Upper and Lower Bounds on the Rate of Decay of
the Favard Curve Length for the Four-Corner
Cantor Set

LAURA CLADEK, BLAIR DAVEY ¢ KRYSTAL TAYLOR

ABSTRACT. The Favard length of a subset of the plane is de-
fined as the average of its orthogonal projections. This quantity
is related to the probabilistic Buffon needle problem; that is, the
Favard length of a set is proportional to the probability that a
needle or a line that is dropped at random onto the set will in-
tersect the set. If, instead of dropping lines onto a set, we drop
fixed curves, then the associated Buffon curve probability is pro-
portional to the so-called Favard curve length. In this article, we
estimate upper and lower bounds for the rate of decay of the
Favard curve length of the four-corner Cantor set. Our tech-
niques build on the ideas that have been previously used for the
classical Favard length.

1. INTRODUCTION

Let E be a subset of the unit square [0, 112. The Buffon needle problem asks the
likelihood that a needle, or a line, that is dropped at random onto the plane inter-
sects the set E given that it intersects [0, 1]2. More rigorously, we are seeking the
probability that £ N E # &, where ¢ is a line with independent, uniformly dis-
tributed orientation and distance from the origin after conditioning to the event
that the line intersects [0, 1]%. This quantity is given by

P:=P{ NE+# @:¥isany line in R? for which £ n [0,1]% + @).
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If we parametrize all such lines by letting €, denote the line passing through
(0, B) with direction orthogonal to w € S!, then

P~ |{(B,w) e RxS':Enlpy, + D},

where | - | is used to denote the Lebesgue measure and A =~ B means that both
A < B and B < A hold, where A < B means that A < ¢B for a constant ¢ > 0.
Observe that for a fixed w € S!,

{BeR:En{¥pw#+ D} = proj, (E),

where proj, (S) denotes the linear projection of a set S onto the angle w. An
application of Fubini’s theorem shows that

P = ng |{,B eR:E ﬂﬂgﬁ,w + @} dw = ng |Pr0}w(E)|d(U =: Fav(E).

Therefore, the Favard length is connected to the classical Buffon needle problem.

Now we ask what happens when lines are replaced by more general curves.
Let C denote a curve in R?. We seek the probability that C intersects E when C is
dropped randomly onto the plane so that it intersects [0, 1]?. When the curve C
is dropped, we allow for it to be translated but not rotated. Assuming that C is of
finite length, this probability satisfies

Pc = [{(x,B) ER?:En ((o, B) + C) #+ D},

where (&, ) +C = {(«,B)+z:z € C}. Observe that En ((&x, B) +C) + @ ifand
only if (&, ) € E—C, where E-C ={e—z:e € E,z € C}. To draw a parallel
between this problem and the classical Buffon needle problem, we introduce a
family of curve projections. Given & € R and p € R?, let ®(p) denote the set
of v-coordinates of the intersection of p — C with the line x = «. That is,

(1.1) Pu(p)={BER:(,B) €(p-C)n{x=u}}.

The map ®4(p) can be viewed as an analog of proj,,. Given B € R, the inverse
set D1 (B) = {p : B € ®u(p)} is given by (&, B) + C. With this new notation,
we see that

Pe = |{(x,B) € R”*:Endy' () # @}

For each fixed @ € R, we have
{BER:EN®,'(B) + D} = Du(E).

As above, an application of Fubini’s theorem shows that

Pe= | 108 EN®(B) # @)1 da = | 1@a(E)] dox = Fave (E).
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This shows that the Favard curve length is comparable to the probability associated
with the Buffon curve problem.
Now we give the formal definition of the Favard curve length.

Definition 1.1 (Favard curve length). Let C be a curve in R? with a family
of curve projections defined as in (1.1). If E C R, then the Favard curve length of
E is given by

Fave(E) = | {(x, B) € R2: &3 (B) N E + @}| = jR Do ()| dex.

Remark 1.2. Observe that

Fave(E) = |{(x,B) € R*: (&, B) + C) N E # O}
= {(«,B) € R*: (&, B) N (E + (=C)) # D} = {E+ (-O)}.

Therefore, the Favard curve length can be interpreted as the measure of a sum set.
Moreover, although we introduced ®« (the set of y-values of the intersection of
p — C with a vertical line defined by x = «) to define the Favard curve length, a
version of Definition 1.1 still holds for any other choice of orthogonal basis. For
example, we could define ¥ to be the set of x-values of the intersection of p — C
with a horizontal line v = B,

Y5(p) ={aeR:(x,B) €(p—-C)niy=p}L

Following the arguments from above, we would compute the Favard curve length
by integrating over f to get that

Fave(E) := [{(«,B) € R*: ¥; ' (B) NE #+ @} = LR ['¥g(E) | dp.

The Favard length is of interest because of its connection to the Buffon needle
problem, but it also gives important information about the rectifiability of the
set. The Besicovitch projection theorem [Bes39], [Fal80], [Fal86, Theorem 6.13],
[Mat95, Theorem 18.1] states that if a subset E of the plane has finite length in
the sense of Hausdorff measure and is purely unrectifiable (so that its intersection
with any Lipschitz graph has zero length), then almost every linear projection of
E to a line will have zero measure. This means that if E is purely unrectifiable,
then the Favard length of E is zero. In our companion paper [DT21], we study
quantitative versions of this statement for the Favard curve length. The results of
[DT21] (see also [ST17] and [HJJL], where nonlinear versions of the Besicovitch
projection theorem were originally attained) imply the following result.

Theorem (Besicovitch generalized projection theorem). Let E C R? be such
that H'(E) € (0, ). Assume that C is piecewise C' with a piecewise bi-Lipschitz
continuous unit tangent vector. If E is purely unrectifiable, then

Fave(E) = 0.



1006 LAURA CLADEK, BLAIR DAVEY ¢ KRYSTAL TAYLOR

Our paper [DT21] follows the viewpoint of Tao [Ta009] and uses multi-scale
analysis to quantify the previous statement. Roughly speaking, we show that if
E is close to being purely unrectifiable, then for an appropriate class of curves,
the Favard curve length of E will be very small. In the current article, we seek to
quantify this statement through a different viewpoint. Let K = (;;_; Ky, denote
the four-corner Cantor set (which we rigorously introduce below). Since K is
a compact, purely unrectifiable set with bounded, non-zero # '-measure, then
Fave(K) = 0. In particular, it follows from the dominated convergence theorem
that limy—.. Fave(Ky) = 0. Our current approach to quantifying the theorem
stated above is to find upper and lower bounds for Favc (K5,) as a function of n.

In recent years, there has been significant interest in determining rates of decay
of the classical Favard length for fractal sets. In [PS02], Peres and Solomyak proved
that Fav(K,) < exp(—clog, n), where log, ¥ = min{m = 0 : log" (y) < 1}
denotes the inverse tower function. They also investigated Favard length bounds
for other self-similar sets and random Cantor sets. The upper bound of Peres
and Solomyak was greatly improved by Nazarov, Peres, and Volberg in [NPV10],
where they proved the following result.

Theorem 1.3 (Nazarov, Peres, Volberg). For every p > 6, there exists C > 0
such that for all n € N,

Fav(K,) < Cn~ VP,

In [LaZ10], Laba and Zhai considered more general product Cantor sets of
the form E = () E, and showed that there exists p € (6, ) so that Fav(E,) <
n~ VP, In a related direction, Bond and Volberg demonstrated in [BV10b] that
Fav(Gn) s n~!/', where Gy is a 3 "-approximation to the Sierpinski gasket.
With § = () S» denoting a more general self-similar set, Bond and Volberg showed
that Fav(S,) < exp(—cy/logn) in [BV12]. All of these results were generalized by
Bond, Laba, and Volberg in [BLaV14] where they considered self-similar ratio-
nal product Cantor sets. Under certain assumptions on S, it was shown that
Fav(Sy) < n~P/loglogn which improved on the results of [BV12]. For the four-

corner Cantor set, the following lower bound was established by Bateman and
Volberg in [BV10a].

Theorem 1.4 (Bateman, Volberg). There exists C > 0 such that for alln € N,
Fav(K,) = Cn~! logn.

The upper and lower bounds described by Theorems 1.3 and 1.4, respectively,
are currently the best known results.

A variation of the classical Favard length was considered by Bond and Volberg
in [BV11]. Their so-called “circular Favard length” replaces linear projections of
Ky, with circular projections of Ky, where the radius of each circle depends on n.
We point out that our approach is different from theirs since our curves do not
vary with n. Since the Favard curve length may be interpreted as the measure of
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the sum set E + (—C) = E — C (see Remark 1.2), our work is closely related to
the ideas in [ST17] and [ST20] where the dimension, measure, and interior of
such sum sets were studied. Simon and Taylor showed that the two-dimensional
Lebesgue measure of E + S! equals zero if and only if E is an irregular 1-set. In our
language, this means that Favsi (E) = 0 if and only if E is a purely unrectifiable
1-set with finite, non-zero measure.

Now we introduce the four-corner Cantor set in the plane. The first step is
to describe the middle-half Cantor set in the real line, denoted by C. For any
n € N U {0}, let C,, denote the nt generation of the set C. Then, Cy = [0, 1]
and, forany n € N,

n n
Cn= U [Daidd Y aid+4m|
a;jef{0,3} j=1 j=1
j=1,...n

For example, C; = [0, %] U [%, 11, the set that is obtained by removing the middle
half of Cy. In fact, each Cy 41 is obtained through the self-similar process of re-
moving the middle half of all intervals that compose Cy,. We define C' = ;,—¢ Cn,
the middle-half Cantor set. Then, the four-corner Cantor set is the product set
given by K = C'x C. Then, the nth generation of K is given by K, = Cy X Cy, so
we may realize the four-corner Cantor set as K = (;,_o Kn.

The classical Favard length is given by Fav(E) = [ | proj,, El dw, where
§1

proj,, denotes the orthogonal projection onto a line that, say, makes an angle of
w with the x-axis. As previously mentioned, it was shown by Nazarov, Peres, and
Volberg [NPV10] that Fav(Ky,) exhibits power decay in 1 (see Theorem 1.3). In
[BV10a], Bateman and Volberg proved a lower bound, described by Theorem 1.4,
for the rate of decay of the Favard length of the four-corner Cantor set. These two
results are the best known bounds to date. The point of this article is to provide
versions of Theorems 1.3 and 1.4 in which the standard Favard length is replaced
by the Favard curve length, as given in Definition 1.1.

To prove our theorems, we need to impose a number of conditions on the
curves that define our projections. For the upper bound, to ensure that each
curve projection is finite, we assume that the curve itself has a finite length. As
the curvature plays an important role in our analysis, this quantity needs to be
meaningful. Therefore, we impose the condition that our curve is piecewise C'!
with a piecewise bi-Lipschitz continuous unit tangent vector. In particular, the
unit tangent vector is defined everywhere except for a finite number of points
and, by Rademacher’s theorem, the curvature is defined almost everywhere and
bounded from above and below. It follows that the number of points of inflection
(points where the signed curvature changes sign) is finite.

The first main result of this article is the following theorem.

Theorem 1.5 (Upper bound for Favard curve length). Let C be a curve of
finite length that is piecewise C' and has a piecewise bi-Lipschitz continuous unit
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FIGURE 1.1. Images of Ci, C5, and C3 placed to the left of
images of K1, K», and K3, respectively.

tangent vector. For every p > 6, there exists C > 0 depending on C such that for all
neN,
Fave(Ky) < Cn7VP,
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The second main result of this article is the following theorem.

Theorem 1.6 (Lower bound for Favard curve length). Let C be a curve that
is piecewise C1 and has a piecewise bi-Lipschitz continuous unit tangent vector. There
exists C > 0 depending on C such that for alln € N,

Fave(Ky) = Cn L.

If a sharper version of Theorem 1.3 became available, our Theorem 1.5 would
automatically inherit this improvement. On the other hand, the techniques used
to prove Theorem 1.6 are more direct, so an improvement to the lower bound
for the classical Favard length described by Theorem 1.4 may or may not affect
our lower bound. Compared to the results of Theorem 1.4, our lower bound is
weaker. We are currently investigating whether a log n improvement may be made
to Theorem 1.6 as in [BV10a]. In a forthcoming paper of Bongers and Taylor
[BT21], an alternate proof of Theorem 1.6 is proved using energy techniques.

To explain why we rule out curves with regions of arbitrarily small curvature,
we consider the line segment £ = {(2t,t) : t € (—1,1)} and show that Favy(Ky)
does not decay to 0. Given any z € [0,1]?, z + £ is a line passing through [0, 112
with slope % (see Figure 1.2). Since proj,, .., (1/2) (K1) fills an interval of length %,
the line z + £ intersects K;, so
there exists some square Q; of
sidelength 7 that also intersects
z+{. Thatis, z+¥ passes through
Q1, which is a shifted and rescaled
copy of [0,1]?. By the same rea-
soning as before, z + ¥ also inter-
sects K at some square Q of side-
length %6 Repeating these argu-
ments, we see that z + £ must also
intersect K;. As this holds for an
arbitrary z € [0, 112, we conclude
FIGURE 1.2. The image of z + £ over K;. that Fave(Ky) > 1, which clearly
The dotted lines indicate the projection of K;  does not exhibit any decay.

onto the angle arctan(%). This shows that In [DT21], we prove a quanti-
even as z moves around [0, 112, z + £ must tatve Besicovitch generfﬂlzed pro-
intersect one square from K. jection theorem by using multi-

scale analysis. As an application,

we give an estimate for the rate of
decay of the Favard curve length of the four-corner Cantor set. That is, we show
that if n is sufficiently large, then Fave (Ky) < (log, 1)~ 1/1% where log, denotes
the inverse tower function. The first result of this paper, Theorem 1.5, gives a vast
improvement over that estimate from [DT21].
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The article is organized as follows. In the next section, Section 2, we examine
our class of curves. We make a number of simplifying reductions to streamline
our proofs, then we collect some examples of curves that fit into the framework.
Section 3 is concerned with the proof of Theorem 1.5, while Section 4 presents
the proof of Theorem 1.6.

2. THE CURVES

2.1. Simplifications Before proceeding to our proofs, we first make some
simplifying assumptions about the class of curves that we consider.

Since C is assumed to be a curve that is piecewise C' and has a piecewise bi-
Lipschitz continuous unit tangent vector, we may write the curve C as a disjoint
union of continuous subcurves, C = |_|11-V=1 C;, where each C; is C! with a bi-
Lipschitz continuous unit tangent vector. In particular, it can be assumed (by
further decomposing the subcurves if necessary) that the unit tangent vectors are
strictly monotonic on each C;. Since C is assumed to be of finite length in the
upper bound setting, and there is no loss in further assuming that C is of finite
length for the lower bound as well, then each C; is of finite length.

We subdivide the unit semi-circle [0, 77] into two parts as follows. Let SL =
[0,7m/4] U [31r/4,m] and S}, = [m/4,31/4]. By further decomposing C if
necessary, we may assume the unit tangent vectors of each C; are entirely contained
in either S} or S,.

If the unit tangent vectors of C; are entirely contained in S%, then we may
write C; as a graph over x. Thatis, C; = {(t,@;(t)) : t € I;}, where I; is a finite
interval, @; is C1, |@}(s)| < 1 forall s € I;, and @] is A; bi-Lipschitz so that for
all s,t € I;,

Als —t] < |@i(s) — @i(t)] < Agls —t].

In particular, @] is strictly monotonic. Alternatively, if the unit tangent vectors
of C; are entirely contained in S;,, then we may write C; = {(@;(t),t) : t € I;},
a graph over ), with @; and I; as above. Since rotating the curve by integer
multiples of 77/2 has the same effect as rotating the four-corner Cantor set in the
opposite direction by the same multiple of 71/2, such a change does not impact
the Favard curve length of Ky,. Therefore, there is no loss of generality in assuming
the unit tangent vectors of C; are entirely contained in S}.
By subadditivity of the Favard curve length,

N
Fave, (E) < Fave(E) < Z Fave, (E).

i=1

It follows that, for both the upper and lower bounds that we seek, there is no loss
of generality in assuming that N = 1.

From now on, we assume that C = {(t,@(t)) : t € I}, where I is a finite
interval, @ is C!, |’ < 1 in I, @' is A bi-Lipschitz, and (¢’)~! exists. In fact,
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since @’ is bi-Lipschitz continuous, we have that ¢’ exists almost everywhere, so
that A > |@"'| = A~! > 0 almost everywhere in I.

2.2. Examples. To conclude this section, we consider some examples of
curves that fit into our scheme.

The curve that inspired this work is a circle of radius R. This curve satisfies
our hypothesis since it has a finite length equal to 27TR, and is smooth with a
smoothly varying tangent vector. Moreover, the curvature is constant so there are
no points of inflection. While C = {(Rcos0,Rsin6) : 6 € S'}, we may also

write C = I_Ile C;, where

o= {foem b () o[ 5 A

o= (&) e[ B8]}

The functions of interest are @ : [-R/+/2,Rv/2] — R defined by @.(t) =
++/R? — t2. Observe that . is smooth over its domain with |@’| < 1 and
|@Z| = +/8/R. Therefore, the constants in the estimates for Favc(Ky) depend
only on R.

Any ellipse also fits into our scheme. For some a,b > 0, we can write C =

1%, Ci, where

o= {on (@) e 5

o[ () e )

It is clear that this curve has a finite length, is appropriately smooth, has no points
of inflection, and has a well-defined curvature that is bounded above and below.
By analogy with the previous example, the constants in the estimates for Fave (Ky,)
depend only on a and b.

We could also consider a logarithmic spiral away from the origin. That is,
suppose that for some R,k > 0 and m > 1, C = {(Re*9 cos 0, ReX? sin ) :
0 € [2m,2mmr]}. This curve is smooth with a finite length and a well-defined
curvature that is bounded above and below. Thus, the estimates for Fave (K;,) will
depend on n, m, and R.

As we discussed after the statement of our theorem, line segments do not al-
ways work because there is a special slope at which the Favard lengths associated
with such lines do not exhibit any decay. However, there are many other poly-
nomials that we can work with. For example, a finite piece of a parabola satisfies
the conditions of our theorem. Any other higher-order polynomial is also suit-
able, as long as we avoid the points of inflection since those are places at which
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the curvature smoothly changes sign, and therefore does not have a bi-Lipschitz
derivative.

Although it does not satisfy the conditions of our theorem, consider the ver-
tical line segment given by £ = {(0,t) : t € [0,1]}. If z € Ky, then for any
Bel-1,11, (z1,B) + £ € Ky It follows that Favp(K;,) = 2!™", which is a vast
improvement over the power decay that we prove in our theorem, even though
this curve does not satisfy our hypotheses.

For the curious reader, we mention a curve that does not fit into our scheme
is a cycloid. At the cusps of a cycloid, the curvature blows up, which would affect
many of the arguments in the proofs presented below. However, we could consider
the part of the cycloid away from the cusps.

3. THE UPPER BOUND

In this section, we prove the upper bound described by Theorem 1.5. The big
idea behind the proof is that, locally, we can relate each of the curve projections to
an orthogonal projection. More specifically, we show that for a small enough piece
E of Ky, given « in a suitable domain, there exists 0 € S! so that the measure
of ®«(E) is comparable to that of proj,(E). We obtain an explicit relationship
between 6 and « and use that C has uniformly non-vanishing curvature to show
that the rate of change of & with respect to 0 is bounded. This bound allows us to
compare an integral of curve projections to that of standard projections, thereby
producing a relationship between the Favard curve length of E and the Favard
length of E. By combining these bounds with the result of Nazarov, Peres, and
Volberg described in Theorem 1.3 [NPV10], we then prove an upper bound for
Fave (Ky).

The first step is to decompose Ky Given the monotonicity of Fave (Ky),
there is no loss is assuming that # is an even number. Then, we rewrite K, as a
collection of rescaled copies of Ky/2. To simplify notation, let 6 = 47" so that

V8 =42 =271 Then,
27'.
3.1) Knp2 = | | Qj,
j=1
where {Q j}ﬁil is a disjoint collection of cubes of sidelength +/&. For each j, define
Q;j = Kn N Q; so that

mn mn
Kn=|1Qj=]]&inQ).
j=1 j=1

Example. Let n = 2 so that 6 = % and V6 = é Then, K2 = K1 =
|_|§:1 Q j, where each Q is a square of sidelength % Each Qj = K>NQ; contains 4
squares of length 1_16’ so it looks like a scaled, shifted version of K; (see Figure 3.1).
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Since each Q; is made up of [ | |
2" squares of sidelength &, we may Q3 Q4
think of each Qj as a shifted, V- o u

rescaled copy of Kyj2. As the Favard

curve length is subadditive (see Defini-

tion 1.1), it follows that FavC(K,) <

Z?ilFavc(Qj). Therefore, in light

of this observation and the simplifying H n L
assumptions that we made regarding C
in Section 2, to prove Theorem 1.5, it
suffices to prove the following propo-
sition.

Proposition 3.1 (Local Favard
curve length). Let C = {(t,p(t)) : t € I}, where I is a finite interval, @ is
CL @'l <1, @ is A bi-Lipschitz, and (') exists. Decompose Ky as in (3.1).
Forany j € {1,...,2"} and any € > 0,

1 2
B LB
FIGURE 3.1. Our decomposition of K
using K.

(3.2) Fave(Q;) s 27 "n# 1S,

where the implicit constant depends on C and &.

One of the main tools used to prove this proposition is a quantitative compar-

ison between each curve projection of Q; and some angular projection of Ky .
The following lemma describes this relationship, which is the important idea be-

hind the whole proof.

Lemma 3.2 (Comparison between curve projections and orthogonal pro-
jections). Let C = {(t,@(t)) : t € I}, where I is a finite interval, @ is cl,
|\@'| < 1, and @' is A-Lipschitz, that is, |Q'(s) — @' (t)| < Als — t| for every
s,t el Foranyx € R, any j € {1,...,2"}, andanyzo IS Qj N{(x+1) xR},
there exists 02,(x) € S! so that

(3.3) Pa(Q))| = 27" projg_ (o (Kny2),

where the implicit constant depends only on A.

Remark 3.3. The full power of this lemma is not required in our proof. We
only use that |¢a(Qj)| <271 projezo(m Ky /2] to achieve our result, but we have
included the two-sided estimate here anyway.

Proof. Fix j € {1,...,2"} and zy € Qj C R2. In components, zg =
(20,1, 20,2). We thus choose & € R so that z; € & + I. Then, we have that

O (Pn(20)) = {(x+t,®a(20) + (L)) : t €1}
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is the curve passing through zy. At zg, the slope of the tangent to this curve is
given by
mz, () = @' (201 — ).

First, we describe the set ®«(Q j) using a d-covering, where 6 = 47", Since
C = {(t,p(t)) : t € I}, the graph of a function, we have that, for each point
p = (p1, p2), the projection is either a singleton or the empty set. That is,

Bu(p) = {{Iﬂz —@pr-0l pr-xel
%) otherwise.

Observe that for any vertical line segment v = {(q1,q2 +t) : 0 <t <} in R2 of
length 8, @ (v) is either @ or a closed 5-interval. Since each Q; is a collection of
2" squares of sidelength 6, each of which containing many such line segments, we
have that ®4(Q ;) C R isa finite collection of closed, disjoint intervals, each having
length at least 6. Therefore, by a finite version of the Vitali covering lemma, there
exists a disjoint collection of N d-intervals, {Ik}]]:]=1a indexed in order, with the
property that

N _ N
| | Ik ¢ @4(Q;) ¢ | 2I.
k=1 k=1

In particular,

(3.4) [®a(Q))| = N&.

This 6-covering of Dy (Q j) is now used to understand the set Q j and deter-
mine the value of N. We accomplish this by looking at the strips that contain
each preimage ®5!'(Ix). For each k € {1,...,N}, let Tx = &5 (Ix) N Q;. Let
¥, denote the line passing through z with slope m_, (). We define the strip
Sk = U{¥z : z € Ty} to be the smallest strip that runs parallel to the direction
mz, () and contains Tk.

We show that each strip Sk has width that is bounded above by c¢d. Re-
call that @' (B) = (&, B) + C. Without loss of generality, Ix = [0,5] and
Q; C {0 < x < +/5} so that

Te C 3 (I) N {0 < x <6}
={(x+t,B+@1):te[-oVs-«l, Bel0,5]}.

If z; € Ty, then z; = (x + ti, Bi + @ (t;)), for some t; € [—x, /& — «] and some
Bi € [0,8]. The line £, is described by

Y =—@ (20 — ) (x+ti—x)+ Bi + p(t;).
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q,&l (P (20))
Mz, ()

20

co

Qj

Sk

FIGURE 3.2. The image of one T enclosed in Sk.

Therefore, given any z1, z, € Tk, the vertical distance between £, and £, is given

by

disty (€2, €2,) = | — @' (201 — ) (x + t1) + B1 + @(t1)

+ @' (zo) — ) (e +t) = fr — (L) |
<l@et) —@t2) — @' (zo) — &) (1 — t2)| + |B1 — B2l
= @' (ty)(t1 — t2) — @' (201 — &) (t1 — E2)| + [B1 — Bal,

where we have applied the mean value theorem with o as some point between ¢,
and t;. The Lipschitz nature of @" then implies that

disty (€2, €2,) < Altg + o — zo 1l [t1 — t2| + 1B1 — B2l < (A + 1)6,

where we have used that ty + o, 201 € [0,/6], t1,t2 € [,/ — «l, and
B1, B> € [0,6]. It follows that the width of Ty (measured orthogonal to m, (),
which is bounded by 1) is also comparable to 8, as desired.

Now we show that the collection {S, k}],jzl is essentially disjoint. Since we have
O (Ix) N @5 (Ir) = @ whenever k # k’ and each ®!(Ix) has a height of &, we
have that dist, (®g! (Ix), 5! (Ix)) = (lk — k’| — 1)8. Since |mz, ()] < 1, we
have disty2 (Tx, Tir) = (1//2) (Jk — k' | — 1), where we use disty,: to denote the
distance measured orthogonal to m, (). Thus, whenever |k —k’| = 2+/2c+1, it
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holds that disty: (Tk, Ti') = 2¢6. From the argument in the previous paragraph,
for each k, Ty C Sk, where Sk is a strip that is parallel to the slope direction
Mg, () and has a width bounded by ¢, as depicted in Figure 3.2. It follows that
Sk NSk = @ if [k —k'| = 2+/2¢ + 1. In particular, the strips {Sk}i]:1 can have at
most 2[2/2¢c + 11 -1 overlaps, as required.

We may repeat the arguments from above for the dilated intervals. If we
analogously define T} = ®,!'(2Ix) N Q;, then for each k, T;* C S N Qj, where
Sy is a strip with width bounded by c*§ that is parallel to m,(x). Moreover,
the collection {S} }]121:1 is also essentially disjoint.

Define 0, (x) € S! to be the angle that is orthogonal to a line with slope
Mz, ().

Claim. Foreach k, | projg_ (o (Tkn Q)| = & and | projg_ (o (TENQ))| = 6.
Proof. Fix k. Since (Ty N Qj) C (T n Qj) C (S§ nQj) c S, we have
|Pf°jezo(o<)(Tk nQl < lprojezom(Tik nQjl < lprojezom(S:?)l s 0,

where the last inequality follows from the choice of 0;, () and the fact that S}
has width bounded above by c*é.

Since Iy C ®4(Q ), then for every B € I, there exists z € Q j so that d(z) =
B. Let cx denote the midpoint of Ix. As every point of Q; is contained in a &-
square, there exists a §-square q; such that g; N @' (ck) # @. It follows that

| Proje, (o0 (T& N Q) 2 | projg, (o (Te N Q)| 2 | projy (o (Tk N a1l 2 6,

proving the claim. O

Finally, we use the claim to conclude the proof. Recall that, by construction,
{2Ik}],z]:1 forms a cover for <I>D((Qj), so that Qj C U]Ij=1 (Ty n Qj). Subadditivity
plus an application of the claim shows that

N
|Pf°jezo<o<)(éj)| <> | Projg,, (o (T N Qj)I < Ns.
k=1

Since |_|],:]=1 Iy € ®(Q i) by construction, it follows from taking inverses again

that I_Ii\lzl(Tk N Qj) ¢ Q. Since each Ty C Sk, where the Sy are essentially
disjoint, another application of the claim shows that

N
|projezo(m((zj)| z > | Projg, (e (T N Qi) = N§.
k=1
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Combining the previous two inequalities shows that | proj, ( 0 (Qj) = N&.

However, recalling that Q j is a v/O-scaled, shifted Ky /2, we have also that N6 =~
|Pr°j920(<x) (Qj)l = \/gprojgzo(a) (Kny2)|. Combining this bound with (3.4) and

recalling the definition of § leads to the conclusion of the lemma. O

Now that we have Lemma 3.2, we use it to prove Proposition 3.1. In essence,
we use that C has non-vanishing curvature to integrate the relationship from
Lemma 3.2.

Proof of Proposition 3.1. The first step is to extend the curve C to ensure that
all curve projections that we are working with are non-empty. Let I be the /3-
neighborhood of I. That is, if I = [a, b], then I =1[a-+8,b++/5]. Then,
we extend the definition of @ from I to [ so that all of the properties of @ are
maintained. Thatis, ¢ : [ — Ris C!, ¢’ is A bi-Lipschitz, (¢")~! exists, and
A= || = A1 > 0 almost everywhere in I. For example, we could set

(p(a)+<p’(a)(t—a)+%<p”(a)(t—a)2 tela-94,a),
P(t) =1@() t €la,b],
Q9(b)+<P'(b)(t—b)+%<P”(b)(t—b)2 t e (b,b+4],

a parabolic extension. Note that for this choice of extension, |@'(t)| < 1+ Ad <
1+ A, which suffices for our arguments. Each curve projection associated with this
extended function is denoted by .

We now proceed with the proof. Choose j € {1,...,2"} and zy € Qj. With
o € Rsothat zg; € & + I, 0, () denotes the angle that is orthogonal to a line
with slope m, (). That is, 0,,(x) € (—1/2,71/2] is given by

02, (x) = arctan (—;> )

P’ (20,1 — &)

where we extend the definition of arctan so that arctan(—%) = 11/2. Since ¢’ is
invertible, if we set

0z, (0) = 2o — (')} (— ) =201 — (@)1 (= cot0),

tan 0
we have &z, = 9;01 and 0, = 0(;01. That is, &z, (0z,(x)) = xand 0;,(xz,(0)) =
0. Moreover, since @’ is almost everywhere differentiable, then, where it is de-

fined,

dO(Z() _ arr

1+ [ (201 — &z, (0))]?
a0 - B

P (201 — Xz, (0))

(@) "(=cot))sin? 017! =
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Note that {&x € R: Q;n[(x+I)xR| # @} C {x € R:zp € [(x+1)xR|} =: A;.
By set inclusion and the fact that ®+(S) C 4 (S), we see that

Fave(G;) = j{R(@a(Qj))da - L 1®a(0)] dex

aeR:Q ;N (x+I)XR|}
< [ 1a(@plda=27 [projo, o (Knp)l des,
where the last line follows from (3.3) in Lemma 3.2. Since & € A; if and only if

0z, (x) € T(0) := {arctan(1/(®'(B))) : B € I}, applying a change of variables
and the lower bound on |@"’| shows that

A - . AT AT — 1 . -1
Favc(Qj) =2 "L(é) | proj,y (Ky/2) | ' [09 ((09 )1 (—m» sin’ 9] do
< ZinAJ | projg(Kn/z) |dO <27"A FaV(Kn/z).
(=m/2,11/2)
Applying Theorem 1.3 leads to (3.2), thereby proving the proposition. O

Remark 3.4. 1f we only had an upper bound for |dx;,/d6], instead of the
exact presentation, then the result of Proposition 3.1 would still hold.

4. THE LOWER BOUND

In this section, we prove the lower bound that is described by Theorem 1.6. The
starting point of our proof is motivated by the ideas that appear in [BV10a].
Specifically, we introduce a counting function and invoke the Cauchy-Schwarz
inequality. Then, the remainder of the proof is concerned with calculating good
estimates for the measures of overlapping sets.

We fix n € N and proceed to estimate Fave (K, ) from below. As described in
Section 2, it suffices to assume that C = {(t,@(t)) : t € I}, where I is a finite
interval, @ is C1, |@’| < 1in I, and @’ is A bi-Lipschitz. Therefore, for almost
every s € I, A7l < |@"(s)| < A and @”" does not change sign. We assume that
@' > 0 almost everywhere since the argument for ¢”" < 0 is analogous.

We now introduce the counting function. Note that K;, = |_|f:1 Q;, where
each Q; is a cube of sidelength 4. For z € R?, let C; = z + C, the curve
positioned at z. The counting function fy, : R? — Z is defined by

4.1) fn(z) =#{cubesQ € K, : Q N C; + T}.

We claim that J fn(z)dz = 1. Observe that f,, = Zf:l fL, where
R2

1 ifQinC; +Q,
0 otherwise.

fi(z) = {
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Since Q; N C; # @ if and only if z € Q; — C, we have that f} = Xo,—c- As
Qi — C| =~ 47" for each i, where the implicit constant depends only on C, the
claim follows.

As in [BV10a], we apply Cauchy-Schwarz to obtain

1/2
| = j Fa(2)dz < |{z € R2: Cs A Ky # @}P/Z(j |fn(z>|2dz)
R2 R2

= etk 2( [ 2P az)

Since [ |fn(2)]?dz # 0, this gives the lower bound
RZ

Fave (Kn) 2 (LR |fn(z>|2dz)_l.

Therefore, to prove Theorem 1.6, it suffices to estimate J | fn(2)|?dz from
[RZ

above. In particular, we need to establish the following result.
Proposition 4.1 (L> upper bound for the counting function). For fy as

defined in (4.1), it holds t/mtJ \fu(2)2dz < .
R2

Recalling the decomposition of f5 from above, we have

4n )
42 | 1f@Pre= Y | A e
R2 o R2
4n 4n
=2 LXQI._C(Z)XQJ._C(Z)dZ = > Pij»
ij=1"% i.j=1
where for each pair of cubes (Q;, Qj), we have introduced the quantity
pij=1(Qi-C)n(Qj—-0O)l.
If i = j, then it is clear that p;; = |Q; — C| ~ 47", For k € {0,1,...,n},

define the intervals

111 17 .
Ik:{2-4k+4_n’ﬁ_4_n] itk <m,

{0} ifk =mn,
1 1 .
2.4k’@:| 1fk<n,
Je=1r¢ 1
70,4—7[] lfk=1’l



1020 LAURA CLADEK, BLAIR DAVEY ¢ KRYSTAL TAYLOR

For any cube, we can write Q; = (X, ¥i) + [-1/(2 - 4"),1/(2 - 4")]* where
(xi, v;) denotes the center of the cube.

Definition 4.2 ((k,{)-pairs). We say (Qi,Q;) is a (k,¥)-pair for some
k,¢ €{0,1,...,n} if |x; — x| € Iy and |y; — ;| € I;. It follows that whenever
(o, ) € Qiand (y,6) € Qj, ly — &l € Jx and |6 - Bl € J;.

Example. For any i, the pair (Qj, Q;) is an (n, n)-pair.

To proceed with the proof, we must be able to bound each p; ; from above.
We do this in two steps: first, we bound p; j whenever (Q4,Q;) is a (k, {)-pair,
and then we count all such pairs. The following two lemmas give the required
quantitative estimates.

Lemma 4.3 (Measures of overlapping sets). Let (Qi,Q ;) be a (k,¥)-pair for
some k, € € {0,1,...,n}. Ifk < ¥, then pij < 452" otherwise, if k > ¥, then
Pij = 0.

Proof. Let (Qi,Qj) be a (k,¥)-pair. If k,€ = n, then the result follows from
the explanation before the statement, so we assume that Q; and Q are distinct,
and then either k or £ belongs to {0,1,...,n — 1}.

Observe that z € Q — C if and only if there is s € I so that z+ (s, @(s)) € Q.
Thus, z € (Q; — C) N (Q; — C) if and only if there exists s, t € I so that for some
(e, ) € Qi and (y,0) € Qj,

(x=s5,B-@(s) =z=(y—-t,6-@(1)).
By comparing the coordinates, we see that
l-s=y—-q,
@) —@(s) =6 -B.
Applying the mean value theorem shows that, for some § between s and t,

) — @) _ 16 - Bl
It —s| ly —«al

@' ($)] =

Since |@'(8)| = 1 forall § € I, then in order for such a pair of parameters s and
t to exist, we must have |0 — B| < |y — «l. Since (Q;, Q) is assumed to be a
(k,£)-pair, we have |y — | € Jx and |6 — B| € Jy, so we see that k < £. Roughly
speaking, this means that p; ;j is non-zero when the line joining the centers of Q;
and Q; is closer to being horizontal than vertical. In particular, if k > £, then
pij=0.

Assume that i and j are chosen so that (Q; — C) N (Q; — C) # &. As shown
above, this means there exist sg, tg € I and k < £ so that

1 1
(4.3a) to—So € |:Xj—Xi—4_n,Xj—Xi+4_n:| c Jk,

1 1
(4.3b) @ (to) — @(s0)| € [|y,- il = g = il + 47] cJon



Upper and Lower Bounds on the Rate of Decay of the Favard 1021

where we have assumed, as we may, that Q; is to the right of Q;. Since we have
assumed that Q; and Q are distinct, then k belongs to {0,1,...,n — 1}.

We call (s,t) a good pair of parameters if they give rise to a point in the in-
tersection (Q; — C) N (Qj — C). Let G C I x I denote the set of all good pairs
of parameters. Then, (so,t9) € G. Now we seek to determine the measure of all
s and t for which (s,t) € G. We come up with our bound by stepping the pair
(S0, to) forward and backward in small steps of length 47",

Forje Z,lets; = so+j4 ™ and tj = to+j4~ ™. Observe that t;—s;j = to— 5o
forall j € 7.

Claim. Whenever m € Z is such that Sy, tm € 1, it holds that
@ (tm) — @(sm) = @(ty) — P(so) + m4-k-n,

Proof- It is clear that this statement holds for m = 0. We first prove by
induction that the claim holds for all m € N such that sy, t;y € I. The mean
value theorem asserts that for some $pm € (Sy—1,Sm) and some tm € (Em—1,tm),
we have

(p(tm) - (p(Sm)

=[@tm) — @tm-1)] = [@(m) — @m-1)] + [@(Em-1) — P(Sm-1)]

= @ (tm) (tm = tm—1) = @ ) (S — Sm-1) + [@(Em—1) = @ (Sm-1)]

= [@ (fn) — @' Gm) 147" + @(to) — @(s0) + (m — 147",
where we have applied the inductive hypothesis in the last step. Since we have
fm _Aﬁm S [tmfl - Sm, tm - Smfl] C [t() - S() - 47‘”, t() - S() + 47‘”], we haVC
that ty — $m = 4%, and the bi-Lipschitz condition on @ combined with the
assumption that @’ is increasing implies that @’ (tm) = @' ($m) = 47K Tt follows
that @ (tm) — @ (sm) = @ (to) — @(so) + m4~K ", as claimed. O

Form S _N WhCrC Sm, tm S I, thCrC iS §m S (Sm,Sm+1) and fm S (tm, tm+1)
so that

@ (tm) — P(Sm)
= [@Gme1) = @) = [@(Eme1) = PEm)] + [@Ems1) — @ (Sme1)]
= @ Gm) Sms1 = Sm) — @ (bm) (tms1 = tm) + [@(Ems1) — @ (Sma1)]
—[@ (Em) = @' Gm) 14" + @(to) — P(so) + (M + 14F™,

1

where we have invoked the inductive hypothesis. Arguing as before, we see that
the claim follows for m € —N as well.
If (Sm,tm) € G, then by (4.3) we must have that

1
@ (tm) = @(sm)| = |y = yil | < R
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It follows from the claim that there are U < 4K and L 2 —4* (not necessarily
integers) so that forall y € [L,U], (so + y4 ", to+y4™™) € G. Fory ¢ [L,U],
we either have that the pair does not give rise to an intersection or that at least
one of the functions is not defined at the corresponding input. In other words,
(5,54 (to—S0)) € Gifand only if s—s9 € [L4™", U4 "]. Note that if (s,t) € G,
then [(s — t) — (59 — tg)| = 47" It follows that

[{s:(s,t) € G forsomet € I}| = |{t: (s,t) € G forsome s € I}| =~ 4™,

0 —%F 0;—%¢

4}” (Qi=%)N(Q;—F)

C4k7n

c4=k

T
4= O 0;
1

FIGURE 4.1. The image of the intersecting set for a (k, 1)-pair.

Since the arclength of a piece of C is proportional to the corresponding param-
eter range, we can then deduce that the width of the intersection of
(Qi—C)n(Q;j—C) is also bounded above by C4%"_ Since the height of the inter-
section of |Q;—C|N|Qj—C| isat most 4", we have [(Q;—C)N(Q;j—C)| 5 4k-2n
as required. (See Figure 4.1 for a visual in the case where £ = n.) O

The next step is to obtain a count on the number of (k,¥)-pairs in K. If
Cp = I_I%L I;, where each I; denotes an interval of length 47", and if for any
a € I and b € I}, we have |a — b| € Ji, then we say that (I;,I;) is a k-pair. It
suffices to count the number of k-pairs in Cy, the nth generation of the middle-
half Cantor set.

Lemma 4.4 (Pair counting in Cy). For k € {0,1,...,n — 1}, Cy contains
22n-1-k k-pairs, while Cy, contains 2™ n-pairs.

Proof. We proceed by induction on n.

Since C contains 2 intervals, we have that C contains 4 pairs. There are 2
1-pairs (non-distinct pairs), and all of the remaining pairs (of which there are 2)
are 0-pairs since the distances between their centers equals 2.

Now, assume the statement holds for Cy,. Since Cy,+1 contains 2"*! intervals,
we have that Cy11 contains 2"**1 (n + 1)-pairs. Now, consider k € {1,...,n}.
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Since Cpi1 = (% - Cp) U (% + % - Cp), each k-pair in Cp4; corresponds to a
(k — 1)-pair in one of the two copies of Cy,. Thus, by the inductive hypothesis,
Chp+1 contains 2 - 221-1=(k=1) = 22(+1)=1-k k_pairs. Each of the 0-pairs comes
from choosing one interval in é - Cy, and the other in % + é -Cy. Since C,, contains
2" intervals, there are 2-2"-2" = 22"*1 O-pairs in Cy+1, completing the proof. O

Using the count for k-pairs in Cy, we immediately arrive at the following.

Corollary 4.5 (Pair counting in K,). For k,¥ € {0,1,...,n — 1}, Ky, con-
tains 24n-2-k—¢ (k,ﬂ)—paz'rs. Fork € {0,1,...,n—1}, Ky, contains 25717k (k,n)-
pairs. Further, Ky contains 4" (n, n)-pairs.

Now we have all of the ingredients needed to prove Proposition 4.1 and there-
fore complete the proof of Theorem 1.6.

Proof of Proposition 4.1. To simplify notation, if (Q;Q;) is a (k,¥)-pair, we
write (Q4, Q) € Py . From Lemma 4.3, recall that Py p = @ if k > £. Returning
to equation (4.2), we have

i
M=
3

~

J fn (02 dix = Z pi

i,j=1 k=0£0=k (Qi,Q;)€Py

<35 s e

k=04=k (Q;,Q;)€Pry

where we have applied Lemma 4.3. Continuing on, we see that

n-1n-1
L@z Fat)Pax s 3. Z S gk

k=0 {=k (Q;,Q;)€Pry
i z 4k72n+ z 4—n
k=0 (Qi,Q;)€Prn (Qi,Qj)EPnn
-1ln- n-1
z z 4n—2—k—€4k72n + Z 23n—1—k4k—2n +4n4—n,

k=0
where we have invoked Corollary 4.5. Further simplifying shows that
n-1n-1
J |fn(0)Pdx s >0 > 2k2 4 sz il s,

k=0 £=k k=0

completing the proof. O



1024 LAURA CLADEK, BLAIR DAVEY ¢ KRYSTAL TAYLOR

Acknowledgements This material is based upon work supported by the Na-
tional Security Agency (grant no. H98230-19-1-0119), The Lyda Hill Founda-
tion, The McGovern Foundation, and Microsoft Research, while the authors were
in residence at the Mathematical Sciences Research Institute in Berkeley, Califor-
nia, during the summer of 2019. Many thanks are due to Terrence Tao for reading
the manuscript and providing helpful feedback. Thanks also to the referees for
carefully reading the manuscript and offering constructive comments.

The first author is supported in part by the National Science Foundation
Postdoctoral Fellowship (no. 1703715), and the second author by the National
Science Foundation LEAPS-MPS grant (DMS-2137743). The second and third
authors are also supported by the Simons Foundation (grant nos. 430198 and
523555, respectively).

REFERENCES

[Bes39] ABRAM S. BESICOVITCH, On the fundamental geometrical properties of linearly measurable
plane sets of points (III), Math. Ann. 116 (1939), no. 1, 349-357. http://dx.doi.org/
10.1007/BF01597361. MR1513231.

[BLaV14] MATTHEW BOND, IZABELLA LABA, AND ALEXANDER VOLBERG, Buffon’s needle esti-
mates for rational product Cantor sets, Amer. J. Math. 136 (2014), no. 2, 357-391. http://
dx.doi.org/10.1353/ajm.2014.0013. MR3188064.

[BT21] TYLER BONGERS AND KRYSTAL TAYLOR, Energy techniques for nonlinear projections
and Favard curve length, Analysis & PDE, to appear.

[BV10a] MICHAEL BATEMAN AND ALEXANDER VOLBERG, An estimate from below for the Buf-
Jfon needle probability of the four-corner Cantor set, Math. Res. Lett. 17 (2010), no. 5, 959—
967. http://dx.doi.org/10.4310/MRL.2010.v17.0n5.a12. MR2727621.

[BV10b] MATTHEW BOND AND ALEXANDER VOLBERG, Buffon needle lands in &-neighborhood
of a 1-dimensional Sierpinski gasketr with probability ar most |loge|~¢, C. R. Math. Acad.
Sci. Paris 348 (2010), no. 11-12, 653-656 (English, with English and French summaries).
http://dx.doi.org/10.1016/j.crma.2010.04.006. MR2652491.

[BV11] , Circular Favard length of the four-corner Cantor set, J. Geom. Anal. 21 (2011),
no. 1, 40-55. http://dx.doi.org/10.1007/512220-010-9141-4. MR2755675.
[BV12] , Buffon’s needle landing near Besicovitch irregular self-similar sets, Indiana Univ.

Math. J. 61 (2012), no. 6, 2085-2109. http://dx.doi.org/10.1512/iumj.2012.61.
4828. MR3129103.

[DT21] BLAIR DAVEY AND KRYSTAL TAYLOR, A quantification of a generalized Besicovitch pro-
Jection theorem via multiscale analysis, ]. Geom. Anal. 32 (2022), no. 4, Paper No. 138, 55
pp. https://doi.org/10.1007/512220-021-00793-z. MR4378098.

[Fal80] KENNETH ]. FALCONER, Continuity properties of k-plane integrals and Besicovitch sets,
Math. Proc. Cambridge Philos. Soc. 87 (1980), no. 2, 221-226. http://dx.doi.org/
10.1017/50305004100056681. MR553579.

, The Geometry of Fractal Sets, Cambridge Tracts in Mathematics, vol. 85, Cam-
bridge University Press, Cambridge, 1986. MR867284.

[HJJL] RISTO HOVILA, ESA JARVENPAA, MAARIT JARVENPAA, AND FRANCOIS LEDRAP-
PIER, Besicovitch-Federer projection theorem and geodesic flows on Riemann surfaces, Geom.
Dedicata 161 (2012), 51-61. http://dx.doi.org/10.1007/s10711-012-9693-5.
MR2994030.

[LaZ10] IZABELLA LABA AND KELAN ZHAI, The Favard length of product Cantor sets, Bull. Lond.
Math. Soc. 42 (2010), no. 6, 997-1009. http://dx.doi.org/10.1112/blms/bdq059.
MR2740020.

[Fal86]



http://dx.doi.org/10.1007/BF01597361
http://dx.doi.org/10.1007/BF01597361
http://www.ams.org/mathscinet-getitem?mr=1513231
http://dx.doi.org/10.1353/ajm.2014.0013
http://dx.doi.org/10.1353/ajm.2014.0013
http://www.ams.org/mathscinet-getitem?mr=3188064
http://dx.doi.org/10.4310/MRL.2010.v17.n5.a12
http://www.ams.org/mathscinet-getitem?mr=2727621
http://dx.doi.org/10.1016/j.crma.2010.04.006
http://www.ams.org/mathscinet-getitem?mr=2652491
http://dx.doi.org/10.1007/s12220-010-9141-4
http://www.ams.org/mathscinet-getitem?mr=2755675
http://dx.doi.org/10.1512/iumj.2012.61.4828
http://dx.doi.org/10.1512/iumj.2012.61.4828
http://www.ams.org/mathscinet-getitem?mr=3129103
https://doi.org/10.1007/s12220-021-00793-z
http://www.ams.org/mathscinet-getitem?mr=4378098
http://dx.doi.org/10.1017/S0305004100056681
http://dx.doi.org/10.1017/S0305004100056681
http://www.ams.org/mathscinet-getitem?mr=553579
http://www.ams.org/mathscinet-getitem?mr=867284
http://dx.doi.org/10.1007/s10711-012-9693-5
http://www.ams.org/mathscinet-getitem?mr=2994030
http://dx.doi.org/10.1112/blms/bdq059
http://www.ams.org/mathscinet-getitem?mr=2740020

Upper and Lower Bounds on the Rate of Decay of the Favard 1025

[Mat95] PERTTI MATTILA, Geometry of Sets and Measures in Euclidean Spaces: Fractals and Rectifia-
bility, Cambridge Studies in Advanced Mathematics, vol. 44, Cambridge University Press,
Cambridge, 1995. http://dx.doi.org/10.1017/CB09780511623813. MR1333890.

[NPV10] FEDOR NAZAROV, YUVAL PERES, AND ALEXANDER VOLBERG, The power law for

the Buffon needle probability of the four-corner Cantor set, Algebra i Analiz 22 (2010), no. 1,
82-97; English transl., St. Petersburg Math. J. 22 (2011), no. 1, 61-72. http://dx.doi.
org/10.1090/51061-0022-2010-01133-6. MR2641082.

[PS02] YUVAL PERES AND BORIS SOLOMYAK, How likely is Buffon’s needle to fall near a planar
Cantor set?, Pacific J. Math. 204 (2002), no. 2, 473-496. http://dx.doi.org/10.2140/
pjm.2002.204.473. MR1907902.

[ST17] KAROLY SIMON AND KRYSTAL TAYLOR, Dimension and measure of sums of planar sets
and curves, Mathematika (2017), to appear.

, Interior of sums of planar sets and curves, Math. Proc. Cambridge Philos. Soc. 168
(2020), no. 1, 119-148. http://dx.doi .org/10.1017/s0305004118000580.
MR4043823.

[Tao09] TERENCE TAO, A quantitative version of the Besicovitch projection theorem via multiscale
analysis, Proc. Lond. Math. Soc. (3) 98 (2009), no. 3, 559-584. http://dx.doi.org/10.
1112/plms/pdn037. MR2500864.

[ST20]

LAURA CLADEK:

Department of Mathematics

University of California

Math Sciences Building, Box 951555 Los Angeles, CA 90095, USA
E-MAIL: cladek@math.ucla.edu

BLAIR DAVEY:

Department of Mathematical Sciences
Montana State University

PO Box 172400

Bozeman, MT 59717, USA

E-MAIL: blairdavey@montana.edu

KRYSTAL TAYLOR:
Department of Mathematics
The Ohio State University

281 W Lane Ave

Columbus, OH 43210, USA
E-MAIL: taylor.2952@osu.edu

KEY WORDS AND PHRASES: Favard curve length, four-corner Cantor set, Buffon curve problem.
2010 MATHEMATICS SUBJECT CLASSIFICATION: 28A80, 28A75, 28A78.
Received: March 9, 2020.


http://dx.doi.org/10.1017/CBO9780511623813
http://www.ams.org/mathscinet-getitem?mr=1333890
http://dx.doi.org/10.1090/S1061-0022-2010-01133-6
http://dx.doi.org/10.1090/S1061-0022-2010-01133-6
http://www.ams.org/mathscinet-getitem?mr=2641082
http://dx.doi.org/10.2140/pjm.2002.204.473
http://dx.doi.org/10.2140/pjm.2002.204.473
http://www.ams.org/mathscinet-getitem?mr=1907902
http://dx.doi.org/10.1017/s0305004118000580
http://www.ams.org/mathscinet-getitem?mr=4043823
http://dx.doi.org/10.1112/plms/pdn037
http://dx.doi.org/10.1112/plms/pdn037
http://www.ams.org/mathscinet-getitem?mr=2500864

	1. Introduction
	2. The Curves
	2.1. Simplifications
	2.2. Examples.

	3. The Upper Bound
	4. The Lower Bound
	Acknowledgements

	References

