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Abstract
A novel equation that describes the temperature dependence of the residual mass fraction (as determined by thermogravimetric analysis) is derived, 
assuming that the dependence of the residual mass fraction on temperature has a sigmoidal shape. The equation allows the estimation of the 
sigmoidal activation energy solely from the experimental data at a single heating rate. The consistency with the isoconversional approach and the 
relationship between the Ozawa and sigmoidal activation energies are reported. The equation was successfully tested by the thermal degradation of 
atactic polystyrene at various heating rates. Both the thermograms and their derivatives are analyzed in detail.

Introduction
High-temperature exposure triggers degradation processes in 
polymers and polymer-based materials.[1,2] Thermogravimetric 
analysis (TGA) quantifies the evolution of the mass of materials 
as a function of temperature and time when subjected to various 
temperatures in different environments. The main ones are: (1) 
the inert environment (represented as the thermal degradation 
of materials in nitrogen, noble gases, or vacuum). In this envi-
ronment, the polymer-based material does not interact (reacts 
chemically) with the environment at any temperature.[3–5] (2) 
The planetary(Earth) atmosphere (defined mainly as a combi-
nation of nitrogen and oxygen[6,7]). Interactions between the 
degrading polymer and the environment are possible, mainly 
at high temperatures. (3) The reactive environment (which 
implies chemical reactions or physical modifications due to the 
interactions between the components of the atmosphere and the 
materials under investigation). The standard example is thermal 
degradation in the oxygen atmosphere. Some authors include 
the Earth environment within the reactive environment. (4) 
The space environment(s) which may include radiation, and/
or highly accelerated particles, and/or extreme temperatures.[8]

The isothermal TGA focuses on the evolution of the mass 
of the sample at constant temperature (usually above room 
temperature) as a function of time. The non-isothermal TGA 
emphasizes the evolution of the mass of the sample, as the tem-
perature of the sample is raised in time (typically with a con-
stant heating rate in time). While non-isothermal TGA reflects 
the dependence of the residual mass of the sample on both time 
and temperature, in most cases the as-recorded experimental 

dependencies (thermograms) are considered to represent the 
dependence of the residual mass on temperature. Within this 
manuscript, RMF will represent the residual mass fraction, 
assumed normalized to 100, and expressed as a percent. The 
manuscript focuses on the non-isothermal degradation of mate-
rials (polymers) in an inert (nitrogen) atmosphere. For such 
elementary degradation processes, there is a simple relationship 
between polymer conversion and RMF.

TGA is recognized as a standard experimental technique in 
the study of homopolymers,[9,10] polymer blends,[11] copoly-
mers,[12] block copolymers,[13] polymer-based nanocompos-
ites,[14] and metals with low melting temperature.[2,3] The sim-
plest TGA thermogram (performed under an inert atmosphere) 
is recognized by its single sigmoidal shape representing the 
dependence of the RMF on temperature.[15–18] Mathematically, 
the associated sigmoid equation exhibits no extremum point, 
has a single inflection point, and is symmetrical (the inflec-
tion point is located at the inflection temperature, TI, where 
it is expected that RMF is equal to 50%). For more complex 
materials, the sigmoidal shape may be distorted, and/or the 
thermal degradation may be represented by a convolution of 
several sigmoids.[19] High heating rates are stretching the ther-
mograms, affecting their symmetry.[20] In TGA experiments 
performed under oxygen or reactive gases atmospheres, the 
temperature and time dependence of the mass is expected to 
be more complex.

The manuscript focuses on a semiempirical derivation of a 
novel equation that describes the evolution of the residual mass 
fraction versus temperature, in the degradation temperature 
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domain (i.e., in the vicinity of the inflection point) and demon-
strates that the actual thermograms representing the tempera-
ture dependence of the RMF of a simple homopolymer—in 
this case, atactic polystyrene (PS)—at different heating rates 
is well fitted by the new proposed equation. The choice of PS 
is straightforward: Atactic polystyrene is a simple polymer, 
technically completely amorphous, with the glass transition 
temperature at or below 100°C[21] (decreasing as the aver-
age molecular weight is decreasing), which is well below the 
temperature at which the thermal degradation starts. The ther-
mal degradation of polystyrene[22–24] and related (nano)com-
posites[22,23] is well-documented. Thus, the phase transitions 
and modifications of PS are not located in the vicinity of the 
thermal degradation domain, resulting in very simple (clean) 
thermograms. Accordingly, it is easier to understand the limits 
and the advantages of the novel proposed equation by selecting 
such a simple and well-documented polymer.

The manuscript includes a detailed study of the parameters 
associated with the derivatives of the as-recorded thermograms 
(with respect to time or temperature). A particular emphasis 
is given on the importance of the inflection temperature TI, 
the inflection RMF labeled as mI (which is the residual mass 
fraction at the inflection point), the amplitude of the deriva-
tive of RMF versus temperature at the inflection temperature 
(which represents the highest RMF loss rate), and the width 
of the derivative of the RMF (with respect to the tempera-
ture) dependence on temperature (wI). Many authors reported 
the temperature at which the RMF reached a certain value, 
frequently selected arbitrarily.[25,26] It is the authors’ opinion 
that some of such (most frequently used) parameters have an 
empirical nature and consequently do not carry a physical sig-
nificance. The physical meaning of the inflection temperature 
is that of the temperature at which the mass loss rate, vI, is 
highest.[3] Hence, TI and vI are the coordinates of the inflection 
point. Usually, the inflection point is defined as a minimum, 
which can be converted into a maximum by multiplication 
with-1. Some authors prefer to use the empirically defined T50 
or T1/2, which is the temperature at which the RMF is equal to 
50% (half of the initial mass[26]). For a perfectly symmetrical 
degradation process with no residue T50 = T1/2 = TI.

The onset temperature aims to eliminate from thermograms 
the first part, where contributions due to adsorbed gases or 
volatiles may be present.[26] The (extrapolated) onset tempera-
ture is defined by the intersection between the line representing 
the (constant) mass on the low-temperature side of the ther-
mogram (extended to higher temperatures) and the tangent to 
the thermogram at the middle of the transition range (inflec-
tion temperature). The onset temperature is determined by the 
dependence of the RMF on the temperature, which does not 
generate a precise location of the inflection point. The offset 
temperature has an analogous definition and represents the 
crossing between the tangent to the thermograms at the middle 
of the transition range (i.e., the inflection point) and the con-
stant (residual) RMF baseline on the high-temperature side of 
the thermograms. Within this manuscript, it is considered that 

the width of the derivative of the thermogram is also a well-
defined quantity, more accurate that the onset and offset tem-
peratures. Some authors defined the thermal degradation range 
as the part of the thermogram between the onset temperature 
and the offset temperature.

Mathematically correct and physically significant are also 
the inflection temperature and the extremum (maximum) RMF 
loss rate, which are the coordinates of the inflection point. This 
approach adds the width of the derivative of the thermogram 
as an additional parameter that may be accurately extracted 
and analyzed.[3] The inflection RMF may also be determined 
from the initial thermogram, either directly or after locating the 
inflection temperature from the graph representing the deriva-
tive of the thermogram (with respect to the temperature) versus 
the temperature.

Materials and methods
Atactic PS powder, with an average molecular weight 
MW = 650,000 and MW/MN = 1.06 was purchased from Alfa 
Aesar and used as received. Thermogravimetric Analysis 
experiments were performed in a nitrogen atmosphere using 
a TG 209-Tarsus (Netzsch-Germany) instrument, in the range 
50 to 1000°C. Different constant heating rates (1, 5, 10, 20, 30, 
and 40°C/min) were used to degrade the polymer thermally. 
The research reported here does not include Human or Animal 
subjects.

Results
Within the Supplementary Information section included with 
this manuscript, it was demonstrated that a simple single sig-
moid equation is consistent with the most important models 
associated with the thermal degradation of materials. The proof 
presented within the Supplementary Information section is 
based on a novel semi-empirical approach to an equation capa-
ble of describing the thermograms, starting from an expression 
based on a "guessed" mathematical equation, known to have a 
sigmoidal shape. Specifically, it was assumed that both the tem-
perature dependence of the RMF and the time dependence of 
the RMF are represented by single sigmoid-like dependencies.

The dependence of the residual mass fraction (expressed in 
%) on temperature (measured in oC), for the thermal degrada-
tion of polystyrene, at various heating rates ranging from 1 
to 40°C/min is shown in the upper left panel of Fig. 1. This 
dependence is consistent with a single sigmoid-like shape, with 
negligible residues. The dependence of the RMF on the degra-
dation time (measured in minutes), for the thermal degradation 
of polystyrene, at various heating rates ranging from 1 to 40°C/
min are shown in the upper right panel of Fig. 1. This depend-
ence is also consistent with a single sigmoid-like shape. In 
conclusion, the basic assumptions of the proposed model, that 
both the temperature and time dependencies of the RMF have a 
sigmoidal shape, are verified for the thermal degradation of PS. 
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All thermograms shown in Fig. 1 have been shifted upwards 
by the same amount to allow for better viewing. The thermo-
grams are shifted to higher temperatures as the heating rate is 
increased. It is observed that the number of data points per a 
given temperature range decreases as the heating rate increases. 
The inflection temperature shifts to higher values as the heating 
rate is increased, while the derivative of the thermogram nar-
rows and its intensity is increased.

Some preliminary steps are required to continue further with 
the analysis of experimental data. As demonstrated in the Supple-
mentary Information section, the thermograms are described by:

where |EA| was introduced to have the correct term (sign) for 
the Arrhenius component. Assuming that the temperature 
dependence of the RMF is stronger than the time dependence 
on the residual mass fraction, it is possible to neglect the time 

(1)Ŵ∗(t, T ) =
A

1+ B[expα(t)]
[

exp−
|EA|

RT

] ,

dependence (compared to the temperature one), within the deg-
radation range.

This justifies the approximation Bexp(αt) ≈ D, where 
D is a constant. At this point is essential to notice that the 
complete separation of time and temperature is impossible. 
For this reason, it will be considered that this method pro-
vides the sigmoid activation energy, EA

(S), which may differ 
from the actual activation energy, EA. Consequently, Eq. (1) 
becomes:

The actual non-isothermal TGA data have been fitted using the 
expression within (Origin Pro):

(2)
Ŵ∗(t, T ) ≈ Ŵ(T ) =

A

1+ D exp

(

−
E

(S)
A
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Figure 1.   TOP LEFT The dependence of the RMF on temperature for PS degraded at various heating rates. TOP RIGHT The dependence 
of the RMF on the degradation time for PS degraded at various heating rates. LOWER LEFT The dependence of RMF on temperature, 
for different heating rates: Symbols are showing experimental data and the lines are the best fit obtained using Eq. (3). LOWER RIGHT 
The dependence of the temperature derivative of the RMF with respect to the temperature. Symbols show experimental data and lines 
represent the best fit obtained using the Eq. (4).
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where C*(θ) is the residual mass fraction at a given temperature 
θ, expressed in oC, A1 = A, A2 = D, Z is the baseline correction, 
S is the slope correction, and EA

(S) is the sigmoidal activation 
energy.

The lower left panel of Fig. 1 shows the dependence of 
the RMF on temperature for various heating rates. The sym-
bols represent the experimental data and the lines the best 
theoretical predictions based on Eq. (3). It is concluded that 
the proposed model describes with good accuracy the experi-
mental data.

The lower right panel of Fig. 1 represents the temperature 
dependence of the derivative of the residual mass fraction 
derivative (with respect to temperature). The symbols repre-
sent the experimental data and the lines the best fit obtained 
by fitting these dependencies using Eq. (4).

where Y is the intensity of the derivative of the thermogram 
at the temperature θ (where the temperature θ is in Celsius 
degree), B is the baseline correction, S is the slope correction, 
W is the width of the Lorentzian shape, A is the amplitude of the 
Lorentzian line, and G represents the temperature at which the 
maximum the derivative of the thermogram is reached.

For a symmetric sigmoid shape, it is expected for the 
residual mass fraction at the inflection point to be equal to 
50%. The left panel of Fig. 2 represents the deviation from 
the symmetric sigmoid, defined as 50-mI, where mI is the 
RMF at the inflection point. It is observed that this devia-
tion is relatively low (about 5%). As expected the deviation 
increases as the heating rate is increased.

The proposed approach provides a path for the calcula-
tion of the so-called sigmoid activation energy, EA

(S) (see 
Eq. 3). Actually, within this model is possible to estimate the 
dependence of EA

(S) for each heating rate.

(4)
Y (θ) = B + S × x + (2× A/π)

× (W/(4× (θ − G)× (θ − G)+W ×W )),

The dependence of the EA
(S) on the heating rate is shown 

in the right panel of Fig. 2. It is observed that the depend-
ency of the sigmoidal activation energy on the heating rate 
is rather complex, exhibiting a maximum at a heating rate of 
about 10°C/min. The average sigmoidal activation energy is 
about 540,000 J/mole. The activation energy for the thermal 
degradation of polystyrene, calculated using the Coats-Redfern 
equation, was reported to be 263,000 J/mol.[21] The activa-
tion energy (for the thermal degradation of polystyrene) was 
found to range from 80,000 to 200,000 J/mol (increasing as 
the molecular mass is increased), with the highest molecular 
mass Mn = 1.6 × 106.

This discrepancy was not unexpected and reveals why this 
activation energy was labeled as sigmoidal. The next step will 
tentatively focus on the estimation of the activation energy by 
standard methods for the PS degradation reported within the 
manuscript. Such an approach requires knowledge of the tem-
perature derivative of the thermograms.

The temperature derivative 
of thermograms
In many cases, the as-recorded thermogram, i.e., the tempera-
ture dependence of the residual mass (fraction) is an envelope 
that engulfs several competing processes, even if the degra-
dation process is represented by a single sigmoid.[21] Unex-
pectedly, some of these “hidden” thermal processes became 
visible if the derivative of the residual mass (fraction) versus 
temperature is represented as a function of temperature.[21] This 
explains why the derivative of the thermogram is considered in 
the analysis of TGA data.

In simple degradation processes, a single sigmoid-like ther-
mogram is recorded. From the mathematical point of view, 
the thermograms have asymptotic behavior (are parallel to the 
horizontal axis) at the left and right extremities, have a single 
inflection point, and have no extreme value. The derivative of 

Figure 2.   LEFT The deviation of the mass at the inflection temperature from the theoretical value for a symmetric thermogram. RIGHT 
Dependence of the sigmoidal activation energy on the heating rate for thermally degraded PS.
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the thermogram with respect to the temperature should present 
a single maximum and two inflection points. These require-
ments define a broad class of functions, from which the Lor-
entzian will be considered for simplicity reasons.

As seen from the lower right panel of Fig. 1, the derivative 
of the thermogram versus temperature shows a very poorly 
resolved structure, suggesting that the degradation of PS is 
a more complex process. However, an acceptable agreement 
between the experimental data and the fit based on Eq. 4, was 
achieved.

From the left panel of Fig. 3 it is noticed that the inflec-
tion temperature, which is the temperature at which the RMF 
loss rate is maximum, increases linearly and monotonically 
as the heating rate is increased. The mass loss rate increases 
monotonically as the heating rate is increased, suggesting an 
asymptotic behavior at very large heating rates. The right panel 
of Fig. 3 depicts the dependence of the width of the thermo-
gram’s derivative on temperature. This width is increased as 

the heating rates increase from 1 to about 30°C/min, showing 
a maximum value at 30°C. The integral of the thermogram’s 
derivative increases quasilinear as the heating rate is increased.

The left panel of Fig. 4 shows the dependence of the log-
arithm of the heating rate on the reciprocal temperature for 
various conversions. As expected, based on the theoretical 
approach discussed earlier, straight lines have been obtained. 
The correlation coefficient was about 0.98 for the 1% conver-
sion and exceeded 0.99 for all (other) conversions, indicat-
ing an excellent agreement. The estimated activation energy 
depended on the conversion, increasing slowly as conversion 
increased towards 50% (see the right panel of Fig. 4). However, 
the estimated values of the activation energy were significantly 
lower than the values predicted using the sigmoidal approach.

There is a problem as the sigmoid activation energy differs 
significantly from what is reported. However, there are suffi-
cient data to estimate the activation energy for our PS sample. 
Surprisingly, if it is assumed that EA = 0.456 EA

(S), a very good 

Figure 3.   LEFT PANEL Dependence of the amplitude of the thermogram’s derivative (highest RMF loss rate; left) and of the inflection 
temperature (right) on the heating rate. RIGHT PANEL Dependence of the width of the thermogram’s derivative (left) and of the area of the 
thermogram’s derivative on the heating rate (right).

Figure 4.   LEFT PANEL Dependence of the heating rate logarithm versus the reciprocal temperature, at various constant conversions. 
RIGHT PANEL Dependence of the activation energy on the conversion.
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agreement between the sigmoidal and isoconversional activa-
tion energy. This is based on some isoconversion theories that 
estimate the slope of the dependence of the logarithm of the 
heating rates versus the reciprocal temperature to be 0.4567 
EA/R instead of EA/R.[27]

Discussions
A novel theoretical equation for the temperature dependence of 
the residual mass is proposed. The original approach is based 
on sigmoid-like equations and starts from the assumption that 
in simple cases both the temperature dependence of the resid-
ual mass and the time dependence of the residual mass are 
expressed by sigmoid-like dependencies.

This assumption was successfully demonstrated in this 
manuscript. While the fact that the temperature dependence 
of the RMF was recognized earlier, this is for the first time 
when it is recognized that the time dependence of the residual 
mass fraction has also a sigmoidal shape. The approach allowed 
for the derivation of an original expression for thermograms, 
by exploiting the separation of variables method (with tem-
perature and time as separable variables). The validity of this 
novel approach was demonstrated by the thermal degradation 
of polystyrene.

Subsequently, an equation for the temperature dependence 
of the residual mass is derived based on the sigmoid-like func-
tion. It is demonstrated that the new equation is capable of 
accurately describing the temperature dependence of the resid-
ual mass for PS degraded at various heating rates.

The activation energy (labeled as sigmoid activation energy) 
is derived from TGA data at each heating rate. It is observed 
that the sigmoidal activation energy depends on the heating 
rate.

The connection between the equation proposed, and the 
isoconversional theoretical approach to TGA is demonstrated.

The activation energy was estimated within the isoconver-
sional theoretical approach. It was concluded that this activa-
tion energy depends on the conversion, showing a broad and 
flat maximum for a conversion of 50%.

It was noticed that the sigmoidal activation energy is larger 
than the isoconversional activation energy by a factor of about 
2.0. This was explained in the Supplementary Inform by 
exploiting the Ozawa’s interpretation[27] of the slope.

To conclude, the sigmoidal activation energy for atactic 
PS, calculated using Eq. (2), is consistent (within experimen-
tal errors) with the activation energy estimated using Ozawa’s 
approach.[27] Additionally, it was shown that there is a very 
good relationship between the recorded experimental data and 
the predictions based on the proposed novel equation. These 
results support the novel semi-empirical equation, proposed 
to describe the temperature dependence of the RMF, derived 
within this manuscript. The manuscript also included a detailed 
analysis of the thermograms’ derivatives. As expected, the 
agreement between the theoretical Lorentzian shape (for 
the dependence of the thermogram’s derivative versus the 

temperature) and the experimental data are very good. This 
complementary analysis added the width of the thermogram’s 
derivatives among the parameters that describe the thermal 
degradation process.

Future developments: The choice of PS allowed the study of 
a very simple thermal degradation process, in an inert atmos-
phere (nitrogen), accurately modeled by a single symmetric 
sigmoidal dependence. The novel proposed equation was suc-
cessfully confirmed by this research. Future efforts will aim 
at a better understanding of the limits of this novel equation 
designed to describe the temperature dependence of RMF. The 
research will extend to include faster heating rates, which are 
frequently associated with asymmetric sigmoidal shapes (as 
thermograms are stretched due to the increase in the heating 
rates). Additionally, “multiple steps thermal degradation pro-
cesses”, which may be represented as a superposition of two or 
more sigmoids will be investigated in detail. A typical example 
of such multiple thermal degradation processes is represented 
by the thermal degradation (in a vacuum or inert atmosphere) of 
polyvinyl chloride.[28] Tentatively, future analysis will include 
also thermal degradation processes in air. Such data are of great 
importance for environmental applications.
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