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Abstract. Exceptional points of degeneracy (EPD) can enhance the sensitivity of circuits by orders of
magnitude.We show various configurations of coupled LC resonators via a gyrator that support EPDs of second
and third-order. Each resonator includes a capacitor and inductor with a positive or negative value, and the
corresponding EPD frequency could be real or imaginary. When a perturbation occurs in the second-order EPD
gyrator-based circuit, we show that there are two real-valued frequencies shifted from the EPD one, following a
square root law. This is contrary to what happens in a Parity-Time (PT) symmetric circuits where the two
perturbed resonances are complex valued. We show how to get a stable EPD by coupling two unstable
resonators, how to get an unstable EPD with an imaginary frequency, and how to get an EPD with a real
frequency using an asymmetric gyrator. The relevant Puiseux fractional power series expansion shows the EPD
occurrence and the circuit’s sensitivity to perturbations. Our findings pave the way for new types of high-
sensitive devices that can be used to sense physical, chemical, or biological changes.

Keywords: Coupled resonators / enhanced sensitivity / exceptional points of degeneracy (EPDs) / gyrator /
perturbation theory

1 Introduction

The presence of at least one nontrivial Jordan block in the
Jordan canonical form of the system matrix shows an
exceptional point of degeneracy (EPD) [1–4], as was
demonstrated in Parity-Time (PT) symmetric systems
[5–12]. Analogous concepts were discovered in the area of
slow light in propagation in photonic crystals by Figotin
and Vitebskiy in [13–16] even though they did not use the
term “exceptional point”. The strong sensitivity of the
degenerate eigenvalues (i.e., degenerate resonance frequen-
cies) to perturbations is a remarkable feature of EPDs [4].
We emphasize the necessity of referring to it as a
“degeneracy”, hence, incorporating the D in EPD, because
the defining feature of an exceptional point is the strong full
degeneracy of at least two eigenmodes, as implied in [17].
When a second-order EPDwith two coalesced eigenstates is
subject to a small perturbation D, the eigenvalue splitting
is proportional to the square root of D, which is larger
than the linear splitting of conventional sensors without
degeneracy [18]. Moreover, the sensitivity increases by

increasing the order of the degeneracy, whereas a more
complex system is needed. The physics of operating near an
EPDmay improve a sensor response to a perturbation by an
amount that grows with the proximity of the sensor’s
operating point to the EPD [10,19,20]. Noisemay also play a
critical role in the performance of these kinds of sensing
applications based on EPD, also depending on the chosen
circuit configuration [12]. Although this topic requires
further investigation, some discussion can be seen in
[21–24]. The concept of EPD has been investigated in
lossless, spatially [14,25,26] or temporally [27,28] periodic
structures and in circuits with loss and/or gain under
parity-time symmetry [29–31]. The EPD-based principle of
higher sensitivity has been proposed in various sensing
systems, including optical microcavities [32], electron beam
devices [33,34], optomechanical mass sensors [35], and ring
laser gyroscopes [36].

Previously, most of the published EPDs circuits
were based on coupled resonators with gain and loss,
satisfying PT-symmetry [5–12]. This paper shows and
discusses a new way developed at UC Irvine to obtain EPDs
based on coupling LC circuits by gyrators. A gyrator is a
two-portandnonreciprocal component inventedbyTellegen
in1948andproposedasafifth fundamentalnetworkelement,* e-mail: f.capolino@uci.edu
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alongside the resistor, capacitor, inductor, and transformer
[37]. Numerous publications on the development and
deployment of the gyrator have been written since its
invention.Gyrators have been designed using vacuum tubes,
transistors [38–45], and operational amplifiers (opamps)
[46–53] due to their nonreciprocal property. In addition, a
brief review of various methods and electronic circuits to
realize the gyrator is summarized inAppendixA. Inaddition,
the gyrator concept is not restricted to a two-port network,
and it canbe extended to various complexmodels such as the
three-port gyrator [54]. A gyrator loaded with a capacitor is
used to realize an effective inductance, so passive RLC
networks can be synthesized using only resistors, capacitors,
and gyrators [50]. Also, RLC filters can be constructed
utilizing gyrators without using inductances [50]. More
details on important features and specific characteristics of
the gyrator are presented in Appendix B.

In this paper, we study various schemes to get EPDs in
gyrator-based sensing circuits, as well as their enhanced
sensitivitywhen operating near anEPD.First, two seriesLC
resonators are coupled via a gyrator, as explained in [55–59],
leading to a second-orderEPD.Next,we extend our study to
a third-order EPD obtained using three LC resonators and
two gyrators. In this case, the circuit’s sensitivity is
enhanced, although the circuit is always unstable. The
second part of this paper investigates gyrator circuits with
parallel LC resonators, a dual version of the series
configuration. It covers various cases leading to (i) stable
EPDs by coupling two unstable resonators,
(ii) EPDs with imaginary frequency, and (iii) EPDs using
two LC circuits and an asymmetric gyrator. We show
examples for all the cases and analyze the second-order
circuits’ signal using time-domain simulations. In addition,
the sensitivity of circuit eigenfrequencies to component
variations is investigated.We demonstrate that the Puiseux
fractional power series expansion closely approximates the
eigenfrequency diagram bifurcation near the EPD [4]. This
paper explores and reviews specific cases, whereas a
mathematical framework for constructing lossless circuits
foranyconceivableJordanstructureusingagyratorhasbeen
presented in [55]. In addition, we consider lossless compo-
nents in our study, and the analysis of stability or instability
in some circuit configurations by adding small losses to the
circuits is discussed in [57,58]. The analysis and circuit
presented in this paper have great potential applications in
novel ultra-high-sensitive schemes.

2 EPD in series configuration

This section reviews various series configurations with
gyrators to obtain an EPD. We provide the required circuit
equations to get the EPD conditions based on a Liouvillian
formalism.Webuild the eigenvalue problem tofinda second-
order EPD, leading to two resonant frequencies, and
demonstrate the condition for obtaining EPD at the desired
frequency. Moreover, we show the circuit’s perturbation
effects on the eigenfrequencies. Besides the theoretical
calculations, we also perform time-domain circuit simula-
tions.We estimate the eigenfrequencies byusing thePuiseux
fractional power series expansion. The first part summarizes

the analysis provided in [58] but later is cast in amore general
way to include all cases. Next, we demonstrate a third-order
EPD in three LC series resonators coupled via two gyrators.
In this latter case, the circuit’s sensitivity increases
dramatically because of the higher EPD order. However, a
more complex circuit with more components is needed, and
the circuit is unstable.

2.1 Second-order EPD

In the first circuit, shown in Figure 1a, two series LC tanks
are connected via an ideal gyrator. All of the components in
the circuit are assumed to be ideal, so there is no resistance
in the circuit. The Kirchhoff voltage law equations are
written in two loops [58]

Q1

::

¼ − 1
C1L1

Q1 þ
Rg

L1
Q2

:

Q2

::

¼ − 1
C2L2

Q2−
Rg

L2
Q1

: :

8

>

<

>

:

ð1Þ

In the above equations, Qn is the stored charge in the
capacitor Cn, where n=1 indicates the left resonator and
n=2 indicates the right resonator. It is convenient to

define a state vector as C≡ Q1;Q2;Q1

:

;Q2

:h iT
, which

consists of a combination of stored charges and their time
derivative on both sides, and the superscript T denotes the
transpose operation. Finally, we express the equations in
Liouvillian form as [58]

dC
dt

¼ MC; ð2Þ

M ¼
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0 0 0 1
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: ð3Þ

Here, v01 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi

C1L1
p

, and v02 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi

C2L2
p

are reso-
nance angular frequencies of two isolated resonators, i.e.,
without coupling.Wewill assume that both resonators have
a real resonance frequency in this section, so the inductance
and capacitance in each resonator have the same sign.
Considering signals of the form Qn∝ ejvt, where v is the
angular eigenfrequency. We write the eigenvalue problem
associated with the circuit equations, and the characteristic
equation is obtained from det M � jv Ið Þ ¼ 0, where I is the
identity matrix, leading to [58]

v
4 � v

2
v
2
01 þ v

2
02 þ

R2
g

L1L2

 !

þ v
2
01v

2
02 ¼ 0: ð4Þ

In the characteristic equation, all thev’s coefficients are
real, so both v and v* are roots of the equation, where
* represents the complex conjugate operation. In addition,
the characteristic equation is quadratic in v

2; so, v and�v
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are both solutions. When Rg=0, the two resonators are
uncoupled, and the two independent circuits have two
angular eigenfrequency pairs of v1,3=±v01, and
v2,4=±v02. In the gyrator-based circuit, the angular
eigenfrequencies are determined as [58]

v1;3 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

aþ b
p

; v2;4 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

a� b
p

; ð5Þ

a ¼ 1
2

v
2
01 þ v

2
02 þ

R2
g

L1L2

 !

: ð6Þ

b2 ¼ a2 � v
2
01v

2
02: ð7Þ

Based on equation (5), the EPD can be obtained when
b=0 and the corresponding EPD angular frequency is
ve ¼

ffiffiffi

a
p

. Here we consider EPD with real eigenfrequency,

so a is a positive value. The condition for real EPD
frequency is expressed as [58]

v
2
01 þ v

2
02 � v

2
gs > 0; ð8Þ

where the equivalent gyrator frequency is defined as
v
2
gs ¼ �R2

g= L1L2ð Þ for the series configuration [58]. To
obtain an EPD in this configuration using equations (6),
and (7) the following equation should be satisfied [58],

v01 � v02ð Þ2 ¼ v
2
gs: ð9Þ

First, if v01 and v02 are purely real, the value of either
L1 or L2 should be negative to have the same sign on both
sides of equation (9). Thus, one of the resonators should
have a negative inductance to have a pure real v01 or v02.

Fig. 1. (a) The schematic illustration of the gyrator-based circuit with the ideal gyrator in series configuration. In this circuit, two
different LC resonators are used in a series configuration, coupled via an ideal gyrator. The sensitivity of the (b), (d), (f) real and
(c), (e), (g) imaginary parts of the eigenfrequencies to (b), (c) gyration resistance, (d), (e) positive capacitance C1 (f), (g) positive
inductance L1 perturbation. Solid lines: solution of eigenvalue problem of equation (2); green-dashed lines: Puiseux series
approximation truncated to its second term. Voltage v1 (t) under the EPD condition in the (h) time-domain, and (i) frequency-domain.
The frequency-domain result is calculated by applying an FFT with 106 samples in the time window of 0ms to 100ms. (j) Root locus of
zeros of Ztotal (v)= 0 showing the real and imaginary parts of resonance frequencies of the circuit when perturbing gyration resistance.
At the EPD, the system’s total impedance is Ztotal (v)∝ (v�ve)

2; hence it shows a double zero at ve.
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Second, if both v01 and v02 have imaginary values, the
selected values for L1 and L2 should have the same sign.
When L1 and L2 are positive,C1 andC2 should be negative,
or vice versa.

Finally, if only one of the v01 or v02 has imaginary value
and the other one has a real value, there are no conditions
to obtain an EPD [58]. In this section, we consider the first
case in which only one inductor and one capacitor in the
same resonator have a negative value so v2

gs is positive. The
required circuit to synthesize the negative components is
described in Appendix C.

The EPD frequency is calculated by using equations (5),
(6), and (7) as

ve ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2

v
2
01 þ v

2
02 � v

2
gs

� �

r

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v01v02
p

: ð10Þ

The EPD condition can be satisfied by many different
combinations of component values, and we will use this set of
values for components as an example: L1=33 mH, L2=
�33 mH, C2=�33 nF, and Rg=100 V. Then, the capaci-
tanceC1 is determinedby solving thequadratic equation from
theEPDcondition, i.e.,b=0.Thereare twodifferentvaluesof
the capacitanceC1 in thefirst resonator that satisfies theEPD

condition, and we select C1=1.90 nF for this example. The
real and imaginary parts of eigenfrequencies calculated from
the eigenvalue problem by perturbing the gyrator resistance
Rg near the EPD value of 100 V are shown in Figures 1b
and1c. In this example,wehaveve=1.95� 106 rad/s and the
calculated eigenvalues are normalized to ve. In addition, the
calculated results in Figures 1d and 1e show the real and
imaginary parts of eigenvalue by perturbing the positive
capacitanceC1 in the left resonator. Finally, by changing the
positive inductance, the real and imaginary parts of
eigenfrequencies are shown in Figures 1f and 1g. To confirm
the calculated results and show the sensitivity of the
eigenvalues to external perturbation, the eigenfrequencies
are also calculated by the Puiseux fractional power series
expansion.Moredetails about thismethodare inAppendixD.
Theapproximated results calculatedby thePuiseux series are
shownby the greendashed lines inFigures 1b–1g,which show
agoodagreementwith the solutionsof theeigenvalueproblem
inequation (2). In theapproximatedresults, the coefficientsof
the Puiseux series are calculated as, a1= j2.14� 106 rad/s,
and a2=�1.17� 106 rad/s when perturbing Rg, a1=
j1.74� 106 rad/s, and a2=�1.26� 106 rad/s when per-
turbingC1, and a1= j8.52� 102 rad/s, and a2=�6.74� 105

rad/s when perturbing L1. The results in Figures 1b–1g

Fig. 2. (a) The schematic illustration of the gyrator-based circuit with the ideal gyrator in third-order configuration. In this circuit,
three different LC resonators are coupled via two different ideal gyrators. The sensitivity of the (b), (d), (f), (h) real and (c), (e), (g), (i)
imaginary parts of the eigenfrequencies to (b), (c) gyration resistance of the first gyrator Rg1, (d), (e) gyration resistance of the second
gyrator Rg2, (f), (g) positive capacitance C1 (h), (i) positive inductance L1 perturbation. Solid lines: solution of eigenvalue problem of
equation (14); green-dashed lines: Puiseux series approximation truncated to its second term.
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demonstrate that by perturbing Rg, C1, and L1, the
eigenfrequencies in the gyrator-based circuit always show
an analogous behavior. So, by individual variation of the
components value, the real parts of the eigenfrequencies split
when the value is smaller than the EPD value, and the
imaginary parts of the eigenfrequencies split when the value
is bigger than the EPD value.

Furthermore, Figures 1h and 1i show the time-domain
and frequency-domain simulation results obtained with the
Keysight ADS time-domain circuit simulator. The calcu-
lated results in these two plots are the voltage y1 (t) in the
left gyrator port and its frequency spectrum, where we use
1mV as an initial voltage on the left capacitor C1.
According to Figure 1h, the voltage increases linearly,
which is an important aspect peculiar to an EPD. This
typical signal is the inverse Laplace transform of a double
pole, i.e., the result of coalescing circuit eigenvalues and
eigenvectors corresponds to adouble pole (or a double zero of
thetotal circuitadmittance).A lineargrowthdemonstratesa
second-orderEPDwith real frequency in the circuit.Wetake
the fast Fourier transform (FFT) of the voltage y1 (t) to
calculate the frequency spectrum, with 106 samples in the
timewindowof 0ms to 100ms, and the calculated spectrum is
illustrated inFigure 1i.According to the frequency spectrum
of thesignal, theoscillationangular frequencycorresponds to
ve=1.95� 106 rad/s, that is the same as the one obtained
from solving the eigenvalue problem. In this example, we
used lossless components in the circuit. A complete
investigation showing the effect of losses in the series
configuration is presented in [58].

The following part demonstrates how the EPD regime
is related to a specific type of circuit’s resonance, which can
be found directly in a frequency-domain analysis of the
circuit. The transferred impedance on the left side of the
gyrator is expressed as (see Figure 1a)

Ztrans vð Þ ¼
R2

g

Z2
: ð11Þ

In the above equation, Z2 (v)= jvL2+1/(jvC2) is the
series impedance on the right side of the gyrator. The
total impedance observed from the circuit input port
(see Figure 1a) is calculated by

Ztotal vð Þ ¼ Z1 vð Þ þ Ztrans vð Þ; ð12Þ

where Z1 (v)= jvL1+1/(jvC1) is the series impedance
connected to the left side of the gyrator. The complex-
valued resonant frequencies are obtained by imposing
Ztotal (v)= 0. The real and imaginary parts of calculated
resonance frequency by finding the zeros of such total
impedance Ztotal (v) for various gyration resistance values
are shown in Figure 1j. When the gyration resistance is
equal to the corresponding EPD value, the two zeros
coincide with the EPD angular frequency ve, that is also
the point where the two curves in Figure 1j meet where
Ztotal (v)∝ (v�ve)

2. For gyrator resistances such that
Rg<Rg,e, two resonance angular frequencies are purely

real. Instead, for Rg>Rg,e, the two resonance angular
frequencies are complex conjugate. In other words,
depending on how the circuit is defined, the EPD frequency
coincides with double zeros (or double poles, depending on
what we look at) of the frequency spectrum.

2.2 Third-order EPD

In this section, we investigate the third-order EPD in the
gyrator-based circuit. Three series LC tanks are coupled
via two ideal gyrators to obtain third-order EPD, as shown
in Figure 2a. We write the Kirchhoff voltage law equations
in three loops as

Q1

::

¼ − 1
C1L1

Q1 þ
Rg1

L1
Q2

:

Q2

::

¼ − 1
C2L2

Q2−
Rg1

L2
Q1

:

þRg2

L2
Q3

:

Q3

::

¼ − 1
C3L3

Q3−
Rg2

L3
Q2

:

:

8

>

>

>

>

>

<

>

>

>

>

>

:

ð13Þ

In these equations, Qn is the stored charge in the
capacitor Cn (n=1 for the left resonator, n=2 for the
middle resonator, and n=3 for the right resonator). In this
circuit, we consider two different values for the gyration
resistance of two gyrators. The state vector for the third-
order circuit is conveniently defined as

C≡ Q1;Q2;Q3;Q
:

1;Q
:

2;Q
:

3

h iT
. Finally, the circuit’s equa-

tions are written in Liouvillian form as

dC
dt

¼ MC; ð14Þ

M ¼

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

�v
2
01 0 0 0

Rg1
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0 �v
2
02 0 �Rg1

L2
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0 0 �v
2
03 0 �Rg2
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7
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; ð15Þ

whereM is the six-by-six circuit matrix for the third-order
circuit. Moreover, v01 ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi

C1L1
p

, v02 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi

C2L2
p

, and
v03 ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi

C3L3
p

are resonance angular frequencies of three
isolated resonators (without coupling). The characteristic
equation is expressed by

v
6 � v

4
R2

g2

L2L3
�

R2
g1

L1L2
þ v

2
01 þ v

2
02 þ v

2
03

 !

þv
2

R2
g2v

2
01

L2L3
�
R2

g1v
2
03

L1L2
þ v

2
01v

2
02 þ v

2
01v

2
03 þ v

2
02v

2
03

 !

�v
2
01v

2
02v

2
03 ¼ 0: ð16Þ

K. Rouhi et al.: EPJ Appl. Metamat. 9, 8 (2022) 5



For Rg1=0 and Rg2=0, the three series resonators are
uncoupled, and the three circuits have three angular
eigenfrequency pairs of v1,4=±v01, v2,5=±v02, and
v3,6=±v03. Asanexample,weusethe followingcomponent
values to obtain third-order EPD: L1=1 mH, L2=
�33.33 mH, L3=3.33 mH, C1=3 mF, C2=�30 nF,
C3=0.1 nF,Rg1=3.33 VandRg2=333.33 V.Theobtained
EPD frequency that corresponds to the mentioned compo-
nent values is ve=106 rad/s. The calculated results in
Figures 2b and 2c show the real and imaginary parts of
perturbed eigenfrequencies by solving the eigenvalue
problem presented in equation (14). In these two plots,
the first gyration resistance Rg1 is perturbed near the
EPD, and the calculated eigenfrequencies are normalized
to the corresponding EPD frequency. Also, Figures 2d
and 2e show analogous results by perturbing the second
gyration resistance Rg2. Let’s consider the first resonator
to be a sensing resonator. We can quantify its perturba-
tion due to variations of external parameters in the
surrounding environment by measuring the changes in
the eigenfrequencies. The calculated eigenfrequencies
when perturbing either the capacitance or the inductance in
the first resonator are displayed in Figures 2f and 2g and
Figures 2h and 2i, respectively. The eigenfrequencies near
the EPD are also estimated by using the Puiseux fractional
power series expansion, as explained in Appendix D.
According to the computed values in Figures 2b–2i,
eigenfrequencies always have a negative imaginary part that
shows instability. The green dashed lines in Figures 2b–2i
represent the estimated results by the Puiseux series, which
exhibit good agreement with the eigenvalues obtained
directly from the eigenvalue problem in equation (14). The
coefficient of the Puiseux series are calculated as, a1=
5.50� 105 rad/s, and a2=�5.05� 104 rad/s when perturb-
ing Rg1, a1=2.75� 105+ j4.77� 105 rad/s, and a2=
�1.77� 105+ j3.06� 105 rad/s when perturbing Rg2,
a1=1.73� 105+ j3.00� 105 rad/s, and a2=7.01�
104� j1.21� 105 rad/s when perturbing C1, and finally
a1=2.50� 105+ j4.33� 105 rad/s, and a2=6.25�
104� j1.08� 105 rad/s when perturbing L1.

3 EPD in parallel configuration

This section analyzes various types of second-order EPD in
the parallel configuration. First, we show the general
condition for second-order EPD in the parallel configura-
tion and complement the theoretical calculations using
time-domain circuit simulators. Second, we show how to
get an EPD with real frequency by coupling two unstable
resonators, i.e., imaginary resonance frequencies. Next, we
show how to obtain anEPD associated with instability, i.e.,
where the EPD frequency is purely imaginary. Finally, we
get EPD in a circuit that two stable resonators coupled via
asymmetric gyrator compared to the symmetric case.

3.1 Second-order EPD

In this configuration, two parallel LC tanks are coupled by
an ideal gyrator, as displayed in Figure 3a. We first write
the Kirchhoff current law equations describing current and

voltages in terms of charges [58]

Q1

::

¼ − 1
C1L1

Q1 þ
1

RgC2
Q2

:

Q2

::

¼ − 1
C2L2

Q2−
1

RgC1
Q1

: :

8

>

>

<

>

>

:

ð17Þ

Introducing the state vector as C≡ Q1;Q2;Q
:

1;Q
:

2

h iT

analogously to what was defined in the series configuration,
leads to the following system of equations [58]

dC
dt

¼ MC; ð18Þ

M ¼

0 0 1 0
0 0 0 1

�v
2
01 0 0

1
RgC2

0 �v
2
02 � 1

RgC1
0

2

6

6

6

6

6

4

3

7

7

7

7

7

5

: ð19Þ

The eigenfrequencies of the circuit are evaluated by
solving the characteristic equation [58]

v
4 � v

2
v
2
01 þ v

2
02 þ

1

C1C2R
2
g

 !

þ v
2
01v

2
02 ¼ 0: ð20Þ

All the coefficients are real, so v and v
* are both roots of

the equation. Also, the characteristic equation is a
quadratic equation in v

2, so both v and �v are solutions.
The angular eigenfrequencies are determined as [58]

v1;3 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

aþ b
p

; v2;4 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

a� b
p

; ð21Þ

a ¼ 1
2

v
2
01 þ v

2
02 þ

1

C1C2R
2
g

 !

: ð22Þ

b2 ¼ a2 � v
2
01v

2
02: ð23Þ

Based on equation (21), the EPD can be achieved when
b=0andtheEPDangular frequency isve ¼

ffiffiffi

a
p

.Weassume
a> 0, sotheEPDhasarealangular frequency.Therefore, the
condition to get EPDwith real frequency is rewritten as [58]

v
2
01 þ v

2
02 � v

2
gp > 0; ð24Þ

where the equivalent gyrator frequency for the parallel
circuit is defined as v

2
gp ¼ �1= C1C2R

2
g

� �

. The following
condition must be achieved to obtain EPD based on
equations (21), (22), and (23), [58]

v01 � v02ð Þ2 ¼ v
2
gp: ð25Þ

We investigate three cases to select the components’
values. First, if v01 and v02 are purely real, so the value of
either C1 or C2 should be negative to have the same sign on
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both sides of equation (25). As a result, to have a real value
for v01 and v02, one resonator needs to be composed of both
negative C and L.

Second, if v01 and v02 have imaginary values, then C1

and C2 should have the same sign, either positive or
negative. In this case, each resonator is unstable when
uncoupled, and more details for this case are provided in
Section 3.2.

Lastly, if only one of the v01 or v02 is imaginary, and the
other is real; there is not any condition to obtain an EPD. In
this section, we consider the first case in which one capacitor
andone inductoronthe sameresonatorhaveanegativevalue
so v2

gp is positive. When the EPD condition is satisfied, two
eigenfrequencies coalesce at a real EPD angular frequency

ve ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2

v
2
01 þ v

2
02 � v

2
gp

� �

r

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v01v02
p

: ð26Þ

As an example, we use the following values for the
components: L1=33mH, L2=�33mH, C2=�33 nF, and
Rg=50V. The capacitanceC1 is determined by solving the
quadratic equation from the EPD condition. There are two
possible values of the capacitance C1 that satisfies the EPD
condition, and we select C1=15.43 nF in this example.
Then the corresponding value for EPD frequency is
calculated as ve=1.16� 106 rad/s. The calculated results
in Figures 3b and 3c show the real and imaginary parts of
the angular eigenfrequencies obtained from the eigenvalue
problem when varying the gyrator resistance near the
EPD. Moreover, the results in Figures 3d and 3e show the
real and imaginary parts of eigenfrequencies when varying
the positive capacitance C1. Then, by varying the positive
inductance L1, the real and imaginary parts of eigenfre-
quencies are shown in Figures 3f and 3g. All the angular
eigenfrequencies in the plots are normalized to the EPD

Fig. 3. (a) The schematic illustration of the gyrator-based circuit with the ideal gyrator in parallel configuration. In this circuit, two
different LC resonators are used in a parallel configuration, coupled via an ideal gyrator. The sensitivity of the (b), (d), (f) real and
(c), (e), (g) imaginary parts of the eigenfrequencies to (b), (c) gyration resistance, (d), (e) positive capacitance C1 (f), (g) positive
inductance L1 perturbation. Solid lines: solution of eigenvalue problem of equation (18); green-dashed lines: Puiseux series
approximation truncated to its second term. Voltage v1 (t) under the EPD condition in the (h) time-domain, and (i) frequency-domain.
The frequency-domain result is calculated by applying an FFT with 106 samples in the time window of 0 ms to 100 ms. (j) Root locus of
zeros ofYtotal (v)= 0 showing the real and imaginary parts of resonance frequencies of the circuit when perturbing gyration resistance.
At the EPD, the system’s total admittance is Ytotal (v)∝ (v�ve)

2; hence it shows a double zero at ve.
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angular frequency. In addition, the eigenfrequencies are
also estimated using the Puiseux fractional power series
expansion to show the sensitivity of angular eigenfrequencies
to perturbation. Appendix D provides additional details on
this method. The calculated eigenfrequencies using the
Puiseux fractional power series expansion are shown by the
greendashed lines inFigures3b–3g.Theapproximatedresults
show excellent agreement compared to the solutions of the
eigenvalue problem of equation (18). The coefficients of the
Puiseux series up to second order are calculated as, a1=
3.13� 105 rad/s, and a2=4.24� 104 rad/s when perturbing
Rg, a1= j3.26� 105 rad/s, and a2=�3.35� 105 rad/s when
perturbing C1, a1= j3.94� 105 rad/s, and a2=�3.57�
105 rad/s when perturbing L1. According to the obtained
eigenfrequencies in Figures 3b and 3c, by varyingRg, the real
part of the eigenfrequencies split when Rg>Rg,e and the
imaginary part of the eigenfrequencies splits when Rg<Rg,e.
In addition, the results in Figures 3d–3g show that by
perturbing C1 and L1, the dispersion diagram exhibits an
analogous frequency behavior.

The time-domain simulation is provided using the
Keysight ADS time-domain circuit simulator, and the
voltage on the node v1 is shown in Figure 3h. In
the simulation, we use 1mV as an initial voltage on the
left capacitor C1 and we use an ideal gyrator model. The
voltage increases linearly with time, indicating that
two circuit eigenfrequencies are coalescing, and the system
signal is described by a double pole. The spectrum is
calculated by using the FFT of the voltage v1 (t) with 106

samples in the timewindowof 0ms to 100ms, and the result is
shown in Figure 3i. According to Figure 3i, the oscillation
frequencycorresponds tove=1.16�106 rad/s,hencethere is
a very good agreement with the theoretical EPD angular
frequency. In this example, the components are lossless.

We demonstrate how the EPD is related to the circuit’s
resonance, which can be recognized directly in a frequency-
domain analysis. We calculate the circuit’s total input
admittance Ytotal (v) using the same method as we did for
the series configuration. We define the admittances of the
resonators as Y1= jvC1+1/(jvL1), and Y2= jvC2+1/
(jvL2). Then the transferred admittance on the left side is
calculated by (see Figure 3a)

Y trans vð Þ ¼ 1

R2
gY 2

: ð27Þ

The total admittance observed from the circuit input
port (see Figure 3a) is calculated by

Y total vð Þ ¼ Y 1 vð Þ þ Y trans vð Þ: ð28Þ

The resonant angular frequencies are obtained by
solving Ytotal (v)= 0. The resonance frequencies by per-
turbing gyration resistance values are calculated in
Figure 3j, normalized to the EPD angular frequency.
Considering the gyrator resistance value at the EPD, two
zeros coincide, representing the point where the two curves
meet exactly at the EPD angular frequency. According to
Figure 3j, for Rg<Rg,e, the resonance angular frequencies
are complex conjugate pairs, and for Rg>Rg,e, the
resonance angular frequencies are purely real.

3.2 Stable EPD frequency via unstable uncoupled

resonators

This section employs unstable resonators to obtain an EPD
with real eigenfrequency. In other words, we study the case
of two unstable resonators coupled via an ideal gyrator.
This issue can be investigated in both series and parallel
configurations; here, we look at the case with the parallel
configuration. A comprehensive analysis of the unstable
resonators for series configuration is presented in [57]. The
analysis in this section is analogous to one in Section 3.1.
Each resonator should have only one component with a
negative value to have an unstable resonance frequency.
Without loss of generality, we consider a negative value for
both inductances and a positive value for both capaci-
tances; hence, v

2
gs has negative value. Based on the

condition for EPD (b=0) and by using equation (23), the
first and second terms in equation (22) are negative, and
the third term is positive. According to equation (26), if
jv2

01 þ v
2
02j < v

2
gp the calculated EPD frequency will be

real, and if jv2
01 þ v

2
02j > v

2
gp, the EPD frequency yields an

imaginary value.
In order to obtain EPD with real frequency by using

unstable resonators, we use the following set of values for
components: L1=�33mH, L2=�33mH, C1=2.32nF,
C2=33nF, and Rg=25V. Therefore, both v

2
01 and v

2
02 have

negative values, with v01=�j3.62� 106 rad/s, and v02=
�j9.58� 105 rad/s. The used value for components leads to a
real EPD angular frequency of ve=1.86� 106 rad/s. The
normalized eigenfrequencies by solving the eigenvalue
problem of equation (18) while perturbing Rg, C1, and L1

are shown in Figures 4a–4f. In addition, the eigenfrequencies
are estimated using the Puiseux fractional power series
expansion to confirm the calculated results.More information
for the Puiseux series is provided in Appendix D. The
calculatedeigenfrequenciesusing thePuiseuxseriesaredrawn
by the green dashed lines in Figures 4a–4f. To calculate the
estimated eigenfrequencies, the coefficients of the Puiseux
series are calculated as, a1= j3.24� 106 rad/s, and a2=
�2.81� 106 rad/s when perturbing Rg, a1= j1.05�
106 rad/s, and a2=�7.60� 105 rad/s when perturbing C1,
a1=2.03� 106 rad/s,anda2=6.46� 105 rad/swhenperturb-
ing L1. The calculated results in Figures 4a–4d demonstrate
that by perturbingRg andC1, the circuit shows the analogous
frequency behavior. So, when the component value is smaller
thantheEPDvalue, therealpartsof theeigenfrequencies split,
and when the component value is bigger than the EPD value,
the imaginary parts of the eigenfrequencies split. According to
the obtained eigenfrequencies in Figures 4e and 4f, by varying
L1, the real part of the eigenfrequencies split when L1>L1,e

and the imaginary part of the eigenfrequencies split
when L1<L1,e.

We use the Keysight ADS circuit simulator to analyze
the time-domain response of the circuit under EPD
conditions. The transient response of the coupled reso-
nators with the ideal gyrator is simulated using the time-
domain solver with an initial condition v1 (0)= 1mV,
where v1 (t) is the voltage of the capacitor in the left
resonator (see Figure 3a). Figure 4g shows the time-domain
simulation results of the voltage v1 (t). The voltage is
obtained in the period of 0ms to 100ms. As previously
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stated, the solution of the eigenvalue problem at the EPD
differs from any other regular frequency in the dispersion
diagram because the circuit matrix contains repeated
eigenvalues associated with one eigenvector. As a result,
the voltage increases linearly with increasing time, while
the oscillation frequency remains constant. It is the
consequence of coalescing eigenvalues and eigenvectors,
which correspond to a double pole or a zero in the circuit,
depending on the observed parameter. The spectrum is
calculated by using the FFT of the voltage v1(t) with 106

samples in the time window of 0ms to 100ms, and the
calculated result is shown in Figure 4h. According to
Figure 4h, the oscillation frequency corresponds to ve=
1.86� 106 rad/s, so there is a very good agreement with the
theoretical EPD angular frequency. In the presented
example, all components were ideal, and we did not
consider any lossy element in the circuit. A comprehensive
study for the effect of losses in the stability of the circuit
with unstable resonators is presented in [57].

3.3 Unstable EPD frequency

Sofar,wehave focusedontheEPDwithreal frequency,which
is a practical case due to the stability of the resonance
frequency. This section analyzes the case with unstable EPD
frequency, i.e., EPD with imaginary frequency. Here we
investigate the example for second-order EPD in the parallel
configuration. The required analysis in this section is the
same as the discussion presented in Section 3.1. The only

difference is that the selected value for components leads to
imaginary EPD frequency.

As an example, we use the following values for the
components: L1=15mH, L2=�50mH, C2=�15 nF, and
Rg=25V. The capacitance C1 is obtained by solving the
quadratic equation from the EPD condition. There are two
possible values for C1 that satisfies the EPD condition, and
we select C1=3.50 nF in this example. Then the
corresponding value for EPD frequency is calculated as
ve= j2.24� 106 rad/s, which shows that the circuit is
unstable at EPD. The results in Figures 5a and 5b show the
real and imaginary parts of perturbed eigenfrequencies
calculated from the eigenvalue problem when varying the
gyration resistance near the EPD. Also, the obtained
results in Figures 5c and 5d show the real and imaginary
parts of eigenfrequencies by perturbing the positive
capacitance C1. Then, by perturbing the positive induc-
tance L1, the real and imaginary parts of eigenfrequencies
are shown in Figures 5e and 5f. The calculated eigen-
frequencies in these plots are normalized to the absolute
value of imaginary EPD frequency. In addition, the
eigenfrequencies are calculated using the Puiseux fraction-
al power series expansion. Appendix D contains further
information on this method. The obtained eigenfrequencies
using the Puiseux series are shown by the green dashed
lines in Figures 5a–5f. The estimated results show perfect
agreement compared to the solutions of the eigenvalue
problem in equation (18). In the calculated estimated
eigenfrequencies, the coefficients of the Puiseux series are

Fig. 4. The sensitivity of the (a), (c), (e) real and (b), (d), (f) imaginary parts of the eigenfrequencies to (a), (b) gyration resistance,
(c), (d) positive capacitance C1 (e), (f) positive inductance L1 perturbation. Solid lines: solution of eigenvalue problem of equatoin (18);
green-dashedlines:Puiseuxseriesapproximationtruncatedto its secondterm.Here,bothresonatorsareunstable, i.e., resonance frequency
of resonators is purely imaginary. Voltage v1 (t) under the EPD condition in the (g) time-domain, and (h) frequency-domain. The
frequency-domain result is calculated by applying an FFT with 106 samples in the time window of 0 ms to 100 ms.
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calculated as, a1=3.90� 106 rad/s, and a2=�j3.39�
106 rad/s when perturbing Rg, a1=1.26� 106 rad/s, and
a2=�j9.16� 105 rad/s when perturbing C1, a1= j2.45�
106 rad/s, and a2= j7.78� 105 rad/s when perturbing L1.
Using the ideal model for the gyrator, the time-domain
simulation result for the node voltage v1 in Figure 5g is
obtained using the Keysight ADS circuit simulator. We use
1mV as an initial voltage on the capacitor C1. The voltage
exponentially increases over time without any oscillation,
indicating that the circuit is unstable.

3.4 Asymmetric Gyrator

In this section, two parallel LC tanks are coupled by an
asymmetric gyrator with the forward gyration resistance of
Rgf and backward gyration resistance of Rgb, as displayed in
Figure 6a. The concept of asymmetry in the gyrator is
discussed in Appendix E. We find the EPD condition by
writing the Kirchhoff current law equations and finding the
Liouvillian matrix. As a result, the following equations are
writtenbydescribingcurrentsandvoltages intermsofcharges

Q
::

1 ¼ −
1

C1L1
Q1 þ

1
RgbC2

Q
:

2

Q
::

2 ¼ −
1

C2L2
Q2−

1
RgfC1

Q
:

1

:

8

>

>

<

>

>

:

ð29Þ

By defining the state vector as C≡ Q1;Q2;Q
:

1;Q
:

2

h iT
, we

represent equations in Liouvillian form

dC
dt

¼ MC; ð30Þ

M ¼

0 0 1 0
0 0 0 1

�v
2
01 0 0

1
RgbC2

0 �v
2
02 � 1

RgfC1
0

2

6

6

6

6

6

4

3

7

7

7

7

7

5

: ð31Þ

The eigenfrequencies of the circuit are calculated by
solving the below characteristic equation

v
4 � v

2
v
2
01 þ v

2
02 þ

1
RgbRgfC1C2

� �

þ v
2
01v

2
02 ¼ 0: ð32Þ

Then the angular eigenfrequencies are determined as

v1;3 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

aþ b
p

;v2;4 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffi

a� b
p

; ð33Þ

a ¼ 1
2

v
2
01 þ v

2
02 þ

1
C1C2RgbRgf

� �

: ð34Þ

b2 ¼ a2 � v
2
01v

2
02: ð35Þ

According to equation (33), the EPD is achieved
when b=0. The following condition must be met to achieve
EPD in the asymmetric configuration using equations (34),
and (35)

v01 � v02ð Þ2 ¼ � 1
C1C2RgbRgf

: ð36Þ

Fig. 5. Thesensitivityof the (a), (c), (e) real and(b), (d), (f) imaginarypartsof the eigenfrequencies to (a), (b) gyration resistance, (c), (d)
positive capacitance C1 (e), (f) positive inductance L1 perturbation. Solid lines: solution of eigenvalue problem of equation (18);
green-dashed lines:Puiseux series approximation truncated to its second term.Here, theEPD frequency is unstable, i.e.,EPD frequency is
purely imaginary. (g) Voltage v1 (t) for the unstable EPD condition in the time-domain, which increases exponentially over time.
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When the EPD condition is satisfied, two eigenfre-
quencies coalesce at a real EPD angular frequency

ve ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
2

v
2
01 þ v

2
02 þ

1
C1C2RgbRgf

� �

s

¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v01v02
p

: ð37Þ

Here we use the values derived for parallel configuration
in Section 3.1 where L1=33mH, L2=� 33mH,
C1=15.43 nF, C2=� 33 nF, Rgf=100V, and Rgb=100V.
Then the EPD frequency is calculated as ve=1.16�
106rad/s. The results in Figures 6b and 6c show the real and
imaginary parts of perturbed eigenfrequencies obtained
from the eigenvalue problem of equation (30) when varying
the forward gyrator resistance near the EPD value and
Figures 6d and 6e are eigenfrequency evolution by varying
the backward gyration resistance. All the obtained
eigenfrequencies in the mentioned plots are normalized
to the EPD frequency. In addition, the eigenfrequencies are
calculated using the Puiseux fractional power series
expansion to measure the sensitivity of the eigenfrequen-
cies to perturbation, and the calculated eigenfrequencies
are drawn by the green dashed lines. Appendix D provides
additional information on this method. In the presented
estimated result, the coefficients of the Puiseux series are
calculated as, a1=2.21� 105 rad/s, and a2=2.12�
104 rad/s when perturbing Rgb or Rgf. As we demonstrate
for symmetric case in Section 3.1, by varying Rg, the real
part of the eigenfrequencies split when Rg>Rg,e, and the
imaginary part of the eigenfrequencies split when Rg<Rg,e.
In addition, the calculated eigenfrequencies in Figures 6b–6e
demonstrate that by perturbing Rgf and Rgb, the gyrator-
based circuit shows the analogous frequency behavior. On
the other hand, we know that higher sensitivity is achieved
when the bifurcation of the dispersion diagrams iswider [60].

So, by comparing the symmetric and asymmetric cases, it is
clear that the symmetric case is more sensitive than the
asymmetric case.

4 Conclusion

We have provided a comprehensive description of a new
technique based on using gyrators and resonators to get
EPDs. This new method opens up a new way to realize
EPDs offering many new circuit configurations comple-
mentary to those satisfying PT symmetry.

We have shown various circuits based on resonators
coupled via gyrators that support an EPD, where some
resonators are made of negative inductance and negative
capacitance that can be realized using operational
amplifiers. We have provided the theoretical conditions
for second-order EPD to exist with either purely real or
imaginary frequency. We have complemented our theoret-
ical calculations with time-domain circuit simulations,
showing an excellent agreement. We have shown how to
obtain a stable second-order EPD by using two unstable
(when isolated) coupled resonators and also using two
stable resonators coupled via an asymmetric gyrator. We
have demonstrated that the eigenfrequencies are extremely
sensitive to the circuit’s perturbation, which may have
important implications for ultrasensitive sensing technolo-
gies and RF sensors. An important feature is that when we
perturb a circuit component (e.g., a capacitor), the circuit
provides two shifted frequencies with real values, contrary
to the case of EPD based on PT symmetry where the two
shifted frequencies are complex valued.

In this paper, the lossless circuits are analyzed, whereas
the effects of additional loss or gain on each resonator for
some configurations have been investigated in [57,58]. Any

Fig. 6. (a) The schematic illustration of the gyrator-based circuit with the assymetric gyrator in parallel configuration. The sensitivity
of the (b), (d), real and (c), (e), imaginary parts of the eigenfrequencies to (b), (c) forward gyration resistance and (d), (e) backward
gyration resistance. Solid lines: solution of eigenvalue problem of equation (30); green-dashed lines: Puiseux series approximation
truncated to its second term.
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loss or gain in the circuit leads to complex-valued
eigenfrequencies, which cause instability and start an
oscillatory regime. To prevent the circuit from saturating
and still using the high sensitivity advantage, we could
switch on and off the circuit and work in the transient
regime as was done in [27].

Higher sensitivity is achieved using third-order EPD,
with the important property that the circuit is always
unstable, which is a feature that can be exploited to make
an oscillator based on an EPD. Based on duality theory, all
the cases mentioned above can be explored for both series
and parallel resonators. Calculating the relevant Puiseux
fractional power series expansion for all the cases shows the
EPD’s occurrence and the circuit’s sensitivity when
operating at the EPD. We believe that the demonstrated
results pave the way for conceivable new operation
strategies for boosting the overall performance of high-
sensitive sensors.

This material is based upon work supported by the National
Science Foundation (NSF) under Grant No. ECCS-1711975 and
by the Air Force Office of Scientific Research (AFOSR) Grant
No. FA9550-19-1-0103.

Appendix A: Gyrator implementation

A gyrator is a nonreciprocal component, so any gyrator
network should include at least one nonreciprocal compo-
nent [61]. The gyrator network can be realized using a
medium consisting of particles carrying permanent electric
and permanent magnetic dipoles or through a gyromagnetic
effect of a ferromagnetic medium [37]. There is an apparent
need to develop a gyrator circuit that is antireciprocal with
extremely low input and output impedances [37]. Various
methods of realization are suggested for the gyrator, such as
theHall-effectgyrator,butthemostpracticalare thosebased
on transistors or other electronic active devices designed to
operate as amplifiers.

Nowadays, the well-known nonreciprocal component is
a transistor or a combination of transistors as integrated
opamps. These components are found in almost all suitable
gyrator circuits [61]. Also, it is not possible to implement an
efficient gyrator with only one amplifier [61]. Many
published transistor-based gyrator circuits can be inte-
grated [38–45], but because a special-purpose integrated
circuit must be manufactured, the cost per device is
expected to be significant. However, integrated-circuit
opamps are commonly available as off-the-shelf compo-
nents, and they are inexpensive, so they can be used to
design practical gyrators [46–53]. As a result, they may be
used to make low-cost hybrid gyrator circuits.

The ideal gyrator’s admittance matrix may be divided
up to realize a gyrator as [42,44]

0 Gg

�Gg 0

� �

¼ 0 Gg

0 0

� �

þ 0 0
�Gg 0

� �

: ðA1Þ

Voltage-controlled current sources can be used to
make the two independent off-diagonal transconductan-
ces. This can be achieved by connecting two amplifiers to
make a closed loop. In this circuit, the first amplifier has a
phase change from input to the output of zero, while the
second has p. Moreover, the input and output impedances
of each amplifier are both high. The main diagonal terms
on the gyrator matrix are kept to small magnitudes by
high impedances [42]. In [42], a gyrator in an integration-
ready form has been built. The proposed gyrator could
make inductances with Q-factors of 500 produced by
capacitors, and the circuit is highly stable. By providing
an active feedback path, Shenoi has developed a gyrator
circuit with only three transistors [45]. The circuit
operates as a two-way feedback system with transfer
admittance parameters equal in magnitude and opposite
in phase [45]. Sheahan et al. also created a high-quality
gyrator that can operate at frequencies up to 100 kHz [38].
This circuit allows temperature-independent and high
Q-factor inductance generation from a low-loss, integrat-
able capacitor [38]. In [44], the design of a new integratable
high-performance direct-coupled gyrator circuit is
explained, as well as other design features. Simulated
inductances of up to 200 H are reached in the proposed
design, with stable Q-factors of several thousand.
Yanagisawa et al. propose a straightforward way for
constructing an active gyrator based on two controlled-
current sources [39]. A simplified experiment features
inherent negative input and output resistances in this
work, leading to optimal impedance-inverting properties.
Moreover, in [40], an integrated gyrator circuit uses one
diode, 12 resistors, and nine transistors (two of them are
lateral PNP). The gyration resistance, input impedance,
and resonant-circuit Q-factor obtained from experimental
data show outstanding agreement with theory [40].

Because of the current state of technology, opamp-
based gyrators are the most feasible design method for
gyrators. For instance, Antoniou designed an ideal
negative-impedance invertor using a voltage-controlled
voltage source [46]. A practical circuit based on an opamp is
used to demonstrate the suggested technique. To develop
new gyrator circuits, it is used with negative-impedance
convenors [46]. In [50], negative-impedance convertors and
negative-impedance invertors are used to make equivalent
circuits for gyrators. This paper presents a stability
analysis of gyrator circuits, as well as a proof of a relevant
passivity theorem [50].

Finally, one of the most practical and straightforward
circuits to realize an ideal gyrator using opamp is proposed
in [53]. A capacitively terminated opamp-based gyrator
circuit model is derived using a typical range of amplifier
specifications. Also, amplifier imperfections such as finite
input and output resistances, as well as finite frequency-
dependent amplification, are also taken into account in this
model [53]. Experimentation and an exact computer-based
analysis are used to confirm the model’s validity. The
model demonstrates how each amplifier imperfection
affects the gyrator circuit’s performance. By using ideal
amplifiers, the Y-parameters of the gyrator circuit are
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obtained as [53]

Y ¼
0

R4

R1R2

� 1
R3

0

2

6

4

3

7

5
; ðA2Þ

which Rn (n=1, … , 4) are the resistors used in the
proposed circuit [53]. All that is required to fabricate the
circuit is a thin-film or thick-film substrate with four
resistors and a chip dual. The amplifier and substrate are
affordable, resulting in a low-cost gyrator circuit. Further-
more, the presented results in [53] show that only one of the
four resistors can be trimmed to change the gyration
resistance.

The gyrator can also be realized at higher frequencies.
The nonreciprocal property of the Faraday effect is indeed
used to realize a microwave circuit element analogous to
Tellegen’s gyrator [62,63], using a combination of ferrite
material and twisted waveguide. Gyrators could be realized
by also using magnetless nonreciprocal metamaterial
[64,65].

Appendix B: Gyrator

A gyrator is a two-port component defined by its gyration
resistance value that connects an input port to an output
port. This two-port network converts circuits at the
gyrator output into their dual regarding the gyration
resistance value [53,66,67]. This component can cause a
capacitive circuit to behave inductively and a parallel LC
resonator to act like a series LC resonator. Gyrator enables
the development of two-port devices that would otherwise
be impossible to build with only the basic components, i.e.,
resistors, capacitors, inductors, and transformers. The
gyrator, unlike the other four conventional elements, is
nonreciprocal. Moreover, the gyrator could be considered a
more fundamental circuit component than the ideal
transformer because an ideal transformer can be
made by cascading two ideal gyrators, but transformers
cannot make a gyrator. The circuit symbol for this
component is illustrated in Figure B1a. The voltage on
one port is linked to the current on the other in an ideal
gyrator and vice versa. So, the voltages and currents are
converted by [45]

v2 tð Þ ¼ Rgi1 tð Þ
v1 tð Þ ¼ �Rgi2 tð Þ :

	

ðB1Þ

The gyration resistance Rg is the crucial parameter of
the gyrator, which has a unit of ohm, and it has a gyration
direction shown by an arrow in the circuit symbol.
Although a gyrator is defined by its gyration resistance
value, an ideal gyrator is a lossless element. A gyrator is a
nonreciprocal component that can be determined by an
antisymmetric impedance matrix as

Z
g ¼

0 �Rg

Rg 0

� �

: ðB2Þ

Also, we can characterize it by admittance matrix as

Y
g ¼

0 Gg

�Gg 0

� �

; ðB3Þ

where Gg=1/Rg is gyration conductance. The aforemen-
tioned equations show that the gyration impedance and
direction may be determined by connecting a voltage
source to one port and measuring the current through a
short circuit to another [68]. Therefore, we can model the
gyrator using two dependent current sources, as shown in
Figure B1b.

Appendix C: Impedance inverter
implementation

Many circuits can generate the negative capacitances and
inductances required by gyrator-based EPD circuits. Simple
opamp-based circuits can be used as impedance inverters.
Here, we show two well-known circuits that can be used
to achieve negative capacitance and inductance. The
circuit in Figure C1a converts the impedance Z (v) to
Zin (v)=�Z (v). When Z (v) in Figure C1a is a single
capacitor, i.e., Z (v)=1/(jvC), we obtain Zin (v)=
�1/(jvC) at the input port. Moreover, we realize a negative
inductance using a single capacitor. In this case, the
circuit displayed in Figure C1b is utilized, leading to
Zin (v)=�(R2C) jv. This scheme obtains the desired
negative inductance value by selecting proper values for
resistances and capacitance.

Appendix D: Puiseux fractional power series
expansion

The sensitivity of a system to a specific parameter may be
detectable where the perturbation on the system changes
observable quantities such as the system’s resonance
frequency. Changes in the system will be detected by
measuring frequency changes and determining their rela-
tionship to perturbation. Puiseux fractional power series
expansion helps us to find this relation for eigenvalues in the
vicinity of EPD. For EPDs, sensitivity is boosted because of

Fig. B1. (a) Gyrator schematic circuit symbol and correspond-
ing voltages, currents, and gyration resistance direction.
(b) Equivalent circuit for an ideal gyrator by using two dependent
current sources.
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the eigenvalue’s degeneracy. We consider a small perturba-
tion DX of a system parameter X as

DX ¼ X �Xe

Xe

; ðD1Þ

where Xe is the parameters’s value at EPD, and X is the
parameter’s value after applying perturbation. A pertur-
bation DX to a system parameter results in a perturbed
system matrix M DXð Þ, which results in perturbed
eigenfrequencies vp (DX) with p=1, … , n close to the
n-th order EPD angular frequency. The perturbed
eigenfrequencies near an EPD are found using a Puiseux
fractional power series expansion [4]. A Puiseux series is a
generalized power series with fractional and negative
exponents in one variable. The Puiseux fractional power
series expansion of vp (DX) is defined by [69]

vp DXð Þ≈ve þ
X

∞

k¼1

ak ej
2p
n

� �p

DX

1
n

� �k

; ðD2Þ

where the first two coefficients for the second-order
approximation are expressed as [69]

a1 ¼ �
∂H DX ;vð Þ

∂DX

1
n!

∂nH DX ;vð Þ
∂vn

 !

1
n

; ðD3Þ

a2 ¼ �
a
nþ1
1

1
nþ 1ð Þ!

∂nþ1H DX;vð Þ
∂vnþ1

þ a1
∂2H DX;vð Þ

∂v∂DX

nan�1
1

1
n!

∂nH DX;vð Þ
∂vn

� � :

ðD4Þ

The coefficients are calculated at the EPD, where
DX=0, v=ve, and H DX;vð Þ ¼ det M DXð Þ � jv Ið Þ.

In this paper, we utilize this series expansion for the
second-order and third-order EPD. For second-order EPD,
we express Puiseux fractional power series expansion by

vp DXð Þ≈ve þ a1 �1ð Þp
ffiffiffiffiffiffiffi

DX

p

þ a2DX; ðD5Þ

a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2
∂H DX ;vð Þ

∂DX

∂2H DX ;vð Þ
∂v2

v

u

u

t ; ðD6Þ

a2 ¼ −
a
2
1
1
6
∂3H ΔX;vð Þ

∂v3
þ ∂2H ΔX;vð Þ

∂v∂ΔX

∂2H ΔX;vð Þ
∂v2

: ðD7Þ

Moreover, for third-order EPD, we calculate Puiseux
fractional power series expansion by

vp DXð Þ≈ve þ a1 ej
2p
3

� �p ffiffiffiffiffiffiffi

DX
3
p

þa2 ej
4p
3

� �p
ffiffiffiffiffiffiffiffiffiffiffiffi

DXð Þ23
q

; ðD8Þ

a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�6
∂H DX ;vð Þ

∂DX

∂3H DX ;vð Þ
∂v3

3

v

u

u

t ; ðD9Þ

a2 ¼ −
a
3
1
1
24

∂4H ΔX;vð Þ
∂v4

þ ∂2H ΔX;vð Þ
∂v∂ΔX

a1
1
2
∂3H ΔX;vð Þ

∂v3

� � : ðD10Þ

Appendix E: Asymmetric gyrator

Although the gyrator is described by its gyration resistance
value with the unit of ohm, it is a lossless component. The
instantaneous power of the gyrator is calculated as

p tð Þ ¼ v1i1 þ v2i2 ¼ �Rgi2

 �

i1 þ Rgi1

 �

i2 ¼ 0: ðE1Þ

The gyrator can be generalized to an asymmetric form,
in which the forward and backward gyration resistances are
different. The asymmetric gyrator impedance matrix is
defined as

Z ¼ 0 �Rgf

Rgb 0

� �

; ðE2Þ

where Rgf is forward gyration resistance and Rgb is
backward gyration resistance. Devices for the condition
that Rgf does not equal Rgb are referred to as active
gyrators. Indeed, this is no longer a passive circuit
component since the net instantaneous power is different

Fig. C1. Impedance inverter circuit by using an opamp to obtain
(a) a negative capacitance, and (b) a negative inductance by using
single capacitor as a load.
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from zero,

p tð Þ ¼ v1i1 þ v2i2 ¼ �Rgfi2

 �

i1 þ Rgbi1

 �

i2

¼ i1i2 Rgb �Rgf


 �

≠ 0: ðE3Þ

This asymmetric network can be realized by the circuit
proposed in [53]. In order to realize asymmetric gyrator, we
should consider proper value for resistors, so we have [53]

Rgf ¼ R3

Rgb ¼
R1R2

R4

8

<

:

ðE4Þ

where Rn (n=1, … , 4) are the resistors used in the
proposed circuit for the gyrator [53].
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