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Turbulence in a conducting plasma can amplify seed magnetic fields in what is known as the tur-
bulent, or small-scale, dynamo. The associated growth rate and emergent magnetic-field geometry
depend sensitively on the material properties of the plasma, in particular on the Reynolds number
Re, the magnetic Reynolds number Rm, and their ratio Pm ⌘ Rm/Re. For Pm > 1, the amplified
magnetic field is gradually arranged into a folded structure, with direction reversals at the resistive
scale and field lines curved at the larger scale of the flow. As the mean magnetic energy grows
to come into approximate equipartition with the fluid motions, this folded structure is thought to
persist. Using analytical theory and high-resolution MHD simulations with the Athena++ code,
we show that these magnetic folds become unstable to tearing during the nonlinear stage of the
dynamo for Rm & 104 and Re & 103. An Rm- and Pm-dependent tearing scale, at and below
which folds are disrupted, is predicted theoretically and found to match well the characteristic field-
reversal scale measured in the simulations. The disruption of folds by tearing increases the ratio
of viscous-to-resistive dissipation. In the saturated state, the magnetic-energy spectrum exhibits a
sub-tearing-scale steepening to a slope consistent with that predicted for tearing-mediated Alfvénic
turbulence. Its spectral peak appears to be independent of the resistive scale and comparable to the
driving scale of the flow, while the magnetic energy resides in a broad range of scales extending down
to the field-reversal scale set by tearing. Emergence of a degree of large-scale magnetic coherence in
the saturated state of the turbulent dynamo may be consistent with observations of magnetic-field
fluctuations in galaxy clusters and recent laboratory experiments.

I. INTRODUCTION

Dynamo action refers to the amplification and subse-
quent maintenance of magnetic fields through the con-
version of kinetic energy to magnetic energy [1, 2]. Re-
connection refers to the annihilation and topological re-
arrangement of magnetic fields through the conversion
of magnetic energy to kinetic energy [3, 4]. Given this
reciprocal relationship, it is somewhat surprising that
studies of reconnection in the context of the dynamo are
in their infancy. Indeed, with the exceptions of unpub-
lished numerical work by Iskakov & Schekochihin (2008)
and Beresnyak (2012) (summarized in Ref. [5]), there has
been no systematic investigation of how reconnection af-
fects the geometry of magnetic fields produced by the
turbulent dynamo [6].

At least part of the blame for the lack of progress
on this front may be attributed to the steep compu-
tational cost involved. It is now well established that
very large Lundquist numbers are required for current
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sheets to undergo fast reconnection via the plasmoid
(tearing) instability [4, 7], and large Lundquist numbers
require high numerical resolution (the Lundquist num-
ber is the ratio of a sheet’s resistive di↵usion time to its
Alfvén-crossing time, and increases with decreasing re-
sistivity). The fact that the turbulent dynamo is an in-
herently three-dimensional process [8] further compounds
the cost. But in the face of such computational adversity,
theory can flourish, and one may take inspiration from
recent analytical developments concerning the impact of
resistive tearing modes on critically balanced, dynami-
cally aligned magnetohydrodynamic (MHD) turbulence
in the presence of a mean magnetic field [9–12]. Re-
cent simulations in reduced geometries appear to support
those authors’ conjecture that the three-dimensionally
anisotropic Alfvénic fluctuations that occur at the small
scales of a turbulent cascade produce current sheets that
are susceptible to disruption (either incomplete or com-
plete) via tearing [13, 14].

Following this line of reasoning, here we use analyti-
cal arguments and high-resolution, visco-resistive MHD
simulations to determine under what conditions the ge-
ometry of the magnetic field produced by the turbulent
(or “fluctuation”) dynamo is a↵ected by the tearing in-
stability. The idea itself has three simple ingredients [5].
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FIG. 1. An illustrative sketch of a characteristic magnetic fold
produced during the kinematic stage of the turbulent dynamo,
with its length `k set by the viscous scale `⌫ and its width `?
set by the resistive scale `⌘. The possibility that such a fold
might be disrupted by resistive tearing modes (symbolized by
the red islands), in either the kinematic or the nonlinear stage
of the dynamo, is investigated in this paper.

First, a generic outcome of (the kinematic stage of) the
turbulent dynamo is a dynamically important magnetic
field exhibiting a folded geometry [15, 16], with exist-
ing simulations predicting a characteristic length of the
folds set by the viscous scale of the fluid motions, `⌫ ,
and a characteristic width of the folds related to the re-
sistive scale, `⌘ [17, 18]. When the ratio of the kinematic
viscosity ⌫ to the resistivity ⌘ is large, i.e., when the
magnetic Prandtl number Pm ⌘ ⌫/⌘ � 1, these length-
scales satisfy `⌫ � `⌘, and the folds may be viewed as
elongated current sheets whose characteristic direction-
reversing scale is much smaller than their characteristic
coherence length (see Figure 1).

This view of the turbulent dynamo as an e�cient gen-
erator of thin current sheets motivates the second ingredi-
ent, namely, the tearing instability. Depending on the as-
pect ratio of the current sheet and the Lundquist number,
the tearing instability triggers the onset of reconnection
by perturbing the reconnecting field to spawn one, two,
or even a whole chain of magnetic islands [7, 19, 20]. If
allowed to proceed beyond its linear stage of growth, tear-
ing undergoes nonlinear evolution that ultimately leads
to the collapse and break-up of the current sheet [21–26].

The third and final ingredient is an appreciation for the
important role played in all this by the material proper-
ties of the plasma. Namely, the larger the value of Pm,
the more spatially anisotropic the dynamo-generated
folds become, with the length-to-width ratio increasing
approximately as Pm1/2 in the kinematic regime [17].
This arrangement is particularly conducive to tearing,
as it allows for modes with larger values of the tearing-
instability parameter, �0. On the other hand, large val-
ues of Pm slow down tearing modes through viscous
damping of the fluid motions [27]. For example, the
critical Lundquist number for plasmoid instability in a
Pm � 1 Sweet–Parker current sheet increases with Pm,
making it more di�cult to trigger fast reconnection [28].
Clearly, there is a sweet spot in the values of Pm.

This qualitative argument is made more quantitative
in §II, where we develop a theory to estimate a “tearing
scale” at and below which tearing disrupts the dynamo-
generated folds. This theory does not, however, address
how this physics translates into the fluctuation statistics

and spectra, the ratio of viscous to resistive heating, and
the eventual structure of the dynamo-generated magnetic
field in its saturated state. To find that out, we perform a
series of numerical simulations, which are described and
analyzed in §III. We close in §IV with some thoughts on
how this tearing-mediated dynamo might manifest in as-
trophysical systems, and what its implications are for the
production of large-scale fields in turbulent astrophysical
plasmas. A related finding of our analysis is that the
peak of the magnetic-energy spectrum in the saturated
state of the dynamo appears to occur at large scales and
to be independent of the resistivity when the latter is
su�ciently small. In other words, the saturated state of
the small-scale dynamo is characterized by a degree of
large-scale coherence in the amplified magnetic field.

II. THEORETICAL CONSIDERATIONS

In this Section, we summarize the salient features of
the Pm � 1 fluctuation dynamo, as suggested by the-
ory and evidenced by low- and intermediate-resolution
numerical simulations (§IIA), and of the theory of the
resistive tearing instability (§II B). These features are
then combined in §II C to obtain a theory for how tearing
might disrupt dynamo-generated magnetic folds.

A. Generation and persistence of magnetic folds

Consider a statistically homogeneous MHD plasma
with constant magnetic resistivity ⌘ and kinematic vis-
cosity ⌫ (�⌘), in which an initially weak, zero-net-
flux magnetic field is amplified via random stretching
by three-dimensional, incompressible turbulence. We
take this turbulence to consist of fluid motions that
are injected with root-mean-square (rms) velocity U at
the outer (forcing) scale L and cascaded conservatively
through an inertial range down to a viscous scale `⌫ ,
at and below which dissipation occurs. This assumes
that the magnetic field is weak enough that the Lorentz
force is negligible throughout this inertial range — the
so-called “kinematic” stage. For a Kolmogorov cas-
cade [29], the typical velocity increment at scale ` is
given by �u` ⇠ U(`/L)1/3, resulting in a nonlinear eddy
turnover time ⌧nl that progressively decreases at smaller
and smaller scales, viz.,

⌧�1
nl ⇠ �u`

`
⇠ U

L

✓
`

L

◆�2/3

. (1)

In this case, the maximal stretching rate,

⌧�1
nl,min ⇠ U

L
Re1/2 (kinematic stage), (2)

occurs at the viscous scale `⌫ ⇠ LRe�3/4, where Re
.
=

UL/⌫ � 1 is the Reynolds number. When the magnetic
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field is too weak to exert any influence on these viscous-
scale motions, the rms magnetic-field strength Brms (de-
fined throughout the paper in velocity units assuming a
constant background density) grows exponentially at this
Re-dependent rate,

d lnBrms

dt
⇠ U

L
Re1/2 (kinematic stage). (3)

During this exponential amplification, the magnetic
field is stretched, folded, and ultimately organized into
a highly intermittent patchwork of long, thin structures
whose energy spectrum M(k) / k3/2 (here k is the
wavenumber) peaks at the smallest available scale on
which the magnetic field can reverse its direction, viz., the
resistive scale `⌘ [30–32]. In this folded geometry, there is
an anti-correlation between the field-line curvature and
the field strength [15–17]: the magnetic field is weakest
in the regions of curved field (bends), and strongest in
the regions where it reverses its direction. To obtain an
estimate for `⌘, we balance the maximal (viscous-scale)

nonlinear stretching rate, ⌧�1
nl,min ⇠ (U/L)Re1/2, with the

rate of resistive decay of the folds, ⌧�1
⌘ ⇠ ⌘/`2⌘, finding

`⌘ ⇠ LRe�1/4Rm�1/2, where Rm ⌘ UL/⌘ is the mag-
netic Reynolds number. The ratio of the viscous to resis-
tive scales then satisfies `⌫/`⌘ ⇠ (Rm/Re)1/2 ⌘ Pm1/2.
Ref. [15] showed that the characteristic parallel length
of the magnetic folds, `k, is inherited from the velocity
fluctuations with the fastest rate of strain, in which case
`k ⇠ `⌫ during the kinematic stage. Thus, the value of
Pm controls the aspect ratio of the folds, with Pm � 1
implying large-aspect-ratio current sheets. In §II C we
show that, despite these potentially large aspect ratios,
the lifetime of the folds during the kinematic stage is too
short for the tearing instability to grow e↵ectively.

Once the mean magnetic energy becomes compara-
ble to the energy of the viscous-scale motions (viz.,
B2

rms ⇠ U2 Re�1/2, the kinematic stage ends and the
dynamo becomes nonlinear. Namely, the Lorentz force
due to the spatially coherent magnetic folds back-reacts
on the viscous-scale motions and suppresses their ability
to amplify the magnetic field [17, 33–39]. As a result,
progressively larger (and slower) eddies are responsible
for amplifying the field, while the eddies whose energies
are lower, �u2

` ⇠ U2(`/L)2/3 . B2
rms, are suppressed.

This leads to some steepening of the kinetic-energy spec-
trum just below the energy-equipartition scale. The re-
sult is a resistive “selective decay” of the magnetic energy
at scales too small to be sustainable by the weakened
stretching [17, 18, 40]. With the maximal stretching rate
now being given by

⌧�1
nl,min ⇠ U

L

✓
U

Brms

◆2

(nonlinear stage), (4)

the magnetic energy grows secularly, with

dB2
rms

dt
⇠ U3

L
= const (nonlinear stage) (5)

implying Brms / t1/2 [40–42].
During this stage of secular growth, the resistive scale

that is obtained by balancing stretching with resistive
decay satisfies `⌘ ⇠ L (Brms/U)Rm�1/2 / t1/2, and thus
the energy-containing scale of the magnetic field shifts
gradually towards larger scales. The length of the folds
increases as well, matching that of the maximally stretch-
ing eddies, viz., `k ⇠ L (Brms/U)3 / t3/2. Accordingly,
the folds become further elongated: `k/`⌘ / t. In §II C,
we show that it is during this stage that the dynamo-
generated current sheets first become susceptible to tear-
ing, thereby modifying these scalings.
Eventually, the magnetic energy reaches approximate

equipartition with the kinetic energy at the outer scale,
B2

rms ⇠ U2. In this saturated state, all but the largest
eddies are suppressed by the magnetic tension associated
with the dynamically important, folded magnetic field.
In low- and intermediate-resolution simulations of the
Pm � 1 dynamo [17, 18], this folded geometry is found to
persist in the saturated state, with a parallel coherence
length set by the outer-scale motions and a perpendic-
ular field-reversal scale that remains proportional to the
resistive scale. With the latter being determined by a bal-
ance between the stretching rate of the outer-scale eddies,
⌧�1
nl ⇠ U/L, and ⌧�1

⌘ ⇠ ⌘/`2⌘, we obtain `⌘ ⇠ LRm�1/2,

from which an aspect ratio `k/`⌘ ⇠ Rm1/2 follows. In
§II C, we argue that these scalings should fail at large
Rm due to disruption of the folds by tearing instabil-
ity. Before doing so, we recapitulate briefly the theory of
tearing instability in super-critical current sheets.

B. Tearing modes in super-critical current sheets

A current sheet with length ` and characteristic half-
thickness � is deemed “super-critical” if there is a tearing-
mode wavenumber kt & `�1 for which the stability pa-
rameter �0 = �0(kt) > 0. For a Harris-sheet (i.e., tanh)
profile, �0� = 2(1/kt� � kt�), so that modes with �/` .
kt� ⌧ 1 are the most susceptible to tearing; for a sinu-
soidal profile, �0� ' (8/⇡)(kt�)�2 when kt� ⌧ 1 [43].
In either case, for tearing modes with �0� ⌧ (S�kt�)1/3,
where S� ⌘ �vA,�/⌘ is the Lundquist number of the sheet
and vA,� is the Alfvén speed of the reversing field (the
so-called “FKR regime” [19]), the growth is exponen-

tial at the rate �FKR ⇠ (vA,�/�)S�3/5
� (kt�)2/5(�0�)4/5.

For a current-sheet profile satisfying �0� ⇠ (kt�)�n at
kt� ⌧ 1, the growth rate �FKR is largest at the small-
est available wavenumber (kt` ⇠ 1) for n > 1/2. In this
case, low-aspect-ratio sheets will develop tearing pertur-
bations comprising just one or two islands. If instead the
current sheet is proportionally thin enough that �0� &
(S�kt�)1/3, i.e., if �/` . kt� . S�1/(3n+1)

� , the growth
rate becomes independent of �0—the so-called “Coppi

regime” [20], with �Coppi ⇠ (vA,�/�)S�1/3
� (kt�)2/3. In

this case the growth rate increases with increasing kt,
signaling that high-aspect-ratio sheets will spawn whole
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chains comprising ⇠kt` � 1 islands. One can then
show by balancing the FKR and Coppi rates [44] that,
if the Coppi regime is accessible, the maximally grow-

ing tearing mode has �t,max ⇠ (vA,�/�)S�(n+1)/(3n+1)
� at

kt,max� ⇠ S�1/(3n+1)
� .

The above tearing scalings are valid only at Pm . 1.
For Pm � 1, they must be modified to account for
viscous suppression of the fluid motions involved in
the tearing modes [27]. In this case, the corre-
sponding “FKR” and “Coppi” growth rates are given

by �FKR ⇠ (vA,�/�)S�2/3
� Pm�1/6(kt�)1/3(�0�) and

�Coppi ⇠ (vA,�/�)S�1/3
� Pm�1/3(kt�)2/3. For �0� ⇠

(kt�)�n with n > 1/3, there is again a maximally growing
tearing mode intermediate between between these two
regimes, which may be obtained as before by balancing
the FKR and Coppi rates. The result is

�t,max�

vA,�
⇠ S�(n+1)/(3n+1)

� Pm�n/(3n+1), (6a)

kt,max� ⇠ S�1/(3n+1)
� Pm1/2(3n+1), (6b)

provided that kt,max` & 1 [5].

C. Tearing meets dynamo

For tearing to be relevant during the fluctuation dy-
namo, the maximum growth rate for tearing of a current
sheet must be larger than both the sheet’s resistive de-
cay rate and its decorrelation rate, viz., �t,max⌧⌘ & 1 and
�t,max⌧nl,min & 1. These requirements are tantamount to
asking whether the maximum current-sheet thickness at
which tearing can onset (denoted by �⇤) is larger than the
resistive scale, `⌘ ⇠ (⌘⌧nl,min)1/2. Here we use Eq. (6) to
determine �⇤ via the condition �t,max⌧nl,min ⇠ 1 in each
stage of the dynamo and ask whether it is &`⌘; we also
check that kt,max`k & 1 (i.e., that the Coppi regime is
accessible). When doing so, we associate vA,� in Eq. (6)
with the strength of the local dynamo-generated field
whose reversal scale is � = �⇤.

As explained in §IIA, during the kinematic stage,
⌧�1
nl,min ⇠ (U/L)Re1/2 [see Eq. (2)] and so `⌘ ⇠

LRm�3/4Pm1/4. Demanding that �⇤ & `⌘ is then equiv-

alent to demanding that B2
rms & U2 Re�1/2. This is the

same as the energy of the viscous-scale eddies, so such
field strengths are greater than those attained during
the kinematic stage. In other words, all current sheets
produced during the kinematic stage should di↵use resis-
tively before tearing can onset (this statement is indepen-
dent of n). By the end of the kinematic stage, however,
�⇤ ⇠ `⌘. For tearing to onset during the subsequent non-
linear (secular-growth) stage, �⇤ must then grow in time
faster than `⌘ ⇠ L (Brms/U)Rm�1/2 / t1/2. We now
show that this is indeed the case.

Using Eqs (4) and (6a) and comparing �t,max to
⌧�1
nl,min ⇠ (U/L)(U/Brms)2 / t�1 during the nonlinear

stage, we find that

�⇤
L

⇠

(B2

rms/U2)4n+1

Rmn+1Pmn

�1/2(2n+1)

/ t
4n+1
4n+2 , (7)

and so

�⇤
`⌘

⇠

B2

rms

U2
Re1/2

�n/(2n+1)

/ tn/(2n+1). (8)

Although `⌘ increases in time, �⇤ does so even faster,
a↵ording the possibility of tearing disrupting the current
sheets before they di↵use resistively. With kt,max given
by Eq. (6b) and `k ⇠ L (Brms/U)3 (see §II A), a typical
current sheet should then spawn

N ⇠ kt,max`k ⇠

B2

rms

U2
Re1/2

�n/(2n+1)

Pm1/2 & 1 (9)

magnetic islands. Thus, unless Re . 1, a nonlinear dy-
namo is a tearing-limited dynamo.
Eventually, the dynamo should saturate with a near-

equipartition magnetic field, Brms ⇠ U , so that, using
Eqs. (7) and (8),

�⇤ ⇠ L
⇣
Rmn+1Pmn

⌘�1/2(2n+1)
(10a)

⇠ `⌘ Re
n/2(2n+1). (10b)

Thus, for there to be a range of scales on which tear-
ing acts much faster than resistive decay and nonlinear
decorrelation (i.e., �⇤ � `⌘), we require that

Ren/2(2n+1) � 1. (11)

For n = 1, this gives Re1/6 � 1; for n = 2, Re1/5 � 1
[45]. If this inequality is satisfied, then in saturation we
have from Eq. (10a) that

�⇤ ⇠
(

LRm�1/3Pm�1/6 for n = 1;

LRm�3/10Pm�1/5 for n = 2.
(12)

These predictions, alongside those that tearing should
not operate during the kinematic stage and that the mag-
netic field should exhibit a reversal scale during the non-
linear stage that evolves as �⇤ / t5/6 (n = 1) or t9/10

(n = 2) [see Eq. (7)], rather than as `⌘ / t1/2, are tested
by the numerical simulations in §III.
If Re is su�ciently large that �⇤ is well separated

from `⌘ [see Eq. (10b)], then there is the additional ques-
tion of how the magnetic field is arranged at sub-�⇤
scales, e.g., what is its energy spectrum. This depends
on whether the tearing of the folds proceeds long enough
to go nonlinear, induce current-sheet collapse, and per-
haps trigger the onset of plasmoid-dominated reconnec-
tion. Because kt,max`k & 1 in saturation [see Eq. (9)],
the Coppi regime is accessible and so we do not antici-
pate a nonlinear “Rutherford” stage of secular growth of
the island width [46]. (Put di↵erently, the island widths
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are already comparable to the inner-layer width �in of the
tearing current sheet at the end of the linear growth of
tearing, and so no further evolution is needed to obtain
�0�in ⇠ 1.) The X-point(s) formed by the tearing mode
should then rapidly collapse into thin secondary sheets,
resulting in Sweet–Parker-like growth of the reconnected
flux on a time scale comparable to ��1

t,max [22]. An out-
standing question then is whether plasmoid-dominated,
steady-state, fast reconnection can onset (e.g., see Sec-
tion 12.4.4 of Ref. [5]), but that is unlikely to be verifiable
by numerical simulations at resolutions that are currently
feasible.

In what follows, we assume that steady-state, fast re-
connection is not occurring, and that the role of tear-
ing is simply to break up the folds into a succession
of smaller structures (such an assumption is supported
by the numerical results in §III). We then argue that
the turbulence at scales below �⇤ should be similar to
the tearing-mediated turbulence proposed in Refs [9, 10],
with the only di↵erence being that the direction of the
“local mean field” is that of the strongly fluctuating dy-
namo field at larger scales. If this is true, then the energy
spectrum of the cascade should exhibit a k�11/5 (n = 1) or
k�19/9 (n = 2) spectral envelope at scales below �⇤ [9, 10].
Both of these slopes are steeper than Kolmogorov. The
derivation of this spectrum rests on the assumption that
the turbulence at sub-�⇤ scales is approximately Alfvénic
and critically balanced. For each scale � . �⇤, the
nonlinear turnover time ⌧nl associated with the Alfvénic
motions on that scale is comparable to the linear tear-
ing timescale ��1

t,max at the same scale. Assuming that
tearing leads to a negligible amount of dissipation in
the tearing-mediated cascade (that is, tearing only de-
termines the lifetime and structure of the sub-�⇤ fluctua-
tions), Eq. (6a) with �t,maxv2A,� ⇠ const below �⇤ leads to

the scaling vA,� / �(2n+1)/(4n+1), from which the afore-
mentioned spectra follow.

In the next section, we test these predictions with high-
resolution numerical simulations across a wide range of
Rm and Pm.

III. NUMERICAL RESULTS

A. Method of solution and dimensionless free
parameters

We employ the Athena++ code framework [47] to solve
the equations of non-relativistic, compressible magneto-
hydrodynamics (MHD) in conservative form. These are:
the continuity equation,

@⇢

@t
+r · (⇢u) = 0, (13)

the momentum equation,

@⇢u

@t
+r ·


⇢uu � BB +

✓
⇢C2 +

B2

2

◆
I � ⇢⌫W

�
= ⇢f ,

(14)

N3 run 107⌘ Pm Resat Rmsat urms,kin urms,sat Brms,sat

28
03

a1 200 1 920 920 0.14 0.12 0.06
a2 200 10 76 760 0.11 0.10 0.07
a3 200 50 12.9 640 0.11 0.08 0.08
a4 200 100 7.0 700 0.14 0.09 0.10
a5 200 200 3.6 720 0.12 0.09 0.11
a6 200 300 2.5 750 0.12 0.09 0.12
a7 200 500 1.45 720 0.13 0.09 0.12

56
03

b1 100 1 2200 2200 0.18 0.14 0.09
b2 100 10 189 1890 0.18 0.12 0.09
b3 100 50 33 1640 0.19 0.10 0.11
b4 100 100 18.7 1870 0.19 0.12 0.13
b5 100 200 10.2 2000 0.21 0.13 0.16
b6 100 300 7.2 2200 0.22 0.14 0.18
b7 100 500 4.7 2300 0.22 0.15 0.19

11
20

3

c1 25 1 10400 10400 0.26 0.16 0.12
c2 25 10 940 9400 0.26 0.15 0.13
c2? 25 10 920 9200 0.17 0.15 0.13
b2⇧ 100 10 250 2500 0.18 0.16 0.12
c3 25 50 163 8200 0.24 0.13 0.13
c4 25 100 82 8200 0.23 0.13 0.14
c5 25 200 47 9300 0.24 0.15 0.17
c6 25 300 33 10000 0.30 0.16 0.19
c7 25 500 22 11200 0.31 0.18 0.23

22
40

3

d1 6 1 50000 50000 0.32 0.19 0.16
d2 6 10 4800 48000 0.32 0.18 0.17
d2? 6 10 5200 52000 0.25 0.20 0.16
c2⇧ 25 10 1130 11300 0.18 0.18 0.16
d3 6 50 870 43000 0.32 0.16 0.17
d4 6 100 430 43000 0.32 0.16 0.16

TABLE I. Run parameters at di↵erent resolutions N3. The
subscripts “sat” and “kin” refer, respectively, to values mea-
sured during the saturated and kinematic stages. Versions
of runs c2 and d2 using third-order Runge-Kutta time inte-
gration and third-order spatial reconstruction were also per-
formed, here marked by a “?”. Versions of runs b2 and c2
with the same ⌘ and Pm but performed at twice the resolu-
tion are marked by a “⇧”. Runs with Pm = 1 are slightly
under-resolved during the kinematic stage.

and the induction equation,

@B

@t
� r⇥ (u⇥B � ⌘J) = 0, (15)

where ⇢ is the mass density, u is the fluid velocity, B is
the magnetic field, J = r⇥B is the current density,

W ⌘ ru+ (ru)> � 2

3
(r ·u)I (16)

is the (traceless, symmetric) rate-of-strain tensor, and I is
the unit dyadic. Equations (14) and (15) include explicit
momentum and magnetic di↵usion with spatially uniform
kinematic viscosity ⌫ and Ohmic resistivity ⌘. In writing
equation (14), we have adopted an isothermal equation of
state with constant sound speed C and included a driving
term f , specified below.
Equations (13)–(15) are solved using the Athena++

code framework [47]. Athena++ is a widely used, finite-
volume, astrophysical MHD code that uses a directionally
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unsplit Godunov scheme for MHD alongside constrained
transport on a staggered grid to conserve the divergence-
free property for magnetic fields, r ·B = 0. All runs
use the HLLD Riemann solver to calculate the fluxes. All
but two of them employ a second-order-accurate van Leer
integration algorithm with second-order-accurate piece-
wise linear spatial reconstruction; those exceptional two
use third-order-accurate Runge-Kutta integration with
third-order-accurate piecewise parabolic reconstruction.
All these runs are summarized in Table I.

In each simulation, low-Mach-number turbulence with
rms fluid velocity urms ⇡ 0.1C is driven in a three-
dimensional, periodic box of size L3 using an incom-
pressible, zero-mean-helicity, random forcing f . At each
simulation time step, the Fourier coe�cients fk are inde-
pendently generated from a Gaussian-random field in the
wavenumber range k 2 [1, 2]k0, where k0 ⌘ 2⇡/L is the
box wavenumber, and constrained to satisfy k ·fk = 0.
The resulting force is then inverse-Fourier transformed,
shifted to ensure no net momentum injection, and nor-
malized to provide constant power per unit volume. The
force is then time-correlated by an Ornstein–Uhlenbeck
process with correlation time tcorr,f = 10(k0C)�1 ⇡
(k0urms)�1. Across all of our simulations, the rms density
fluctuation is never more than one percent.

We define the Reynolds number Re ⌘ urms/k0⌫ and
the magnetic Reynolds number Rm ⌘ urms/k0⌘, for
which Pm = Rm/Re � 1. We vary Re and Rm across
the suite of simulations using grid resolutions 2803, 5603,
11203, and 22403. For each resolution, we set ⌘ and then
vary ⌫ while keeping Pm � 1. In doing so, we explore
a wide range of plasma parameters, with Rm ⇠ 103–
5 ⇥ 104 and Pm 2 [1, 500]. Two additional simulations
(runs b2⇧ and c2⇧) were performed to test the robust-
ness of our results by doubling the resolution at fixed
⌫ and ⌘. All simulations are initialized with density
⇢ = ⇢0 = const, fluid velocity u = 0, and zero-net-flux
magnetic field B with energy randomly distributed at
wavenumbers k 2 [1, 2]k0 and rms field strength Brms

such that �0 ⌘ 2⇢0C2/B2
rms = 5 ⇥ 105. Henceforth, all

quantities are normalized so that L = C = ⇢0 = 1.

B. Qualitative evolution: evidence of magnetic
folds and their disruption at large Rm

Figure 2 displays snapshots of the magnetic-field
strength B and flow speed u at fixed Pm = 10 for vari-
ous Rm increasing with resolution. Panel (a) focuses on
the end of the kinematic stage, at which point spatially
intermittent magnetic folds are readily apparent. As an-
ticipated, there are no clear signs of fold disruption by
tearing modes, despite the highly elongated and (partic-
ularly at high resolution) thin structures. By contrast,
panel (b) shows striking di↵erences in both the magnetic
and velocity fields in the saturated state across the sam-
pled range of Rm. Namely, as Rm increases beyond ⇠104

(i.e., for resolutions 11203 and above), the magnetic folds

are broken up into smaller structures, and the velocity
field becomes increasingly filamentary and spatially in-
termittent (particularly at 22403).
In §II C, we argued that small Re (i.e., large Pm at

fixed Rm) should suppress the tearing instability, despite
the associated increase in the aspect ratio of the folds.
Figure 3 provides support for this conjecture, showing a
snapshot of the magnetic energy in the saturated state of
run c7 (11203, Pm = 500, Re ⇡ 20). Although Rm ⇡ 104

here is similar to that in the 11203 box with Pm = 10 and
Re ⇡ 103 shown in Figure 2, the magnetic folds do not
appear to be broken up into smaller structures and re-
main relatively coherent, with strong fields concentrated
on small (resistive) scales.
The Rm dependence seen qualitatively in Figure 2(b) is

all the more apparent in Figure 4, which provides zoom-
ins of individual magnetic structures found in the satu-
rated state of run b2 (5603) and run d2 (22403), both
with Pm = 10. The panels show the current density in
color and magnetic-field lines in white (with arrows in-
dicating direction). A fairly laminar structure is evident
at the lower value of Rm (panel a), with the magnetic
field reversing its direction across a smooth current sheet.
By contrast, panel (b) shows a fold obtained at a higher
Rm that has broken up into smaller current sheets and
plasmoid-like structures. A further zoom-in on a similar
disrupted fold from run d2 is shown in panel (c), with the
current sheet oriented diagonally from the bottom left to
the upper right corner. The magnetic-field lines emanate
from a small region near the left side of the central plas-
moid and wrap around the central structure, revealing
one of the flux ropes.
In the following sections, these qualitative results and

their agreement (or not) with the theoretical arguments
of §II are made quantitative by examining a variety of
diagnostics. When directly comparing to the theory in
§II, we adopt n = 2, corresponding to field reversals with
sinusoidal (rather than Harris-like) profiles. This choice
is supported by the local profiles of the magnetic folds
highlighted in Figure 3, which indicate volume-filling,
quasi-sinusoidal variations in the field rather than iso-
lated sheets with tanh profiles. In this case, we pre-
dict a noticeable separation between the tearing scale
�⇤ and the resistive scale `⌘ in the saturated state once

Resat & 103 [corresponding to Re1/5
sat & 4; see Eq. (10b)

with n = 2]. Given the values of Resat listed in Table I,
we anticipate clear evidence of tearing-disrupted folds in
runs c1, d1, and d2; runs c2 and d3 should be marginal.

C. Energy spectrum and transport

In this section, we discuss the evolution and pa-
rameter dependence of the angle-integrated kinetic
and magnetic-energy spectra, which are given respec-
tively by E(k) ⌘

R
d⌦k k2h|u(k)|2i/2 and M(k) ⌘R

d⌦k k2h|B(k)|2i/2 [48]. We also show how energy is
pumped into and converted across di↵erent scales by the
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FIG. 2. Qualitative comparison of magnetic-field strength B (top row) and speed u (bottom row) during both the kinematic
stage (panel a) and in saturation (panel b), taken at fixed Pm = 10 from runs a2, b2, c2, and d2. Both quantities are normalized
in each snapshot so that the color bars range linearly between their instantaneous minimum and maximum values in the domain.
The resolution, and thus Rm, increases from left to right as indicated.

Lorentz force using shell-to-shell transfer functions.
Figure 5 shows the spectra computed from di↵erent

resolutions at fixed Pm = 10 (similarly to Figure 2:
runs a2, b2, c2, and d2) at the end of the kinematic
stage (panel a) and averaged over five snapshots taken
during the saturated state (panel b). During the kine-
matic stage, the magnetic spectra in all runs (solid lines)

follow the expected Kazantsev spectrum /k3/2 at small
k, with a spectral cuto↵ that shifts to larger k as Rm
increases. The latter is qualitatively consistent with ar-
guments made in Section II that the kinematic-stage
magnetic spectrum should be cut o↵ at a wavenumber
/Rm3/4Pm1/2 (at fixed Pm in this case). As the mag-
netic energy builds up exponentially, the Lorentz force
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FIG. 3. Snapshot of magnetic-field strength in the saturated
state of run c7 (11203, Pm = 500, Re ⇡ 20, Rm ⇡ 104). Large
Pm results in elongated laminar current sheets, in contrast to
those seen in run c2 (11203, Pm = 10, Re ⇡ 103, Rm ⇡ 104;
see Figure 2a). Two 1D spatial cuts of the magnetic field are
shown on the left side; colors indicate di↵erent projections of
the magnetic field: in-plane (blue) and out-of-plane (red).

eventually becomes large enough to back-react on the
flow at the viscous scale, steepening the kinetic-energy
spectrum (dashed lines) in comparison with its being ap-
proximately Kolmogorov’s k�5/3 at large scales.

During the nonlinear stage, when the magnetic en-
ergy exhibits secular growth, the spectral peak of M(k)
shifts towards smaller wavenumbers (larger scales), as ex-
pected theoretically. However, this peak follows neither
`�1
⌘ / Rm1/2 nor ��1

⇤ / Rm3/10Pm1/5 in the saturated
state (panel b), but rather appears to be independent
of (or, at most, very weakly dependent on) Rm at the
higher resolutions. This point is revisited in §IIID, where
we compute the integral scale of the magnetic field and
show quantitatively that it becomes approximately in-
dependent of Rm in the saturated state for Rm & 104,
Pm . 50.

On scales smaller than that on which the magnetic
spectrum peaks, M(k) steepens gradually and, at the
highest resolution, appears to acquire a power law that is
steeper than Kolmogorov but consistent with the k�19/9

envelope predicted at the end of §II C for a cascade con-
trolled by tearing (the scale separation between �⇤ and
`⌘ is not large enough to determine definitively the exact
spectral index). It is notable that the consistency with
�19/9 begins around k/2⇡ ⇠ 40 at 22403, which, per-
haps not coincidentally, matches the predicted value of
��1

⇤ given Pm = 10 and the measured Rmsat for this run
[indicated by the black arrow; see Eq. (10)]. At lower res-

olutions, Re1/5
sat is not su�ciently large for tearing to act

faster than resistive decay, with the situation at 11203,
Pm = 10 being marginal at best (purple arrow).

These changes in the magnetic- and kinetic- energy
spectra reflect not only the disruption of magnetic folds
by the tearing instability, but also the modified inter-
play between the flow and the Lorentz force. This inter-

play may be studied using the local shell-to-shell transfer
function, T (k) =

R
d⌦k k2u(k)[J ⇥B](k)⇤ [49, 50]. This

function describes the amount of work done by (T > 0)
or against (T < 0) the Lorentz force at a single scale k.
Following Ref. [49], we associate T (k) < 0 with “forward
dynamo action”, corresponding to growth of the mag-
netic energy at the expense of the kinetic energy; and
T (k) > 0 with “reversed dynamo action”, corresponding
to a transfer from magnetic energy to kinetic energy. Fig-
ure 5(c) shows T (k) for the same runs as in panels (a) and
(b). At the largest scales, where E(k) > M(k), energy in-
jection is working against the Lorentz force, correspond-
ing to forward dynamo action (denoted by open circles).
Work done by the Lorentz force increases gradually to-
wards smaller scales until E(k) ⇠ M(k), beyond which
T (k) becomes positive (filled circles). For Rm & 104

(resolutions of 11203 and 22403), there is a wavenumber
range in which T (k) is roughly constant, corresponding
to a constant magnetic-to-kinetic energy flux. We think
that it is in this range that the coherent magnetic folds
are driving flows by exerting a Lorentz force. That pro-
cess becomes more di�cult if these coherent folds break
up into plasmoid-like flux ropes [51]; and so it may be no
coincidence that the transfer function stops being con-
stant in k right at the wavenumber k = 2⇡/�⇤ where
tearing is predicted to onset, and the measured M(k)
steepens to a spectrum consistent with k�19/9.
To close this subsection, we provide in Figure 6

the kinetic- and magnetic-energy spectra at 22403 (our
largest Rm) for Pm = {1, 10, 50, 100}, time-averaged over
the saturated state. A close examination reveals a slight
increase with Pm of the wavenumber at which the mag-
netic spectrum steepens to be consistent with the pre-
dicted �19/9 envelope for a tearing-mediated cascade. In
particular, at Pm = 100, M(k) remains no steeper than
k�5/3 until k/2⇡ & 60. Substituting the values of Resat
and Rmsat listed in Table I for run d4 into Eq. (10a)
with n = 2 yields ��1

⇤ ⇡ 62 (yellow arrow), consistent
with this observation.

D. Characteristic scales of the magnetic field

The geometry of the magnetic field can be further
quantified using the following characteristic wavenum-
bers [17]:

kk ⌘
✓

h|B ·rB|2i
hB4i

◆1/2

, (17)

kB·J ⌘
✓

h|B ·J |2i
hB4i

◆1/2

, (18)

kB⇥J ⌘
✓

h|B⇥J |2i
hB4i

◆1/2

, (19)

where h . . . i denotes a statistical (box) average. These
wavenumbers measure the characteristic variation of the
magnetic field along itself (“k”) and across itself, with the
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FIG. 4. Example of a typical current sheet during saturation for Pm = 10 at resolution 5603 (panel a) and 22403 (panel b)
(runs b2 and d2, respectively). Color shows the magnitude of the current density; magnetic-field lines are traced by white
arrows. Panel (c) shows a 3D rendering of the current density (color) in a typical plasmoid formed within a disrupted current
sheet that is oriented diagonally from bottom left to top right. Magnetic-field lines (white) originate in a small area below and
wrap around the central plasmoid; a slice of the current density is also displayed on the back face of the volume.

latter two perpendicular directions oriented using the lo-
cal direction of the current density J . Following Ref. [17],
we associate with these scales the characteristic length,
width, and thickness (in that order) of the magnetic folds.
The final wavenumber, kB⇥J , is particularly important,
as it quantifies the characteristic reversal scale of the
magnetic field. During the kinematic stage, we expect
kB⇥J`⌘ ⇠ 1, whereas during the nonlinear stage and sat-
urated state, kB⇥J�⇤ ⇠ 1. Thus, if tearing is important,
then we predict kB⇥J / t9/10 during the nonlinear stage
and kB⇥J / Rm3/10Pm1/5 in saturation; if tearing is not
important, then these scalings become t1/2 and Rm1/2,
respectively.

In Figure 7, we examine the time evolution of kB⇥J

during the nonlinear stage using results at 22403 for
Pm = {1, 10, 50, 100} and at 11203 for Pm = 500. At
large values of Pm, we obtain evolution consistent with
a field-reversal scale that is proportional to the resistive
scale, kB⇥J / t1/2. However, at Pm = 10, the evolution
is much closer to the tearing scale, with kB⇥J / t9/10.
Again, this particular value of Pm at 22403 is notable
in that it is large enough to facilitate the production of
large-aspect-ratio current sheets but not so large as to
interfere with the disruption of such sheets by tearing.

The resistive scale predicted for the saturated state of
the dynamo was given in §IIA as `⌘ ⇠ LRm�1/2, inde-
pendent of Re. Therefore, if the reversal scale were set
by `⌘, the ratio kB⇥J/Rm1/2 should stay roughly con-
stant as Re and Rm are varied across our parameter
scan. Indeed, Figure 8(a) demonstrates little variation
in kB⇥J/Rm1/2 across all Pm when Rm takes on rela-
tively small values (at resolutions 2803 and 5603, corre-
sponding to runs a1–a7 and b1–b7, respectively). This

scaling is consistent with the results of other published
Pm & 1 dynamo simulations that had relatively low res-
olutions (see, e.g., figure 16 of Ref. [17]). However, at
higher resolutions (11203 and especially 22403), the val-
ues of kB⇥J depart from this scaling once Pm & 10: we
now see kB⇥J/Rm1/2 increasing with Pm. Such a de-
pendence on viscosity is consistent with the idea that,
at su�ciently high Rm and intermediate values of Pm,
magnetic folds should have their reversals limited by the
tearing scale �⇤ / Rm�3/10Pm�1/5 rather than by the
resistive scale ⌘⌘. Indeed, if we instead normalize kB⇥J

using Rm3/10 as in Figure 8(b), we see behavior con-
sistent with Pm1/5 at our largest resolutions. Unfortu-
nately, at present, the steep numerical cost does not allow
us to verify this dependence at yet higher resolutions and
larger values of Pm, and so we view these trends as con-
sistent with our theory rather than as confirmatory in a
definitive way.

In Figure 8(c), these results are re-organized: kB⇥J is
plotted versus Rm, with di↵erent Pm indicated by the
di↵erent colors. As in the previous two panels, there is a
general trend away from the Rm1/2 scaling at low Rm and
towards one consistent with Rm3/10 at high Rm. We take
this as our clearest quantitative evidence for a change
in the characteristic field-reversal scale due to tearing at
high Rm. Note that kB⇥J & 20 at our highest resolution,
implying Lundquist numbers ⇠Brms,sat/kB⇥J⌘ & 104.

The time evolution of the two other characteristic
wavenumbers of the magnetic field, kk and kB·J , is shown
alongside that of kB⇥J in Figure 9 at Pm = 10 and
resolutions 5603 and 22403. At low resolution, these
wavenumbers have a clear ordering from the kinematic
phase all the way through to saturation: kk ⌧ kB·J <
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FIG. 5. Angle-integrated spectra for Pm = 10 at di↵erent
resolutions (runs a2, b2, c2, and d2). Color coding of lines
is the same in all panels. (a) Kinetic E(k) (dashed) and
magnetic M(k) (solid) energy spectra at the end of the kine-
matic stage, normalized by ⇢0u

2
rms,sat. The spectral peak of

the magnetic energy depends on the resolution. (b) Kinetic
E(k) (dashed) and magneticM(k) (solid) energy spectra, nor-
malized by ⇢0u

2
rms,sat, time-averaged over the saturated state.

The arrows indicate the predicted field-reversal scale ��1
⇤ [see

Eq. (10a)] for Pm = 10 at 11203 (purple) and 22403 (black).
The magnetic-energy spectrum acquires a slope steeper than
�5/3 starting at k/2⇡ ⇠ ��1

⇤ , which at 22403 is consistent
with the spectral envelope of k�19/9 expected for a tearing-
mediated cascade. The spectral peak of the magnetic en-
ergy appears to be independent of Rm. (c) Transfer func-
tion T (k) in saturation, normalized by ⇢0u

3
rms,sat, with filled

(open) circles corresponding to work done by (against) the
Lorentz force.

kB⇥J , with the latter two becoming closer to one an-
other than the former two in saturation (viz., kk : kB·J :
kB⇥J ⇡ 1 : 7 : 12; the exact numbers depend on Rm).
Such a hierarchy suggests folded magnetic fields orga-
nized into flux ribbons. In the saturated state at high
resolution, this arrangement is modified quite dramati-
cally: the two perpendicular scales become comparable
to one another, kk ⌧ kB·J ' kB⇥J . This is instead
indicative of folded magnetic fields organized into flux
ropes, a natural outcome of plasmoid formation during
the tearing disruption of current sheets. Interestingly,
the rms wavenumber of the velocity field in this high-

FIG. 6. (a) Angle-integrated kinetic E(k) (dashed) and mag-
netic M(k) (solid) spectra, time-averaged over the saturated
state of runs d1, d2, d3, and d4 (22403 at di↵erent Pm), nor-
malized by ⇢0u

2
rms,sat. The magnetic-energy spectrum steep-

ens to be consistent with the predicted �19/9 envelope for
a tearing-mediated cascade at a wavenumber that increases
slightly with Pm; cf. Eq. (10a), which predicts ��1

⇤ / Pm1/5

at fixed Rm when n = 2. The arrows indicate the predicted
��1
⇤ for Pm = 10 (purple) and 100 (yellow). (b) Kinetic

spectra, compensated by k5/3, and magnetic spectra, com-
pensated by k, to illustrate the argument made at the end of
§IIID; here kM(k) is multiplied by an arbitrary factor of 0.1
to separate it visually from the other curves.

FIG. 7. Time evolution of the field-reversal scale k�1
B⇥J during

the nonlinear stage at resolution 22403 for di↵erent Pm (runs
d1, d2, d3, d4) and at resolution 11203 with Pm = 500 (run
c7; here kB⇥J is multiplied by an arbitrary factor of 1.4 to
bring it nearer visually to the other curves).

resolution run (the “Taylor microscale”),

ku ⌘
✓

h|ru|2i
hu2i

◆1/2

, (20)

increases during the nonlinear stage to become compara-
ble to kB·J and kB⇥J , indicating flows on the flux-rope
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FIG. 8. Dependence of the field-reversal wavenumber kB⇥J on
plasma parameters in the saturated state. (a,b) kB⇥J vs. Pm
at di↵erent Rm; the color coding is the same for these two
panels. In panel (a), kB⇥J is divided by Rm1/2, the predicted
Rm dependence of the inverse resistive scale `�1

⌘ ; in panel (b),

kB⇥J is divided by Rm3/10, the predicted Rm dependence of
the inverse tearing scale ��1

⇤ [see Eq. (10)]. (c) kB⇥J vs. Rm
at di↵erent Pm. Low-Rm runs show an Rm dependence con-
sistent with the resistive scale, kB⇥J ⇠ 2⇡/`⌘; high-Rm runs
show an Rm and Pm dependence consistent with the pre-
dicted tearing scale, kB⇥J ⇠ 2⇡/�⇤.

(field-reversal) scale. That this does not occur at low
resolution is further support for the tearing disruption of
folds at high resolution.

Lastly, we follow up on the discussion of the magnetic
spectrum in §III C, and analyze quantitatively its (con-
ventionally defined) “integral scale”

kint ⌘
Z

dk M(k)

�Z
dk k�1M(k), (21)

which is a reasonable proxy for the scale of the spectral
peak. For M(k) scaling as k↵ with ↵ 62 [�1, 0], kint is also
the energy-containing scale, i.e., the peak of kM(k). As
was discussed in Sec. II A, the magnetic energy is concen-

FIG. 9. Time evolution of the characteristic wavenumbers
(kk, kB·J , kB⇥J) describing the magnetic field [see Eq. (19)]
and ku describing the small-scale structure of the velocity field
[see Eq. (20)] at Pm = 10 and resolutions 5603 and 22403.

FIG. 10. Dependence of (a) the integral scale kint [Eq. (21)]
and (b) the energy-containing scale kec [Eq. (22)] on Rm at
the end of the kinematic stage (red markers) and in saturation
(blue markers). Di↵erent markers correspond to di↵erent Pm,
as indicated; the green squares refer to the saturated state of
runs b2⇧ and c2⇧. At the end of the kinematic stage, both
kint and kec vary approximately as Rm1/2, consistent with
kint ⇠ kec ⇠ `�1

⌘ . In saturation, kint appears to approach a
constant value at large Rm, at least for Pm  50, while kec
becomes consistent with the tearing scale, /Rm3/10.
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trated near the resistive scale `⌘ / Rm�1/2 throughout
the kinematic stage and subsequently moves to larger
scales during the secular stage of evolution.

Figure 10(a) shows the dependence of kint on Rm ob-
tained from all our simulations during the kinematic
stage (red symbols) and in the saturated state (blue sym-
bols); the Rm1/2 scaling expected to hold during the kine-
matic stage is overlaid for comparison. At all resolutions
and for all values of Pm, the Rm1/2 scaling appears to be
well satisfied at the end of the kinematic stage. In sat-
uration, the values of kint calculated at resolutions 2803

and 5603 (Rm . 2 ⇥ 103) also satisfy this scaling. At
resolutions 11203 and 22403 (Rm & 104), however, this
trend breaks and kint measured in saturation becomes
nearly independent of Rm as Rm increases. Confirming
that kint becomes truly independent of Rm awaits higher-
resolution simulations, but our results so far strongly sug-
gest that this is the case.

This might appear to match the expectations of a num-
ber of previous authors [42, 52–56], but it is important to
understand the distinction between the scale of the spec-
tral peak and the energy-containing scale of the magnetic
field, which is the peak of kM(k). The situation with the
latter is (even) murkier than with kint. Analogously to
Eq. (21), a proxy for the energy-containing scale can be
defined as

kec ⌘
Z

dk kM(k)

�Z
dk M(k). (22)

The dependence of kec on Rm and Pm for all our runs is
shown in Figure 10(b). Again, at lower Rm, kec / Rm1/2

works well, whereas at higher Rm, the scaling with Rm
becomes weaker but does not entirely flatten—indeed,
it may be consistent with kec / ��1

⇤ / Rm3/10Pm1/5.
If this is indeed true, it would suggest that, at k�⇤ . 1,
M(k) / k�1—equivalently, the mean squares of magnetic
increments across any distance � > �⇤ would all have the
same value, a possibility mooted by Ref. [57] for a sat-
urated folded field. While the scale separation between
�⇤ and the system size L in our simulations is not large
enough to tease out any such scaling definitively, plotting
kM(k) in Figure 6(b) confirms that a k�1 scaling of the
magnetic spectrum cannot, at these resolutions, be ruled
out.

E. Viscous and resistive dissipation

To close this section, we compute the box-averaged
dissipation rates of the kinetic and magnetic energies,

✏K ⌘ ⌫h|ru|2i and ✏M ⌘ ⌘h|J |2i, (23)

respectively, and average them over the saturated state.
Figure 11 presents the ratio of energy dissipated viscously
versus resistively, ✏K/✏M , (a) as a function of Pm for
di↵erent resolutions (and therefore di↵erent Rm) and (b)
as a function of Rm at fixed Pm. At low and moderate

FIG. 11. Ratio of turbulent energy dissipated viscously versus
resistively in the saturated state (a) versus Pm at di↵erent
resolutions (and therefore di↵erent Rm) and (b) versus Rm
at di↵erent Pm. Error bars reflect the standard deviation in
time.

resolutions and for Pm  10, ✏K/✏M is approximately
proportional to Pm1/3 (dotted line), an empirical scaling
reported previously in Refs. [58, 59]. For Pm > 10, this
ratio becomes roughly independent of Pm at fixed Rm
for our two highest resolutions. The dissipation ratio at
fixed Pm also increases from Rm ⇡ 104 to Rm ⇡ 4⇥104,
after being relatively flat for smaller values of Rm. We
attribute this increase in viscous dissipation at large Rm
to the tearing-initiated breakup of intense current sheets
leading to small-scale reconnection outflows and intra-
island circulations, features that will be explored in a
separate publication alongside a detailed analysis of the
flow and field statistics in saturation.

IV. SUMMARY AND OUTLOOK

Using analytical arguments and high-resolution, vis-
coresistive MHD simulations at Pm � 1, we have demon-
strated that the elongated magnetic folds naturally pro-
duced by the turbulent dynamo become unstable to tear-
ing during the nonlinear stage and in the saturated state
once Re1/5 � 1. During the kinematic stage, the tearing
instability of these folds cannot grow fast enough to over-
come their resistive decay, a prediction confirmed by our
numerical simulations. As a result, current sheets are vi-
sually featureless and the magnetic energy resides at the
smallest available scale (resistive) until the magnetic field
becomes strong enough to back-react on the flow. There-
after, the current sheets begin to break up into plasmoid-
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like flux ropes on increasingly larger scales. The charac-
teristic field-reversal scale in the saturated state changes
from the standard resistive Rm1/2 scaling towards one
consistent with Rm3/10Pm1/5, as predicted from a bal-
ance between the characteristic linear tearing timescale
of sinusoidal folds and the nonlinear turnover time at the
outer scale.

Other quantities calculated during the saturated state
at large Rm are also consistent with our expectations for
a tearing-limited dynamo. The magnetic spectrum ap-
pears to steepen below the anticipated maximal tearing
scale to take on a spectral index consistent with �19/9,
the spectral envelope theoretically predicted for tearing-
mediated Alfvénic turbulence (albeit over an uncomfort-
ably short wavenumber range due to limited resolution).
And the characteristic reversal scale and width of the
magnetic folds become comparable to one another, a fea-
ture not seen at lower values of Rm and consistent with
flux ropes being produced by the tearing-induced disrup-
tion of thin current sheets. That the Taylor microscale
of the velocity field decreases during the nonlinear stage
of the dynamo to become comparable to these fold scales
supports this scenario. The implied sub-viscous injection
of kinetic energy by the Lorentz force that occurs at these
large values of Rm is found to result in a pronounced ex-
cess of viscous dissipation over resistive dissipation for
Pm � 10.

Finally, we have found that the spectral peak of the
magnetic field becomes approximately independent of
Rm at Rm & 104, so long as Pm is not too large. In
contrast, the energy-containing scale may be consistent

with the field-reversal scale set by tearing, suggesting
a shallow negative spectral slope in between that scale
and the system scale of the turbulence. Thus, we see
a degree of large-scale coherence in the amplified field
that might help reconcile the view that the saturated dy-
namo must result in outer-scale magnetic fields [42, 52–
56] and some previous indications, numerical and theo-
retical, that it produces fields whose energy resides on
Rm-dependent scales [16–18, 60, 61]. This may also
be a step towards simulations becoming more consistent
with Faraday-rotation observations of magnetic fields in
galaxy clusters suggesting &kpc-scale coherence [62, 63],
as well as recent laboratory laser-plasma experiments ex-
hibiting a Pm & 1 fluctuation dynamo [64, 65]. Deter-
mining whether or not this result holds when using the
pressure-anisotropic MHD [39, 66] or kinetic [67, 68] de-
scriptions more appropriate to the weakly collisional in-
tracluster medium awaits future work.
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