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Abstract: We consider the discrete defocusing nonlinear Schrodinger equation in its
integrable version, which is called defocusing Ablowitz—Ladik lattice. We consider peri-
odic boundary conditions with period N and initial data sampled according to the Gener-
alized Gibbs ensemble. In this setting, the Lax matrix of the Ablowitz—Ladik lattice is a
random CM V-periodic matrix and it is related to the Killip-Nenciu Circular 8-ensemble
at high-temperature. We obtain the generalized free energy of the Ablowitz—Ladik lat-
tice and the density of states of the random Lax matrix by establishing a mapping to
the one-dimensional log-gas. For the Gibbs measure related to the Hamiltonian of the
Ablowitz—Ladik flow, we obtain the density of states via a particular solution of the
double-confluent Heun equation.

1. Introduction

The defocusing Ablowitz—Ladik (AL) lattice for the complex functions «(¢), j € Z
and ¢ € R, is the system of nonlinear equations

. 2
iaj = —(ajpr+aj1 —205) +oj|"(aj-1 +j41), ey
. daj . .
where &; = T We assume N-periodic boundary conditions oy = «j, for all

j € Z. The AL lattice was introduced by Ablowitz and Ladik [1,2] as the spatial
integrable discretization of the defocusing cubic nonlinear Schrodinger Equation (NLS)
for the complex function v/ (x, ), x € S and t € R:

P (x, 1) = =079 (x, 1) + 2|y (x, )P (x, 1). 2)
The cubic NLS equation was proved to be integrable by Zakharov and Shabat [70].
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It is straightforward to verify that the quantity
N
KO =TT (1= ). 3)
j=1

d
is a constant of motion for the AL lattice, namely — K@ = 0. This implies that if

lej(0)| < 1forall j € Z, then |o;(¢)| < 1forall # > 0. We chose the N-dimensional
disc DV as the phase space of the AL lattice, here D = {z € C||z]| < 1}. On DV we
introduce the symplectic form [23,30]

N
1
=iy —dajada;, pj=,/1—laj 4)
=1 Pj

The corresponding Poisson bracket is defined for functions f, g € C°(DV) as

A of ag of o
(fe1=i>p? (—f—g——f—g>. 5)

The phase shift (1) — e~ %!

id;=—pi(aj+a; 1), pj=,/1—le;, 6)

which we call the reduced AL equation. We remark that the quantity —2 In(K ©) is the
generator of the shift o (t) — e™?a;(¢), while H; = K + KO with

a (1) transforms the AL lattice into the equation

N
KD .= — Za.,'ajﬂ, 7
=1

generates the flow (6). The AL equations (1) have the Hamiltonian structure
&j ={aj, Har), Hap(aj,@;) =—2In(KP)+ KD+ KO, (8)

Integrability. As we have already said, the AL lattice was discovered by Ablowitz and
Ladik by discretizing the 2 x 2 Zakharov-Shabat Lax pair [1] of the cubic nonlinear
Schrodinger equation. For a comprehensive review see [3]. The integrability of the
Ablowitz—Ladik system has also been proved by constructing a bi-Hamiltonian structure
[9,23]. A techniques to calculate the t-function correlators has been introduced in [15].

Using the connection between orthogonal polynomials on the unit circle and the AL
lattice, Nenciu and Simon [54,59] constructed a new Lax pair for the AL lattice that
sometimes is referred to as the big Lax pair and which put the AL equation on the same
foot as the Toda lattice. The link between orthogonal and biorthogonal polynomials on
the unit circle and the Ablowitz-Ladik hierarchy (see also [4], [43]) is the analogue of
the celebrated link between the Toda hierarchy and orthogonal polynomials on the real
line (see e.g. [19]). This link was also generalized to the non-commutative case [14] (see
also [16]). Generalization of this construction to other integrable equations has been
considered in [55].
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To construct the big Lax pair, we follow [54,59] and we double the size of the chain
according to the periodic boundary conditions, thus we consider a chain of 2N particles

ay,...,apy suchthatoj = ajy for j = 1,..., N. Define the 2 x 2 unitary matrix
g)
g = (% Pi i =1,...,2N 9
j (pj_aj>, j=1,...,2N, )
and the 2N x 2N matrices
—0QN P2N
%) &1
E4 g3
M= . , L= ) . (10)
ZON—2 ZON—1
2N an

Now let us define the unitary Lax matrix
E=LM, (11

that has the structure of a 5-band diagonal matrix

* % % *

* % % *
* % k%
* %k ok %

¥ % ok ok

* ok % ok

* * % ok

* * % %

The matrix £ is a periodic CMV matrix (after Cantero Morales and Velsquez [17]). The
N-periodic reduced AL Eq. (6) is equivalent to the following Lax equation for the matrix
E:

E=i [5, P (5*)*] , (12)
where T stands for hermitian conjugate and
16 j=k
7€) J
S;k: Eix k=j+1mod2Nork = j+2 mod 2N (13)
0 otherwise.

We observe that (£%)T+(£)* = £ and [, £7] = 0 because £ is unitary. Therefore,
one can write the Eq. (12) in the equivalent form

£=i [e, £ - <5T>+] . (14)
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The formulation (12) implies that the quantities
Tr (5 6)
==

are constants of motion for the defocusing AL system. For example

K® ¢=1,...,N—1, (15)

N N
KD =~ Zaj&jﬂ, K? = Z[(“jaj+l)2 - 2aj5j+2/0,2'+1]-
j=1 j=1
Furthermore, K@, KM K®-D are functionally independent and in involution,

showing that the N-periodic AL system is integrable [1,3,54].

Remark 1. The quantity 20t (K (1) generates the reduces AL Eq. (6), while the quantity
—23(K M) generates the flow

aj = (1 — o) (@je1 — a;),

which is called Schur flow. The Schur flow emerges in [2] as a spatial discretization of
the defocusing modified Korteweg—de Vries equation

df—6fdf+f=0.

For the integration of the Schur flow and its relation to orthogonal polynomial on the
unit circle see [32,60].

Generalized Gibbs ensemble for the Ablowitz—Ladik lattice. The symplectic form »

in (4) induces on DV the volume form dvol = Ld%x withd%e = [T, (idej Ad@; )
- K ©) ’ — 11j=] J J /7
‘We observe that fﬁw dvol = oo, however, we can define the Gibbs measure with respect

to the Hamiltonian H,4;, in (8) [68]:

N

Lo~ btitdyol = — MK ] = layDF- 10, p=0,  (16)
Zp Zp o
j=1
where Zg = fﬁN oBRED) l—[?’:l(l — |aj|2)ﬁ_1d2a < 00 is the normalizing constant.
The above probability measure is clearly invariant under the Hamiltonian flow o (0) —
a (1) associated to the Ablowitz—Ladik Eq. (1).

Since the Ablowitz—Ladik lattice posses several conserved quantities (15), one can
introduce a Generalized Gibbs Ensemble on the phase space DV in the following way.
Fix N> kx < N — 1 and let us define

K
V@) =) @™, (17)
m=1
where 7,, € R are called chemical potentials. Then

Tr(V(E) =) nu(K™ +K™M),

m=1
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where K ™ are the AL conserved quantities (15). The finite volume Generalized Gibbs
measure can be written as:

N P
I1 (1 — |aj|2> exp (—Tr (V (£))) d’, (18)

j=1

dPAL(Oll, . ,OlN) = ——
ZyH (v, B)

where Z]*\‘,L (V, B) is the partition function of the system:

N
p—1
ZALW, B) = /DN I1 (1 - |a,-|2) exp (=Tr (V (£))) da . (19)
j=1

Choosing the initial data of the Ablowitz—Ladik lattice according to the Generalized
Gibbs measure (18), the Lax matrix £ turns into a random matrix. In [51] Mendl and
Sphon study the dynamic of the Ablowitz—Ladik lattice at non-zero temperature. They
study numerically correlation functions and in particular, introducing the density §; =
N(ojr1@ ), they study the density-density correlation function

E[8;(1)81(0)] —E[8;(1)]E[81(0)] ,

where E [-] is the expectation with respect to Gibbs measure (16). They showed numer-
ically that density-density time correlations in thermal equilibrium have symmetrically
located peaks, which travel in opposite directions at constant speed, broaden ballistically
and decay as 1/t when t — oo, where the scaling exponent y is approximately equal
to one. This behaviour is believed to be typical of integrable nonlinear systems.

More quantitative results have been obtained for linear (integrable) systems and for
the Toda lattice. It was shown in [34] that the fastest peaks of the correlation functions of
harmonic oscillators with short range interactions have a Airy type scaling. Regarding
nonlinear integrable systems in [61] Spohn was able to connect the Gibbs ensemble of
the Toda lattice to the Dumitriu-Edelman B-ensemble [21]. In this way, the generalized
Gibbs free energy of the Toda chain turns out to be related to the S-ensembles of random
matrix theory in the mean-field regime [7,22]. The behaviour of the correlation functions
of the Toda chains has been derived by applying the theory of generalized hydrodynamic
[20,62]. We mention also the recent work [36], where the authors derive a large deviation
principle for the mean density of states for the Generalized Gibbs measure of the Toda
lattice.

2. Statement of the Results

In this manuscript we derive the mean density of states ,u’z ;, of the random Lax matrix £
sampled according to generalized Gibbs measure (18) and we determine the free energy
of the AL generalized Gibbs ensemble

o1
Fa(V,p) = lim — log z8Ew, B).

This is achieved by connecting the generalized Gibbs ensemble of the Ablowitz—Ladik
lattice to the Killip-Nenciu [42] matrix Circular B-ensemble at high-temperature inves-
tigated by Hardy and Lambert [37]. Further connections between discrete integrable
systems with Gibbs measure initial data and classes of random matrices has been ex-
plored in [33]. For connections between integrable PDEs and random objects see [6].
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Let M(T) be the space of probability measures on the torus T = [—z, 7] and for
un € M(T) let us consider the functional

FVP =2 [ Veueaw —p [ [insin ('9 ;4") 1O (9)ddg
T TxT

(20)
+ / In ((6)) n(0)d6 +1In(2m) .
T

Remark 2. Here and below, we make an abuse of notation by denoting the potential
V(z) = V(&) simply by V(0).

For sufficiently regular potential V (6), the functional (20) has a unique minimizer

,u’f”(de) = MZT(G)dQ, [58], that describes the density of states of the Circular §-

ensemble at high-temperature [37]. For finite § and smooth potentials V (0), it has been

shown by Hardy and Lambert in [37] that the minimizer MZT (df) has a smooth density
and its support is the whole torus T.

Theorem 1 (First Main theorem). Consider 8 > 0 and a smooth potential V as in (17)

on the unit circle T. The mean density of states u’f\L (do) := uﬁL (0)d6 of the Ablowitz—
Ladik Lax matrix & in (11) endowed with the probability (18) is absolutely continuous
with respect to the Lebesgue measure and takes the form

1h ©) =g (Bl ©) ac. 1)

where ufn is the unique minimizer of the functional (20).

To prove the above theorem we derive a relation (see Proposition 8) between the
free energy of the S-ensembles at high-temperature, namely the minimum value of the
minimizer (20)

Fur(V, B) = FVP b ),

and the free energy Far (V, B) of the AL lattice:

Far(V. B) = 9 (BFur (V. ) +1n(2).

Such relation is obtained via transfer operator techniques.

The particular case V(6) = 2ncos6 corresponds to the free energy associated to
the AL Eq. (1), and we show that the minimizer of the functional (20) is obtained via a
particular solution of the Double Confluent Heun (DCH) equation.

Theorem 2 (Second main theorem). Fix 8 > 0 and let V(0) = ncos@, where 1 is
a real parameter. There exists € > 0 such that for all n € (—e¢,¢), the minimizer

,LL’ZT (do) = MZT(G)dQ of the functional (20) takes the form

1 1 !
MgT(G) =—+—N <ZU (Z)>| L (22)

2t 7B ()
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where v(z) is the unique solution (up to a multiplicative non-zero constant) of the Double
Confluent Heun (DCH) equation

2@+ (—n+ 2B+ D) 40122 V@) + 1B + () =0 (23)

analytic for |z| < r with r > 1. Such solution is differentiable in the parameter n and
B. The parameter .. = A(n, B) in (23) is determined for n € (—¢, €) by the solution of
the equation

N
B+1

with the condition A(n = 0, B) = 0. In the above expression (Ry) ji is the jk entry of
the matrix Ry which is defined by the infinite product

AR+ (R1)21 =0, (24)

14+ 20 n?
Ri=MMy.. My..., M= kl(k"'ﬂ) k(k+(/;5+1) .

We remark that the solution of the double confluent Heun equation has generically
an essential singularity at z = 0 and z = oo, and one needs to tune the accessory
parameter A to obtain an analytic solution, for a review see [57]. In our derivation
of (23) the parameter A coincides with the first moment of the measure w(6), namely
A= fT w(@)e'?do. 1t is a transcendental function of 8 and 7 and it is related to the
Painlevé 111 Eq. [24,47].

Remark 3. Under the change of variable

v(z) = exp <—g (Z + %)) Z_%f(z),

the DCH Eq. (23) takes the form of a Schrodinger equation
() +q@) fz) =0,

with potential g (z) singular at the origin

1 B 1 n” @@= 1,
q(z)_z_2<nT<Z+z>_Zz—2_Z(ﬁ +4/3+3)+77,3)~>-

Remark 4. For the case V = 0 it was shown in [37] that the minimizer of the functional
(42) is the uniform measure on the circle, while for the case V(6) = BV (#) and 8 — o0
the minimizer of (20) was considered in [49]. The particular case V (0) — fncos6 and
B — oo has first been considered by Gross—Witten [35] and Baik—Deift-Johansson
[11]. The measure (22) in Theorem 2 generalizes the result of Gross and Witten [35]
and Baik—Deift—Johansson [11] to the high-temperature regime (see Remark 9).

This manuscript is organized as follows. In Sect. 3 we introduce the Circular B
ensemble and its high-temperature limit. Then we review results in the literature on
Circular B8 ensemble and we derive some technical results needed to prove our main
theorems. In Sect. 4 we prove our first main theorem, namely Theorem 1 and in Sect. 5
we prove Theorem 2. Finally, the most technical parts of our arguments are deferred to
the appendices.
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3. Circular 8 Ensemble at High-Temperature

The Circular Ensemble at temperature 8! is a system of N identical particles on the
one-dimensional torus T = [—, 7] with distribution

1 . -
dP5(01, ... On) = —= [] 1% —€“1Pdo, do=do...dox, (25)
ZN" 1<j<t<N

where Zf,ﬂ E'S 0is the norming constant, or partition function of the system. For

B = 1,2,4 Dyson observed that the above measure corresponds to the eigenvalue
distribution of circular orthogonal ensemble (COE), circular unitary ensemble (CUE)
and circular symplectic ensemble (CSE) of random matrix ensembles (see e.g. [25,50]).
For general B > 0, Killip and Nenciu proved that the Circular 8 Ensemble can be
associated to the eigenvalue distribution of a random sparse matrix, the so-called CMV
matrix, after Cantero, Moral, Veldzquez [17]. To state their result, we need the following
definition.

Definition 1. A complex random variable X with values on the unit disk D is ®,-
distributed (v > 1) if

- 1 v—
E[f(X)] = "z—n fﬁ FA —2A) T d%. (26)

for any measurable function f : D — C. When v = 1, ® is the uniform distribution
on the unit circle S'.

We recall that for N 5 v > 2, such measure has the following geometrical interpre-
tation: if u = (uy, ua, ..., uy41) is chosen at random according to the surface measure
on the unit sphere S¥ in R"*!, then u; + ius is ©,—distributed. We can now state the
result of Killip-Nenciu.

Theorem 3 (cf. [42] Theorem 1). Consider the block diagonal N x N matrices
M = diag (81, E3, Bs...,) and L =diag(Ey, B, B4,...), 27

where the block E;, j =1, ..., N — 1, takes the form

R o pj L N PV D) 28
J (pj —Olj)’ Pj |Ol]| s (28)

while Bg = (1) and Ex = (an) are 1 x 1 matrices. Define the N x N sparse matrix

1]

E=1LM, (29)

and suppose that the entries aj are independent complex random variables with aj ~
Ogn—jy+1 for 1 = j = N — 1 and ay is uniformly distributed on the unit circle.
Thﬁen the eigenvalues of E are distributed according to the Circular Ensemble (25) at
temperature ,3 -1
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We observe that each of the matrices E; is unitary, and so are the matrices L and
M. As a result, the eigenvalues of E clearly lie on the unit circle. The matrix E is a
5-diagonal unitary matrix that takes the form

@y p1oy P12

Pl —ady —aip
0203 —@yd3  p3d4  p3p4
P2P3  —@yp3 —a3d4 —a3p4

PN—3AN—2 —AN_3AN_2 PN—20N—1 PN—2PN—I

PN—3PN—2 —UN_3PN—2 —UN_20N_| —CN_2PN—]
ANPN—1 —aN—1aN

We are interested in the probability distribution (25) when

e We add an external field, namely d0; — e~ 2Vl g4, with V : T — R a smooth
potential;

e We consider the limit ,3 — 0O and N — oo in such a way that ,BN =28, 8> 0.
Since /3 is interpreted as the inverse of the temperature, such limit is called high-
temperature regime.

With the above changes, we arrive to the probability distribution of the Circular ensemble
at high-temperature, and with an external potential:

1 o |
APy @1, ... 00) = ——— || 1% =W e 2ES Cap . (30)

HT

where Zﬁ T(V, B) is the partition function of the system. Also in this case, we can
associate to the above probability distribution a random CMV matrix. The lemma below
has probably already appeared in the literature, but for completeness we provide the
proof.

Lemma 4. Let E be the CMV matrix (29). Consider the block 2N x 2N matrix
E = diag(E, E), 31

whose entries are distributed according to

dP(ay, ..., ay)= ZHT(V 5 | l_[ ( o ;|2) ( —/) —Tr(V(E)) l‘[ d2 dOlN

lOlN
: J_

(32)

Then the eigenvalues of E are all double, they lie on the unit circle and are distributed
according to (30).
Moreover

N
r(%)
zAT (v, gy =2!"N —~——~_zlT(y p), (33)

()

where Z,{,IT(V, B) is the norming constant of the probability distribution (30) and
Z II\'{ T(V, B) is the norming constant of the probability distribution (32).
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Proof. First, we notice that the eigenvalues of E are all double, since itis a block diagonal
matrix with two identical blocks. ‘
We consider the change of variables ay — ¢'?, thus (32) becomes:

M5 (1= foy ) 00 T ) gz, jdo.

dP(ay,...,an—1,9) =

Zyt v, B)
(34)
Now, letei?r | ..., ¢!V be the eigenvalues of the CMV matrix E endowed with probability
(32), and let g1, . . ., gy be the entries of the first row of the unitary matrix Q such that
0'®Q = E where © = Diag(eigl, ...,e"%) and Z/I{Ll lgx|? = 1. We introduce the

variable y; = |g; |2 for j = 1,..., N, then from [42] (Lemma 4.1, and relation (4.14)
in Proposition 4.2) we have

N .
NGRS H( )" (39)

j=1 =1
N-1 2
‘am...,a]v_l,q))‘ v = (U= leyl) 36)
N .
30, y) [Ti=1vi
here y = (y1,...,yn—1), and A(e?) = [1;-¢ (% — €'®). Applying the previous

equalities to (34) we derive

~Tr(v(g)y Nl B(1—4)=1
¢ 1_[ (l — |Oéj|2> ( N) dojda;
=1

dP(ay,...,an—1,9)) = —7———do
zAtw, g

1 21-N N—1 (1-4 i0;
= zH v, B T [1(1-1eP) (-4) oxave Vdedy (37)
N ) j=1Yi j=1

3 L v aeity # ﬁ YN8 Ve g,
- HT j :
ZET (V. ) 257

Thus, we deduce the relation
HT 1-N ZHT al £-1
zitw.py=2"Nz{"w.p) | T1v) dn...dyns, (38)
Aoy

here A is the simplex Zj-v:l yj = L. The above integral is a well-known Dirichlet
integral that can be computed explicitly (see [42, Lemma 4.4])

I'(8)

N
N r(e
£, N
/l_[yN dyr . dyy g = — (39)
A
Jj=1

proving (33). O
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Let €91, ..., ¢! be the double eigenvalues of the CMV Matrix E in (31), whose
entries are distributed according to (34). The empirical measure is the random probability
measure

1 N
UN = N Z(Seiej- (40)
j=1

The mean density of state [L'ZT is defined as the non-random probability measure such
that

/ f(Q)MZT(dQ) = lim E |:/ f(Q)MN(dQ)] ) (41)
T N—o00 T

for all continuous function f on the torus T, and the expected value is taken with respect
to (32). In order to discuss the large N limit of i we have to introduce several quantities.
Let M(T) be the set of probability measures on the one-dimensional torus T and for
n € M(T) we consider the logarithmic energy [58]

o= [ (59

TxT
. . do
We define the relative entropy K (1¢|wo) of o with respect to o(d6) = = as
T

K(ulpo) == / log <i> u(do),
T Mo

when p is absolutely continuous with respect to o and otherwise K (u|pmg) := +0o.
The relevant functional is

-1
n(df)p(de).

FOD 0 1= BEG) + K o) +2 [ V@)nido).

When F-#) (1) is finite, it follows that u is absolutely continuous with respect to the
Lebesgue measure 1o and we can write 1(d0) = u(0)dd. We denote by C”1(T) with
n=0,1,2,... the space of n-times differentiable functions whose n-derivative is also

Lipschitz continuous.

The following result describes the limiting measure ;/.ZT in (41) for the circular

B-ensembles at high temperature.

Theorem 5 (cf. [37, Proposition 2.1 and 2.5]). Let M(T) be the set of probability
measures on the one-dimensional torus and 'V : T — R be a measurable and bounded
function. For any B > 0 consider the functional F V.8 . M(T) = [0, o0]

FYP () =2 / V() (0)do + BE(w) + / In (1(8)) 1(6)d6 +In(27).  (42)
T T

Then
(a) The functional F-P) () has a unique minimizer 'U‘}?{T (do) = MZT (6)d6 in M(T);
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(b) “ZT is absolutely continuous with respect to the Lebesgue measure and there is
0 <& < 1 such that

B
6<ML(9)<8_1, a.e.;
=5 =

(€) If V =0, then p; - (d0) = 5-d6;

(d) If V € C™\(T), then uf, . € C™(T);

(e) The empirical measure juy in (40) converges weakly and almost surely to the measure
MZT as N — oo.

From the above theorem when the potential V is at least C 2.1(T) the minimizer of
the functional FV-#) is characterized by the Euler-Lagrange equations

V.B) _
0P _ 2V(0) — 2,8f In sin ('9 5 ¢|) w(@)de +1nw(@) +1 = C(V, B) (43)
T

where C(V, B) is a constant in 8. Below we derive further properties of the minimizer
(f . following [36].

Lemma 6. For any V (z) as in (17), any B > 0 the following holds

(a) The map  — inf (]—'(V’ﬁ) (/L)) is Lipschitz;

(b) The maps t — inf (]:(V”m(zm)’ﬂ)(u)) , t — inf (.7-"<V+t:‘(zm)’ﬂ)(u)) are Lipschitz;
(c) Let D be the distance on M(T) given by

0 — 1/2
(— / / In |sin ( ¢)’ (n— w')(do)(u — M/)(d¢)>
1

2
= | lm-m
kzlk

D(u, )

(44)
2

’

where [ = [ ¢'*?1,(d6), and we recall that log(Txl) =D i>1 k~Yin distributional
sense.
Then for any ¢ > 0 there exists a finite constant C such that for all 8, B’ > &

D(hyy ) < Ce|B—B] . (45)
Remark 5. For a real valued function f € L*(T) with derivative in L2(T) we define

AL = /D k1 k|fAk|2 < 00. So, for any measure v with zero mass we deduce that
3V Lk=

2 2
: Dk =12
= Y AT = (VA < (Y kAR [ 2

k
k0 k0 VIK| k0 k#£0 Ik]

< 4||f||2%D(v, 0)> (46)

‘/ f(@)v(do)
T

where in the first inequality we use Cauchy-Schwartz inequality and in the second one
we plug in (44).

Combining (45) and (46) we conclude that for any real valued function f with finite
||f||% norm, the map g — fT fd,u'ZT(dG) is Lipschitz for § > 0. As a consequence,

the moments of MZT are almost surely differentiable with respect to §.
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Proof of Lemma 6. The proof follows the lines of the corresponding one in [36]. To
prove points a) and b) we exploit the same ideas, thus we restrict to point a).
For all B > B’ > 0 we have

FEP ) < FYP i) = FOP () + (B = BIEGuiy )
and
FOP ) = FOPO @y = FEP Gl + (B = BEWS ). @4D)
so that
B — BVEl ) < FYP @by — FYP (uhyp) < (B — BOE(uG ) . (48)
Since E(,u'?”), and E(,u'ZT) are finite we obtain the claim.
‘We now move to the proof of point ¢). Setting Ay = Mf‘j-IT — /LZT we deduce that

0= FVO i) = FUP )

¢

=2/ V(0)Au(do) — 28 In |sin (%)‘M’ZT(dG)AM(dd))
T

TxT
. (9 - ¢)
sin 72

- /T In(uf 1 0)) ) (d0)

B
_ War@\ g /
_/Tln< ﬂ, (9)>MHT(d9)+2(,3 —ﬁ)/TXTIn

Kyt

- B In

TxT

Ap(dO)Ap(de) + fT In(uhy 7 (6)) iy (d0)
49)

sin (%) ‘ iy (d6) Ap(dg)

- B In

TxT

sin (152 s ans).
5
where in the second identity we used (43). Since [ In (%) ,u’f”(de) < 0 by

ﬁ/
Hur
. (06—
sin

Following [36], we introduce a new probability measure v € M(T) in the previous
expression, so that

Jensen’s inequality, we deduce that

R4 ’
BD (i 1) =26—8) [ In ¢)‘u7;T(d9>Au<d¢>. (50)

TxT

NN
sm( . >‘ (M’;’,T - v) (d6) A (dg)

o(25%) ey
S

We chose v in such a way that the function g, (¢) = fT In )sin (9%‘7’) ‘ v(d#) isin L2(T)

with derivative in L>(T). With this choice of v and applying (46) we conclude that there
exists a constant ¢ such that
—¢ )

[l (®
In [sin
TxT

IB/ ﬁ/ 2 ’
BD (ihpoifyy) =26-8) [ n
TxT

+2(8—B) In

TxT

V(dO) A (de) .

v(d0) Ap(d)| < eD(hyr, Wiy (52)
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Next, taking the Fourier transform and apply again the Cauchy-Schwartz inequality as
in (46) we obtain

/ In
TxT

. [(0—¢ /
mn( _ )MﬁgT—v)maAum@‘—

[
N
=
—~
o
z
N—"
-
)

—v) A
= (53)
< D(Whyr VIDWhyr, i)

since D(,ugT, v) is bounded. Combining (51), (52) and (53) we conclude that there
exists a constant cg such that

Db uf ) < %O(ﬁ —B). (54)

from which (45) follows. |

For convenience, we define Fy7 (V, B) as the value of the functional at the minimizer,
namely

Fur (v, B) = FV-O b ). (55)

The quantity Fyr(V, B) is referred to as free energy of the Circular § ensemble at
high-temperature. It is a standard result that (see e.g. [29])

1
Fur(V, p) == lim —log Zy" (V. ), (56)

where the partition function Z 1{}' T(v, B) of the Circular 8 ensemble at high-temperature
is defined in (30).

Remark 6. We notice that from (33) and (56) we can also obtain the free energy Fy7 (V, B)
from the partition function Z 1{}' (v, B) of the CMV matrix ensemble (32), namely:

HT
EN VP . (57)

FHT(V, ,3) = — lim
N—o00
The literature related to the high-temperature regime of the classical S-ensembles is
quite broad. For completeness, we mention some of the results in the field. In [7,8,22,
27,37,65,66] the authors explicitly computed the mean density of states for the classical
Gaussian, Laguerre, Jacobi, and Circular § ensemble at high-temperature. In [7,8,27,37]
the densities of states are computed as a solution of some particular ordinary differential
equations. On the other hand, in [22,65,66] the density of states is constructing from the
moment generating functions. Several authors [12,45,52,53,67] investigated the local
fluctuations of the eigenvalues, and they observed that in this regime they are described by
a Poisson process. In particular, in [45] Lambert studied the local fluctuations for general
Gibbs ensembles on N-dimensional manifolds, moreover he also studied the asymptotic
behaviour of the maximum eigenvalue for the classical 8 ensembles at high-temperature.
In [26,27] the loop equations for the classical -ensembles at high-temperature are
studied, in particular in [26] a duality between high and low temperature is uncovered.
There are also results for a Coulomb gas at high temperature in two dimensions [5].
It is worth mentioning also the work [48], where some new tridiagonal random matrix
ensembles related to the classical B one at high-temperature are defined.
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4. Proof of Theorem 1

The probability distribution (18) of generalized Gibbs ensemble of the Ablowitz—Ladik
lattice is very close to the probability distribution (32) of the Circular 8 ensemble at
high-temperature with an external source. Indeed, the only difference between the two
ensembles is the exponent of the terms (1 — o |) in the probability distributions (18)
and (32) and the fact that the random matrix of the Ablowitz—Ladik lattice is a rank
2 perturbation of the random matrix of the circular S-ensemble. Our first main result
contained in Theorem 1 relates the mean density of states of the random Lax matrix £
of the Ablowitz—Ladik lattice to the mean density of states of the random matrix E from
the Circular 8 ensemble at high-temperature.

To prove the result, we use the moment matching technique and the following lemma.

Lemma 7 ([10, Lemma B.1 — B.2]). Let do, do’ be two measures defined on T, with
the same moment sequence {u(e)}gz(). If

0y 5
Jlim inf% <0, (58)
— 00

then do = do’.

Next we define the free energy of the generalized Gibbs ensemble of the Ablowitz—
Ladik lattice at temperature S~ and in an external field V as:

.1
Far(V,B) == lim —InZ3h(V, B), (59)

where the partition function Z ,“\‘,L (V, B) is defined in (19). The next proposition shows
that the free energy Far(V, B) of the Generalized Gibbs ensemble of the Ablowitz—
Ladik lattice and the free energy Fyr(V, B) in (56) of the Circular 8 ensemble at
high-temperature are related. This fact allows us to calculate the moments of the mean
density of states of the CMV matrix E in (29) and of the Lax matrix &£ in (11).

Proposition 8. The free energy Far(V, B) in (59) of the AL lattice and the free energy
Fur(V, B) in (56) of the Circular B ensemble at high-temperature are analytic with
respect to B > 0, and are related by

dp (BFur(V, B)) +1n(2) = Far(V, p). (60)

The moments of the density of states /L’Z 1. of the Lax matrix £ in (11) endowed with the
probability measure (18) and the moments of the density of states gt of the Circular B
ensemble in the high-temperature regime (32) are related to the free energies Far,(V, B)
and Fyt(V, B) by

) 1
‘R/ elem,uiL(dé‘) =0, FaL (V + Efﬁ(zm), :3> )
T t li=0 61)
m/ eiGmMZT(dQ) =0, Fyr (V + Eﬂi(zm), ﬂ) )
T

lr=0

and analogously for the imaginary part of the moments taking care of using the potential
V + 53(2™).
2
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Since the proof of this proposition is rather technical, we postpone it to Appendix A.
We are now ready to prove the first main Theorem 1.

Proof of Theorem 1. First, we define ¢,(8) := [ eie”uﬁL(dG),

d,(B) = f elon /,L/ZT(dQ). Since the eigenvalues of £ lie on the unit circle, we deduce
the following chain of inequalities:

|E [Tr(EeM]| - im E[ITr(E)]

< <1, (62)
2N N—oo 2N

c = lim
len(B)] = lim_
where the expectation in made according to the Gibbs measure. Thus, from Lemma 7,

we obtain that the measure ui 1 (d0) is uniquely characterized by its moments.
Next, from Proposition 8 and Remark 5 we obtain the relation

cn(B) = 9 (Bdn(B)) a.e (63)

between the moments of the measures ,uﬁ 1 (@) and MZT(Q) respectively.
This, together with (63) and Remark 5 implies

ub () =g (ﬁ;ﬂﬁ,ﬂ@)) ae.. (64)
O

Our next main result provides an explicit expression of the mean density of states ;g7 (9)
for the potential V (z) = 19 (z). This generalizes the result by Gross and Witten [35]
and Baik-Deift-Johansson [11] obtained for finite temperature to the high-temperature
regime.

5. Proof of Theorem 2

The proof of Theorem 2 consists of mainly two parts: we first derive from the variational
equations with respect to the functional F(V#), the double confluent Heun equation
(23). Then we show that such equation admits an analytic solution in any compact
sets of the complex plane containing the origin. From Theorem 5 we know that the
density /LZT is characterized as the unique minimizer of the functional (42). We follow
the ideas developed in [7,8,18,27] to find this minimizer explicitly. We consider the
Euler-Lagrange equation of the functional (42), namely

SFV-B) 16 — |

=2V(0) — 2/3/ In sin ( 5 ) w(@)dp +1n (@) = C(V, B), a.e.
T
(65)

where the equation holds almost everywhere, C(V, f) is a constant depending on the
potential and S, but not on the variable 6. Differentiating the Euler-Lagrange equation

(65) at the minimizer H“/?-IT (0) with respect to 6 we obtain the following integral equation
(see [37, Proposition 2.5]):

o1t (0) + 1 (0)[20 (V (8)) + BHUE, ()] =0, (66)
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where H is the Hilbert transform defined on L2(T) as

0 —
Huulyr 0) = —p.v. /;r cot <T¢> Wi (¢)de 67)

and p.v. is the Cauchy principal value, that is the limit as & — 0 of the integral on the
torus T restricted to the domain |e!? — e’¢_| > ¢. We notice that the Hilbert transform H
is diagonal on the bases of exponential {¢!"?},,c7, meaning that

He"? = 2misgn(n)e™? (68)

where sgn(-) is the sign function with the convention that sgn(0) = 0.

. j ; . . Z+w
Setting ¢!’ = z and ¢! = w, we recognize the Riesz—Herglotz kernel ex-
Z—w
pressed as
Z+w . 0—¢
= —i1cot .
Z—w 2
Therefore

/ cot <9 - ¢) u()de =i +2/ —,U«(¢)|gi¢:wdw’
T 2 st Z—w

where S! is the anticlockwise oriented circle, and we used the normalization condi-
tion fT w(p)deg = 1. In the following, in order to simplify the notation, we indicate
W(P)|eiv—y just as u(w). We can recast (66) in the form

20u0(2) + () [2zaZV(z> B+ 2ippy. / u(w)d—w} —0. (69
sl Z—Ww
For z € C\S! let us define
d ] 1 0 —
G = / pany 2 L1 / cot <—¢> w(@)do, (70)
s! w—z 2 2Jr 2

and for z € §' let G+(z) = limz_,, G(?) for 7 inside and outside the unit circle
respectively. Then by (69)

dw
Gi(2) = E£mip(z) +p.v./ w(w)——
N w — 2z (71)
. i 2iz0;V(z) iz0;u(2)
=dmipu(z)+ - — — .
2 28 2Bu(z)
This implies that for z € S' one has
L 2iz0,V(z)  izou(2)
Gi()+G_(2)=1i— - (72)
: p B(2)
Gi(2) —G_(2) =2miu(z). (73)
Multiplying the two previous expressions, one obtains:
2izd,V 0
G+(2)2 — G_(2)* = 2mip(2) (i _ 228 V@) @ ZMZ)) . (74)
B Bu(z)
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In order to proceed we have to specify the potential V (z), in our case we will consider

V() = (z ; 1) (75)
2 Z

Applying the Sokhtoski-Plemelj formula [28] to the above boundary value problem, one
obtains

G*(z) = ,'f H(w) dw — in wdw . de. (76)
s

1w —2z B Jst w—z BJst w—z

The second term in the r.h.s. of the above expression gives

/de:/ wizu(w)dw+1/ u(w)(— ! +l>dw
sl w—Z sl w—72 Z Js! w — 2z w

. (77)
(z) i
G +ih——=+—-,
z Z
where we have defined
A= —if wwydw, A eR. (78)
Sl
The third term in the r.h.s. of (76) gives
ad 0
/ ww—u(w)dw — / A (w)dw + Z/ de
sl w Z sl sl w Z (79)

— Z/ G N 20.G(2),
S

1 (w —2)?

where in these last relations we use the results of Theorem 5 about the regularity of .
Now we can rewrite (76) as

G(2) i) 3 i20,G(2) ‘ (80)

G*(2) =iG(z) — E <zG(z) +ik— T - 5

Z
Remark 7. In the above ODE, the parameter A = A (1, 8) depends via (78) implicitly on
the function G(z). Our strategy to solve the above equation is to consider A as a free
parameter that is uniquely fixed by the analytic properties of the function G (z).

We can now turn the non-linear first order ODE (80) into a linear second order ODE
through the substitution

_ L i)
Giz) =i+ o) (81)
getting:
0@ + (=0 + 2B+ D +02) V@) + B+ () = 0, (82)

which is the DCH equation in (23). The solutions to this equation have generically
essential singularities at z = 0 and z = oo and the local description near the singularities
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depends on the parameter 1 and 8. Indeed we have that the two fundamental solutions
near z = 0 have the following asymptotic behaviour

1 37 3T
0@ = " (. Bds D), T < argnn) < o (83)

2 )

0) T 577.’
vy, (2) = ko, B, X, 2), ——= <arg(nz) < — (84)

2 2

where «;(n, B, A; z), j = 1,2, are asymptotic series in a neighbourhood of z = 0. The
quantity A is usually referred to as accessory parameter. Since G(z) is analytic in the
unit disk, continuous up to the boundary, and G (0) = i, we deduce that

v(z) = voexp |:—i /zﬂ%ds} , vy #0,
0

has to be analytic in the unit disk. For this reason we seek for a solution v(z) of the
DCH equation that is analytic in the unit disk and such that v(z) —0> vg, Where vy is a
—>

nonzero constant.

Construction of the analytic solution of equation (82). Of the fundamental solutions
(83) and (84) of Eq. (82) only the solution (84) has a chance of being analytic near z = 0.
This occurs if we are able to make the asymptotic series defined by k2 (n, 8, A, z), into
a convergent series. We look for a solution of (82) in the form of a convergent power
series

(@) =) @, (85)

where a; = ai(n, B, A). This implies the following recurrence relations for the coeffi-
cients {ag }ren
n(apAB —ap) =0, (86)
ar(k* + kB +1pn) +n(k — 1+ Par—1 — n(k + Dagzs1 =0, k>0, (87
where we have the freedom to chose A and ag. Generically, the above recurrence relation

for the coefficients {ay }rc gives a divergent series in (85). To obtain a convergent series,
we follow the ideas in [13,64].

We start by considering the 2 x 2 matrices R,ES) defined as
Mn_
(s) 1+
R = MyMpyy ... Mg, s >k, My = ( kl(k+/5) k(k+(l)3+1)) (88)

which satisfy the recurrence relation R(A) R(“ 1)M The next lemma shows that the

limit of R,E ) as s — 00 exists.

Lemma 9. Let R,ES) be the matrix defined in (88). Then the limit of R,E‘Y) ass — o< exists
and

Ry := lim RY. (89)

§—>00
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The matrices Ry, k > 1 satisfy the descending recurrence relation:
Ri = My Riy1 k>1. (90)

Furthermore each entry of the matrix Ry = R (B, n, 1) is differentiable with respect to
the parameters B, 1, and A.

Since the proof of this lemma is rather technical, we defer it to appendix B. Further, let
us define the following function:

Em.B.2) == (A g1 Ri <(1)> . 1)

We are now ready to prove the following result that will give us a necessary condition
to fix the value of A.

Proposition 10. For the values of A such that

Em,B. 1) =0, (92)

where £(n, B, \) is defined in (91), the Double Confluent Heun equation (82) admits a
non-zero solution v = v(z, n, B) defined by the series (85) that is uniformly convergent
in |z| < r withr > 1. The corresponding coefficients {ay}xeN of the Taylor expansion
(85) are given by the relation

1
=7 (1R, (é) , 93)
n* 1
ax = (- 1)’<k,(k ﬁ)( 1)Rk<0>, k=1, (94)

where the matrices Ry are defined in (89). For each A satisfying (92), the solution v(z)
of the DCH equation (82), analytic at zero is unique up to a multiplicative factor.

Proof. First, we show that choosing a; according to (93)—(94) we obtain a solution of
the recurrence (87). We notice that due to the recurrence relation for the matrices Ry

(90), we have that:
(01) Ry (é) = (1 0) Rear <(1)> . 95)

Thus, applying the previous equation and (93)-(94), we can recast (87) as:

k
o kB A
[( D o (O Ret () Kk + B)
k+2

kK nm - 1
+(—=1) KGk+1+5) (0 1) Rk+11| <0> (96)

- (/(c_ﬁk)! [~ 10 Re+ (1+ 525 raediagy) Reo (‘13) -

where in the last equality we have enforced (90). Next we can rewrite (86) in terms of
the matrix R exploiting (93)—(94), namely

(10) Resr

0=(* gr) Ri <(1)) =501, B, %), (97)
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which is exactly (91). Since the entries of the matrices Ry are uniformly bounded, the
solution v(z) = Y ;- ayz* with a; as in (94), defines a uniformly convergent Taylor
series in |z| < r for any > 0 and in particular for any r > 1.

To show that the solution analytic at z = 0 is unique up to a constant, we consider the
Wronkstian W (v, v)(z) of two independent solution v and v of the Double Confluent
Heun equation (82), namely

W, D)(z) = e 1D BN )/ (2)5(2) — v(2)1 (2)).

Since W'(v, D)(z) = 0, it follows that W (v, 7)(z) = C a constant. If by contradiction
we suppose that there are two analytic solutions at z = 0, then from the above relation
we obtain

e (2)D(2) — v(@) (2) = Cet P

When n # 0 the left-hand side of the above equation is analytic and the right-hand side
is not, that is clearly a contradiction. When 1 = 0 then (82) becomes:

2V +z(B+ D' (2) =0. (98)

The above equation has two independent solutions, one is the constant solution, which
is analytic, the other one is v(z) = Cz~# which is not analytic since g > 0. O

Remark 8. We observe that the Eq. (92) does not uniquely determine A. Indeed, as it is
shown in Fig. 1 the function £(n, B, A) may have several zeros for given 1 and B.

Choice of the parameter A. We will now prove that the parameter A is uniquely de-
termined in a neighbourhood of n = 0 by requiring that the solution v = v(z, n, B)
depends continuously on the parameter 7.

Lemma 11. There exists an ¢ > 0 such that for all n € (—¢, €) and B > 0 there is a
unique A = ,(n, B) such that £(n, B, A(n, B)) = 0.

Proof. When n = 0 the matrix R; = (i 8) so that the only solution of the equation

92)&(n = 0,B8,1) = 0is A = 0. To show the existence of the solution (92) for
A = A(n, B) near n = 0, we use the implicit function theorem. We have to show that
9,6, B, M| 4.0 # 0. For this purpose, we need to evaluate

00
8)» (Mk)(n:O,A:O) = (0 0) )

where M} is defined in (89). This equation implies that

0 (EC1 B g0 = (10) <} 8) <(1)) 1

Thus we can apply the implicit function theorem, and we obtain the claim. O
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n=1.25, =5.00 n=1.50, B=5.00
0.4 — &(n,B.A) 0.4 — &(n.B.A)

0.2 / 0.2
& 0.0 3 0.0 /

-0.2 / -0.2
-0.4 -0.4
/

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 -1.0 -0.8 -0.6 -0.4 -0.2 0.0
A A
n=1.75, B="5.00 n=2.00, B="5.00
T LUl T T [ T
0.4 — &, B, A) 0.4 — &(n.B,A)

0.2 / 0.2 /
€ 00 / € 00 /
-0.2 / -0.2

-04 -0.4

-1.0 -08 -06 -04 -02 0.0 -1.0 -08 -06 -04 =-02 00
A A

Fig. 1. Plots of £(n, B, A) for various values of n, 8

We conclude the proof of Theorem 2. When n = 0 the only analytic solution of DCH
equation is v(z) = ¢, ¢ € C\{0}. In this case, in principle A is undetermined. However,
from Theorem 5 the minimizer 'U‘ZT of (42) is the uniform measure on the circle and
therefore from equation 78 one has A = 0. From Lemma 11 when n € (—e¢, ¢), there
exists a unique A(n, B) that satisfies equation (92) and such that A(n = 0, 8) = 0 and
therefore by Proposition 10 we obtain for n € (—e¢, ¢), the unique solution v(z, 1, 8)
of the DCH equation analytic in any compact set |z| < r, with r > 0 and in particular
when r = 1. Because of lemma 9 the solution v(z, 1, 8) is differentiable with respect
to the parameters 1 and .

We remark that v(z) # 0 on the unit disc D because of the relation (81) between the

analytic function G(z) and v(z) and the uniqueness of the minimizer ,ui,T and of the

analytic solution v(z) of (82).

To complete our proof of Theorem 2 we recover the explicit expression of MZT(G)
from G(z) and v(z) using the Poisson representation formula (see for example [59,
Chapter 1]):

W ®) = —

1 RGEG(?)) 1 1 (zv’(z)
S A
2w B 2r  7wf v(z)

) . 99)
z=el?
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n=1258=500A=-0216 ~ n=1508=500A=-0231

0.35 0.35

0.30 0.30

8 0.25 8 0.25
Hur 020 HHT 0.20
0.15 0.15

0.10 0.10

0.05 0.05

- —n/2 0 +1/2 +19'00 - —n/2 0 +n/2 +r9'00

Fig. 2. The mean density of states /"EIT for different parameters

In Fig. 2 we plotted the density of states of the Circular § ensemble in the high-
temperature regime with potential V (z) = n)i(z). To produce this picture and Fig. 1,
we used extensively the NumPy [38], and matplotlib [39] libraries.

Remark 9. The Gross—Witten [35] and Baik-Deift-Johannson [11] solution is obtained
by making the substitution » — Bn and 8 — oo in Eq. (42) which gives the functional

F () ::/ / In |sin (9;¢)
TxT

The minimizer is u(0) = % (1 —2ncosf) with 0 < 2n < 1. In this case the first
moment A = —n.

-1

M(dQ)M(d@+2U/TCOS(9)/A(C19)-

Added note. Independently, H. Spohn [63] discovered the connection between the
Ablowitz—Ladik lattice and the circular 8 ensemble at high-temperature. He also cal-
culated Generalized Gibbs Ensemble averaged field and currents and the associated
hydrodynamic equations.
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Appendix A Proof of Proposition 8

First, we prove the relation between the free energies (60) namely:

dp(BFuT(V, p)) +In(2) = FarL(V. B), (AL)

and we show that Fy7(V, B) is analytic with respect to 8 > 0.
From Remark 6, the above expression is equivalent to:

HT
a2

To prove this relation, we will use the so-called transfer operator technique [41,44,56].
We are considering a potential of the form Tr(V (£)) as in (17) which is of finite range K ,
meaning that it can be expressed as a sum of local quantities, i.e. depending on a finite
number 2K of variables, with K independent of N [54]. For example, if V (z) = N (z),
thenTr(£) = —2 Z}V:] N(aja 1) andinthis case therangeis K = 1.LetN = KM+L
with M, L € Nand L < K. We split the coordinates («q, ..., ay) into M blocks of
length K and a reminder of length L, and we define the vector & of length K as

In(Z3E v, B))
N— o0 N ’

(A2)

O = (AK(—1)+1> CK(j—1)425 - - - » OK)-
In this notation,
KM L
@1 ....on) = @1, ... &u. TKweT. o),
M—1 L K-L
Tr(V(E)) = Z W (e, o) + W(@p, O M1 - - s CKMAL, O -y K )
=1 (A3)
L
+ W@k M1y - Ok ML 01),

where W : D~ x D~ — R and Wy D" x D~ — R are continuous functions. The
last two terms in the above expression are different from the others since we may have
an off-set of length L, due to periodicity. In the case V (z) = N(z), then W (a1, ap) =
—2N(a1a?), there is no off-set and Wy = 0.

For convenience, we define

Oprel = (K M1y - s K ML, Oy ooy K1)

We can now rewrite Z4L(V, B) in (19) as

N o1
ZAE (V. B) an<l_|“.i|2)

DN j=1
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M

X exp <— Z W (e, @os1)—Wi @k M1 - - - AR ML &1)) d’e.
=1

(A4)

‘We are now in position to apply the transfer operator technique to compute this partition
function. On L?(DX) we introduce the scalar product

(f 8) = fD @@z, (AS)

where z = (z1, . .., zx)- This scalar product induces a norm on L?(D) and also a norm
on bounded operators T : L*(DX) - L%(DKX) as

Tl == sup [ITfll2, (AO6)
Sl flla=1

where || f||» is the standard L? norm.
Let ¢ = (¢1,...,...0k) with {k4j = ¢; > Ofor j = 1,..., K. We define the
continuous family of transfer operators 7z : L*(DX) — L2(DX) as

¢j—1

2K
(T;f)(&z)=/Dkf(&1)]_[(1—locj|2) Cexp (W@ &) d%E . (A7)

j=1

¢l
We observe that 7; is an integral operator whose kernel 1_[551 (1—lejl?) T exp
(—W(a, a3)) belongs to LZ(]D)K x DK ), and therefore 7 is an Hilbert-Schimdt opera-
tor. We conclude that there exists a complete set of normalized eigenfunctions {/;} >1
with eigenvalues {2 ;};>1 numbered so that {| |} ;> is a non-increasing sequence such
that:

(T )@, V,8) =2 (V, 0¥z V,§), (A8)
Y U@ V. O, V., 8) = 8,2, (A9)
n=1

where 8,(-) is the Dirac delta function at z € DX
For clearness, we collect a series of properties that the operator 7 fulfils:

(a) Zj’il [A;(V, ;‘)|2 < oo and 7 is compact, since it is Hilbert-Schimdt (see [40,
Chapter V.2.4]);

(b) The eigenvalue 11(¢, V) is simple, positive and 11 (¢, V) > |A,(¢, V)| foralln > 2
(see [69, Theorem 137.4));

(c) The eigenvalue A1(¢, V) and its eigenfunction 11 (z, ¢, V') are analytic functions of
the parameters ¢, and for any real polynomial P there exists an ¢ > 0 such that the
maps t — A(¢,V +1tP),t — ¥i(z, ¢,V +tP) are analytic for |t| < & (see [40,
Chapter VII, Theorem 1.8]).
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We artificially rewrite Z{X(V, B) in (A4) as

= [ o 10w 0-)] 1] (- )

DN+K =1 (=K+1

A1
2

M-1
X exp (— > W@, Ger) = W@, akmsts - 0N 1 ---,)/K—L)>
¢=1

N
x exp (=Wi(agpm+1s - - s AKM+L, V) 1_[ d*a;d?y, (A10)
j=1
where y = (y1, ..., yk) and y € DK,
2K

. f—/\q . . .
We can use (A9) with ¢ = B8 = (B, ..., B) to rewrite the previous equation as:

ZN V. B = f D V. V. B @1V, B)

DN+K n=l1

N

[T (1—lee?)’™

{=K+1

-1
p)

x ﬁ [0 = 1we?) (1 = leel)]

M-1
X exp (— > W@ @esr) — W(@n ak st AN VEseens )/KL))
=1

x exp (—Wi(akm+1s -+, Ak ML, }’)) dPad’y
1 N -1
—Z/ V@, V, BY(Tpyn) @) H =) =[] (1= leel?)
{=K+1 L=2K+1
M-1
X exp <— > W@, @) — W(@n. gy - N, VlwquKL))
=2
K s N
x exp (= Wilagmst. - axaer ) | [ ve (1= |vel?) T H
(=1 =K+
o0 2K A1
=3 v, ﬂ)/ Tur, V. B @ V. B ] (1—lee?) ™
n=1 (=K+1
N M-1
[T (-l exp( W(ae,&‘m))
(=2K+1 =2
x exp (=W @y, akxme1s - - AN, VI s YK-L))
K ﬂ
x exp (=Wi(@kmt, - axmer, V) [ [dve (1= el 2 H day .
=1 (=K+1
(A11)
In the above integral, from the first to the second relation we identify the integral operator
2K

————
7g where B = (B, ..., B). We repeatedly apply 7g and (A8) another M — 2 times to
the above integral, to obtain:
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o]

ZN VB =D 0w (V. BYM IR, (A12)
n=1
_ K g1
Ro= [ T VB @ V. B[] (1= P
D2K+L =1
MK g—1 N P
[T (—e?)™ T (1-1eP)
{=(M—-1)K+1 {=MK+1
X exp (=W (@p, Ak M+1s - ON V1o ooy YE—L))
N
2
x exp (—Wi(agm+1s -+ s XK M+L> V) 1_[ d ay. (A13)
t=(M—1)K +1

The modulus of the reminder | R, | in (A13) can be easily bounded from above and below
by two constants C, C > 0 independent of N, therefore we conclude from (A12) that

1 1
FaL(V.p) == lim —In(ZYH(V.p)) = == In(u(V.B) . (Al4)

Since A1(V, B) is analytic for § > 0, see [40, Chapter VII, Theorem 1.8], and strictly
positive, see [69, Theorem 137.4], we conclude that F47, (V, B) is analytic with respect

to B.
We can apply the same procedure to the partition function Z%! T( v, ﬁ ) in (32). Also in

this case the potential Tr(V(E)) with V as in (17) and the matrix E as in (31) is of
finite range K, meaning that it can be expressed as a sum of local quantities [54]. More
precisely, assuming N = KM + L with L < K and M, N, L € N we have

K—1
~ M-l ~ o~ —— ~
Te(V(E) = ) W(@e. @) + WO, ..., 0, —1, &)
(=1 (A15)
+W(&M,(XKM+1,..-,(XN,O,...,O)-
— e S— —
L K-L

For example for V(z) = z2 +z%> one has K = 2and N = 2M + L where L = 0, 1,

depending on the parity of N. The vector o, takes the form oy = (ape—1, ap¢) for

¢ =1,..., M. In this notation, we can rewrite the potential as
M—1
Tre(V(E) = Y W(@e, @esr) + W (@, S.10n, 0) + 20 (] +2@207)
_ —/—J
=1 =W(0,—1,a1,02)

(A16)

where in this case

1 1

~ . o2 - 2
W@, @evt) =20 ) (20 14s@2085)> — 4R Y 20 14s@2bs145 P34
s=0 s=0

and 8z 1 is equal to zero for L # 1.
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Using (A15) the partition function can be written in the form

doy Nl ( 7N)
zZit v = [ ST e (1 1aP)
DN-1xsl Jj=1
K—L

M—1 o _ —_—
xexp | — Z Wiay, aoe1) — Wiy, agmets ... an,0,...,0)

=1

K-1
—— ~

xexp| —-W(@,...,0,—-1,a7) | . (A17)

We want to apply the same technique as in the previous case, but we have to pay attention
to one important detail: in this situation, the eigenvalues and the eigenfunctions of the
transfer operators will be dependent on the block number. Indeed, in this case, the
exponents of (1 — |a; |?) are not identical, but they depend on the index j as in (A17).
For this reason, we define

2K

0 1 2 K 1 2 K
D=gl1-=1-= . 1—=1—-—1—= ... 1-=],

NN N NN N
and
. j— 1
Cm:;(l)_ﬁfo, j=1....M—1,

where the vector K has entries K; = K for j = 1,...,2K. For K integer and K < N
we introduce the multiplication operator Mg : L>(DX) — L?(DX) defined as

_kg
2N

K
M@ =[] (1= 1) ™ f@.

j=1
Remark 10. We notice that, for 8 € R*, K € Nand N € N big enough, the function

K 2 X 2 K . . . ..
[Ti= (1 —lajl*)" 2 e L*(DX). Since we are considering the limit N — oo, and

B, K independent from N, we always assume that this condition holds.
We observe that M_x = (Mg)~! and the operators Tw) . L2(DK) — L%(DX)
defined in (A7) satisfy the relation

7;.(/41) ZMK,]-;(j)MKa j=1...,M—1. (A18)

We recall that the operators TC(-” are compact, furthermore, we notice that M KT;( ) 18
also compact since it is Hilbert—Schmidt [40].

Let us define the K (M — 1)-dimensional vector ¢, = €M=D_ . ¢D) and the
operator Ty ¢, : L>(DK) — L2(DX) as

;ZV—M,{M = Mg Tew-y Mg Teu-o Mk -+ - Mg T, (A19)

we notice that it is a compact operator, since all M K’]z.( ) are Hilbert—Schmidt.
We will now prove the following technical result:
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Proposition 12. Let %Mng as in (A19) and ZII;,IT as in (Al7) then:

.1 zar
lim —In|—2 |} =o, (A20)
N—o00 N Tr(TMaCM)

here by Tr("ZV’M, ¢,) we indicate the standard trace on L2,

Proof. We will estimate both Z HT “and Tr(’jv' M.¢,,) from above and below, then com-
bining these estimates we will obtain (A20). We start with Z If,l T,

N—1
day (1-4)-1
HT 2 2
ziT — / o ndaj(l—|aj|)
DN-1xs! Jj=1
Ml K—L
xexp | — Wy, 0ps1) — W@y, dkpmets ..., an, 0,...,0)
=1
K—1
e e ~
xexp | —W(@,...,0,—1,a;1) | . (A21)

We can bound the first and the last three terms in the above exponential with two positive
constants C(V, 8) and c(V, B), independent of N, such that

K—-L
o~ ~ - _ ——
C(Vylg)fexp _W(a]5a2)_W(“M*laaM)_W(“MaaKM-l-l?""anO’"'70)
K—-1
—— ~
xexp| —-W(@O,...,0,—1,a1) | <C(V,p) (A22)

where in the exponents each «r; € D. From the previous inequalities, we deduce that the
integral

d N-1 Bl1-4)-1 M=o
/ izz Jl:[l d’a; (1 — |Olj|2) (1-4) exp <— ZZ:; Wiay, ““1)) (A23)

DN-1xs!
is bounded from above by Z]I\?T/C(V, B) and from below by ZﬁT/C(V, B). We can

explicitly integrate in o; for j = 1,...,K and j = (M — DK +1,..., N using the
formula

t—1
/(1—|z|2> 2z =", (A24)
D
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obtaining that there are two constants C1(V, 8) and c1(V, B) dependingon V, B, K and
L but not on N, such that

(M=K ﬁ<17%>7]
ZHT < ¢y (v, pNEL! [T (1 — |a,-|2)
p-2k L J=K+1

M-2
X exp <— Z W(&z,&z+1)> ,

=2
(A25)
and
(M=K ,3(1,4),]
ZHT > (v, pNK+L-! [T ¢ (1 - |aj|2) v
p-2k L J=K+1
M-=2
X exp (— pIRACT &’m)) : (A26)
=2

We can proceed analogously to estimate the trace of oy Mgy

J 1 1

K M-DK+j\ 1
Te(Tue,) = / H<1_|aj|z>§(1N)zl—[<1_|aj|2>§(1<;;) >

pM-ng J=1 j=1
(M-DK J
pl1-4)-1
j=K+1
M-=2 (M—1)K
X exp —Z W(&j,&jﬂ)—W(&M_l,&l) X 1_[ dzaj.
=1 j=1

(A27)

As before, we notice that there exist two positive constants C (V,B),and ¢(V, B), inde-
pendent of N, such that

V. B) < exp (—W @y, 02) — W(@y—1.@1)) < C(V. B) (A28)

when a1, 00, tpy—1 € DK . From these inequalities, we deduce that the integral

K B(1_i)_1 K B(1_M-DK+j)_1
l—[(l_|aj|2)2(1 1{/) 21—[(1_|aj|2)2( ~ f) 2
pM-nk J=1 j=1
(M=K /3(17@71 -2 (M=K
X l_[ (1—|(xj|2> exp —ZW(E]-,&]-H) l—[ dzaj
J=K+1 j=2 j=1

(A29)
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is bounded from above by Tr(’fM,;M)/'cV(V, B) and from below by Tr(’fM,;M)/a(V, B).
Using (A24) we can now explicitly integrate in «; for j = 1, ..., K the above integral
obtaining the following inequalities
M-DK J
~ ~ B(1—4)-1
e, <Cwv.p [ | T @ (1-1aP) (=4)

DMK j=K+1

M-2
X exp (— > W@, &‘m)) , (A30)

=2
(M—-1)K )
TI'(;]:M’;M) > EI(V, :3) f 1_[ d2(¥j (1 _ |Ol]|2>ﬁ<1 N) 1

p-2k L J=K+1

M-2
X exp (— pIRACT &m)) , (A31)

=2

where C 1(V, B), and €1 (V, B) are positive constants depending on V, 8, K and L but
not on N. Combining (A25)-(A26)-(A30)-(A31) we deduce (A20). |

Applying the previous proposition, we can express the Free energy of the Circular 8
ensemble in the high-temperature regime in terms of Tr(7yy):

. 1

fim (1 Zy" In(Tr(Ty ¢.))
= — lim — n|{———1|+In(ir
Nooo N (T, ML

In(Tr(7;
_ i MOragy,)) (A32)
N—o0 N

where in the last equality we used Proposition 12. -
As a final step, we have to understand the behaviour of Tr(7y ¢, ), and for this purpose
we need to carefully analyse the compact operators ’T;( -

Let {{,(z, V, 4(/ ))}nz 1 be the eigenfunctions of TC( j with corresponding eigenvalues

{An(V, C(j))}nzl and |A(V, §(j))| > A (V, C(j))| > .... From a generalized ver-
sion of Jentzsch’s Theorem (see [69, Theorem 137.4]), we deduce that |1, (V, ;U ))| <
AV, eD) forall n > 2.

We are now in the position to prove the following proposition.

Proposition 13. Let {y,(z, V, ¢V ))}Z": | be the eigenfunctions of the operator ’Zz.(_;) in

(A7) with corresponding eigenvalues {A,,(V, ;U))}ﬁ":l. Consider the operator %M,;M in
(AI9), then there are constants 4, aj,cj, j = 1,..., M — 1 uniformly bounded in N,
and so in M, such that :

(1@ V.2D). T g, v (Ve ) =TT 1 (V.20 (14540 (7)) - (a33)

[ Ceea (e V.8 V), T g, e V.8 V) | 2ATTNS M (V.6 D) (14540 ()
(A34)
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Proof. To simplify the notation, we will drop the V dependence of the eigenvalues
An(V, £)), and of the eigenfunctions v/, (z, V, £ ).

We will prove (A33) by induction on M. For M = 2, we have that ’TM S =M K,]—;(l) R
so we have to compute:

<w1 (2.8, Mg T (2, c“))) =@ (Vi@ g ") Miyi . g ™))

K
= m@O) [ vz e D)., [T = 12Dy g ™)
j=1 (A35)

=@M <w1 (z, ¢, (1 - ~]§) +0 ( ! )) (2, c‘”))
1
=xrM) (1 O <N2>>

. ~ . . _KB
where the function aj(z) is the first term of the expansion of ]_[5.(:1(1 -z j|2) N

in powers of 1/N and the constant a; = (y1(z, ¢ V), @1 (2)¥1(z, ¢V)) is uniformly
bounded in N. So the first inductive step is proved.
For general M, we define the vector &, = (¢ M=1 " £ @) 50 that

Trgy =Tn-1.y_ Mk T
Using the above relation we obtain

(1@ &), Tug, 1@ ")) = (V12 e D). Turr.g, Mk Ty 26 D))
(A36)

Thanks to [40, Chapter VII, Theorem 1.8], we know that the e1genfunct10ns V1 (z, ;(l ))

and the eigenvalues A (¢/)) are analytic functions of the parameter £, so, for N big
enough, there exists a function & (z) € L?(DX) independent of N such that

V12 D) = Y12, ¢@) (1 2% (%)) (A37)
and a constant ¢; such that
i 1
)\1(;(1 1))—)»1(§(j)) <1+ N +0(N2>> (A38)

Using (A37) and the expansion of the function defining the operator M g we can expand
(A36) as:

<1ﬁ1 (z, ¢ M), 7M71,;M_, Mg Ty (e, C(l))>
=r1cM) (Wl(z, ¢?), %M—I,L'M,l Y1 (z, E(z)))

T ~ 1
+ l(f;, )(wl(z,;@),TM_],;M_lwl(z,c@)) (51<z)+51(z>+0(ﬁ>>>
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rE® I\ ~
+ 1(§] ) (1//1(2, ;(2)) (S] (Z) + 0 <N>> s TM—I,CM,J”I(Z, 4(2))> . (A39)

To bound the last two terms in the above relation, we use (A18) and (A38) so that

HMKT;U)

‘ = H’T;on)MElH <nEU*)y =ne") <1 +y O (1\12>>
(A40)

for j =2,..., M — 1, here in the first inequality we use the fact that ||./\/l;(1 || =1.
Using (A40) we can bound the second term in the r.h.s of (A39) by

1
‘(Wl (z, ;(2))7 MK,];(M—I)MK . .../\/lKTg(Z)WI (z, ;(2)) <51 (Z) + £ (z) + O <N>>>‘
1
Y1(z, @) (51(1) +£1(z) + O (ﬁ))

X HMK,]—C(M—I)MK . ..MKT(z)

M—1
<c l_[ HMK »
Jj=2

< |l WL\

2

1

\<c1‘[xl(c<f>)<c1"[xl(;(”)< ~ 0(%))

(A41)

for some constant ¢ uniformly bounded in N. An analogous inequality can be obtained
for the second term in (A39). Thus, applying the induction to the first term in the r.h.s.
of (A39), we deduce (A33).

We move to the proof of (A34). Applying (A33), we can estimate (A34) as

> <W(Z, ¢, Doy Ve, c“b)‘

>2

= 12 (e e T e, ) = (1@ D), Tog 1 2,8 1))

=2

< ]‘[ x,(;<f>)(1+ +0( ! )>+|Tr(%M,;M)|. (A42)

j=1

Regarding the second term in the r.h.s of the above expression we claim that there exists
a constant ¢ such that

M—1

1
ITr(Tw e, )| < ¢ ]"[ A9 (1 +-L+0 <N2)) ) (A43)

j=3

To derive the above inequality first, we consider the operator 7o | = Mg 'T;(z) Mg T;(l) s
it is a compact operator and it is trace class since it is the composition of two different
Hilbert-Schmidt operators. Let {),},>1 be its eigenvalues numbered in such a way
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that {|X,,|}nz 1 is a non increasing sequence and let {¢,(z)},>1 be the corresponding
eigenfunctions. Then

ITe(Zare, ) = | <§0n, Mg Tpw-n -~-MKT;(3)72,1<Pn)

n>1

< Z Al ‘(fpn, Mg Tewm-y .. .MKT§<3><Pn>

n>1
> ol
n>1

MK’]—;(M—I)MK ... MK'Z}@)

(A44)
Since 75 ; is trace class, it is a classical result that [31]
D 1Kl <) 5w = 1Ta1vace » (A45)
n>1 n>1

where {s,},>1 are the singular values of the operator 7 1. Furthermore, since 73 ; is the

composition of two Hilbert—Schmidt operators, we have the following inequality
2.1 lItrace < [IMg Ty |luslIMg Teollus < € (A46)

where ||-||ys is the Hilbert—-Schmidt norm and ¢'is a positive constant uniformly bounded
in N. Thus, applying the previous chain of inequalities and the same argument as in
(A41), we deduce that

M—1

1
ITr(Tv e, )| < c ]_[ A1) <1 +-L+0 <N2>) , (A47)

so we conclude our proof. O

Applying Proposition (13) to (A32) we obtain that:

1 -
Fur(V.§) == lim —n(Tr(Tyz,,) =

o -~
= Jim i | 3 (Ve Ve T g a2 V.5 D))

N—o00
n>1

1 M—1 . 1 (A48)
Z_le’oo [ﬁln ]]:[] AV, @) (1 +0<N2>>

+ 1 ml1+ Y sn (Ve V. ¢ D), Tu.e, Wiz, V, £ D)) }
N l—[y:—ll AV, e (1 + %40 (ﬁ))

applying the inequality (A34) of Proposition (13), we deduce that the last term in the
above relation goes to zero as N — oo and we obtain that

M—1
1 -
Fur(V,p) =~ lim —n | [T, ¢ ). (A49)
j=1
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Since A1(V, ¢7) is positive and an analytic function of the parameter ¢/, we approx-
2K

i ) wi _ iK — (1 - K
imate the vector ¢'/’ with the vector (1 — ) (8, B,...8) = (1 — )P and deduce
that A (V, ¢U)) = & (V, B (l — %)) + O(N~Y). Therefore, we can rewrite (A48)

as
1 M—1 K
Fur(V.p) =~ lim — Y n (M (v, B (1 - %))) -

j=1 (A50)
1
— %/(; In (A1 (V, Bx))dx.

This, combined with (A14), leads to (A1). Moreover, as a consequence of the last relation,
we deduce that Fyr (V, B) is analytic in 8 for 8 > 0.

We notice that the proof of Proposition 8 is heavily based on the assumption that the
potential V that we are considering is of finite range, otherwise our approach would not
work.

We now prove the moments relations (61). For this purpose we have to prove the
relations

/ cos(0m) i1 (d6) = 8, Fyr (V + %m(z’"), ﬂ) : (A51)
T

[r=0

t
f cos(Gm),uﬁL(dO) =0, Far (V + Eﬂi(zm), ,3) . (A52)
T [r=0
Analogous relation can be written for the imaginary part of the moments. We focus
on (A51). From Remark 6, we know that Fyr(V, 8) = f<V;ﬁ>(M',’;T(9)), where the

functional F(V-#) is defined in (42) and ,u'ZT (@) is the density of states of the Circular 8
ensemble at high-temperature. We write the Euler-Lagrange equation for this functional,

getting that MZT(G) satisfies:

. (10 —vI B B _
2V(0) —28 Tln sin 5 Wy ()dy +In(uy(0)) +C(V,B) =0,
(A53)

where C(V, B) is a constant not depending on 6. -

Now let us consider the functional corresponding to the potential V() = V(0) +
3 .
5 cos(m):

FVO+5 costmd). ) (1) =2/ V(Q)u(@)d0+tf cos(m0)u(6)do
T T

+ /T In (u(0)) p(0)do

_B f/ In sin ('9 — ”') 1O u(y)dody +1n(2) .
TxT 2
(A54)
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Also this functional has a unique minimizer that we denote by ,u,(t )(0), with u(o) 0) =
M'ZT(O). Evaluating the above functional at w(8), and computing its derivative at
t = 0, we deduce the following relation:

al]_—(V(HH% cos(m6),B) (:U«(t))\ .
1=

:2/ V(@)a,u(’)(9)|t:0d0+/ cos(mO)ul, (6)d6
T T

. (10—l
—2/3// In sm< 5 )uZT(y)atu(’)(é)hod@dy
TxT

+ / In (M’,’;T(e)) 8,0 (0)],_,d6 . (A55)
T

Testing (A53) against 0; ,u(’ )(9)“:0 we obtain

2 [ V©§pD 0046 =28 [ [y, pInsin (52) 1w (0,10 0),ydody

+ fyln (Mfi,,(e)) 8 (9),_,d0 =0, (A56)

where we have used fT 8t,u(t)(9)d9 = 0. Thus, we can simplify (A55) as :
VO s yy — [ costmyudy 01, (A5T)
T

which is equivalent to (A51).
To complete the proof of Proposition 8§ we have to show that (A52) holds. From the
definition of mean density of states (41) we obtain that:

E [R(Tr(E™))]
2N

A G EERICON)

/T cos(mB)u”,, (d6) = Jim_
(A58)

= — lim li=o0

N—00 NZUM v, B)

where the expected value is taken with respect to the generalized Gibbs ensemble of the
Ablowitz—Ladik lattice. A similar equation holds for the imaginary part of the moment.
Let’s focus on the numerator, first we notice that we can assume that 91(z") and V to have
the same range K. The more general case can be treated in the same way. Differentiating
the partition function we obtain

N

3 (zgg‘” (V+ %m(z’”),ﬂ)) = % /D R(TeE™) [] (1 - |a‘,~|2)ﬂ
[r=0 N

i=l (A59)

M

~ ~ 1\ g2

X exp (— Z W(ae, @) —Wilagm+t, - .. dkmsr, @1) | doe.
=1

—1
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Due to the structure of the measure and of the Lax matrix £, we deduce that there exist
. —L =K
two smooth functions g : DX x DX — Randg; : D” x D"~ — R such that

3 z“‘”(v Lyram). )) =/ a2
z<N sep)) = a]‘[( ;)

M
X [28(56,&z+1)+gl(a1<n4+1, ---,OlKM+L,&1):| (A60)
=1

M
=Y W@, &e)-W a) | d?
X exp (@, 0tpr1)—Wilagmet, - .- 0k p+L, @1) | d7a
=1

Proceeding as in the proof of Proposition 13, defining the operator Tp([) as
Tﬂ(” = Tge'®, (A61)

for N big enough, (A60) is asymptotic to
t _
o (z};‘“ (v +5ME, ﬁ)) ~ MTr (a,(T‘f’))h:OTﬂM 2) . (A62)
lt=0

Following the same reasoning as in the previous proof, in view of the analyticity of
A1(V, B), we deduce that the previous equation is asymptotic to

3 (z}VA” (v + %m(z’"), ﬁ)) ~ MMV, BYM 20,00 (V +1/2RE™), B, -
lr=0

(A63)
Exploiting (A12)-(A14) and (A63), we can rewrite (AS58) as:
9, ( A (V+5RE™, ,3))
lim =0
N=oo NZGP v, B)
; Mo (V. M 20000 (V + 50E™). B),
= lim =
N=o0 N2 a VL) (AG4)
dhr ((V + 5%, /3))|,:o
a Kx(V, B)

— —a, (FAL <V+%§R(zm),/3>> .
lr=0

Thus, we have completed the proof of Proposition 8. O
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Appendix B Proof of Lemma 11

We prove (89) for k = 1 and the cases k > 1 easily follow. For convenience we consider
the more general case of (A, 1, 8) € C x C x {z € C|N z > 0}.

Let us define Ris) = <£s hs) where s > 1. If follows from (88) that

s Ys

M 2
<f5 hs) = <f5‘1 hH) (1 M GT) S(S+nﬁ+1)> s> 1. (B65)
Ps 4s Ps—1 4s—1 1 0

Note that in the case n = 0 the lemma is trivially satisfied. We will show that all the

sequences { fs, hs, Ps, gs}s>1 converge as s — 00, MOreover Ay, g IZ%% 0. First of
2 2

all, we notice that h, = v?%/:}:—ll) and gy = %}gﬁ), thus the convergence to zero of

these two sequences follows from the convergence of ps and f; as s — oco. Moreover,

the terms of the sequences { f, ps}s>1 obey to the 3-terms recurrence:

B A8 n’
fs_<l+s(s+,3))fs_l mfr -2, (B66)

and the same holds for p; in place of f;. Thus, we have just to prove that the sequence
{ fs}s>1 converges. We assume that (A, 17, 8) € Q where 2 C Cx C x {z € C|f z > 0}
is a compact set. With this assumption we can give a bound to | f;| from above as:

2n% + A
il < (H%}i’”) max (| fy_1]. | fy_2l) - (B67)

Inductively, we deduce that there exists a constant C = C(£2) such that:
K 2
277 + |ABn| 2n° + |ABn|
=] (1 222 c]"[ LA ees)
T e (t+p)

Furthermore, the infinite product on the right-hand side of (B68) is convergent by a
classical result, see for example [46, Chapter XIII, Lemma 1], this implies that the
sequence { fs}s>1 is uniformly bounded. Moreover, we have that:

| fsAB7] %) fs—1l <G n% +[1pn| (B69)

| for1 = fil < GHDG+I+B)  sG—14p) — sG-1+p)"

for some constant C > 0 that depends on the compact set 2. This last equation implies
that the sequence {f;}s>1 is a Cauchy sequence, thus it is convergent. So we get the
claim (88). The claim (90) easily follows from (88).

Regarding the differentiability in the parameters A, n and 8, it follows from (B66) that
fs = fs(A, n, B) is analytic in Q2. Since fs(A, n, B) — f(A, n, B) ass — oo uniformly,
then by Weierstrasse convergence theorem, f (X, n, 8) is analytic in 2. O
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