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The equilibrium configuration of white dwarfs composed of anisotropic fluid distribution

in the presence of a strong magnetic field is investigated in this work. By considering

a functional form of the anisotropic stress and magnetic field profile, some physical

properties of magnetized white dwarfs, such as mass, radius, density, radial and tangential

pressures, are derived; their dependency on the anisotropy and central magnetic field

is also explored. We show that the orientations of the magnetic field along the radial

direction or orthogonal to the radial direction influence the stellar structure and physical

properties of white dwarfs significantly. Importantly, we show that ignoring anisotropy

governed by the fluid due to its high density in the presence of a strong magnetic

field would destabilize the star. Through this work, we can explain the highly massive

progenitor for peculiar over-luminous type Ia supernovae, and low massive progenitor for

under-luminous type Ia supernovae, which poses a question of considering 1.4 solar mass

white dwarf to be related to the standard candle.

Keywords: Magnetic fields; white dwarfs; super-Chandrasekhar white dwarf; massive stars

1. Introduction

In a recent article, we have shown that the presence of strong magnetic field,
orientations of magnetic field and the combined anisotropy due to both the matter
and magnetic field exhibit notable influence on the microscopic and thermodynamic
properties of compact stars, viz., neutron stars and strange quark stars. We have
also very briefly discussed in their study (hereinafter Paper I) that same e↵ects can
be observed for magnetized and anisotropic white dwarfs (WDs) which further may
leads to possible violation of Chandrasekhar critical mass limit. Importantly Paper
I shows that to achieve hydrostatic stable configuration for the highly magnetized
compact stars, it is necessary to consider local pressure anisotropy due to matter
besides the anisotropy due to magnetic field. Following Paper I, in the present
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work we assume two type of magnetic field orientations, such as radial orientation
(RO) when the magnetic field is directed toward the radial direction and transverse

orientation (TO) when field is oriented perpendicular to the radial direction (say
along ✓ or � directions). In this work, we investigate in detail the e↵ects of magnetic
field strength, their orientations and anisotropy on the highly magnetized WDs and
their thermodynamic parameters.

WDs achieve stable stellar configuration via equilibrium of the forces when
the inward gravitational pull is counterbalanced by the outward repulsive electron
degeneracy pressure. During the accretion of mass from the companion stars when
WDs surpass their critical mass limit, immediately a violent explosion triggers, which
completely disrupt WDs and releases huge amount of energy of the order ⇠ 1051 erg,
known as type Ia supernova (SNIa). The critical mass limit was introduced by
Chandrasekhar in his famous works2,3 where he predicted that the critical mass
limit for non-magnetized and non-rotating carbon-oxygen (C-O) WD is 1.4 M�
which is known as “Chandrasekhar mass limit” (CML) for WDs.

The standard and specific set of relations among colour, intrinsic luminosity
and light-curve width4,5 make SNIa a perfect candidate for “standard candle”
which helps astronomers to measure accurately the distance of the host galaxy.
Behind the measurement of cosmological parameters, the disproportional relation
between distance and luminosity of SNIa is used as a key technique. In fact, SNIa
as a “standard candle” had pivotal role to confirm the accelerated expansion of
universe.6,7 However, the idea of “standard candle” faces a major setback with the
recent series of observation of several peculiar over-luminous type Ia supernovae
(SNeIa) such as SN 2003cv ,8 SN2007fg ,9 SN2009if

10 and SN 2013dc,11 which are
best explained through WDs as a progenitor having mass beyond CML. Howell
and collaborators8 predicted that to explain SN 2003cv it requires to power by
the radioactive decay of ⇠ 1.3M� of 56Ni which further predicts ⇠ 2.1M� WD
as a progenitor, known as super-Chandrasekhar progenitor WD (SCPWD). Later
researchers have predicted further massive SCPWD against the overluminous SN
2009if of mass as high as ⇠ 2.8M�.

To explain these unexpected overluminous SNeIa, researchers suggested two
possible conjectures such as (i) explosion of rapidly rotating WDs8,12,13 and (ii)
merger of two massive WDs.14,15 Chen and Li22 showed that the di↵erentially
rotating and accreting WD can not gain mass more than 1.7M�. On the other
hand, further investigations showed that through the double degenerate scenario, it
is not possible to explain such a highly massive 2.8 M� SCPWD.16–21 The results
from numerical simulation of massive WD merger suggest that due to o↵-center
carbon burning accreting WD collapses into neutron star.23,24 Hence, it is evident
through the above discussion that the double degenerate scenario conjectures never
leads to a SNIa which can explain the massive SCPWDs.

Introducing magnetic model, Mukhopadhyay and collaborators25,26 are able
to explain SCPWDs where they considered Landau levels due to high magnetic
field in a plane perpendicular to the magnetic field axis and they27 are also able
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to suitably explain ⇠ 2.6 M� highly massive SCPWD. In another study, Das
and Mukhopadhyay28 showed that the average magnetic field and related magnetic
pressure are significantly low compared to the matter pressure when inside magnetized
WDs (hereinafter B-WDs) the strong magnetic field is tangled in a length scale
larger than quantum length scale, which however leads to the Landau quantization
to matter. The mass-radius relation for B-WDs deviates significantly beyond CML
when mass accretion continues as the e↵ective pressure counterbalances the inward
gravitational pull.25,29 Das and Mukhopadhyay30 further predicated that it requires
a time scale of 2⇥ 107 years to turn into a super-Chandrasekhar B-WD (SCBWD)
for a 0.2 M� accreting WD having surface magnetic field (Bs) 109 G. In fact for
the last several years, Mukhopadhyay and his group have explored various aspects
of SCBWDs through di↵erent sophisticated models by considering variation of
magnetic field and geometry, Landau quantization, a pure general relativistic e↵ect,
di↵erential rotation, deviation from the spherical symmetric stellar configuration and
thermal luminosity, etc.31–38 They also explored the techniques of the possible direct
detection of SCBWDs via continuous gravitational wave astronomy by the various
upcoming detectors, such as BBO, DECIGO and LISA. The idea of SCBWDs has
been further studied and supported by di↵erent independent researcher works.41–47

Bowers and Liang48 raised a strong argument against the oversimplified assump-
tion of the isotropic perfect fluid as the constituent matter distribution of compact
stars and proposed a modified Tolman-Oppenheimer-Volko↵ (TOV) equation,49,50

which includes another force raised due to pressure anisotropy, besides the hydrody-
namic and gravitational force. They also explored notable e↵ect of local anisotropy
due to matter on the di↵erent physical properties of the stellar objects, such as
density, surface redshift, total mass and radius. Letelier51 and Bayin52 pointed out
that the possible reason behind this local anisotropy is the presence and mixture
of two (or more) fluid within stellar interior. On the other hand, the breaking of
spatial rotational symmetry O (3) due to spontaneous creation of magnetic field
instigates pressure anisotropy in the stellar interior.53–55 Interestingly, during the
cooling process of WDs at low temperature, they undergoes a first-order phase
transition,56–58 which is another possible reason for the presence of anisotropy inside
the dense plasma. Stevenson59 introduced a phase diagram through which they
predicted that carbon and oxygen remains immiscible when WDs begin to freeze.
Later, Garcia and collaborators60 further explored and confirmed this idea. Nag
and Chakrabarty61 also supported the idea of first-order phase transition during
the cooling of WDs through the Bose condensation. In fact, they proposed that
“crystalline normal crustal matter” is present at the massive WDs core, which is
also Bose condensed and similar as the ultra-dense structure of the neutron stars.
So, based on the above discussion we are convinced to consider local anisotropy of
matter inside WDs.

In this context, it is worth mentioning that though there are several arti-
cles32,33,39,40,62–71 which study non-spherical magnetized compact stars in general
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relativity based on the perturbative approach to solve the the Einstein-Maxwell field
equations or the numerical techniques (such as Lorene and XNS codes) by considering
poloidal or toroidal or mixed field geometries, but they did not include the e↵ects
of anisotropy. Although, a recent work72 has explored the e↵ect of anisotropy on
WDs in scalar-tensor (ST) theories of gravity but it did not consider magnetic field.
The idea of magnetic field orientations viz. RO and TO was originally coined by
Chu et al.73 In the present study, we explore the combined e↵ects of magnetic field
strength, its orientations and anisotropy on the WDs to have a more generalized
perspective of the WD stellar interior.

This paper is organized as follows: We discuss the basic mathematical formalism
in Section 2. Our results and combined e↵ects of the magnetic field, its orientations
and anisotropy on the physical properties of WDs are discussed in Section 3. Finally,
we summarise our work and present some concluding remarks in Section 4.

2. Basic mathematical formulation

Mukhopadhyay and group32,33,39 have shown that the magnetized compact stars
which are toroidally dominated approximately retains their spherical symmetric
stellar structure. Hence in this work we describe B-WDs by the spherically symmetric
spacetime metric given by

ds2 = e⌫(r)dt2 � e�(r)dr2 � r2(d✓2 + sin2 ✓d�2), (1)

where we assume that the metric potentials ⌫ and � are functions of radial coordinate
r. We choose c = G = 1, where G is Newton’s gravitational constant and c is the
speed of light.

Now neglecting the e↵ect of the electric field by assuming that inside the B-WDs
there are no macroscopic charges, the energy-momentum tensor, which describes
anisotropic and magnetized matter distribution, reads

Tµ⌫

m
= (⇢+ pt)u

µu⌫
� ptg

µ⌫ + (pr � pt) v
µv⌫

+MB

✓
gµ⌫ � uµu⌫ +

BµB⌫

B2

◆
+

B2

4⇡

✓
uµu⌫

�
1

2
gµ⌫

◆
�

BµB⌫

4⇡
, (2)

where uµ = �µ
0
e�⌫(r)/2 is a timelike 4-velocity unit vector of fluid and vµ = �µ

1
e��(r)/2

is a spacelike unit vector acting along the radial direction. It is noteworthy that
these orthogonal vectors satisfy uµuµ = �vµvµ = 1 and uµvµ = 0. Here, ⇢, pr
and pt are the density, radial pressure and tangential pressure of the matter inside
B-WDs. gµ⌫ denotes metric tensor and M represents magnetization per unit volume.
B is the magnetic field strength given by BµBµ = �B2. On the other hand, we
do not consider the associated magnetization e↵ect since magnetic pressure is one
order higher in magnitude compared to the magnetization which has already been
predicted by a few articles.53,74 So in this work the presented numerical results do
not include e↵ect of magnetization.
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Fig. 1. Variation of parallel pressure (pk) and transverse pressure (p?) with the system density (e⇢)
normalized by the central system density (e⇢c) for a 1.3 M� magnetized WD candidate.

Now using Eqs. (1) and (2) the conservation of energy-momentum tensor, i.e.,
rµTµ⌫ = 0, leads to the essential stellar structure equations which describe static
and anisotropic B-WDs as follows:

dm

dr
= 4⇡e⇢r2, (3)

8
>>><

>>>:

dpk
dr

= �
�
e⇢+ pk

� 4⇡r3pk +m

r (r � 2m)
+

2

r
�, for RO,

dp?
dr

= � (e⇢+ p?)
4⇡r3p? +m

r (r � 2m)
+

2

r
�, for TO.

(4)

where e⇢ is the system density defined as e⇢ = ⇢ + B
2

8⇡
, pk and p? are the system

pressures, which take the form based on the magnetic field orientations as follows:

pk =

8
>><

>>:

pr �
B2

8⇡
, for RO,

pt �
B2

8⇡
, for TO.

(5)

and (6)

p? =

8
>><

>>:

pt +
B2

8⇡
, for RO,

pr +
B2

8⇡
, for TO.

(7)

In Eq. (4), � denotes e↵ective anisotropy of the stars and based on the choice of
magnetic field orientations it takes the forms as pt � pr +

B
2

4⇡
and pt � pr �

B
2

8⇡
due

to RO and TO, respectively. One may get the standard form of TOV equations48,75

for non-magnetized and anisotropic starts for B = 0.
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Fig. 2. Variation of anisotropy (�) normalized by matter central pressure (pc) with the radial

coordinate r/R for a 1.3 M� magnetized WD candidate.

Bowers and Liang proposed a generalized functional form for the anisotropic
stress which has been widely used in di↵erent studies. However, since for the present
work we require a functional form for anisotropy which includes both the e↵ects of
magnetic field strength and magnetic field orientation, we have suitably modified
the Bowers-Liang anisotropic form which reads

� =

8
>>><

>>>:



�
e⇢+ pk

� �
e⇢+ 3 pk

�

(r � 2m)
r3, for RO,


(e⇢+ p?) (e⇢+ 3 p?)

(r � 2m)
r3, for TO,

(8)

where  is a constant parameter that controls the amount of anisotropy within the
star and we use  maintaining its permissible range, given by

⇥
�

2

3
, 2

3

⇤
.76 Now, one

may notice that if matter anisotropy is not considered, the anisotropic stress become
⇠| B2

|, which has a finite, non-zero value at the stellar center. Since at the center,
the hydrodynamic and gravitational forces are zero, non-zero anisotropic force at
the center should trigger instability due to nonequilibrium of the forces. We show
this issue can easily be overcome considering combined anisotropy due to both the
matter and magnetic field.

Further, to describe matter distribution of WDs we consider equation of state
(EoS) proposed by Chandrasekhar which reads

pr =
⇡m4

e
c5

3h3

h
x
�
2x2

� 3
�p

x2 + 1 + 3sinh�1x
i
,

⇢ =
8⇡µemH (mec)

3

3h3
x3, (9)

where mH and me denote mass of hydrogen atom and electron, respectively, µe = 2
is the mean molecular weight., pF is the Fermi momentum and x = pF /mec. Note
that for clarity here we introduce the speed of light c and Planck constant h in their
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appropriate places. For the present case of C-O WDs we have µe = 2. We consider
the exterior spacetime is defined by the well-known Schwarzschild exterior spacetime,
given by

ds2 =

✓
1�

2M

r

◆
dt2 �

1�
1� 2M

r

�dr2 � r2(d✓2 + sin2 ✓d�2), (10)

where M represents total mass of the star.
Both the fossil field of the progenitor star31,33,77 and dynamo e↵ect78 ensure

stronger magnetic field at the center (Bc), which decreases gradually to reach its
minimum value at the surface (Bs). Hence, in this work we consider a density
dependent functional form for the magnetic field,31,36,79,80 which can suitably mimic
the spatial dependence of magnetic field strength, given by

B(⇢) = Bs +B0


1� exp

⇢
�⌘

✓
⇢

⇢0

◆���
, (11)

where the ⌘ and � are the dimensionless constants which controls how fast magnetic
field strength decays from the center to the surface. In this work we chose ⇢0 =
109 g/cm3, � = 0.9 and ⌘ = 0.2.36 We also consider Bs = 109 G which is consistent
with the Sloan Digital Sky Survey.81

3. Result and discussion

In this study, we explore that besides magnetic field strength, the magnetic field
orientations (such as RO and TO) and combined anisotropy due to matter and field
significantly influence the mass-radius curve and physical parameters of B-WDs.
Note that to present some basic properties of thermodynamics and anisotropy we
consider a 1.3M� B-WD candidate having surface magnetic field 109 G in Figs. 1
and 2. Further, our choices of B0 for RO and TO are di↵erent as they exhibit
an asymmetric e↵ect on the stellar mass. In the figures, we put RO and TO in
the subscript of B0 to specify the respective magnetic field orientations. It is also
noteworthy that our choice of B0 is also motivated by the highly massive SCPWDs
of peculiar over-luminous SNeIa.

In Fig. 1 we feature combined e↵ects of magnetic field strength and its orienta-
tions on the system parallel pressure pk and transverse pressure p?. We find that for
TO, as B0 increases, the slope of the system pressures decreases gradually, whereas,
for RO with the increasing B0, the system pressures become gradually sti↵ened. This
phenomenon is because, as B0 increases in the TO case, the stellar radius increases,
which reduces gravitational force and consequently decreases the hydrodynamic force.
However, for increasing B0 in the RO case, the stellar radius of B-WDs decreases,
consequently increasing outward hydrodynamic force to support the increased gravi-
tation force. Importantly, note that at the center the e↵ective anisotropy is zero since
pk = p? at r = 0, which reflects consistency of TOV equations. In Fig. 2 we show
the profile for system anisotropy � which also shows zero anisotropy at the center.
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Fig. 3. Variation of the total mass in the units of solar mass (M/M�) with the total radius (R) of

the stars for varying B0 and  = 0.5. Solid circles represent maximum possible mass for the stars.

Fig. 4. Variation of M/M� as a function of the matter central density (⇢c). Solid circles represent

maximum possible mass for the stars.

Further, one may note that the maximum magnitude of anisotropy increases with
increasing B0 for the TO case, whereas it decreases for the RO case. We find that
for B0 = 3.7⇥ 1014 G the maximum magnitude of � is ⇠ 92% lower compared to
the central matter pressure pc which is insu�cient to drive the spherical symmetric
stellar structure of B-WDs to non-spherical symmetry.

The total mass and radius (M-R) curve for B-WDs due to di↵erent B0 for
both RO and TO is shown in Fig. 3. We find the maximum mass (Mmax) and
the corresponding radius (RMmax) in TO due to B0 = 3.7 ⇥ 1014 G are 2.8 M�
and 1457.24 km, respectively, whereas in RO due to B0,TO = 1014 G they are
1.66 M� and 507.10 km, respectively. In TO due to B0,TO = 3.7⇥1014 G, Mmax and
RMmax increase compared to their non-magnetized anisotropic case of ⇠66% and
⇠57%, respectively, whereas in RO due to B0,RO = 1014 G they decrease to ⇠2%
and ⇠45%, respectively. Only considering local anisotropy due to matter and not
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Fig. 5. Variation of M/M� with the central magnetic field (Bc).

Fig. 6. Variation of the ratio of the magnetic energy (Emag) to the gravitational energy (Egrav)

with the central magnetic field (Bc).

considering magnetic field through our model one may have 1.81 M� WD having
radius 959.63 km which are ⇠29% and ⇠7%, respectively, higher compared to their
values for WD CML. Harrison et al.82 predicted that for the stability of a spherically
symmetric stellar model the M-R relation should be consistent with dM/d⇢c > 0 up
to Mmax. It has been shown in Fig. 4, which confirms stable B-WDs upto maximum
limiting mass.

In Fig. 5 we explore the e↵ects of magnetic field orientations on the mass of
B-WDs. The e↵ects of magnetic field strength on Mmax for the TO and RO cases
are asymmetric which motivates us to chose di↵erent B0 for di↵erent magnetic
field orientations. One may find that for a specific set of constant parameter such
as ⌘ = 0.1, � = 0.9 and  = 0.5 the asymmetry of maximum mass for the TO
and RO cases due to Bc = 4⇥ 1014 G is ⇠65% which confirms significant e↵ect of
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Table 1. Physical parameters of WDs with  = 0.5, ⌘ = 0.2 and � = 0.9 for di↵erent B0.

Orientation Corresponding Central Central Central

of magnetic B0 Maximum predicted magnetic field density pressure
Emag

Egrav

field (Gauss) mass (M�) radius (km) Bc (Gauss) e⇢c (gm/cm3
) epc (dyne/cm2

)

Transverse Orientation 3.7⇥ 10
14

2.80 1457.24 2.538⇥ 10
14

7.040⇥ 10
9

2.809⇥ 10
28

1.405⇥ 10
�2

No magnetic Field - 1.69 926.91 - 2.560⇥ 10
10

9.865⇥ 10
28

-

Radial Orientation 10
14

1.66 507.10 10
14

1.665⇥ 10
11

1.152⇥ 10
30

7.227⇥ 10
�5

magnetic field orientations on B-WDs. Fig. 5 features that for TO (RO) the increase
(decrease) of Mmax is rapid (slow) with the increase of central magnetic field Bc.

Chandrasekhar and Fermi83 predicted that for magnetized spherical symmetric
stable compact stars it is not su�cient that they are consistent with the inequality
� > 4/3 as the strong magnetic field may lead to stellar instability. They further
predicted that for the dynamical stability of the magnetized compact stars the
necessary condition is Emag/|Egrav| << 1, where Emag and |Egrav| denote the
magnetic and gravitational potential energies, respectively. In Fig. 6 we present that
for both TO and RO due to di↵erent B0, |Egrav| overpowers Emag considerably to
achieve dynamical stability of B-WDs.

For the better understanding of the readers, we present the obtained results for
the di↵erent cases in Table 1. We present the variation of Mmax, R, Bc, system
central density (⇢̃c), system central pressure (p̃c) and Emag/ |Egrav | with di↵erent B0

for both TO and RO and non-magnetized cases in Table 1. Note that the presented
results in Table. 1 are based on the chosen set of constants such as ⌘ = 0.2, � = 0.9
and  = 0.5. Clearly, for TO with the increase of B0, B-WDs become massive,
larger in size and less dense compact object, whereas for RO as B0 increases B-WDs
become gradually less massive, smaller in size and highly dense compact object
compared to their non-magnetized case.

4. Conclusion

In the present work we explore the combined e↵ects due to magnetic field strength,
orientations of magnetic field and e↵ective anisotropy raised due to matter and field
on B-WDs. Although anisotropic WDs were studied by Chowdhury and Sarkar,72

their study was based on the non-magnetised case. On the other hand, Chu et al.73

explored the e↵ect of magnetic field and their orientation on total mass of compact
stars. However, they ignored important e↵ect of anisotropy and did not show e↵ects
of magnetic field orientations on the di↵erent physical parameters of compact stars.
In this work for the first time we have studied the combined e↵ects of magnetic field
strength, their orientations and anisotropy on WDs in the strong magnetic field. In
conclusion, the two major results of our study on B-WDs are as follows:

(i) We show that to achieve magneto-hydrostatic stability at the stellar center
of B-WDs, the e↵ective anisotropy due to matter and magnetic field should be
considered.
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(ii) With the choice of appropriate set of constant parameters such as  and B0

our model can appropriately explain massive progenitors of peculiar over luminous
SNeIa as high as 2.8 M�, which further raise question regarding the idea of 1.4 M�
WDs as the “standard candle”.
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