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We consider phylogeny estimation under a two-state model of sequence
evolution by site substitution on a tree. In the asymptotic regime where the
sequence lengths tend to infinity, we show that for any fixed k no statisti-
cally consistent phylogeny estimation is possible from k-mer counts over the
full leaf sequences alone. Formally, we establish that the joint distribution
of k-mer counts over the entire leaf sequences on two distinct trees have to-
tal variation distance bounded away from 1 as the sequence length tends to
infinity. Our impossibility result implies that statistical consistency requires
more sophisticated use of k-mer count information, such as block techniques
developed in previous theoretical work.

1. Introduction. Molecular sequence comparisons are fundamental to many bioinfor-
matics methods [6, 10, 20]. In particular, the probabilistic analysis of sequences and their
statistics has provided valuable insights, for instance, in comparative genomics [3, 23, 27,
34], population genetics [2, 31, 32, 39], and phylogenetics [13, 14, 28, 35, 37]. In this paper,
we consider alignment-free phylogeny reconstruction [21, 42].

Alignment-free approaches are an important class of methods for estimating evolutionary
trees that bypass the computationally hard multiple sequence alignment problem (depicted
in Figure 1) and avoid the need for a reference genome. Typically, these methods construct
pairwise distances between sequences based on match lengths [22, 41] or k-mer counts [15,
21, 33]. Here a k-mer refers to a consecutive substring of length & in an input sequence (see
Figure 2 for an illustration). The pairwise distance matrix obtained is then used to reconstruct
the phylogenetic relationships among the sequences. A variety of standard distance-based
phylogenetic methods can be used for this purpose [38, 44]. Numerous popular pipelines are
available that implement these alignment-free approaches [22, 24, 25, 30], although they do
not offer rigorous guarantees of accurate reconstruction.

In this paper, we consider the problem of phylogeny estimation under a two-state symmet-
ric model of sequence evolution by site substitutions on a leaf-labeled tree. In the asymptotic
regime where the sequence length tends to infinity, we show that:

for any fixed k, no statistically consistent phylogeny estimation is possible from the k-mer counts of
the entire input sequences alone.

Formally, we establish that the joint distribution of k-mer counts over the entire leaf se-
quences on two distinct trees have total variation distance bounded away from 1 as the se-
quence length tends to infinity. Put differently, these two joint distributions have a nonva-
nishing overlap in that asymptotic regime. Our results are information-theoretic: since the
reconstruction probability of any method is only as good as the worst total variation distance
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F1G. 1. Standard steps in phylogeny estimation. Top: DNA sequences obtained from species (a), (b), and (c).
While inherited from a common ancestor, the sequences and their lengths differ because of past mutations (includ-
ing insertions and deletions). Middle: A multiple sequence alignment of the sequences, where gaps are inserted
to align the columns as best as possible. Each column indicates inferred common ancestry (homology). Bottom:
A rooted phylogenetic tree depicting the estimated evolutionary history of the sequences, with (a) and (b) being
more closely related.

(see [16], Lemma 3.2), our main claim (Theorem 1) implies an impossibility result for recon-
struction methods using only k-mer counts across the entire sequences at the leaves. On the
other hand, our results have no implications for reconstruction methods using k-mer counts
in more elaborate ways, for example, through block decomposition. We come back to prior
approaches of this type below in “related work.”

To bound the total variation distance between the two distributions on well-chosen trees,
our proof takes advantage of a multivariate local central limit theorem, an approach which is
complicated by the probabilistic and linear dependencies of k-mers.

Related work. A related impossibility result was established in our previous work [17],
where it was shown that no consistent distance estimation is possible from sequence lengths
alone under the TKF91 model [40], a more complex model of sequence evolution which
also allows for insertions and deletions (indels). On the other hand, sequence lengths are
significantly simpler to analyze than k-mers and are not used in practice to infer phylogenies.
Moreover the results in [17] only apply to distance-based phylogeny estimation methods,
while our current results are more general.

In a separate line of work, a computationally efficient algorithm for alignment-free phy-
logenetic reconstruction was developed and analyzed in [8]. Rigorous sequence length guar-
antees for high-probability reconstruction under an indel model related to the TKF91 model
were established. While this method is based on 1-mers, it first divides up the input sequences
into blocks of an appropriately chosen length and then compares the 1-mer counts on each
block across sequences. A block in the ancestral sequence gives rise to blocks in the descen-
dant sequences that have the same position, so the comparison does not require an alignment
technique. The weak correlation between the blocks allows the use of concentration inequali-
ties on a notion of pairwise distance proposed in [8]. In particular, this reconstruction method

GTCACTTTACGTT
GTCAC
TCACT
CACTT

FIG. 2. For a given sequence, the k-mer counts are obtained by reading words of length k starting from each
site and then counting how many times each possible length-k word appears. Here k = 5.
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uses more information than 1-mer counts over the entire sequences (i.e., it uses 1-mer counts
over each separate block), so that our results do not apply to it (in the limit of zero indel
rate). However no practical implementation of this 1-mer-based approach is available. In [8],
accurate phylogenetic reconstruction with high probability is shown to be achievable when
the sequence length is of polynomial order in the number of leaves n. In a constrained regime
of parameters, significantly improved bounds on the sequence length requirement were ob-
tained in [19], who used techniques related to those of [8] and also exploited a well-studied
connection to ancestral sequence reconstruction. In other related work, it was proved in [1]
that the tree topology as well as mutation parameters can be identified from pairwise joint
k-mer count distributions under more general substitution-only models of sequence evolu-
tion using an appropriately defined notion of distance. Block techniques can then be used to
derive statistical consistency results. See also [11] for extensions to coalescent-based models.
We emphasize that the results in [1, 8, 11, 19] do not contradict our main claim (Theorem 1),
which excludes block decomposition.

Alignment-free sequence comparisons based on k-mer counts were also studied for inde-
pendent sequences with i.i.d. sites or under certain hidden Markov models of sequences [3,
27, 34, 43]. Because they assume independent sequences, such results are not directly rele-
vant to phylogeny reconstruction.

Organization. The paper is organized as follows. In Section 2, we state our main results
after providing the necessary background and definitions. We also sketch the main steps of
the proof. The details of the proof can be found in Section 3. A few auxiliary results are in
the Appendix.

2. Definitions and main result. In this section, we state our result formally, after intro-
ducing the relevant concepts.

k-mers. Let k be a positive integer, fixed throughout. First, we define k-mers and introduce
their frequencies in a binary sequence, which will serve as our main statistic.

DEFINITION 1. A k-mer is a binary string of length k, that is, y € {0, 1}*. For a binary
sequence o = (0;);L; of length m, we let f;(y) € Z, be the number of times y appears in o
as a consecutive substring, where Z is the set of nonnegative integers. That is,

m—k
fa()’) == Z 1{(Gi+17 ceey Gi"rk) == y}
i=0
The frequency vector (or count vector) of k-mers in o is the vector

Jfo= (fcf(y))ye{()vl}k € Z%f

The coordinates of f, are ordered such that the jth coordinate is the frequency of the k-mer
that is the base-2 numeral representation of j — 1.

For example, when k = 1, the count vector of 1-mers of a binary sequence is (a, b)
where a is the number of zeros and b is the number of ones. Hence, the count vector
of 1-mers of 00111000 is (5,3). When k = 2, there are 2% = 4 binary strings, namely
{(00), (01), (10), (11)}. So the count vector of 2-mers of the sequence 001111000 is
(3,1, 1, 3) since (00) appears 3 times, (01) appears one time, etc. By convention, the count
vector of k-mers for any binary sequence with length less than & is equal to (0, ...,0) € Zﬁf.
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Probabilistic model of sequence evolution. We consider a symmetric substitution model on
phylogenies, also known as the Cavendar—Ferris—Neyman (CFN) model [4, 18, 29], for binary
sequences of fixed length m. The CFN model on a single edge of a metric tree is a continuous-
time Markov process with state space {0, 1} such that (i) the m digits are independent and
(i1) each of the m digits follows a continuous-time Markov process with two states {0, 1} that
switches state at rate 1.

We are interested in this process on a rooted metric tree 7, that is, indexed by all points
along the edges of T. We view an edge of length ¢ as the interval [0, £] for the continuous-
time substitution process. The root vertex p is assigned a state X, € {0, 1}, drawn from
the uniform distribution on {0, 1}"". This state then evolves down the tree (away from the
root) according to the following recursive process. Moving away from the root, along each
edge e = (u, v) starting at u, we run the CFN process for a time £, ,) with initial state X},
described in the previous paragraph. Such processes along different edges starting at u are
conditionally independent, given X),. Denote by A&} the resulting state at ¢ € e. Then the full
process, denoted by {X}};er, is called the CFN model on tree T. In particular, the set of
leaf states is Xy = {X), : v € dT}. It is clear that, under this process, the m digits remain
independent. For more background on the CFN model; see, for example, [38].

An impossibility result. Our main result is the following. Recall that the total variation dis-
tance between two probability measures v; and v, on a countable space E is defined by

(1) lvi —valltv = sup [vi(E") —v2(E)|.
E'CE

THEOREM 1. Fix k € N. For any n > 3, there exists distinct trees Ty # T> with n leaves
such that

) limsup|£{) — L py < 1.
m— 00

where E,(q? is the law of the k-mer frequencies of the leaf sequences of length m under the
CFN model on tree T;. Furthermore, the trees {T1, T>} can be chosen to be independent of k.

From (1), we see that (2) implies the following: using only the k-mer frequencies over
the entire leaf sequences for a fixed k > 1, there is no statistical test that can distinguish
between 77 and 7, with success probability going to 1 as the sequence length tends to +oo0.
More precisely, by (2) and the reconstruction upper bound in part 1 of [16], Lemma 3.2, there
exists € > 0 such that the probability that a tree estimator gives the correct estimate is at most
1 — €, uniformly for all estimators and all integers m > k. We point out again that our results
do not apply to block decomposition methods.

PROOF SKETCH. Since our goal is to prove a negative result, we get to pick the trees.
We consider two trees {71, 7>} that have the same set of n leaves and are the same except
for the placement of a single edge leading to leaf A. These trees are depicted in Figure 3 and
described in detail in Section 3.1 below. The topologies of {77, 7>} differ only on the subtree
containing three leaves {A, B, C} that have the same distance from the root.

We seek to distinguish the law of the k-mer frequencies of the n leaf sequences between the
two trees. This will be done in two steps, in Sections 3.2 and 3.3 respectively, and concluded
in Section 3.4.

1. Step 1 (Reductions): By using the Markov property of the CFN process on trees,
we first reduce the problem from n leaf sequences to only 3 sequences (Lemma 1). We can
assume the sequence length m is a multiple of &k (Lemma 2). Then k-mer frequencies are
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functions of pairs of adjacent, nonoverlapping k-mers, together with the first and the last k-
mers (Lemma 3). For short, we refer to these pairs as “adjacent k-mer pairs” and a precise
definition is in (4) below. We can further reduce the problem to distinguishing the laws of
adjacent k-mer pairs (Lemma 4). The collection of adjacent k-mer pairs satisfy certain linear
relations (Lemma 5), which lead to redundancy that we need to address (Lemma 6). Sum-
marizing, the problem is reduced to distinguishing the laws of nonredundant, adjacent k-mer
pairs on three points {A, B’, C'} as depicted in Figure 4 (Lemma 7).

2. Step 2 (Applying a local CLT): We apply a local central limit theorem for i.i.d. vec-
tors to the law of nonredundant, adjacent k-mer pairs as m — oo (Lemmas 8 and 9 and
Theorem 2). Nonredundancy guarantees the nondegeneracy of the limit distribution (Lem-
mas 10, 11, 12, and 13). The two limit normal distributions, under the two trees respectively,
have an overlap (Lemmas 14 and 15) and therefore so do the laws of nonredundant, adjacent
k-mer pairs.

Section 3.4 concludes the proof of Theorem 1. [

3. Proof. In this section, we give the details of the proof. Some standard results are stated
in the Appendix.

3.1. The two trees. We consider two rooted metric trees {77, 7>} as follows.

1. Ty and T» have the same set of n > 3 leaves {A, B, C, X*, ..., X"}.

2. The subtree of T restricted to the n — 1 leaves {B, C, X 40X "1 is the same as that
of T». Here the restriction of a metric tree T to a subset L of leaves is the metric tree obtained
from T by keeping only those points lying on a path between two leaves in L.

3. The subtrees of T} and T, below the most recent common ancestor (MRCA) of
{A, B, C} contain none of {X*, ..., X"}.

4. Leaves {A, B, C} satisfy, for i € {1, 2},

distr; (p, C) =distr, (0, B) and
distr, (A, C) =disty, (A, B) < distr; (B, C),

where distz; (x, y) denotes the sum of edge lengths along the path from x to y in the tree 7;.

3)

These trees are depicted in Figure 3, where X = (X%, ..., X™) refers to the set of all leaves
other than {A, B, C}. In Newick tree format (see, e.g., [44]), the topology of T restricted
to {A, B,C} is ((A, C), B), while the topology of 75 restricted to {A, B, C} is ((A, B), C).
Clearly, {71, T2} does not depend on k, and their topologies differ only on the subtree con-
taining three leaves {A, B, C}. The topology of the trees restricted to X is arbitrary and plays
no role in the argument.

Notation. Fori € {1,2}, we let P) = PO-7 pe the probability measure of the CFN model
on 7; with sequence length m (recall that the root state is drawn from the uniform distribution
on {0, 1}'), and ng)) be the law of a random variable ® under P®). For a binary sequence
oz =o0(Z)atapoint Z € T; where i € {1,2}, we let f7 := foz) € Zﬁf be the k-mer count
vector in o (Z) (see Definition 1). For a finite ordered set of points U = (u ;) on the tree T;,

welet fy =(fy.) € szXIUl With this notation, in Theorem 1, £ = P% We also
U=\Uu; + . , L =

. / Ix.fa.fB. fc*
write a A b = min{a, b} and a vV b = max{a, b}.
3.2. Reductions. Our argument proceeds through a series of reductions.

3.2.1. Reduction to three vertices. First we shall reduce the complexity of the problem
from n to three vertices. For this we define two internal vertices B’ and C’ on both T; and T»



4898 W.-T. L. FAN, B. LEGRIED AND S. ROCH

X C 4 B

FIG. 3. Thetrees Ty (left) and T, (right) on n leaves with points C' and B’ added. Here X refers to the remaining
n — 3 leaves.

as follows. Let C’ be the MRCA of A and C on Ty, and label C’ as well the point on the path
between C and B on 75 such that distr, (C, C") = distr,(C, C’). Similarly, we let B” be the
MRCA of A and B on T, and label B’ as well the point on the path between A and B on T
such that distr, (B, B") = distr, (B, B’). This setup is depicted in Figure 3.

Our first reduction lemma asserts that we can reduce the problem to one of distinguishing
between the two three-vertex trees depicted in Figure 4.

LEMMA 1 (Reduction to 3 vertices). Let Ty and T, be the trees with points C' and B’ as
described above. Then, for all m € N,

2 (D @)
I£s) — [’Sn)HTV = HPfA,fB/,fC/ =B e S Iy

PRrROOF. First, (fx, fa, B, fc) is of course a function of (fx, fa, fB, fc., fs'» fc’), SO
Lemma 19 in the Appendix implies

1 2 _ M 2)
||£fn) - cSn)”TV = ||Pfx,fA,fB,fc _Pfx,fA,fB,fc ”TV

(D )
= ”PfX’fA,stvafB/afc’ - ]PvafAsz»szfB/’fc/ HTV'

Also fx.c,p — fpc’ = fa forms a Markov chain under both PM and P, satisfying all
the conditions of Lemma 20 in the Appendix. Hence

M @ i 5@
1P, fa. o teturfer — P tatontetufo 1y = 1Prs gy o0 = P fr e l1v
giving the result. [J

3.2.2. Reduction to transitions between adjacent, nonoverlapping k-mers. Due to the
following lemma, we can assume m = (u + 1)k for some p € N.

B, C B . C
h h
A 4

FIG. 4. The three-vertex configurations for the measures IP’%)’ Ty fer (left) and IF’?A), Farofer (right) respectively.
In this figure, ' = disty, (B', C") =distr, (B, C") and h = dist, (A, C") = distr, (A, B').
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LEMMA 2 (Reduction to multiples of k). If uk <m < (u + 1)k where i € N, then

(1).m @).m WAk @) i+ Dk
I e — PfA P for IV = prA,fB,fC, P lry

where fy = (fv, ola“) is the k-mer count vector together with the last 2k-digits ala“ inoy.

PROOF. Note that all digits are independent under the CFN model and
||IP’(1)’m (2),m

; _ ” ||]P(1) J(p+Dk IP;(2) (M-H)k ” ’
4Aaf3/vfc/ fA,fB/ fc’ ™V — fA fB’ fC’ fA f TV

where f}' is the k-mer count vector of the first m digits of oy. The proof is complete by
Lemma 19 since f' is a function of fy and the last 2k-digits when oy has length (& 4 1)k.

O
Foro € {0, 1} where m = (u+ 1)k, welet x§ , ..., xZ € {0, 1}" be the adjacent, nonover-
lapping k-mers in o. That is,
“ 0=(01,...,0%) (Okg1s---5,02) ... (Opkt1s - - Out1)k) € 10, 1} (et Dk
x§ x{ xg

For y, z € {0, l}k, let N;” . be the number of adjacent (y, z) pairs in this representation of o':

u—1
5 Ny, = Zl{x}’zy,xﬁ_l =z}.
j=0

We call N;’ the number of adjacent transitions from y to z.
The following lemma and its proof give an expression for k-mer frequencies in terms of
the numbers of adjacent k-mer pairs as well as the ending k-mers.

LEMMA 3 (k-mers as a function of adjacent transitions). For any o € {0, 1}tk gpg
w € N, the frequency vector f4 is a function of

(s (NY2)5 zetoyi)-

PROOF.  We split the set {0, 1, ..., uk} into the disjoint union (U2 As) U k), where
Ag={a,k+a,2k+a,...,(n—1)k+a} contains p integers with remainder a when divided

by k. By definition, for w = (w1, ..., wy) € {0, 1}¥,
uk
fow) =Y 1{(0it1,...,0i1%) = w)}
i=0
(6)

k—1
=w}+ Z Z H(oit1,...,0i4%) = w}.

a=0ielA,

For a = 0, the set Ag coincides with the multiples of k£ from O up to u — 1. So

n—1
7 Z H(oit1, ..., 0ipp) =w} = Zl{x{’ =w}= Z

ieAg i=0 ze{0, 1}k
Forae{l,...,k—1},

®) Y Y©Gigr,....oipp)=wl= > NJ_,

€A, (y,2)€04(w)
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where ®,(w) is the set of all pairs of the form
((90’ ceey 0(171’ wla R ) wk*a)’ (wk*aﬁ’lv ceey U)k, 9(17 sy 0](71)) € {0’ I}Zkv

where (6g, ..., 0r—1) is an arbitrary element in {0, l}k.
The result then follows when we put (7) and (8) into (6), seeing that f,;(w) depends only
on the specified value of (xZ, (N; 2)y,zef0,13%)- This completes the proof of the lemma. [l

For points V € {A, B’, C'} on the trees we let
Zy = ((xg" . x7"), (gl ), (NYY) ) cqo 1)
oy

where oy is the binary sequence at V. Note that we included xo", X,
reasons that will become clear below.

and xZ[l here for

LEMMA 4 (Reduction to adjacent transitions). Suppose m = (u + 1)k for some p € N.
Then

(1) 2) )
H fA fB/ fc/ PfA fB/ fc/ HTV — HPZA Zyr Z¢r I[DZA,ZB/,ZC/ HTV'

PROOF. Recall the definition of fy = (fy, 01‘“‘) in Lemma 2. By Lemma 3, (Fa, f',
fcr) is a function of (Z4, Zp/, Z¢’). Lemma 19 gives the result. [

3.2.3. Dealing with redundancy. The quantities {NY _}, (o 1)« satisfy certain linear re-
lations described in Lemma 5 below. We will get rid of these redundancies in Lemma 6,

which will be needed for a nondegeneracy condition in the local CLT; see Lemma 11 below.

LEMMA 5 (Combinatorial constraints). For any o € {0, 1}*+Dk 11 e N and z € {0, 1}¥,

) Wl =2} + 3 Mo=l=z+ Y N,
ye{0,1}k:y+#£z y'E(0, 1}y #2
Moreover
(10) > N.=n
v,z€{0,1}k

PROOF. Equation (10) holds since the total number of adjacent transitions in o is .
To verify (9), we observe that the total count Z?:o 1{x{ =z} can be computed two ways

to give
=z} + Z N;,z = f+ Z
ye{0,1}* y'€{0, 1}k

Subtracting N7, from both sides yields (9). U

There are actually only 2* linearly independent equations among the 2¥ 4 1 equations in
(9)-(10), as can be seen from the proof of Lemma 6 below. To ensure a nondegenerate limit
when applying the central limit theorem, we utilize these 2* linearly independent equations to
remove 2 redundant variables. Specifically, we remove the transition counts corresponding
to the pairs {(1, z) : z € {0, 1}¥}, where 1 = (1, ..., 1) € {0, 1}¥ is the all-1 string.

LEMMA 6 (Redundancy). For any o E {0, 13 #+DK gnd 1n e N, the vector (xO, ,
(N )y 2€(0, l}k) is a function of (x§ , x M, (N )(y,z)eq.[) where

={(.2 0. 1}’< X {0, 1% 1y £ 1),
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PROOF. It suffices to show that for any (y, z) ¢ H, we can write N; . as a function of
xg s X7, i, and (N;’Z)(y’z)e'H. We do this first for Nﬁz where z # T, and then for N{i'

Among the 2 equations in (9), each one indexed by z # 1 has exactly one variable in H,
namely Nf . Precisely, (9) gives

Ny, =1{x =z} —1{x{ =z} + Y NI, — D Ny,
y'#z y#z,1

in which all terms on the right come from . Hence N%’ , can be written as a function of the

required variables for each z # 1.
The variable Ni’ 1 is featured only in equation (10), and we obtain

[ _ o
NT,T =H Zﬁ R Ny,z'
(.0#£0,1) U

For points V € {A, B’, C'} on the trees, we let

(11 Zy = ((xg",x7")s (7, 27 ), N3f'), - where Ny = (NYY) () e
LEMMA 7 (Reduction to nonredundant transitions). Suppose m = (u + 1)k for some
€ N. Then

1 2 1 2
”P(Z/);,ZB/,ZC/ - P(zj,,zB/,zC, Iy < ||P(z/:,z;/,z/c, - P(zi

*Z;”Z/c’ ||TV‘
PROOF. From Lemma 6, (Z4, Zp', Z¢) is a function of (Z/y, Z,, Z.,). Then the result
follows from Lemma 19. [

3.2.4. Final reduction step. By Lemmas 1, 2, 4, and 7 above, together with the second
equality of Lemma 18 in the Appendix, to establish Theorem 1 it suffices to prove that
s 1 (2
(12) l;l,Ln—1>10réf > ]P’ZLVZ%“Z/C/ (24> 20 2¢0) /\]P)ZQ,Z%/,Z/C, (24, 2grr 2¢r) > 0,
Ly 2z
where the sum is taken over the set ({0, 1}% x {0, 1}* x {0, 1, ..., M}H)3, andm = (u+ 1)k.
Our final reduction step in this section is to condition on the event

(13) E={(g" A7) = (0" 27") = (g 27) = 0.0},

where x}’" € {0, 1}* are the adjacent k-mers in the sequence oy at point V € {A, B’, C'},

deﬁned in (4). Precisely, for i € {1,2} we let P = PO-m pe the conditional measures under
P = P@." given the event £. Then

1) r / ) ;o ’
E P! Zps 2 Zer) AP Z4,2p 2
L z%,z%/,z/c/( A>%B/> C’) Z%’Z;;“Z/c/( A><B’ C’)
ZAZprler

» o N
> > (Fy 2 2 Ead2)PUENARY) 0 4 (2 ) PPIED)

/ /
ZAsZpgricor

(D ror >(2) ror
e ) PZA,Z%,,ZQ/(ZA’ZB“ZC’)/\PZA,Z'B,,Z/C/(ZA’ZB“ZC’)’
Z/A’Z/B”Z/C’

where ¢ := }P’(l)[g 1A P@ [5~ ] is positive and does not depend on (.
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Hence, to show (12) it suffices to prove that
.. 1 2
(14) lbrglo%f > P(Zi z,.2., (24, Zgrs o) A IP’(Z,: z,.2., (24, 2o 2¢r) > 0,
(g T2 ) E(S)3

where S := {(0,0)} x {0, )% x {0, 1,..., u}*.
For the rest of the proof, we shall establish (14) by obtaining suitable lower bounds on the
probabilities in (14) through a local limit theorem.

3.3. Applying a local limit theorem. It will be convenient to consider infinite sequences,
since we shall employ a local limit theorem as the sequence length tends to infinity (i.e., u —
00). Let P)-> be the probability measure of the CFN model on 7; with infinite sequence
length and P(:% be the conditional measure under P "¢ given the event £

3.3.1. Pairs of triplets as a Markov chain. We shall apply Doeblin’s method (see,
e.g., [7]). For V € {A, B/, C'}, we let oy (n) = (x{ , ..., x¥) € {0, 1}*"FD be the first n + 1
adjacent k-mers of oy, where 0 <n < p if oy has length (u+ 1)k andn € Z if oy € {0, 1}N
has infinite length. For all such n, we consider the triples

(15) X, =2 xP xC) e 0, 17

n’’n >

Under IF’(")’OO, )?n nez. 18 a sequence of independent random vectors and the pairs
€Zy q p p

1\7[,1 = (}?n, )}n+1) form a Mark__ov ghain with a finite state space. This Markov chain is ir-
reducible since the support of (Xn, Xp+1) is all of {0, 1}3" x {0, 1}3" for all n. The stationary
distribution ® j; of {M; },ez, is

(16) 0,;;(3.2) =PV (X, = )P (X, =7), fory,Ze {0, 1}*.
Let 79 =0, let 71 be the first n > 0 such that Mn = (6, 6), and in general, for £ > 1, let
(17) p=inf{n > 17— : M, = (0, 6)}

where an infimum over an empty set is +00 by convention.
The connection between P = P@)-" and P()-> that we will need is given by Lemma 8
below. We let

1%
Ny (n)= N;{VZ(”) = Z 1{xV =y, xJ+1 =z}

be the number of adjacent transitions from y to z up to x\, as in (5), with the convention that

NyYZ(O) =

LEMMA 8 (Infinite sequences). ForallpeZ,,keN,£e{l,2,...,u}, (a,b,c) € z3,
and i € {1, 2}, the event

{0 =, (N{(z), NE (t0), NS () = (@, b, ¢)}

has the same probability under POm gng @(i)’oo, where m = (u + 1)k.

This lemma follows directly from the construction of the CFN model, in which nonover-
lapping, adjacent k-mers are independent. The rest of Section 3.3 concerns infinite sequences.
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3.3.2. Independent excursions and a multivariate local CLT. We extract i.i.d. random
variables from excursions of the Markov chain M. Define, for V € {A, B’, C'},

Yy (£) = Ny (te) — Ny (ze—1) = (N (20) = NY (2e-1) 5 0y et
and let

Y(0) = (t¢ — te—1, Ya(0), Y (£), Yer (0)).

Note that these random vectors take values in N x (Zi")3 - Zi where d = 1+ 3(2%k —2K),
because |H| = 2%k — 2k,

LEMMA 9. The vectors {Y(£)};2, are i.i.d. under Iﬁ’(i)*oofor both i =1 and 2. Further,
their partial sum is equal to

12

(18) N Y = (te. Njy(w), NE (o), NS ().
=1

PROOF. The first statement is obvious from the construction of the CFN model. The
equality (18) follows from the definitions of Y and the conventions 7o = N yV L(0)=0. O

We will apply a multivariate local CLT of Davis and McDonald [9], Theorem 2.1, to the
iid. vectors {Y(£)}32, C Zi under P#*°_ Theorem 2.1 of [9] works for an array of inde-
pendent vectors. Here we need only a sequence of i.i.d. vectors so we state this result for the
case of i.i.d. vectors in Z<.

THEOREM 2 ([9], Theorem 2.1). Let {X j}?ozl be a sequence of independent 7.4 -valued

random variables with a common probability mass function f, finite mean m € R¢, and
covariance matrix ¥ € R4*?_Suppose the following hold:

(a) Forallr € {1,2,...,d}, there exists X, € 74 such that
f(xr) A f(xr +e.) >0,

where e, € 79 is the rth standard basis vector.

(b) The sequence SZ\_/gm converges in distribution to the multivariate normal distribution

N(0, X) as £ — oo, where Sy = Z§=1 X;.

Then the following uniform convergence holds as £ — oc:

sup |€ ]P’[Sg—y]—(p< )'—>0,
yeZ4 \/Z

where @ is the probability density function of the multivariate normal distribution N (0, X).

Condition (a) of Theorem 2 implies that the multivariate normal distribution N (0, X) is
nondegenerate.

LEMMA 10. Let f be a probability mass function on Z¢ with finite mean and covariance
matrix ¥ € R4*?_ Assume condition (a) of Theorem 2 holds. Then ¥ is positive definite.

PROOF. Let X and Y be two independent random vectors with distribution f. Then the
covariance matrix of X can be written as

E[(X —E[X])(X — E[X])T] =(1/2E[(X - Y)(X — Y)T].
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Let x; be as in condition (a) of Theorem 2. Then for any nonzero vector z = (21, ..., 24) # 0
with, say, z, # 0, we have

TE[(X —Y)(X — V) ]z =E[(" (X - Y))?]
> f(x) f (% +€,)z}
> 0,

where the expression on the second line is the contribution to the expectation from the event
that X =X, + e, and Y = x,, and the third line follows from condition (a) of Theorem 2.
Note that we used that each term contributing to the expectation is nonnegative. [J

We shall apply Theorem 2 to the i.i.d. vectors {Y(£)};2, C Zi under f"(")'oo, for each of
ie{l,2}.

3.3.3. Checking conditions of the local CLT. In this section we verify that the i.i.d. vec-
tors {Y(£)}52, C Zi satisfy all conditions of Theorem 2. We also show that they have the
same mean under P(1-> and P> For this we let ) be the probability mass function of

Y(1) = (z, Ya(l), Ypr(1), Yo (1) = (z, N3y(2), Nf (1), Ny (0)
under PO fori e {1, 2}, where T = 11 is defined in (17).

LEMMA 11 (Nondegeneracy). The distributions fV and f® both satisfy condition (a)
of Theorem 2.

PROOF. Fix i € {1, 2}. The proof relies crucially on the construction of the set 4 in
Lemma 6. We write a point in Zi as

B/ c’
Vol yz’

x = (1, (n?z, nfz/, n)C,Z/)yZeH), where ¢ € Z and ny . E€Ly.
Recall that 0 and 1 refer to the all-0 and all-1 k-mers. A sequence of adjacent k-mer triples
starting and ending with (0 O O) (0 0, 0) will give rise to a unique point in Z< , in which ¢ is

the length of the sequence and n . counts the number of yz-transitions. By the definition of

‘H, we are not counting the transmon from 1 to z for any z € {0, 1}%.
For r = 1 (corresponding to the #-coordinate), we consider the k-mer triple cycles of

¢ =(0,0,0), (0,0,0), (1,1,1), (6 ,0),(0,0,0)  and
¢t =(0,0,0), (0,0,0), (1,1, 1), (1,1, 1), (0,0,0), (0, 0, 0).

They give rise to X, and x, + e, respectively, where we take X, to be the point in Zi such
that r =3 and

(2,2,2) if (y,2) = (0,0),
(19) (nf. nB. nS)=10,1,1) if(y,z):((),I),H .
(0,0,0) if (y,z) € #\ {(0,0), (0, T)},

and x, + e, = (4, (n4 ) yzer)- Recall that

yz° yZ’

— {2 {0, ¥ x (0, 1 : y £ T},
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so that, in particular, the transitions (T, T) are not counted. Then
FD(x,) = BD®((X,)3_,=C) >0 and
f(i)(Xr + er) > ]:F(l)yoo((}?n)2=0 — C+) >0,

where X, = (x4, xB' xC') € {0, 1}** as defined in (15).
For r > 1, we first suppose r corresponds to the coordinate n‘a“b where (a,b) € H. The
cycles

-

ab_(o 0,0), (0,0,0), (1,1,1), (1,1, 1), (b, 1, 1), (0,0,0), (0,0,0) and
=(0,0,0),(0,0,0), (1,1,1), (@, 1,1), (b, 1, 1), (0,0,0), (0,0, 0)

give rise to x, and X, + e, respectively, where X, is the point on Z such that t =5 and (19)
hold. Hence both f @) (x,) and f @) (x, + e,) are positive, as before
The proof for coordinates n® a5 18 the same, except that we replace (a, 1 1) by (1 a, 1) and

(b, 1, 1) by (1, b, 1). The proof for coordinates n¢, ab ' follows similarly. The proof is complete.
O

To verify condition (b) of Theorem 2, we let m® and X@ be respectively the mean and
the covariance matrix of Y (1) under P®-*°. We also let S; = 5-:1 Y(j).

S/—fm

o in distributi
converges in distrioution
NG 8

LEMMA 12. Fori € {1,2}, under P the sequence

to the multivariate normal distribution N'(0, £ as £ — oo.

PROOF. Fix i € {1,2}. Observe that Y(1) < (71, 71, ..., T1) coordinate-wise. Moreover,
by construction, 71 is geometric and therefore has finite first and second moments. Hence
m is finite and E©->°[||Y(£)||?] < 0o, from which we have that the entries of £ are finite
and hence |det()3(i))| < 00. Also T ig positive definite by Lemmas 10 and 11. The claim
follows from the multivariate central limit theorem (see, e.g., [12], Section 3.10). [

Due to symmetry between 77 and 7>, as well as the independence of nonoverlapping,
adjacent k-mers under the CFN model, the expectations are the same, as we show formally
next.

LEMMA 13 (Expectation). The equality m¥) = m® ¢ Ri holds.

pib.oo _ m),00

(t,04,0p1,0c1) — ~ (1,04,0¢r,0p1)" Hence

PROOF. By symmetry (3), we have

ED[(r, Njy(0)] = E@ [ (v, N ()],
and
B[N (0), Nj, (0)] = E@[(N (1), Nfj (0)].
It remains to show that
(20) EO®[NE ()] = ED®[NG (v)] forie{l,2}.

While ]Tif,";;w = I?PSC);OO, equation (20) is not immediately clear because t depends on all three
sequences.
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Using the notation of Section 3.3.1, for arbitrary (y, z) € {0, 1}¥ x {0, 1}*, we have

T—1
B’ _ -
@D Niy.o() = > > Litj=G.2y

(¥,2):(32,22)=(y,2) j=0

where the sum is over the set of (y, Z) with y» = y and z» = z, with y = (y1, y2, y3) € {0, 1}3*
and 7 = (z1, 22, z3) € {0, 1}3*. Using standard Markov chain results (e.g., [12], Chapter 5),

-1
(22) E®- [Z 11?4,:@,2)} =00;(,9),

=0
where & = E©-%°[7] € (0, 00) and the stationary distribution ® Aj,(}» Z) was computed in (16).
Combining (16), (21), and (22), we have

EO=[NE ()] = > PO (X) = H)PD°(X, =3)
(y 2):(2,22)=(3,2)
_ 0 = B =)
and, similarly for C’,
BO-[NC, (1)] = 2B (x = y) B (S = 2).

The two displayed equations are the same since ]P’g;,oo = IP’((,IC)/OO. O

3.3.4. Applying the local CLT. By Lemmas 11 and 12, we can apply Theorem 2 to the
1.1.d. vectors {Y( j)};?°=1 to obtain the following lower bound. Recall that m) = m® by

Lemma 13, and let m = m"). Recall also that S; = Z§:1 Y(j).

LEMMA 14 (Uniform lower bound). There exist constants c1, ¢ € (0, 00) such that

inf POorS, =y > 2
o FTS=2 g
forall € > cyandi € {1, 2}, where
(23) VP i={yezd: (y—m)T(xD)" (y — em) < 2¢}.

PROOF. By Theorem 2, fori € {1, 2}, as £ — oo,

- ¢
(24) sup |¢4/2 PO [, = y] — w(’)(—y m)‘—w

yeZd

where
exp{— %XT(Z(i))_lx}

V 2m)d det(T D)

Therefore, for arbitrary € > 0, there exists £, sufficiently large such that for all integers
¢>{.andally e Z¢,

~ 1 A(Y—¢
P o () -
I <exp{—%(%ﬂ<z@)—l<%)}_6)_

o J @) det(D)

pX) =
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The bound in the definition of y,§” gives

—1
inf BO-[s, =y] > ( ¢ —e)
i — pd/2
ey e/ \/(Zn)d[det(z(l))\/det(Z(z))]

for all £ > £.. The lemma follows by taking € to be any fixed number small enough that
depends only on det(TM)y vdet(x@). O

Observe that the bound in Lemma 14 is uniform over the set yf). Our use of Lemma 14
below will require a lower bound on the size of yél) N yéz).

LEMMA 15. Let 1) be the minimal eigenvalues of £V . Then

min

(25) fyezd :y—em|?2 <2000 722 cyPny@,

where {yg“}le are defined in (23).

PROOF. Note that 0 < )»r(rign < oo by Lemma 12. Since A is an eigenvalue of £ if and

only if 1/ is an eigenvalue of (£?))~!, we have

(y—em) (D) (y - tm) < y — tm]|>.

1

min
This inequality implies (25). O

In fact, we will need to control the size of subsets of yél) N yéz) whose first coordinates are
sufficiently close to their expectation. Letting m1 be the first coordinate of m, by Lemma 13,

(26) my =B 0[] =E®-[7].
We consider the following set of pairs (i, £)

27) L={(u,0) eN?: |u—tmi| <c3v¢}, wherec; =\/)L$i)n Akr(fi)n.

The next two lemmas concern bounds on the level sets

Llg:={peN:(u,)eL} and L|,:={€eN:(u,l) L}
LEMMA 16. Let Zi () be the subset of ZflF whose first coordinate is j1. Then

(28) Jnf (V7027 024 Go| = eqe~ D2
¢

for all £ € N, where c4 € (0, 00) is a constant that depends only on d.
PROOF. By Lemma 15, the set yél) N yéz) contains all integer points of

Bg(fm, c33v/26) NRE,

where By(x,r):={yeR?: ||y —x lge < r} is the d-dimensional Euclidean ball with center
x and radius r. By Lemma 13, m = (m,my,...,my) € Ri. Hence yg” N yf) N Zi(,u)
contains all integer points of B(r,) N Ri, where

B(ru) == {(t, y2, .., ya) € R 2 | (2, .., ya) = €ma, ..., ma) | gar <1y}
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with
(29) Fu =22 — (u— tm1)? = e Ve
The last inequality follows whenever (u, £) € L.
Since {m>, ..., mg4} are all nonnegative, B (r)nN Ri contains a (d — 1)-dimensional cube
with side length J% > f/% by (29). This cube contains at least 04031_16(‘1*1)/ 2 many

integer points for some ¢4 € (0, co) that depends only on d, uniformly for all (u, £) € £. O
Finally, the following lemma gives a lower bound on the cardinality of L|,,.

LEMMA 17. There exists a constant c5 € (0, 00) that depends only on m| and c3 such
that, for | large enough,

0 w
- [ - 'c )
[m1 cs/10 - +65\/E} €Ll
where m| = I~E(1)’°°[11] = I~E(2)’°°[t1].
PROOF. Suppose £ belongs to the interval on the left-hand side of the display in the

statement of the lemma. Then ¢ > m% — ¢s4/i. Solving this quadratic inequality in ./ and
then squaring gives

esmy ++/(csmp)? + 4m L
2 9

Vi =

and

csmiy/(csmp)? +4m L
5 )

From the last inequality, we see that u < €m + c3/€ forall £ > 1, provided that cs5 € (0, 00)
is small enough (depending only on ¢3 and m ).
Similarly, by solving the inequality £ < mi + cs/u to yield

1

1
w <fmy +§(Csm1)2+

>—C5m1 —i-\/(csml)2 +4m L

NIE : ,

and

csmiy/(csm)? + 4m £
: .

For sufficiently small c¢5 € (0, 0o) (depending only on c3 and m 1), we have u > €m —c3 V.

1
w>tmy + 5(651711)2 —

The desired subset relation is obtained. [

3.4. Final bound on the total variation distance. PROOF OF THEOREM 1. Now we
finish the proof of Theorem 1 by establishing (14). That is, we now show that
.. =(1) / / / (2) / / /
(30) I/I,LH—1>IO%f > PZ/A,Z;;,,Z/C, (24. 2, 2¢) /\IP’Z,A’Z;;/’Z/C, (24, 2y, 200) > 0,
(&g T 2 ) E(S)3
where S(’)L = {(6, 6)} x {0, 1% x {0, 1, ..., u}* and m = (u + 1)k. We further restrict the
last pair of triples by considering Sj, := {(0, 0)} x {(0,0)} x {0, 1, ..., u}*. Since S}, C S},
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the sum Z(Z;‘;’Z;;

_ (1) ’ ’ >(2) o ’
G Woo = ) } sz;,zg,,z’c, (24 2 2cr) A Pz;,,zg/,z’c, (24 2 2c0)-
(Zy 220 €(Spp)

As an element of Sgo, y = ((6, 6), (6, 6), Ny,) for some Ny, € {0, 1,.. ., w)*, where V e
{A, B’, C'}. Hence

2 )e(sth on the left of (30) is bounded below by

ﬁ)(Zli,Z};/,ZQ/ (24> 20 2¢7)
m
= BN (70, N3P 00, N () = (N Ny N, e = 1)
=1

PO-{(Ng (1), NoF' (z0). Nof (t0)) = (Nly, N New), T = )

I
M=

~
Il
—_

M=

¢
I?P;(i),oo{zy(j) =(u, Ny, Ny, N’C/)],

=1 j=1

where the second and the last equalities follow from Lemma 8 and (18) respectively. There-
fore,

12 V4 J4
(32) Woo=Y > P(l)’oo{ZY(j)=Y}/\P(z)’oo{ZY(j)=Y},
t=lyez4 (1) j=1 j=1

where recall that Zi () was defined in Lemma 16.
We further restrict the sums to be over (i, N, N, Ni) € yg‘) N yéz) and £ > c;, where
recall that yél) and c; were defined in Lemma 14. We obtain from Lemma 14 that the right-

hand side of (32) is
2
= ) > i

leler,mwlNZ4 yeyél)ﬂyf)ﬁZ‘i(u)

5 VN VP Nzl ()
¢d/2

Leler,ulNZy

1
d—1 2 :
> N
Leler, nINL]

where the last inequality follows from Lemma 16 and the fact that £ € L], if and only if u €
L|¢. Now by Lemma 17 and the fact that m; > 1 (recall that m; = E(D-°[7;] = E®->°[]),
we have for p large enough that

1 1
2172 = Z ?1/2
Leler, ulNL|y EG[Cl,/L]ﬂ[%—q\/ﬁ,%-l—q\/ﬁ]
1
- > 0172
ZE[%—CSﬁ,%+C5\/ﬁ]
- 205ﬂ —1
B w- o

which tends to 2¢5./m1 > 0 as © — co. We finally obtain (30) by combining the last display
with (32). O

’
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4. Concluding remarks. Our main result, Theorem 1, suggests that to develop statisti-
cally consistent k-mer-based methods under a standard model such as the CFN model, one
cannot simply fix a k and use the k-mer frequencies of the entire leaf sequences. Instead, one
has to look for more elaborate methods, such as block decomposition.

Another possible approach to achieve consistency is to allow k to increase with the se-
quence length m. It is an interesting open problem to determine the smallest growth rate
of k =k, as a function of m for which consistency becomes possible (without recourse to
block techniques). By standard phylogenetic reconstruction results for distance-based and
likelihood-based methods (see, e.g., [5, 36]), statistical consistency is possible in the extreme
case where k,, = m (i.e., when the full sequence is observed). Formally, by the reconstruction
upper bound [16], Lemma 3.2, it follows that

(33) lim supH.C,(nl) — L2 Iy =1 ifky =m.
m—0oQ

Hence the remaining question is: Is there a sequence {k;,} such that, say, lim,,_, » % <lor

even lim, o % = 0, and such that we also have limsup,,_, , ||£,(nl) — /J,(,%) v = 1?7 A key
challenge to extend our proof is that, in our use of the local CLT, we must also control the
convergence rate in terms of the dimensiond =1 + 3(22% — 2Ky,

We focused exclusively on the two-state symmetric model of single-site substitution. We
conjecture that the techniques developed here can be used to analyze more complex substi-
tution models as well (e.g., the four-state Jukes—Cantor model). Another open question is
to show that our results hold under models of insertions and deletions, such as the TKF91
model [40]. See [17] for related results regarding estimators based on the sequence length

alone.

APPENDIX: INFORMATION-THEORETIC BOUNDS

In this section we give details about some basic facts we used in the paper. Recall the
definition of the total variation distance in (1). It is well known (see, e.g., [26]) that the
supremum on the right-hand side of (1) is reached at the set B = {x € E : vi(x) > v(x)} as
well as its complement B¢, and that we have the following characterizations.

LEMMA 18. Let vy and vy be probability measures on a countable space E:

1
vy = v2llry =2 Y vie) =) =1=) vi(e) Ana(o).

o€k o€k

Let X be a measurable function on a measure space (€2, F), and P and P’ be two proba-
bility measures on (£2, F). Denote by P¢(x) and ]P’;,( x) the probability distribution of g(X)
under P and P’ respectively, where g is an arbitrary measurable function on the state space
of X.

LEMMA 19. Let g be a measurable map on the state space of X. Then
IPecxty = Poxy lpy = IPx — Py [l py-
PROOF. Applying the definition (1) twice,

IPex) = Pycxy lpv = SI;P|P(8(X) € A)—P(g(X) e A)

zsg‘pIP(X € g_l(A)) _P/(X € g_l(A))| = ”PX _P/X”TV'
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Let X, Y, Z be measurable functions on a measure space (2, F), and P and P’ be two
probability measures on (€2, F). We say that X — Y — Z is a Markov chain under P if Z is
conditionally independent of X given Y in the sense that

(34) Pzix,y =Pz,

where Pz x y is the conditional distribution of Z given (X, Y) and Pzy is the conditional
distribution of Z given Y. The law of total probability and (34) imply that

(35) Px v,z =PxPyxPzy,
where Py y 7 is the joint probability distribution of (X, Y, Z).

LEMMA 20. Suppose Px =P, Py;x = P/le, and X — Y — Z is a Markov chain
under both P and . Then

||PX,Y,Z - P/X,Y,ZHTV = ”PY,Z - P/Y,Z”TV'

PROOF. By the first equality in Lemma 18,

IPx.v.z = Pxyzlrv == Z IP((X,Y,Z)=(a,b,c)) —P((X,Y,Z) = (a,b,c))|.
(a b,c)
Applying (35) to P and P, we have
P((X,Y,Z)=(a,b,c)) =P(X =a)P(Y =b|X =a)P(Z =c|Y =b),
P((X,Y,Z)=(a,b,0)) =P (X =a)P' (Y =b|X =a)P'(Z =c|Y =D).
From the assumptions Py =P, and Py|x = IP)/Y‘X, it follows that Py y = P/X,Y and Py =
[P} . Using the displayed equations above gives

P((X,Y,Z)=(a,b,c)) —P((X,Y,Z)=(a,b,c))|
=P(X=a)P(Y =b|X =a)|P(Z=c|Y =b) —P'(Z=c|Y =)
=P(X=a,Y =b)|P(Z=c|Y =b) —P(Z=c|Y =b)|.

Hence

”PX Y.z _P/X,Y,Z“TV

% Z (X =a,Y =b)|P(Z=c|Y =b) —P'(Z =c|Y =b)|
a,b,c
=3 Z P(Y =b)|P(Z=c|Y =b) —P(Z=c|Y =b)|
(b.c)

1 / /
=3 D IBY =b)P(Z =clY =b) —P'(Y =b)P'(Z =
(b,0)

where we used P(Y = b) = P’(Y = b) in the last equality. The expression on the last line is
equal to |Py z — P/Y’ 7 llTv by the first equality in Lemma 18, establishing the claim. []
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