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Independent relative units of low height

by

Shabnam Akhtari (Eugene, OR) and Jeffrey D. Vaaler (Austin, TX)

1. Introduction. In [1, Theorem 1.2] we proved the existence of a max-
imal collection of independent S-units such that the product of their heights
was bounded by a multiple of the S-regulator. Here we establish an analo-
gous result that bounds the product of the heights of a maximal collection
of independent relative units by a multiple of the relative regulator.

We assume that k and l are algebraic number fields such that

(1.1) Q ⊆ k ⊆ l ⊆ Q,

where Q is a fixed algebraic closure of Q. We write r(k) for the rank of
the unit group O×

k , and r(l) for the rank of the unit group O×
l . To avoid

degenerate situations we assume that

(1.2) 1 ≤ r(k) < r(l).

The inequality on the left of (1.2) implies that k is not Q, and k is not an
imaginary, quadratic extension of Q. The inequality on the right of (1.2)
implies that either l is not a CM-field, or if l is a CM-field then k is not
the unique, maximal totally real subfield of l (see [6, Corollary 1 of Propo-
sition 3.20]).

As roots of unity do not play a significant role in our results, it will be
convenient to work in the quotient groups

Fk = O×
k /Tor(O

×
k ) and Fl = O×

l /Tor(O
×
l ).

Then Fk is a free group of rank r(k), and Fl is a free group of rank r(l). If α
belongs to O×

k and αTor(O×
k ) is the corresponding coset in Fk, we have the

injective homomorphism

(1.3) αTor(O×
k ) 7→ αTor(O×

l ).
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The map (1.3) allows us to identify Fk with its image in Fl, and so we regard
Fk as a subgroup of Fl.

The restricted norm homomorphisms

Norml/k : O×
l → O×

k and Norml/k : Tor(O×
l

)
→ Tor(O×

k

)
,

induce a homomorphism which we write as

(1.4) norml/k : Fl → Fk.

Then using (1.4) we define the subgroup of relative units in Fl to be the
kernel

(1.5) El/k = {α ∈ Fl : norml/k(α) = 1}.
It can be shown (as in [1, Section 3]) that El/k ⊆ Fl is a subgroup such that

1 ≤ rankEl/k = r(l/k) = r(l)− r(k) < r(l).

The elements of the group El/k are relative units. We write Reg(El/k) for the
relative regulator of l/k, and define this explicitly in (3.18) and (3.19) (see
also [1, equation (3.5)] or [4, equation (1.3)]). If α ̸= 1 belongs to Fk then

norml/k(α) = α[l:k] ̸= 1,

and if α belongs to El/k then

norml/k(α) = 1.

Thus we have

(1.6) Fk ∩ El/k = {1},
and the image

(1.7) Il/k = {norml/k(α) : α ∈ Fl} ⊆ Fk

is a subgroup of full rank r(k).
If α ̸= 0 is an algebraic number, we write h(α) for the Weil height of α,

and we define this height in (3.1). If ζ is a root of unity then it is well known
that h(αζ) = h(α). Therefore the height is well defined as a map

(1.8) h : Q×
/Tor(Q×

) → [0,∞).

In particular, the height is well defined on cosets of the quotient groups Fk

and Fl.
Let E ⊆ El/k be a subgroup of maximal rank. In [1, Theorem 3.1] we

proved that each collection of multiplicatively independent relative units
γ1, . . . , γr(l/k) contained in E satisfies the inequality

(1.9) Reg(El/k)[El/k : E] ≤
r(l/k)∏
j=1

([l : Q]h(γj)).
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Here we show that the inequality (1.9) is sharp up to a constant that depends
only on the rank r(l/k).

Theorem 1.1. Let k ⊆ l be algebraic number fields such that the group
El/k has positive rank r(l/k) = r(l) − r(k). Let E ⊆ El/k be a subgroup
of rank r(l/k). Then there exist multiplicatively independent relative units
ψ1, . . . , ψr(l/k) in E such that

(1.10)
r(l/k)∏
j=1

([l : Q]h(ψj)) ≤ r(l/k)! Reg(El/k)[El/k : E].

We have remarked that the subgroup Il/k ⊆ Fk defined in (1.7) has
maximal rank r(k). Therefore it follows from [1, Theorem 1.2] that there
exist multiplicatively independent elements β1, . . . , βr(k) in Il/k such that

(1.11)
r(k)∏
i=1

([k : Q]h(βi)) ≤ r(k)! Reg(k)[Fk : Il/k].

And it follows from (1.10) that there exist multiplicatively independent ele-
ments ψ1, . . . , ψr(l/k) in the group El/k of relative units such that

(1.12)
r(l/k)∏
j=1

([l : Q]h(ψj)) ≤ r(l/k)! Reg(El/k).

Thus the units β1, . . . , βr(k) are in the image of the homomorphism norml/k

and the units ψ1, . . . , ψr(l/k) are in the kernel of norml/k. In view of (1.6)
these two sets of multiplicatively independent units can be combined.

Corollary 1.1. Let β1, . . . , βr(k) be multiplicatively independent units in
Il/k that satisfy (1.11), and let ψ1, . . . , ψr(l/k) be multiplicatively independent
units in El/k that satisfy (1.12). Then the elements in the set

(1.13)
{
β1, . . . , βr(k)

}
∪
{
ψ1, . . . , ψr(l/k)

}
are multiplicatively independent units in the subgroup

Il/k ⊕ El/k ⊆ Fl,

and satisfy the inequality

(1.14)
r(k)∏
i=1

([k : Q]h(βi))

r(l/k)∏
j=1

([l : Q]h(ψj)) ≤ r(k)!r(l/k)! Reg(l).

This article is organized as follows. In Section 2 we prove a general iden-
tity that connects the volumes of certain star-bodies in Euclidean spaces. In
Section 3 we define a generalization of the Schinzel norm that was used in [1],
and we record the identity (3.16) for the volume of the unit ball attached to
the generalized Schinzel norm. The reason for using the generalized Schinzel
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norm when working with relative units can be seen in the basic identity
(3.22) proved in Lemma 3.1. Section 4 contains our proof of Theorem 1.1,
which is an application of Minkowski’s theorem on successive minima.

2. A volume identity. Let N be a positive integer, and let ∆ : RN →
[0,∞) be a distance function on RN in the sense of [3, Chapter IV]. That is,

(i) x 7→ ∆(x) is continuous, and
(ii) ∆(ξx) = ξ∆(x) for all 0 < ξ <∞ and all x in RN .

It follows from these conditions that

(2.1) S = {x ∈ RN : ∆(x) ≤ 1}
is a closed star-body in RN (see [3, Chapter IV, Section 1]). As 0 is an element
of the open star-body

{x ∈ RN : ∆(x) < 1} ⊆ S,

it is obvious that VolN (S) is greater than zero. In this section we will be
interested in distance functions ∆ such that

(2.2) VolN (S) <∞.

If χS : RN → {0, 1} is the characteristic function of the closed star-body S,
then (2.2) implies that

(2.3) VolN ({x ∈ RN : ∆(x) ≤ ξ}) =
�

RN

χS(ξ
−1x) dx = VolN (S)ξN

for 0 < ξ <∞.

Lemma 2.1. Let ∆ be a distance function on RN and let S be the asso-
ciated star-body defined by (2.1). If

(2.4) VolN (S) <∞,

then at each point s = σ + it in the open complex half-plane

(2.5) {s = σ + it ∈ C : 0 < σ}
we have

(2.6) N ! VolN (S)s−N =
�

RN

exp(−s∆(x)) dx.

Proof. We write
χ∆ : RN × (0,∞) → {0, 1}

for the characteristic function

χ∆(x, ξ) =

{
1 if ∆(x) ≤ ξ,
0 if ξ < ∆(x).
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If (2.4) holds and 0 < σ, then
�

RN

∞�

0

χ∆(x, ξ) exp(−σξ) dξ dx =
�

RN

∞�

∆(x)

exp(−σξ) dξ dx

= σ−1
�

RN

exp(−σ∆(x)) dx.

Applying Fubini’s theorem we also get
�

RN

∞�

0

χ∆(x, ξ) exp(−σξ) dξ dx =

∞�

0

�

RN

χ∆(x, ξ) dx exp(−σξ) dξ

= VolN (S)

∞�

0

ξN exp(−σξ) dξ

= N ! VolN (S)σ−N−1.

By combining the previous equations we obtain the proposed identity

(2.7) N ! VolN (S)σ−N =
�

RN

exp(−σ∆(x)) dx

at each point σ on the positive real axis.
For each complex number s = σ + it we have∣∣∣ �

RN

exp(−s∆(x)) dx
∣∣∣ ≤ �

RN

exp(−σ∆(x)) dx.

Then it follows from (2.7) that

(2.8) s 7→
�

RN

exp(−s∆(x)) dx

is uniformly bounded on each compact subset of the open half-plane (2.5).
Let T be a closed triangle in (2.5) and let ∂T be a closed, positively oriented
path along the boundary of T . Then it follows from Fubini’s theorem that�

∂T

�

RN

exp(−s∆(x)) dx ds =
�

RN

�

∂T

exp(−s∆(x)) ds dx = 0.

Therefore applying Morera’s theorem (see [7, Theorem 10.17]) we find that
(2.8) defines an analytic function in the half-plane (2.5). The function on
the left of (2.6) is obviously analytic in (2.5), and the function on the right
of (2.6) is analytic in (2.5) by our previous remarks. It follows from (2.7)
that these functions are equal on the positive real axis. Hence they are equal
in (2.5) by analytic continuation.

We now consider a more general situation. Let L1, . . . , LJ be positive
integers, and for each index j = 1, . . . , J , let

δLj : R
Lj → [0,∞)
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be a distance function. Write

(2.9) SLj = {xj ∈ RLj : δLj (xj) ≤ 1}

for the closed star-body in RLj determined by δLj , and assume that

(2.10) VolLj

(
SLj

)
<∞ for each j = 1, . . . , J.

If 0 < ξ <∞, then as in (2.3) we have

VolLj ({y ∈ RLj : δLj (y) ≤ ξ}) = VolLj (SLj )ξ
Lj .

Next we define

(2.11) N = L1 + · · ·+ LJ ,

and we write RN as

(2.12) RN = {(x1, . . . ,xJ) : xj ∈ RLj for j = 1, . . . , J}.

We use the collection of distance functions δLj for j = 1, . . . , J , to define a
distance function ∆N : RN → [0,∞) by

(2.13) ∆N (x1, . . . ,xJ) = δL1(x1) + · · ·+ δLJ
(xJ).

We write

SN = {(x1, . . . ,xJ) ∈ RN : ∆N (x1, . . . ,xJ) ≤ 1
}

for the closed star-body in RN determined by ∆N . As

SN ⊆ {(x1, . . . ,xJ) ∈ RN : δLj (xj) ≤ 1 for j = 1, . . . , J}

=
J∏

j=1

{xj ∈ RLj : δLj (xj) ≤ 1} = SL1 × · · · ×SLJ
,

it follows from (2.10) that VolN
(
SN

)
is finite.

Theorem 2.1. Let L1, . . . , LJ be positive integers, and let

N = L1 + · · ·+ LJ .

For each integer j = 1, . . . , J , assume that δLj is a distance function on RLj

such that the star-body SLj defined by (2.9) has finite volume. Let ∆N be the
distance function on RN defined by (2.13). Then the volume of the star-body

SN = {(x1, . . . ,xJ) ∈ RN : ∆N (x1, . . . ,xJ) ≤ 1}

is finite and satisfies the identity

(2.14) N ! VolN (SN ) =
J∏

j=1

(Lj ! VolLj (SLj )).
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Proof. We have already noted that SN has finite volume in RN . There-
fore it follows from Lemma 2.1 that

(2.15) N ! VolN (S)s−N =
�

RN

exp(−s∆N (y)) dy

at each point s = σ+ it such that 0 < σ. Using (2.13) and Lemma 2.1 again
we find that �

RN

exp(−s∆N (y)) dy =

J∏
j=1

�

RLj

exp(−sδLj (xj)) dxj

=
J∏

j=1

(Lj ! VolLj (SLj )s
−Lj )

=
( J∏

j=1

Lj ! VolLj (SLj )
)
s−N .

(2.16)

The identity (2.14) follows from (2.15) and (2.16).

In our application of (2.14) in Section 3 the distance functions that occur
are norms. Thus the star-bodies that occur are compact, convex, symmetric
subsets of RN .

3. Heights, relative units, and the relative regulator. At each
place v of k we write kv for the completion of k at v. We work with two
distinct absolute values ∥ ∥v and | |v from each place v. These absolute
values are related by

∥ ∥dv/dv = | |v,
where dv = [kv : Qv] is the local degree at v, and d = [k : Q] is the global
degree. If v |∞ then the restriction of ∥ ∥v to Q is the usual archimedean
absolute value on Q, and if v | p then the restriction of ∥ ∥v to Q is the usual
p-adic absolute value on Q. The absolute logarithmic Weil height is the map

(3.1) h : k× → [0,∞)

defined at each algebraic number α ̸= 0 in k by the sum

(3.2) h(α) =
∑
v

log+ |α|v =
1

2

∑
v

∣∣log |α|v∣∣.
In both sums there are only finitely many nonzero terms, and the equality
on the right of (3.2) follows from the product formula. It can be shown that
the value of h(α) does not depend on the field k that contains α. Hence the
Weil height may be regarded as a map

h : Q× → [0,∞), or as a map h : Q×
/Tor(Q×

) → [0,∞).

Further information about the height is contained in [2, Section 1.5].
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Let the number fields k and l satisfy the hypotheses (1.1) and (1.2). We
recall (see [1, equation (3.1)]) that at each place v of k and for each element
α in l×, we have

(3.3) [l : k]
∑
w|v

log |α|w = log |Norml/k(α)|v;

where the sum on the left is over the set of places w of l such that w | v.
In particular, it follows from the definition (1.5) that α in Fl belongs to the
kernel El/k if and only if

(3.4)
∑
w|v

[lw : Qw] log ∥α∥w = [kv : Qv] log ∥norml/k(α)∥v = 0

at each archimedean place v of k. If α belongs to Fl then the product formula
implies that

(3.5)
∑
w|∞

[lw : Qw] log ∥α∥w = 0,

where the sum on the left is over the set of all archimedean places w of l. If
α is a relative unit in El/k then there are subsums of (3.5) that equal zero
and are given by (3.4) for each archimedean place v of k.

At each place v of k we define

Wv(l/k) = {w : w is a place of l, and w | v}.

We recall that r(k)+1 is the number of archimedean places of k, and r(l)+1
is the number of archimedean places of l. At each archimedean place v of
k we select a place ŵv of l such that ŵv | v. Then it follows that the set of
archimedean places

(3.6) S(l/k) =
⋃
v|∞

(Wv(l/k) \ {ŵv})

has cardinality

(3.7) |S(l/k)| =
∑
v|∞

(
|Wv(l/k)|−|{ŵv}|

)
= (r(l)+1)−(r(k)+1) = r(l/k).

The disjoint union on the right of (3.6) provides a partition of the set S(l/k)
into disjoint subsets indexed by the collection of all archimedean places v
of k. For each archimedean place v of k we define

Tv =Wv(l/k) \ {ŵv},

so that (3.6) can be written as the disjoint union

(3.8) S(l/k) =
⋃
v|∞

Tv.
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Let RS(l/k) be the real vector space of functions x : S(l/k) → R. And
for each archimedean place v of k let RTv be the subspace of functions x
in RS(l/k) that have support contained in the subset Tv. The Schinzel norm
(see [1, equation (4.3)]) is the map δ : RS(l/k) → [0,∞) defined by

(3.9) δ(x) =
1

2

∣∣∣ ∑
w∈S(l/k)

xw

∣∣∣+ 1

2

∑
w∈S(l/k)

|xw|.

We write

(3.10) πTv : RS(l/k) → RTv

for the linear projection of RS(l/k) onto RTv . Then for each archimedean
place v of k the composition

(3.11) δ ◦ πTv : RS(l/k) → [0,∞)

is given by

(3.12) δ
(
πTv(x)

)
=

1

2

∣∣∣ ∑
w∈Tv

xw

∣∣∣+ 1

2

∑
w∈Tv

|xw|.

We use the projections (3.10) to define the generalized Schinzel norm associ-
ated to the partition (3.8). More precisely, we define the generalized Schinzel
norm

∆ : RS(l/k) → [0,∞),

to be the map

∆(x) =
∑
v|∞

δ(πTv(x)) =
1

2

∑
v|∞

∣∣∣ ∑
w∈Tv

xw

∣∣∣+ 1

2

∑
v|∞

∑
w∈Tv

|xw|.(3.13)

For each place v of k the restriction of (3.11) to the subspace RTv ⊆
RS(l/k) is a norm on RTv . The unit ball associated to this norm is the com-
pact, convex, symmetric subset

Sv = {x ∈ RTv : δ(πTv(x)) ≤ 1}.
It was shown in [1, Lemma 4.1] that

(3.14) Vol|Tv |
(
Sv

)
=

(2|Tv|)!
(|Tv|!)3

, or |Tv|! Vol|Tv |
(
Sv

)
=

(
2|Tv|
|Tv|

)
,

where the expression on the right is a middle binomial coefficient. Let

(3.15) Sl/k = {x ∈ RS(l/k) : ∆(x) ≤ 1}
be the closed unit ball defined using the generalized Schinzel norm (3.13).
As ∆ is a norm on RS(l/k), it follows that Sl/k is also a compact, convex,
symmetric subset. And it follows from Theorem 2.1 and (3.7) that

(3.16) r(l/k)! Volr(l/k)(Sl/k) =
∏
v|∞

(
|Tv|! Vol|Tv |(Sv)

)
=

∏
v|∞

(
2|Tv|
|Tv|

)
.
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The product on the right is not easy to express using the invariants r(k) and
r(l). However, we have the simple inequality

(3.17) 2r(l/k) =
∏
v|∞

2|Tv | ≤
∏
v|∞

(
2|Tv|
|Tv|

)
= r(l/k)! Volr(l/k)(Sl/k).

We use (3.17) in our proof of Theorem 1.1, but more elaborate lower bounds
involving r(k) and r(l) can also be proved.

Let η1, . . . , ηr(l/k) be a collection of multiplicatively independent relative
units that form a basis for the subgroup El/k ⊆ Fl of relative units. Let Ml/k

be the r(l/k)× r(l/k) real matrix

(3.18) Ml/k = ([lw : Qw] log ∥ηj∥w),

where w ∈ S(l/k) indexes rows and j = 1, . . . , r(l/k) indexes columns. As in
[1, equation (3.5)] and [4, equation (1.3)], the relative regulator of l/k is the
positive number

(3.19) Reg(El/k) = |detMl/k|.

It follows, as in the proof of [4, Theorem 1] (see also [5]), that the absolute
value of the determinant on the right of (3.19) does not depend on the choice
of places ŵv that are removed from each subsetWv(l/k) for each archimedean
place v of k. Alternatively, the (ordinary) regulators Reg(k) and Reg(l), and
the relative regulator Reg(El/k), are related (see [4, Theorem 1]) by the
identity

(3.20) [Fk : Il/k] Reg(k)Reg(El/k) = Reg(l),

where Il/k is the subgroup defined in (1.7).
The following result is a refinement of [1, Lemma 5.1] applicable to rela-

tive units.

Lemma 3.1. Let α belong to the group Fl, and let

(3.21) x(α) = ([lw : Qw] log ∥α∥w)

be the image of α in the real vector space RS(l/k), where the rows of the
column vector x(α) are indexed by places w in S(l/k). If α belongs to the
subgroup El/k of relative units, then

(3.22) ∆(x(α)) = [l : Q]h(α).

Proof. Recall from (3.4) that for each archimedean place v of k we have

(3.23) [lŵv
: Qŵv

] log ∥α∥ŵv
+

∑
w|v

w ̸=ŵv

[lw : Qw] log ∥α∥w = 0.
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Using (3.12) and (3.23) we find that

2δ(πTv(x(α)) =
∣∣∣ ∑

w|v
w ̸=ŵv

[lw : Qw] log ∥α∥w
∣∣∣+ ∑

w|v
w ̸=ŵv

[lw : Qw]
∣∣log ∥α∥w∣∣

= [lŵv
: Qŵv

]
∣∣log ∥α∥ŵv

∣∣+ ∑
w|v

w ̸=ŵv

[lw : Qw]
∣∣log ∥α∥w∣∣

=
∑
w|v

[lw : Qw]
∣∣log ∥α∥w∣∣ = [l : Q]

∑
w|v

∣∣log |α|w∣∣.

(3.24)

Next we combine (3.13) and (3.24) to get

∆(x(α)) =
1

2
[l : Q]

∑
v|∞

∑
w|v

∣∣log |α|w∣∣
=

1

2
[l : Q]

∑
w|∞

∣∣log |α|w∣∣ = [l : Q]h(α).

(3.25)

This proves (3.22).

4. The proof of Theorem 1.1 and Corollary 1.1. As before, let
η1, . . . , ηr(l/k) be a basis for the subgroup El/k ⊆ Fl of relative units. Then
let ε1, . . . , εr(l/k) be a basis for the subgroup E ⊆ El/k. It follows that there
exists an r(l/k)× r(l/k) nonsingular matrix C = (cij) with entries in Z such
that

(4.1) log ∥εj∥w =

r(l/k)∑
i=1

cij log ∥ηi∥w

at each archimedean place w of l. The system of equations (4.1) can be
written as the single matrix equation

(4.2) ([lw : Qw] log ∥εj∥w) = ([lw : Qw] log ∥ηj∥w)C,

where w is an archimedean place of l and w indexes the rows of the matrices
which are not C on both sides of (4.2).

At each archimedean place v of k we remove the row indexed by ŵv in
the matrix on the left of (4.2) so as to obtain an r(l/k)× r(l/k) submatix

L(E) = ([lw : Qw] log ∥εj∥w).

We note that the rows of L(E) are indexed by the places w in the set S(l/k).
Removing the same rows in the product on the right of (4.2) leads to the
matrix identity

(4.3) L(E) =Ml/kC,
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where Ml/k was defined in (3.18). We conclude from (4.3) that

(4.4) |detL(E)| = Reg(El/k)[El/k : E].

We use the r(l/k)× r(l/k) matrix L(E) to define a lattice

L = {L(E)ξ : ξ ∈ ZS(l/k)} ⊆ RS(l/k).

The determinant of L is given by (4.4). Let ∆ be the norm defined by (3.13),
and let

0 < λ1 ≤ · · · ≤ λr(l/k) <∞
be the successive minima associated to the lattice L and the compact, convex,
symmetric set

Sl/k = {x ∈ RS(l/k) : ∆(x) ≤ 1}.
Then there exist multiplicatively independent points ψ1, . . . , ψr(l/k) in E such
that

∆(x(ψj)) = λj for each j = 1, . . . , r(l/k).

As in (3.21), we have written

(4.5) x(ψj) = ([lw : Qw] log ∥ψj∥w);
the rows of the column vector on the right of (4.5) are indexed by places w
in S(l/k). From Minkowski’s theorem (see [3, Section VIII.4.3, Theorem V])
on successive minima we get the inequality

(4.6) VolS(l/k)(Sl/k)λ1 · · ·λr(l/k) ≤ 2r(l/k)Reg(El/k)[El/k : E].

And from Lemma 3.1 we find that

(4.7) ∆(x(ψj)) = λj = [l : Q]h(ψj)

for each j = 1, . . . , r(l/k). Combining (4.6) and (4.7) leads to the inequality

(4.8)
r(l/k)∏
j=1

([l : Q]h(ψj)) ≤
2r(l/k)Reg(El/k)[El/k : E]

VolS(l/k)(Sl/k)
.

Finally, it follows from the inequality (3.17) that

(4.9) 2r(l/k)(VolS(l/k)(Sl/k))
−1 ≤ r(l/k)!.

Then (4.8) and (4.9) lead to the inequality (1.10) in the statement of Theo-
rem 1.1.

We now prove Corollary 1.1. Assume that the elements in the set (1.13)
are multiplicatively dependent. Then there exist lattice points m in Zr(k)

and n in Zr(l/k) such that m and n are not both 0 and

(4.10) βm1
1 · · ·βmr(k)

r(k) ψn1
1 · · ·ψnr(l/k)

r(l/k) = 1.

If m = 0, then it follows from the independence of ψ1, . . . , ψr(l/k) that n = 0.
Similarly, if n = 0, then it follows that m = 0. Thus we may assume that
both m ̸= 0 and n ̸= 0.
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Let
α = βm1

1 · · ·βmr(k)

r(k) and γ = ψn1
1 · · ·ψnr(l/k)

r(l/k) .

Then α ̸= 1 belongs to Il/k and γ ̸= 1 belongs to El/k, and it follows from
(4.10) that α = γ−1. Thus α ̸= 1 belongs to both Il/k and El/k, which is
impossible by (1.6). We have verified that the elements of the set (1.13)
are multiplicatively independent. The inequality (1.14) follows now by using
(1.11), (1.12), and (3.20).
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