = / (- V)vg(—A)"R}}0 dx —/ 3V - (v- V)v)(—=A) "' R}6 dx
Q Q Q
- / va (A" RO dx — | R}O11%,
Q

< /Q (v - VIvg(—A)" Ry dx + ClIRpll g 101l g 1 RZO N gy
+ Nirvval - LiR2012,.
2 Hm 2 h m
Since (3.3) yields
—/ 3,6(—A)" Rjvg dx gf(v.V)e(—A)mR,‘,‘vdder IR vall%-
Q Q
we have
d
—5/ va(—A)" RO dx 5/(U-V)vd(—A)mR39 dx+f(v~V)e(—A)mRﬁuddx
Q Q Q

3 Lo30i2 3 2
F+CI R g V1| s 1ROl g — ElthQH,g,m + EHthd”I_'[m'

‘We note that

/ (- V)vg(—A)"R}6 dx + / (- V)O(=A)"Ryvgdx = Y (Ky+ K5+ Ky),
Q Q

ly|=m-2
where
K. ::/ ay(aiu.V)udaVa,%edx+/ 37 (87v - V)0d” djvg dx,
Q Q
Ks ::/ aV(ahv-V)ahvdaVa}%eder/ Y (v - V)3,007 9 vq dx,
Q Q
K¢ ;=/ BV(U‘V)thvdE)ya,%de-i-/‘ 3 (v - V)709" 9 vg dx.
Q Q
We can see

2 2 2 2
|K4l < CUIRZOA N g | Riva | g | RZO N gy + CURFv | g 1 | o | REON g
+C IR vl o I RRON gy | RV ll gon + IRV 1,0 16
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and
2 2
IKs| = CllRpvll gm I Rpvall gm |1 RO g + CURRVI gon | RRON gyom [| Rjyva |l gom -
Due to the cancellation property, we have
Kol < Cllvll g | REvall o | REO 5
|Kel = Cllvll g | Ryva ll gm | R; Ol gy -

Collecting the above estimates gives

d n pd Loo3o2 3 2
_Efg""(_m’ Ryt dx = =S IR0 + S 1 RhvVall

+C RV g + IR70 1 ) (V1| g + I RRO ) (| RVl l|
HIR}ON ) + ClIRRVal 3y 101 1

Thus, we arrived at

%% (nthduzm + IRROI,, — /Q va(—A)" R;;0 dx)
<~ = Clolg) (1Rl + IRIOI, )
4 H H
+CURR I g + IREON ) UVl i + I RRON ) (| R v | o
+I R3O0 ) + ClIVvall L | RRON, -

By Young’s inequality and (6.1), it follows

1d 1
P <||thd||i~,m +IRFO1%,, — /Q va(—A)" RyO dx) -3 (||thd||2m + ||R29||i-,m)
+C IR, + IRFONZ,) U0, + I RAONZ,, + 1 Vvall o).
We consider M > 1 which will be specified later. Since

1 1A
— RO — 1ROV = D (— — =5 | M7 R ()
M jizo M1l

<— Y mPIZEROP

|
<

|
-

N}

B

and

1 1
’ /Q va(=A)" R0 dx| < | Ryvall o | ROl jom < S IRwVa 3 + S IRGO N0 (621)
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it holds
= (1Rl + 191G ) <~ (WRwval, + 1RZI,)
] m h m) = M m h m
1
— —A)"Ry0 d
+16M/de( )" R0 dx
1 1
—— 1RO, — —— —A"Rj0d
+8M2” h ”H’” 16M/de( ) h X

1 1
< - (nthdui,m + IRRON, — / va(—=A)" R;;60 dx) + gz | ROl
Q

16M
Hence,
1d 2 2912 m p4
3 ar IRl + NRGOI g — | va(=0)" Ryf dx
1
< ~Tei (nthdni,m + RGO — /Q va(—=A)" Ry dx) + gz 1RO

+C RV, + IRFO1 7,0 (1015 + [ RRONZ, + [ VvallLe).

Here, we take M = 1 + ﬁ. Then multiplying the both sides by 2M? and using (6.18), we
have

d t
— U+ =) 2 URwval%y + IRFON,, —/ va(=2)" R};6 dx)
dr 16 Q

< CIRO N + CllvolZ, (1013, + 1RO, + [ Vvall )

T
+C s (1 T (IRwva (O + IRZOI G0 ) (101 + 1 RAO N, + 11904l ).
7€l0,1

We integrate it over time and use (6.21) and

oo
/0 (10110 + IRROIZ,, + 1V Vgl o) df < C.

Then, for
T
F@ = sup (1 + 22 (IRwa (@I, + IRO@IZ,).
zel0,1] 16
it holds
t
f<C+ / LUV, + 1 RaOI,, + Vgl Le) dr.
0
By Gronwall’s ineqaulity, we obtain (6.19). This completes the proof. O

6.2 Proof of Theorem 1.1:Temporal decay part

Now, we finish the proof of Theorem 1.1 assuming (6.22) and (6.23), which are given in
Proposition 6.5. We also provide Proposition 6.6 for improved temporal estimates. From
(6.5) and (6.22), we obtain

m—

1+ @)%, < C.
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On the other hand, (6.8) and (6.23) imply

1+ gl = C.
It suffices to prove

A+02)0(0) —0ol3, <C

due to (1.3). Recalling (1.4), we can estimate from (6.2) that

‘/ /00 ((v- V)0 +vg) drdxy
Td-1 Jy

oo
=C+n"2 +/ [(v- V)6 +vallp2 dz.
t

16 —oli2 <1102 +

L2

Since

(V)0 +vallp2 < [I(n - Vi)Oli2 + lvadabll2 + llvallp2
< Clvli2 1RO gm—1 + Cllvall 2101 + Nlvall 2

< CU+ ) TRy gt + C(1 + 1)~ (D

by (6.5) and (6.8), it holds

+C14+0"T<C+1)7,
L2(t,00)

o.¢]
/ (- V)0 + vl 2dT < C ”(1 )"+
t
This completes the proof.

Proposition 6.5 Letd € Nwithd > 2and o = 1. Let m € Nwithm > 3 + % and (v, 0)
be a smooth global solution to (1.2) with (1.3). Suppose that (6.1) be satisfied. Then, there
exists a constant C > 0 such that

@13 + IRAAT OO, < CU+D7, (6.22)
and
a1, + IRA™ 0O, + IRFAT01F,, < CA+077. (6.23)

Proof From the v equations in (1.2), it follows

1d 2 2 2 2
5 3 101 100500 < CIVUlL= 01, - Z 01> Fb0 () Fyva (n).
|70
Using (5.3) gives
=Y P Fp0 ) Fpva(n)
|70
1 1
2 2
<[ D> mPr 1@ RO | | D P Fv
I7i]5£0 |7] 0

1 _
211G+ IRRATION,.
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By (6.1) and (1.3), we have

3
55” 1w < —(7 ~ Cli(w, 00 1) 10121 + CIRAON

1
= 10l + CIRR A6,

IA

Hm

Then, applying Duhamel’s principle shows

)17, < e vl +C / RO, d
Thus, from

A+ DIRATO@ N, < A+ DIRFATO@) I gm sup 10Dl m

7€[0,00)

it follows

||v(z)||Hm <Cl+n7! (C + sup (1+1)% ||Rh _29(‘[)” ) . (6.24)
te[0,]
Recalling from the v equations in (1.2) that
0 Rpv + (—A)Rpv + Ry (v - Vv = RpPOey.

and using (6.1), we can see

1d _
5 3 1R < —||th||Hm + Cllvll g | RR0 10 + 1 RGA 201 gy | RRV
< —fnthnHm + IRRATZ017,,-
By Duhamel’s principle,
IRW VDI, < <C+ sup (1+7)*|R;A —29(r>||2~m). (6.25)
7€[0,¢]
Now, we show that
IRFAT0D)F, < CA+D77 (6.26)

We can show from (3.2) that

1d -2 —1 2
5 7 1ReA 2 val + I RRA™ gl
=— ) / VidY (P(v - Vv, eq) - Vo vadx + Y 1l >~ .2,0 () Fpva ().
lyl=m—3"< 1710
From (3.3),
||R,, 003, = — Z /ayah(u V)6 - 87 976 dx
lyl=m—4
=Y L@t 260 () Fova ().
|70
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Thus,
li(”R A0, + IRTAT201, ) + IRy A vl
XT, h d | gy h Tm h d 1 ggm
<- > /Vhay(]P’(v-V)v,ed)-Vhay(—A)vddx
lyl=m—4"%
- > /8V8h(v V)0 - 87870 dx.
ly |[=m—4

Using integration by parts and Holder’s inequality, we have

-y fv,,ay (P(v- V), eg) - V4d? (—A)vg dx
lyl=m—4

= Clwn - Vvl gm-3 + Vi (vadav) || gm-) | Rpvall gm—1

< Clloll g IRV s IRRVall gm—1 4 C 10l i | R v 3 -

‘We note that

/ VIO Rodx = Y (K7+ Kg + Ko),
lyl=m—4 /< Iy |=m—4

where
Ky = /Q 37 (82v - V)6 - 7 976 dx,
Ks =/QaV(a,,v V)30 - 87076 dx,
Ko ::/Qay(u-V)a,%e-aVa,%edx.
The integration by parts and (v - V)8 = (vj, - V)0 + v4946 show
K7+ Kg = —/QaV(ahvh V)0 - 37 3, RH(—A)6 dx — /Q 37 (83,v4040) - 87 9 R2(—A)0 dx.

By the use of the integration by parts, we can estimate the second integral on the right-hand
side as

‘— / 37 (83,v4040) - 7 9 R (—A)6 dx
Q

= ‘_/ (—=A)” (3hv4346) - 37 3, R76 dx
Q
< ClIRyvall g1 101 1 | RAO 3.

Similarly, the first one is bounded by

< ClIRp gy I RO g1 | RAO 3.

(=AY (dpvp - Vi) - 37 3, R26 dx
Q

Thus,

K7+ Ks| < CllRwvall -1 1011 m | RRON -3 + C I R0 s I RRO g1 | RAO 3.
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Due to the cancellation property, we have for |y’| = 1 that
Ko :/ 3" (0" vy, - V1) 926 - 37 976 dx +/ 3787 vg04976) - 37 976 dx.
Q Q

By integration by parts and the calculus inequality, it can be shown that

/ 37" (0" vy, - V1) 926 - 37 976 dx
Q

=

+

/ 9737V, - v4070) - 07 376 dux
Q

/ 377" (87 v,070) - V0" 070 dx|.
Q
The first term on the right-hand side is bounded by

< Cllvall 31820

/ 9787 04v4076) - 97 076 dx
Q

+ 1V3qvall e 19777 92601 L) | R26 gym—2

< ClIRwvall -1 | RRON -1 | RFON -2,

where % + é = % and % = % + (% - mT_z)ﬁ.On the other hand, the integration by parts
yields
/ 3)/_1//(3},/1%3;%9) . VhayaﬁO dx
Q
= ‘/ (—A)87 77 (8" vy 370) - 87 8, R dx
Q

< CUIVpll gn-sl18701 Lo + 1V o1l 19701 fm—3) I RFOI -3

< Cllvll g2 IRRON g1 1RO 3.
Hence,

2
1Kol < ClIRuvall gt IRRO N jym—1 | RGO =2 + C 0l 2 | RRON =1 | RRO 3.

By the above estimates, we deduce

d

53 (IRwval o + 1RO, ) + 1 Ryvally
< C(lvllam + 101 ) (IR Val 2y + IRZ6] fn2)

+CURRV m-1 + NRGON -2 + [V m-2) (101

I RRON 1) (| Ry vl g1 + IRZON fm—s).
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On the other hand, using (3.2) and (6.20), we have
- / dva(—A)Y" 3RO dx = / (- V)vg(=A)" 3RO dx
Q Q
- / 3V - (V- V)u)(=A)Y" 3RO dx
Q

- /Q (—A)a(— )" RIO dx — [RIIZ,,

5/(U-V)vd(—A)m—3R29dx
Q
+ Clll gma vl gm-t 1RO fym—s
1 2 L3002
+ §||thd||gm71 - EHRhe“Hmf?"

Since (3.3) yields

—/ 36(—A)" 3 Ritvg dx 5/(v.V)0(—A)m_3R2vd dx + [ Rjvall 3y s
Q Q

we have

d

—— | va(=A)" 3R} dx gf(u.V)vd(—A)m—3R39dx
dr Jo Q
+/(u-V)9(—A)’"*3R3ud dx
Q
1 3

+Cl g2 101 o | RO s = S N RRON G5 + 5 | R -1

It is clear

‘ fQ - VIvg(=A)" 3R dx| < Cllull g3 lvall g2 I R3O N s

3
< Cllvll gm 1 Rpva ll gm-1 | RRO1 gm—3-

Since H™~3() is banach algebra, we can see

/(v - V)O(—A)" 3 Rivg dx
Q

4 4
< 1 n - V)0l gm=3 IR, va ll gm—3 + Cllva0a0 |l gm—3 | Ry va ll gm—3

4 4
< Cllvll gm=3 IVaO N gm—3 | Ryva ll gm—3 + Cllva |l gm—3 10401 gm-3 | R vall gm-3

2
= Clivll gm—2 1 RuON gm—1 | Rhvall gm—1 + CNON gom | Rrva ll s -

Collecting the above estimates gives

d 1 3
—— | va(=A)"3Rodx < —=|R0|% I Rpvall%
dt/ﬂ ARG dr <~ IR+ 5 IRl
+CIV -2 V]| o | REON g3
+C 10l o | Rivall g1 | RRO w3 + ClI0l g2 | RRON g1 || R vl g1

+CO1 g | Riva 30 -
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Now, we arrived at

71 —d <||thd|| + ||R 0|| — / va(—A) =3R40 dx)
m—2 m—2
2.dt H H a h

1
< —(5 = Ul +101am) (IRnval 0, + IR0, )

+CUIRpv I m—1 + IIRﬁQIIHmfz + vl gm=2) VIl g + 1 RRON gm—1) U RR VG || gym—1
RO gm—3)

< 2 (1Rsal + IR, )

FCURRVIZ s+ IR2O 1, + 101 ) (01 + [RAO1Z,, ).

We have used Young’s inequality and (6.1) in the last inequality. We consider M > 1 which
will be specified later. Since

1l .
—nR,%euHm = ROy = ) (f — — | P27 R
i Ml
7|70
1 _
= X WPIERG)P

" i
il < L1710
4

and

‘/ v (—A)Y" 3RO dx

< IRRvall fn—s | ROl jym—s < *Ithvdlle i+ 5 IIRhQIIHm 3

6.27)
it holds
1
(1R By + 1RO ) =~ (1Ruvals + R30I, )
1
— —A)"3Rr0d
Trem Jo AT RO

1 2 1 m—3 p4
+m||Rh9||qu - @/;Zvd(—A) R0 dx

I /\

1 _ 1
T (nthdnHm 2+ RGO /de<—A>’" 3R;‘6dx) — IRkO11% -

Hence,
1d 2 24112 m—3 p4
Sdr I Rrvallym—2 + 1RGO 2 — o vg(—A)" TR0 dx

1
T (nthdnHm 2 + IR 2—/ va(—A)" Ry edx) + 72“R"0“H'" !

+CURRY I + 1RGOz + 101502 (0150 + 1RO, 0)-
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Here, we take M = 1 + %6. Then multiplying the both sides by 2M? and using (6.18), we
have

d t _
O ((1 + 16 RNVl 2 + IREO 2 = fg va(—A)" RO dx)) < ClIRiO1%,

t
O+ T WRNVIG s + RO s + 101 2) (N0 + IRAONTm)-
From (6.25), it is clear

t
CU+ 1) IRk IZ1 + IRGON,2) < C+C sup (1+ DIRFOT) |3, -
7€[0,1]

Using (6.5), (6.24) and the interpolation inequality gives

t ! 2
o L PR O b N A T
=2 2=
= C 40 vl
<C+C sup (1+ DR, .

7€[0,1]

Therefore,

d < RV 2 2,112 34
(O 2R s + IR0~ [ va=5)" R0 an
dr 16 gm-2 hY W gm=2 o h

T
< (c +C sup (1 + 16 URN (D2 + ||R%,9(r>||§-,,”>) U011, + 1 RRONZ,0)-
7€|0,1

We integrate it over time and use (6.27) with

o0
| i + 1R < c.
0
Then, for

o T2 2 2 2
f@) = Tzl[gl?,](l + T6) (”thd(f)nl_)m—z + ||Rh9(f)||;,mfz) )

it holds
12
[ < C+/O FEOUI%, + 1RO, + [ VvgllL) dr.

By Gronwall’s ineqaulity, we obtain (6.26).
Now, we prove that
lvall gm < CL 47" (6.28)

As showing (6.9), we can have

=

la®ll gm < CIRFATOD N g + C | D 10" 2 [(Fu, ay)
neJ

Thus, it suffices to show
1
2

> PP Fua) | <ca+nh (6.29)
neJ
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We can see from (3.5) that

t
(Fpu(t),ay) = e ' (Fug, at) — / e MmN (v, 0) (1), ay) dT.
0

I . . . .
Due to [e *+!| < e_%’ for n € J, it follows by the Minkowski inequality

1
2

D PP Fu, ay)?
neJ

e

_ —_Inl?
< | 2o (Fug, ay)
neJ

D=

t
+ [ S P2 P v, 0@, P |
0

neJ

From the simple fact |ay|? = |A4|? + 2 < C|n|* with (6.1), we have

1

2
20m=2) —|n|* 2 -
> PR (Fug,a))* | < Ce lugll .

neJ

By (6.12) we have

1
2

t
_ 2 (f—
[ [Zmpr2em e nm.anr|
0

neJ
1

t
2
= [ (Zemreomprize vk | o
0 neJ
1

t
+f Doy O | dr
0
neJ

t
5/0 eI - VIV g + 1 - VIO@) ] m-2) d.

We note

1-2 2
- Vvl gm < Cllvll gmei V]l gm—2 < Clloll g 01, 1011

and
-2 2
- V)OI m—2 < Nvll gm—20101 gm—1 = [IVIl " [0l 51100
Combining (6.5) and (6.22), we can see

T+ - V)o@l gn + (- VIOl gn-2) = CUVI gmrr + 1011 Em).
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Thus,
t
f eI - VI g + 10 - VIO || gm—2) dT < C(1+0)71
0

Collecting the above estimates, we obtain (6.29), which implies (6.28). This completes the
proof. O

Proposition 6.6 Lerd € Nwithd > 2anda = 1. Let m € Nwithm > 3 + % and (v, 0)
be a smooth global solution to (1.2) with (1.3). Suppose that (6.1) be satisfied. Then, for any
€ € (0, 1), there exists a constant C > 0 such that

IA=v()] 2 < C(1 + 1)~ G+D (6.30)

and

1

AT V@)l gms1 < Ct™ 2. (6.31)
Proof Since (6.8) implies |A v (t)||;2 < Ct’(%Jr%), it suffices to show that

3.m
IA= v (D)2 < Crm G+,

Applying Duhamel’s principle to (3.1) with (2.3), we obtain

1

2
(Z |n|‘2€|f%vh|2)

nel
%
~ 2
Cla—n Al
e Inl“f'Jb (mldr

t
< e ol +/ eI V)l 2 de + (Z
0

nel

for any € € (0, 1). We clearly have by (6.5) and (6.22) that
4 4 m
fo e - V|2, dr < /O el 2 llvllgm dT < C(1+1)” 7).

On the other hand, we can see

1 ~ 2
—lPa—ry 7l
e |70 ()| dt
fo n|1+e
t 2 2
= [ 2 ' —a-p_ Il o
<Cle 2 |Fp0(m)|dT| +C (t—1) s |-Zp0 ()| dT
0 ; 07+
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Thus, we have

L e il ?
> /0 e ”' |1+€|Jb9<n)|dr
nel
1
1 2\ 2
2
sc|Xlt [T imomiar
nel 0
1
2\ 2
(1= |72
(r 7T — T 1 F0 )l de
ne, >+

< Cte™? +c/ t — 1) "D R,A~ D92 dr.
1
2
We can infer from (6.5) and (6.8) that
-2+9) 35 A —G+9) —G+5+D)
IR ATTT200 2 < (IR, "AT 27402 < C(1 1) 2747270,
Since this implies

t
€ € 3. m
[ =0 DR A0z 0 < 1),
2

combining the above estimates gives (6.30).
Using (2.3) and (2.1), we can infer from (3.1) and (3.2) that

2 2
Z |n|2(m+1—e)|gvlz < Ze—\m?t|n|2(m+1—e)|ﬂ~v0|2
nel nel
1
t ) 2
+(>: / e =D =€) (v . V)v|dr
nel
1
t ) 2\ 2
+> / e D "€ 70 ()] dT

nel
for any € € (0, 1). We can see

5 1—¢ t
> e PO Zyg 2 | < €T e 2 Jug
nel
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Since
1
t ) 2
S| [ e 2w vl ar
nel
! 2 _it
§C/ t—1)" 2 2 |(v-VIvlgmdr
0
d _2—e _ 1T 2
S C (t_f) Ze 2 ”U”Hm df
0
and
1
4 2 2 4 2—e t—t
> / e M=~ 7,6 ()| d SC/O(r—r)‘Te‘TnRheuHm_l dr,

nel
we have by (6.22) that

2

nel

>

nel

1

t 2
2
/ e MU= mtl=€| Z(y . V)| dr

1

t 2
—Inl2(f— ~ _
f e MU= i 10| =€) 2,0 ()| dT

<Ct 2.

Collecting the above estimates gives (6.31). This completes the proof. O

7 Sharpness of decay rates

In this section, we prove that the decay rates in Theorem 1.1 and 1.4 are sharp in the following
sense. We recall the linearized system of (3.4):

Il — L2
0; Fpu+ MFpu =0, M = . (\)ﬂl2 , (7.1)
where u = (vg, 8)7. The eigenvalues and eigenvectors of the linear operator are previously
given by
Inl** + /Inl* — 417/ In|? At
Ax(n) = ., ax(n = a2 | s
2 i
nl
and it holds
Fpu=Y (Fpu(t),a;b; =Y e M (Fug,a;)b;, (7.2)
j=% j=%
where
1 2y
m)-nt (5
A
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Note that If we consider ug such that .Zpug = 0 for n ¢ D3, then |ai||b+| < C for some
C > 0 not depending on 1. Now, we are ready to provide the sharpness of the decay rates.

Proposition 7.1 Let m € N. Then for any € > 0, there exists an initial data uy € X" (2)
such that the solution u = (vy, 0) to (7.1) satisfies
I6@ s = €1 2070~ (7.3)
and
lva@®)llgs = €' (74)
foranys € [0,m]andt > C.
Proof Lete > 0 and

g = (0, Y Fpbo (), (x)T,

neJ

where Z,00(n) := lq|~"+3+9 forn € D3N{In] = 1), Z400(y) = Oforn ¢ D3N{jn| = 1}.
For simplicity, we use the notation A := D3 N {|n| = 1}. We show (7.3) first. From (7.2), we
can see

1011 zs > lle™"(Fpuo, a_)(b_, e2) |l s — lle ™' (Fpuo, at) (b, e2) |l as.

ippe ‘
Due to [e=*+| < e~ "**5 < ¢~ 7 itis clear that

L

le™+" (Fpug, at) (b, e2)llus < Ce™ 2. (7.5)
On the other hand, we have

2\n|
e (Fpup, a_)(b_, )| = Cle ™" .F40| > Ce 20T |g|~(nt3+e)

Thus,

1

i 2
lle™"(Fpuo, a_)(b— e2) |+ = C (Z ¢ ”'2““”’|q|<2<’"”““€>)

JeA

ol—

e
>C Z e 220+e) |q|7(2(mfs)+l+26)
lg1=Cy

o=

Ct m=s | 142

e 41 u) E 2<‘+°‘> - - 2(1+a)
>Ct +) (T+ e q (|q|2(l+ot)) +a T 21+ s
lg1=C\
for some C; > 0. Let
Ct m s 14+2¢
— mz(Ha) +2(l+o()
f@) = (o)

Then, we can verify that there exists C2 > C1 notdepending on ¢ such that f () is decreasing
1
on the interval (Cpt 20+ | 00). Thus, it holds for ¢ > 1 that

t m—s 142¢
e ‘q‘2(1+a)( ) IF T T 205w Z/ . f(r)dr.
Z |q|2(l+a) |

41=C1 7|>Cpt 2(0+a)
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R
By the change of variable T = 7t 20+ | we can see

1 1
/ . f(‘l,') dr = t20+0 / e 1720 +a) |.E|7(2(m7x)+1+26) dz > C
I IT|=C>

T|Zc2t2(l+a)
for some C > 0. Combining the above yields
—t; g — S
le™" " (Fpug,a_)(b_, e2)llgs = Ct 2TF).

Therefore, (7.3) is obtained.
The proof of (7.4) is similar with the previous one. By (7.2) and (7.5), it holds

—A_ _t
lvallgs = lle™ " (Fpuo, a_)(b_, er)|lgs — Ce™ 2.

Note that
—A-t |7~l|2 —At |ﬁ|2 - 2"(11|i-a) 5 —(m+44e)
e (Fpug,a_)(b_, e1)| = WW Fpb| > W Il lg| 20
~12
Using that m”{(’iiw) > V]\Z(LH“) forall n € A, repeating the above procedures, we obtain (7.4).
This completes the proof. O
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