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1. Introduction

The mass-critical nonlinear Schrödinger equation (NLS) is given by

iut + ∆u = µ|u|
4
du = µF (u), u(0, x) = u0, u : I × Rd → C, µ = ±1, (1.1)

here I ⊂ R is an open interval with 0 ∈ I. The case when µ = +1 is the defocusing case, and the case
hen µ = −1 is the focusing case.
If u solves (1.1), then for any λ > 0,

λd/2u(λ2t, λx), (1.2)

lso solves (1.1) with initial data λd/2u0(λx). The L2 norm, or mass, is preserved under (1.2). Thus, (1.1)
s called L2 or mass critical. The L2 norm, or mass, is also conserved by the flow of (1.1). If u is a solution
o (1.1) on some interval I ⊂ R, 0 ∈ I, then for any t ∈ I,

M(u(t)) =
∫

|u(t, x)|2dx =
∫

|u(0, x)|2dx. (1.3)

It is well-known that the local well-posedness of (1.1) is completely determined by L2-regularity. In
he positive direction, [1,2] proved that (1.1) is locally well-posed on some open interval for initial data
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0 ∈ L2(Rd). Furthermore, if u0 ∈ Hs
x(Rd) for some s > 0, [1,2] proved that (1.1) was locally well-posed on

n open interval (−T, T ), where T (∥u0∥Hs) > 0 depends only on the size of the initial data. Finally, [1,2]
roved that there exists ϵ0 > 0 such that if ∥u0∥L2 < ϵ0, then (1.1) is globally well-posed and scattering.

efinition 1 (Scattering). A solution to (1.1) that is global forward in time, that is u exists on [0,∞), is
aid to scatter forward in time if there exists u+ ∈ L2(Rd) such that

lim
t↗∞

∥u(t) − eit∆u+∥L2(Rd) = 0. (1.4)

solution to (1.1) that is global backward in time is said to scatter backward in time if there exists
− ∈ L2(Rd) such that

lim
t↘−∞

∥u(t) − eit∆u−∥L2(Rd) = 0. (1.5)

Eq. (1.1) is scattering for any u0 ∈ L2(Rd), or for u0 in a specified subset of L2(Rd), if for any u0 ∈ L2(Rd)
or the specified subset of L2(Rd), there exist (u−, u+) ∈ L2(Rd) × L2(Rd) such that (1.4) and (1.5) hold,
and additionally, u− and u+ depend continuously on u0.

In the negative direction, [3] showed that local well-posedness fails for u0 ∈ Hs, s < 0.
The qualitative global behavior for (1.1) in the defocusing case (µ = +1) has now been completely worked

ut. A solution to (1.1) has the conserved quantities mass, (1.3), energy,

E(u(t)) = 1
2

∫
|ux(t, x)|2dx+ µd

2d+ 4

∫
|u(t, x)|

2d+4
d dx = E(u(0)), (1.6)

and momentum
P (u(t)) = Im

∫
∇u(t, x)u(t, x)dx = P (u(0)). (1.7)

hen µ = +1, (1.6) is positive definite, so if u0 ∈ H1(Rd), then the energy gives an upper bound on ∥u(t)∥H1

or any t ∈ I. Since (1.1) is locally well-posed on an interval [−T, T ], where T (∥u0∥H1) > 0, conservation of
nergy implies that the local well-posedness result of [1,2] can be iterated to a global well-posedness result.
ater, (1.1) was proved to be globally well-posed and scattering for any initial data in u0 ∈ L2(Rd) when
= +1, see [4,5], and [6].
In the focusing case (µ = −1), the existence of non-scattering solutions to (1.1) has been known for a

ong time, see [7]. Let Q(x) be the unique, positive, radial solution of the elliptic partial differential equation

∆Q+ |Q|
4
dQ = Q. (1.8)

uch a solution is known to exist, see [8]. If Q solves (1.8), then eitQ(x) gives a global solution to (1.1) when
= −1,

iut + ∆u = −|u|
4
du, u(0, x) = u0, u : I × Rd → C, (1.9)

which does not scatter in either time direction. Furthermore, if u(t, x) is a solution to (1.9), then applying
the pseudoconformal transformation to u,

v(t, x) = 1
|t|d/2 ū(1

t
,
x

t
)ei

|x|2
4t , (1.10)

s also a solution to (1.9). Applying the pseudoconformal transformation to eitQ(x) gives a solution to (1.9)
hat blows up in finite time.
2
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Furthermore, the mass ∥Q∥L2 represents a blowup threshold. In the case when ∥u0∥L2 < ∥Q∥L2

nd u0 ∈ H1, [9] proved that (1.9) has a global solution using conservation of mass, energy, and the
agliardo–Nirenberg inequality,

∥f∥2+ 4
d

L
2+ 4

d (Rd)
≤ d+ 2

d
(

∥f∥L2(Rd)

∥Q∥L2(Rd)
) 4

d ∥∇f∥2
L2(Rd). (1.11)

lugging (1.11) into (1.6) when µ = −1,

E(u(t)) ≥ 1
2∥∇u(t)∥2

L2(1 −
∥u0∥4/d

L2

∥Q∥4/d

L2

). (1.12)

or initial data u0 ∈ L2 satisfying ∥u0∥L2 < ∥Q∥L2 , where u0 need not lie in H1, [10] proved global
ell-posedness and scattering.
Less is known about the focusing problem when ∥u0∥L2 = ∥Q∥L2 . It is conjectured that u(t, x) = eitQ(x)

nd its pseudoconformal transformation is the only non-scattering solutions to (1.9) when ∥u0∥L2 = ∥Q∥L2 ,
odulo symmetries of (1.1). The symmetries of (1.1) include the scaling symmetry, which has already been
iscussed (1.2), translation in space and time,

u(t− t0, x− x0), t0 ∈ R, x0 ∈ Rd, (1.13)

hase transformation,
∀θ0 ∈ R, eiθ0u(t, x), (1.14)

nd the Galilean transformation,

ei
ξ0
2 ·(x− ξ0

2 t)u(t, x− ξ0t), ξ0 ∈ Rd. (1.15)

This conjecture was answered in the affirmative in all dimensions for finite time blowup solutions with
finite energy initial data. See [11] and [12]. This conjecture was also answered in the affirmative for a radially
symmetric solution to (1.9) in dimensions d ≥ 4 that blow up in both time directions, but not necessarily
n finite time. See [13].

emark 1. Throughout this paper, blowup refers to failure to scatter, and could mean either finite or in
infinite time, unless specified otherwise. From [1,2], failure to scatter forward in time is equivalent to

∥u∥
L

2(d+2)
d

t,x ([0,sup(I))×Rd)
= ∞, (1.16)

here I is the maximal interval of existence of u.

emark 2. The pseudoconformal transformation of the solution eitQ(x) is a solution that blows up in one
ime direction but scatters in the other. By time reversal symmetry, it is possible to assume without loss of
enerality that the solution blows up forward in time. So [11] and [12] proved that a finite energy, finite time
lowup solution to (1.9) must be a pseudoconformal transformation of eitQ(x). Meanwhile, [13] showed that
he only radial solution to (1.9) that blows up in both time directions in dimensions d ≥ 4 is the soliton
eitQ.

More recently, [14] proved a sequential convergence result for radially symmetric solutions that may only
blow up in one time direction.
3
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heorem 1. Assume that u is a radial solution to the focusing, mass-critical nonlinear Schrödinger equation,
1.9), with ∥u0∥L2 = ∥Q∥L2 , which does not scatter forward in time. Let (T−(u), T+(u)) be its lifespan, T−(u)
ould be −∞ and T+(u) could be +∞. Then there exist a sequence tn ↗ T+(u) and a family of parameters
λ∗,n, γ∗,n such that

λ
d/2
∗,nu(tn, λ∗,nx)e−iγ∗,n → Q, in L2. (1.17)

In fact, [14] proved Theorem 1 for a larger class of initial data, data which is symmetric across d linearly
ndependent hyperplanes. In one dimension, there is no difference between radial initial data and symmetric
nitial data, but there is in higher dimensions.

In a previous paper, [15], we removed the symmetry assumption in dimension one. Here, we continue this
tudy and remove the symmetry assumption in dimensions d ≥ 2. In doing so, we must allow for translation,
1.13), and Galilean symmetries, (1.15), not just scaling and phase transformation symmetries.

heorem 2. Assume u is solution to (1.1) with ∥u0∥L2 = ∥Q∥L2 which does not scatter forward in time.
et (T−(u), T+(u)) be its lifespan, T−(u) could be −∞ and T+(u) could be +∞. Then there exist a sequence

n ↗ T+(u) and a family of parameters λ∗,n, γ∗,n, ξ∗,n, x∗,n such that

λ
d/2
∗,ne

ixξ∗,nu(tn, λ∗,nx+ x∗,n)e−iγ∗,n → Q, in L2. (1.18)

When ∥u0∥L2 > ∥Q∥L2 , one can easily construct solutions to (1.1) that blow up in finite time. Indeed,
sing the virial identity for a solution to (1.1),

d2

dt2

∫
|x|2|u(t, x)|2dx = 16E(u0), (1.19)

or u0 ∈ H1, ∥|x|u0∥L2 < ∞, E(u0) < 0, (1.19) implies that the variance
∫

|x|2|u(t, x)|2dx is a concave
function in time. Therefore, the variance can only be positive on some finite interval (−T1, T2), where T1,

2 < ∞, which implies that the solution to (1.1) with such initial data cannot exist outside the time interval
−T1, T2). Initial data u0 = (1 + ϵ)Q satisfies the above conditions for any ϵ > 0.

For initial data with nonpositive energy and mass slightly above the ground state

∥Q∥L2 < ∥u0∥L2 ≤ ∥Q∥L2 + α, for some α > 0 small, (1.20)

16] proved that after acting on the solution with the appropriate symmetries, u(t, x) converges weakly to Q
s t converges to the blowup time. Such solutions would include the above mentioned solutions with finite
ariance and negative energy that satisfy (1.20).

This fact also holds for any solution to (1.1) that satisfies (1.20) and fails to scatter. Once again, we
eneralize a result of [14] to the non-symmetric case in dimensions d ≥ 2.

heorem 3. Assume u is a solution to (1.1) with u0 satisfying (1.20), which does not scatter forward in
ime. Let (T−(u), T+(u)) be the lifespan of the solution. Then there exists a sequence of times tn ↗ T+(u)
nd a family of parameters λ∗,n, γ∗,n, ξ∗,n, x∗,n such that

λ
d/2
∗,ne

ix·ξ∗,nu(tn, λ∗,nx+ x∗,n)e−iγ∗,n ⇀ Q, weakly in L2. (1.21)

. A preliminary reduction

The scattering result of [10] implies that a non-scattering solution to (1.1) with ∥u0∥L2 = ∥Q∥L2 is a

inimal mass blowup solution to (1.1). Therefore, it is possible to make a reduction to an almost periodic

4
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olution in proving Theorem 2. Let tn ↗ T+(u) be a sequence of times. Making a profile decomposition,
fter passing to a subsequence, for all J ,

u(tn) =
J∑

j=1
gj

n[eit
j
n∆ϕj ] + wJ

n , (2.1)

where gj
n is the group action

gj
nϕ

j = λ
d/2
n,j e

ix·ξn,jeiγn,jϕj(λn,jx+ xn,j), (2.2)

and
lim

J→∞
lim sup

n→∞
∥eit∆wJ

n∥
L

2(d+2)
d

t,x (R×Rd)
= 0. (2.3)

Since u is a minimal mass blowup solution, ϕj = 0 for j ≥ 2, ∥ϕ1∥L2 = ∥Q∥L2 , and ∥wJ
n∥L2 → 0 as n → ∞.

ee [17,18], or [19] for a detailed treatment of the profile decomposition for minimal mass blowup solutions.
hus, it will be convenient to drop the j notation and simply write,

u(tn) = gnϕ+ wn. (2.4)

emark 3. The disappearance of eit1
n∆ in (2.4) will be explained soon.

Now let v be the solution to (1.1) with initial data ϕ, and let I be the maximal interval of existence of v.
ince

lim
n→∞

∥u∥
L

2(d+2)
d

t,x ((T −(u),tn)×Rd)
= ∞, and ∥u∥

L

2(d+2)
d

t,x ((tn,T +(u))×Rd)
= ∞ ∀n, (2.5)

∥v∥
L

2(d+2)
d

t,x ([0,sup(I))×Rd)
= ∥v∥

L

2(d+2)
d

t,x ((inf(I),0]×Rd)
= ∞. (2.6)

emark 4. Eq. (2.5) is also the reason that it is unnecessary to allow for the possibility of terms like
eit

j
n∆ϕj ] in (2.1) in place of ϕj , where tjn → ±∞. If tjn converges along a subsequence to some tj0 ∈ R, then

j can be replaced by eit
j
0∆ϕj .

heorem 4. To prove Theorem 2, it suffices to prove that there exists a sequence sm ↗ sup(I), sm ≥ 0,
uch that

g(sm)v(sm) → Q, in L2. (2.7)

roof. Suppose g(sm)v(sm) → Q in L2. For any m let sm ∈ I be such that

∥g(sm)v(sm) −Q∥L2 ≤ 2−m. (2.8)

ext, observe that (2.1) implies

eiξn·xeiγnλd/2
n u(tn, λnx+ xn) → ϕ, in L2, (2.9)

nd by (1.15) and perturbation theory, for a fixed m, for n sufficiently large,

∥e−iξ2
nsmeiξn·xeiγnλd/2

n u(tn + λ2
nsm, λnx+ xn − 2ξnλnsm) − v(sm)∥L2

iξn·x iγn d/2
(2.10)
≤ C(sm)∥e e λn u(tn, λnx+ xn) − ϕ∥L2 .

5
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herefore, by (2.8), (2.10), and the triangle inequality,

∥g(sm)(λd/2
n e−iξ2

nsmeiξn·xeiγnu(tn + λ2
nsm, λnx+ xn − 2ξnλnsm)) −Q∥L2

≤ C(sm)∥eiξn·xeiγnλd/2
n u(tn, λnx+ xn) − ϕ∥L2 + 2−m.

(2.11)

Since g(sm) is also of the form (2.2), there exists a group action gn,m of the form (2.2) such that

g(sm)(λd/2
n e−iξ2

nsmeiξn·xeiγnu(tn + λ2
nsm, λnx+ xn − 2ξnλnsm)) = gn,mu(tn + λ2

nsm, x). (2.12)

Eq. (2.11) implies
lim

m,n→∞
∥gn,mu(tn + λ2

nsm, x) −Q∥L2 = 0. (2.13)

Since tn ↗ T+(u) and sm ≥ 0, tn + λ2
nsm ↗ T+(u), which implies Theorem 2, assuming that (2.7) is

true. □

Now then, since v(s) blows up in both time directions, (2.6) holds, and ∥v∥L2 = ∥Q∥L2 , we can use the
result of [19] to prove that v is almost periodic. That is, for all s ∈ I, there exist λ(s) > 0, ξ(s) ∈ Rd,
x(s) ∈ Rd, and γ(s) ∈ R such that

λ(s)−d/2eix·ξ(s)eiγ(s)v(s, x− x(s)
λ(s) ) ∈ K, (2.14)

where K is a fixed precompact subset of L2. Therefore, in the case when ∥u0∥L2 = ∥Q∥L2 , it only remains
o prove sequential convergence to Q for this solution v.

heorem 5. There exist a sequence sm ↗ sup(I) and a sequence of group actions g(sm) of the form (2.2)
such that

∥g(sm)v(sm) −Q∥L2 → 0. (2.15)

The proof of this fact will occupy the next two sections. Since v is almost periodic, the tools used in [10]
re available in this case as well.

emark 5. In order for notation to align with notation in prior works, such as [10], it will be convenient
o relabel so that v is now denoted u, and s now denoted t.

Similarly, when proving Theorem 3, we use Lemma 4.2 from [14] to reduce to an almost periodic solution.

emma 1. Let u be a solution to (1.1) satisfying the assumptions of Theorem 3. Then there exists a sequence
n ↗ T+(u) such that u(tn) admits the profile decomposition in (2.1), and there is a unique profile ϕ1, such
hat ∥ϕ1∥L2 ≥ ∥Q∥L2 and the solution v to (1.1) with initial data ϕ1 is an almost periodic solution to (1.1)
hat does not scatter forward or backward in time.

In this case as well, it suffices to show that passing to a subsequence, g(sm)v(sm) ⇀ Q, using similar
arguments as in the case when ∥u∥L2 = ∥Q∥L2 . Indeed, by asymptotic orthogonality of the profile
decomposition (2.1), for n(m) sufficiently large,

(g1
n)−1g(sm)u(tn + λ2

nsm, x) = g(sm)v(sm) +Rn(m),m + g(sm)
J∑
gj

n(m)Φ
j + g(sm)wJ

n , (2.16)

j=2

6
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here ∥Rn(m),m∥L2 → 0 as m → ∞, gj
n(m)Φ

j are the solutions to (1.1) with data gj
n(m)ϕ

j or that scatter
forward or backward in time to ϕj , and wJ

n is the solution to (1.1) with initial data wJ
n . Furthermore,

asymptotic orthogonality implies that

g(sm)
J∑

j=2
gj

n(m)Φ
j + g(sm)wJ

n ⇀ 0, in L2, (2.17)

which proves the reduction.

Remark 6. Since (2.1) is not a profile decomposition for a minimal mass blowup solution, it is possible
that tjn → ±∞ for j ≥ 2.

3. Proof of Theorem 5 when λ(t) = 1 and d = 2

It will be convenient to begin by discussing the λ(t) = 1 case in dimension d = 2, before generalizing
the argument to higher dimensions and variable λ(t). When λ(t) = 1, the solution u is global in both time
directions, I = R. Following [10] and [15], we will use the interaction Morawetz estimate

M(t) =
∫∫

|Iu(t, y)|2Im[Īu∇Iu](t, x) · (x− y)ψ(x− y)dxdy, (3.1)

here I is the Fourier truncation operator P≤T , T = 2k for some k ∈ Z≥0. As in [10], ψ(|x− y|) is a radial
unction,

ψ(x− y) = 1
|x− y|

∫ |x−y|

0
ϕ(s)ds, (3.2)

where ϕ(|x|) is a radial function given by

ϕ(|x− y|) = 1
R2

∫
χ2(x− y − s

R
)χ2( s

R
)ds = 1

R2

∫
χ2(x− s

R
)χ2(s− y

R
)ds = 1

R2

∫
χ2(x− s

R
)χ2(y − s

R
)ds,

(3.3)
here χ is a radial, smooth, compactly supported function, χ(x) = 1 for |x| ≤ 1 and χ(x) is supported on

|x| ≤ 2. In addition, χ(|x|) is decreasing as a function of the radius. R is a large, fixed constant that will be
allowed to go to infinity as T → ∞.

Remark 7. ϕ decreasing as a function of the radius implies that ψ is decreasing as a function of the radius.

By direct computation,

d

dt
M(t) = 2

∫∫
|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjkψ(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjkψ(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

+1
2

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(x− y) + ∆ψ(x− y)]dxdy

−
∫∫

|Iu(t, y)|2|Iu(t, x)|4[ψ(x− y) + 1
2ψ

′(x− y)|x− y|]dxdy + E ,

(3.4)

here E are the error terms arising from N ,

iIu + ∆Iu+ F (Iu) = F (Iu) − IF (u) = N . (3.5)
t

7
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t is known from [4] that ∫ T

0
Ndt ≲ Ro(T ), (3.6)

nd
sup

t∈[0,T ]
|M(t)| ≲ Ro(T ). (3.7)

herefore, choosing R ↗ ∞ sufficiently slowly,

lim
T →∞

Ro(T )
T

= 0. (3.8)

By direct computation,
ϕ(x) = 1

R2

∫
χ2(x− s

R
)χ2( s

R
)ds ∼ 1, (3.9)

or |x| ≤ R, ϕ(x) is supported on the set |x| ≤ 4R, and ϕ(x) is a radially symmetric function that is
ecreasing as |x| → ∞. Therefore, (3.2) implies that

|ψ(x)| ≲ R

|x|
, for all x ∈ R2. (3.10)

Also, by direct computation,

∆ϕ(x) = 1
R2

∫
∆χ2(x− s

R
)χ2( s

R
)ds ≲ 1

R2 . (3.11)

ext, by the same calculations that give (3.10),

∆ψ(x) ≲ R

|x|3
, (3.12)

o |∆ψ(x)| ≲ 1
R2 for |x| ≳ R. By the fundamental theorem of calculus, since ϕ′(0) = 0, by (3.2),

ψ(r) = ϕ(0) + 1
r

∫ r

0

∫ s

0
(s− t)ϕ′′(t)dtds, (3.13)

o by (3.11), |∆ψ(x)| ≲ 1
R2 for |x| ≲ R. Therefore,

1
2

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(x− y) + ∆ψ(x− y)]dxdy ≲

1
R2 ∥u∥4

L2 . (3.14)

Next, decompose

jkψ(x−y)+ (x− y)j(x− y)k

|x− y|
ψ′(x−y) = δjkϕ(x−y)+δjk[ψ(x−y)−ϕ(x−y)]+ (x− y)j(x− y)k

|x− y|
ψ′(x−y).

(3.15)
By (3.2),

(3.15) = δjkϕ(x− y) − δjk|x− y|ψ′(|x− y|) + (x− y)j(x− y)k

|x− y|
ψ′(x− y). (3.16)

Now then,

−
∫∫

Im[Īu∂kIu]Im[Īu∂jIu]δjkϕ(x− y)dxdy +
∫∫

|Iu(t, y)|2|∇Iu(t, x)|2ϕ(x− y)dxdy

= − 1
R2

∫
(
∫
χ2(y − s

R
)Im[Īu∂jIu]dy)(

∫
χ2(x− s

R
)Im[Īu∂jIu]dx)ds

+ 1 ∫
(
∫
χ2(y − s )|Iu(t, y)|2dy)(

∫
χ2(x− s )|∇Iu(t, x)|2dx)ds.

(3.17)
R2 R R
8
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F

a

T
(

T

B

ix s ∈ R2. For any ξ ∈ R2 and j ∈ Z,∫
χ2(y − s

R
)Im[eiyξIu∂j(eiyξIu)]dy =

∫
χ2(y − s

R
)Im[Īu∂jIu]dy + ξj

∫
χ2(y − s

R
)|Iu(t, y)|2dy, (3.18)

nd ∫
χ2(x− s

R
)|∂j(eixξIu)|2dx = ξ2

j

∫
χ2(x− s

R
)|Iu|2dx

+2ξj

∫
χ2(x− s

R
)Im[Īu∂jIu]dx+

∫
χ2(x− s

R
)|∂jIu|2dx.

(3.19)

herefore, (3.17) is invariant under the Galilean transformation, so it is convenient to choose ξ(s) such that
3.18) = 0. For notational convenience, let

vs = eixξ(s)Iu. (3.20)

Then by the fundamental theorem of calculus and (3.6)–(3.20), if R ↗ ∞ as T ↗ ∞,

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

2
∫∫

|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|vs(t, x)|4dx)dsdt

−1
2

∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|4dxdydt ≲ Ro(T ).

(3.21)

Following the computations in [10] for the angular derivatives in dimensions d ≥ 2,

2
∫∫

|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy ≥ 0.

(3.22)
herefore, by (3.21),

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|vs(t, x)|4dx)dsdt

−1
2

∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|4dxdydt ≲ Ro(T ).

(3.23)

By the Arzela–Ascoli theorem and (2.14), for any η > 0, there exists C(η) < ∞ such that∫
|x−x(t)|≥ C(η)

λ(t)

|u(t, x)|2dx < η2. (3.24)

y Hölder’s inequality, Strichartz estimates, and λ(t) = 1, for η ≪ 1,∫ a+1

a

∫
|y−y(t)|≥C(η)

|Iu(t, y)|2
∫

|Iu(t, x)|4dxdydt+
∫ a+1

a

∫
|Iu(t, y)|2

∫
|x−x(t)|≥C(η)

|Iu(t, x)|4dxdydt

≲ η2∥u∥4
L4

t,x([a,a+1]×R2) + η∥u∥3
L3

t L6
x([a,a+1]×R2) ≲ η.

(3.25)

9
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F

T

f
f

A

F

inally, by (3.2) and the fundamental theorem of calculus,∫ a+1

a

∫
|y−y(t)|≤C(η)

∫
|x−x(t)|≤C(η)

|Iu(t, y)|2[ψ(x−y)−ϕ(x−y)]|Iu(t, x)|4dxdydt ≲ C(η)
R

∥u∥4
L4

t,x([a,a+1]×R2).

(3.26)
herefore,

1
2

∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|4dxdydt ≲ ηT + C(η)

R
T, (3.27)

so

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|vs(t, x)|4dx)dsdt ≲ Ro(T ) + ηT + C(η)

R
T.

(3.28)

In [15], following [20], we used the fundamental theorem of calculus to obtain a bound on |u|6 far away
rom the interval |x− x(t)| ≤ C(η). Here, we will use a computation from [12] in two dimensions. Let

∈ H1(R2) be any function and fix some s ∈ R2. By the fundamental theorem of calculus, since f ∈ L2(·, x2)
and f ∈ L2(x1, ·) for almost every x1, x2 ∈ R,∫

χ(x− s

R
)|f(x1, x2)|4dx1dx2 ≤

∫
(
∫

|f(x1, x2)|2χ(x− s

R
)dx1) · ( sup

x1∈R
χ(x− s

R
)|f(x1, x2)|2)dx2

≤
∫

(
∫

|f(x1, x2)|2χ(x− s

R
)dx1)(

∫
|∂x1(χ(x− s

R
)|f(x1, x2)|2|)dx1)dx2

≲
∫

(
∫

|f(x1, x2)|2χ(x− s

R
)dx1) · (

∫
χ(x− s

R
)2|∂x1f(x1, x2)|2dx1)1/2(

∫
|f(x1, x2)|2dx1)1/2dx2

+
∫

(
∫

|f(x1, x2)|2χ(x− s

R
)dx1) · ( 1

R

∫
|f(x1, x2)|2dx1)dx2.

(3.29)

Again by the fundamental theorem of calculus and Hölder’s inequality,∫
(
∫

|f(x1, x2)|2χ(x− s

R
)dx1) · (

∫
χ(x− s

R
)2|∂x1f(x1, x2)|2dx1)1/2(

∫
|f(x1, x2)|2dx1)1/2dx2

≲ ∥χ(x− s

R
)∇f(x)∥L2∥f∥L2 · sup

x2
(
∫

|f(x1, x2)|2χ(x− s

R
)dx1)

≲ ∥χ(x− s

R
)∇f(x)∥L2∥f∥L2 · (

∫∫
|∂x2f(x1, x2)||f(x1, x2)|χ(x− s

R
)dx1dx2)

+ 1
R

∥χ(x− s

R
)∇f(x)∥L2∥f∥L2 · (

∫∫
|f(x1, x2)|2dx1dx2)

≲ ∥χ(x− s

R
)∇f∥2

L2∥f∥2
L2 + 1

R
∥χ(x− s

R
)∇f∥L2∥f∥3

L2 .

(3.30)

lso by Hölder’s inequality and the fundamental theorem of calculus,∫
(
∫

|f(x1, x2)|2χ(x− s

R
)dx1) · ( 1

R

∫
|f(x1, x2)|2dx1)dx2 ≲

1
R

∥f∥2
L2 · sup

x2
(
∫

|f(x1, x2)|2χ(x− s

R
)dx1)

≲
1
R2 ∥f∥4

L2 + 1
R

∥f∥3
L2∥χ(x− s

R
)∇f∥L2 .

(3.31)
or a fixed t, let f = (1 − χ( x−x(t)

C(η) ))vs(t, x). By (3.24), ∥f∥L2 ≤ η, and by the product rule,

∥χ(x− s )∇f∥L2 ≤ ∥χ(x− s )∇vs∥L2 + 1 ∥χ′(x− x(t) )vs∥L2 ≤ ∥χ(x− s )∇vs∥L2 + η
. (3.32)
R R C(η) C(η) R C(η)
10
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W

T

Therefore, since 1
R2

∫
(
∫
χ2( y−s

R )|vs(t, y)|2dy)ds ≲ ∥u∥2
L2 ,

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|4dx)dsdt

≲ Ro(T ) + ηT + C(η)
R

T + η4

R2T + η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
χ2(x− s

R
)|∇(vs)|2dx)dsdt.

(3.33)

hen η > 0 is sufficiently small,

η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
χ2(x− s

R
)|∇(vs)|2dx)dsdt (3.34)

can be absorbed into the left hand side of (3.33), proving that

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|4dx)dsdt

≲ Ro(T ) + ηT + C(η)
R

T + η4

R2T

+ η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|4dx)dsdt.

(3.35)

Now choose |x∗ − x(t)| ≤ 4C(η) such that

χ(x∗ − s

R
) = inf

|x−x(t)|≤4C(η)
χ(x− s

R
). (3.36)

As in [15], the fundamental theorem of calculus implies that for |x− x(t)| ≤ 2C(η),

χ2(x− s

R
) = χ2(x∗ − s

R
) +O(C(η)

R
). (3.37)

herefore,
1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|4dx)ds

≤ 1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|4dx)ds

+O(C(η)
R

) 1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

|vs(t, x)|4dx)ds

= 1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|4dx)ds+O(C(η)

R
∥v∥2

L2∥v∥4
L4).

(3.38)
Plugging (3.38) into (3.35), and using Strichartz estimates as in (3.25) and (3.26),

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|4dx)dsdt

≲ Ro(T ) + ηT + C(η)
R

T + η4

R2T + η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x
∗ − s

R
)|vs|4dx)dsdt.

(3.39)

11
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S

B

I

T

H

T
l

ince χ( x∗−1
R ) ≤ 1, (3.25) and (3.26) also imply

η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
|x−x(t)|≤C(η)

χ2(x
∗ − s

R
)|vs|4dx)dsdt ≲ η2T. (3.40)

y definition of x∗ and χ, for R ≫ C(η), χ( x−x(t)
R ) = 1 when |x− x(t)| ≤ 2C(η), so

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|4dx)dsdt

≥ 2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ2(x− x(t)

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ4(x− x(t)

R
)|vs(t, x)|4dx)dsdt.

(3.41)

ntegrating by parts,

∫
χ2(x− x(t)

R
)|∇(vs)|2dx =

∫
|∇(χ(x− x(t)

R
)vs)|

2
dx+ 1

R2

∫
χ′′(x− x(t)

R
)χ(x− x(t)

R
)|vs|2dx. (3.42)

herefore,

2
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(χ2(x∗ − s

R
)
∫
χ2(x− x(t)

R
)|∇(vs)(t, x)|2dx)dsdt

−
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)(χ2(x∗ − s

R
)
∫
χ4(x− x(t)

R
)|vs(t, x)|4dx)dsdt

= 4
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)χ2(x∗ − s

R
)E(χ2(x− x(t)

R
)v)dsdt+O( T

R2 ).

(3.43)

ere E is the energy given by (1.6). Therefore, we have finally proved

4
∫ T

0

1
R2

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)χ2(x∗ − s

R
)E(χ2(x− x(t)

R
)v)dsdt ≲ Ro(T ) + ηT + C(η)

R
T + η4

R2T.

(3.44)
Choosing R ↗ ∞ perhaps very slowly as T ↗ ∞, and then η ↘ 0 sufficiently slowly, the right hand side

of (3.44) is bounded by o(T ).
On the other hand, when |s− x(t)| ≤ R

2 , χ( x∗−s
R ) = 1 and

(
∫
χ2(y − s

R
)|vs(t, y)|2dy) ≥ 1

2∥v∥2
L2 . (3.45)

herefore, since the Gagliardo–Nirenberg inequality guarantees that E(u) ≥ 0 when ∥u∥L2 ≤ ∥Q∥L2 , the
eft hand side of (3.44) is bounded below by

∥u0∥2
L2

∫ T

0

1
R2

∫
|s−x(t)|≤ R

2

E(χ(x− x(t)
R

)vs)dsdt ≲ o(T ) (3.46)
12
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T

a

s
G

f

4

I

w

w

o

hus, taking a sequence Tn ↗ ∞, Rn ↗ ∞, ηn ↘ 0, there exists a sequence of times tn ∈ [ Tn
2 , Tn],

|sn − x(tn)| ≤ Rn
2 such that

E(χ(x− sn

Rn
)eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x)) → 0, (3.47)

(1 − χ(x− sn

Rn
))eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x) → 0, in L2, (3.48)

(1 − P≥Tn)u(tn, x) → 0, in L2, (3.49)

nd
∥χ(x− sn

Rn
)eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x)∥L4 ∼ 1. (3.50)

Now by the almost periodicity of u, (2.14), after passing to a subsequence, there exists u0 ∈ H1 such that

χ(x+ x(tn) − sn

Rn
)eix·ξ(sn)eix(tn)·ξ(sn)eiγ(sn)P≤Tnu(tn, x+ x(tn)) ⇀ u0, (3.51)

weakly in H1, and

χ(x+ x(tn) − sn

Rn
)eix·ξ(sn)eix(tn)·ξ(sn)P≤Tnu(tn, x+ x(tn)) → u0, (3.52)

trongly in L2 ∩ L4. Also, by (3.47), (3.48), and (3.49), ∥u0∥L2 = ∥Q∥L2 , E(u0) ≤ 0, and by the
agliardo–Nirenberg inequality, E(u0) = 0. Therefore,

u0 = λQ(λ(x− x0)), (3.53)

or some λ ∼ 1 and |x0| ≲ 1. This proves Theorem 5 when λ(t) = 1. □

. Proof of Theorem 5 when λ(t) = 1 and d ≥ 3

The proof of Theorem 5 when λ(t) = 1 in higher dimensions is quite similar to the proof in two dimensions.
n this case as well, use the interaction Morawetz estimate

M(t) =
∫∫

|Iu(t, y)|2Im[Īu∇Iu](t, x) · (x− y)ψ(x− y)dxdy, (4.1)

here I is the Fourier truncation operator P≤T , T = 2k, k ∈ Z≥0. Again let

ψ(x) = 1
|x− y|

∫ |x−y|

0
ϕ(s)ds, (4.2)

here ϕ(|x|) is a radial function given by

ϕ(|x− y|) = 1
Rd

∫
χ2(x− y − s

R
)χ2( s

R
)ds = 1

Rd

∫
χ2(x− s

R
)χ2(s− y

R
)ds = 1

Rd

∫
χ2(x− s

R
)χ2(y − s

R
)ds,

(4.3)
where once again χ is a radial, smooth, compactly supported function, χ(x) = 1 for |x| ≤ 1, χ(x) is supported
n |x| ≤ 2, and χ(|x|) is decreasing as a function of the radius.

By direct computation,
d

dt
M(t) = 2

∫∫
|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjkψ(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjkψ(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

+1
2

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(x− y) + (d− 1)∆ψ(x− y)]dxdy

− 2 ∫∫
|Iu(t, y)|2|Iu(t, x)|2+ 4

d [dψ(x− y) + ψ′(x− y)|x− y|]dxdy + E ,

(4.4)
d+ 2
13
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w
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T

f
d

A

N

s

s

δ

here E are the error terms arising from N ,

iIut + ∆Iu+ F (Iu) = F (Iu) − IF (u) = N . (4.5)

As in the previous section, it is known from [6] that∫ T

0
Ndt ≲ Ro(T ), (4.6)

nd
sup

t∈[0,T ]
|M(t)| ≲ Ro(T ). (4.7)

herefore, choosing R ↗ ∞ sufficiently slowly,

lim
T →∞

Ro(T )
T

= 0. (4.8)

The computations in (3.9)–(3.14) can easily be generalized to higher dimensions. Indeed,

ϕ(x) = 1
Rd

∫
χ2(x− s

R
)χ2( s

R
)ds ∼ 1, (4.9)

or |x| ≤ R, ϕ(x) is supported on the set |x| ≤ 4R, and ϕ(x) is a radially symmetric function that is
ecreasing as |x| → ∞. Therefore, (4.2) implies that

|ψ(x)| ≲ R

|x|
, for all x ∈ Rd. (4.10)

lso, by direct computation,

∆ϕ(x) = 1
Rd

∫
∆χ2(x− s

R
)χ2( s

R
)ds ≲ 1

R2 . (4.11)

ext, by the same calculations that give (4.10),

∆ψ(x) ≲ R

|x|3
, (4.12)

o |∆ψ(x)| ≲ 1
R2 for |x| ≳ R. Also,

ψ(r) = ϕ(0) + 1
r

∫ r

0

∫ s

0
(s− t)ϕ′′(t)dtds, (4.13)

o by (4.11), |∆ψ(x)| ≲ 1
R2 for |x| ≲ R. Therefore,

1
2

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(x− y) + ∆ψ(x− y)]dxdy ≲

1
R2 ∥u∥4

L2 . (4.14)

Following the case when d = 2,

jkψ(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y) = δjkϕ(x− y) − δjk|x− y|ψ′(|x− y|) + (x− y)j(x− y)k

|x− y|
ψ′(x− y),

(4.15)
and

−
∫∫

Im[Īu∂kIu]Im[Īu∂jIux]δjkϕ(x− y)dxdy +
∫∫

|Iu(t, y)|2|∇Iu(t, x)|2ϕ(x− y)dxdy

= 1
Rd

∫
(
∫
χ2(y − s

R
)Im[Īu∂jIu]dy)(

∫
χ2(x− s

R
)Im[Īu∂jIu]dx)ds

+ 1 ∫
(
∫
χ2(y − s )|Iu(t, y)|2dy)(

∫
χ2(x− s )|∇Iu(t, x)|2dx)ds,

(4.16)
Rd R R
14



B. Dodson Nonlinear Analysis 215 (2022) 112612

s

a

S

T

o for a fixed s ∈ Rd, for any ξ ∈ Rd and j ∈ Z,∫
χ2(y − s

R
)Im[eiyξIu∂j(eiyξIu)]dy =

∫
χ2(y − s

R
)Im[Īu∂jIu]dy + ξj

∫
χ2(y − s

R
)|Iu(t, y)|2dy, (4.17)

nd ∫
χ2(x− s

R
)|∂j(eixξIu)|2dx = ξ2

j

∫
χ2(x− s

R
)|Iu|2dx

+2ξj

∫
χ2(x− s

R
)Im[Īu∂jIu]dx+

∫
χ2(x− s

R
)|∂jIu|2dx.

(4.18)

o it is again convenient to choose ξ(s) ∈ Rd such that the (4.17) = 0 for any j ∈ Z. Set

vs = eixξ(s)Iu. (4.19)

By the fundamental theorem of calculus,

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

+2
∫∫

|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|vs(t, x)|

2(d+2)
d dx)dsdt

−2(d− 1)
d+ 2

∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|

2(d+2)
d dxdydt ≲ Ro(T ) + 1

R2T.

(4.20)

Again following [10] in higher dimensions,

2
∫∫

|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy

−2
∫∫

Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)[δjk|x− y|ψ′(x− y) + (x− y)j(x− y)k

|x− y|
ψ′(x− y)]dxdy ≥ 0.

(4.21)
herefore,

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− 2d
d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|vs(t, x)|2+ 4

d dx)dsdt

−2(d− 1)
d+ 2

∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|2+ 4

d dxdydt ≲ Ro(T ) + 1
R2T.

(4.22)

Again by the Arzela–Ascoli theorem, Hölder’s inequality, Strichartz estimates, and λ(t) = 1,∫ a+1

a

∫
|y−y(t)|≥C(η)

|Iu(t, y)|2
∫

|Iu(t, x)|2+ 4
d dxdydt+

∫ a+1

a

∫
|Iu(t, y)|2

∫
|x−x(t)|≥C(η)

|Iu(t, x)|2+ 4
d dxdydt

≲ η2∥u∥2+ 4
d

L
2+ 4

d
t,x ([a,a+1]×Rd)

+ η
4
d ∥u∥2

L2
t L

2d
d+2
x ([a,a+1]×Rd)

.

(4.23)

15
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W

inally, by (4.2) and the fundamental theorem of calculus,∫ a+1

a

∫
|y−y(t)|≤C(η)

∫
|x−x(t)|≤C(η)

|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|2+ 4
d dxdydt

≲
C(η)
R

∥u∥2+ 4
d

L
2+ 4

d
t,x ([a,a+1]×R2)

. (4.24)

herefore, letting σ = inf{1, 4
d },∫ T

0

∫
|Iu(t, y)|2[ψ(x− y) − ϕ(x− y)]|Iu(t, x)|2+ 4

d dxdydt ≲ ησT + C(η)
R

T, (4.25)

o

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− 2
d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|vs(t, x)|

2(d+2)
d dx)dsdt ≲ Ro(T ) + ησT + C(η)

R
T.

(4.26)
In dimensions d ≥ 3, we will use the Sobolev embedding theorem, as in [12], to control |u(t, x)|2+ 4

d far
way from x(t). By the product rule, for any f ∈ H1(Rd),∫

χ(x− s

R
)2|f(x)|2+ 4

d dx ≲ ∥χ(x− s

R
)f∥2

L
2d

d+2 (Rd)
∥f∥

4
d

L2(Rd) ≲ ∥∇(χ(x− s

R
)f)∥2

L2∥f∥
4
d
L2

≲ ∥f∥
4
d
L2(∥χ(x− s

R
)∇f∥2

L2 + 1
R2 ∥f∥2

L2).
(4.27)

For a fixed t, let f = (1 − χ( x−x(t)
C(η) ))vs(t, x). By (3.24), ∥f∥L2 ≤ η, and by the product rule,

∥χ(x− s

R
)∇f∥L2 ≤ ∥χ(x− s

R
)∇vs∥L2 + 1

C(η)∥χ′(x− x(t)
C(η) )vs∥L2 ≤ ∥χ(x− s

R
)∇vs∥L2 + η

C(η) . (4.28)

Therefore, since 1
Rd

∫
(
∫
χ2( y−s

R )|vs(t, y)|2dy)ds ≲ ∥u∥2
L2 ,

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|2+ 4

d dx)dsdt

≲ Ro(T ) + ησT + C(η)
R

T + η2+ 4
d

R2 T + η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
χ2(x− s

R
)|∇(vs)|2dx)dsdt.

(4.29)
hen η > 0 is sufficiently small,

η2

R2

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
χ2(x− s

R
)|∇(vs)|2dx)dsdt (4.30)

can be absorbed into the left hand side of (4.29), proving that

2
∫ T

0

1
R

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
R

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|2+ 4

d dx)dsdt

≲ Ro(T ) + ησT + C(η)
R

T + η2+ 4
d

R2 T

+ η2

2

∫ T ∫
(
∫
χ2(y − s )|vs(t, y)|2dy)(

∫
χ2(x− s )|vs(t, x)|2+ 4

d dx)dsdt.

(4.31)
R 0 R |x−x(t)|≤2C(η) R

16



B. Dodson Nonlinear Analysis 215 (2022) 112612

T

a

B

I

The rest of the argument is identical to the d = 2 case. Choose |x∗ − x(t)| ≤ 4C(η) such that

χ(x∗ − s

R
) = inf

|x−x(t)|≤4C(η)
χ(x− s

R
). (4.32)

For |x− x(t)| ≤ 2C(η),

χ2(x− s

R
) = χ2(x∗ − s

R
) +O(C(η)

R
). (4.33)

herefore,

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x− s

R
)|vs(t, x)|2+ 4

d dx)ds

≤ 1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|2+ 4

d dx)ds

+O(C(η)
R

) 1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

|vs(t, x)|2+ 4
d dx)ds

= 1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|2+ 4

d dx)ds+O(C(η)
R

∥v∥2
L2∥v∥2+ 4

d

L
2+ 4

d

).

(4.34)
Again using Strichartz estimates,

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|2+ 4

d dx)dsdt

≲ Ro(T ) + ησT + C(η)
R

T + η2+ 4
d

R2 T

+ η2

Rd

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
|x−x(t)|≤2C(η)

χ2(x
∗ − s

R
)|vs|2+ 4

d dx)dsdt,

(4.35)

nd
η2

Rd

∫ T

0

∫
(
∫
χ2(y − s

R
)|vs|2dy)(

∫
|x−x(t)|≤C(η)

χ2(x
∗ − s

R
)|vs|2+ 4

d dx)dsdt ≲ η2T. (4.36)

y definition of x∗ and χ, for R ≫ C(η),

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
χ2(x− s

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(

∫
|x−x(t)|≤2C(η)

χ2(x∗ − s

R
)|vs(t, x)|2+ 4

d dx)dsdt

≥ 2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ2(x− x(t)

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ2+ 4

d (x− x(t)
R

)|vs(t, x)|2+ 4
d dx)dsdt.

(4.37)

ntegrating by parts,∫
χ2(x− x(t) )|∇(vs)|2dx =

∫
|∇(χ(x− x(t) )vs)|

2
dx+ 1 ∫

χ′′(x− x(t) )χ(x− x(t) )|vs|2dx. (4.38)

R R R2 R R
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herefore,

2
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ2(x− x(t)

R
)|∇(vs)(t, x)|2dx)dsdt

− d

d+ 2

∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2)(χ2(x∗ − s

R
)
∫
χ2+ 4

d (x− x(t)
R

)|vs(t, x)|2+ 4
d dx)dsdt

= 4
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)χ2(x∗ − s

R
)E(χ(x− x(t)

R
)v)dsdt+O( T

R2 ).

(4.39)

ere E is the energy given by (1.6). Therefore, we have finally proved

4
∫ T

0

1
Rd

∫
(
∫
χ2(y − s

R
)|vs(t, y)|2dy)χ2(x∗ − s

R
)E(χ2(x− x(t)

R
)vs)dsdt

≲ Ro(T ) + ησT + C(η)
R

T + η2+ 4
d

R2 T.

(4.40)

Choosing R ↗ ∞ perhaps very slowly as T ↗ ∞, and then η ↘ 0 sufficiently slowly, the right hand side
of (4.40) is bounded by o(T ).

Again, when |s− x(t)| ≤ R
2 , χ( x∗−s

R ) = 1 and

(
∫
χ2(y − s

R
)|vs(t, y)|2dy) ≥ 1

2∥u∥2
L2 . (4.41)

herefore, since the Gagliardo–Nirenberg inequality guarantees that E(u) ≥ 0 when ∥u∥L2 ≤ ∥Q∥L2 , the
eft hand side of (4.41) is bounded below by

∥u0∥2
L2

∫ T

0

1
Rd

∫
|s−x(t)|≤ R

2

E(χ(x− x(t)
R

)vs)dsdt ≲ o(T ) (4.42)

hus, taking a sequence Tn ↗ ∞, Rn ↗ ∞, ηn ↘ 0, there exists a sequence of times tn ∈ [ Tn
2 , Tn],

|sn − x(tn)| ≤ Rn
2 such that

E(χ(x− sn

Rn
)eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x)) → 0, (4.43)

(1 − χ(x− sn

Rn
))eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x) → 0, in L2, (4.44)

(1 − P≥Tn)u(tn, x) → 0, in L2, (4.45)

nd
∥χ(x− sn

Rn
)eix·ξ(sn)eiγ(sn)P≤Tnu(tn, x)∥

L
2+ 4

d
∼ 1. (4.46)

Now by the almost periodicity of u, (2.14), after passing to a subsequence, there exists u0 ∈ H1 such that

χ(x+ x(tn) − sn

Rn
)eix·ξ(sn)eix(tn)·ξ(sn)eiγ(sn)P≤Tnu(tn, x+ x(tn)) ⇀ u0, (4.47)

weakly in H1, and

χ(x+ x(tn) − sn

Rn
)eix·ξ(sn)eix(tn)·ξ(sn)P≤Tnu(tn, x+ x(tn)) → u0, (4.48)

trongly in L2 ∩ L2+ 4
d . Also, by (4.43), (4.44), and (4.45), ∥u0∥L2 = ∥Q∥L2 , E(u0) ≤ 0, and by the

agliardo–Nirenberg inequality, E(u0) = 0. Therefore,

u0 = λd/2Q(λ(x− x0)), (4.49)

or some λ ∼ 1 and |x | ≲ 1. This proves Theorem 5 when λ(t) = 1. □
0

18



B. Dodson Nonlinear Analysis 215 (2022) 112612

5

w

T

P
s

T
λ

B

t
i

F

A

E

. Proof of Theorem 5 for a general λ(t)

Now suppose that λ(t) is free to vary. Recall that |λ′(t)| ≲ λ(t)3. In this case,

λ(t) : I → (0,∞), (5.1)

here I is the maximal interval of existence of an almost periodic solution to (1.1).

heorem 6. Suppose Tn ∈ I, Tn → sup(I) is a sequence of times in I. Then

lim
Tn→sup(I)

1
supt∈[0,Tn] λ(t) ·

∫ Tn

0
λ(t)3dt = +∞. (5.2)

roof. Suppose that this were not true, that is, there exist a constant C0 < ∞ and a sequence Tn → sup(I)
uch that for all n ∈ Z≥0,

1
supt∈[0,Tn] λ(t)

∫ Tn

0
λ(t)3dt ≤ C0. (5.3)

his would correspond to the rapid cascade scenario in [5,10,14]. In those papers N(t) was used instead of
(t). As in those papers, λ(t) can be chosen to be continuous, so for each Tn choose tn ∈ [0, Tn] such that

λ(tn) = sup
t∈[0,Tn]

λ(t). (5.4)

Since I is the maximal interval of existence of u,

lim
n→∞

∥u∥
L

2(d+2)
d

t,x ([0,Tn]×Rd)
= ∞. (5.5)

y the almost periodicity property of u and (2.14), there exist x(tn), ξ(tn), and γ(tn) such that if

eiγ(tn)λ(tn)d/2eix·ξ(tn)eiγ(tn)u(tn, λ(tn)x+ x(tn)) = vn(x), (5.6)

hen vn converges to some u0 in L2(Rd), where u0 is the initial data for a solution u to (1.1) that blows up
n both time directions, λ(t) ≤ 1 for all t ≤ 0, and∫ 0

−∞
λ(t)3dt ≤ C0. (5.7)

ollowing the proof in [6] in dimensions d ≥ 3 and [4] in dimension d = 2,

∥u∥L∞
t Ḣs((−∞,0]×Rd) ≲s C

s
0 , (5.8)

for any 0 ≤ s < 1 + 4
d . Combining (5.8) with (5.7) and |λ′(t)| ≲ λ(t)3 implies

lim
t↘−∞

λ(t) = 0. (5.9)

lso, since
|ξ′(t)| ≲ λ(t)3, (5.10)

q. (5.7) implies that ξ(t) converges to some ξ− ∈ Rd as t ↘ −∞. Make a Galilean transformation so that
ξ− = 0. Then, by interpolation, (5.8) and (5.9) imply

lim E(u(t)) = 0. (5.11)

t↘−∞
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Therefore, by conservation of energy, and convergence in L2 of (5.6),

E(u0) = 0, and ∥u0∥L2 = ∥Q∥L2 . (5.12)

herefore, by the Gagliardo–Nirenberg theorem,

u0 = λd/2Q(λ(x− x0)), 0 < λ < ∞, x0 ∈ Rd, (5.13)

nd Q is the solution to the elliptic partial differential equation

∆Q+ |Q|
4
dQ = Q. (5.14)

owever, assuming without loss of generality that x0 = 0 and λ = 1, the solution to (1.1) is given by

u(t, x) = eitQ(x), t ∈ R. (5.15)

owever, such a solution definitely does not satisfy (5.3), which gives a contradiction.
In the case that ∥u0∥L2 > ∥Q∥L2 , Theorem 7 implies that such a solution must blow up in finite time in

both time directions, which contradicts (5.7). □

Therefore, consider the case when

lim
n→∞

1
supt∈[0,Tn] λ(t)

∫ Tn

0
λ(t)3dt = ∞. (5.16)

assing to a subsequence, suppose

1
supt∈[0,Tn] λ(t)

∫ Tn

0
λ(t)3dt = 22n. (5.17)

Then as in [10], replace M(t) in the previous section with,

M(t) =
∫∫

|Iu(t, y)|2Im[Īu∇Iu](t, x) · λ̃(t)(x− y)ψ(λ̃(t)(x− y))dxdy, (5.18)

here λ̃(t) is given by the smoothing algorithm from [10]. Then

d

dt
M(t) = −2λ̃(t)

∫∫
Im[Īu∂kIu](t, y)Im[Īu∂jIu](t, x)

×[δjkψ(λ̃(t)(x− y)) + (x− y)j(x− y)k

|x− y|
ψ′(λ̃(t)(x− y))]dxdy

+1
2 λ̃(t)3

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(λ̃(t)(x− y)) + (d− 1)∆ψ(λ̃(t)(x− y))]dxdy

+2λ̃(t)
∫∫

|Iu(t, y)|2Re[∂k Īu∂jIu](t, x)[δjkψ(λ̃(t)(x− y)) + (x− y)j(x− y)k

|x− y|
ψ′(λ̃(t)(x− y))]dxdy

− 2
d+ 2 λ̃(t)

∫∫
|Iu(t, y)|2|Iu(t, x)|2+ 4

d [dψ(λ̃(t)(x− y)) + ψ′(λ̃(t)(x− y))|x− y|]dxdy + E

+ ˙̃λ(t)
∫∫

|Iu(t, y)|2Im[Īu∇Iu](t, x) · ϕ(λ̃(t)(x− y))(x− y)dxdy,

(5.19)

here I = P≤22n·supt∈[0,T ] λ(t).
Eqs. (3.10) and (4.10) imply

sup |M(t)| ≲ Ro(22n) · sup λ(t). (5.20)

t∈[0,Tn] t∈[0,T ]
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N

d

w

ext, since the smoothing algorithm guarantees that λ̃(t) ≤ λ(t), following (3.14) and (4.14),∫ Tn

0

1
2 λ̃(t)3

∫∫
|Iu(t, y)|2|Iu(t, y)|2[∆ϕ(λ̃(t)(x− y)) + (d− 1)∆ψ(λ̃(t)(x− y))]dxdydt

≲
1
R2 ∥u∥4

L2 ·
∫ Tn

0
λ̃(t)λ(t)2dt ≲

22n

R2 · sup
t∈[0,T ]

λ(t).
(5.21)

Since λ̃(t) ≤ λ(t), following the analysis in (3.17)–(3.44) in two dimensions and (4.15)–(4.40) in higher
imensions,

2
∫ Tn

0
λ̃(t)

∫∫
Im[Iū∂kIu]Im[Īu∂jIu][δjkψ(λ̃(t)(x− y)) + (x− y)j(x− y)k

|x− y|
ψ′(λ̃(t)(x− y))]dxdydt

+2
∫ Tn

0
λ̃(t)

∫∫
|Iu(t, y)|2Re[∂j Īu∂kIu](t, x)[δjkψ(λ̃(t)(x− y)) + (x− y)j(x− y)k

|x− y|
ψ′(λ̃(t)(x− y))]dxdydt

− 2
d+ 2

∫ Tn

0
λ̃(t)

∫∫
|u(t, y)|2|u(t, x)|2+ 4

d [dψ(λ̃(t)(x− y)) + ψ′(λ̃(t)(x− y))|x− y|]dxdydt

(5.22)

= 4
∫ T

0

λ̃(t)λ(t)2

R

∫
(
∫
χ2(y − s

R
)|vs,t(t, y)|2dy)χ2(x∗ − s

R
)E(χ2(x− x(t)

R
)vs,t(t, x))dsdt

+Ro(22n) · sup
t∈[0,T ]

λ(t) +O(ησ∥u∥2
L∞

t L2
x

∫ Tn

0
λ̃(t)∥u(t)∥2+ 4

d

L
2+ 4

d

dt) +O(C(η)
R

∥u∥2
L∞

t L2
x

∫ Tn

0
λ̃(t)∥u(t)∥2+ 4

d

L
2+ 4

d
x

dt).

(5.23)

Remark 8. The term vs,t is an abbreviation for

vs,t = eixξ(s)

λ(t)d/2 Iu(t, x

λ(t) ), (5.24)

here ξ(s) ∈ Rd is chosen such that∫
χ2( λ̃(t)(x− s)

Rλ(t) )Im[v̄s,t∇(vs,t)]dx = 0. (5.25)

The error estimates can be handled in a manner similar to the previous section, see [10]. Therefore, it
only remains to consider the contribution of the term in (5.19) with ˙̃λ(t). By direct computation,

˙̃λ(t)
∫∫

|Iu(t, y)|2Im[Īu∇Iu](t, x) · ϕ(λ̃(t)(x− y))(x− y)dxdy

=
˙̃λ(t)

Rdλ̃(t)

∫
(
∫
χ2( λ̃(t)y − s

R
)|Iu(t, y)|2dy)(

∫
χ2( λ̃(t)x− s

R
)Im[Īu∇Iu](t, x) · (xλ̃(t) − s)dx)ds

−
˙̃λ(t)

Rdλ̃(t)

∫
(
∫
χ2( λ̃(t)y − s

R
)(yλ̃(t) − s)|Iu(t, y)|2dy) · (

∫
χ2( λ̃(t)x− s

R
)Im[Īu∇Iu]dx)ds.

(5.26)

Now rescale,

=
˙̃λ(t)

Rdλ̃(t)
λ(t)

∫
(
∫
χ2( λ̃(t)y − λ(t)s

Rλ(t) )| 1
λ(t)d/2 Iu(t, y

λ(t) )|
2
dy)

×(
∫
χ2( λ̃(t)x− λ(t)s

Rλ(t) )Im[ 1
λ(t)d/2 Īu(t, x

λ(t) )∇( 1
λ(t)d/2 )Iu(t, x

λ(t) )] · (xλ̃(t) − sλ(t)
λ(t) )dx)ds

−
˙̃λ(t)

Rdλ̃(t)
λ(t)

∫
(
∫
χ2( λ̃(t)y − λ(t)s

Rλ(t) )(yλ̃(t) − sλ(t)
λ(t) )| 1

λ(t)d/2 Iu(t, y

λ(t) )|
2
dy)

·(
∫
χ2( λ̃(t)x− sλ(t) )Im[ 1

d/2 Īu(t, x )∇( 1
d/2 Iu(t, x ))]dx)ds.

(5.27)
Rλ(t) λ(t) λ(t) λ(t) λ(t)
21
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R
f

T

T
a

emark 9. Throughout these calculations, we understand that λ−d/2Iu( x
λ ) refers to the rescaling of the

unction Iu(x), not the I-operator acting on a rescaling of u.

For any ξ ∈ Rd,

=
˙̃λ(t)

Rdλ̃(t)
λ(t)

∫
(
∫
χ2( λ̃(t)y − λ(t)s

Rλ(t) )| eix·ξ

λ(t)d/2 Iu(t, y

λ(t) )|
2

dy)

×(
∫
χ2( λ̃(t)x− λ(t)s

Rλ(t) )Im[ e
−ix·ξ

λ(t)d/2 Īu(t, x

λ(t) )∇( eix·ξ

λ(t)d/2 )Iu(t, x

λ(t) )](xλ̃(t) − sλ(t)
λ(t) )dx)ds

−
˙̃λ(t)

Rdλ̃(t)
λ(t)

∫
(
∫
χ2( λ̃(t)y − λ(t)s

Rλ(t) )(yλ̃(t) − sλ(t)
λ(t) )| eix·ξ

λ(t)d/2 Iu(t, y

λ(t) )|
2

dy)

×(
∫
χ2( λ̃(t)x− sλ(t)

Rλ(t) )Im[ e
−ix·ξ

λ(t)d/2 Īu(t, x

λ(t) )∇( eix·ξ

λ(t)d/2 Iu(t, x

λ(t) ))]dx)ds.

(5.28)

In particular, if we choose ξ = ξ(s),

=
˙̃λ(t)

Rdλ̃(t)
λ(t)

∫
(
∫
χ2( λ̃(t)y − λ(t)s

Rλ(t) )|vs,t|2dy)

×(
∫
χ2( λ̃(t)x− λ(t)s

Rλ(t) )Im[v̄s,t(t,
x

λ(t) )∇(vs,t)] · (xλ̃(t) − sλ(t)
λ(t) )dx)ds

=
˙̃λ(t)
R

∫
(
∫
χ2( λ̃(t)(y − s)

Rλ(t) )|vs,t|2dy)(
∫
χ2( λ̃(t)(x− s)

Rλ(t) )Im[v̄s,t(t,
x

λ(t) )∇(vs,t)] · ( λ̃(t)(x− s)
λ(t) )dx)ds.

(5.29)
hen by the Cauchy–Schwarz inequality,

≲
η4

Rd
λ(t)λ̃(t)2

∫
(
∫
χ2( λ̃(t)(y − s)

Rλ(t) )|vs,t|2dy)(
∫
χ2( λ̃(t)(x− s)

Rλ(t) )|∂x(vs,t)|2dx)ds

+ 1
η4

| ˙̃λ(t)|
2

λ(t)λ̃(t)2
λ̃(t)
Rdλ(t)

∫
(
∫
χ2( λ̃(t)(y − s)

Rλ(t) )|vs,t|2dy)(
∫
χ2( λ̃(t)(x− s)

Rλ(t) )|vs,t|2( λ̃(t)(x− s)
λ(t) )2dx)ds.

(5.30)

The first term in (5.30) can be absorbed into (5.23). The second term in (5.30) is bounded by

1
η4

| ˙̃λ(t)|
2

λ(t)λ̃(t)2
R2∥u∥4

L∞
t L2

x
. (5.31)

he smoothing algorithm from [10] is used to control this term. Recall that after n iterations of the smoothing
lgorithm on an interval [0, T ], λ̃(t) has the following properties:

(1) λ̃(t) ≤ λ(t),
(2) If ˙̃λ(t) ̸= 0, then λ(t) = λ̃(t),
(3) λ̃(t) ≥ 2−nλ(t),
(4)

∫ T

0 | ˙̃λ(t)|dt ≤ 1
n

∫ T

0 |λ̇(t)| λ̃(t)
λ(t)dt, with implicit constant independent of n and T .

Therefore,∫ Tn

0

1
η4

| ˙̃λ(t)|
2

λ(t)λ̃(t)2
R2∥u∥4

L∞
t L2

x
dt ≤ 1

η4 ∥u∥4
L∞

t L2
x

∫ Tn

0

|λ̇(t)|
λ(t)3 R

2| ˙̃λ(t)|dt ≲ 1
n

R2

η4 ∥u∥4
L∞

t L2
x

∫ Tn

0
λ̃(t)λ(t)2dt.

(5.32)
Since supt∈[0,Tn] λ(t) ≤ 2−2n

∫ Tn

0 λ(t)3dt,

Rn sup |M(t)| ≲ Rno(22n) · sup λ(t). (5.33)

t∈[0,Tn] t∈[0,T ]
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U
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herefore, it is possible to take a sequence ηn ↘ 0, Rn ↗ ∞, probably very slowly, such that

1
n

R2
n

η4 ∥u∥4
L∞

t L2
x

∫ Tn

0
|λ̃(t)|λ(t)2dt = on(1)

∫ Tn

0
λ̃(t)λ(t)2dt, (5.34)

Rn sup
t∈[0,Tn]

|M(t)| ≲ o(22n) · sup
t∈[0,T ]

λ(t), (5.35)

O(η4
n∥u∥2

L∞
t L2

x

∫ T

0
λ̃(t)∥u(t)∥2+ 4

d

L
2+ 4

d

dt) ≲ on(1)
∫ Tn

0
λ̃(t)λ(t)2dt, (5.36)

nd
O(C(ηn)

Rn
∥u∥2

L∞
t L2

x

∫ Tn

0
λ̃(t)∥u(t)∥2+ 4

d

L
2+ 4

d
x

dt) ≲ on(1)
∫ Tn

0
λ̃(t)λ(t)2dt. (5.37)

Therefore, these terms may be safely treated as error terms, and repeating the analysis in sections three
nd four for (5.23), there exists a sequence of times tn ↗ sup(I) such that

E(χ( (x− x(tn))λ̃(tn)
Rnλ(tn) )vsn,tn) → 0, (5.38)

∥(1 − χ( (x− x(tn))λ̃(tn)
Rnλ(tn) ))vsn,tn∥L2 → 0, (5.39)

∥vsn,tn∥L2 ↗ ∥Q∥L2 , (5.40)

nd
∥χ( (x− x(tn))λ̃(tn)

Rnλ(tn) )Ivsn,tn∥
L

2+ 4
d

∼ 1. (5.41)

In this case as well, we can show that this sequence converges in H1 to

u0 = λd/2Q(λ(x− x0)). (5.42)

his proves Theorem 5 for a general λ(t). □

. Proof of Theorem 3

The proof of Theorem 3 uses the argument used in the proof of Theorem 2, combined with some reductions
rom [14]. First recall Lemma 4.2 from [14].

emma 2. Let u be a solution to (1.1) that satisfies the assumptions of Theorem 3. Then there exists a
equence tn ↗ T+(u) such that u(tn) admits a profile decomposition with profiles {ϕj , {xj,n, λj,n, ξj,n, tj,n,

j,n}}, and there is a unique profile, call it ϕ1, such that

(1) ∥ϕ1∥L2 ≥ ∥Q∥L2 ,
(2) The nonlinear profile Φ1 associated to ϕ1 is an almost periodic solution in the sense of (2.14) that does

not scatter forward or backward in time.

Now consider the nonlinear profile Φ1. To simplify notation relabel Φ1 = u, and let vs,t be as in (5.24).
sing the same arguments as in the proof of Theorem 2, there exists a sequence tn ↗ T+(u), Rn ↗ ∞,

n ∈ Rd, λ̃(t) ≤ λ(t), such that

E(χ( (x− x(tn))λ̃(tn)
Rnλ(tn) )vsn,tn) → 0, (6.1)

∥(1 − χ( (x− x(tn))λ̃(tn)
Rnλ(tn) ))vsn,tn∥L2 → 0, (6.2)

∥vs ,t ∥ 2 ↗ ∥u∥ 2 , (6.3)
n n L L
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a

T

w

w

F

C

nd

∥χ( (x− x(tn))λ̃(tn)
Rnλ(tn) )Ivsn,tn∥

L
2+ 4

d
∼ 1. (6.4)

herefore, by the almost periodicity of v, there exists a sequence g(tn) given by (2.2) such that

g(tn)v(tn) → u0, in L2, (6.5)

here E(u0) = 0 and ∥u0∥L2 ≥ ∥Q∥L2 .
Next, utilize a blowup result of [16,21–23]. We will state it here as it is stated in Theorem 3 of [16]. See

also Theorem 3.1 of [14].

Theorem 7. Assume u is a solution to (1.1) with H1 initial data, non-positive energy, and satisfies (1.20).
If u is of zero energy, then u blows up in finite time according to the log–log law,

u(t, x) = 1
λ(t)d/2 (Q+ ϵ)(x− x(t)

λ(t) )eiγ(t), x(t) ∈ Rd, γ(t) ∈ R, λ(t) > 0, ∥ϵ∥H1 ≤ δ(α), (6.6)

ith the estimate

λ(t) ∼

√
T − t

ln | ln(T − t)| , (6.7)

and
lim
t→T

∫
(|∇ϵ(t, x)|2 + |ϵ(t, x)|2e−|x|)dx = 0. (6.8)

Let u be the solution to (1.1) with initial data u0. If ∥u0∥L2 = ∥Q∥L2 then we are done, using the
analysis in the previous section. If ∥u0∥L2 > ∥Q∥L2 , then Theorem 7 implies that u must be of the form
(6.6). Furthermore, by perturbative arguments, for any fixed t′ ∈ R, (6.5) implies that there exists a sequence
g(tn, t′) such that

g(tn, t′)v(tn + t′

λ(tn)2 ) → u(t′), in L2. (6.9)

In fact, perturbative arguments also imply that there exists a sequence t′n ↗ ∞, perhaps very slowly, such
that

∥g(tn, t′n)v(tn + t′n
λ(tn)2 ) − u(t′n)∥L2 → 0. (6.10)

urthermore, Theorem 7 implies that there exists a sequence g(t′n) such that

g(t′n)u(t′n) ⇀ Q, weakly in L2. (6.11)

ombining (6.10) and (6.11),

g(t′n)g(tn, t′n)v(tn + t′n
λ(tn)2 ) ⇀ Q, weakly in L2. (6.12)

This completes the proof of Theorem 3.
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