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Abstract. The containment problem for symbolic and ordinary powers of ideals asks for what
values of a and b we have I(a) ⊆ Ib. Over a regular ring, a result by Ein–Lazarsfeld–Smith,
Hochster–Huneke, and Ma–Schwede partially answers this question, but the containments it
provides are not always best possible. In particular, a tighter containment conjectured by
Harbourne has been shown to hold for interesting classes of ideals — although it does not hold
in general. In this paper, we develop a Fedder (respectively, Glassbrenner) type criterion for F -
purity (respectively, strong F -regularity) for ideals of finite projective dimension over F -finite
Gorenstein rings and use our criteria to extend the prime characteristic results of Grifo–Huneke
to singular ambient rings. For ideals of infinite projective dimension, we prove that a variation
of the containment still holds, in the spirit of work by Hochster–Huneke and Takagi.

1. Introduction

Given an ideal I ⊆ R, its n-th symbolic power I(n) consists of the elements of R whose
image in RP are contained in InRP for all P ∈ Ass(R/I). In particular, if I is radical, I(n) is
obtained by collecting the minimal primary components of In (i.e., elements of R that vanish
generically of order n at each component of I). It is clear that In ⊆ I(n), but the two do not
coincide in general, and finding generators for I(n) is often a very difficult question. Comparing
the two graded families {In} and {I(n)} of ideals is a natural question, and the containment
problem asks for such a comparison: when is I(a) ⊆ Ib? When R is regular, Ein–Lazarsfeld–
Smith [ELS01], Hochster–Huneke [HH02], and Ma–Schwede [MS18a] gave an answer to the
containment problem by showing that for all radical ideals I ⊆ R,

I(hn) ⊆ In for all n ! 1

where h is the big height of I: the maximal height of an associated prime of I, which we will
denote throughout by bight(I).

These results are pioneered by work of Swanson [Swa00] showing that the containment prob-
lem has an answer for I, meaning that for every b there exists an a such that I(a) ⊆ Ib, if
and only if there exists a constant c such that I(cn) ⊆ In for all n ! 1. However, these results
do not fully settle the containment problem, and examples abound where the containments
can be improved. In prime characteristic p and when R is regular, the stronger containment
I(hq−h+1) ⊆ I [q] holds for all q = pe, while ideals I with I(hn−h) ⊈ In can easily be constructed
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for any given n and h = bight(I). Harbourne [BRH+09] asked what happens in the border
case: is it true that for all n ! 1 and all radical ideals I in a regular ring R we have

I(hn−h+1) ⊆ In?

In a surprising twist, Dumnicki, Szemberg, and Tutaj-Gasińska found a counterexample
to Harbourne’s conjecture [DSTG13], and soon both extensions of the original counterexample
and new families of counterexamples followed [HS15, MS18b, Dra17, Ake17, MS18b, CGM+16].
However, the counterexamples known at the time when this paper was written all correspond
to very special configurations in Pn, and Harbourne’s conjecture does hold for general sets
of points in P2 [BH10], P3 [Dum15], and other special configurations of points, such as the
star configurations [HH13]. In prime characteristic p, Grifo and Huneke [GH19] showed that
Harbourne’s conjecture holds for ideals defining F -pure rings, making use of Fedder’s Criterion
[Fed83]. For the subclass of ideals defining strongly F -regular rings, they showed that one can
replace the big height h ! 2 with h− 1. This yields equality of symbolic and ordinary powers
when h = 2.

When the ambient ring R is not regular, much less is known. Swanson’s work [Swa00] has
inspired a search for rings with the uniform symbolic topologies property, that is, rings with a
constant c not depending on the prime P such that P (cn) ⊆ P n for all n ! 1. It is conjectured
that a uniform c should exist in great generality, and while the question remains open in general,
it has been solved in many interesting cases [Wal18a, Wal18b, Wal16, CS20, HKV09, HK19].
The main goal of this paper is to extend the aforementioned results of Grifo and Huneke to

singular ambient rings. That is, instead of studying all radical ideals I ⊆ R, we focus on the
case that R/I is F -pure or strongly F -regular (but R need not be regular). Our first main
result is the following:

Theorem A (Theorem 3.11). Let R be an F -finite Gorenstein ring of prime characteristic p
and Q ⊆ R be an ideal of finite projective dimension with big height h. Then

(1) If R/Q is F -pure, then Q(hn−h+1) ⊆ Qn for all n ! 1.
(2) If R/Q is strongly F -regular and h ! 2, then Q((h−1)(n−1)+1) ⊆ Qn for all n ! 1.

In a regular ring, every ideal has finite projective dimension, hence the theorem above extends
[GH19, Theorem 3.2 and Theorem 4.1]. As a central ingredient of the proof of this result, we
extend Fedder’s Criterion [Fed83] for F -purity and Glassbrenner’s Criterion [Gla96] for strong
F -regularity to ideals of finite projective dimension in an F -finite Gorenstein local ring. We
believe these results will be of independent interest.

Theorem B (Corollaries 3.4 and 3.5). Let (R,m) be a local F -finite Gorenstein ring and let
Q ⊆ R be an ideal such that pd(R/Q) < ∞.

(1) R/Q is F -pure if and only if Q[pe] : Q ⊈ Ie(m) for some (equivalently every) e > 0.1

(2) R/Q is strongly F -regular if and only if for any c /∈ Q there exists e such that c(Ie(Q) :
Q) ⊈ Ie(m)

To show these results we generalize, to quotients of Gorenstein rings by ideals of finite pro-
jective dimension, Fedder’s key lemma on lifting p−1-linear maps in quotients of regular rings,
c.f. [Fed83, Corollaries to Lemma 1.6].

1Here Ie(m) is the set of elements r ∈ R such that φ(F e
∗
r) ∈ m for every φ ∈ HomR(F

e
∗
R,R).
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Theorem C (Lemma 3.1). Let R be a local F -finite Gorenstein ring and let Q ⊆ R be an
ideal of finite projective dimension. Then any map φ ∈ HomR/Q(F

e
∗ (R/Q), R/Q) lifts to a map

φ ∈ HomR(F
e
∗R,R).

For an arbitrary radical ideal I ⊆ R (i.e., not necessarily having finite projective dimension),
the containment I(hn) ⊆ In may easily fail for h = bight(I). However, Takagi [Tak06, Theorem
4.6] showed that we can always fix the failure of this containment by multiplying by a power of
the Jacobian ideal, tightening a result of Hochster and Huneke [HH02, Theorem 3.7 (b)]. In the
same spirit, we show that we can fix the failure of Harbourne-like containments by multiplying
by a power of the Jacobian ideal.

Theorem D (Theorem 4.6). Let R be a geometrically reduced equidimensional k-algebra finitely
generated over a field k of prime characteristic p. Let Q ⊆ R be an ideal and let J = J(R/k)
be the Jacobian ideal of R. Then

(1) If R/Q is F -pure and Q has big height h, then JnQ(hn−h+1) ⊆ Qn for all n ! 1.
(2) If R/Q is strongly F -regular and h ! 2 is at least the largest minimal number of gener-

ators of QRP for all P ∈ Ass(R/Q), then J2n−2Q((h−1)(n−1)+1) ⊆ Qn for all n ! 1.

Takagi’s result [Tak06] relies on a refinement of the subadditivity formula for test ideals.
Our method is different and it relates directly to the liftablity of p−1-linear maps; while not
every such map can be lifted from R/Q to R, we show that under various assumptions, every
p−1-linear map can be lifted after multiplication by elements in the Jacobian ideal (Lemma
4.5).

Finally, in Section 5, we extend a containment result by Takagi and Yoshida [TY08, Remark
3.4] involving F -pure thresholds to non-regular rings (see Theorems 5.1 and 5.2), and in Section
6, we provide some examples showing the sharpness of our result. Throughout this article, all
rings are commutative, Noetherian, with unity, and have positive prime characteristic p.

2. Preliminaries

In this section, we recall some definitions and collect some basic facts about the Frobenius
non-splitting ideals Ie(−). We use F e

∗R to denote the Frobenius pushforward of R, i.e., the
target of the natural Frobenius map R → F e

∗R. We say R is F -finite if F e
∗R is a finite R-

module.

Definition 2.1 (c.f. [AE05]). Suppose R is an F -finite ring. Let Q ⊆ R be an ideal and let
ϕ ∈ HomR(F

e
∗R,R). We define

Iϕe (Q) = {r ∈ R : ϕ(F e
∗ (rR)) ⊆ Q} .

Even without a fixed ϕ, we define

Ie(Q) = {r ∈ R : ϕ(F e
∗ r) ∈ Q for all ϕ ∈ HomR(F

e
∗R,R)} .

The ideals Ie can be viewed as a different way to generalize Q[pe] from the regular case to the
singular case. Indeed, it is straightforward to see that

Q[pe] ⊆ Ie(Q) ⊆ Iϕe (Q).

On the other hand, by [Fed83, Lemma 1.6], it follows that Q[pe] = Ie(Q) if R is regular. We will
generalize this result to radical ideals of finite projective dimension at the end of this section
in Lemma 2.8.
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Remark 2.2 (The Gorenstein case). WhenR is local F -finite and Gorenstein, HomR(F
e
∗R,R) ∼=

(F e
∗R) · Φe where Φe is the Grothendieck trace map. Therefore, in this case

Ie(Q) = {r ∈ R : Φe(F
e
∗ (rR)) ⊆ Q} = IΦe (Q).

We next recall the definitions of F -pure and strongly F -regular rings.

Definition 2.3. Let R be an F -finite ring. We say R is F -pure if the natural map R → F e
∗R

splits as a map of R-modules for one (or equivalently, all) e > 0. We say R is strongly F -regular,
if for every c not in any minimal prime of R, there exists e > 0 such that the map R → F e

∗R
sending 1 to F e

∗ c splits as a map of R-modules.

Lemma 2.4. Let R be a local F -finite Gorenstein ring and consider an ideal Q ⊆ R. The
map Φe(F

e
∗ r · −) ∈ HomR(F

e
∗R,R) induces a map in HomR/Q(F

e
∗ (R/Q), R/Q) if and only if

r ∈ (Ie(Q) : Q).

Proof. The map needs to send F e
∗Q to Q, which means Φe(F

e
∗ (rQ)) ⊆ Q. This happens if and

only if rQ ⊆ Ie(Q) by definition. □

Lemma 2.5. Let I, J and Q be ideals in R and ϕ ∈ HomR(F
e
∗R,R). Then for all q = pe,

ϕ F e
∗ (Ie(Q)I [q] : J [q]) ⊆ ϕ F e

∗ (I
ϕ
e (Q)I [q] : J [q]) ⊆ (QI : J) .

Proof. The first inclusion is trivial since Ie(Q) ⊆ Iϕe (Q). Let r ∈ Iϕe (Q)I [q] : J [q] . Then

ϕ(F e
∗ r)J = ϕ(F e

∗ (rJ
[q])) ⊆ ϕ F e

∗ (I
ϕ
e (Q)I [q]) = ϕ (F e

∗ (I
ϕ
e (Q))) I ⊆ QI. □

In the regular setting, Frobenius powers preserve associated primes, an idea which plays an
important role in [HH02]. This is no longer true in general. However, if we replace Frobenius
powers with Ie(−) ideals, then the analogous statement holds.

Lemma 2.6. For any ideal Q ⊆ R, we have Ass(R/Ie(Q)) ⊆ Ass(R/Q) for all e > 0. Moreover,
if R is F -pure then Ass(R/Ie(Q)) = Ass(R/Q).

Proof. First, note that since Q[q] ⊆ Ie(Q) for q = pe, associated primes of Ie(Q) contain Q[q]

and hence contain Q. Now given a prime P ⊇ Q, if P /∈ Ass(R/Q) then (Q : P ) = Q. Hence
by [PS19, Lemma 2.3 (7)],

Ie(Q) : (P )[q] = Ie(Q : P ) = Ie(Q).

This implies P /∈ Ass(R/Ie(Q)) and hence Ass(R/Ie(Q)) ⊆ Ass(R/Q).
Conversely, if P ⊇ Q and P /∈ Ass(R/Ie(Q)), then we have

Ie(Q) = Ie(Q) : P [q] = Ie (Q : P ) .

By [PS19, Corollary 2.4], this implies (Q : P ) = Q when R is F -pure, and hence P /∈ Ass(R/Q).
Thus Ass(R/Ie(Q)) = Ass(R/Q) when R is F -pure. □

Definition 2.7. Let I ⊆ R be an ideal and W be a multiplicative system. We denote by IW

those elements of R whose images in W−1R are contained in W−1I.

Lemma 2.8. Let Q ⊆ R be an ideal such that pd(R/Q) < ∞. Then (Q[q])W = Q[q] for all
q = pe, where W denotes the multiplicative system R−∪P∈Ass(R/Q)P . Moreover, if Q is radical

then we also have Ie(Q) = Q[q] for all q = pe.
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Proof. By [HH02, Lemma 2.2], Ass(R/Q) = Ass(R/Q[q]) since pd(R/Q) < ∞. The first asser-
tion follows immediately from this.

For the second assertion, notice that Q[q] ⊆ Ie(Q) and Ass(R/Q[q]) = Ass(R/Q) by [HH02,
Lemma 2.2], thus to show Q[q] = Ie(Q) it is enough to check that Q[q] = Ie(Q) after localizing
at each P ∈ Ass(R/Q[q]) = Ass(R/Q). But since pd(R/Q) < ∞ and Q is radical, RP is regular
and so Ie(Q)RP = Ie(QRP ) = Q[q]RP . □

We also need the following lemma which is a version of [GH19, Lemma 2.6] in the non-regular
setting, where again we replace Frobenius powers with Ie(−) ideals.

Lemma 2.9. Let Q ⊆ R be an ideal and let h be the largest minimal number of generators of
QRP for all P ∈ Ass(R/Q). Then for every n ! 1 and q = pe we have

Q(q(h+n−1)−h+1) ⊆ Ie(Q
(n)).

Proof. By Lemma 2.6, Ass R/Ie(Q
(n)) ⊆ Ass R/Q(n) , and Ass R/Q(n) = Ass (R/Q) by

definition of Q(n). Thus it is enough to show that the inclusion holds after localizing at asso-
ciated primes of Q. But after localizing at P ∈ Ass(R/Q), ordinary and symbolic powers of
Q are the same and by assumption we have that Q is now generated by h elements. Thus by
[HH02, Lemma 2.4] (see also [GH19, Lemma 2.5]), we have

Qq(h+n−1)−h+1RP ⊆ (Qn)[q]RP = (Q(n))[q]RP ⊆ Ie(Q
(n)RP ) = Ie(Q

(n))RP . □

3. Ideals of finite projective dimension

The goal of this section is to give Fedder-type criteria for F -purity and strong F -regularity of
quotients of F -finite Gorenstein rings and to apply these to obtain symbolic power containments
similar to [GH19].

3.1. A generalization of Fedder’s criterion. The following lemma on lifting Cartier maps
is the key ingredient we will use to extend Fedder’s criterion to singular ambient rings. We
believe this lemma is also of independent interest.

Lemma 3.1. Let R be a local F -finite Gorenstein ring and let Q ⊆ R be an ideal of finite projec-

tive dimension. Then any map φ ∈ HomR/Q(F
e
∗ (R/Q), R/Q) lifts to a map φ ∈ HomR(F

e
∗R,R).

Proof. Fix φ : F e
∗ (R/Q) → R/Q. Consider its Grothendieck dual, and note that since R is local

Gorenstein, ω•
R
∼= R:

φ∨ : RHomR(R/Q,R) → RHomR(F
e
∗ (R/Q), R).

Given a finite free resolution of R/Q,

G• : 0 → Rns → Rns−1 → · · · → Rn1 → R → 0,

we have RHomR(R/Q,R) ∼= G∗
•, and by duality RHomR(F

e
∗ (R/Q), R) ∼= F e

∗ (G
∗
•). Since G∗

• is
a finite complex of free R-modules, φ∨ can be realized as an honest map of chain complexes:
G∗

• → F e
∗ (G

∗
•). That is:

0 Rns∗ Rns−1∗ · · · Rn1∗ R∗ 0

0 F e
∗ (R

ns∗) F e
∗ (R

ns−1∗) · · · F e
∗ (R

n1∗) F e
∗ (R

∗) 0

.
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Now we apply HomR(−, R) to this diagram, we obtain:

0 Rns Rns−1 · · · Rn1 R R/Q 0

0 F e
∗R

ns F e
∗R

ns−1 · · · F e
∗R

n1 F e
∗R

φ

F e
∗ (R/Q)

φ

0

.

We claim that this diagram represents φ viewed as a map in HomD(R)(F
e
∗ (R/Q), R/Q). Since

the first row is a complex of finite free modules, applying HomR(−, R) is the same as applying
RHomR(−, R). For the second row, note that by duality

RHomR(F
e
∗R,R) ∼= F e

∗R
∼= HomR(F

e
∗R,R) ∼= h0(RHomR(F

e
∗R,R))

and hence F e
∗R is acyclic when applying RHomR(−, R). Therefore, applying HomR(−, R) is

also the same as applying RHomR(−, R) to the second row (i.e., they represent the same object
in the derived category). This shows the diagram represents φ∨∨ = φ in the derived category. In
particular, φ is exactly the induced map on the zeroth cohomology of this diagram. Therefore

the map φ is a lift of φ to HomR(F
e
∗R,R) as desired. □

Remark 3.2. Srikanth Iyengar communicated to us an alternative proof of Lemma 3.1, which
we sketch here. Since R is F -finite Gorenstein and local, HomR(F

e
∗R,R) ∼= RHomR(F

e
∗R,R)2

and thus

HomR(F
e
∗R,R) ↠ HomR(F

e
∗R,R)⊗R (R/Q) ∼= h0(RHomR(F

e
∗R,R)⊗L

R (R/Q)).

Since pd(R/Q) < ∞, we know that

RHomR(F
e
∗R,R)⊗L

R (R/Q) ∼= RHomR(F
e
∗R,R/Q) ∼= RHomR/Q(F

e
∗R⊗L

R (R/Q), R/Q).

By [PS73, Théorème (I.7)], F e
∗R ⊗L

R (R/Q) ∼= F e
∗R ⊗R (R/Q) since pd(R/Q) < ∞. Now as

F e
∗R⊗R (R/Q) ↠ F e

∗ (R/Q), we have

HomR/Q(F
e
∗ (R/Q), R/Q)

↩→ HomR/Q(F
e
∗R⊗R (R/Q), R/Q)

= h0(RHomR/Q(F
e
∗R⊗L

R (R/Q), R/Q)).

Putting all these together we find that

HomR(F
e
∗R,R) ↠ h0(RHomR(F

e
∗R,R)⊗L

R (R/Q)) ←↪ HomR/Q(F
e
∗ (R/Q), R/Q),

which is precisely saying that any φ ∈ HomR/Q(F
e
∗ (R/Q), R/Q) comes from a map φ ∈

HomR(F
e
∗R,R) under the natural restriction map.

Theorem 3.3. Let R be a local F -finite Gorenstein ring and let Q ⊆ R be an ideal such that
pd(R/Q) < ∞.

(1) If R/Q is F -pure, then Φe(F
e
∗ (Ie(Q) : Q)) = R. In particular, R is F -pure.

(2) If R/Q is strongly F -regular, then for any c /∈ Q there exists e0 such that for all e > e0,
Φe (F

e
∗ (c(Ie(Q) : Q))) = R. In particular, R is strongly F -regular.

Proof. The proof of the two cases are similar and both follow from Lemma 3.1.

2In fact, it is well-known that under mild assumptions, the property that HomR(F
e
∗
R,R) ∼= RHomR(F

e
∗
R,R)

for all e characterizes Gorenstein rings, see [Her74].
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(1) By Lemma 3.1, any Frobenius splitting φ ∈ HomR/Q(F
e
∗ (R/Q), R/Q) can be lifted to some

φ ∈ HomR(F
e
∗R,R). Since R is local Gorenstein, φ = Φe(F

e
∗ r ·−) for some r ∈ (Ie(Q) : Q)

by Lemma 2.4. Therefore Φe(F
e
∗ (Ie(Q) : Q)) = R and it follows that R is F -pure.

(2) Since R/Q is strongly F -regular, there exists e0 such that for all e > e0, there exists

φ ∈ HomR/Q(F
e
∗ (R/Q), R/Q) such that φ(F e

∗ c) = 1. We can lift φ to φ ∈ HomR(F
e
∗R,R)

by Lemma 3.1. Since R is local Gorenstein, φ = Φe(F
e
∗ r · −) for some r ∈ Ie(Q) : Q by

Lemma 2.4. Therefore Φe (F
e
∗ (c(Ie(Q) : Q))) = R. Since R/Q is local and strongly F -

regular, Q is prime ideal. Since pd(R/Q) < ∞, RQ is regular. Therefore we can pick c /∈ Q
that is a test element for R, and Φe (F

e
∗ (c(Ie(Q) : Q))) = R implies R → F e

∗R sending 1 to
F e
∗ c splits. Thus R is strongly F -regular. □

Corollary 3.4 (Fedder’s criterion in singular rings). Let (R,m) be a local F -finite Gorenstein
ring and Q ⊆ R be an ideal. Consider the following three conditions:

(1) Q[pe] : Q ⊈ Ie(m).
(2) (Ie(Q) : Q) ⊈ Ie(m).
(3) R/Q is F -pure.

We have (1) ⇒ (2) ⇒ (3), and moreover (3) ⇒ (1) if pd(R/Q) < ∞.

Proof. (1) ⇒ (2) since Q[pe] ⊆ Ie(Q), (2) ⇒ (3) by Lemma 2.4. Finally, when pd(R/Q) < ∞
and R/Q is F -pure, we know that Φe(F

e
∗ (Ie(Q) : Q)) = R by Theorem 3.3, so (Ie(Q) : Q) ⊈

Ie(m) and hence (Q[pe] : Q) ⊈ Ie(m) by Lemma 2.8. □

Note that when R is regular, every ideal has finite projective dimension and Ie(m) = m
[pe],

so in that setting Corollary 3.4 is precisely the classical Fedder’s criterion [Fed83]. By the same
proof, we also have the following, which extends [Gla96].

Corollary 3.5 (Glassbrenner’s criterion in singular rings). Let (R,m) be a local F -finite Goren-
stein ring and Q ⊆ R be an ideal. Consider the following three conditions:

(1) For any c not in any minimal prime of Q, there exists e such that c(Q[pe] : Q) ⊈ Ie(m).
(2) For any c not in any minimal prime of Q, there exists e such that c(Ie(Q) : Q) ⊈ Ie(m).
(3) R/Q is strongly F -regular.

We have (1) ⇒ (2) ⇒ (3), and moreover (3) ⇒ (1) if pd(R/Q) < ∞.

Remark 3.6. The above results can also be viewed as a strong sort of inversion of adjunction of
F -purity (in arbitrary codimension). It would be natural to ask if analogous results held for log
canonical singularities in characteristic zero. The corresponding statements include statements
of the following form. Suppose that R is a Gorenstein normal domain of finite type over C.

(1) If R/Q has finite projective dimension and is semi-log canonical, then does there exist
a Q-divisor on SpecR such that (R,∆) is log canonical with log canonical center V (Q)?

(2) If R/Q has finite projective dimension and is log terminal, then does there exist a Q-
divisor on SpecR such that (R,∆) is log canonical with minimal log canonical center
at V (Q)?

Remark 3.7. One cannot expect Lemma 3.1 and Theorem 3.3 to hold without the Gorenstein
hypothesis on R. In [Sin99], Singh constructed examples of Cohen-Macaulay non-Gorenstein
R such that R/(x) is strongly F -regular for a nonzerodivisor x (so clearly pdR/(x) < ∞) but
R is not even F -pure. In particular, no Frobenius splitting of R/(x) lifts to R.
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3.2. Applications to symbolic powers. If W is the multiplicative system R−∪P∈Ass(R/I)P

(so W consists of all nonzerodivisor on R/I), note that (In)W = I(n) is the n-th symbolic power
of I.

Lemma 3.8. Let Q ⊆ R be an ideal and let n ! 2 be a positive integer. Then for all q = pe

sufficiently large,

Q(hn−h+1) ⌊ q−1
n−1⌋ ⊆ (Q[q])W ,

where W denotes the multiplicative system R−∪P∈Ass(R/Q)P and h is the largest analytic spread
of QRP for all P ∈ Ass(R/Q).

Proof. It suffices to prove this after localizing at P for each P ∈ Ass(R/Q). Therefore we may
assume that the left hand side is the ordinary power of Q and the right hand side is Q[q], and
we reduce to show a containment in RP . Then it is enough to check such a containment in a
faithfully flat extension of RP . Thus we may assume that the residue field of RP is infinite, and
therefore we may assume that Q is integral over an ideal I generated by h elements. Now for
all large q we write

q − 1 = a(n− 1) + r,

where a, r ! 0 and r $ n− 2. Then

(hn− h+ 1)
q − 1

n− 1
= (hn− h+ 1)a = h(q − 1− r) + a = hq − h+ a− rh.

Thus we have
Q(hn−h+1)⌊ q−1

n−1⌋ = Qhq−h+(a−rh).

Since Q is integral over I, there exists s such that for all t ! 1,

QsQt = QsI t ⊆ I t.

Now for q ≫ 0 such that a = ⌊ q−1
n−1

⌋ ! rh+ s+ 1 we have

Qhq−h+(a−rh) ⊆ QsQhq−h+1 ⊆ Ihq−h+1 ⊆ I [q] ⊆ Q[q],

where we use the Pigeonhole Principle for Ihq−h+1 ⊆ I [q] (since I is generated by h elements).
This finishes the proof. □

Lemma 3.9. Let Q ⊆ R be an ideal with pd(R/Q) < ∞. Let h be the largest analytic spread
of QRP for all P ∈ Ass(R/Q). Then for all n ! 1,

(I : Q) ⊆ I Qn−1 [q]
: Q(hn−h+1) [q]

for all q = pe ≫ 0 and all ideal I ⊆ R.

Proof. If n = 1, the desired inclusion comes down to (I : Q) ⊆ I : Q[q] which is trivial. Now
we fix n ! 2. Let t ∈ (I : Q). Then

t Q(hn−h+1) [q]
⊆ (tQ) · Q(hn−h+1) q−1

⊆ I Q(hn−h+1) q−1
.

The result will follow if we show that

Q(hn−h+1) q−1
⊆ Qn−1 [q]

= Q[q] n−1
.

Therefore it is enough to prove

Q(hn−h+1) ⌊ q−1
n−1⌋ ⊆ Q[q].

This follows by Lemma 3.8 and Lemma 2.8. □
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The next lemma will be crucial to handle the strongly F -regular case.

Lemma 3.10. Let Q ⊆ R be an ideal and let h ! 2 be the largest minimal number of generators
of QRP for all P ∈ Ass(R/Q). Then for all n and for all e ≫ 0, we have

Qn+h−1 : Q(n+h−1) (Ie(Q) : Q) ⊆ Ie(Q)Ie Q(n) : Q(n+h−1) [q]
.

In particular, if Q is radical and pd(R/Q) < ∞, then we have

Qn+h−1 : Q(n+h−1) (Ie(Q) : Q) ⊆ Q[q]Ie Q(n) : Q(n+h−1) [q]
.

Proof. Let s ∈ (Ie(Q) : Q) and t ∈ Qn+h−1 : Q(n+h−1) . Then

st Q(n+h−1) [q]
⊆ st Q(n+h−1) q

⊆ s tQ(n+h−1) Q(n+h−1) q−1

⊆ (sQ)Qn+h−2 Q(n+h−1) q−1

⊆ Ie(Q)Qn+h−2 Q(n+h−1) q−1

⊆ Ie(Q)Q((n+h−1)(q−1)+n+h−2).

Now note that if h ! 2, then

(n+ h− 1)(q − 1) + n+ h− 2 = (n+ h− 1)q − 1

! (n+ h− 1)q − h+ 1

so by Lemma 2.9,
Q((n+h−1)(q−1)+n+h−2) ⊆ Ie(Q

(n)).

This shows that
st Q(n+h−1) [q]

⊆ Ie(Q)Ie Q(n) ,

as desired. The last assertion follows from Lemma 2.8. □

Now we state and prove our main result on symbolic power containments for ideals of finite
projective dimension.

Theorem 3.11. Let R be an F -finite Gorenstein ring and Q ⊆ R be an ideal with pd(R/Q) <
∞ and big height h. Then we have

(1) If R/Q is F -pure, then Q(hn−h+1) ⊆ Qn for all n ! 1.
(2) If R/Q is strongly F -regular and h ! 2, then Q((h−1)(n−1)+1) ⊆ Qn for all n ! 1.

Remark 3.12. Under the hypothesis of Theorem 3.11, RP is regular for all P ∈ Ass(R/Q),
since pd(R/Q) < ∞ and Q is radical. Thus the largest minimal number of generators of QRP

and the largest analytic spread of QRP for all P ∈ Ass(R/Q) are both the same as bight(Q).

Proof of Theorem 3.11. Since it is enough to check the containment after localizing at each
maximal ideal of R, we may assume R is local.

(1) Combining Theorem 3.3, Lemma 3.9 and Lemma 2.5, we have

R ⊆ Φe(F
e
∗ (Ie(Q) : Q)) by Theorem 3.3

⊆ Φe F e
∗ Ie(Q) Qn−1 [q]

: Q(hn−h+1) [q]
by Lemma 3.9

⊆ QQn−1 : Q(hn−h+1) by Lemma 2.5.
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Therefore, Q(hn−h+1) ⊆ Qn, as desired.
(2) There exists an element c ∈ Qn+h−1 : Q(n+h−1) not in any minimal prime of Q. Thus

combining Theorem 3.3, Lemma 3.10 and Lemma 2.5, for e ≫ 0 we have (note we are
using Remark 3.12 here):

R ⊆ Φe(F
e
∗ (c(Ie(Q) : Q))) by Theorem 3.3

⊆ Φe F e
∗ Q[q]Ie(Q

(n)) : Q(n+h−1) [q]
by Lemma 3.10

⊆ QQ(n) : Q(n+h−1) by Lemma 2.5.

Thus Q(n+h−1) ⊆ QQ(n) for all n ! 1. The containment Q((h−1)(n−1)+1) ⊆ Qn for all
n ! 1 now follows by induction on n, as in [GH19, Theorem 4.1]. □

The following corollary is immediate.

Corollary 3.13. Let R be an F -finite Gorenstein ring and Q ⊆ R be an ideal with pd(R/Q) <
∞ and big height 2. If R/Q is strongly F -regular, then Q(n) = Qn for all n ! 1.

4. Ideals of infinite projective dimension

In this section, we prove versions of the symbolic power containments for ideals not necessarily
of finite projective dimension. We begin with several lemmas.

Lemma 4.1 (Hochster–Huneke, Lemma 3.6 in [HH02]). Let R be a geometrically reduced equidi-
mensional k-algebra finitely generated over a field k of prime characteristic p. Let I be an ideal
of R and let W denote the multiplicative system R − ∪P∈Ass(R/I)P . Let J = J(R/k) be the
Jacobian ideal. Then for every q = pe,

J [q](I [q])W ⊆ I [q].

Similar to Lemma 3.9, we have the following:

Lemma 4.2. Let R be a geometrically reduced equidimensional k-algebra finitely generated over
a field k of prime characteristic p and let Q ⊆ R be an ideal. Let h denote the largest analytic
spread of QRP for all P ∈ Ass(R/Q). Then for all n ! 1,

(I : Q) ⊆ I Qn−1 [q]
: Jn−1Q(hn−h+1) [q]

for all q = pe ≫ 0.

Proof. Fix n ! 1. Let t ∈ (I : Q). Then

t Jn−1Q(hn−h+1) [q]
⊆ (tQ) · Q(hn−h+1) q−1

J [q] n−1
⊆ I Q(hn−h+1) q−1

J [q] n−1
.

It is thus enough to show that

Q(hn−h+1) q−1
J [q] n−1

⊆ Q[q] n−1
,

which will follow from the following containment:

J [q] Q(hn−h+1) ⌊ q−1
n−1⌋ ⊆ Q[q].

This follows from Lemma 3.8 and Lemma 4.1. □

The next two lemmas will be used in the strongly F -regular case.
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Lemma 4.3. Let Q ⊆ R be an ideal. Let h ! 2 and n ! 2 be positive integers such that h is
at least the largest minimal number of generators of QRP for all P ∈ Ass(R/Q). Then for all
q = pe, we have

Q(h−1)(n−1) Q((h−1)(n−1)+1) q−1
⊆ (Q((h−1)(n−2)+1))[q]

W
,

where W denotes the multiplicative system R− ∪P∈Ass(R/Q)P .

Proof. It suffices to prove the containment after localizing at P for each P ∈ Ass(R/Q). There-
fore we may assume that both sides are the ordinary powers of Q and Q is generated by h
elements. Since h ! 2, for all q we have

(h−1)(n−1)+((h−1)(n−1)+1)(q−1) = ((h−1)(n−1)+1)q−1 ! ((h−1)(n−1)+1)q−h+1

Thus we have

Q(h−1)(n−1)+((h−1)(n−1)+1)(q−1) ⊆ Q((h−1)(n−1)+1)q−h+1 ⊆ (Q(h−1)(n−2)+1)[q]

where the last inclusion follows from the Pigeonhole Principle: if I is an ideal generated by h
elements then INq−h+1 ⊆ (IN−(h−1))[q]. □

Lemma 4.4. Let R be a geometrically reduced equidimensional k-algebra finitely generated
over a field k of prime characteristic p and let Q ⊆ R be an ideal. Let h ! 2 and n ! 2 be
positive integers such that h is at least the largest minimal number of generators of QRP for all
P ∈ Ass(R/Q). Then for all q = pe ≫ 0 and all I ⊆ R, we have

Q(h−1)(n−1)+1 : Q((h−1)(n−1)+1) (I : Q) ⊆ I Q((h−1)(n−2)+1) [q]
: JQ((h−1)(n−1)+1) [q]

.

In particular, there exists c not in any minimal prime of Q such that

c (I : Q) ⊆ I Q((h−1)(n−2)+1) [q]
: JQ((h−1)(n−1)+1) [q]

.

Proof. Fix n ! 1. Let t ∈ (I : Q) and s ∈ Q(h−1)(n−1)+1 : Q((h−1)(n−1)+1) . Then

(st) JQ((h−1)(n−1)+1) [q]
⊆ t sQ((h−1)(n−1)+1) · Q((h−1)(n−1)+1) q−1

J [q]

⊆ (tQ)Q(h−1)(n−1) Q((h−1)(n−1)+1) q−1
J [q]

⊆ IQ(h−1)(n−1) Q((h−1)(n−1)+1) q−1
J [q].

It is thus enough to show that

Q(h−1)(n−1) Q((h−1)(n−1)+1) q−1
J [q] ⊆ Q((h−1)(n−2)+1) [q]

.

This follows from

Q(h−1)(n−1) Q((h−1)(n−1)+1) q−1
J [q] ⊆ J [q] (Q((h−1)(n−2)+1))[q]

W
(By Lemma 4.3)

⊆ Q((h−1)(n−2)+1) [q]
. (By Lemma 4.1)

Note that we can apply Lemma 4.1 here because Q and Q((h−1)(n−2)+1) have the same set of
associated primes. □

The next crucial lemma shows that any Cartier map can be lifted at the expense of multiplying
by elements in the Jacobian ideal.
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Lemma 4.5. Let R be a geometrically reduced equidimensional k-algebra finitely generated over
an infinite field k of prime characteristic p and let Q ⊆ R be an ideal. Let J = J(R/k) denote
the Jacobian ideal of R.

(1) If R/Q is F -pure, then for every x ∈ J and all e > 0, there exists ϕ ∈ HomR(F
e
∗R,R)

such that x = ϕ(F e
∗ 1) mod Q and that Q ⊆ Iϕe (Q).

(2) If R/Q is strongly F -regular, then for every c not in any minimal prime of Q and for
every x ∈ J , there exists e ≫ 0 and ϕ ∈ HomR(F

e
∗R,R) such that x = ϕ(F e

∗ c) mod Q
and that Q ⊆ Iϕe (Q).

Proof. We first claim that J annihilates Ext1R(F
e
∗R,−) for all e > 0. By [HH02, Theorem 3.4],

when k is infinite,3 J can be generated by elements c such that there exists a polynomial ring A
over k (A depends on c) such that c ·F e

∗R ⊆ F e
∗A⊗A R. It follows that the map F e

∗R −→ F e
∗R

given by multiplication by c factors through a free R-module Ae := F e
∗A ⊗A R (since F e

∗A is
free over A as A is polynomial ring). The map on Ext1R(F

e
∗R,−) induced by multiplication by

c map must then factor though Ext1R(Ae,−) = 0, thus multiplication by c on Ext1R(F
e
∗R,−) is

the 0-map. As a consequence, J annihilates Ext1R(F
e
∗R,−).

The short exact sequence

0 Q R R/Q 0

induces the exact sequence

HomR(F
e
∗R,R) HomR(F

e
∗R,R/Q) Ext1R(F

e
∗R,Q) .

Since J · Ext1R(F
e
∗R,Q) = 0, every map in HomR(F

e
∗R,R/Q) lifts to a map in HomR(F

e
∗R,R)

after multiplying by elements in J .

(1) Now we fix x ∈ J . Consider the splitting F e
∗ (R/Q)

φ
R/Q , φ(F e

∗ 1) = 1. The

composition

F e
∗ (R/Q)

φ
R/Q

x
R/Q

lifts to a map ϕ: F e
∗R −→ R, meaning, there exists a commutative diagram

F e
∗R

ϕ

F e
∗ (R/Q)

x·φ(−)

R R/Q

Tracing the image of F e
∗ 1 ∈ F e

∗R through the diagram, we obtain that x = ϕ(F e
∗ 1) mod

Q. Moreover, since ϕ induces a map F e
∗ (R/Q) → R/Q, we have Q ⊆ Iϕe (Q).

(2) We fix c not in any minimal prime of Q and fix x ∈ J . Since R/Q is strongly F -regular,
there exists e ≫ 0 and φ ∈ HomR/Q(F

e
∗ (R/Q), R/Q) such that φ(F e

∗ c) = 1. Again the
composition

F e
∗ (R/Q)

φ
R/Q

x
R/Q

3Note that [HH02, Theorem 3.4] requires that we enlarge k to k(t), but this is only needed to guarantee that
we have an infinite field so that we can pick general elements.
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lifts to a map ϕ: F e
∗R −→ R. We consider the commutative diagram

F e
∗R

ϕ

F e
∗ (R/Q)

x·φ(−)

R R/Q

Tracing the image of F e
∗ c ∈ F e

∗R through the diagram, we obtain that x = ϕ(F e
∗ c) mod

Q. Moreover, since ϕ induces a map F e
∗ (R/Q) → R/Q, we have Q ⊆ Iϕe (Q). □

We can now prove our main result on symbolic power containments for ideals not necessarily
of finite projective dimension.

Theorem 4.6. Let R be a geometrically reduced equidimensional k-algebra finitely generated
over a field k of prime characteristic p. Let Q ⊆ R be an ideal and let J = J(R/k) be the
Jacobian ideal of R. Then

(1) If R/Q is F -pure and h = bight(Q), then JnQ(hn−h+1) ⊆ Qn for all n ! 1. Moreover,
if there exists a Frobenius splitting of R/Q that lifts to a Frobenius splitting of R, then
we have Jn−1Q(hn−h+1) ⊆ Qn for all n ! 1.

(2) If R/Q is strongly F -regular and h ! 2 is at least the largest minimal number of gener-
ators of QRP for all P ∈ Ass(R/Q), then J2n−2Q((h−1)(n−1)+1) ⊆ Qn for all n ! 1.
Moreover, if for every c not in any minimal prime of Q, there exists e ≫ 0 and
φ ∈ HomR(F

e
∗ (R/Q), R/Q) which sends F e

∗ c to 1 that lifts to ϕ ∈ HomR(F
e
∗R,R),

then Jn−1Q((h−1)(n−1)+1) ⊆ Qn.

Proof.

(1) We can replace R by R′ := R ⊗k k(t) and Q by Q′ := QR′, then R′/Q′ is still F -pure,
h = bight(Q′), J(R′/k(t)) = JR′, and it is enough to check the containment in R′ since it
is faithfully flat over R. Therefore we can and we will assume k is infinite in order to invoke
Lemma 4.5.
We use induction on n. If n = 1 then the containment is obvious. So we assume n ! 2

and we assume the containment for n− 1, that is, Jn−1Q(h(n−1)−h+1) ⊆ Qn−1.
For every x ∈ J , we fix a map ϕ ∈ HomR(F

e
∗R,R) as in Lemma 4.5. Now by Lemma 4.5

and Lemma 4.2, for all q = pe ≫ 0 we have

R = (Iϕe (Q) : Q) ⊆ Iϕe (Q) Qn−1 [q]
: Jn−1Q(hn−h+1) [q]

.

Here we are using that the largest analytic spread of QRP for all P ∈ Ass(R/Q) is the same
as the big height of Q because Q is radical. Applying ϕ(F e

∗−) and by Lemma 2.5, we have

ϕ(F e
∗R) ⊆ Qn : Jn−1Q(hn−h+1) .

Since x = ϕ(F e
∗ 1) mod Q by Lemma 4.5, we know that x ∈ Qn : Jn−1Q(hn−h+1) mod Q.

Since this is true for all x ∈ J , we have

J ⊆ Qn : Jn−1Q(hn−h+1) +Q.

By our induction hypothesis, Jn−1Q(hn−h+1) ⊆ Jn−1Q(h(n−1)−h+1) ⊆ Qn−1. Therefore,

QJn−1Q(hn−h+1) ⊆ Q ·Qn−1 = Qn,
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and thus Q ⊆ Qn : Jn−1Q(hn−h+1) . Therefore,

J ⊆ Qn : Jn−1Q(hn−h+1) ,

and thus

JnQ(hn−h+1) = J Jn−1Q(hn−h+1) ⊆ Qn.

Finally, if there is a Frobenius splitting φ of R/Q that lifts to a Frobenius splitting ϕ of R,
then directly applying Lemma 4.2 (note that, in this case, we do not need to enlarge R to
assume k is infinite since we will not need Lemma 4.5 in the following argument), we have

R = (Iϕe (Q) : Q) ⊆ Iϕe (Q) Qn−1 [q]
: Jn−1Q(hn−h+1) [q]

.

Applying ϕ(F e
∗−) and by Lemma 2.5 (and using that ϕ is a Frobenius splitting), we know

that

R ⊆ QQn−1 : Jn−1Q(hn−h+1) ,

that is, Jn−1Q(hn−h+1) ⊆ Qn.
(2) When R/Q is strongly F -regular, we can replace R by R⊗k k(t) to assume that k is infinite.

We use induction on n. If n = 1 then the containment is obvious. So we assume n ! 2 and
we assume the containment for n− 1, that is, J2n−4Q((h−1)(n−2)+1) ⊆ Qn−1.

For every x ∈ J , we fix a map ϕ ∈ HomR(F
e
∗R,R) as in Lemma 4.5. Now by Lemma 4.5

and Lemma 4.4, for all q = pe ≫ 0 we have

cR = c (Iϕe (Q) : Q) ⊆ Iϕe (Q) Q((h−1)(n−2)+1) [q]
: JQ((h−1)(n−1)+1) [q]

.

Applying ϕ(F e
∗−) and by Lemma 2.5, we have

ϕ(F e
∗ (cR)) ⊆ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1) .

Since x = ϕ(F e
∗ c) modQ by Lemma 4.5, we know that x ∈ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1)

mod Q. Since this is true for all x ∈ J , we have

J ⊆ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1) +Q.

Clearly, Q ⊆ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1) because

QJQ((h−1)(n−1)+1) ⊆ QQ((h−1)(n−1)+1) ⊆ QQ((h−1)(n−2)+1).

Therefore we have

J ⊆ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1) ,

and thus

J2Q((h−1)(n−1)+1) ⊆ QQ((h−1)(n−2)+1).

Multiplying both side by J2n−4 and use the induction hypothesis, we have

J2n−2Q((h−1)(n−1)+1) ⊆ J2n−4QQ((h−1)(n−2)+1) ⊆ QQn−1 = Qn.

Finally, if for every c not in any minimal prime of Q, there exists e ≫ 0 and φ ∈
HomR(F

e
∗ (R/Q), R/Q) which sends F e

∗ c to 1 that lifts to ϕ ∈ HomR(F
e
∗R,R), then di-

rectly applying Lemma 4.4 (again, in this case, we do not need to enlarge R to assume k is
infinite since we will not need Lemma 4.5), for all q = pe ≫ 0 we have

cR = c (Iϕe (Q) : Q) ⊆ Iϕe (Q) Q((h−1)(n−2)+1) [q]
: JQ((h−1)(n−1)+1) [q]

.
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Applying ϕ(F e
∗−) and by Lemma 2.5 (and using that ϕ sends F e

∗ c to 1), we know that

R ⊆ QQ((h−1)(n−2)+1) : JQ((h−1)(n−1)+1) .

Therefore we have

Jn−1Q((h−1)(n−1)+1) = Jn−2JQ((h−1)(n−1)+1) ⊆ QJn−2Q((h−1)(n−2)+1) ⊆ QQn−1 = Qn

where we have used induction on n. □

5. F -pure threshold results

In this section, we prove versions of symbolic power containments in singular rings involving
the F -pure threshold. These can be viewed as extensions of the result in [TY08, Remark 3.4].
However, our approach is different from [TY08], inspired by our extension of the ideas in [GH19]
in the previous sections. We recall that the F -pure threshold of I, fpt(I), is the supreme of all
t ! 0 such that the pair (R, I t) is F -pure. When (R,m) is strongly F -regular local, this is the

same as lime→∞
max{r|Ir⊈Ie(m)}

pe
.

Theorem 5.1. Let R be a strongly F -regular ring. Let I ⊆ R be a radical ideal with bight(I) =
h and pd(R/I) < ∞. If the pair (R, (I(a))b) is strongly F -regular for some a and b ∈ R 0, then
I(hn−⌊ab⌋) ⊆ In for all n ! 1. In particular,

I(hn−⌊fpt(I)⌋) ⊆ In

for all n ! 1.

Proof. It is enough to prove the containment after localizing at each maximal ideal of R (note
that all the hypotheses are preserved under localization), thus we may assume (R,m) is local.
Since (R, (I(a))b) is strongly F -regular, we know that fpt(I(a)) > b and thus there exists & > 0
such that for all q = pe ≫ 0, (I(a))⌊(b+#)q⌋ ⊈ Ie(m).

Fix n ! 1. We claim that there exists q ≫ 0 such that

(5.1) (I(a))⌊(b+#)q⌋ ⊆ Ie(I
n) : (I(hn−⌊ab⌋))[q] .

This will finish the proof: indeed, if I(hn−⌊ab⌋) ⊈ In, then In : I(hn−⌊ab⌋) ⊆ m which implies

Ie(I
n) : (I(hn−⌊ab⌋))[q] ⊆ Ie(m) by Lemma 2.5, and hence

(I(a))⌊(b+#)q⌋ ⊆ Ie(I
n) : (I(hn−⌊ab⌋))[q] ⊆ Ie(m),

which is a contradiction.
It remains to prove (5.1); since (I [q])n ⊆ Ie(I

n), it is enough to show that

(I(hn−⌊ab⌋))q · (I(a))⌊(b+#)q⌋ ⊆ (I [q])n,

and thus enough to prove

(I(hn−⌊ab⌋))⌊
q

n⌋ · (I(a))⌊
(b+ )q

n ⌋ ⊆ I [q].

Since pd(R/I) < ∞, Ass(R/I [q]) = Ass(R/I). Therefore, it is enough to check this last
containment after localization at the minimal primes of I. But since I is radical and pd(R/I) <
∞, localizing at minimal primes of I will yield a regular local ring. Therefore we may assume
I is generated by h elements and that its symbolic and ordinary powers coincide. We set
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q = kn + r with 0 $ r < n; note that ⌊ q
n
⌋ = k. When q ≫ 0, we also must have k ≫ 0, so for

q ≫ 0 we may assume &k − 1 !
h(r−1)+1

a
, and thus

(hn− ⌊ab⌋)
q

n
+ a

(b+ &)q

n
! (hn− ab)

q

n
+ a

(b+ &)q

n

! (hn− ab)k + a ⌊(b+ &)k⌋

! (hn− ab)k + a((b+ &)k − 1)

= (hn− ab)k + abk + a(&k − 1)

= hnk + a(&k − 1)

! hnk + h(r − 1) + 1

= hq − h+ 1.

Therefore, after localization at each minimal prime of I,

(I(hn−ab))⌊
q

n⌋ · (I(a))⌊
(b+ )q

n ⌋ ⊆ Ihq−h+1 ⊆ I [q],

where the last inclusion follows by the Pigeonhole Principle, since I is locally generated by at
most h elements. □

Similar computations also yield a statement for ideals not necessarily of finite projective
dimension, as we show below in 5.2. The referee pointed out to us an alternate and straight-
forward refinement of this result as a straightforward consequence of Takagi’s subadditivity
formula [Tak06, Theorem 2.7]. We provide the referee’s proof below in 5.3.

Theorem 5.2 (c.f. [Tak06]). Let R be a strongly F -regular, geometrically reduced equidimen-
sional k-algebra finitely generated over a field k of prime characteristic p. Let I ⊆ R be a radical
ideal, h be the largest minimal number of generators of IRP as P runs through the associated
primes of I, and let J be the Jacobian ideal of R. If the pair (R, (I(a))b) is strongly F -regular
for some a and b ∈ R 0, then JnI(hn−⌊ab⌋) ⊆ In for all n ! 1. In particular,

JnI(hn−⌊fpt(I)⌋) ⊆ In

for all n ! 1.

Proof. The strategy is very similar to the proof of Theorem 5.1. It is enough to prove the
containment after localizing at each maximal ideal of R, thus we may assume (R,m) is local.
Since (R, (I(a))b) is strongly F -regular, fpt(I(a)) > b and thus there exists & > 0 such that for
all q = pe ≫ 0, (I(a))⌊(b+#)q⌋ ⊈ Ie(m).
Fix n ! 1. We claim that there exists q ≫ 0 such that

(5.2) (I(a))⌊(b+#)q⌋ ⊆ Ie(I
n) : (JnI(hn−⌊ab⌋))[q] .

Note that this claim will finish the proof: if JnI(hn−⌊ab⌋) ⊈ In, then In : JnI(hn−⌊ab⌋) ⊆ m,

which implies Ie(I
n) : (JnI(hn−⌊ab⌋))[q] ⊆ Ie(m) by Lemma 2.5, and hence

(I(a))⌊(b+#)q⌋ ⊆ Ie(I
n) : (JnI(hn−⌊ab⌋))[q] ⊆ Ie(m),

which is a contradiction.
It remains to prove (5.2); since (I [q])n ⊆ Ie(I

n), it is enough to show that

(JnI(hn−⌊ab⌋))[q] · (I(a))⌊(b+#)q⌋ ⊆ (I [q])n,
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and thus enough to prove

J [q](I(hn−⌊ab⌋))⌊
q

n⌋ · (I(a))⌊
(b+ )q

n ⌋ ⊆ I [q].

By Lemma 4.1, J [q] I [q]
W

⊆ I [q], where W is the complement of the union of all the associated
primes of I. Thus all we need to show is that

(I(hn−⌊ab⌋))⌊
q

n⌋ · (I(a))⌊
(b+ )q

n ⌋ ⊆ I [q]
W
,

and it is sufficient to prove this containment after localizing at each associated prime P of I.
By our assumption on h, after localization at P , I can be generated by h elements. The rest
of the proof is the same as in Theorem 5.1. □

Remark 5.3. The referee has kindly provided us with the following improvement of Theorem
5.2, using the subadditivity property of asymptotic test ideals [Tak06]. With the same notation
as in Theorem 5.2, since (R, (I(a))b) is strongly F -regular, the asymptotic test ideal τ(⌊ab⌋ ·I(•))
is the unit ideal.4 Therefore, we have

Jn−1I(hn−⌊ab⌋) = Jn−1I(hn−⌊ab⌋)τ(⌊ab⌋ · I(•))

⊆ Jn−1τ(hn · I(•))

⊆ τ(h · I(•))n ⊆ In,

where the first inclusion follows from [Tak06, Lemma 4.5], the second inclusion follows from
[Tak06, Proposition 4.4], and the last inclusion follows since τ(h · I(•)) ⊆ I: after localizing at
each associated prime P of I, we have τ(h · I(•)RP ) = τ(IhRP ) ⊆ IRP by [Tak06, Theorem
1.11] (in fact, here we only need to assume that h is the largest analytic spread of IRP as P
runs over all associated primes of I).

6. Examples

In this section, we collect a few examples: an example suggesting Theorem 4.6 can be im-
proved in the strongly F -regular case, and examples of ideals of finite projective dimension for
which the conclusion of Theorem 3.11 does not follow from previously known results in the
regular setting.

Example 6.1. Let R = K[x, y, z]/(xy−zk) where k ! 2 and K is a field of characteristic p ∤ k.
Consider the prime ideal Q = (x, z) in R, which has infinite projective dimension. Theorem
3.11 does not apply to Q; if it did, it would say that Q(n) = Qn for all n ! 1, since R/Q is
strongly F -regular. In fact, Q(n) ∕= Qn for all n ! 2, since xn+r ∈ Q(kn+r) \ Qkn for all n ! 1
and 0 $ r < k. It turns out that Q(kn) = (xn). Theorem 4.6 does apply, and it says that
JnQ(n) ⊆ Qn for all n. We claim, however, that this can be improved. First, let’s show that

J (k−1)nQ(kn) ⊆ Qkn for all n ! 1.

To do that, we start by noting that the Jacobian ideal is given by J = x, y, zk−1 , so J (k−1)n is

generated by all the elements of the form xaybz(k−1)c with a+ b+ c = (k− 1)n. If n+a− b ! 0,
then

xaybz(k−1)c xn = xn+a−b (xy)b z(k−1)c = xn+a−bzkb+(k−1)c ∈ Qn+(k−1)(b+c)+a ⊆ Qn+a+b+c = Qkn.

4We refer to [Tak06] for the precise definition of asymptotic test ideal. In our context, we are considering the
graded family of ideals a• := {an}n such that an = I(n), and we use I(•) to abbreviate this notation.
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On the other hand, if n+ a− b < 0, then we necessarily have b > n, so

yb · xn = yb−n(xy)n = yb−nzkn ∈ Qkn.

This proves our claim that J (k−1)nQ(kn) ⊆ Qkn. We now observe that, in fact, this can be
extended to

J⌊
k−1
k

n⌋Q(n) ⊆ Qn for all n ! 1.

To see this, we will first need to check that for each 0 < r < k,

Q(kn+r) = Q(k(n+1)) +
n

a=0

Q(k(n−a))Qak+r = (xn+1) +
n

a=0

(xn−a)Qak+r.

Equivalently, the statement above says that the symbolic Rees algebra of Q is generated by Q
and Q(k) = (x). To show this, we need to do calculate the symbolic powers of Q. Since Q is
a quasi-homogeneous prime, its symbolic powers are generated by monomials in x, y, and z,
and for height reasons we must have Q(n) = Qn : (x, y, z)∞. A given f is in Q(n) if and only
f · (x, y, z)N ⊆ Qn for some N , which is equivalent to checking whether fyN ∈ Qn for some N .
When N is sufficiently large,

xaybzc · yN = yb+N−a(xy)a(zc) = yb+N−azka+c ∈ Qka+c,

so we have xaybzc ∈ Q(n) if and only if ka+ c ! n. This shows that indeed we have

Q(kn) = Q(k) n
= (xn) and Q(kn+r) = Q(k(n+1))+

n

a=0

Q(k(n−a))Qak+r for all n ! 1 and 0 < r < k.

We still need to show that J⌊
k−1
k

(kn+r)⌋Q(kn+r) ⊆ Qkn+r for all n ! 1 and 0 < r < k. Now

k − 1

k
(kn+ r) = (k − 1)n+ r −

r

k
= (k − 1)n+ r − 1,

and r ! 1, so using that J (k−1)nQ(kn) ⊆ Qkn we get

J⌊
k−1
k

(kn+r)⌋Q(kn+r) = J (k−1)n+r−1Q(k(n+1)) + J (k−1)n+r−1

n

a=0

Q(k(n−a))Qak+r

⊆ J (k−1)nQ(kn)Jr−1Q(k) + J (k−1)nQ(kn)Qr

⊆ QknJr−1Q(k) +QknQr.

So our claim is now reduced to checking that Jr−1Q(k) ⊆ Qr. Given a generator for Jr−1,
say xaybz(k−1)c with a + b + c ! r − 1, we need to check that xa+1ybz(k−1)c ∈ Qr. And
indeed, either b = 0, in which case a + 1 + (k − 1)c ! r and xa+1z(k−1)c ∈ Qr, or b ! 1 and
xa+1ybz(k−1)c ∈ (xy) = (zk) ⊆ Qk ⊆ Qr.

Finally, note that x(k−1)n−1 · xn /∈ Qkn and thus J (k−1)n−1Q(kn) ⊈ Qkn. We conclude that
Theorem 4.6 can be improved for this example: the theorem says that JnQ(n) ⊆ Qn for all
n ! 1, while our computations show that the minimum α such that

J⌊αn⌋Q(n) ⊆ Qn for all n ! 1

is α = k−1
k
.

It is natural to ask if Theorem 4.6 (2) can be improved in general:
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Question 6.2. Let R be a geometrically reduced equidimensional k-algebra, finitely generated
over a field k of prime characteristic p. Let Q ⊆ R be an ideal and let J = J(R/k) be the
Jacobian ideal of R. Supoose that R/Q is strongly F -regular and h ! 2 is at least the largest
minimal number of generators of QRP for all P ∈ Ass(R/Q). Is

JnQ((h−1)(n−1)+1) ⊆ Qn

for all n ! 1?

Given Example 6.1, a positive answer to this question would essentially give an optimal value
for the power of J required to fix the failure of Theorem 3.11 when the ideals are not necessarily
of finite projective dimension.

We are grateful to Bernd Ulrich for communicating the following example and proposition
to us.

Example 6.3. Let S = K(uij, vij)[[x1, x2, x3, x4, x5, x6]], I = (∆1,∆2,∆3) where the ∆’s are
the 2× 2 minors of the 2× 3 matrix M whose entries are linear combinations of the xi’s using
uij, i.e., the entries in the matrix are j uijxj (so they are all generic). Let f = vijxixj be a

generic polynomial of degree 2 and set R = S/f . Then 0 → R2 M
−→ R3 (∆1,∆2,∆3)

−−−−−−→ R → R/I → 0
is a projective resolution of R/I over R since the rank and depth conditions are easily verified.
Hence pd(R/I) = ht(I) = 2 and one can check that R/I is strongly F -regular (we can also
choose more specific matrix and f to make this true, but the generic choice always works).
Theorem 3.11 then implies that I(n) = In for all n.

Remark 6.4. We want to point out that, in the above example, one cannot find a regular
local ring (A,m) and an ideal J ⊆ A with a faithfully flat extension A → R such that I = JR
(i.e., the pair (R, I) does not come from a faithfully flat base change from a pair (A, J) with
A regular). If so, then since I = JR we know that ht(J) = 2 so a minimal resolution of A/J

over A looks like 0 → An−1 M ′

−→ An → A → A/J → 0. Since A → R is faithfully flat, tensoring
this resolution with R we should get a minimal resolution of R/I. This implies that n = 3 and
that Fitt2(I) is generated by the entries in M ′, in particular Fitt2(I) ⊆ mR. However, by the
way we construct I, we know that Fitt2(I) = (x1, . . . , x6) is the maximal ideal of R. Therefore
(A,m) → (R, n) is a faithfully flat local extension such that mR = n, which implies R is regular,
a contradiction. In particular, in Example 6.3, the fact I(n) = In for all n does not follow from
results in [GH19].

We next prove a proposition which gives another explanation for Example 6.3.

Proposition 6.5. Let (R,m) be a Cohen-Macaulay local or standard graded ring with an infinite
residule field such that dimR = d. Let M be an n× (n+1) matrix of generic linear forms (i.e.,
elements in m − m

2) and set I be the ideal generated by n × n minors of M (so I is a height
two perfect ideal of R). Then

(1) If d > n+ 1, then I(j) = Ij for all j.
(2) If d = n+ 1, then I(j) ∕= Ij for all j ! n.

Proof. From the resolution: 0 → Rn M
−→ Rn+1 → R → R/I → 0, we form the complex:

0 →

j

(Rn) →

j−1

(Rn)⊗ S1(R
n+1) → · · · →

1

(Rn)⊗ Sj−1(R
n+1) → Sj(R

n+1) → R → 0.
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This complex has abutment R/Ij, with length j + 1 when j $ n and length n+ 1 when j ! n.
In particular, if d ! n+ 1, it is easily verified that the rank and depth conditions are satisfied
(since we use generic elements) thus the complex is a projective resolution of R/Ij for all j.
Now if d > n+1, then depth(R/Ij) = d−pd(R/Ij) > 0 so H0

m
(R/Ij) = 0. To show I(j) = Ij

for all j, note that we may assume I(j)RP = IjRP for all P ∕= m by induction, but then
H0

m
(R/Ij) = 0 implies I(j) = Ij. Finally, if d = n + 1, then depth(R/Ij) = d − pd(R/Ij) = 0

for j ! n, thus 0 ∕= H0
m
(R/Ij) ⊆ I(j)/Ij. □

Remark 6.6. It is easy to see that Example 6.3 satisfies condition (1) of Proposition 6.5.
Moreover, Theorem 3.11 shows that under condition (2) of Proposition 6.5, R/I cannot be
strongly F -regular if R is Gorenstein. Here we give another explanation under the graded
setup of Proposition 6.5: in fact, if R is standard graded, then from the exact sequence 0 →
Rn(−n− 1) → Rn+1(−n) → R → R/I → 0 it is easy to see that a(R/I) = a(R) + n+ 1. Since
R is Cohen-Macaulay of dimension d, a(R) ! −d and hence a(R/I) ! n + 1 − d = 0 under
condition (2), thus R/I cannot be strongly F -regular.
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