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Independent relative units of low height
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1. Introduction. In [1, Theorem 1.2| we proved the existence of a max-
imal collection of independent S-units such that the product of their heights
was bounded by a multiple of the S-regulator. Here we establish an analo-
gous result that bounds the product of the heights of a maximal collection
of independent relative units by a multiple of the relative regulator.

We assume that k and [ are algebraic number fields such that

(1.1) QCkCICQ,

where Q is a fixed algebraic closure of Q. We write r(k) for the rank of
the unit group O;, and r(l) for the rank of the unit group O;°. To avoid
degenerate situations we assume that

(1.2) 1 <r(k) <r().

The inequality on the left of (1.2) implies that k is not @, and k is not an
imaginary, quadratic extension of Q. The inequality on the right of (1.2)
implies that either [ is not a CM-field, or if [ is a CM-field then £ is not
the unique, maximal totally real subfield of [ (see |6, Corollary 1 of Propo-
sition 3.20]).

As roots of unity do not play a significant role in our results, it will be
convenient to work in the quotient groups

F, = O} /Tor(O}) and F, = O;/Tor(O}).

Then Fy, is a free group of rank r(k), and Fj is a free group of rank r(l). If «
belongs to O} and a Tor(O}) is the corresponding coset in F},, we have the
injective homomorphism

(1.3) a Tor(Of) — aTor(O]).
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The map (1.3) allows us to identify Fj, with its image in Fj, and so we regard
Fy. as a subgroup of Fj.
The restricted norm homomorphisms

Normy i, : O = O and  Normyy, : Tor(O}) — Tor(Oy),
induce a homomorphism which we write as
(1.4) normyy, : Fy — Fy.

Then using (1.4) we define the subgroup of relative units in F; to be the
kernel

(1.5) By, = {a € Fj : normy (o) = 1}.
It can be shown (as in [1, Section 3|) that Ej/, C Fj is a subgroup such that
1 <rank Ej), = r(l/k) = r(l) — (k) <r(l).

The elements of the group Ej/;, are relative units. We write Reg(Ej ;) for the
relative requlator of l/k, and define this explicitly in (3.18) and (3.19) (see
also [1, equation (3.5)] or [4, equation (1.3)]). If @ # 1 belongs to Fy then

normy (o) = albkl £ 1,
and if o belongs to Ej/;, then
norm /(o) = 1.

Thus we have

(1.6) Fi 0 By = {1},
and the image
(L.7) Iy = {normy () : o € F1} C F,

is a subgroup of full rank r(k).

If a # 0 is an algebraic number, we write h(«) for the Weil height of «,
and we define this height in (3.1). If ¢ is a root of unity then it is well known
that h(a() = h(a). Therefore the height is well defined as a map

(1.8) h:Q"/Tor(Q") — [0,00).

In particular, the height is well defined on cosets of the quotient groups Fy
and Fj.

Let € C Ej/, be a subgroup of maximal rank. In [1, Theorem 3.1| we
proved that each collection of multiplicatively independent relative units

Y15+ -5 Vr(i/k) contained in € satisfies the inequality
r(l/k)
(1.9) Reg(Ey ) [ By €] < H ([l : QJh(v5))-

j=1
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Here we show that the inequality (1.9) is sharp up to a constant that depends
only on the rank r(I/k).

THEOREM 1.1. Let k C [ be algebraic number fields such that the group
Ey i, has positive rank r(I/k) = r(l) — r(k). Let € C Ej), be a subgroup
of rank r(I/k). Then there exist multiplicatively independent relative units
U1, ek i € such that

r(1U/k)
(1.10) [T (@ Qawy) < r(1/k) Reg(Eyye) By« €).
j=1

We have remarked that the subgroup [;;, C Fj defined in (1.7) has
maximal rank r(k). Therefore it follows from [1, Theorem 1.2] that there

exist multiplicatively independent elements f31,. .., B, in I}/, such that
r(k)

(1.11) [T([k: QAB:) < r(k)! Reg(k)[Fy : Ip)-
i=1

And it follows from (1.10) that there exist multiplicatively independent ele-
ments Y1, ..., Y,k in the group Ej, of relative units such that

r(l/k)
(1.12) [T (:Qn@y) < r1/k) Reg(Eyyp)-

j=1
Thus the units B, ..., B,(x) are in the image of the homomorphism normy
and the units ¢1,...,%,q/k) are in the kernel of norm; /. In view of (1.6)

these two sets of multiplicatively independent units can be combined.

COROLLARY 1.1. Let B1, ..., Byx) be multiplicatively independent units in
Iy that satisfy (1.11), and let 1, . .. s Yr/k) be multiplicatively independent
units in Eyy, that satisfy (1.12). Then the elements in the set

(113) {Bla-'-vﬂr(/ﬁ)}U{wlv'--awr(l/k)}

are multiplicatively independent units in the subgroup
Iy @ By © 1,

and satisfy the inequality

r(k) r(l/k)
(1.14) [I%: Q) T (1: Qlhw;)) < r(k)r(1/k)! Reg(l).
i=1 j=1

This article is organized as follows. In Section 2 we prove a general iden-
tity that connects the volumes of certain star-bodies in Euclidean spaces. In
Section 3 we define a generalization of the Schinzel norm that was used in [1],
and we record the identity (3.16) for the volume of the unit ball attached to
the generalized Schinzel norm. The reason for using the generalized Schinzel
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norm when working with relative units can be seen in the basic identity
(3.22) proved in Lemma 3.1. Section 4 contains our proof of Theorem 1.1,
which is an application of Minkowski’s theorem on successive minima.

2. A volume identity. Let N be a positive integer, and let A : RN —
[0,00) be a distance function on R¥ in the sense of [3, Chapter IV]. That is,

(i) © — A(x) is continuous, and
(ii) A(éx) = EA(z) for all 0 < € < co and all  in RY.
It follows from these conditions that
(2.1) G={xcRY: A(x) <1}
is a closed star-body in RY (see [3, Chapter IV, Section 1]). As 0 is an element
of the open star-body
{xeRY: A(x) <1} C 6,

it is obvious that Voly (&) is greater than zero. In this section we will be
interested in distance functions A such that

(2.2) Voly (6) < oo.
If xe : RY — {0, 1} is the characteristic function of the closed star-body &,
then (2.2) implies that
(23)  Voly({z e RV : A(z) < ¢}) = | xs(¢ @) dz = Voln (&)¢N
RN
for 0 < £ < 0.

LEMMA 2.1. Let A be a distance function on RN and let & be the asso-
ciated star-body defined by (2.1). If

(2.4) Voly(6) < oo,

then at each point s = o + it in the open complex half-plane

(2.5) {s=0c+iteC:0<0}

we have

(2.6) N!'Voly(&)s™ = S exp(—sA(x)) dx.
RN

Proof. We write
xa : RY x (0,00) — {0,1}

for the characteristic function

a@.) = {1 if Alz) <€,

0 if &< Ax).
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If (2.4) holds and 0 < o, then

|V xa@ @exp(-o)deda = | | exp(—0¢)d¢da
RN 0 RN A(x)
=o ! S exp(—oA(x)) de.
]RN

Applying Fubini’s theorem we also get

o0 [e.9]

| | xa@ exp(—o)deda = | | xa(z,€) dwexp(—0¢) d¢
RN O 0 RN

= Voln (&) | ¢V exp(—a¢) d¢
0

= N!'Voly(&)o V1.
By combining the previous equations we obtain the proposed identity
(2.7) NWVoly(&)o ™ = | exp(-cA(z))dz

RN
at each point o on the positive real axis.

For each complex number s = o + it we have

‘ S exp(—sA(a:))d:c‘ < S exp(—oA(x)) de.
RN RN
Then it follows from (2.7) that

(2.8) s— | exp(—sA(z))dz

RN
is uniformly bounded on each compact subset of the open half-plane (2.5).
Let T be a closed triangle in (2.5) and let 9T be a closed, positively oriented
path along the boundary of T". Then it follows from Fubini’s theorem that

S S exp(—sA(x))dxds = S S exp(—sA(x))dsdx = 0.

OT RN RN OT
Therefore applying Morera’s theorem (see |7, Theorem 10.17]) we find that
(2.8) defines an analytic function in the half-plane (2.5). The function on
the left of (2.6) is obviously analytic in (2.5), and the function on the right
of (2.6) is analytic in (2.5) by our previous remarks. It follows from (2.7)
that these functions are equal on the positive real axis. Hence they are equal
in (2.5) by analytic continuation. m

We now consider a more general situation. Let Li,...,L; be positive
integers, and for each index j =1,...,J, let

o1, : RY — [0, 00)
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be a distance function. Write
(2.9) Sy, = {m; e R : 5, (w;) < 1}
for the closed star-body in R% determined by & L;, and assume that
(2.10) Volg, (&r,) < oo foreachj=1,...,J.
If 0 < & < o0, then as in (2.3) we have
Volr, ({y € R™ : 6r,(y) < €}) = Volr, (61,)¢".

Next we define

(2.11) N=Li+---+ Ly,

and we write RV as

(2.12) RY = {(z1,...,2y) :x; € R for j=1,...,J}.

We use the collection of distance functions o, for j = 1,...,J, to define a
distance function Ay : RY — [0, 00) by

(2.13) An(zy,...,xy) =01, (1) + -+ 0p,(x)).

We write

GN:{(wl,...,mj)GRN:AN(:Bl,...,wJ)Sl}
for the closed star-body in RY determined by Ay. As
Sy CA{(x,..., )GRN:5Lj(a:j)§1forj:1,...,J}

J
HmJER op;(x;) <1} =6, x--- x 6,

it follows from (2.10) that Voly (GN) is finite.
THEOREM 2.1. Let L1,..., Ly be positive integers, and let
N=Li+---+1Lj.

For each integer j = 1,...,J, assume that dr,, is a distance function on RLi
such that the star-body &, defined by (2.9) has finite volume. Let Ay be the

distance function on RN defined by (2.13). Then the volume of the star-body
Sy ={(x1,...,x;) eRY : Ax(x1,...,25) < 1}
1s finite and satisfies the identity

J
(2.14) N!'Voly(&y) = [[(L;! Volr,(&L,)).
7j=1
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Proof. We have already noted that &y has finite volume in RY. There-
fore it follows from Lemma 2.1 that
(2.15) N!'Voly(8)s ™™ = | exp(-sAn(y)) dy
RN
at each point s = o + it such that 0 < 0. Using (2.13) and Lemma 2.1 again
we find that

(2.16) S exp(—sAn(y))dy = H S exp(—sdr,(x;)) dz;
RN Jj=1RrL;

J
H (Lj!' Vol (&,)s 1)

-

The identity (2.14) follows from (2.15) and (2.16). =

In our application of (2.14) in Section 3 the distance functions that occur
are norms. Thus the star-bodies that occur are compact, convex, symmetric
subsets of RV,

L;!Volr, (&1,))s ™.

<.
| <
—

3. Heights, relative units, and the relative regulator. At each
place v of k we write k, for the completion of k£ at v. We work with two
distinct absolute values || ||, and | |, from each place v. These absolute
values are related by

dy/d
I = 1 Lo,

where d, = [k, : Q] is the local degree at v, and d = [k : Q] is the global
degree. If v | oo then the restriction of || ||, to Q is the usual archimedean
absolute value on Q, and if v | p then the restriction of || ||, to Q is the usual
p-adic absolute value on Q. The absolute logarithmic Weil height is the map
(3.1) h:k* —[0,00)

defined at each algebraic number o # 0 in k by the sum

(3.2) Z:logJr laly = = Z |log |ay|.

v
In both sums there are only finitely many nonzero terms, and the equality
on the right of (3.2) follows from the product formula. It can be shown that
the value of h(a) does not depend on the field k& that contains . Hence the
Weil height may be regarded as a map

h:Q" —[0,00), orasamap h:Q" /Tor(Q") — [0,00).

Further information about the height is contained in |2, Section 1.5].



396 S. Akhtari and J. D. Vaaler

Let the number fields k& and [ satisfy the hypotheses (1.1) and (1.2). We
recall (see [1, equation (3.1)]) that at each place v of k and for each element
o in I, we have

(3.3) [l k] Zlog lalw = log [Normy /()]
wlv

where the sum on the left is over the set of places w of [ such that w|v.
In particular, it follows from the definition (1.5) that « in F; belongs to the
kernel £y, if and only if

(3.4) Z[lw : Qullog [|erflw = [kv : Qu]log [[normyx(a)|, = 0

wlv

at each archimedean place v of k. If a belongs to F; then the product formula
implies that

(3.5) Z[lw : Qw] log ||a||w =0,
w|oo
where the sum on the left is over the set of all archimedean places w of [. If
a is a relative unit in £y, then there are subsums of (3.5) that equal zero
and are given by (3.4) for each archimedean place v of k.
At each place v of k we define
Wy(l/k) = {w : w is a place of I, and w | v}.

We recall that r(k)+1 is the number of archimedean places of k, and r(1)+1
is the number of archimedean places of I. At each archimedean place v of
k we select a place w, of [ such that w, |v. Then it follows that the set of
archimedean places

(3.6) SQ/k) = | JWo(1/k) \ {@})
v|oo
has cardinality
37 ISU/R)] =Y (IWell/R) =@ }) = (r()+1) = (r(k)+1) = r(I/k).
v|oo

The disjoint union on the right of (3.6) provides a partition of the set S(I/k)
into disjoint subsets indexed by the collection of all archimedean places v
of k. For each archimedean place v of k we define

Ty = Wy (l/k) \ {w.},

so that (3.6) can be written as the disjoint union

(3.8) S(/k) = J T

v]oo
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Let RS(/F) be the real vector space of functions x : S(I/k) — R. And
for each archimedean place v of k let R be the subspace of functions x
in RS(/k) that have support contained in the subset T,. The Schinzel norm
(see [1, equation (4.3)]) is the map & : RSE/F) — [0, 00) defined by

1 1

(3.9) 3(x) = 5] 3 xw] t5 Y Izl
weS(1/k) weS(1/k)

We write

(3.10) o, t RIWE) _ T

for the linear projection of R3(/%) onto R”>. Then for each archimedean
place v of k the composition

(3.11) §omp, : RSUK) 00, 00)
is given by
1 1
(3.12) 5 (r, (x)) = 5‘ 3 mw‘ +5 2 I2ul.
’u)eTv ’LUGT'U

We use the projections (3.10) to define the generalized Schinzel norm associ-
ated to the partition (3.8). More precisely, we define the generalized Schinzel
norm

A R3VE) 500, 00),
to be the map
(313)  Alw) =36t @) = 5 3| w5 3D Il
v|oo vjoo weTy v]oo weTy

For each place v of k the restriction of (3.11) to the subspace R”> C
RS/ is a norm on R7. The unit ball associated to this norm is the com-
pact, convex, symmetric subset

Sy, = {x e R : §(np, (x)) < 1}.
It was shown in |1, Lemma 4.1] that
2|1, )! 2|T,
(3.14) Vol (6,) = ] ”'Dg, or |T,|!Volyr, (&,) = < | )
(b T,

where the expression on the right is a middle binomial coefficient. Let
(3.15) Sk = {z e RSVK L A(z) <1}
be the closed unit ball defined using the generalized Schinzel norm (3.13).

As A is a norm on R3W/F) it follows that &, /k 18 also a compact, convex,
symmetric subset. And it follows from Theorem 2.1 and (3.7) that

(3.16)  r(I/k)!Vol,qyy (Siyk) = [T (IT]! Volir, (6,)) = [ ] (2150

v]oo v]oo
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The product on the right is not easy to express using the invariants r(k) and
r(l). However, we have the simple inequality

2|T,
(3.17) 2rt/b) = TT 2™ < I < |T |> = 1(1/k)! Vol,(1 /1) (S k)

We use (3.17) in our proof of Theorem 1.1, but more elaborate lower bounds
involving 7 (k) and r(I) can also be proved.

v|oo v|oo

Let m1,...,my/k) be a collection of multiplicatively independent relative
units that form a basis for the subgroup Ej/;, C F; of relative units. Let My,
be the r(l/k) x r(I/k) real matrix

(3.18) My, = ([l = Qu]log [ lw),

where w € S(I/k) indexes rows and j = 1,...,r(l/k) indexes columns. As in
[1, equation (3.5)] and [4, equation (1.3)], the relative regulator of l/k is the
positive number

It follows, as in the proof of [4, Theorem 1] (see also [5]), that the absolute
value of the determinant on the right of (3.19) does not depend on the choice
of places @, that are removed from each subset W, (1/k) for each archimedean
place v of k. Alternatively, the (ordinary) regulators Reg(k) and Reg(l), and
the relative regulator Reg(Ej/y), are related (see [4, Theorem 1]) by the
identity

(3.20) [Fi. : 115] Reg(k) Reg(Ej ) = Reg(l),
where I;;, is the subgroup defined in (1.7).

The following result is a refinement of [1, Lemma 5.1 applicable to rela-
tive units.

LEMMA 3.1. Let « belong to the group Fj, and let
(3.21) z(a) = ([lw : Qu]log ||al[w)

be the image of o in the real vector space RSWK)  where the rows of the
column vector x(«) are indexed by places w in S(I/k). If o belongs to the
subgroup Ey, of relative units, then

(3.22) A(z(a)) = [ : Qh(«).
Proof. Recall from (3.4) that for each archimedean place v of k we have
(3.23) la, : Qa,)logllalla, + Y [lw: Qu]log lalle = 0.
wlv

WHWy
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Using (3.12) and (3.23) we find that

(3.24) 26(mr, ( = ‘ > [l : Qul logHosz‘ + [l : Qu]|log [|ev]|
wlv wlv
WHEWy WHEWy
= [la, : Qa,)[logllalla, | + D [l : Qu][log]|aw|
wlil'l’%v
= Z[lw : Qw]‘log ||a||w’ =[1:Q] Z“Og |O‘|w’~
wlv wlv

Next we combine (3.13) and (3.24) to get

(325)  Al(e) =400 Y Y Jioslol]

v]oo wlv

_ %[z . Q)Y Jloglafu| = [ : Q).

w|oo

This proves (3.22). m

4. The proof of Theorem 1.1 and Corollary 1.1. As before, let
M, .-, Mr@/k) be a basis for the subgroup Ej/, C F; of relative units. Then
let e1,...,&./k) be a basis for the subgroup € C Ej ;.. It follows that there
exists an r(l/k) x r(l/k) nonsingular matrix C' = (¢;;) with entries in Z such
that

r(l/k)
(4.1) log llejllw = Y cijlog||millw

i=1
at each archimedean place w of I. The system of equations (4.1) can be
written as the single matrix equation

(4.2) ([l : Qullog llgjllw) = ([lw = Qu]log [[n;llw)C

where w is an archimedean place of [ and w indexes the rows of the matrices
which are not C' on both sides of (4.2).

At each archimedean place v of k we remove the row indexed by w, in
the matrix on the left of (4.2) so as to obtain an r(l/k) x r(I/k) submatix

L(€) = ([lw : Qu]log [|&;]|w)-

We note that the rows of L(€) are indexed by the places w in the set S(I/k).
Removing the same rows in the product on the right of (4.2) leads to the
matrix identity

(4.3) L(€) = M,;,C,
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where M/, was defined in (3.18). We conclude from (4.3) that
(4.4) |det L(€)| = Reg(Eir)[Ey : €]
We use the r(I/k) x r(l/k) matrix L(€) to define a lattice
L={L(e)¢:¢ecz5UR) cRIVP),
The determinant of £ is given by (4.4). Let A be the norm defined by (3.13),
and let
0< A < < Aqyp) <00
be the successive minima associated to the lattice £ and the compact, convex,
symmetric set

S = {z € RV . A(z) < 1.

Then there exist multiplicatively independent points 91, ..., ¥, /x) in € such
that
A(x(¢;)) =A; foreach j=1,...,7(/k).
As in (3.21), we have written
(4.5) z(1hj) = ([lw : Qu]log [[¥]lw);
the rows of the column vector on the right of (4.5) are indexed by places w

in S(I/k). From Minkowski’s theorem (see |3, Section VIII.4.3, Theorem V])

on successive minima we get the inequality
(4.6) Vols(/m (S1)A -+ Ay < 27F) Reg(Eyp) By « €).
And from Lemma 3.1 we find that

(4.7) Az(1)) = Aj = [1: Qlh(y)
for each j =1,...,r(I{/k). Combining (4.6) and (4.7) leads to the inequality
r(l/k) r(1/k) )
2 Reg(Ey1)[Ey : €]
(4.8) (I QA(yy) < |
jl;[l 1 Qlh(; Volg /) (S/x)
Finally, it follows from the inequality (3.17) that
(4.9) 2"/B) (Volg ) (Syw)) ™" < r(l/k)\.

Then (4.8) and (4.9) lead to the inequality (1.10) in the statement of Theo-
rem 1.1.

We now prove Corollary 1.1. Assume that the elements in the set (1.13)
are multiplicatively dependent. Then there exist lattice points m in Z"*)
and n in Z"(/%) such that m and n are not both 0 and

(4.10) e 57(;§k)¢7111 ...Q)Z,T(Tl%’)” =1.

If m = 0, then it follows from the independence of ¢1, ..., ¥, /1) that n = 0.
Similarly, if n = 0, then it follows that m = 0. Thus we may assume that
both m # 0 and n # 0.



Independent relative units of low height 401

Let

mT nr
o= 1711 Tt B,r(kgk) and Y= w?l T %(l%’;).

Then a # 1 belongs to Ij/;, and v # 1 belongs to Ej;, and it follows from
(4.10) that a = y~!. Thus a # 1 belongs to both I, and By, which is
impossible by (1.6). We have verified that the elements of the set (1.13)

are multiplicatively independent. The inequality (1.14) follows now by using
(1.11), (1.12), and (3.20).
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