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1 Introduction

In this paper we study the holographic description of N = 4 super Yang-Mills with SU(N)
gauge group on the four-dimensional real projective space RP4, the simplest unorientable
four-manifold. There are several reasons to consider this generalization of the paradigmatic
AdS/CFT duality. Any quantum field theory with time reversal symmetry can be defined
on an unorientable spacetime. This construction has been developed both in the theoretical
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condensed matter [1–9] and high-energy [10–17] literature, partly in order to probe certain
subtle anomalies involving time reversal. It is of interest to study such a setup at strong
coupling. The holographic duality for N = 4 SYM offers a direct window into strongly
coupled dynamics that can serve as a simplified model for more general QFTs.1 Another
motivation comes from the conformal bootstrap. Formulating a d-dimensional CFT on the
real projective space breaks the (Euclidean) conformal group SO(d+ 1, 1) to the isometry
group SO(d+1) of RPd. A consequence of this conformal symmetry breaking is the appear-
ance of a new set of observables, namely the one-point functions of scalar operators [25–29],
which must satisfy certain bootstrap constraints [29]. This is in some ways analogous to
considering CFT in a spacetime with a boundary that preserves a subgroup SO(d, 1) of the
full conformal group, but it is a more rigid construction, as there appears to be much less
freedom in formulating the CFT on RPd than there is in choosing a consistent boundary
state. One is curious about this bootstrap problem for N = 4 SYM, the canonical example
of a four-dimensional CFT, and especially about its interplay with planar integrability.

The real projective space RP4 is the compact unorientable manifold obtained by mod-
ding out the four dimensional sphere S4 by the involution that identifies antipodal points.
To formulate N = 4 SYM on RP4 we need to specify how this involution acts on the
elementary fields. We will focus on a choice that preserves the maximal amount possible of
supersymmetry, namely 16 of the original 32 supercharges. One has the additional freedom
of including in the definition of the involution the discrete symmetry of charge conjugation,
which acts by complex conjugation of the SU(N) gauge group generators. There are then
(at least) two distinct ways to realize N = 4 SYM RP4 while preserving 16 supercharges.
They are physically very different.

If one includes charge conjugation in the definition of the involution, one-point func-
tions are of order O(1) in the large N limit, while if one does not include it they are of
order O(N). In this paper we focus on the latter choice. It is the same choice considered
in [9], where supersymmetric localization was used to derive a matrix model capturing a
protected subsector. Here we endeavor to construct the holographic dual.

The large N scaling of one-point functions makes it clear that we need to look for a new
classical background, a new one-half BPS solution of IIB supergravity. The background
must be asymptotic to AdS5×S5, since the dual field theory is unchanged in the UV. What’s
more, field theory expectations dictate the asymptotic behavior of the bulk supergravity
fields. Following the blueprint of [30], we first find an analytic solution of the BPS equations
with the requisite asymptotic behavior in the appropriate truncation to the five-dimensional
N = 8 gauged supergravity (adapted to our Euclidean setup), and then uplift it to ten
dimensions. It turns out that our physically motivated boundary conditions allow for
a one-parameter family of BPS solutions. This last parameter can in principle be fixed
by a more sophisticated matching with field theory expectations (e.g. using results from
supersymmetric localization), but we leave this for future work. A distinct feature of our

1Holography for field theories on non-orientable manifolds in two dimensions has been considered in [18].
Crosscap states have also been studied in the context of the bulk reconstruction program in holography, as
possible duals to fields inserted at a bulk point, see e.g. [19–24].
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family of solutions is the existence of a naked singularity, resembling that of an orientifold
O1− plane in flat space.

The other possibility (where one includes charge conjugation in the definition of the
involution) will be discussed in a separate article [31]. The holographic story is much
simpler: the large N scaling implies that the bulk background is unchanged to leading
order, apart from the Z2 (orientifold) projection. What makes this choice interesting is
that planar integrability is preserved [31].

The paper is organized as follows. In section 2, we discuss how to put N = 4 SYM on
RP4 and the associated preserved symmetries. In section 3, we construct the holographic
dual in the relevant five-dimensional supergravity truncation. In section 4, we provide the
full ten-dimensional solution in type IIB supergravity and discuss its main features such as
the singularity. In section 5, we comment on the field theoretic computation of one-point
functions and integrability. We offer some concluding remarks in section 6. Finally, the
appendices contain technical details and peripheral material omitted in the main text.

2 Field theory on RP4

The real projective space RP4 is defined as the space of all lines passing through the origin
of R5. Each line is specified by a non-zero vector in R5, which is unique up to scalar
multiplication. Then RP4 is the quotient space of R5 − {0} under the equivalence relation
v ∼ λv for any real λ 6= 0. We can restrict to vectors of unit length, and so RP4 is also the
quotient space

S4/{v ∼ −v} , (2.1)

that is, the four-dimensional sphere with antipodal points identified. This latter definition
is the one we will be mostly using throughout this paper.

We would like to place a CFT on this manifold. In embedding coordinates XA =
(X0, Xµ, X5) ∈ R1,5, S4 with radius R is specified by XA = (R,Ωµ,Ω5) subject to (Ωµ)2 +
(Ω5)2 = R2. The antipodal map

(X0, Xµ, X5) ∼ (X0,−Xµ,−X5) (2.2)

leaves the following combination of generators invariant

Mµν = Jµν , Pµ −Kµ = −2Jµ5 (2.3)

where JAB = −i
(
XA

∂
∂XB −XB

∂
∂XA

)
are the so(1, 5) generators of the (Euclidean) confor-

mal group in four dimensions. The remaining generators pick up a sign under the antipodal
map and therefore the residual conformal symmetry is given by

so(5) ⊂ so(1, 5) . (2.4)

In particular, the isometries of S4 are preserved by the antipodal identification, which will
be important when we construct the supergravity solution.

As shown by Yifan Wang [9], one can place N = 4 SYM on RP4 in such a way that six-
teen supercharges are preserved in addition to the SO(5) bosonic symmetry. Let us review
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his argument, and in the process spell out our notations. Supersymmetry breaking follows
from the antipodal identification of the Killing spinors of S4. To see this explicitly, it is
useful to consider S4 in stereographic coordinates xµ related to the embedding coordinates
in the usual way,

xµ = Ωµ

R+ Ω5 , ds2
S4 = ω(x)2δµνdx

µdxν , ω(x) = 2R
1 + x2 . (2.5)

In particular, the conformal Killing spinors parametrizing 32 supercharges in flat space

εR4(x) = εs + xµΓ̃µ̂εc (2.6)

get mapped to εS4(x) = ω(x)1/2εR4(x). Our notations are as follow. We are using a pair
of ten-dimensional gamma matrices ΓM , Γ̃N that act on positive and negative chirality
16-component spinors respectively. We split their indices into four dimensional spacetime
µ = 1, . . . , 4 and so(5, 1)R R-symmetry I = 5, . . . , 9, 0. For the spacetime indices, we
distinguish between two types, namely Γµ̂ and Γµ, to denote the flat Euclidean base space
and the curved spacetime respectively, with their relation being Γµ̂ = ω(x) δµµ̂ Γµ. We do
not distinguish the remaining R-symmetry indices between hatted and unhatted, ΓÎ = ΓI .
Finally, they satisfy the Clifford algebra {ΓM̂ , Γ̃N̂} = 2δM̂N̂ . Additionally, in the above
formula, εs,c are constant 16-component spinors related to the Poincaré and conformal
supercharges, respectively.

In these coordinates, the antipodal map becomes the involution

ISYM : xµ 7→ −x
µ

x2 , (2.7)

which is an inversion composed with a full reflection of all coordinates. Under this involu-
tion, one assumes the following ansatz [9] for the transformation of the Killing spinor,2

εS4(x) 7→ i

|x|
xµΓ̃µ̂R εS4(x′) ≡ ε̃S4(x′) , (x′)µ ≡ −x

µ

x2 . (2.8)

The above spacetime transformation is the familiar one for the action of an inversion on
a spinor of conformal weight −1

2 . In addition, one allows for a matrix R acting on εS4

induced by an R-symmetry outer automorphism.
Invariance of the Killing spinor under the involution, i.e. εS4(x) = ε̃S4(x′), together with

the requirement that εγµε transforms as a vector as required by superconformal symmetry,
constrains R to be

R = −ΓI Γ̃JΓK , (2.9)

and the supercharges are such that the corresponding constant spinors satisfy

εc = −iRεs . (2.10)
2The action of the involution on the spinors squares to one, and this defines a pin+ structure on RP4.

In addition, there is still the freedom of choosing the overall sign of the transformation. We have chosen
the plus sign.
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Above, I, J,K is any choice of the so(5, 1)R indices. For definiteness, we make the choice
R = −Γ790, as in [9].

The condition (2.10) breaks the R-symmetry down to so(3)568× so(2, 1)790 and halves
the number of supercharges. The preserved superalgebra is

osp(4∗|4) ⊃ so(5)× so(3)568 × so(2, 1)790 . (2.11)

In order to fully define the theory on RP4 we must specify the transformations of
the elementary SYM fields. Their spacetime transformations are the standard ones for
conformal primaries under inversion and reflection,

φ(x) 7→ φ(x′) , ψ(x) 7→ i
γµx

µ

|x|
ψ(x′) ,

Aµ(x) 7→ −IµνAν(x′) with Iµ
ν = δνµ − 2xµx

ν

x2 .

(2.12)

Additionally, their R-symmetry transformation induced by (2.10) is dictated by consistency
of the superconformal transformation, namely

δεAM = εΓMΨ , (2.13)

with the transformation of the Killing spinor given in (2.8). We will write the explicit
transformations of the elementary fields below.

Finally, we may also transform the gauge group generators under the antipodal map.
The SU(N) gauge group is endowed with an outer automorphism τ that acts as complex
conjugation of an element g of SU(N), τ : g 7→ g∗. Clearly τ2 = 1 and this involution
customarily referred to as charge conjugation. In this paper, we are using anti-hermitian
generators Ta for SU(N) (see appendix A.1 for our conventions), so that

τ : (Ta)mn 7→ −(Ta)nm . (2.14)

We conclude that we have two distinct choices for specifying N = 4 SYM on RP4

depending on whether we combine or not the spacetime and R-symmetry transformations
with the charge conjugation τ .

Without charge conjugation. The elementary N = 4 SYM fields are identified as

Φa
I (x′)Ta = Φ̂a

I (x)Ta , Aaµ(x′)Ta = −IµνAaν(x)Ta , Ψa(x′)Ta = −i Γ̃µ̂x
µ

|x|
RΨa(x)Ta .

(2.15)
where Φ̂I = (−Φ5,−Φ6,Φ7,−Φ8,Φ9,Φ0). A new feature of N = 4 SYM on RP4 is that
conformal symmetry no longer prevents some operators to develop vevs. In particular,
spinless operators which are even under the involution ISYM might have a nontrivial one
point function whereas all other operator remain vevless as a result of the selection rules
that follow from (2.11). In perturbative field theory, one can explicitly see these vevs
arising from the interaction of a field with its image given by (2.15). For example, a scalar
propagator in RP4 is given by

〈[ΦI ]mn(x)[ΦJ ]pq(y)〉 = g2
YMδIJ
16π2

(1
η
± 1

1− η

)(
δmq δ

p
n −

1
N
δmn δ

p
q

)
(2.16)
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1
NL/2

∼ N 1
NL/2 ∼ N0

(b)(a)
Figure 1. (a) A leading diagram in double line notation contributing to the one-point function of a
single trace operator of length L = 6 in the large N limit of N = 4 SYM on RP4 without the gauging
of charge conjugation. The pre-factor ensures the UV limit of the two-point functions is normalized
to one. (b) A leading diagram in the large N limit contributing to the one-point function of the
same single trace operator in N = 4 SYM on RP4 with the gauging of charge conjugation. In this
example, the double line notation graph originates a surface with three faces (illustrated in distinct
colors) as opposed to the four faces of the figure (a), hence producing a different large N scaling.

where m,n, . . . are gauge indices, η = (x − y)2/(1 + x2)(1 + y2) is the chordal distance
between two points on S4 and the sign follows from the parity of the scalar field under
the involution as defined below the equation (2.15). We provide more details on the RP4

propagators in the appendix A. The second term is absent in the usual S4 but it is present
here and gives a finite contribution as y → x.

Let us discuss the large N scaling of the vevs. We consider a single-trace operator
which we write schematically as

O ∼ Tr[χ1 . . . χL] (2.17)

for generic fields χ1, . . . , χL such that O is a Lorentz scalar and also singlet under
SO(3)×SO(3). The one point functions can be computed in field theory using the scalar
propagators above together with the fermion and gauge field propagators from the ap-
pendix A. A typical Feynman diagram contributing to the one point function at the leading
order in the large N ’t Hooft expansion is represented in figure 1(a). When the two point
functions of O and its conjugate are normalized to the unit norm in the UV limit, then the
corresponding vev has the following large N scaling

〈O〉 ∼ O(N) . (2.18)

We will provide explicit examples of this computation at tree level in the section 5. This
the standard scaling expected from a classical gravitational background and the goal of
this paper is to determine a new solution of type IIB supergravity dual to this setup.
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With charge conjugation. If we accompany the involution ISYM with the charge con-
jugation3 τ , the transformation of elementary fields is now given by

Φa
I (x′)Ta = −Φ̂a

I (x)T>a , Aaµ(x′)Ta = Iµ
νAaν(x)T>a , Ψa(x′)Ta = i

Γ̃µ̂xµ

|x|
RΨa(x)T>a .

(2.19)
The transposition of the SU(N) generators changes the large N scaling of the one-point
functions. As a consequence, the scalar propagator now reads

〈[ΦI ]mn(x)[ΦJ ]pq(y)〉 = g2
YMδIJ
16π2


(
δmq δ

p
n − 1

N δ
m
n δ

p
q

)
η

∓

(
δmpδnq − 1

N δ
m
n δ

p
q

)
1− η

 , (2.20)

and similarly for the remaining elementary fields. Ignoring the 1/N part of the expression
above, the color indices have the same structure as for the SO(N) gauge group. As well
known, the SO(N) gauge group produces a large N ’t Hooft expansion in powers of 1/N
rather than 1/N2. In contrast to the previous case, a Feynman diagram contributing to
the one-point function at leading order in the large N limit is shown in figure 1(b). In
this example, the fields at the positions n and n+L/2 inside the trace are connected by a
propagator and this maximizes the number of faces of the corresponding surface obtained
by the double line notation diagram. As a consequence, we have that the leading term
contributing to the single trace vev is rather

〈O〉 ∼ O(1) . (2.21)

This is strikingly distinct from (2.18). This result is suggestive and we can anticipate some
consequences for the holographic dual of this configuration. To build up some intuition,
we can start by extending the boundary involution into the bulk and use it to construct a
Z2 orbifold of EAdS5 × dS5. In embedding coordinates, EAdS5 can be parametrized by

X0 = L cosh r , X i = L sinh rΩi i = 1, . . . , 5 , (2.22)

with Ωi being the a unit vector embedding S4. In these coordinates, the Euclidean AdS
metric is expressed as

ds2 = L2
(
dr2 + sinh2 r ds2

S4

)
. (2.23)

The five-dimensional de Sitter is parametrized by the coordinates Y I=5...9,0 satisfying∑9
I=5

(
Y I
)2
−(Y 0)2 = 1 with the metric ds2

dS5
= L2ηIJ dY

IdY J with η = diag(+++++−).
We extend the boundary identification (2.2) to EAdS5 × dS5 in analogous manner

X0 ∼ X0 Xi ∼ −Xi (2.24)

together with
Y I ∼ Ŷ I (2.25)

as induced by the transformation of SYM scalars given in (2.19). This new bulk involution

I : (X0, X i, Y I) 7→ (X0,−Xi, Ŷ I) (2.26)
3We thank Shota Komatsu for many ideas and discussions leading to this setup.
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has a fixed locus at

r = 0 , Y 5 = Y 6 = Y 8 = 0 , (Y 7)2 + (Y 9)2 − (Y 0)2 = 1 . (2.27)

A salient feature of I is that the volume forms of both EAdS5 and dS5 are odd under such
map. This would then force the self-dual five-form flux

F5 = 4
L

(dvolEAdS5 + dvoldS5) (2.28)

to vanish unless we combine it with an orientation-reversal on the worldsheet, often called
parity and denoted by Ω. In fact, Ω is precisely implemented on the gauge theory side
by the outer automorphism τ of the gauge group SU(N). The resulting picture is that of
an orientifold at the fixed-locus of the involution I, namely a O1 plane spanning the dS2
parametrized by (Y 7)2 + (Y 9)2 − (Y 0)2 = 1. The orientifold introduces a crosscap on the
worldsheet, which modifies the string topological expansion and results in the above scaling
of the one-point functions. We will study this setup in a forthcoming publication [31]. In
the rest of the paper we will focus on the holographic dual of the setup not involving the
charge conjugation of the gauge group.

3 Holography

The objective of this paper is the construction of dual background to the setup “without
charge conjugation” described above. Before proceeding with our main task, let us com-
ment briefly on the dual description of the setup “with charge conjugation”. In that case,
the O(1) scaling of one-point functions means that the dual classical geometry is unchanged,
up to the need to extend into the bulk the involution defining RP4. This amounts to a Z2
orbifold of EAdS5×dS5, which contains a fixed locus of dimension two specified by (2.27).
Therefore, a bulk spacetime singularity is expected at the center of AdS (r = 0) and θ = π/2
(which is the fixed point of the map θ 7→ π − θ) at which point S2 shrinks to zero. The
involution τ , which maps the fundamental representation to its complex conjugate, is the
gauge theory counterpart of the worldsheet parity Ω that reverses the string orientation.
Therefore, the orbifold should be complemented with an additional gauging of Ω leading to
the picture of an orientifold O1 plane. As a check, the orientifold is in fact needed in order
for the RR four-form (whose five-form flux supports the background) to survive the invo-
lution. In summary, for the setup with charge conjugation there is a compelling candidate
for the dual description, in terms of an orientifold of the standard AdS5 × S5 background.

By contrast, in the setup “without charge conjugation” the large N scaling of one-point
functions tells us that we need to look for a completely different classical solution. To this
end, we will employ a by now standard strategy of considering a consistent truncation of
type IIB on S5 provided by the five dimensional N = 8 gauged supergravity [32]. Within
this lower dimensional supergravity theory, we will construct a solution compatible with
the symmetries expected from the corresponding field theory and then uplift back to ten
dimensions. Since we are interested in a Euclidean solution, it will be crucial to perform
an analytic continuation from the standard Lorentzian formulation of supergravity.

– 8 –
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3.1 5D gauged supergravity truncation

In Lorentzian signature, N = 8 gauged supergravity contains a gauge group SO(6) that is
identified under the AdS/CFT correspondence to the SO(6)R of the gauge theory. There-
fore, the R-symmetry breaking pattern of the dual field theory like the one we are inter-
ested (2.11) (although in Euclidean signature) dictates the field content that should be
kept in supergravity to respect the desired symmetries.

Besides the metric, the remaining bosonic fields of this supergravity theory are orga-
nized by the SO(6)×SO(2) subgroup of the global symmetry E6(6). It comprises the fifteen
SO(6) gauge fields (after gauging SO(6) ⊂ E6(6)), twelve two-forms transforming in the
fundamental of SO(6)×SO(2) and forty two scalars that transform according to

20′(0) ⊕ 10(−2) ⊕ 1̄0(2) ⊕ 1(4) ⊕ 1(−4) . (3.1)

Each of these representations can be identified with specific operators in N = 4 SYM by
matching the corresponding R-symmetry representations. As mentioned above, we select
among this vast field content only the particular fields that are singlets under the subgroup
of SO(6) of interest. In the present context, we have in addition to account for the fact
that we will be interested in a solution with Euclidean signature which means that the R-
symmery group is SO(5,1) rather than SO(6). In practice, that can be easily implemented
by complexifying a particular scalar as we will explain below.

Let us first describe the bosonic subsector compatible with SO(3)×SO(3) R-symmetry,
which we will then analytically continue to the one of interest (2.11). The embedding of
this subgroup into SO(6) is specified by the following decomposition of the fundamental
representation 6→ (3,1) + (1,3). The above representations (3.1) branch according to

20′ → (1,1) + (3,3) + (5,1) + (1,5)
10, 1̄0→ (1,1) + (3,3)

1→ (1,1) .
(3.2)

We keep the five singlets resulting from this branching and name them as follows

α : 20′0 → (1,1)0 (3.3)
χ e−iω : 10−2 → (1,1)−2 (3.4)
χ eiω : 1̄02 → (1,1)2 (3.5)
ϕeic : 14 → (1,1)4 (3.6)
ϕe−ic : 1−4 → (1,1)−4 . (3.7)

We can identify ϕ and c as the five-dimensional dilaton and axion dual of the Yang-Mills
coupling and θ angle respectively and

α↔
3∑
I=1

Tr (ΦI)2 −
6∑
I=4

Tr (ΦI)2

χ eiω ↔ Tr
[
c1C

AB
123λAλB + c2C

AB
456λAλB + c3X1[X2, X3] + c4X4[X5, X6]

] (3.8)

– 9 –
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where in the last line c1,2,3,4 are (generally complex) coefficients that can be fixed by
diagonalizing the mixing matrix but we will not need them in this work. In addition to
these scalars, only the metric will be turned on and all gauge fields, two-forms and remaining
scalars are consistently set to zero. It turns out that this truncation to a five scalar model
coincides with the one used to construct the holographic dual of the superconformal Janus
interface in N = 4 SYM with N = 4 supersymmetry [30]. In particular, there are eight
generators of E6(6) commuting with residual SO(3)×SO(3) which close into an sl(3,R)
algebra. The five scalars above are then the coordinates in the coset

SL(3,R)/SO(3) . (3.9)

We will closely follow [30] and choose the representative 27-bein in E6(6) parametrizing this
coset in a similar fashion (we refer the reader to the appendix C and appendix A of [30]
for further details).

3.2 Lagrangian and BPS equations

We choose the metric and scalars to be compatible with the SO(5) symmetry of RP4. Given
that RP4 is a quotient of S4 by an isometric involution, it inherits its metric as well. We
use the following metric ansatz

ds2
5D = dr2 + e2Ads2

RP4 (3.10)

where for ds2
RP4 we take the round metric of the unit S4. We assume that the warp factor

A together with the five scalars are functions of the radial coordinate r only,

A = A(r) , α = α(r) , χ = χ(r) , ϕ = ϕ(r) , ω = ω(r) , c = c(r) . (3.11)

It is now a simple matter to derive the Lagrangian and BPS equations using for example the
parametrization of the coset (C.7) detailed in appendix C, by implementing the formulae
in [32]. Since we are after an Euclidean solution, we have in addition to account for
the fact that R-symmetry has to be continued to SO(5,1). The strategy to construct
Euclidean solutions from a Lorentzian supergravity theory has been considered in various
examples [33–37]. In our present context, it amounts to analytically continue a scalar and
also the time component of the 5D gamma matrices (since we are in a mostly plus signature)

χ→ iχ , γ0 → −iγ0 . (3.12)

In the Lagrangian, the effect of this continuation is minimal. The five dimensional
Lagrangian can be recycled from [30] and after implementing (3.12), it is given by

L5D = 1
16πG5

(R5 +K − V (α, χ)) (3.13)

where R5 is the five-dimensional Ricci scalar, K is the kinetic term, and V (α, χ) is the
scalar potential that depends only on two scalars and reads

V (α, χ) = −3g2

4 (cosh 4α cos 4χ+ 3) , (3.14)
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where g is the gauge coupling. The kinetic term K depends very non-linearly on all scalars
and its full expression will be shown below after explaining some simplifying features.

In principle, all five scalars might acquire a non-trivial profile in the bulk. We expect
that χ, α decay asymptotically for large r and the remaining scalars become constants,
so that in the UV we obtain an asymptotically AdS solution. This is expected as the
short distance behaviour of the boundary gauge theory is unaffected by the involution
ISYM. However, there are further constraints to be imposed from the fact that the gauge
theory is specifically living on RP4. For example, the θ angle of Yang-Mills defined on
a unorientable manifold such as RP4 is limited to take up either the value 0 or π. In
this paper, we will focus on the case of θ = 0. The value of the θ angle is dual to the
ten-dimensional axion which in turn is related to the five dimensional axion c(r). The
precise relation is determined in the appendix C from the ten-dimensional uplift formulae.
Therefore, we expect a fixed value for the asymptotic value of c(r) as r →∞ (the location
of the boundary) consistent with the boundary θ angle.

Another related constraint can be obtained from the expectation value of the operators
in the representation 10 + 1̄0 dual to the scalars χe±iω. It turns out that the phase of the
expectation value of such operators is fixed by CPT invariance of the gauge theory. That
again sets the value of the boundary behaviour of ω to a certain constant. In appendix B,
starting from the most general supergravity equations we show that we can consistently
set both c(r) and ω(r) scalars to constants in the bulk: the five-dimensional axion takes
the value c(r) = 0, π but both these choices lead to the same ten-dimensional solution and
hence are physically equivalent; for ω(r), we have a discrete choice to make ω(r) = 0 or
π/2. The two choices lead to two distinct solutions related by S-duality. For most of the
main text, we will discuss in detail the choice ω(r) = π/2 and in the section 4.3 we will
comment on the S-dual solution corresponding to ω(r) = 0.

With these simplifications, the kinetic term K of the five-dimensional Lagrangian gets
reduced to

K = 8χ′2 − 3
4α
′2(3 cos(8χ) + 5)− 1

4ϕ
′2(cos(8χ) + 7)− 3α′ϕ′ sin2(4χ) , (3.15)

where prime denotes derivatives with respect to r and the wrong sign of the kinetic term
for the scalar χ results from the analytic continuation (3.12).

Let us now discuss the BPS equations with these two scalars set to their boundary
values for any r, ω(r) = π/2 and c(r) = π. Following appendix B, the spin-1/2 BPS
equations become

i(α′ + ϕ′) γr εs = 1 +
√

2
6 ∂αW̃ εs̄

(α′ + ϕ′)2 = 1
36∂αW ∂αW̃

χ′(α′ + ϕ′) = 1
24 sin 4χ

(
W ∂αW + W̃ ∂αW̃

2

)

ϕ′(α′ + ϕ′) = − 1
24 tan 4χ

(
W ∂αW − W̃ ∂αW̃

2

)
(3.16)
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X

cosh(4α)

sin(4χ)
grgr*0.5 1.0 1.5 2.0

0

1

2

3

Figure 2. This plot exhibits the profile of the scalars χ and α and the warp factor X as function
of the radial coordinate r for J = 1/6. Importantly, the region for r ≤ r∗ depicted in red is not
physical: the scalar α develops a singularity precisely at r = r∗ and χ becomes complex for r ≤ r∗.

with W, W̃ being the real superpotentials given in (B.1), γr is the five-dimensional gamma
matrix along the r direction and εs,s̄=1,2,3,4 are symplectic-Majorana spinors parametrizing
the sixteen independent real supercharges.

The last three equations can be used to show that the quantity

J ≡ 2(cosh 4α cos 4χ− 1)
sin4/3 4χ

(3.17)

is conserved, J ′ = 0. This constant as we will see controls the asymptotic value of both
α and χ scalars towards the boundary and therefore it is directly related to the strong
coupling limit of the one-point function of the corresponding dual operators.

In order to make further progress in solving these equations with unconstrained spinors
εs,s̄ so that we preserve sixteen supercharges, we combine them with the spin-3/2 BPS
equations determined in appendix B. Using the first equation in (3.16) together with (B.15),
we arrive at

e−A +A′ = − W ∂αW̃
18(α′ + ϕ′) , (A′)2 = WW̃9 + e−2A (3.18)

The two sets of equations (3.16) and (3.18) share a few similarities with the corresponding
equations determining the supergravity background dual to the N = 4 Janus interface [30].
However, we will see that our solution will be sharply distinct and with a completely
different physical interpretation.

3.3 Solution of BPS equations

Using the equations (3.18) and the constant (3.17) we can express the scalars in terms of
the warp factor

sin 4χ =
(J
X

)3/2

cosh 4α = 2X2 + J 3

2
√
X (X3 − J 3)

,

(3.19)
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exp 2(φ − φ0)

grgr*0.5 1.0 1.5

-0.5

0.0

0.5

1.0

1.5

Figure 3. This plot exhibits the profile of the five-dimensional dilaton ϕ as function of the radial
coordinate r for J = 1/6. At r = r∗, the five-dimensional dilaton becomes singular ϕ→ −∞. The
region depicted in red is not physical.

where X = g2

4 e
2A and we take J ≥ 0 to ensure real scalars. As we will see in the next

section, complex scalars would render the uplifted ten-dimensional metric complex. Finally,
we use the second equation in (3.18) and (3.19) to determine the warp factor

4
g2 (X ′)2 = J 3 + 4X(X + 1) . (3.20)

This equation is quadratic and admits two solutions related by r → −r. We pick the
solution

X(r) = J
3

4 sinh gr + 1
4(2− J 3) cosh gr − 1

2 , (3.21)

where we have adjusted the origin of r so that the solution asymptotes to AdS5 with
radius 2/g. This solution completely determines the bulk profile of the scalars χ and α.
It is apparent from (3.19) that they become singular or complex for r ≤ r∗ where r∗ is
defined by

X(r∗) = J , (3.22)

see the plot in figure 2. In fact, that region is ill defined and thus unphysical and this is
the first sign that the solution contains a bulk singularity.

The remaining non-trivial scalar ϕ is determined using (3.16) and we get

exp (ϕ− ϕ0) = exp
[∫ X

∞
dx

3J 3/2(J 3 + 2x2)
8x (x3 − J 3)

√
J 3 + 4x(x+ 1)

]
, (3.23)

where ϕ0 is the asymptotic value of the 5D dilaton for r → ∞. The integral can be
computed explicitly and we show the dilaton profile in figure 3. At the point r = r∗, the
five-dimensional dilaton becomes singular (expϕ → 0), indicating again that the solution
for r ≤ r∗ becomes unphysical.
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3.4 Boundary behaviour

To extract the UV asymptotics, we rewrite the metric in the Fefferman-Graham form

ds2
5D = 4

g2

[
dρ2

4ρ2 + 1
ρ

(
1
4 −

ρ

2 + ρ2

4 (1− J 3)
)
ds2

RP4

]
(3.24)

where ρ ≡ e−gr with the boundary being located at ρ = 0. The scalars admit the following
expansions

α ' J 3/2ρ+ 4J 3/2ρ2 +O(ρ3)

χ ' 2J 3/2ρ3/2 + 6J 3/2ρ5/2 +O(ρ7/2)

ϕ ' ϕ0 − 3J 3/2ρ2 +O(ρ4) .

(3.25)

We find that our solution is characterized by three parameters g, ϕ0 and J . The
supergravity gauge coupling g is identified with the AdS radius L by the relation 1/g = L

2 .
We read off from the metric (3.24) that L/2 is also the radius of the boundary metric. In
the standard setup where the boundary is conformally flat (e.g. S4) and vevs vanish, the
dimensionful parameter L would drop out of all physical observables, but this is of course
not the case for RP4, where L sets the scale of the one-point functions. By the standard
AdS/CFT dictionary (see e.g. [38]), the expected form of the asymptotic expansion of a
generic scalar φ is as follows,

φ(ρ) = ρ
4−∆

2 (φs + . . . ) + ρ
∆
2 (φv + . . . ) for ∆ 6= 2 ,

φ(ρ) = ρ (log ρ (φs + . . . ) + φv + . . . ) for ∆ = 2 ,
(3.26)

where φs is related to a deformation of the Lagrangian by the dual boundary operator and
φc to its vev, and the dots correspond to higher order corrections in the radial distance. The
constant ϕ0 controls the asymptotic value of the 5D dilaton and therefore is related to the
Yang-Mills coupling gYM. The precise relation can be obtained from the ten dimensional
uplifted dilaton that will be worked out in the next section. The expectation from the field
theory side is that once we fix the radius of RP4, the rank of the gauge group (controlled
by the RR flux), the Yang-Mills coupling and the theta angle (which we have set to zero),
there should be no other free parameters — i.e., one-point functions should be completely
determined by the dynamics. Instead, we find a continuous family of solutions parametrized
by the constant J , which shows up as the leading term in the asymptotics of the scalars α
and χ. Since there are no source terms for the Lagrangian deformation in these expansions,
this constant controls the vevs of the corresponding field theory operators. In the next
section we will comment on how this last parameter could in principle be fixed.

4 Uplift to type IIB supergravity

In this section, we present the uplift of the previous solution to ten dimensional type
IIB supergravity. This is done by making extensive use of the formulae developed in [39]
adapted to our Euclidean case. Some details of this uplift are provided in the appendix C.
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Here, we simply present the ten dimensional solution. In order to realize the residual R-
symmetry SO(3)×SO(2,1) of the boundary theory, we will make use of S2 and dS2 slices
with the metric

dΩ2
S2 = dφ2

1 + sin2 φ1dφ
2
2 dΩ2

dS2 = −dχ2
1 + cosh2 χ1dχ

2
2 . (4.1)

We start with the ten-dimensional metric. In the Einstein frame, it is given by

ds2
10D = ∆1/4

(
ds2

5D + 4
g2

(
dθ2 + cos2 θ

1 +K+ cos2 θ
dΩ2

S2 + sin2 θ

1 +K− sin2 θ
dΩ2

dS2

))
(4.2)

where K± = e±4α cos 4χ− 1 and the prefactor ∆ is given by

∆ =
(
K− sin2(θ) + 1

) (
K+ cos2(θ) + 1

)
. (4.3)

The solution also contains both NSNS and RR two-form potentials. They have the following
expressions,

B2 = − 4i
g2
eα+ϕ cos θ sin 4χ
1 +K+ + tan2 θ

dVS2 , C2 = 4
g2
e−α−ϕ sin θ sin 4χ
1 +K− + cot2 θ

dVdS2 (4.4)

where dVS2 and dVdS2 are the volume forms on S2 and dS2 respectively

dVS2 = sinφ1dφ1 ∧ dφ2 , dVdS2 = coshχ1dχ1 ∧ dχ2 . (4.5)

The RR four-form potential reads4

C4 = 2i
g4

(
sin3 2θ

∆

(
K+ cos2 θ −K− sin2 θ + 1

2 cos 2θ sin2 4χ
)

+ sin 4θ − 4θ
)
dVS2 ∧ dVdS2 .

(4.6)
Finally, the ten-dimensional axion C0 is zero while the dilaton is given by

e−Φ = ∆−1/2e−2(α+ϕ)
(
1 +K+ cos2 θ

)
. (4.7)

We have checked that this solution satisfies the (Lorentzian) equations of motion of type
IIB supergravity. The fact that the NSNS two-form and the RR four-form potentials are
complex is an artifact of the Euclidean nature of our solution.5

4.1 UV asymptotics of the uplifted solution

Let us now describe the UV asymptotics of this solution and check that it has the correct
falloff expected from the AdS/CFT correspondence. We will again parametrize the radial

4We remark that the uplift formulae provides only a part of the five-form in type IIB, namely F5 =
dC4 − 1

2 (C2 ∧ dB2 −B2 ∧ dC2). To make the five-form self dual we have to explicitly add ?F5, so that the
full result is F5 = F5 + ?F5.

5By the same token, EAdS5×dS5 is a perfectly good solution of type IIB supergravity, although in that
case the four-form potential is also complex.
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coordinate as ρ ≡ e−gr, so that the boundary is found at ρ = 0. Starting with the metric
we find

ds2
10D'

4
g2

[
dρ2

4ρ2 + 1
4ρds

2
RP4 +cos2 θdΩ2

S2 +sin2 θdΩ2
dS2

+ρJ 3/2
(
dρ2

4ρ2 −
2−J 3/2 cos2θ

4J 3/2ρ
ds2

RP4−cos2 θ(cos2θ+2)dΩ2
S2−sin2 θ(cos2θ−2)dΩ2

dS2

)]
+O(ρ2) (4.8)

The first line is the strict UV limit given by the EAdS5×dS5, whereas the second line gives
the first subleading term in the radial expansion. From (3.26), we see that the correction
being linear in ρ is consistent with having a boundary operator of dimension ∆ = 2 that
acquires a vev in line with the discussion following the equation (3.26).

The expansion of the dilaton near the boundary gives

e−Φ ' e−2ϕ0 + 6ρ2 J 3/2e−2ϕ0 +O(ρ4) (4.9)

From the second term we infer that the dual operator of the dilaton, namely the full N = 4
Lagrangian density LN=4 ∼ TrF 2 + . . . acquires a vev. From the subleading term, we can
determine the corresponding vev after the proper holographic renormalization. Similarly,
we can obtain the first terms of the expansion of the two-form potentials

B2 ' −
32iJ 3/2eϕ0 cos3 θ ρ3/2

g2 dVS2 +O(ρ5/2)

C2 '
32J 3/2eϕ0 sin3 θ ρ3/2

g2 dVdS2 +O(ρ5/2)
(4.10)

which indicates that there is no source for a dual operator deforming the Lagrangian. On
the other hand an operator of dimension 3 acquires a vev in line with the expectation
described before and also with the fact that the lowest Kaluza-Klein mode on S5 of the
antisymmetric gauge field is associated to a dimension 3 operator.

Finally, we can determine the UV behaviour of the four-form potential to get

C4 '
2i
g4

(
(sin 4θ − 4θ) + 4J 3/2 sin3 2θ ρ

)
dVS2 ∧ dVdS2 +O(ρ2) (4.11)

This expansion is again consistent with (3.26) and the linear term in ρ contributes to the
expectation value of the boundary operator of dimension ∆ = 2 as expected, but without
a source for the Lagrangian deformation at the boundary.

In summary, from the boundary behaviour of the bulk fields we consistently find no
deformation of the N = 4 SYM Lagrangian but instead some operators acquire vevs, in
accordance with field theory expectations.

4.2 Singular behaviour

A distinct feature of our solution is the existence of a bulk naked singularity, as was already
made clear by the analysis of the five-dimensional scalars. We now study this singularity
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in further detail in the uplifted ten-dimensional solution. The upshot is that it exhibits
geometric features reminiscent to those of a O1− plane. This is somewhat unexpected as our
background should not contain an orientifold, but of course there is no sharp contradiction.
In the background (4.2) one cannot reach the point r = 0 because the solution becomes
unphysical inside a region r ≤ r∗ bounded by r∗ precisely given by (3.22). So we obtain a
singular behaviour at

r∗ such that X(r∗) = J , θ∗ = π

2 . (4.12)

Given that the ten dimensional metric (4.2) is diagonal (see [40] for a general discussion
on near-singularity expansions), we can expand each term around (4.12) and keep only the
leading contribution. We obtain at leading order

ds2
10D '

4
g2

(
3z + ξ2

)−3/4
dΩ2

dS2 + 4
g2

(
3z + ξ2

)1/4 (
J dz2 + J ds2

RP4 + dξ2 + ξ2dΩ2
S2

)
,

(4.13)
where we have defined

z ≡ X(r)− J
J (J + 2) and ξ ≡ π

2 − θ. (4.14)

It is clear that at the location specified in (4.12) the NSNS two-form potential B2 vanishes
while the RR two-form C2 reads

C2 '
(
3z + ξ2

)−1
e−ϕ0

√ √
J + 1

J +
√
J + 1

4
g2 dVdS2 . (4.15)

Finally the behaviour of the ten dimensional dilaton near (4.12) is given by

e−Φ ' e−2ϕ0

√
J + 1

J +
√
J + 1

(
3z + ξ2

)−1/2
, (4.16)

which again matches (4.17). It turns out that this behaviour precisely resembles a O1−
plane in flat space as we now briefly review.

In flat space, the type IIB supergravity solutions corresponding to orientifolds are well
known, see for example [41] for a recent review. For the case of a O1− plane, the solution
in Einstein’s frame is given by the following

ds2 = H(r)−3/4ds2
‖ +H(r)1/4ds2

⊥ , eΦ = H(r)1/2 , C2 = (H(r)−1 − 1)vol‖ (4.17)

with the harmonic function

H(r) = 1− 2−4 (2π`s)6gs
6 Vol7 r6 . (4.18)

In the above solution, ds2
‖ and ds

2
⊥ denote the metric on the two parallel directions and on

the eight transverse directions to the O1 plane respectively, and vol‖ is the volume form
in the two-dimensional internal manifold. For the O1+ solution, the harmonic function
H(r) is modified by a sign change in the second term. Importantly, the flat space solution
becomes unphysical for the range r ≤ r? where r? is the point for which the harmonic
function vanishes and the metric becomes complex below that value. In addition, the
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scalar curvature also diverges at r = r?. The region r ≤ r? is the so-called hole region,
where supergravity cannot be trusted and in particular we cannot reach the location of the
orientifold plane at r = 0.

In summary, from a purely geometric analysis the singularity (4.12) would appear to
signal the presence of O1− plane in the bulk geometry, but we don’t think this is its correct
interpretation. An orientifold would involve gauging worldsheet parity, which corresponds
to charge conjugation of the boundary field theory side, and we are precisely studying
the setup that does not involve modding out by charge conjugation. What’s more, in the
presence of a crosscap the first correction to the classical background is expected to appear
at order 1/N , in contrast with the diagrammatic analysis section 2, where we saw that (in
the setup without charge conjugation) it is of order 1/N2.

4.3 S-duality

From the most general supergravity solution described in appendix B, we have encoun-
tered two choices for the boundary value of the five-dimensional scalars ω and c which are
compatible with a vanishing θ angle. They are

ω0 = 0, π/2 and c0 = π (4.19)

and as mentioned in the appendix C, we could as well set c0 = 0 but that leads to the same
ten-dimensional solution. In the main text we have set ω0 = π/2 but from the boundary
field theory point of view, the two solutions are related by the S-duality transformation
τ → − 1

τ which preserves θ = 0.
We can straightforwardly solve the BPS equations with this new boundary choice

(ω0, c0) = (0, 0) and obtain a new solution. The set of new five-dimensional equations
turns out to be the same as before with the only change being a reflection on the five-
dimensional dilaton ϕ → −ϕ. Upon uplifting the resulting solution to ten dimensions we
obtain a new set of fields related to the previous choice by(

B̃2
C̃2

)
=
(

0 −1
1 0

)(
B2
C2

)
(4.20)

and
eΦ̃ = e−Φ, C̃0 = 0 C̃4 = C4 , (4.21)

which is exactly the S-dual transformed solution. The behaviour close to the singularity is
similar to that one of the previous section, with the exception that the NSNS two-form is
now non-vanishing and the dilaton is inverted

B̃2 '
(
3z + ξ2

)−1
e−ϕ0

√ √
J + 1

J +
√
J + 1

4
g2 dVdS2

eΦ̃ ' e−2ϕ0

√
J + 1

J +
√
J + 1

(
3z + ξ2

)−1/2
,

(4.22)

as r → r∗ and the remaining fields are zero.
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4.4 Completely fixing the solution

Our solution contains an additional parameter, J , as compared to the standard AdS5×S5

case. Given that RP4 is non-conformally flat, one expects a coupling to the curvature
that cannot be removed for example by a choice of regularization scheme in perturbation
theory. For the one-point function of local operators, this coupling might be interpreted
as the mixing with the identity operator [42]. This happens already for observables in the
conformally flat sphere S4 but in RP4 this coupling is physical and not just an artifact of the
map to a curved background. Such coupling is only a function of the radius of RP4 where the
boundary theory lives and once the latter is fixed, there are no further physical parameters
besides the Yang-Mills coupling gYM and the rank of the gauge group N . This means that
the constant J is really not a free parameter but rather should be fixed somehow. In order
to do that, we might resort to the computation of some quantity on the gauge theory in
the strong coupling regime such as a vev of a certain operator that we can match with
supergravity. Desirably, one could hope for a BPS operator whose vev is protected from
quantum corrections, but unfortunately we were not able find such operator. To proceed we
are then left with a non-perturbative computation on the field theory side but fortunately
we have at our disposal a matrix model [9] computing the exact partition function of the
theory on RP4. This matrix model may be solved at least in the large N limit and from
which we can read off the strong coupling limit of various quantities. We will report on
these results elsewhere [43]. It would be desirable to find a condition within supergravity
which could be used to determine this parameter without appealing to the field theory.

5 Tree-level one-point functions and integrability

As we have emphasized, the new set of observables for N = 4 SYM on RP4 are the vevs of
scalar operators. In this section, we would like to comment on their computation at tree
level. We will use some familiar tools from integrability (notably the expressions of dilation
eigenstates given by the Bethe ansatz) but we’ll ultimately find that in the setup without
charge conjugation integrability is broken. By constrast, it is preserved in the setup with
charge conjugation, as will be discussed in a separate article [31].

The simplest example is to consider a subsector involving two complex scalars. In order
to have a non-vanishing one-point function each of these complex scalars must involve a
combination of two real scalars charged under the two distinct SO(3) factors that compose
the R-symmetry6 group SO(3)×SO(3). Let us define

Z ≡ 1√
2

(Φ5 + iΦ7) , X ≡ 1√
2

(Φ6 + iΦ9) , (5.1)

where Φ5,6 and Φ7,9 are charged under different SO(3) factors. Using the propagators (A.9),
this choice leads to the following non-zero contractions as we consider the UV limit

lim
y→x
〈Z(x)Z(y)〉 = lim

y→x
〈X(x)X(y)〉 = g2

YM
16π2 (5.2)

with the remaining limy→x 〈Z(x)X(y)〉 = 0.
6Here the distinction between SO(3) and SO(2,1) is not important.
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In planar N = 4 SYM on flat space, conformal operators are determined by resolving
the mixing problem, and at leading order for small ’t Hooft coupling their explicit expression
can be efficiently handled via the Bethe ansatz. These operators are well described by the
Bethe wave-function ψ,

OM =
∑
~n

ψ(~n, ~p) Tr(Z . . .X . . .X . . . Z) (5.3)

where ~n = (n1, . . . , nM ) are the positions of Xs inside the trace whose length (i.e. the total
number of Xs and Zs) is denoted by L and ~p is the set of Bethe roots satisfying the Bethe
equations and vanishing total momentum

∑
i pi = 0. For example for M = 2, we have

ψ(~n, ~p) = eip1n1+ip2n2 + S(p1, p2) eip1n2+ip2n1 with S(p1, p2) = −1 + eip1+ip2 − 2eip1

1 + eip1+ip2 − 2eip2
,

(5.4)
and the set ~p is subject to eipiL =

∏
k 6=i S(pi, pk). For the general M case, see for exam-

ple [44] for a recent pedagogical review.
We now consider the one-point functions of such operators in the planar limit, in

the setup without charge conjugation. In the absence of Xs, this amounts to count planar
graphs with L/2 propagators. It is a well-known fact that this counting problem is solved by
the Catalan numbers Cn (see for example [45] for an important application of this number),

〈TrZL〉 = N

(
g2

YMN

16π2

)L/2
CL/2 , for even L , (5.5)

and zero for odd L.7 As we replace some of the Zs by Xs, the counting of planar diagrams
can be determined by the large N limit of the gaussian two-matrix model

ω(~n) ≡ 〈Tr(Z . . .X . . . Z)〉 = 1
Z0

∫
[dZ][dX] Tr(Z . . .X . . . Z) e−

Ng2

16π2 TrZ2− Ng2

16π2 TrX2
. (5.6)

with Z0 =
∫

[dZ][dX] e−
Ng2

16π2 TrZ2− Ng2

16π2 TrX2
. The one point function is finally given by

〈OM 〉 =
∑

1≤n1<···<nM≤L
ψ(~n, ~p)ω(~n) . (5.7)

One can in principle determine the numbers ω(~n) in full generality from (5.6), but for
a small number of Xs it is straightforward to work out the combinatorics directly. For
example, for the cases M = 2, 4 (note that M and L have both to be even to obtain a

7We are ignoring a possible additional contribution to this result coming from the non-trivial holonomy
of the gauge field along a cycle of RP4. A more detailed analysis would be needed to determine the effect
that this could potentially have even at zero coupling. We thank Shota Komatsu and Kyriakos Papadodimas
for comments on this detail.
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non-vanishing result) we obtain

〈O2〉=N

(
g2

YMN

16π2

)L/2∑ ′
1≤n1<n2≤L

ψ(n1,n2)C 1
2 (n1+L−n2−1)C 1

2 (n2−n1−1) (5.8)

〈O4〉=N

(
g2

YMN

16π2

)L/2∑
~n

′
ψ(n1,n2,n3,n4)

(
C 1

2 (L+n1−n2+n3−n4−2)C 1
2 (n2−n1−1)C 1

2 (n4−n3−1)

+C 1
2 (L+n1−n4−1)C 1

2 (n2−n3+n4−n1−2)C 1
2 (n3−n2−1)

)
(5.9)

where the primed sum
∑ ′ is over the sets ~n for which the indices of all the Catalan

numbers are integers. These are not normalized one-point functions so far. We can
normalize them by requiring that the UV limit of their two-point functions (i.e. of the
operator and its conjugate) has a unit coefficient. This boils down to divide the above
one-point functions by the factor

N =
(
g2

YMN

16π2

)L/2
×
√

Gaudin norm (5.10)

so that they are of order O(N). In this formula, the Gaudin norm is the norm of the
Bethe wave-function, see [44] for its explicit expression.

It is natural to inquire whether planar integrability is preserved, in which case one may
efficiently determine these one-point functions at the loop level. To attempt an answer, we
can draw some similarities with the defect conformal field theory arising as the dual of the
D3-D5 brane system studied in [46–54] where nontrivial one point functions exist as the
result of a (partial) conformal symmetry breaking. There, the probe D5-brane is described
by a boundary state and the one-point function is computed by overlapping it with a closed
string state, dual to a single trace operator. Equivalently, the string worldsheet for this
defect setup has a disk topology with an insertion of a closed string vertex.

Despite the differences between the two cases, we might ask if some of the salient
features of the weak coupling one-point functions of the defect setup are also present for
our case. Notoriously, the D5 boundary is believed to preserve integrability of the original
N = 4 SYM. A weak coupling signature of this property is the fact that the boundary state
is annihilated by the odd spin higher charges out of the infinite set of conserved charges
underlying integrability [55, 56],

Q2n+1|B〉 = 0 , (5.11)

where |B〉 is the boundary state and Qs denotes the hierarchy of conserved charges in
involution with the Hamiltonian Q2. As a consequence, the overlap with a single trace
state is only non-vanishing for the case where the Bethe state is parity-symmetric, or
equivalently, the corresponding Bethe rapidities are of the form {uj ,−uj}M/2

j=1 .
From the explicit results (5.8) and (5.9), we can easily check that the same selection

rule does not hold. In fact, we did not find any selection rule involving other charges or
combination thereof, which suggests that this setup does not preserve integrability.
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6 Conclusions

In this work we have found a new background of type IIB supergravity, which we propose
as the holographic dual of N = 4 SYM theory on RP4 in the setup “without charge
conjugation”. By construction, this solution respects the same symmetries of the boundary
theory and corresponds to a deformation of N = 4 SYM by non-trivial one-point functions,
as required by the duality.

Our solution contains a bulk naked singularity whose nature is still unclear to us.
Geometrically, the singularity resembles an orientifold O1− plane, but we do not expect
this to be its correct interpretation, as we should not be gauging worlsheet parity (whose
field theory counterpart is charge conjugation). The large N expansion of the field theory
is also incompatible with the presence of a crosscap in the dual string theory. On general
grounds, we expect this naked singularity to be resolved within the fully fledged type IIB
string theory, as there appears to be nothing singular about the boundary field theory.
It would be of great interest to understand how this comes about. A challenge is that
unlike the standard AdS5 × S5 background, which arises as the near-horizon limit of a
stack of D3 branes in flat space, we are not aware of an analogous brane construction for
our background. Indeed if one considers a stack of D3 branes with R4 worldvolume in flat
space, the identification that leads to RP4 is a conformal isometry, which is of course not a
symmetry of the full open string field theory — it becomes a symmetry only a low-energy,
i.e. in N = 4 SYM. One might consider starting instead with branes with S4 wordvolume,
but such a setup is not available in asymptotically flat space.

There are a number of quantitative checks of the proposed duality that it will be
interesting to carry out. The matrix model of [9] can be studied in the large N and large
’t Hooft coupling limit, yielding e.g. the free energy and the vevs of certain operators. The
same observables can be independently computed in the dual supergravity, taking into
account the proper holographic renormalization procedure. An additional difficulty with
respect to more standard holographic setups is the presence of the IR naked singularity.
This will be reported elsewhere [43]. In particular one should be able to fix the parameter
J that was left free in this solution.

As we have emphasized throughout, the setup studied in this paper is not the unique
realization of N = 4 on RP4. There is alternative way, where the spacetime identification
of the elementary fields on antipodal points of S4 is combined with charge conjugation. As
described in section 2, this leads to a very different large N scaling of correlators, with one-
point function of order O(1). There is a compelling guess for the holographic dual, as an
orientifold projection of AdS5×S5, which in particular adds a crosscap on the worldsheet.
Recently, crosscap states were studied in the context of two-dimensional integrable field
theories [57], where it was shown that integrability survives in their presence. This suggests
that the orientifold setup is in fact integrable and may be studied non-perturbatively in
the ’t Hooft limit. This is the subject of upcoming work [31].
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A Propagators in RP4

In this section, we determine the propagators of the elementary fields in RP4 seen as S4

with the antipodal points identified.

A.1 Conventions

We will adopt the following convention for the Euclidean N = 4 SYM action (the same as
in [9]). In S4 it reads

S = − 1
2g2

YM

∫
S4
d4xTr

(1
2F

2
µν + (DµΦI)2 −ΨΓµDµΨ + 2

R2 ΦIΦI

+ 1
2[ΦI ,ΦJ ][ΦI ,ΦJ ]−ΨΓI [ΦI ,Ψ]

) (A.1)

with the indices µ, ν = 1, . . . , 4 and I, J = 5, . . . , 9, 0 and Dµ • = ∂µ + [Aµ, •] and Fµν =
[Dµ, Dν ]. The conventions for the SU(N) generators Ta are such that TrTaTb = −1

2δab and
they are anti-hermitian.

A.2 Flat space propagators

If we consider the theory on R4, which amounts to the same Lagrangian density as (A.1)
except that the conformal masses of the scalars are absent, we have the following propa-
gators

〈ΦI(x)ΦJ(y)〉R4 = g2
YM

4π2
δIJ

(x− y)2 , 〈Aµ(x)Aν(y)〉R4 = g2
YM

4π2
δµν

(x− y)2

〈Ψ(x)Ψ(y)〉R4 = −g
2
YM

2π2
Γ̃ · (x− y)
(x− y)4 ,

(A.2)

where we have used the Feynman gauge for the gauge field propagator and we are omitting
the gauge indices. In the short distance limit, the propagators on RP4 should reduce to
these ones.

A.3 Propagators in RP4

We will regard RP4 as the Z2 quotient of the sphere S4 and use the stereographic coordi-
nates (2.5). A simple feature that the propagators on RP4 should reflect is the invariance
under the involution I defined in (2.19). For a generic field χ(x), one has the relations

〈χ(x)χ(y)〉RP4 = 〈χ(x)χ′(y′)〉RP4 = 〈χ′(x′)χ(y)〉RP4 = 〈χ′(x′)χ′(y′)〉RP4 (A.3)
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where χ′(x′) = χ(x) is the image of χ(x) on the covering space S4 specified by the involution
I. We will make use of these relations while determining the propagators.

A.3.1 Scalars

From the equation of motion for the scalar that follows from (A.1), we infer that the
propagator obeys (

∇2
S4 −

2
R2

)
GΦ(x, y) = 0 , (A.4)

for x 6= y and the scalar propagator is related to GΦ(x, y) by

〈ΦI(x)ΦJ(y)〉 = δIJGΦ(x, y) . (A.5)

This equation is solved by
GΦ(x, y) = a

η
+ b

1− η (A.6)

for any two constants a, b and η is the chordal distance on the sphere given by

η = (x− y)2

(1 + x2)(1 + y2) . (A.7)

We impose the conditions (A.3) using that under the involution I the image of the scalar is

ΦI(x) = (RΦ)I(−xµ/|x|2) ≡ (Φ′)I(x′) . (A.8)

Finally, one can fix the singular behaviour in the limit as y → x by matching with flat
space (A.2) to finally obtain

〈ΦI(x)ΦJ(x)〉RP4 = 1
4
g2

YMδ
IJ

4π2

(1
η
± 1

1− η

)
. (A.9)

where the sign depends on the parity of the field under R, namely plus or minus for
I = 4, 5, 6 or I = 1, 2, 3 respectively. This propagator has also been determined in [29].

A.3.2 Fermions

Using analogous procedure for the fermions, we can check that

GΨ(x, y) ≡ 〈Ψ(x)Ψ(y)〉RP4 = −g
2
YM

2π2
1
16

(
Γ̃ · (x− y)

η2 + i

(1− η)2 R̃(1 + Γ · x Γ̃ · y)
)
.

(A.10)
satisfies the equation for the fermionic propagators

ΓµDµGΨ(x, y) = 0 , (A.11)

for x 6= y. In checking this equation, it may be useful to use the following properties of R,

RΓ̃µ = −ΓµR̃ , RR̃ = −1 , (A.12)

where R̃ = −Γ̃[7Γ9Γ̃0]. Moreover, this propagator satisfies (A.3) where we use that the
image of the fermion under I is given by

Ψ(x) = i

|x|
Γ̃µxµRΨ(−xµ/x2) ≡ Ψ′(x′) , (A.13)

and the singularity matches the flat space one (A.2) in the limit where y → x.
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A.3.3 Gauge fields

Here we adapt the method of [58] to determine the gauge propagator. The idea is to start
by writing the bi-tensor Gµν(η) ≡ 〈Aµ(x)Aν(y)〉 as

Gµν(η) = −
(
∂xµ∂

y
νη
)
F (η) + ∂xµ∂

y
νS(η) . (A.14)

where we have ignored color indices. From now on we will discard S(η) since it drops
from the equation of motion and will now determine F (η). The following properties of the
derivatives of η will be useful,

Dµ∂µη = 2(1− 2η)
Dµη∂µη = η(1− η)

Dµ∂νη = 1
2gµν(1− 2η)

(∂µη)(Dµ∂ν∂ν′η) = −∂νη∂ν′η
Dµ∂ν∂ν′η = −gµν∂ν′η

Dµη∂µ∂ν′η = 1
2(1− 2η)∂ν′η

(A.15)

where primed derivatives are taken with respect to y. The propagator satisfies the following
equation

Dµ∂µGνν′ −Dµ∂νGµν′ = −gνν′δ(x, y) + ∂ν′Λν(x, y) (A.16)

and for x 6= y we ignore the delta function. Plugging (A.14) (ignoring the second term) in
the l.h.s. of (A.16) and using the above properties we get the following equation

Dµ∂µGνν′ −Dµ∂νGµν′ = ∂νη∂ν′η

(
−3F ′ + 1

2(1− 2η)F ′′
)

+ ∂ν∂ν′η

(
−3

2(1− 2η)F ′ − η(1− η)F ′′
)
.

(A.17)

Using that Λν = ∂νηΛ(η) we finally get the equations

−3F ′ + 1
2(1− 2η)F ′′ = Λ′

−3
2(1− 2η)F ′ − η(1− η)F ′′ = Λ

(A.18)

We integrate the first equation

Λ = −2F + 1
2(1− 2η)F ′ + Λ0 (A.19)

where Λ0 is an integration constant. We plug this in the second equation of (A.18) and get

η(η − 1)F ′′ + 2(2η − 1)F ′ + 2F − Λ0 = 0 (A.20)

whose general solution is given by

F (η) = Λ0
2 + a

η
+ b

1− η (A.21)
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for arbitrary constants a and b. We set Λ0 = 0 so that the correlation vanishes for large
separation. The result is then

〈Aµ(x)Aν(y)〉 = −∂µ∂νη
(
a

η
+ b

1− η

)
(A.22)

To fix these constants, we use that the correlator has to be invariant under the involution
I according to (A.3). For example, using

〈Aµ(x)Aν(y)〉 = −〈Aµ(x)Iνρ(y)Aρ(y′)〉 , (A.23)

we obtain the restriction
b = −a (A.24)

and the remaining constant is fixed by normalization, namely for η → 0, one matches the
flat space propagator (A.2). We finally get

〈Aµ(x)Aν(y)〉 = − 1
4π2∂µ∂νη

g2
YM
2

(1
η
− 1

1− η

)
. (A.25)

B General five-scalar solution

In this section, we construct the most general solution out of the five-scalar truncation (3.3)
that satisfies our ansatz. We will solve the five-dimensional BPS equations and then check
that the resulting solution uplifts to a ten-dimensional solution of type IIB supergravity.

The BPS equations arise as conditions for the vanishing of the supersymmetric varia-
tions of the spin 1/2 and spin 3/2 fields. To derive such equations in the five-dimensional
N = 8 supergravity, the procedure is systematic and thoroughly described in [32]. Since
we are using the same 27-bein of E6(6) parametrizing the scalar coset (3.9) as in [30] (see
also our appendix C for its explicit expression), many equations can be recycled from there.
We refer the reader to appendix A of [30] for further details on the derivation.

The main difference here arises from the analytic continuation to Euclidean signature.
After this continuation, most of the equations are written in terms of the superpotentials
W and W̃ given by

W = −3g
2 (cosh 2α cos 2χ+ sinh 2α sin 2χ) ,

W̃ = −3g
2 (cosh 2α cos 2χ− sinh 2α sin 2χ)

(B.1)

In particular, notice that W̃ is not the complex conjugate ofW as opposed to the Lorentzian
solution in [30].

Spin-1/2 equations. In terms of these superpotentials, the spin-1/2 equations can be
written as

iβ γr ε
s = 1 +

√
2

6 ∂αW̃ εs̄ (B.2)

where β is a combination of scalars that will appear often β ≡ α′−sec(c+2ω)ϕ′ with prime
denoting derivatives with respect to r, γr is the five-dimensional gamma matrix along the

– 26 –



J
H
E
P
0
2
(
2
0
2
3
)
1
0
6

r direction and εs,s̄=1,2,3,4 are the spinors parametrizing the supercharges. Given that each
spinor εs has four real independent components by the symplectic Majorana condition
and εs̄ is completely determined by εs, this gives the expected sixteen independent real
supercharges. The remaining spin-1/2 equations read

β2 = 1
36∂αW ∂αW̃

χ′ β = 1
24 sin 4χ

(
W∂αW + W̃∂αW̃

2

)

(α′ − β)β = 1
24 tan 4χ

(
W∂αW − W̃∂αW̃

2

) (B.3)

and finally
ω′ = sinh2 ϕ c′

c′ = −2 tan(c+ 2ω)ϕ′

sinh 2ϕ .
(B.4)

Equations (B.4) imply that the combination

C ≡ sinh 2ϕ sin(c+ 2ω) (B.5)

is conserved. As described in the main text, the scalars c and ω are dual to the θ angle of
Super Yang-Mills and to phase of the operator of dimension three discussed around (3.8),
respectively. These parameters are fixed on the field theory side. The θ angle of Yang-
Mills on RP4 can take up only two values, θ = 0 , π. Throughout this paper we focus on
the case θ = 0. The theta angle is precisely identified with the boundary value of the
ten-dimensional axion. The uplift of the five dimensional axion c to the corresponding ten
dimensional one will be worked out in the appendix C, but we anticipate that by setting
the boundary value of c(r → ∞) to π forces the corresponding boundary ten dimensional
axion to be zero as well.

The boundary value of the phase ω follows from CPT invariance together with the pre-
vious requirement that the theta angle is fixed to be zero. In flat space, the phase of the bi-
linear fermionic operator Tr(λλ) (omitting indices and the projection into the SO(3)×SO(3)
singlet) in the 10 of SU(4) can be modified by an SL(2,Z) transformation. Since this op-
erator can be obtained by the action of two charges Q on a 20′ lowest weight, which is
invariant under SL(2,Z), we get that the operator must transform as a modular form of
weights (1/2,−1/2) since each Q itself transforms with weights (1/4,−1/4) [59], namely

Tr(λλ) SL(2,Z)7−−−−→ (cτ + d)1/2(cτ̄ + d)−1/2 Tr(λλ) ≡ eiξ Tr(λλ) (B.6)

and the complex couplings transform as τ 7→ aτ+b
cτ+d and τ̄ 7→ aτ̄+b

cτ̄+d for
(
a b
c d

)
∈ SL(2,Z)

and ξ = arg(cτ + d). For the operator Tr(λ̄λ̄) in the 1̄0, the modular weights are instead
(−1/2, 1/2).

In RP4 however, the allowed SL(2,Z) transformations should preserve the condition
θ = 0 which implies that the parameter a, b, c, d must obey either

b = c = 0 , d = 1/a or a = d = 0 , b = −1/c (B.7)
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which sets ξ = 0, π or ξ = ±π/2 respectively. For each solution in (B.7), the two choices
of ξ lead to an equivalent type IIB solution so we take one representative, namely ξ = 0 or
ξ = π/2. We see that the phase of the operator cannot be further modified by a modular
transformation and we can determine it from CPT invariance.

After the analytic continuation to imaginary time, CPT in Euclidean signature
amounts to a π-rotation on the plane defined by one space coordinate and the analyti-
cally continued time direction, besides the charge conjugation. For the one point function
of the bilinear fermionic operator, CPT acts as

CPT : Tr (λλ)(x) 7→ −Tr (λ̄λ̄)(x̃) (B.8)

where the sign comes from a (−1)1/2 factor for each fermion under CPT, x̃ represents the
π-rotation in a plane formed by two coordinates of xµ. From the CPT invariance of the
theory, we expect the one-point function of both these operators to be the same. Their
modulus is the same and controlled by the asymptotic value of the scalar χ whereas the
corresponding phases are determined by the asymptotic value of the scalar ω. If

〈Tr (λλ)(x)〉 = ρ eiξ+iφ (B.9)

then we have 〈Tr (λ̄λ̄)(x̃)〉 = ρ e−iφ−iξ, given that the latter carries opposite U(1)⊂ SL(2,R)
charge (note that the one point function does not depend on the insertion of the operator,
so ρ and φ are independent of the position). Therefore we get that ρ eiφ+iξ = −ρ e−iφ−iξ

which gives φ = ±π/2 or φ = 0, π for the two choices of ξ respectively. We note again that
for a given value of ξ the two resulting possibilities for φ are physically equivalent, so we
may set φ = 0 or φ = π/2. For the main part of the paper, we have set φ = π/2 and we
comment on the other choice in relation to the S-duality in section 4.3.

We can verify that this condition on the phase of the fermionic bilinear operator is
consistent with the identification (2.19). The map of the ten-dimensional fermions un-
der the involution translates into the following transformation of the corresponding four-
dimensional Weyl fermions

λαaȧ = −iσµx
µ

|x|

(
σ1
)b

a λ̄α̇bȧ (B.10)

where σ1 is the Pauli matrix, σµαα̇ = (~σ,−i) and we have split the 4 indices of SU(4) into
a pair of fundamental SU(2) indices, A 7→ (a, ȧ). This transformation implies the relation
between the one-point functions of the above operators

〈Tr (λλ)(x)〉 = −〈Tr (λ̄λ̄)(x′)〉 (B.11)

where (x′)µ ≡ −xµ

x2 , from which we obtain the same constraint on the bulk scalar dual to
the phase of these operators.

We can verify this result at tree level in the gauge theory by computing the Wick
contraction using the propagator (A.10). We get such phase from the factor of i in front of
the second term of the propagator which is the only contribution to the one-point function
as one takes the limit of coinciding points y → x.

– 28 –



J
H
E
P
0
2
(
2
0
2
3
)
1
0
6

This fixes the value ω(r → ∞) = ±π/2 (we can choose the plus sign, given that the
relevant phase is 2ω). Together with the above condition c(r →∞) = π we determine the
constant C = 0. We then consistently set these two scalars to constants in the bulk with
their value being the same as the boundary ones. This last step, although consistent with
the equations of motion, is not strictly necessary, but we take it as part of our ansatz.

Spin-3/2 equations. The spin-3/2 equations can again be obtained by performing the
analytical continuation (3.12) to the Euclidean signature on the corresponding ones in [30].
They look as follows

∇i

(
εs

ε̃s̄

)
=

 0 i(1+
√

2)
6 W̃

− i(−1+
√

2)
6 W 0

 γi
(
εs

εs̄

)
(B.12)

where i is an index on the S4 slice,8 see (3.10). There is also an additional equation fixing
the radial dependence of the spinor but that will not be important for our purposes. We
can rewrite the covariant derivative in terms of a derivative on the unit-radius sphere

∇i = ∇̂ı̂ −
1
2A
′γrγi (B.13)

with ı̂ being the index on the unit S4. The spinors on the unit S4 satisfy

∇̂ı̂ε = ±1
2γ5γı̂ε (B.14)

where γ5 = γ0̂1̂2̂3̂ = γr, and all gamma matrices γı̂ are Euclidean. Note that γı̂ = e−Aγi.
Using the Killing spinor equation on S4 we arrive at(

κ e−A +A′ 0
0 κ e−A +A′

)
γr

(
εs

ε̃s̄

)
=

 0 i(1+
√

2)
3 W̃

− i(−1+
√

2)
3 W 0

(εs
εs̄

)
(B.15)

These equations are obeyed for any εs,s̄ provided the following conditions are satisfied

(−e−Aκ+A′)(−e−Aκ̃+A′) = WW̃9 . (B.16)

with κ, κ̃ = ±1. If we turn off the scalars, W = W̃ = −3g/2, and in addition set κ̃ = −κ
we recover pure AdS5. From now on, we will take κ̃ = −κ = 1.

C Details of the ten-dimensional uplift to type IIB

We provide some details on the uplift of the five-dimensional solution to the type IIB
supergravity. The formulae in this appendix has been derived in [39, 60] and already applied
in several instances such as [30, 36, 61–63]. The uplift procedure amounts to reconstruct in a
consistent way the additional five coordinates completing the ten-dimensional background.
For the vacuum solution, i.e. with no additional fields turned on besides the metric, these

8At this point, the distinction between RP4 or its double cover S4 is not relevant.
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additional five-dimensional space uplifts to the sphere S5. In Euclidean signature, we need
to additionally continue the sphere to the five-dimensional de sitter dS5. We recycle the
Lorentzian formulae of [61] by complexifying one of the embedding coordinates. Given
the residual R-symmetry preserved by the boundary theory, it is natural to consider the
embedding on dS5 as follows

Y1 = cos θ cosφ1 , Y2 = cos θ sinφ1 cosφ2 , Y3 = cos θ sinφ1 sinφ2

Y4 = −i sin θ sinhχ1 , Y5 = sin θ coshχ1 cosχ2 , Y6 = sin θ coshχ1 sinχ2
(C.1)

where we have analytically continued Y4.
The next ingredient for the uplift is to choose a representative element U of E6(6)

parametrizing the scalar coset (3.9). We make a choice analogous to the one in [30], which
we will explicit show here for completeness. We start with a basis for e6(6) parametrized
by the element X which is a 27×27 matrix with the following block structure

X =
[
A15×15 B15×12
C12×15 D12×12

]
. (C.2)

The non-zero entries are easily determined by finding the generators of e6(6) which preserve
so(3) × so(3) ⊂ so(6). The axio-dilaton submanifold SL(2,R)/SO(2) is generated by two
generators

r =
[

015×15 015×12
012×15 16×6 ⊗ (−iσ2)

]
, t =

[
015×15 015×12
012×15 16×6 ⊗ σ1

]
, (C.3)

with σi being the standard Pauli matrices. Then this coset is parametrized by

Uϕ = e−c r/2 e−ϕ t e(c/2+π/4)r (C.4)

and note that in our case9 we will set c(r) = π. The remaining part of the coset (3.9)
involves the generators

gχ =
[

015×15 M
Mᵀ 012×12

]
, gα =

[
N 015×12

012×15 σ2 ⊗ 16×6

]
(C.5)

where the matricesM and N are

M =



0 0 0 0
√

2
√

2
0 0 −

√
2 −
√

2 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0√
2
√

2 0 0 0 0

0 0 0 0 −
√

2
√

2
0 0

√
2 −
√

2 0 0
−
√

2
√

2 0 0 0 0


, N =



−2 0 0 0 0 0
0 −2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −2

2 0 0
0 2 0
0 0 2


(C.6)

such that the final parametrization of (3.9) is given by

U = eiχ gχeα gαe−ω r Uϕ (C.7)
9Our parametrization differs by the one used in [30] by ϕ→ −ϕ.
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and we end up setting ω(r) = π/2. Once the element U and the embedding coordi-
nates (C.1) are fixed, it is a systematic procedure to apply the formulae [39] which is nicely
summarized in [61] to generate the ten-dimensional uplifted solution.

Importantly for our particular solution is the explicit expression for the ten dimensional
axion. From the uplift formulae we obtain

C0 = e2α(K− sin2 θ + 1)L+
c L−s − e−2α(K+ cos2 θ + 1)L−c L+

s

e−2α(K+ cos2 θ + 1)(L−c )2 + e2α(K− sin2 θ + 1)(L−s )2 (C.8)

where K± was defined below equation (4.2) and L±c,s are defined as

L±c = cosh(ϕ) cos(ω)±sinh(ϕ) cos(c+ω) , L±s = cosh(ϕ) sin(ω)±sinh(ϕ) sin(c+ω) (C.9)

One can easily determine that for r →∞ the axion becomes

C0 →
2 sinh(ϕ0) cosh(ϕ0) sin(c0)

sinh(2ϕ0) cos(c0)− cosh(2ϕ0) (C.10)

where c0 and ϕ0 are the asymptotic values of c and ϕ. We see that choosing c0 = 0 or π
gives C0 = 0 consistently with the value of the θ angle in the field theory. Both choices of
c0 lead to the same physical solution and in this paper we set c0 = π.

Open Access. This article is distributed under the terms of the Creative Commons
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