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Information Constrained Optimal Transport:
From Talagrand, to Marton, to Cover
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Abstract—The optimal transport problem studies how to
transport one measure to another in the most cost-effective way
and has wide range of applications from economics to machine
learning. In this paper, we introduce and study an informa-
tion constrained variation of this problem. Our study yields
a strengthening and generalization of Talagrand’s celebrated
transportation cost inequality. Following Marton’s approach,
we show that the new transportation cost inequality can be used
to recover old and new concentration of measure results. Finally,
we provide an application of this new inequality to network
information theory. We show that it can be used to recover almost
immediately a recent solution to a long-standing open problem
posed by Cover regarding the capacity of the relay channel.

Index Terms— Optimal transport (OT), information constraint,
transportation inequality, isoperimetric inequality, concentration
of measure, network information theory, relay channel.

I. INTRODUCTION

HE optimal transport (OT) theory, pioneered by

Monge [2] and Kantorovich [3], studies how to distribute
supply to meet demand in the most cost-effective way. It has
many known connections with, and applications to areas
such as geometry, quantum mechanics, fluid dynamics, optics,
mathematical statistics, and meteorology. More recently, it has
received renewed interest due to its increasingly many appli-
cations in imaging sciences, computer vision and machine
learning.

A. Optimal Transport Problem

The basic OT problem in Kantorovich’s probabilistic for-
mulation can be described as follows. Let Z and ) be two
measurable spaces, P(Z) and P()) be the sets of all Borel
probability measures on Z and ) respectively, and P(Z x })
be the set of all joint probability measures on Z x ). Let
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c: Zx)Y — R, be a non-negative measurable function, which
is called the cost function. Given two probability measures
P; € P(2) and Py € P(Y), the set of couplings of Py
and Py, denoted by II(Py, Py), refers to the set of all joint
probability measures P € P(Z x )) such that their marginal
measures are Py and Py. The OT problem is to find the
optimal coupling in II(Pz, Py) that minimizes the expected
cost:

inf

E Z.Y)|.
PcIl(Pz,Py) ple(Z,Y)]

ey

A special case of particular interest is when both Z and
Y are the Euclidian space and the cost function is given by
the Euclidian distance. For simplicity, let us for now consider
the one-dimensional case where Z = Y = R and ¢(z,y) =
|z — y|?; the generalization to arbitrary dimensions will be
formalized and discussed in the subsequent sections. In this
case, the quantity

inf

1/p
EnfZ-YPl}
PEH(Pz,Py)

WP (P 7, P Y) £ {
defines a metric between two probability measures P and
Py and is called the p-th order Wasserstein distance. Various
transportation cost inequalities have been developed that upper
bound the Wasserstein distance between two measures Pz and
Py-. For example, the celebrated Talagrand’s transportation
inequality [4] states that

WZ(Pyz, Py) < 2D(Py|| Py) (3)

when Py is standard Gaussian AV(0,1) and P; < Py.

B. Information Constrained Optimal Transport

In this paper, we propose to study a variation of the OT
problem which we call the information constrained OT prob-
lem. Here, we want to find the coupling P in II(Pz, Py') that
minimizes the expected cost while ensuring that the mutual
information Ip(Z;Y’) between Z and Y under the coupling
P does not exceed some pre-specified value R:

EP[C(Za Y)] 4)

inf

Pell(Pz,Py):1p(Z;Y)<R
There are several reasons for us to study this extension of
the classical OT problem, which will become clear in the
sequel. For now, note that when the infimum in (1) is achieved
by a deterministic mapping between Z and Y, the mutual
information Ip(Z;Y") will be maximal and can be potentially
unbounded. For example, according to Brenier’s theorem [5],
this is known to be the case in (2) when p = 2 and Pz or
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Py are absolutely continuous with respect to the Lebesgue
measure. The mutual information constraint in (4) can be
viewed as enforcing a certain amount of randomization in the
mapping between Z and Y. On a related note, formulation
(4) has also been considered in the context of rate-distortion
theory when one is interested in the distortion-rate function
for fixed source and output distributions Pz and Py-; see [6],
where the authors call such problems ‘output-constrained
distortion-rate function.’

It is also worth mentioning that an equivalent formulation of
the information constrained OT problem has received signif-
icant recent interest in the machine learning literature, where
one seeks to minimize the cost-information Lagrangian:

{Ep[c(Z,Y)] + Mp(Z;Y)}.

inf
PEH(Pz,Py)

(&)

The problem (5) generally appears under the name entropy
regularized OT. In the machine learning literature, the interest
in (5) has been mainly motivated by computational consid-
erations; in many cases computing the regularized OT in (5)
from data turns out to be easier than computing the classical
OT in (1), which motivates the use of (5) instead of (1)
as a discrepancy measure between probability measures [7].
For certain inference tasks, (5) also appears to be a more
suitable discrepancy measure than (1), leading to superior
empirical performance [8]. Moreover, it is also shown in [9]
and [10] that (5) can be estimated with much fewer samples as
compared to (1). In contrast to these works which focus on the
computational and statistical aspects of (5), our interest in this
paper mainly lies in understanding the solution of the problem
(4) as well as its fundamental connections to concentration of
measure and network information theory.

C. Summary of Results

In the information constrained OT setup, one can similarly
define the Wasserstein distance between two measures Pz and
Py subject to the information constraint R:

1/p

inf
PEN(Py,Py):
Ip(Z:Y)<R

W,(Pz, Py; R) & Epl|Z =Y "] (6)

Note that when R = oo, (6) reduces to the unconstrained
Wasserstein distance in (2). The main result of this paper,
proved in Section II, is an upper bound on W5(Pz, Py-; R) for
any R € Ry when Py is standard Gaussian and Py < Py:

1
W2(Py,Py;R) <E[Z%] +1— 2\/26%(2) (1— e 2R).
e
(7

This new transportation inequality captures the trade-off
between information constraint and transportation cost, and
is tight when Pz is Gaussian. It can be regarded as a
generalization and sharpening of Talagrand’s inequality in (3).
Note that when we take R — oo in (7), we get the following
bound on the unconstrained Wasserstein distance:

1
WZ(Py,Py) <E[Z%]+1-2 276%(2)_
e

®)
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It is easy to check that the R.H.S. of (8) is smaller than or
equal to that of Talagrand’s inequality in (3) for any Pz, and
therefore (8) is uniformly tighter than (3).

Since the pioneering work of Marton [11], [12], it has
been known that Talagrand’s transportation inequality captures
essentially the same geometric phenomenon as the Gaussian
isoperimetric inequality, both of which can be used to derive
concentration of measure in Gaussian space. Do the new trans-
portation inequalities in (7) and (8) also have natural geometric
counterparts? In Section III, we show that the strengthening (8)
of Talagrand’s inequality can be used to prove concentration
of measure on the sphere, which can be shown to imply con-
centration of measure in the Gaussian space. In other words,
the strengthening of Talagrand’s inequality in (8) captures a
stronger isoperimetric phenomenon, the one on the sphere
rather than that in Gaussian space. Furthermore, we show
in Section III that the information constrained transportation
inequality in (7) captures a new isoperimetric phenomenon
on the sphere that has not been known before the recent
work [13], [14]. Different from the standard isoperimetric
inequality on the sphere where one is interested in the extremal
set that minimizes the measure of its neighborhood among
all sets of equal measure, this new isoperimetric result deals
with the set that has minimal intersection measure with the
neighborhood of a randomly chosen point on the sphere.

Finally, in Section IV we demonstrate an application of
the information constrained transportation inequality (7) to
network information theory. In particular, we show that it
can be used to understand and simplify the recent solution
of a long-standing open problem on communication over
the three-node relay channel. Specifically, this problem, “The
Capacity of the Relay Channel”, was posed by Cover in the
book Open Problems in Communication and Computation,
Springer-Verlag, 1987 [15]. The recent works [14], [16] solved
this problem in the canonical Gaussian case by developing a
new converse for the relay channel.! The proofin [14] and [16]
is geometric: the communication problem is recast as a prob-
lem about the geometry of typical sets in high-dimensions, and
then solved using the new isoperimetric result on the sphere
mentioned above. The new transportation inequality (7) allows
us to recover the same result almost immediately, which also
enables an interpretation of the previous geometric proof in
terms of auxiliary random variables.

II. NEW TRANSPORTATION INEQUALITIES

Before stating and proving our new transportation inequali-
ties, let us first formalize the definition of the Wasserstein dis-
tance and Talagrand’s transportation inequality; see also [18].
Let (€2, d) be a Polish metric space. Given p > 1, let P,(Q2)
denote the space of all Borel probability measures v on )

such that the moment bound
Eyrn[dP (w,wo)] < 00 )

holds for some (and hence all) wy € 2.
Definition 2.1 (Wasserstein Distance): Given p > 1, the
Wasserstein distance of order p between any pair Py,

ISee also [17] for the solution in the case of binary symmetric channels.
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Py € P,(Q) is defined as

1/p
Wp(prY)A{ inf Ep[dp(Z,Y)]} (10)

Pell(Py,Py)
where II( Pz, Py) is the set of all probability measures on the
product space €2 x 2 with marginals Pz and Py .

Indeed, the function W,(Pz,Py) of (Pz,Py) in (10)
satisfies all the metric axioms [19] and defines a metric on
the space P,(£2) of distributions. If p = 2, @ = R with
d(z,y) = |z — y|, and Py is atomless, then the optimal
coupling that achieves the infimum in (10) is given by the
deterministic mapping

7 =F;'oFy(Y) (11)

where Fy is the cdf of Py, ie. Fy(y) = Py(Y < y) and
F, ! is the quantile function of Pz, i.e. F;'(a) = inf{z €
R : Fz(z) > «}. Building on this optimal coupling and
tensorization [18], one can prove the following result for the
case when 2 = R™ and d(z",y") = [|z" — y"||2, known as
Talagrand’s transportation inequality.

Proposition 2.1 (Talagrand [4]): For two probability mea-
sures Pzn» < Py» on R™ with Py~ being standard Gaussian
N(0,1,,), we have

W3 (Pgn, Pyn) < 2D(Pgn | Pyn), (12)

where the inequality is tight if and only if Pz~ is a shifted
version of Py, i.e. Pzn = N (u, I,,) for some p € R™.

Note that Talagrand’s transportation inequality connects the
Wasserstein distance to another fundamental discrepancy mea-
sure between two probability measures, i.e. the KL divergence.
This observation can be utilized to derive, via Marton’s pro-
cedure [11], [12], the concentration of measure phenomenon
in the Gaussian space—that is, for all subsets with a given
measure in the Gaussian space, blowing up the set with
a minimum needed radius will increase its probability to
nearly 1. The rigorous Marton’s argument for connecting
transportation and concentration in this case will be briefly
illustrated in Section III-A. Here, it is of interest to point
out the intuition behind this connection from an information
theoretic point of view: if we think of a subset in the Gaussian
space as the typical set generated by Pz~ , then the Wasserstein
distance on the L.H.S. of (12) will translate to the minimum
needed blowing-up radius and knowing D (P~ ||Py=) on the
R.H.S. of (12) is equivalent to fixing the measure of the subset
in the Gaussian space, and hence the transportation inequality
(12) establishes a relationship between the minimum needed
blowing-up radius for increasing the probability of the set to
nearly 1 and the measure of the set.

A. Sharpening Talagrand’s Transportation Inequality

Talagrand’s transportation inequality can be sharpened to
the following; see also [20] and [21] for related results.

Theorem 2.1: For Py» = N(0,I,) and Pzn < Pyn,
we have

1
W3 (Pz», Pyn) <E[|Z"]*] + n—2n ee%h(zn), (13)
s
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where the inequality is tight when Py~ is isotropic Gaussian,
i.e. Pzn = N(p,0%1,) for some u € R" and o > 0.

The above theorem provides an upper bound (13) on the
Wasserstein distance between Py» = N(0,1,) and Pzn» <
Py~ in terms of the second moment E[[|Z"||?] and entropy
h(Z™) of Z™, instead of in terms of the KL divergence
D(Pzn||Py~) as in Talagrand’s transportation inequality. Note
that given Py~ = N(0,I,,) and Pz» < Pyn, one can always
use E[||Z™]|?] and h(Z™) to synthesize D(Pgzn||Py«) via

n n
D(Pzx|[Pyn) = —h(Z") + 5 n2m + JE[|| 2]

but not vice versa. In other words, compared to knowing only
D(Pzn || Py~ ), one has more information about Pz~ knowing
both E[||Z"||?] and h(Z™), and a natural question to ask now is
whether one can better bound Wy (Pzn, Py« ) using E[||Z™||?]
and h(Z™). To this end, we show in Appendix A that the
transportation inequality (13) is indeed generally stronger than
Talagrand’s, i.e. R.H.S. of (13) < RH.S. of (12), for any
Pzn < Pyn. Moreover, note that compared to Talagrand’s
transportation inequality, which is tight only when Pz» =
N (u, I,), the inequality (13) is tight for a wider class of Pzn,
i.e. when Pz~ is isotropic Gaussian.

Just like Talagrand’s transportation inequality implies con-
centration of measure in the Gaussian space, the transportation
inequality (13) also has its own geometric interpretation.
In particular, we will show in Section III-B that (13) can be
used to prove concentration of measure on the sphere, instead
of in the Gaussian space—that is, for all subsets with a given
measure on the sphere, blowing up the set with a minimum
needed angle will increase its probability to nearly 1. Note that
the concentration on the sphere is known to be stronger than
that in the Gaussian space, and this should not be surprising as
alluded by the fact that (13) implies Talagrand’s transportation
inequality. An intuitive explanation for why (13) corresponds
to the concentration on the sphere is because if we think of
the subset as the typical set generated by Pz~, then knowing
both the second moment E[||Z"||?] and entropy h(Z™) of Z"
amounts to restricting the subsets to those on the sphere with
a fixed measure.

B. Information Constrained OT

We next focus on bounding the information constrained OT.

Definition 2.2 (Information Constrained Wasserstein Diver-
gence): Given p > 1, the Wasserstein divergence of order
p between any pair Pz, Py € P,(2) subject to information
constraint R is defined as

1/p
W,(Pz, Py; R) & inf

PGH(Pz,Py)Z
Ip(Z:Y)<R

EpldP(Z,Y)] (14)

It can be verified that the function W,(Pz, Py;R) of
(Pz,Py) in (14) is nonnegative, symmetric in (Pz, Py),
and satisfies the triangle inequality (see [7]). However, it is
not a metric (and hence is called a ‘divergence’ instead
of a ‘distance’) because it violates the coincidence axiom,
ie., W,(Pz,Py;R) in general is not equal to zero when
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WZ2(Pyn, Pyn; R)

E[| 2" +n ¢
(R,E[HZ”HQ] +n—2n

/1 n
E[|Z"])] +n - 2n %e%mz ) 'y

Fig. 1.

Information constraint-Wasserstein divergence tradeoff.

P; = Py. For the case when Q@ = R"™ and d(z",y") =
||z™ — y™||2, we can prove the following bound on it.

Theorem 2.2: For Pyn = N(0,1,) and Pzn < Pyn,
we have

W22(P2n7pyn;R)

1 ,
< B2+ - 2ny SedtE (1= ). a3

The above theorem characterizes a trade-off between
the information constraint and the Wasserstein divergence,
as depicted in Fig. 1. This includes Theorem 2.1 as an extreme
case by letting R — oo. The other extreme case is when
R =0, where now Z™ and Y™ are forced to be indepen-
dent, and therefore the information constrained Wasserstein
divergence simply reduces to E[||Z"|?] + n. In Appendix B,
we show that the new transportation inequality (15) is tight
when Pgz» is isotropic Gaussian; that is, when Pzn» =
N (p,02I,) for some p and o2, the inequality in (15) is
achieved with equality. Therefore, the trade-off characterized
in Theorem 2.2 is indeed tight when Py is isotropic Gaussian.

Geometrically, the information constrained transportation
inequality (15) turns out to capture a new concentration
phenomenon on the sphere that is recently proved in [14]. This
new concentration result extends the classical concentration
result on the sphere mentioned in Section II-A, and provides
a lower bound on the measure of the intersection between a
subset with a given measure on the sphere and the neighbor-
hood of a randomly chosen point on the sphere. Intuitively,
(15) allows one to control the intersection measure because
the information constraint Ip(Z™;Y™) < R is equivalent to
the conditional entropy constraint Hp(Z"|Y") > H(Z")—R,
and the latter can be thought of as putting a lower bound
on the measure of the conditional typical set of Z™ given
a typical sequence of Y, which is further a lower bound on
the intersection measure between the typical set of Z" and the
neighborhood of a randomly chosen point on the sphere given
Py» = N(0,1,). Rigorously, to derive this new concentration
result from the transportation inequality, we need a more
technical version of (15), namely an information density
constrained transportation inequality. We will introduce this
information density constrained transportation inequality in
the sequel and use it to prove the new concentration result
in Section III-C.
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C. Conditional Transportation Inequality

Both Theorems 2.1 and 2.2 have their conditional ver-
sions. We start by defining the conditional Wasserstein dis-
tance and the conditional information constrained Wasserstein
divergence.

Definition 2.3 (Conditional Wasserstein Distance): Fix a
probability measure Pr and two conditional probability mea-
sures Pz and Py |p with Py p—;, Pyir—y € Pp(Q2) for any
t. Given p > 1, the conditional Wasserstein distance of order
p between Pz, Py|r given Pr is defined as

Wy (Pz 1, Pyir|Pr)

(1>

1/p
{ inf Ep[d(Z, Y)]} (16)
Pel(Pyr,Py|r|Pr)

where
H(Pzr, Pyr|Pr)
£ {Pzyir- Pr: Pzjr = Pzjr, Pyjp = Py|r}-

Theorem 2.3: For any probability measure Pr and condi-
tional probability measures Pz»p and Py« 7 such that for
any t, Pynjp—y = Pyn = N(0,1,) and Pynjp—¢y < Pyn,
we have

1 apigm
W3 (Pzir, Pynirl Pr) < E[| 27| Hn—2ny [ 5 —eH#"T),

(18)
Definition 2.4 (Conditional  Information  Constrained
Wasserstein Divergence): Fix a probability measure Pr
and two conditional probability measures Pzt and Py r
with Pzir—y, Pyjr— € Pp(Q) for any t. Given p > 1,
the conditional Wasserstein divergence of order p between
Pz, Py|r given Pr subject to information constraint 2 is
defined as

a7

Wy (Pz |1, Py|r|Pr; R)
1/p

lI>

inf
PEN(Pz 7, Py 7| Pr),
Ip(Z;Y|T)<R

Ep|d?(Z,Y)] (19)

Theorem 2.4: For any probability measure Pr and condi-
tional probability measures Pz~ p and Py« 7 such that for
any t, Pynjp—y = Pyn = N(0,1,) and Pznjp—¢y < Pyn,
we have

W3 (Pgn 7, Pyn | Pr; R)

1 ,
B2+ 0 - 2y 5B (12 ). 0

D. Information Density Constrained OT

We now introduce an OT setup with information density
constraint, and present a transportation inequality for this new
setup. As we will see, the information density constraint is
more stringent than the information constraint, and therefore
our previous transportation inequality in Theorem 2.2 can be
viewed as a special case of this new inequality that we are
going to present. This new inequality will be used to prove
a new concentration of measure result on the sphere, which

Authorized licensed use limited to: Stanford University. Downloaded on June 09,2023 at 22:12:53 UTC from IEEE Xplore. Restrictions apply.



BAI et al.: INFORMATION CONSTRAINED OPTIMAL TRANSPORT: FROM TALAGRAND, TO MARTON, TO COVER

has not been known before the recent work [13], [14]; see
Proposition 3.3 and its proof in the next section.

Recall that for a given joint distribution P € P(Z x Y)
with marginals Pz and Py, the information density function
ip(z;y) is defined as

dP
n—_—
dPz @ Py

whose expectation gives rise to the mutual information
Ip(Z;Y), ie.,

ip(z;y) =1 (2,9),

Ip(Z;Y) =Eplip(Z;Y)].

We say that a distribution P satisfies (R, ,0)-information
density constraint for some R > 0 and 7,5 > 0, if the
following two conditions hold:

1) the expectation of the information density, i.e. the mutual
information, is upper bounded by R,

Ip(Z;Y) < R;

2) with probability at least 1 — J, the deviation between
the information density and mutual information is upper
bounded by T,

Pizyynp(ip(Z;Y) = Ip(Z;Y)[ < 7) 2 1 =0

Definition 2.5: (Information Density Constrained Wasser-
stein Divergence): Given p > 1, the Wasserstein divergence of
order p between any pair Pz, Py € P,(€2) subject to (R, T, 6)-
information density constraint is defined as

Wy,(Pz, Py; R, T,0)
1/p

£ inf ]Ep[dp(Z, Y)]
PEI(Pz,Py ):Ip(Z;Y)<R,
Pz,yy~p(lip(Z;Y)—1p(Z;Y)|<T)21-0

21

Compared to the information constrained case, the def-
inition of the information density constrained Wasser-
stein divergence in (21) involves an additional constraint
Pizyy~p(lir(Z;Y) — Ip(Z;Y)] < 7) > 1 — ¢ in the
infimization and therefore given arbitrary Pz, Py and R we
have

W, (Pz, Py; R) < Wy(Pz, Py; R, T,0)

for any 7,8 > 0. As in the information constrained case,
the quantity W,(Pz, Py;R,7,0) is not a metric because
W,(Pz, Py; R, 7,6) in general is not equal to zero when
Py = Py.

For this OT setup with information density constraint,
we have the following bound when 2 = R™ and d(z",y") =
2" = 4" (|2

Theorem 2.5: For Py» = N(0,1,) and Pzn < Pyn,
we have that for any R,7 > 0

W2(Pgn, Pyn; R, T,6n/7%)

1
<ENZ +n 2"\/ g (1) @
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It is easy to see that the above theorem includes Theorem 2.2
as a special case by noting that

WQZ(Pzn,Pyn;R) < W22(Pzn7pyn;R,T,6n/T2)

for any R, 7 > 0.

E. Proofs of New Transportation Inequalities

In this subsection, we provide the proofs of
Theorems 2.1-2.5. Recall that Theorems 2.1, 2.2 and 2.5
are  unconditional transportation  inequalities,  while
Theorems 2.3 and 2.4 are the conditional versions.
In particular, Theorem 2.1 follows from Theorem 2.2,
which in turn follows from Theorem 2.5 as a special case.
Thus, in the following we first focus on proving Theorem 2.5
to establish all the unconditional transportation inequalities
stated in the paper. Then we show how to obtain the
conditional versions, in particular Theorems 2.3 and 2.4;
for this, it suffices to show how to extend Theorem 2.2 to
Theorem 2.4.

Proof of Theorem 2.5: To show Theorem 2.5, it suffices
to construct a coupling P of Pz» and Py~ such that the
(R, T,6n/7?)-information density constraint is satisfied, i.e.,

Ip(Zn;Yn) S R
and
Pizn ymyup(lip(Z"Y™) = Ip(Z27Y™)| < 7) > 1 — 6n/72,

and simultaneously Ep[||Z™ — Y ™||?] is upper bounded by the
R.H.S. of (22). For this, let

Y =\/1—e RV e n Yy,

where Y7, Y3* ~ N (0, I,,) are independent of each other, and

let Z™ satisfy
Z" = g(Y7")

for some g : R — R™ that pushes Py» = N(0, I,,) forward
to Pzn, where g is a differentiable one-to-one mapping whose
Jacobian matrix J, has only nonnegative eigenvalues. Note
that such a mapping g always exists provided that Py, =
N(0,1,,) is absolute continuous with respect to the Lebesgue
measure and Pz» < Pyln, and examples include the Brenier
mapping [5] and the Knothe-Rosenblatt mapping [19]; see also
Lemma 1 of [21].

It is easy to verify that the joint distribution P of (Z",Y™)
defined by the above is indeed a coupling of Pz~ and Pyn.
(In fact, this coupling is closely related to the concepts
of Ornstein—Uhlenbeck semi-group and Ornstein—Uhlenbeck
process [22] as we illustrate in Appendix C.?) To see that this
coupling satisfies the information density constraint, first note
that

Ip(Z™Y") = h(Y™) — h(\/1 — e Y + e n Y3 |27)

= h(Y™) = h(e” =Y Z™) (23)

20n a related note, see [23] for the application of reverse hypercontractivity
results for the Ornstein-Uhlenbeck process to the relay channel problem,
though both the proof techniques and the results in [23] are different (and
significantly weaker) than those to be presented in Section IV of the current

paper.
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= h(Y"™) = h(e” " Y (24)
= h(Y") = nln(e” ") — h(¥y')
=R

where (23) holds because g is a one-to-one mapping and
thus Y7" is determined given Z", and (24) follows from the
independence between Y;' and Z™. Also we have

P(lip(2"Y") = Ip(Z2™ Y ") < 7)

e

(e—R/nym
_p < In (fe R/}f7l((i/,L) Y, )) _Rl < T)
=P(IIY"|* - [¥3']%| < 27)
> P(I[Y"™)* = nl < 7, [[1¥3']]* = n| < 7)
> 1= P(IY"* = nl =) + PV = nl > 7))
>1-% (5)
where (25) holds by Chebyshev’s inequality.

Now it remains to show Ep[||Z" —Y™|?] < R.H.S of (22).
For this, we will lower bound Ep[Z™ - Y] in the sequel.
In particular, letting g; denote the ¢th coordinate of g, we have

9gi

EplZ™-Y{"] = ZEP {891 )} 0
- Ep[trace(J (Y7"))]
> Ep[n(det(J,(Y)/"] 27)
— nEp[en@et T (0g)
S e Er Infdet(y (V)] (29)
— pes (h(ZM)=h(¥]") (30)
=y | e 2nzm
"W ore©

where (26) follows from Stein’s lemma for Py = N(0,1I,),
which says that if V" ~ AN(0,1,) and f : R — R is
differentiable, then E[f(Y{")Yy;] = ]E[% F(Y7M)]; (27) holds
by the fact that for any matrix A whose eigenvalues are all
nonnegative, *trace(A) > (det(A))Y/™; (28) follows from

the nonnegativity of det(J,(¥7")); (29) is due to Jensen’s
inequality; and (30) holds because Z" = g(Y7") and therefore

fzn(g(yr')) det(Jo(y1)) = fry (u1), V1’
Therefore, Ep[Z™ - Y] is lower bounded by

Ep[Z" Y™ =\/1—e S Ep[Z"-Y{]

2R 1 h(Z’”)

)

1—e"

en
2me

and hence

Ep[|2" - Y|
= E[|Z"|P) + n— 2Ep[2" - Y7

1
< E[IZ"[*] +n - Zn\/e;‘:hw") (1-e).
2Te

This completes the proof of Theorem 2.5. ]
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We now show how to obtain Theorem 2.4 based on
Theorem 2.2.
Proof of Theorem 2.4: By Theorem 2.2, there exists some
Pzn | such that for any ¢

Pynjp—y = N(0, 1), Paur—y = Pznir=t, (1)
I(Z™Y"T =t) <R, (32)
n 7 1
and E[Z" - Y"|T =t] > ”m e2h(Zn|T=t)
2me
(33)

Since (31) holds for any ¢, we have Pynp = N(0,1,) and
Pzunip = Pzn|r, and hence

PZ",Y”|T S H(PanT,PZ7L|T|PT). (34)
From (32), we get
I(Z”;Y”|T) = ESNPT[I(Z”;Y"\T =9)]
< Es~p,[R]
= R. (35)

Moreover, using (33) we can lower bound E[Z" - Y| by

E[Z"-Y"] = Eswp, [EIZ" - Y"|T = S]]
> Egup, [0 \/ﬂ erh(Zn|T= S)]
> /1= 2| L e2Bsnr W(ZHT=5)) (3¢)

h(Z"IT)

2R
=n\/1—en en

where (36) follows from Jensen’s inequality, and therefore
E[||Z™ — Y™||?] can be upper bounded by

E[|Z" - Y™

1
= E[||Z™|2 —opy/1 — B —
1Z™]]"] +n —2n\/1—e %e

Combining (34), (35) and (37) completes the proof of
Theorem 2.4. [ |

MZ™MT)  (37)

III. GEOMETRY: CONCENTRATION AND ISOPERIMETRY

Since the pioneering work of Marton [11], [12], it has
been known that transportation cost inequalities can be used
to derive concentration of measure, an inherently geometric
phenomenon tightly coupled with isoperimetric inequalities.
For example, Talagrand’s transportation inequality (12) can
be shown to imply concentration of measure in the Gaussian
space. In this section, we will discuss the geometric impli-
cations of the new transportation inequalities introduced and
proved in the last section. In particular, we will show that the
transportation inequalities stated in Theorem 2.1 and 2.5 can
be used to prove the classical and new concentration results on
the sphere. This leads to a more complete view on the interplay
between transportation and concentration, as summarized in
Fig. 2. We now begin the detailed discussion with the geometry
of Talagrand’s transportation inequality.
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Transportation Inequality Measure Concentration

Talagrand’s Ineq. Marton [11-12]

(Prop. 2.1)

Measure Concentration in
Gaussian Space (Prop. 3.1)

I

Measure Concentration
on Sphere (Prop. 3.2)

1

Information Constrained Proof of }"ropA 3.3
Transportation Ineq. .
(Thm. 2.2, Thm. 2.5) H

i

Strengthening of
Talagrand’s Ineq.
(Thm. 2.1)

1
Proof of Prop. 3.2

New Concentration
Result on Sphere (Prop. 3.3)

Fig. 2. Transportation and concentration.

A. Concentration and Isoperimetry in Gaussian Space

Consider a Gaussian space (R™,~), where v = N(0, I,,) is
the standard Gaussian measure on R”. For any A C R™ and
t > 0, let A; denote the ¢t-blowup set of A:

Ay ={z" e R": ||z" — ™| <t for some a" € A}.

The following concentration of measure result is generally
known as the blowing-up lemma in Gaussian space [18].
Proposition 3.1: For any A C R™ with v, (A) > e~ "¢,

Yn(Ay) — 1 as n — oo

when t > /2n(a + €) for some € > 0.

Roughly, the above result states that under the product
Gaussian measure, slightly blowing up any set with a small
but exponentially significant probability suffices to increase its
probability to nearly 1; hence the name blowing-up lemma.
This lemma can be thought of as a consequence of the
isoperimetric inequality in Gaussian space, which says that
among all sets with equal Gaussian measure, a halfspace
minimizes the measure of its ¢-blowup. Therefore, if we start
with two sets A and H, where v(A) = v(H) and H is a
halfspace, then v(A;) > v(H;) and hence it suffices to check
that y(H;) — 1, which follows from a simple calculation.

An alternative approach to proving the above blowing-up
lemma, pioneered by Marton [11], [12], is through Talagrand’s
transportation inequality. A formal proof via this approach
can be found in [18]. The key observation here is that for
any measure v and set A, v(A) can be related to the KL

divergence as
1

v(A)’
where v4 is the conditional probability measure defined as
va(C) & v(C N A)/v(A) for any C. Together with the
triangle inequality for the Wasserstein distance, this allows
us to conclude that, for any A, B C R",

D(vallv) =1n

Wa(va,v8) < Wa(ya,v) + Wa(vs,7)
< v2D(yally) + V2D (v5(7)

1 1
= \/ZIHW(A)_F\/MH’V(B)’
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where the second inequality follows from Talagrand’s trans-
portation inequality in (12). The proof of Proposition 3.1
follows by taking B = Af = R™ \ A; and noting that
Wa(ya,vas) > t.

B. Concentration and Isoperimetry on the Sphere

We next show that the stronger transportation inequality
(7) also has a natural geometric counterpart. In particular,
it implies the following concentration result on the sphere:
Consider a unit sphere S*~! C R”" equipped the uniform
probability measure y on S*~1, denoted by (S"~, 11), where

S"l = {z" € R" : ||2"|| = 1}.

Recall that a spherical cap with angle # on S~ is defined as
a ball on S"! in the geodesic metric (or simply the angle)
Z(z™, y") = arccos({z",y™)), i.e.,

Cap(z,0) = {2" € S" 7' L(z]},2") < 6} .

Using the formula for the area of a spherical cap (see
[14, Appendix C]), we can show that as n — oo

(A" — siné. (38)

Proposition 3.2: Let A C S"~! be an arbitrary set with
u(A) = pu(Cap(zf,0)) for some arbitrary 2z € S"~! and
6 € (0,7/2]. Then for any w > 7/2 — 6,

w(A,) — 1 as n — oo, (39)

where A, is the w-blowup of A defined as
A, & {z" e S" 1 /(2" 2™) < w for some 2™ € A}.

As in the case of Gaussian measure concentration, the
result in Proposition 3.2 is tightly related to the isoperimetric
inequality on the sphere. It is easy to see that when A is
a spherical cap with angle 0, its blowup Az g is also
a cap (slightly bigger than a halfsphere) whose probability
approaches 1 in high dimensions. Therefore, when A is a
spherical cap of angle 6, w = 7/2 — 6 + € is precisely
the blowup angle needed for A, to approach probability 1.
According to the isoperimetric inequality on the sphere [24],
among all sets on the sphere with a given measure, the
spherical cap is the extremal set for minimizing the measure
of its blowup; therefore, the same blowup angle must be
sufficient for any other set A with the same measure, and
this is precisely what Proposition 3.2 asserts. We next show
that Proposition 3.2 can be derived by properly combining
the strengthening (13) of Talagrand’s transportation inequality
with an argument similar to Marton’s procedure.

We next show that Proposition 3.2 can be derived by
properly combining the strengthening (13) of Talagrand’s
transportation inequality with an argument similar to Marton’s
procedure.

Proof of Proposition 3.2: Fix two sets A, B C S*~! with
u(A), p(B) > 0. Define the cone extension A of A as

Aé{z”eR": a eA}
(g
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and define the cone extension B of B similarly. It can be easily
seen that the measure of A, B under p are the same as the
measures of their cone extensions A, B under any rotationally
invariant probability measure on R", and in particular, under
the standard Gaussian measure v, i.e.,

+(B) = u(B).

Now define two conditional probability measures on R™
based on A, B:

Y(A) = p(A) and

Y(ANO) s 7Y(BNC)
ya(C) &2 22— and y5(0) & =2 (40)
=T M@ g
for arbitrary C' C R"™. Then 4,y < v and we have
Wa(va,v8) < Wa(va,v) + Wa(vs,7) (41)

< \[E[| x7%]?2 2y | e A
<\ [BLX7) 4 n - 2ny ) o™

X ony | e S 4
B2 +n— om0 @)

where Xl ~ v4 and X3 ~ ~p, and (41) follows from the
triangle inequality and (42) follows from Theorem 2.1. Note
that the density function of X’} can be expressed as

dva, n 1@"€A) dvy , ,
dl‘" (x )* ’Y(A) d.’Iln ($ )7
and therefore the second moment E[|| X% |2 is given by
B IX317) = o [ a"1P1a" € Ay(da®)
ks V(A4) Jen
1 _
= —FE,[|IX"|*1(X" € A
1 _
——E,[1(X" € A)JE,[|X"]?]  (43)
= B LX™ € AN, 17
—n (44)

and the differential entropy h(X7%) is given by

o = -, o (422)]

_ _ﬁ / In (@j;l(x”)) 1(z" € A)y(dz™)

1 n 1 n|2 A
= s | (3 + 1P + ()
1(X" € A)
_ WEV B In(2m) + %HX”\F + ln(’y(A))}
(45)
= gln 27re(’y(/_1))2/n
= gln 2me(p(A))2/" (46)

where both (43) and (45) hold because 1(X™ € A) is indepen-
dent of || X™||? (except when X™ = 0). Similar expressions
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for E[|| X% |%] and h(X%) can also be obtained and thus (42)
simplifies to®

Wa( 'YAa'YB)
< \/2n(1 = (A7) + \/20(1 = (u(B))/m).

On the other hand, we can also obtain a lower bound on
Wa(va,vB). Let Z(A, B) be the angle distance between A
and B, defined as

(47)

Z(A,B) & inf{/(z",y") : 2™ € A,y™ € B},

and assume that Z(A, B) € [0,7/2] so cos(£(A,B)) > 0.
To lower bound on W (4, ~vg), note that for any coupling P
of v4 and v we have

Ep[IX% — X512 = Eo (X311 +Eqp [1XB ]
— 2B [| XL X3l cos(Z(Xa, X))
> 2n — 2Ep[| X5/ X3 - cos(£(A, B))

> 2n — 2ncos(£(A, B)) (48)

where (48) follows from the Cauchy-Schwarz inequality,
and therefore we can get the following lower bound on

W2 (’7A7 ’YB)

Wa(va,v8) > \/2n — 2ncos(Z(A, B)). (49)

Combining this with (47) gives the following inequality:

VI cos(Z(A,B)) < /1 - (u(A)/" + /1 (u(B)V/".
(50)

To finish the proof of Proposition 3.2, fix an arbitrary set
A C S with u(A) = u(Cap(zy,0)) for some arbitrary
2z € S" ! and 6 € (0,7/2], and choose B = AS = S"~1\
A, for w € (w/2 — 0,7/2]). We will use (50) to show that
1(AS) — 0 as n — oo. The proof of the proposition for larger
w, follows from the fact that u(A,) is increasing in w. Note
that by definition, we have

L(A A7) = 61V

Plugging this into (50), and also using (38) we obtain

V1 = cosw < V1 — sinf + liminf

n—oo

= (u(Ag))H/m. (52)

Therefore, given cosw < sin6, i.e. w > m/2 — 6§, we have

liminf /1 — (u(Ag))Y/™ > 0. (53)
This in turn implies that
n(AZ) — (54)

as n — oo, which completes the proof of Proposition 3.2. W

3Note that applying the original Talagrand’s inequality (12) to v4 and v

here would yield Wa(v4,v5) < \/2 In Ao+ \/2 In s instead of (47).

This inequality is weaker than (47) and follows from (47) by using the fact
that lInx + 1 < .
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C. A New Measure Concentration Result on the Sphere

We next show that the transportation inequality for informa-
tion constrained OT leads to a new concentration of measure
result on (S™~! i), which recovers Proposition 3.2 as a
special case. This new result was recently proved in [13] and
[14] by using Riesz’ rearrangement inequality [25] and can be
stated as follows:

Proposition 3.3: Let A C S"~! be an arbitrary set with
w(A) = u(Cap(z%,0)) for some arbitrary 2 € S"~! and
6 € (0,7/2]. Then for any w € (7/2 — 6,7/2] and € > 0,

p{y" : Inp(ANCap(y”, w)) > IV (0, w) —ne}) — 1, (55)
in which V(0,w) is defined as

V(@, w) = M(Cap(zgv 9) N Cap(yga w))v (56)

where zg,yy are each other, ie.

L(z8,98) = /2

In the proposition, V' (6,w) corresponds to the intersection
measure of two spherical caps with poles perpendicular to each
other. By using the surface area formula for the intersection
of two spherical caps in [14, Appendix C-B], one can provide
an asymptotic characterization of In V (6, w),

perpendicular  to

1 1
—InV(0,w) — 3 In(sin 26 — cosw?), as n — co.  (57)
n

Note that an equivalent way to state the blowing-up lemma in
Proposition 3.2 is the following: Let A C S*~! be an arbitrary
set with 11(A) = pu(Cap(2f,0)) for some arbitrary 2 € S*~1
and 6 € (0,7/2]. Then for any w € (7/2 — 0,7/2],

p({y™ + AN Cap(y",w) # 0}) — 1.

This is true because A N Cap(y",w) # O if and only if
y" € A,. Proposition 3.3 extends Proposition 3.2 by providing
a lower bound on (A NCap(y",w)) for w € (7/2 —0,7/2].
When A itself is a cap, (55) is straightforward and follows
from the fact that Y™ w.h.p. concentrates around the equator
at angle 7/2 from the pole of A, and therefore the intersection
of the two spherical caps is given by V' w.h.p. Proposition 3.3
asserts that this intersection measure is w.h.p. lower bounded
by V for any arbitrary A with the same measure. In other
words, the spherical cap not only minimizes the measure of
its neighborhood as captured by Proposition 3.2, but roughly
speaking, also minimizes its intersection measure with the
neighborhood of a randomly chosen point on the sphere.
Proof of Proposition 3.3: Fix two sets A, B C S*7!
with p(A), u(B) > 0. Consider their cone extensions A, B
and the induced conditional probability measures v4,vp as
defined in (40). Since yg < < and < is absolutely con-
tinuous with respect to the Lebesgue measure, the optimal
coupling that attains Wa(vp,7) is a one-to-one mapping
that pushes ~ forward to ygp. We will now upper bound
Wo(va,vB; R, 7,6n/7%) by using a triangle inequality as
stated in the following lemma, whose proof is included in
Appendix D.
Lemma 3.1: Consider three measures (i1, fio, i3 € Pp(£2)
such that there exists a one-to-one mapping g : @ — €
satisfying that

2067

1) pp is the push-forward measure of po under g, ie.,
p1(A) = pa(g=1(A)) for every Borel set A C Q;

2) g induces one optimal coupling that attains W, (g1, pa),
ie.,

1
W1 12) = {By i [d (9 (V). Y)I} 7
Then the following triangle inequality holds:

W (g, p3; R, 7,0) < Wy (pa, p2) + Wy (p2, pus; R, 7,0).
(58)

From the above lemma, for any R > 0 and 7 > 0 we have

Wa(va,vB; R, 7,6n/77) (59)
S WQ(VA) V3 Ra T, Gn/TZ) + W2<VB7 ’Y)
1 2h(X7}) 2R
< n|12 — — e — e n
< \/]E[|XA|| | +n 2n\/2ﬂ_ee (1 e )
+\[EIXR2] + 1 — 20y ™52 (60)
B n n 27‘(‘68 n
= \/ on (1 (AT - 6*23/”)
+y/2n(1 - (u(B) V) 61)

where X% ~ ~v4 and X3 ~ ~p; (60) follows from
Theorem 2.5 and Theorem 2.1; and (61) follows because
E[[|X%[?] = n and h(X7%) = 2 1In2me(u(A))?/™ as respec-
tively stated in (44) and (46), and similar expressions hold for
E[|[X3]?] and h(X3p).

On the other hand, we can also obtain a lower bound
on (59). For any 7 € [0, 7], let the function «(n) be defined as

) 2 2 (1npt) — R~ sup (lapCapty” 1)1 4)))

yn €B
(62)
and for any € > 0 define the parameter 7} as
ne = sup{n :a(n) > e}, (63)

The following lemma states a lower bound of (59) in terms of
71; that will be useful for proving Proposition 3.3. The proof
of this lemma will be presented after we finish the proof of
Proposition 3.3.

Lemma 3.2: For any € > 0,

WQ(VAa VB3 Rv T, 6”/7—2) > \/271(1 — CO8 77: - 0<nﬂ T))

where o(n,7) — 0 as 7/n,n/7* — 0 and n — oo.
By lemma 3.2 and (61), we get

VI oz —o(mr) < \/1— (u(A)V/n/1— c—2R/n
+y/ 1= (u(B)m, (64)

for any € > 0. To finish the proof of Proposition 3.3, fix an
arbitrary set A C S"~1 with p(A) = u(Cap(zd,0)) for some
arbitrary 28! € S"~! and 0 € (0,7/2], and let

B2 {y" e S" Lilnpu(ANCap (y",w)) <InV(f,w) —nB},
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for some arbitrary w € (7/2 — 6,7/2] and 5 > 0, where
V(0,w) is as defined in (56). In the sequel, we will use (64)
to show that u(B) — 0 as n — oc.

To do this, we will apply (64) for a particular choice of
R>0and e = g. Note that (38) combined with the fact that
sinf > cosw implies that

lim (u(A))Y™ > cosw.

n—oo

This implies that there exists a fixed ¢ > 0 such that for
sufficiently large n

((ANM™ > cos(w — ¢). (65)
Therefore, letting R be
2/n
Re " (1(A)) 66)

2 (u(A))*/m = cos?(w — @)’
we have that R > 0 for n sufficiently large. We will also
assume that ¢ > 0 is chosen sufficiently small so that

n (u(A)*m B

R< -1 =.

=3 (u(A))2/m — cos?w Ty

Note that this is always possible since choosing ¢ smaller
makes it easier to satisfy (65). With the choice of R in (66),

the first term on the R.H.S. of (64) reduces to

\/1 — (W(A))Y"\/1 — e 2B/n = /1 — cos(w — ¢). (68)

Now we will focus on the L.H.S. of (64) and show that it
can be lower bounded by

(67)

V1—cosnr —o(n,7) > +/1—cosw—o(n,7)

B

by choosing € = 7. For this, we evaluate «(n) at 7 = w under

our choice of A, B and R:

1
@)= + (= s up(Cap(s” ) 1 A)} + ) - )
n y"EeB
1
> ﬁ(nﬂ —InV(0,w) +1nu(A) — R). (69)
In (69), we can easily lower bound In ;1(A) by
Inp(A) > nlnsinf — n% (70)
for n sufficiently large. Also, by using (57), we have
InV(0,w) < % In(sin 26 — cos®w) + ng 1)

for n sufficiently large. Moreover, using (38) in (67), R can
be further bounded by

n sin 20 8

R<-In—pr—"—— — 72
=9 M 5in20 —costw | A (72)
for n sufficiently large. Plugging (70)—(72) into (69), we obtain

g

> 2

a(w) - 4’

and therefore

w < (73)
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by the definition of 1} and the nonincreasing property of «(n).
Hence, by setting ¢ = §/4 on the L.H.S. of (64) and using
(73), we obtain

\/1 —cosny,, — o(n,7) > /1 —cosw—o(n,7). (74)
Combining (64), (68) and (74) yields

V1—cosw—o(n,7)<\/1—cos(w — @) + 1/1 — (u(B))¥/".

3/4

Setting 7 = n*/4, we have 7/n,n/7?> — 0 as n — oo, and
thus o(n,n3%/*) — 0 as n — oo. Therefore, given cosw <
cos(w — ¢) and for sufficiently large n, we have

n(B) < (1 - (\/1 —cosw — a(n,n3/4)

_m)"’), as)

which tends to zero as n — oo. This completes the proof of
Proposition 3.3. u

Proof of Lemma 3.2: Consider an arbitrary coupling P
of (ya,7p) that satisfies the (R, 7, 6n/72)-information density
constraint. To find a lower bound on Wa(va,v5; R, 7, 6n/72),
it suffices to lower bound Ep[[| X% — X%||?], or equivalently
to upper bound Ep[X7 - X7t]. Fix ¢ > 0 and define

where
S ={(zh2p) : [24l* —n| < 7 [llzB]* —nl < 7,
ip(zl;as) < R+ 7}
Then Ep[ X7 - X7] can be upper bounded by conditioning on
F and F° respectively, i.e.,
Ep[X} - XB]
= Ep[X} - Xp[FIP(F) + Ep[X} - Xp|FIP(F°)
< Ep[X} - XB|F]+Ep[X} - Xp|FIP(F).
In the sequel, we will upper bound Ep[X7} - X}|F] and

Ep[X7% - XE|FC)P(F°) respectively.
First, from the definition of F', we have

Ep[X% - XBIF] = Ep[| X[ X5 || cos(£(X 4, X)) F]

< (n+ ) cos(n)). (76)
Also, by the Cauchy-Schwarz inequality, we have
Ep[X} - Xp|FIP(F)
< JEplIX3 2| FIR(Fe)\[Ep || X5 2| FeIP(Fe)
= VEIIX3]2) - Ep[I X2 FIP(F)
x \/EHIX%IP] — Ep[| XB 2 FIP(F)
<n-—(n—-7)PF). (77

To continue with (77), we need to lower bound P(F"). Since
P(F') can be written as

P(F) = P((X3, Xp) € 5)
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we will bound P((X7%,X%) € S) and P(L(X}, XpE) <
nt, (X%, X3) € S) respectively.
To bound P((X7%, X%) € S), note that

P(IIX4]7 = nl < 7)

- /A (|2 — n] < r)ya(da’)

1 n2 gl < )1z € A "
:M/R”unm 1> —n| < 71" € A)y(da")

1 ni2 _n . n A
= @Ew[l(mX I = n[ <7)L(X" € A)]
— L nZ_p T " A
— B LUIX"E —al < DB (X" € D) 78
=P(|X"]* —n[ <)
>1—3n/7%, (79)

where X" ~ «, (78) holds because 1(|||X™||> — n| < 7) and
1(X™ € A) are independent (except when X™ = 0), and (79)
follows from Chebyshev’s inequality. Similarly, P(||| X% ||* —
n| < 7) > 1 — 3n/72. In addition, since P satisfies the
(R, 7,672 /n)- information density constraint, we have

Plip(X%; Xp) < R+7)>1—6n/72
Therefore, by the union bound we have
P(X%,Xp)€S)>1—12n/72 (80)

To upper bound P(Z(X7%, X7%) < n¥, (X%, X%) € 9),
we have

B((X%, X3) < nf) (X, XB) € 5)
- /B /A Fnixs (@)1 (o, ) €8, £ (2, aly) <o)
dz’y fxp (25)dr'

< / / eR—h(“/A)'*‘%Tl((xZ,x%) €S, Z(a, 2) <))
BJA
dz’y fxy (2B)dzy
(31)
< /eR*h(VAH%Te*"E*h(“*R%”mlfXg(xﬁ)dfﬁ%
B
(82)
_ e—n(e—%—él)
S €2, (83)

where ¢4 — 0 as n — oo, and e — 0 as n — oo and

T — 0. In the above, (81) holds because for each (27, 2%) €

SN (Ax B), the conditional density fxn|xn (2% |2%) satisfies
fxnixy (@hleg) = eip(xA;xB)fX;@Z)
< €R+Te—g1n(2neu(A)2/")+§(n,—ux;;|\2)
(84)

eR*h(WA)Jr%T’ (85)

IN

where (84) and (85) follows from the facts that ip(z7; 2%) <
R+ 7 and |||2%]|> — n| < 7T respectively by the definition
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of S. Inequality (82) holds because for each z% € B,
we have

//1 1((2, o) € 8, L(a'y, 2) < n)da}
)

< (AN Cap(zg, 7)) B(0, vn +7)|

< W(AN Cap(a, ip))e METITITIA (86)
< e—na(n:)-‘rln(u(A))—Re% In(2me)+ 3 7+ne; (87)
< e—ne-l—ln(u(A))—Re% In(2me)+ 5 7+ne; (88)

_ e—ne-i—h('y,q ) —R+%‘r+n51
- )

where |B(0,y/n+7) = {z" : ||z"|| < v/n + 7}| denotes the
volume of the Euclidean ball with center 0 and radius \/n + 7.
Here, (86) holds because from [14, Lemma 13], we have

|B(O7 \/m)l S e%ln(27‘re(1+%))+n51 S 6% ln2ﬂe+%r+nel,

where the last inequality uses the fact In(1 + a) < a for any
a > 0, (87) follows from the definition of «(7n), and (88)
holds because «(n) is continuous in 7 by Lemma 5.1 and
hence a(n¥) > e.

Combining (80) and (83), we have

P(F)>1—12n/7° — e

>1—e3 (89)

where €3 — 0 as n — oo, n/7> — 0 and 7/n — 0.
Combining (76), (77) and (89), we have

Ep[X7} - X3 < n(cosnf +o(n, 7)) (90)

where o(n,7) — 0 as n — oo, n/72 — 0 and 7/n — 0, and
therefore

Ep[| X4 — XBI°] = 2n(1 — cosnf — o(n, 7).

Since the above inequality holds for any coupling P of
(v4,vB) that satisfies the (R,T,6n/7%)-information con-
straint, we can conclude that

W2(’YA’ VB, Ra T, 6”/72) 2 27’1(1 — COs 77: - U(”? T))

This completes the proof of Lemma 3.2. ]

IV. AN APPLICATION TO NETWORK
INFORMATION THEORY

We next demonstrate an application of our transporta-
tion inequalities in network information theory. In particu-
lar, we show that the information constrained transportation
inequality can be used to recover the recent solution of a
problem posed by Cover in 1987 [15] regarding the capacity
of the relay channel.

To describe Cover’s problem, consider a Gaussian primitive
relay channel given by

{ Z=X+W
Y=X+W;
where X denotes the source signal constrained to average
power P, Z and Y denote the received signals of the relay
and the destination respectively, and W7 ~ A(0,N) and

Wy ~ N(0,1) are Gaussian noises that are independent of
each other and X . The relay channel is “primitive” in the sense
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that the relay is connected to the destination with an isolated
bit pipe of capacity Cy. Let C(Cy) denote the capacity of this
relay channel as a function of Cjy. What is the critical value
of Cy such that C(Cy) first equals C'(o0)? This is problem
posed by Cover in Open Problems in Communication and
Computation, Springer-Verlag, 1987 [15], which he calls “The
Capacity of the Relay Channel”.

This question was answered in a recent work [14], [16],
which shows that C(Cy) can not be equal to C(co) unless
Cy = oo, regardless of the SNR of the Gaussian channels. This
result follows as a corollary to a new upper bound developed
in [14] and [16] on the capacity of this channel, which builds
on a strong data processing inequality (SDPI) for a specific
Markov chain. The proof of this SDPI in [14] and [16] is
geometric and relies on a packing argument combined with
the new measure concentration result stated in Proposition 3.3.
We next show that the transportation inequality we develop
in the current paper can also be used to establish this SDPI
providing a much shorter and simpler proof. In particular,
the main idea is to construct an n-letter auxiliary random
variable that shares the same marginal distribution with a
certain random variable in the relay channel problem but has
a different joint distribution (i.e. is coupled differently) with
the other random variables in the problem. It is interesting
to contrast this converse approach to single-letterization in
standard converse programs for network information theory
problems. Classically, one uses information measure calculus
(e.g., chain rules, non-negativity of divergence) to arrive at
single-letter random variables that can be identified as aux-
iliary random variables. Here, we construct high-dimensional
auxiliary random variables whose existence and properties are
ensured by the transportation inequality. As we will see in
the sequel, this allows us to capture the packing argument
employed in [14] and [16] using auxiliary random variables,
without the explicit use of geometry or the concentration result
in Proposition 3.3. The current method is simpler and may be
easier to generalize to other problems.

We now state the above mentioned SDPI and briefly illus-
trate how it leads to a new upper bound on the relay channel.
We then prove it by using the conditional version of the
information constrained transportation inequality as stated in
Theorem 2.4.

A. A Strong Data Processing Inequality
Consider a long Markov chain

yn - X" Z" U, 1)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 4, APRIL 2023

with 2" = X" + W and Y" = X" 4+ W3, where
E[|X™||?] = nP, W ~ N(0,N I,), W3 ~ N(0,1,), and
X" W, W3 are mutually independent. For this long Markov
chain, the following SDPI was established in [14] and [16] and
is the key step in resolving Cover’s problem.

Proposition 4.1: For the Markov chain described in (91),
if I(Z™U,lY™) < nCp, then I(X™;U,|Y™) is upper
bounded by (92), shown at the bottom of the page.

Proposition 4.1 allows us to derive a new upper bound on
the relay channel. In particular, if we use U, to denote the
relay’s transmission over the bit pipe, then it is easy to see
that Y" — X" — Z" — U, for the relay channel satisfies the
conditions of the Markov chain described in (91), and

I(Z™U,|Y™) = HU,|Y"™) — H{U,|Z",Y")

Therefore, by Fano’s inequality and Proposition 4.1 we can
bound C(Cjy) by (93), shown at the bottom of the page, where
we have used the simple fact that 7(X™;Y™) < 2 In(1+ P).
The upper bound in (93) resolves Cover’s problem as one can
easily verify that it is strictly smaller than n C(co) for any
finite Cy.

B. Proof of SDPI via Transportation Inequality

To prove Proposition 4.1, we need the following lemma,
which is a consequence of the conditional transportation
inequality stated in Theorem 2.4.

Lemma 4.1: For the Markov chain 1),
if I(Z™U,|X™) = nC’ for some C’ > 0, then for
any 7 > 0 there exists a random vector Z" such that:

D) Pxn zny, = Pxn,z7v,3

2) E[Z"- Y™ >n(P+ /N1 —-e2)e ),
3) I(Z™ Y™ X", U,) < nr.

Proof: Lemma 4.1 follows immediately from Theo-
rem 2.4 by setting T = (X™,U,). In particular, noting that
the random vector W3’ = Y" — X" ~ N(0,I,) and is
independent of (X", U,,), we have by Theorem 2.4 that

W3 (Pgnixn v, Pyo_xn|xn0, |Pxnu,;nr)
1 n n

<E[|2"| +n—2n\/m\/2@ih<z .
e

Therefore, there exists a random vector Z" such that

(Z", X", Up) ~ Pgn xnu
I(Z™ Y™ X™ Uy,) < nr,

n?

n, P(N+1—-2c9 /N1 —e2))+N(1—e2(1—e2))

I(X™ UL Y™ < in—1 92
(X™; Unl )—C,gl[g%o]?gEQ n (P + 1)Ne-2r ©2)
nC(Co) < I(X™ Y™, Up) + ne
=I(X" Y™+ I(X™ UL Y™) + ne
P(N+1-29/NA—e2)+N(1—-e2C1—e?
< max minﬁln (W + ¢ ( ™))+ N( ¢ ( ¢ ))—i—ne (93)

~ C’ef0,Co] >0 2

N672r
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2n(Z7|X"™U,)
e

E[Z" - (Y" — X™)] > ny1— 627”\/216
4

This proves 1) and 3) of Lemma 4.1.
Lemma 4.1, note that

To show 2) of

E[Z"-Y"] = ]E[Z" (Y= XM+ E[Z" - X"
>ny/1—e?r R(ZMX™Un) L R[Z™ - X™ (95)
=ny1— eQT\/Ne—2C' +nP (96)

—n(P+ /NI = 7)e™C

where (95) follows from (94) and the fact that (Z", X") ~
Pzn xn, and (96) holds because
WZ"| X", U,) = h(Z™X™) — I(Z™; X" |U,)
= g In2reNe ¢

This completes the proof of Lemma 4.1. [ |
We now use Lemma 4.1 to prove Proposition 4.1. Assuming
that for the Markov chain (91),

I(Z" U, |X"™) = nC’

fgr some C’ > 0, we can create an auxiliary random vector
Z" coupled with X™ U,,Y™ so as to satisfy the properties
in Lemma 4.1. Therefore, we have

I(X™U,|Y™)

= I(Z™ULY"™) + I(X™ U, Y™, Z7) — (27 U, [Y™, X™)
= I(Z™Un|Y™) + h(Un|Y™, Z%) = h(U, Y™, X™)

< I(Z™Un|Y™) + (U, | Z™) — h(Un| X™)

= I(Z™U,|Y™) — I(Z™, U, | X™) 97)
=h(Z"Y") = WZ" Y™, Up) — I(Z7 U X™) (98)

where (97) follows because Pyn zn yy, = Pxn zny, by 1)
of Lemma 4.1 and thus X — Z" — U,, forms a Markov
chain. In the following, we will bound the first two terms
in (98) respectively. Note that this bounding process precisely
mirrors the packing argument used in the geometric proof of
[14] and [16], and provides an interpretation of the packing
argument in terms of auxiliary random variables.
To bound the first term in (98), we have for any r > 0,
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2me .
— s (2 -

< R.HLS. of (99)

E[Z" - w]?)
E[Y™]?]

where in the last step we have used 2) of Lemma 4.1. To bound
the second term in (98), we have for any r > 0,

WZP Y™, U) > W(Z" Y™, Un, X™)

— W(Z"|Un, X™) — (27 YUy, X7

h(Z"|X™) — [(Z™ U, X"™) — I(Z™ Y™ Uy, X™)
> gln27reN —nC' —nr

- gln 2rNel=2(C7+7) (100)

where the second inequality follows from 3) of Lemma 4.1.
Plugging (99), shown at the bottom of the page, (100) into
(98) gives a bound on I(X™;U,|Y™) in terms of the value of
I(Z™;U,|X™) = nC" that holds for any r > 0. Therefore, the
bound can be tightened by minimizing over r > 0. The value
C’ is unknown, but due to the Markov chain (91) we have

I(Z™ U X™) < I(Z™UnY™) < nCy.
The bound in Proposition 4.1 follows by taking a maximum

over C’ € [0, Cy].

APPENDIX A
COMPARISON OF (12) AND (13)

Given Py» = N(0,1,,) and Pzn < Pyn, let fy» and fzn
denote their respective densities. Then we have

on(Z”)]
fyn(Z"™)

1 12|
72 OXP | — 5

o
—In 27re> + 1]

"%
enh(Zn) + 1

R.H.S. of (12) = 2E [hq

= 2E[In fz~(Z™)] — 2E [ln
= —=2h(Z")+nln2r + E|

\
—Bl1Z" P40 -2 |3 (202

= E[||Z"||? —2nll
11277 +n n[n o

1
2me

>E[Z™* ] +n—-2n Zh(Zm)

en
= R.H.S. of (13)

where the inequality follows from Ina+1 < a and holds with

. . E[Z"-Yn
MZ™MY™) =h (Z" - IE[[Y”HZ]] " Y”> equality iff y/51-en"(Z") = 1, i.e. h(Z") = % In2ne.
< (Zn _E[Z"-Y" n> APPENDIX B
- E[||Y™|]?] ON THE TIGHTNESS OF (15)
n . 2re —. EJ VAR Y™ 2 Here we show that the inequality in (15) is achieved with
< g h—F 17" — i Y equality when Py~ = N(0,I,) and Pzn = N(u,o?I,
2 n E[[[y™(?]
_ P(N+1-2e9 /N1 —e2))+N(1—-e2(1—e?
) < e P L2 YR N =2 =) 0
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for some g and o2. Specifically, for any coupling P €
II(Pgzn, Pyn») with Ip(Z”,Y") < R, we have

R>h(Z") = hp(Z™Y™)
EP[ZTL . Yn]Q
=h(Z") — hp <Z" - YY"
E[IY™?]
EP[ZTL 3 Yn]? )
> h(Z") — hp (Z"—Y"
) EY"[7]
n., 2me Ep[Z™-Y™] 2
> h(Z") — = ln —“Ep HZ" el Y
2 n E[[Y™(]%]
n . 2me Ep[Z™ - Y"]?
= h(Z" 1<JE Z"]?] -
)— 57 (B2 - e
n 9y, T 5 Ep[Z™-Y")?
=3 In(2mec®) — 511127‘&'6 <0 S E—
n ,ynl2
_ (o Eel2t YR
2 n2g?

ie.,

1 2p(zn) —28
= —en '’ ]_ — n ),
n\/Qﬂee ( e )

Therefore, for any coupling P € TI(Pzn,Pyn) with
Ip(Z™;Y™) < R, we have

(1—e %02

Ep[|Z" —Y"|I°] = E[|Z"|*] + E[|Y"|*] - 2Ep[Z" - Y]
> R.H.S of (15),
and thus,
W2(Pgn, Pyn; R) = inf Ep[|Z™ — Y™

PEM(Pgn ,Pyn):
Ip(Z™Y™)<R

> R.H.S. of (15).
Combining with inequality (15) itself, we can conclude that

W2(Pgn, Pyn; R) = RH.S. of (15)

when Py« = N(0,1,) and Pzn = N(u,0?%I,) for some
and o2,

APPENDIX C
THE ORNSTEIN-UHLENBECK SEMI-GROUP AND PROCESS

The coupling used in the proof of Theorem 2.5 is closely
related to the concepts of Ornstein—Uhlenbeck semi-group
and Ornstein—Uhlenbeck process. In particular, recall that the
Ornstein—Uhlenbeck semi-group is defined as a family of
operators (P;);>o with

Py f(zo)

for all suitable f : R” — R and 2y € R™, where (X;);>0 is
a Markov process which admits the explicit representation

= E[f(Xy)[Xo = z0]

t
X = e Yz + \@/ e’dBs) given Xy = xg,
0
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where (B;);>o is the standard Brownian motion in R”
starting at the origin. Such (Xy);>o is also known as the
Ornstein—Uhlenbeck process, and it can be shown to satisfy

Px,|xo=z0 = e trg+ V1 — e 2N(0,1,),Vxo € R™.

Viewed from this perspective, the coupling of (Pzn, Pyn)
constructed in the proof of Theorem 2.5 can be thought of
as the joint distribution of (g(Xo), Xy(r)) by letting Px, =
N(0,1,), g be a mapping that pushes N(0,I,) forward to
Pzn, and t(R) = —In V1 — e—28/n,

APPENDIX D
PROOF OF LEMMA 3.1
Let (Xl,XQ,Xg)
that
1) X; = g(X2) where g is a one-to-one mapping and
(9(X2), X2) is an optimal coupling of (1, o) that
attains Wp(p1, pe2), ie

Wy, p2) = {Ep[dp(XhXQ)]}l/p :

2) (Xs,X3) is an optimal coupling of (u2,p3) under
the (R, 7,d)-information density constraint that attains
WP(/J'Q? 33 Rv T, 5)’ ie

Wy (2, 133 R, 7,6) = {Ep[dP(Xa, X3)]}'/7 .

~ P be a coupling of (1, pa2, p3) such

From the above two conditions, it follows that (X7, X3)
is a coupling of (u1,pu3) that also satisfies the (R,7,0)-
information density constraint. Indeed, since X; and X5 are
one-to-one mappings of each other, we have

IP(Xl;Xg) = IP(XQ;Xg) S R
and
P(lip(X1;X3) — Ip(X1; X3)| < 7)
= P(lip(Xo; X3) — Ip(X2; X3)| < 7)
>1-46.
Therefore, we have
W, <M17/’[/3;R’ T, 6)
< Epld(X1, X3)?]'/?
< Ep[(d(X1, X2) + d(X2, X3))7]"/?
< Ep[d(Xl Xo)P|VP + Epld(Xy, X3)P]H/P
Wy (1, p2) + Wy(p2, ps; R, 7, 6)

where (101) follows from the Minkowski inequality. This
completes the proof of Proposition 3.1.

(101)

APPENDIX E
CONTINUITY OF a(n)
Lemma 5.1: The function «(n) defined in (62) is continu-
ous in 7).
Proof: Rewrite a(n) as

1
— (— sup {In p(Cap(x
n " EB

! <_1n ( sup {1:(Cap(x

xeB

") A A)} + In(u(A)) - R)

"N A)}) Fin(u(4)) - R) |
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To prove «(n) is continuous in 7, it suffices to show

sup p(Cap(z™,n) N A) (102)
" eB

is continuous in 7.
For any € > 0, we have

sup p(Cap(z"™,n+¢€)NA)— sup u(Cap(z",n)N A)‘

" EB z"eB

= sup p(Cap(z",n+e€)NA)— sup p(Cap(z”,n) N A)
x"EeB zneB

— sup {u(Cap(x"ﬂ?+e) AA)— sup u(Cap(a™,m) O A)}

z"eB z"eB
< swp {uCan(a 400 4) = wCapta )0 )
= sup. n((Cap(z™,n + €) \ Cap(z™,n)) N A)
< sup. n(Cap(z™,n + ¢€) \ Cap(z",7))
< 5(e) (103)

for some §(e) — 0 as e — 0, and therefore we have shown
the right-continuity of (102). Similarly, we can show the left-
continuity of (102). This proves the lemma. ]
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