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ABSTRACT. We study the vanishing dissipation limit of the three-dimensional (3D) com-
pressible Navier-Stokes-Fourier equations to the corresponding 3D full Euler equations. Our
results are twofold. First, we prove that the 3D compressible Navier-Stokes-Fourier equations
admit a family of smooth solutions that converge to the planar rarefaction wave solution of
the 3D compressible Euler equations with arbitrary strength. Second, we obtain a uniform
convergence rate in terms of the viscosity and heat-conductivity coefficients. Due to the 3D
setting the approach for the two-dimensional case could not be applied directly. Instead, the
analysis of the 3D case is carried out in the original non-scaled variables, and consequently
the dissipation terms are more singular. Novel ideas and techniques are developed to establish
the uniform estimates. More accurate a priori assumptions with respect to the dissipation
coefficients are crucially needed for the stability analysis, and some new observations on the
cancellations of the physical structures for the flux terms are essentially used to justify the
3D limit. Moreover, we find that the decay rate with respect to the dissipation coefficients
is determined by the nonlinear flux terms in the original variables for the 3D limit.

1. INTRODUCTION

We are concerned with the vanishing dissipation limit of the three-dimensional (3D) Navier-
Stokes-Fourier equations describing the motion of compressible, viscous and heat-conducting
flows:

pt + div(pv) =0,
(pv); + div(pv ® v) + Vp = divS, (1.1)
(pE)¢ + div(pEv 4 pv + q) = div(vS),

where p = p(t,x) denotes the density, v = v(t,z) = (v, v, v3)(t,z) € R? the velocity, and
p = p(t,x) the pressure, with the temporal variable t € RT™ = (0, 00) and the spatial variable
r = (z1,29,73) € R3. Moreover, E = e + %‘U‘Z is the specific total energy with the specific
internal energy e = e(t,z), and S is the viscous stress tensor defined by

S = 2,UJ1]D)(’U) + Apdivol, (12)

.
where D(v) = w is the deformation tensor with (Vv)" denoting the transpose of the
matrix Vo, I represents the 3 x 3 identity matrix, and the two constants p; and Ay denote
the shear and the bulk viscosity coefficients satisfying the physical restrictions:

w1 >0, 2u; +3X > 0. (1.3)

2020 Mathematics Subject Classification. T6N10, 35Q35, 35Q30, 35Q31, 76N06.
Key words and phrases. Vanishing dissipation limit, planar rarefaction wave, Navier-Stokes-Fourier equa-
tions, Euler equations, hyperbolic wave, decay rate.
1



2 L-A. LI, D. WANG, AND Y. WANG

By the Fourier laws, the heat flux q is given by
q=—k1VH, (1.4)
where 0 = 0(t,x) denotes the absolute temperature, and the constant k1 > 0 is the heat-
conductivity coefficient. In the present paper we take
H1 = e, A1 = A&, K| = KE, (1.5)

where € > 0 is the vanishing dissipation parameter, and p, A and x are the given uniform-in-¢
constants with g, A still satisfying the physical condition (1.3) and x > 0. The equations (1.1)
describe the mass continuity, the balance of momentum, and the conservation of total energy
for the viscous heat-conducting flow. For the ideal polytropic flow the pressure p and the
internal energy e satisfy the following constitutive relations:
-1 R
p = Rpf = Ap” exp (%S), e= HG, (1.6)
where S denotes the entropy, and v > 1, A and R are all positive fluid constants.
In this paper, we consider the viscous system (1.1) in the domain = R x T? with T? =
(R/Z)? denoting a two-dimensional unit flat torus, subject to the following initial condition:

(p,’u,@)(O,m) = (po,vo,eo)(ﬁﬂ), (17)
where pg, 6y > 0 and vg := (v10, v20, v30) satisfy the periodic boundary condition for (2, x3) €
T?. We shall study the vanishing dissipation limit in the case of the planar rarefaction wave
for the dissipative system (1.1), with the following far field condition of solutions imposed in
the x1-direction:

(p,v,0)(t,z) = (px,v+,0+), as =z — Foo, t >0, (1.8)

where vy := (v14,0,0) and pi, #1 > 0, viL are prescribed constant states, such that the
two end states (p4,v14,60+) are connected by the rarefaction wave of the following Riemann
problem for the one-dimensional (1D) Euler equations:
Pt + (pvl)l‘l = 07 T € Rv t> 07
(pv1)e + (pvi + p)ay =0, (1.9)
(PE): + (pEv1 + po1)a, =0,
with the initial data:
_,v—,0_), x1 <0,
(p,01,0)(0,01) = (o 03, 05) (1) = § P 10D (1.10)
(p+,1)1+,9+), z1 > 0.

When € — 0, the solutions of the 3D compressible Navier-Stokes-Fourier equations (1.1)-(1.7)
with the far field condition (1.8) connected by the rarefaction wave in (1.9)-(1.10) formally
converge to the solutions of the 3D Euler equations:
pt + div(pv) =0, (x1,m2,23) € Q, t >0,
(pv) + div(pv @ v) + Vp =0, (1.11)
(pE) + div(pEv + pv) = 0,
with the following planar Riemann initial data:
(p—,v_,0_), x1 <0,

1.12
(p+,v4,04), z1>0. (1.12)

(p,0,0)(0, ) = (sl w5, OF) (1) = {
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It should be noted that, even though the tangential components vy, v3 are continuous on
the both sides of the plane {z; = 0} and the jump discontinuity for the velocity v lies only
in the normal component v; as in (1.12), the multi-dimensional Riemann problem (1.11)-
(1.12) has some essential differences from the one-dimensional Riemann problem (1.9)-(1.10).
For instance, Chiodaroli, De Lellis and Kreml [8] and Chiodaroli and Kreml [9] first proved
that there exist infinitely many bounded admissible weak solutions to the two-dimensional
(2D) planar shock Riemann problem (1.11)-(1.12) satisfying the natural entropy condition
and their construction of multi-dimensional weak solutions is formulated by the convex in-
tegration method (c.f. De Lellis and Szekelyhidi [11]), which may not be applied directly
to the 1D Riemann problem (1.9)-(1.10). Their results were extended to the 2D Riemann
initial data (1.12) with planar shock connected with contact discontinuity or rarefaction wave
in [3,35], and the global instability of the multi-dimensional planar shocks for the compressible
isothermal Euler flow was shown in [28]. However, the uniqueness of the uniformly bounded
admissible weak solution was obtained in [4,13, 14] for the corresponding multi-dimensional
Riemann solution to (1.11)-(1.12) containing only planar rarefaction wave. Hence the unique-
ness of planar rarefaction wave for the multi-dimensional Riemann problem is exactly the
same as the one-dimensional case and is in sharp contrast with the non-uniqueness of the 2D
planar shock. We remark that the non-uniqueness for the 2D planar shock Riemann solution
confirms that the usual entropy inequality could not serve as a criterion to select a unique
solution in the case of systems of conservation laws in more than one spatial dimension. There-
fore one possible alternative selection criterion is to study the vanishing dissipation limit in
the multi-dimensional setting especially for the compressible Navier-Stokes-Fourier equations
(1.1) with physical dissipations, even though it is still a big challenging open problem in
the general setting due to the complicated and ambiguous structure of the multi-dimensional
Euler equations (1.11).

On the other hand, compared with the multi-dimensional planar shock wave, the multi-
dimension planar rarefaction wave seems more stable for the multi-dimensional compressible
Euler equations by the uniqueness results in [4,13,14], which motivates us to justify mathemat-
ically the vanishing physical dissipation limit of the 3D compressible Navier-Stokes-Fourier
equations (1.1)-(1.7) towards the planar rarefaction wave solution of the 3D Euler equations
(1.11)-(1.12) in the present paper.

The vanishing viscosity limit in the 1D case has been studied extensively in literature, in-
cluding the basic wave patterns. Here we briefly mention the works of [2,16,42] for the 1D
hyperbolic systems of conservation laws with artificial viscosity, [7,17-19,21-26,34,40,41] for
the 1D compressible Navier-Stokes equations with physical viscosities, [1,5,6,10,12,27,37] for
other relevant results; and we refer to our previous paper [30] for more detailed survey on the
1D problem. However, the multi-dimensional vanishing viscosity limit is a challenging prob-
lem and has been less developed. In particular, for the compressible viscous system (1.1) there
are only a few results to date on the vanishing dissipation limit towards the planar basic wave
patterns. Very recently, we [30] first proved the vanishing viscosity limit to the planar rarefac-
tion wave for the 2D compressible isentropic Navier-Stokes equations in R x T by introducing
the hyperbolic wave and using the hyperbolic scaling variables £ and é This result of [30]
was extended in [33] later to the 2D non-isentropic compressible Navier-Stokes equations by
a slightly different scaling. The time-asymptotic stability of the planar rarefaction wave to
the 2D /3D compressible Navier-Stokes equations with fixed viscosity and heat-conductivity
coefficients was proved in [31,32]. We remark that there are substantial differences between
the asymptotic stability and the vanishing viscosity limit of planar rarefaction wave in the
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multi-dimensional setting, since the error terms for the inviscid rarefaction wave profile have
sufficient time-decay rate for the asymptotic stability, but do not have enough decay with re-
spect to the dissipation coefficients for the vanishing dissipation limit in the multi-dimensional
case. The goal of this paper is to justify mathematically the vanishing dissipation limit to the
planar rarefaction wave for the 3D compressible Navier-Stokes-Fourier system (1.1) under the
physical constraints (1.3) and (1.5).

In contrast to the 1D vanishing dissipation limits in [19,24,41], the new difficulties here lie
in the spatially higher dimensionality for the wave propagation along the transverse xo, x3-
directions and their interactions with the rarefaction wave in the x;-direction. Accordingly,
a new hyperbolic wave is crucially introduced to recover the physical dissipation of the full
Navier-Stokes-Fourier system for the inviscid rarefaction wave profile, which is partially in-
spired by [22,30]. Without this hyperbolic wave but with only the rarefaction wave itself as
the solution profile, the H2-norm of the perturbation of the 3D compressible Navier-Stokes-
Fourier system around the planar rarefaction wave is not uniform-in-¢ and consequently the
vanishing dissipation limit of the planar rarefaction wave could not be justified as in Theorem
2.1.

In comparison with the vanishing viscosity limit for the 2D compressible Navier-Stokes
equations in the previous works [30,33], the 3D compressible Navier-Stokes-Fourier system
(1.1) is significantly more difficult in analysis, and hence new techniques are needed mainly
due to the higher dimensionality. First, the approach in [30,33] for the 2D case could not be
applied directly to the 3D case here due to the fact that the additional 3 dimensionality would
be O(e%) order for some o > 0 in the scaled variables, which would lead to an extra singularity
making it harder to obtain the uniform estimates with respect to the dissipation coefficients.
Therefore, we use a different approach for the 3D problem in this paper, that is, we take
the original non-scaled variables x and ¢, but then the dissipative terms are more singular
compared with the scaled variables case in [30,33]. Consequently, we need to carry out the
more accurate a priori assumptions with respect to the dissipation coefficients (see (4.7)) to
overcome this difficulty. Second, we discover some new cancellations of the physical structures
for the flux terms and viscous terms, which are essentially used to justify the limit process for
the 3D planar rarefaction wave. With these observations and more delicate analysis of energy
estimates, we can close the a priori assumptions and prove the 3D vanishing dissipation limit.
The detailed result can be found in Theorem 2.1 below. Note also that the periodicity of the
domain €2 in x5 and w3 directions and the original non-scaled spatial variables are crucially
utilized in the lower order estimates. For the derivative estimates in Lemmas 5.2 and 5.3 we
mainly apply the cancelations between the flux terms, which is quite different from the 2D
case in [30,33]. Moreover, it is observed that the decay rate with respect to the dissipation
coefficients is determined by the nonlinear terms in the original variables for the 3D limit
here, while for the 2D case [30,33] the decay rate is fully determined by the error terms in
the scaled variables. We also remark that very recently Feireisl and Novotny [15] obtained a
related result in the framework of weak solutions to the compressible Navier-Stokes equations.

The rest of the paper is organized as follows. In Section 2, we describe the planar rarefaction
wave to the 3D Euler system, construct the smooth approximate rarefaction wave and present
the main result. The hyperbolic wave and the solution profile will be introduced in Section 3.
Then in Section 4, the system for the perturbation of the solution to the system (1.1) around
the solution profile consisting of the approximate rarefaction wave and the hyperbolic wave
will be reformulated and the Theorem 2.1 will be proved. In Section 5, the detailed a prior:
estimates for the perturbation system will be carried out by using the L?— energy method.
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2. THE RAREFACTION WAVES AND MAIN RESULT

In this section, we present the planar rarefaction wave, the smooth approximate rarefaction
wave and the main result.

2.1. The planar rarefaction wave. Now we describe the planar rarefaction wave to the 3D
Euler system (1.11), which can be viewed as a 1D rarefaction wave to the 1D Euler system
(1.9). For p > 0 and 6 > 0, the strictly hyperbolic system (1.9) has three distinct eigenvalues:

Jjtl .
)\j(Pyvl,S):U1+(_1)]2 pp(p7S)7 .7:1737 )\2(/),”1,5):”1,
with the corresponding right eigenvectors:
i+l T T
rj(p,v1,5) = ((—1) Z p, pp(p,S),O) ,J=13,  ralpv,8) = (9,0, -pp)
such that
v(p,v1,5))\j(p7 ’Ul,S) ' rj(P/UlyS) 7& 07 ] = 1737 and v(p,vl,S))‘Q(pv Ul,S) . 7“2(97 'Ul,S) =0.

Thus the two j-Riemann invariants Egi) (i=1,2,7 = 1,3) can be defined by
-1 [P 2(2,8
=0 =y + (1)721/ vrez5), = =g, (2.13)
z

such that
v(pmhs)zy)(p, v1,5)-ri(p,v1,5) =0, =12, j=1,3.

Here we only consider the single 3-rarefaction wave without loss of generality, while the single

1-rarefaction wave and the superposition of these two waves could be treated similarly. Along
the 3-rarefaction wave curve, the 3-Riemann invariant Zz(f) (1 = 1,2) keeps constant and the
third eigenvalue A3(p, v1,S) is expanding, in particular,

Eéi)(p+7vl+75+) = Zi(%i)(p—vvl—75—)7 )\3(p+,v1+,5+) > /\3(/)_,111_,5_). (214)

The Riemann problem (1.9)-(1.10) has a self-similar 3-rarefaction wave solution (p", v{, 6")(%*)
(cf. [29]). Correspondingly, the planar rarefaction wave solution to the 3D Euler equations
(1.11)-(1.12) could be defined as (p",v",07)(%L) with v" := (v],0,0)".

2.2. Smooth approximate rarefaction wave. We now construct a smooth approximate
rarefaction wave through the Burgers’ equation as in [19,20,30,41]. If B_ < B, then the
Riemann problem of the inviscid Burgers’ equation

B, + BB,, =0,
B_ <0 2.15
B(0,21) = Bj(x1) = { s (2.15)

B+, xr1 > 0,
admits a self-similar rarefaction wave fan solution B"(t,z1) = B"(%") given explicitly by

B_, r1 < B_t,
X
B'(t,z1) = B (71) —{o Bt<a < Byt (2.16)
B+, T > B+t
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Set B+ = A3(p+,vi+,0+) and then the self-similar 3-rarefaction wave (p",v],0")(t,x1) =
(p",v1,07)(%*) to the Riemann problem (1.9)-(1.10) can be given explicitly by

>‘3(prvvgaer)(taxl) = Br(l?vxl)a
Egz)(PraU§79r>(t7fU1) = Z:(;)(p:bvlztaei)a 1= 1727

where Ez(f) (i = 1,2) are the 3-Riemann invariants defined in (2.13).

Since the self-similar rarefaction wave B"(t,z1) in (2.16) is only Lipschitz continuous, in
order to justify the vanishing dissipation limit to the planar rarefaction wave of the com-
pressible Navier-Stokes equations (1.1) with second order derivatives, we need to construct
an approximate smooth rarefaction wave profile by using the following Burgers’ equation
(c.f. [19,41]):

(2.17)

By + BB,, =0,
B(0,1) = Bo(ay) = 2 ;V B By ; B_ tanh%7 (2.18)
where the approximate parameter § > 0 is chosen by
6 :=¢'|Inel, (2.19)

1
6’
§=¢s |Ine|, as explained later in (4.15) in order to obtain the sharp decay rate in the present
paper. Since Bj(x1) > 0, the Burgers’ problem (2.18) has a unique, global classical solution
B(t,z1) satisfying B,, > 0 for all ¢ > 0 by the characteristic methods (cf. [19,41]).

Similarly, the self-similar 3-rarefaction wave (p",v{,0")(t,z1) = (p",v],0")(%*) defined in
(2.17) is Lipschitz continuous. Correspondingly, the smooth approximate rarefaction wave

(p,v1,0) (t,x1) can be constructed by

with the power b being a positive constant to be determined. In fact, we take b = ie.

A3(p, 01, 0)(t, 1) = B(t, 1),
Z:(;)(ﬁ, 1_11,0_)(t,1'1) == Ez(),i)(p:l:vvlﬂmeﬂ:)u 1= 1727

where B(t,z1) is the classical solution to the Burgers’ equation (2.18). It could be checked
that the above approximate rarefaction wave (p,v1,0)(t,z1) satisfies the 1D compressible
Euler system:

(2.20)

pt + (ﬁqjl)xl = 07
(p01)t + (P} + )y = O, (2.21)
R & __z __
P [(P9)¢ + (p018), | + PO12y = O,
with the initial value (po, 910, 00)(z1) := (p,v1,0)(0,21). With the supplement v} = v} = 0
to the 1D 3-rarefaction wave (p",v7,0")(%), we see that (p",v",0")(%) is the unique planar
rarefaction wave solution to the 3D Riemann problem (1.11)-(1.12). Then the corresponding

approximate rarefaction wave is (p,v,0) with (p, 71, ) defined in (2.20) and v, = 93 = 0.

2.3. The main result. Consider the full compressible Navier-Stokes-Fourier system (1.1)
with the following initial data:

(pe’ ,ve’ 96)(07 CC) = (1607 Vo, éo)(ﬂ?l) + (@07 W, EO)(x)v (2'22)
where W := (110,20, ¥30) | and we choose the initial perturbation (g, o, &o)(x) such that
4—i

. . . g 774 —T7—q .
170, V00, V)P =0 () =0 (7 Imel ), =02 a2y
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Our main result can be stated as follows.

Theorem 2.1. Let (p",v",0")(5) be the planar 3-rarefaction wave to the 3D compressible
Euler system (1.11) and T > 0 be any fixed time. Then there exists a constant g > 0 such
that, for any € € (0,e0), the system (1.1) with the initial value (2.22) has a family of 3D
smooth solutions (p°,v=,6°)(t,x) up to time T satisfying

(p° — p",v° —v", 05 — 07) € CO([0, T]; L3(£2)),

(Vp®, Vo©, V) € CO((0,T]; H' (),

(V3% V36°) € L2(0,T; L*(Q));
and ) )
< Cr ei2|lnel|2. (2.24)

1
su 05, 0% (o) — (7,0, 0") [ — ’ <
ogé’TH(p )(t,2) — (p >(t)m

Furthermore, for any small constant h > 0, there exists a constant Cy 7 > 0 independent of
g, such that

sup_ (%, 0%, 6%) (t,2) = (o707 07) (B1)|| < Cu efimel?, (2.25)
h<t<T t /llL=(Q)
and, as € — 0+, the solution (p°,v=,0°)(t,z) converges to the planar 3-rarefaction wave fan
(p", 0", 0") (%) pointwise in RT x Q.

Remark 2.1. Theorem 2.1 presents rigorously the vanishing dissipation limit to the planar
rarefaction wave with arbitrarily large strength for the 3D compressible Navier-Stokes-Fourier
system (1.1). We remark that the corresponding vanishing dissipation limits of the system
(1.1) for the planar shock or planar contact discontinuity case are still completely open to our
knowledge.

Remark 2.2. As in the 2D case [30,33], in order to justify the vanishing dissipation limit
we need to introduce the hyperbolic wave to recover the physical dissipations of the system
(1.1) for the inviscid approximate rarefaction wave profile. Otherwise, the H2?-norm of the
perturbation of the 3D system (1.1) around the planar rarefaction wave is not uniform in €.

Remark 2.3. Note also that our vanishing dissipation limit to the single planar 3-rarefaction
wave in Theorem 2.1 could be applied to the limit problem for the superposition of two planar
rarefaction waves in the first and the third characteristic families for (1.1), provided that the
additional wave interaction estimates between the two rarefaction waves are considered.

The following notations will be used in this paper. Denote by H'(Q)(I > 0,1 € Z) the
usual Sobolev space with the norm || - [|;. Write L?(2) := H°(Q) with the simplified notation
Il |l == - ll]o- We denote by C' a generic positive constant that does not depend on ¢, or T,
but may depend on (p4,v1+, 0+ ); and denote by Cr a positive constant that does not depend
on ¢ or §, but may depend on T.

3. THE SOLUTION PROFILE

This section is devoted to the construction of the solution profile. First in Section 2.2 we
constructed the approximate rarefaction wave (p, v, ) where (p, v1,0) is defined in (2.20) and

Uy = 03 = 0. The next lemma follows directly from the properties of B(t,x1) (c.f. [19,41]).

Lemma 3.1. The approzimate smooth 3-rarefaction wave (p, v1,0) constructed in (2.20) sat-
isfies the following properties:
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N = 5 _ _3= _ a — S

(i) U1z, = %Bml > 0, pz, = mp 2 Vg, > 0 and 0, = Vf]%\/élel > 0 for all
z1 €R andt > 0.

(ii) For allt>0,6 >0 and p € [1,400], the following estimates hold:

1Py U1y s O ) Loy < C(8 + )~
”(ﬁxlxl’@lxlzlvémm)HLP(R) <C6+ t)71571+1/p,
H(ﬁmmmwl ’ ’Dlxlxlml s e_xll"lrl)HLP(R) < C(é‘ + t)—15—2+1/p.

(iii) There exists a constant §y € (0,1) and a uniform constant C such that for all 6 € (0, do]
and t > 0, the following estimates hold:
< Cé2,

G000 - @50 ()]
670106 58,0 ()] < 8L

Remark 3.1. In order to justify the vanishing dissipation limit to the planar rarefaction wave
of 3D Navier-Stokes-Fourier system (1.1) in Theorem 2.1, if we only use the smooth rarefac-
tion wave (p,v1,0)(t,z1) defined in (2.20) as the approximate wave profile, then the error
arising from the viscous dissipation terms to the Navier-Stokes-Fourier system (1.1) around
the inviscid approximate rarefaction wave makes it difficult to obtain the desired uniform
estimates with respect to the dissipation coeflicients.

N

3.1. Hyperbolic wave. In order to overcome the difficulties mentioned in Remark 3.1, as in
2D case [30,33], a new wave, called hyperbolic wave, need to be introduced to recover the phys-
ical dissipations for the inviscid rarefaction wave profile, which is crucial for our justification
of vanishing dissipation limit for the 3D Navier-Stokes-Fourier system (1.1). However, com-
pared with the 2D isentropic case in [30,33], the hyperbolic wave here has one more linearly
degenerate eigenvalue in the second characteristic field, besides the two genuinely nonlinear
characteristic fields. We now present a detailed construction of this hyperbolic wave. Denote
the hyperbolic wave by z := (21, 20, 23) | (¢, 21) satisfying the following linearized hyperbolic
system around the smooth rarefaction wave (p, 1, 0)(t, x1) with the viscous dissipation terms

as the source:
B 0
Zt + (AZ) = (21 + N)eviz, oy ;

" K’eéxlxl + (2:u + )‘)5(6151901)11 (31)

Z(07 1'1) — (Zla 22, 23)(07 1‘1) = (07 Oa O)a
where the Jacobian matrix

0 1 0
_ 7, 2 _
A= A o U TR : (3.2)
S AR S R R U B R 57

and my := puy, € = pE = p( 0 + 21)1) represents the momentum and the total energy

associated with the approximate rarefactlon wave, respectively. Note that the hyperbolic wave
z(t,x1) is motivated but quite different from [22] since the initial values for the hyperbolic
wave constructed here all start from ¢ = 0 including the initial layer while in [22] the initial
layer effect is essentially neglected to justify the vanishing viscosity limit of 1D compressible
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Navier-Stokes equations with the superposition of both shock wave and rarefaction wave and
therefore, the data for the hyperbolic wave in [22] is only starting from ¢ = h with h > 0 or
fromt="1T.

In order to solve this linear hyperbolic system (3.1) in the fixed time interval [0, T], we first
diagonalize the above hyperbolic system (3.1). Direct calculations show that the Jacobian
matrix A in (3.2) has three distinct eigenvalues

)\J :)\j(ﬁ76175ﬂ:) :Ul—i_(_l)% ﬁﬁ(ﬁﬂs’ﬂ:) (]: 1a3)7 )\2 :)\2(576175’:‘:) =1
with the corresponding left and right eigenvectors I; = 1;(p, o1, S+), 7j = 75(p,v1,5+) (j =
1,2,3) satisfying LAR = diag(\1,A2,A3) := A, LR = I, with L := (l3,l2,i3)",R :=
(71,72,73), and I as the 3 x 3 identity matrix. It should be emphasized that the second
characteristic field of A is linearly degenerate and the other two characteristic fields are gen-
uinely nonlinear. Denote Z := (Zy, Z2, Z3)" and set Z := Lz, then z = RZ, and Z satisfies
the diagonalized system

0
Zo+ (AZ), =L |  (2p+Nebias, + (LR + L, AR)Z,  (3.3)
KEOz 2 + (21 + N)e(U1012 )y
with the initial data Z(0,z1) := (0,0,0)T. Along the 3-rarefaction wave curve, it holds that
the 3-Riemann invariant is constant, that is,

L; = —\sL,,. (3.4)

Note that the structure condition (3.4) is crucially used to solve the linear hyperbolic system
(3.3) in the finite time interval [0,T]. Otherwise, it does not seem obvious how to solve this
strongly coupled hyperbolic system (3.3) by the classical characteristic method. Applying the
structure relation (3.4) to (3.3), the diagonalized hyperbolic system (3.3) can be written as

0
Z+(AZ), =L (2 N)eligya,
H59$1$1 + (2M =+ /\)5(615111)11 (3 5)
1:1951 ! ~ ~ l:1x1 T ~ B '
| lowy T | (M= A3)Z1 4 | oz, -T2 | (M2 — A3) 22,
l3ac1 T 13431 T2

where the equations of 71, Z; are decoupled from Z3 due to (3.4), which is quite important
to solve the linear hyperbolic system on the bounded interval [0, 7. In fact, we can first solve
the hyperbolic equations of Z;, Zs and then the equation of Z3 by the classical characteris-
tic method due to this decoupling. Moreover, we have the following key estimates for the
hyperbolic wave z or Z:

Lemma 3.2. There exists a positive constant Cr independent of § and €, such that

oF 2 N
HM(Z, z)(t,-) . <Cr <W) . k=0,1,2,3.
Moreover, one has
sup 8i(z z)(t, ") =0(1) (€> k=0,1,2.
relor) 10287 M oy 534k ) .1
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Proof. This lemma can be proved by using weighted energy estimates and the subtle structure
of the diagonalized linear hyperbolic system (3.5). The estimates for Z; and Zs3 in the gen-
uinely nonlinear fields are similar to our previous work [30,33] for the isentropic case, thus we
need to care more about the estimates of Z5 in the second linearly degenerate characteristic
field.

As in [30,33], multiplying the equation (3.5); by Z3 and integrating the resulting equation
over [0,t] x R with ¢ € (0,7), we can infer

t N2 t
/ Z2(t,x1)dxy + / / V14, Zadaydt < Cp (7) + Cr / / U14y (Z3 + Z3)dxrdt.  (3.6)
R 0 JR d 0 JR

Similarly, multiplying the equation (3.5); by p' Z; with I' being a large positive constant to
be determined, and then integrating the resulting equation over [0,t] x R with ¢ € (0,7, we

can obtain
t
/ pr 22 (t, xy ) day + / / U5 014, Z3day dt
R 0 JR

£\2 t
<Cr (5> + CT/ / P 010, (22 + Z3)day dt.
o Jr

Now we give some details for the estimation of Z». Multiplying the equation (3.5), by p' Z,
and then integrating the resulting equation over [0, t] x R with t € (0,T), we can derive that

Z - 72
/p —=(t,z1)dx; —i—/ /Fp vlzl ﬁrz\gxlfdxldt

— / / (QM + )\)éﬁrl_Qg’l_)lmlzl o + ﬁrl_gg(fi&‘émlxl + (2,[1, + )\)6(171171$1)$1)Z2
0 JR

(3.7)

+ (igwl . 771(5\1 — 5\3)Z1 -+ ngl . fg(j\g — Xg)ZQ)ﬁFZQ] dxydt
t t
< c/ /pFngasldt—kC’ez/ /(v%mlml + 02, + 01y, )daydt
0 JR 0 JR
t
+C/ /prlel(Z%—FZ%)d:cldt
0 JR

t 2 t
< C/ /pFngajldt—f—C (%) +C/ /pflel(zf + Z2)dzydt.
0 JR 0 JR

Using Gronwall’s inequality gives

t
/ Pt Z2(t, xy ) dy + / / U5 014, Zada, dt
R 0 JR

£\2 t
<Cr (5> + CT/ / P 010, (22 + Z3)day dt.
o Jr

Combining (3.6), (3.7) and (3.8) together and choosing I" large enough, we can obtain

¢ , o2
/ |Z|?(t, x1)day +/ /%;JZ\ dridt < Op (7)
R o JR )

Thus we have proved Lemma 3.2 for the case k = 0. The k-th order derivative estimates in
Lemma 3.2 for £ = 1,2,3 can be justified similarly after differentiating the system (3.5) k
times with respect to x1, and the details are omitted. ]

(3.8)
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3.2. Construction of solution profile. Define the approximate solution profile (p, 1, 0) of
the full compressible Navier-Stokes-Fourier equations (1.1) as

. - _ - s & I R -~ 1.
p=p+z1, my=mq+ 29 := piy, 5:5—1—23::,0E:p<9+v%>, (3.9)

where (p, My = puvy, € = ,6(7—1_%1 )+307)) is the planar rarefaction wave in (2.20) and (21, 22, 23)
is the hyperbolic wave in (3.1). Correspondingly, it holds that

_ 1, _
U =71 + ;(—vlzl + 29) =01 + O(1)|(21, 22)|,

T | R - 1 -
b =0+ 7Rﬁ e 02tz - 56%21 —v1(—v121 + 22)} - 237(—17121 + 22)° (3.10)
=0+ 0(1)|(21, 22, 23)|
Then the approximate wave profile (j, @1, 6) satisfies the system
pt + (ﬁﬁl)m =0, ~
(Po0)e + (51 + Bp)ay = (21 + N)etiziz, + Q1 (3.11)
R _x s e = _
g [0t (90181 | + Biptne, = 5elea, + (204 Nehs, + o,
with the initial data
(ﬁa 61,‘9)(()’1:1) = (/70,1710,90)(951)» (312)
and the error terms
2 =2 =2 =
m m m 2m - _ _
Q1= <~1 -+ Zun- 122) + (p— D — Dpz1 — P22 — Dg23)as
PP P ) (3.13)
5~ ) .
= |35 o 0P| =0 oI, 2) + L1201 2]
1
and
mé  mE  mé £ 7
Q2 := : _m} +m_12 Zl_jZQ—@Z:g
p p p p )
_mi _mq - m _m _m
+ < — —P— —Pp—21+D —5 A1 — Pmy—— %2 — Z?2 —ng?,) - 01Q1
p p -
= _ — _9_ - (=% 2
= [%m (723 —(y—=1)v129 — %021 + VTQU%ZQ —(v— 1)@1%}:“
i —V121 + 2 - (3- _
—(2p+ )\)8019[;1@# — 71 < :y(—vlzl + 22)2)
p 2p -
= O(l) U@lm ||(217 225 23)’2 + ’(317 225 Z3)H(Z1J»‘1 ) B2x1 5 Z3901)’ + E|171$1501H(217 Zz)” :
(3.14)

Remark 3.2. With the approximate solution profile (p, 01, é) of the full compressible Navier-
Stokes-Fourier equations (1.1) combined by both the approximate rarefaction wave and hy-
perbolic wave, the error terms in (3.13) and (3.14) are good enough to obtain the desired
uniform estimates with respect to the dissipation coefficients for the justification of the van-
ishing dissipation limit.
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Finally, by the estimate of the hyperbolic wave in Lemma 3.2 and noting that 6 = £b |Inel
in the present paper, we have

1

= Cret|lne| "2 < - =123

€

|Zi| < CTW

provided that e < 1. Then we have from (3.10) that

L 1 -
p-Sp=ptasprt -, [0 <O (3.15)

-

3
O —0_ = 0_ —
<4P p

since 0 < p_ < p < py and |91]| < C. Similarly, since 0 < §_ < § < 6, we have from Lemma
3.2 and (3.10) that

~ 1
0< %9_ <h<b,+70, (3.16)

provided that ¢ < 1. The uniform boundedness in (3.15) and (3.16) for the solution profile
(p, 01, 0), in particular, the lower bound of the approximate density and temperature are quite
important for the existence of solution to the 3D Navier-Stokes-Fourier system (1.1) around

this profile.

4. PROOF OF THEOREM 2.1

As the first step of the proof of Theorem 2.1 we reformulate the problem as the perturbation
of the solution (p%, v, 6%) to the 3D Navier-Stokes-Fourier system (1.1) around the approx-
imate wave profile (5, := (91,0,0)7,0)(t, 1) defined in (3.9) and (3.11). In the setting of
classical solutions, we can rewrite the 3D compressible Navier-Stokes-Fourier system (1.1) as

pr +div(pv) =0,
(pv): + div(pv @ v) + RV (ph) = peAv + (p + A)eVdivo, (4.1)
’ﬁ [(pB)¢ + div(pbv)] + Rpfdive = ke /N + %’V’U + (Vo) "% + Xe(divw)2.

Denote the perturbation of (p, v¢, 6°) around (p, v, 0)(t, z1) by

(P(tvx) = pa(t,x) - ﬁ(tvml)a
U(t,x) = (¢1,¢2,¢3)T(t,$) =0 (t,x) — 0(t,x) = (Uf,vg,vg)—r(t,x) — (ﬁl,O,O)T(t,xl),

E(ta l‘) = 06(t7$) - é(t7x1)a
(4.2)
then the solution (p°,v%,6°) to the full compressible Navier-Stokes-Fourier system (1.1) or
(4.1) has the initial data given by (2.22). For the sake of simplicity, the superscript & will
be dropped in (pf, v%,6%) when there is no confusion. From (4.1) and (3.11), the following
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system for (o, ¥, &)(t,x) can be derived:
ot +v-Vo+ pdivl + pg b1 + U1z, = 0,
pWs + pv - VU + ROV + RpVE + (pia,1,0,0) " + (Rﬁxl (9 —

B T
7).0.0)

- ((2u n )\)smTJ”go,Oﬁ)T - (ng,o, O)T, (4.3)

™D

-
= peAV + (4 X)eVdivl + ((2u + Ne (—vle) ,0, 0)
1T

. R - -
71(/)& + pv - V§) + Rpfdivl + ﬁpea:ﬂﬁl + Rpt1a,§

= ke AL+ LIV + (V) T2 + Xe(divl)? + 2014, (2uet1q, + Aedivl)
+F1 + F2 - ﬁQQv

supplemented with the initial data
(0, 9,6)(0,2) = (¥0, Yo, §0)(2), (4.4)

where

Iy = —Iié’(émm - zwl) (2lu + )‘) (Ulﬂcl 77%"Jcl)

1 _ v—1 —V121 + 29 2
- - _79 _ N B
e {3 [(rt- 35 i merea] | <Yt | (R2E2)]
1T
B 2
(-vmw> ] (4.5)
p X

::()(5)“(zlm1$1732x1x1723w1x1)|4“(21m17z2x1)‘2_%‘@1x1(21$1722x1723x1)

221 + Ny, (W) + (2n+ Ne
1

+ "Dlxl (Zlv 22, 23)‘2] )

éilm E%xl
Fy = —/{574,0 (2u+ Ne F —. (4.6)

We choose the initial perturbation (g, ¥o,&o)(x) such that (2.23) is satisfied. We note that
the solution to (4.3), (4.4) and (2.23) will be constructed in the functional space I1(0,T)
defined by

H(Ov tl) = {(807 \Ila £)| (807 \Ila 5) S CO([Ov tl]; HQ(Q))a (V\Ijv V&) € L2(07 13 HQ(Q))} 7Vt1 € (07 T]
To carry out the analysis, we first set the a priori assumptions:
sup (¢, ¥, §)(t)[| L~ < 1,

te[0,t1 ()]
sup [|(Ve, VI, VE)(#)[| < e®[Ine|™
tE[O,tl(E)]
sup [[(Vp, VU, VZE)(1)]| < e%|Ine| 7,
tE[O,tl(E)}

—
L.J;
-~

S~—



14 L.-A. LI, D. WANG, AND Y. WANG

where [0,¢1(¢)] is the time-interval of existence of solutions and may depend on &, and both
a1 and ag are positive constants to be determined. Note that the above a priori assumptions
(4.7) with different rates are very important to control the nonlinear terms for justifying the
vanishing dissipation limit in the 3D case, which dorminate the decay rate of the vanishing
dissipation limit. Under the a priori assumptions (4.7) and the boundedness in (3.15) and
(3.16), we can get

1 1 1 ~ 1

because we can take ||(p,V,£)||pe < min{%p,, %9,}. The above uniform bounds of the
density p imply that the two equations (4.1), and (4.1), are strictly parabolic, which ensures
the existence of classical solution to the hyperbolic-parabolic coupled perturbation system
(4.3). To prove our main result Theorem 2.1, it is sufficient to prove the following result.

Theorem 4.1. (Global existence and uniform estimates) There exists a positive constant

€1 < 1 such that if 0 < ¢ < €1 and under the choice § = €%|lnz—:\ for the approrimate
rarefaction wave in (2.18), the perturbation problem (4.3)-(4.4) has a unique global solution
(p, U, &) € I1(0,T) satisfying

T
sup ([ OO + [ [I012(0 00,0 + el (V2,78 P at
0<t<T 0
< Ore | Ine| ™7+ Cll (o, To, &I

(4.9)
T
sup_[[(Vi, V'w, Vi) (1)|* + / 1277|124 | (V1 w, V1) 2] at

0<t<T
< Creton |Ine|~"" + C||(Vipo, VW, V)%, i=1,2,
for some constant Ct > 0 that is independent of € and §, but may depend on T.

Once Theorem 4.1 is proved, by the initial perturbation satisfying (2.23) and the Sobolev
inequality in dimension three (cf. [39]), we have from (4.9) that

17 7
sup |[(¢, ¥, &)(t, x| z2() = O(1)e12|Ine[ 2, (4.10)
0<t<T

and

sup (2, W, ) (¢, )| Lo (2
0<t<

<C sw [H(«p,\lf,ﬁ)H?H(Vso, w,vou%+H(W,w,vorr%rr(v%,v?w,v?sm%]

< CT58\1n5| T +CT524|ln5| O(l)sgllng -
(4.11)
Then by (4.10), Lemma 3.1 (iii) and Lemma 3.2 that
[ow 00t 2) = (7070 (T
<, W, (8 o)l L2() + Cll (21, 22, 23) (1 1) [ L2(m)
_ m (T1
+ ||, 00t 20) = (o7, 0 )\LQ(R (4.12)

t
gcTe%|1ngy-%+oT§+05%: O(1)e72 | Inel?,
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and by (4.11), Lemma 3.1 (iii) and Lemma 3.2 that
o0 ()],

< 1(0, ¥, ) (t, )| oo () + Cll (21, 22, 23) (£, 21) || oo ()

+ |2 Bt 20) = (00107 ()

(3
o

HLOO(R) (4.13)

< Crei|lng| % + Cp—r + C6t [In(1 +t) + | In 5]

= O(1)e8|Inel?,

which completes the proof of Theorem 2.1.

We remark that even though the decay rate with respect to € in (4.11) for the perturbation
around the approximate rarefaction wave and the hyperbolic wave is higher than the final
vanishing dissipation rate in (4.13), all the a priori estimates are performed and the nonlinear

terms are controlled under the choice of the parameter § = 5%| Ing| in the approximate
rarefaction wave (2.18). In other words, here the decay rate with respect to the dissipation
parameters in the 3D case is determined by the nonlinear terms in the original variables  and
t, which is quite different from the two-dimensional case for the scaled variables in [30, 33|
where the final decay rate with respect to the viscosities is dominated by the error terms
due to the inviscid rarefaction wave profile and the hyperbolic wave. Moreover, the vanishing
dissipation rate of the self-similar rarefaction wave fan in (4.13) for the 3D full compressible
Navier-Stokes-Fourier equations (1.1) seems optimal at least in our framework.
In fact, to control the nonlinear term in (5.15) of Section 5 below, we need

1 4
24+ Zae>0 4.14
3 3@2 - Y, ( )

which is equivalent to as > i. Also, in order to close the a priori assumption (4.7), by the
estimates of the nonlinear terms in (5.16), (5.17), (5.18) and (5.19) and noting that § = £°|In¢]
from (2.19), we also require

2—9b > 2a2,
that is,
2—-2
R— (4.15)
9
Therefore, by (4.14) and (4.15), it is optimal to take ap = 1 in (4.7) and then b = % in (2.19)

for the approximate rarefaction wave (2.18), i.e. § = 5%\ Ine| as we choose. Correspondingly,
by the estimate of the nonlinear term in (5.9) of Section 5 below, we need
3

220480
5T T 2=

that is,

3
2a123—6a2:§.

Thus we can take a1 = % in (4.7). Then we can close our a priori assumptions (4.7) and
complete the proof of Theorem 2.1.
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Now it remains to prove Theorem 4.1. The local existence and uniqueness of the classical
solution to the hyperbolic-parabolic coupled system (4.3)-(4.4) is well-known and hence its
proof is omitted (c.f. [31,36,38]). Therefore, to prove Theorem 4.1, it suffices to obtain the
following uniform a priori estimates.

Proposition 4.1 (Uniform a priori estimates). Let (o, ¥, &) € 11(0,t1(¢)) be a solution to
the problem (4.3)-(4.4) for some ti(e) € (0,T]. There exists a constant 3 > 0 independent of

g,0 and ti(e), such that, for 0 < € < €9 and under the choice 6 = 5%\ Ine| and the a priori
assumptions (4.7), it holds that

tl(E)
sup (e, W, ) + /0 (1910 (0,01, O + £V, VE) 2]

0<t<ti(e)

SCT5%|1n€|_7+0”(¢07\110550)”27 (4 16)

. . , t1(e) . . .
swp (Ve VOO + [ [[ol2VilR + (9, T ] ae
0<t<t1(e) 0

< Cre o |Ine| T 4 O||(Vigo, Vi, Vigo)|2, i =1,2,

for some constant Ct > 0 that is independent of € and &, but may depend on T.

The proof of Proposition 4.1 will be given in the next section.

5. PROOF OF UNIFORM a priori ESTIMATES IN PROPOSITION 4.1

We now give the proof of Proposition 4.1 for the uniform H? a priori estimates. First in
subsection 5.1 we derive the lower order L% —estimates in Lemma 5.1, where the periodicity
of the domain €2 in xo and z3 directions and the original non-scaled spatial variables are
crucial. Then in subsection 5.2 and subsection 5.3, the first-order and second-order derivative
estimates are proved in Lemma 5.2 and Lemma 5.3, respectively, thanks to the cancelations
between the flux terms, which are quite different from the 2D case in [30,33]. We remark that
the decay rate is determined by the nonlinear flux terms in the original variables for the 3D
limit here, but by the error terms in the scaled variables for the 2D case of [30, 33].

5.1. Lower order estimates. We start with the lower order L?—relative entropy estimates.

Lemma 5.1. Under the assumption of Proposition 4.1, there exists a positive constant Cr
independent of € such that for 0 <t < tj(e),

tl(E)
swp (e 0O+ [ (02000, +el(VE T d

0<t<ta(e)

el

57
Proof. For ideal polytropic flows,

(5.1)

i7 _
< Cr— + C||(v0, Vo, &)||* = Cre’s | Ine|~" + C||(¢o, ¥o, &)||*.

S=—-Rlnp+

R R v—1
1 In — = = Ap” —09).
7_1n9—|—7_1nA, p = Rpf pexp( 7 S>
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Denote
R v>\\ T
X = (Papvl,Pv%PUS»P(ﬁa + |2|)) ;
R Cl§ T
Y = (p%pvm + plly, pvvg + pla, pvvs erllgnpv<7 — 19 + 7) +pv> ;

where I} = (1,0,0) 7,1y = (0,1,0)" and I3 = (0,0,1)". Then we can rewrite the system (1.1)
as

0
peAvy + (i + Nedivoy,
X, +divY = | pelvs + (u+ ANedivo,,
peAvs + (pu + Aedivo,,
ke A + div(vS)

Define a relative entropy-entropy flux pair (1, q,) as

T = é{—p5+ﬁ§+ Vx(pS)’X:X - (X—X)},

G = 5{—pvj5+ﬁi7j§+ Vx(pS)‘X:X (Y - Yj)} j=1L23

From the following

_g PP R _v, _1
(pS)P_S+ 20 ,Y_l? (pS>mz_ 9’ 2_172737 (ps)g_ev

‘ 2

with m; = pv; (1=1,2,3) and £ =p <%0 + lUT), we have

R _ Ry \ - jo— @ _
n*:p0—9p5+p[<s— 7>9+|” v|]+Rﬁ9

-1 gl
0

= Rpé@(i) + ﬂpé@(é) +

a, = vn+ R(v —)(pd — ),

where ®(-) is the strictly convex function ®(s) = s —Ins — 1. Then, for X in any closed
bounded region in = = {X : p > 0,60 > 0}, there exists a positive constant Cp such that

Co (e, T, 612 < mu < Col(p, 0, 8) %
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A straightforward computation shows that

Mt + divg, — div [\I/(2u5D(\I/) + edivi) + %‘f‘gvs} + g (%W\If (V)T )\e(div\IJ)2>

“€9|vg| + s, [wl + R(y - 1)péq>(é) + Rpécb(gﬂ + 0y, 1 (Rlni + fl In z)

2014 (21 —|— Ae

g §(2uetig, + Aedivl) + x1§€x1 - V112, Y1
+(2p + )\)5<_l}1z;~—|_22?x1x11/11 — p1Qr + <F1 + Fy — ﬁQz)g
—i—% {(’Y - 1)@(5) - @(g)] [K€04,2, + (20 + N)evi,, + Q2] . -
There exists a positive constant C' > 0 such that '
F1a, [mﬁ + R(y — 1)p9~(13(£> + R_,oé(b(g)] + Gy, 0 (R m’; + &m Z)
> 20 0y, (0 + 03 + i) + (W)m [mﬁf +R(y - 1)/)5‘1’(%) + Rp%(g)}
1-2 ] - _ .
= (T ) v B) ()
+[/13 ((;U% - ,&5)21 — U122 + Z3> - W}xlpwl((v — 1)lnﬁ +In g)

> C_ U1z, (902 + ¢% + 52) - C‘(zlxl’ 22961723331)“902 + ¢% + 52)7

provided that ¢ is sufficiently small. Integrating (5.2) over [0, ¢] x Q and using the above
relation imply that

t
(0, @, ) (1)]|> + /0 15122 (0, 91, )| + €| (V, VE)||?] dt

2 ! 2014, . KE ~
< Ol W0, &P+ €| || [Z56@uetia, + Adiv®) o+ 508, ot

t 21+ N)e
+C / / lexlmwpl}dmdt‘
0 . p

+C /Ot/ :(2u+ )\)E(W)xlmwl}dxdt‘

v [ [ [-mnu+ (v B 20w Savar

0| [ [ 12[er= 00 (2) ~ @(5)] o + 2+ Nt + Q) ]

t -
+ 0] [ [ [t 20ms 250167 + 02 4+ taat

6
= CH(SO(L \II(]vé-O)HQ + ZIZ

i=1
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First, it follows from the Young inequality, Lemma 3.1 and Lemma 3.2 that

hs 5 [ 1Y+ Ce [ 0 Belar

t
S 20/ H(V\I/7v5)H2dt+C€/ H’l_)1331§’2dt+06/ H(lel,Zle,Zgzl)gszt
0 0

e3

sup [J¢]|?

c t
< o5 [ ITRTO R+ Ce sup v o [ifeea s ors;
20 0 4 0<t<t;(e)

<% / I(VE, VE)|Pdt + Cei el / [or2€lPdt + Cre® | ne] ™ sup g,

0<t<t1(e)

and also

2 _
Iy < Cre sup ||D1ayayllze sup  [[(@,901) [ < Cred|ne[™  sup  ||(o, ¢,
0<t<T 0<t<t1(e) 0<t<t1(e)

1 t —V121 + 2 2
I < — sup |[¢1]® + C'T52/ / ‘(#) dxydt
20 o<t<ty (¢) o Jr p 121
< $ sup [|¢1]]® + CT " sup ||¢1]|? + Cre3|Ing| 5.
20 o<i<ti(e) 56 =20 0<t<ty(e)

By (3.13) and (3.14), it holds that

V121 — 2 2
‘/ /mﬁlQldazdt‘ < —0<53p( ||1/11|| +C’T/ /‘ 121 2) }
t<t1 z1

< — sup (N +CT
200<t<t1()H I’

d$1 dt

< sup 1] + Cre® |Ine| .
57 = 20 0<t<t (¢)

Then we can obtain the estimate of Iy,
1 17 _
<o sup (91,8l +Creo|lne| ™",
20 g<t<t, (o)
Moreover, it holds that

t
I5 < C/O (ll Barar, 7yl e + [1Q2ll o)l (0, )2t < Crei|ne[ ™2 sup (¢, 8)[*

0<t<t:(e)
By Lemma 3.1 and Lemma 3.2, one has

Is < Cr sup (2101, 22005 2300l Loy sup (0,01, )17
0<t<T 0<t<ti ()

7 5
< Oretlne| ™2 sup (o, 41, 6)|".
0<t<t1(e)
Substituting the above estimates for I; (i = 1,2,--- ,6) into (5.3) and taking € suitably small,
we can prove (5.1) in Lemma 5.1. O

Remark 5.1. If the hyperbolic scaled variables for the space and time, i.e., T and é, are still
used to normalize the dissipation coefficients to be O(1) order as in our previous work [30, 33]
for the 2D limit case, then the exactly same proof as in [30,33] could not be applied here due to
the spatial 3D setting. Alternatively, the a priori estimates here would be carried out for the
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original non-scaled variables (z,t) and then the dissipation terms are more singular compared
with the 2D scaled case in [30,33]. Consequently more accurate a priori assumptions with
respect to the dissipations as in (4.7) are crucially needed and some new observations on the
cancellations of the physical structures for the flux terms and viscous terms are essentially
used to justify the 3D limit.

Remark 5.2. The hyperbolic wave (z1, 22, z3) are crucially utilized in Lemma 5.1. Without
this hyperbolic wave and using only the planar rarefaction wave (p,v1,60) as the profile, the
decay rate of the error terms in Lemma 5.1 would not be good enough, and we could not
achieve the estimates that are uniform in the dissipation coefficients, which is quite different
from the 1D case where the hyperbolic wave is not necessary in order to justify the limit

process.

5.2. First-order derivative estimates. In this subsection, we derive the first-order deriv-
ative estimates, which are quite different from our previous paper for the 2D case in [30, 33].
In order to obtain the decay rate, here we mainly apply the cancellations between the flux
terms in the mass equation, momentum equation and the energy equation in (1.1) due to the
physical structures of the system. While for the 2D case in our previous work [30, 33|, we
crucially used the cancellations between the flux terms and viscosity terms since both the flux

and viscous terms are the same order in the scaled independent variables % (i = 1,2,3) and
¢

P

Lemma 5.2. Under the assumption of Proposition 4.1, there exists a positive constant Cp
independent of €, such that for 0 <t < t;(g),

tl(E)
sup (Vo VR VO + [ [0Vl + ) (720, 70 ar

0<t<t1(e) (5.4)
3
e 5 _
< Cr5 + Cll(Vo, Vo, V&) ||* = Cres|Ine| ™ + (Yo, Vo, Vo) |2
Proof. Multiplying the equation (4.3), by —AW leads to
ve[? : ve? : :
(pT>t —div (p%vwi + pvitjz, Vo; — pv 5 + (p 4+ NediviVdivl
— (u+ A)sdiv\l!A\If) V| A2 4 (p+ Ne|VdivE[? — ROV - AW — RpVE - AW
= =0 Vo, - Wy — Py oy - Wy — 00050,V - Vj — pja, Vibi - Vibj — plray [V, [° (5.5)
N N ~ —U121 + 2 '
P A+ Ry (0= 20) 001 — 2+ Ne(THETE) Ay
P P 121

4 (200 \)eTraya, %Awl + ngmpl
= I(t,x).
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We now take the gradient in the first equation of (4.3) and then multiply it by R?OV@ to
obtain

(R—e ‘Wp)t + div(}i‘gv |V;P|2 _ Re%vwi) + (ROVg - Vi),

p 2 P
y RO=D0, Vel RO, 2 4 Ry A
p 2 P 1
_ _R(’yp— 1)0 divy ’v‘P‘Q Ro 0z, Vo - Vb + RE, NV - Vb — Ry, VE - Vb,
v —1|Vy|?

DR [mAg + kel 0 + %Syw + (V)T 4 Ae(divi)?

+ 2014, (2uet1z, + Aediv¥l) + (2u + /\)5(61171351)“} + RéfclV(p - Vy

(5.6)

~ RO /—0121 + 29 9 R(’y—l)@ —U121 + 29 ’V90|2
v () g RO (chi)

RO . RO _ RO _ RO _
- 7px190961dlv\11 - 7;0119017,[)190961 - 7p961v30 : Vi/ﬁl - 7”1131:019090%

= J(t, ).

Multiplying the third equation of (4.3) by —%Af, one has

R OpIVEEY (R op R p o g R p IV
( 16 2 )t dlv(7—105tvg+y—10”£ziv£ “19Y 2
+ RpdivWVE + RpViics, ) + (RpVo; - v‘sm + E|A§|2 + RpVE - AW
—-R 1 R 1._ R p
= jgw Ve~ Ty gl CIVERE + L lntnts
R
- vz&clw VE+ 192%&% vs—— £en, Vi -
R p_ ) Rp |V5|2 Rp_ |V£|2 1|V ;
_ 10”1361‘5””1' + = dive + Lty - — [€A§+I€€9x1zl

+ %\W (V) T2 4+ Ae(div®)? + 261, (2uetia; + Nedivil) + (2p + N)e (@110, )ay
— RAivUIVey - VE — Rﬁxlfmdiv\If i R%wi V€ + Rjg, Vibr - VE — RV - Vehite,

- R
- Rp:p1¢ix1£x¢ + — - x1w1A£ + Ulz1€A§ - 7|V\II + (V\II) ’2A£

Fi + Fy
0

— %(dlv\lf) AE — 721}1%1

(2petna, + Nedivl) AL — A€+ %QZM

= K(t,x).
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Now we add (5.5), (5.6) and (5.7) together, then take the integration over [0, t] X  to obtain

t
|(Ve, VO, VE) (1) + /0 15112962 + (V2w V26) 2] dt

1z
. (5.8)
< Cl(Vo, VU0, V)| + C‘ / / I(t,z)+ J(t,x) + K(t,x)da:dt‘,
0 JQ
where I,.J and K are defined in (5.5), (5.6) and (5.7), respectively.
We now make estimates on the right hand side of (5.8). First, it holds that
t
o[ [ Zenvo viuteit| <0 [ 196lI% 00
3/4 3/4
<c / IVl Vel Vel v e et
(5.9)

— 6/5
o5 [ Ivwiga e o [ velivaltve

/ |V[3dt + Cp e5 7595 Ine[ 5 sup ||V,

< —
160 0<t<t;(e)

where we have used Holder’s inequality, Sobolev’s inequality and Young’s inequality and in
the last inequality we fully used the a priori assumptions (4.7) which is one of the key points
in the present paper. Similarly, the a priori assumptions (4.7) will be utilized to estimate the
nonlinear terms in the sequel. Then one has

t — ke |[Vo|? € t ¢
0(/ / 4l 2) | ;p A{dazdt‘gm/ ||V25||2dt+05/0 IV o||4 1t

< 2
< 125 [ 1vePa v oc [ 1valivetar

< — [ IV%|? dt+7 sup [|Vo|® +Cre® sup ||Vl
160 / 160 g<<ty (o) 0<t<ts(e) !

< — VZ|Pdt + — sup ||[Vy|?+C e2(eY*ne|™HS.
= [iver 160, S IVl + Or <2 Inel ™)

By Lemma 3.1 and Lemma 3.2 we have

t 2 t
v —1)ke ~ Vo ~
of [ [ O 00 ] < e [ a9l
0 JQ P 0

1 5 2
<0Te( ) swp  [[Vel? < Cred|ine| ™ sup [Vl
02 " 67/ ) o<i<ii(e) 0<t<ti ()

Using the Holder inequality, the Sobolev inequality and the Young inequality yields

t —DXe |Vl . ¢
c|[ /Q('Y p2) Akd (dlv\IJ)dedt‘<Ce/0 IVl V] ol V]2t

t t
< Ce / IVl Vel [V E|dt < C2|Ine| 2 / IV |2dt
0 0
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By Holder’s inequality, Sobolev’s inequality, Young’s inequality, Lemma 3.1 and Lemma 3.2,
it holds that

0| / / Y (2uetbin, + Aedivil)| Vi 2dadt

< e /0 P10, < [V IV V0] ot

< Ce / NP L T T T T e

< <55 [ 1V 0Rdt+ Oz [ o, L1029

< — / |]V\I/|]1dt+CT53|lnf—:\ sup ||Vg0||2.
160 O<t§t1(5)

By Lemma 3.1 and Lemma 3.2 one has
b R(y—1)0 (—v 2
C"/ / (y-1) < Ulzl~+ ZQ) Vel dxdt| < CT€T72|1n5]_g sup ||Vl
0 Ja p p 2 2 0<t<t1 ()

Then one has the following estimate, from Young’s inequality, Lemma 3.1, Lemma 3.2 and
Lemma 5.1,

C‘/t/Rc%IVgo-V@bld:zdt‘
0 JQ

t
sc/ /\%w-wﬂdxdt

R (—0121 + 22)?
+C/ / ‘ < vl—ﬁ0>zl—vlzg—l—23) T legp-Vzﬁl‘d:zdt

2 t
1/2 2 2 1 2 € 2
< Voll2dt +C= Vb ||2dt + — v Cr=_ Vb ||2dt
_160/ [015, Vel “dt + 5/ [V || +160 fug( IVl + T(;s/o V]|

1
< ( sw [Ve*+ / o123Vl %dt) + Crefne] .
160 \ g<i<ty (o)

Similarly,
Y[ RO _

C‘/ /prlmz/}l@mldxdt’
0JQ P

t t
<c / / Povan 100, dadt + C / / 21010, 19, |l
0 Q 0 Q

1t '
ch / / Do b1, [t + C / l21aren = o o, ldt

| /\

1/2 9 172, 12 1 9
dt + C—= dt C
5 [ Wen i v o [ eeiras o e+ = sl

IN

1 1/2 5 _
5 (s el [ 1o ) + Cret el
160 \ g<i<ty (e)
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From Lemma 3.1 and Lemma 3.2, we obtain

t t 3
- ~ £ 5 _
C’/ /pv1$1]\11$1|2d:(:dt‘ < C/ 1912, || oo || W, || 2dt < CT(;TS < Cres|lne|™8.
0 Jo 0

Using Young’s inequality, Lemma 3.1 and Lemma 3.2 yields

c| / t / POt 1 A

-7 2
< 2 - “hat
< 160/ V24 ||2dt + Ce / (||U1x1¢1| + H( > )111/}1“ )dt
2
— _ _1€
= 160/ V241 [[*dt + Ce 15/ o121 dt + Cre™ = sup  [[¢n])?

5 0<t<t1(

< 2 2 2 1 8
< 160/ 1724 dt+CT g < 160/ 19241 |2 dt + Cre’ [ Ine|~

J

Similarly, one has
U121 + 29
C‘ / / 2%+ N)e ) Awldxdt‘
x1T1

< 2
< 160/ 19201 dt+Ce—:/ /

/ 19201 |2dt + Cre2|Ine|®,

I zz) drvdt

1T

< —
— 160

t
c‘ / / (2M+A)5@1xlwlfﬁw1d:rdt‘

< 155 [ 19l Oz [ ool

_1/2
=5 [ 1vipa s o5 [ ipilelra

160/ e dt + Cre® |Ing|~10

| /\

| /\

and

! p
c]/ /Q1~Aw1d:vdt‘
2
< 2, 12 1 Ulzl+z2)
= 160/ IV=4n |t + Ce //‘ )m

/ HV2w1||2dt+CT€6“n€| -,

dxldt

< —
— 160
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Applying Young’s inequality, Lemma 3.1 and Lemma 3.2 leads to

t
C‘ / / ﬁx1ﬁlz1¢lwlx1d1’dt‘
0 JQ

t t
<c / 1o Pt + C / 1oy reytn [2dt + Cr sup 1210 B |12

0<t<ti(e)

1:1:1

_1/2
< Cre®|lne[ "+ C S ||U1x1HL°°||U1w1|L°°/ [CARARE

+Cr  sup HZmIILoovaIILooH%Z)lH2
0<t<ti(e)

< CTz-:%\ Ine|~" + Cires |Ine|~10,

t
c‘/ /“Eﬁmwm.ﬁwxdt‘
< 155 [ IvPeia s ce [ iplie v o

< 2|24t Ine|~?,
< 160/ V20| +CT52\ ne|”

(2 e -7
o[ [0 ()
P xr121

- —U121 + 2 2
< 165 S|P+ Cre? swp o, (=)
1 Oogtgtl(s) <t<T 1% T1T1
1 8 _
<— sup [[¢1a, | + Credflne| %,
160 g<t<ty ()
¢ 2u+ Ne _
C’/ /szlﬁlzlxlw¢lx1dxdt‘
0 JQ pp
1 b -~
< o sup ||w111||2+cTs2/ 1, 2 [y ol
0<t<ti(e)
<15 s il + Cret(5;+ 5V 5 [ el
~ 160 g<p<ty (o) 62 55 &3 T
1 _
< — sup |[¢ug, |I° + Cre'|Ine| 712,
160 g<i<t (e)
and
C‘/ / lemﬂl)mdiﬁdt‘
2

<— sup Y|P+ Cr sup H( 171z1+22)2> Py
160 0<t<t(e) T

1 5 _
<-— sup W1z1||2+CT62|1H€! .
160 g<i<t, (e)



26 L.-A. LI, D. WANG, AND Y. WANG

Moreover, the remaining terms in (5.8) can be estimated similarly, and we omit the details for
the sake of conciseness. Then substituting all these estimates into (5.8), using the standard
elliptic estimates |AW| ~ ||[V2¥| and [|AE| ~ [|[VZ£]| and taking e suitably small, we can

prove Lemma 5.2.
O

5.3. Second-order derivative estimates. In this subsection, we carry out the second-order
derivative estimates, which are also different from the 2D case in [30,33].

Lemma 5.3. Under the assumption of Proposition 4.1, there exists a positive constant Crp
independent of €, such that for 0 <t < t;(¢g),

tl(a)
_1/2
swp (Vo VUV + [ ([l el (7, 9 s
OStStl(E) 0

&2
5
Proof. First, we apply the operator V2 on (4.3); and multiply the resulting equation by RV?p
to get

(5.10)

< Cr= + C||(V3p0, V2T, V&) ||* = CT5%|1ney—9 + C|[(V2po, V24, V)12

(2D taie (Rol2E g Vs, ) + (RoVRo - 200, + R, AL
+ 2R014, |Vpe, | + RpV3p - VAT
_ _Rawe Vel R(_@m~ + Zz) V2el* 2R, Vipw, - Vios,
2 F; o 2 g i
—2R(EEER) [Von [~ B enfn, = Rinndv¥s,s, (5.11)

— 2Ry, Vg, - VdivW — 2Rp, Vo, - VAivV — RV - Vibig. 0z
— Rp2, V20 Vs, — Rpzyoia, V19210, — 2RPria V1 - Voo, — Rita, 0101 P P10
— 2RV14,0, V¢ - Vipr,

= L(t,z).

Now we divide (4.3), by p, apply the gradient to the resulting equation and then multiply it
by —%QVA\I/ to obtain

(7 750), ~ (gowwo), — (Guwwa v, sav(GoT3)

— (+ Nediv (£ dive,, Vdive,, ) + (1 + Ne(Bdiv,, A, ) +peb[VAVP (5.12)

2 6
+(u+ A)sgyVZdivW — RpV%p - VAU — R%V% VAT =3 Myt ),
=1
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where

2

2 2p 2
My (t,z) := _?”%v%.v\pt epmv\pxl th+62§xlvw$l V\I/t+g 0., VU, -V,

2

2
Mo(t, ) == —?ppwjviv\llxi VT, + 52 00 0V, - VU, — %wizjv\ymi VY,
2 2 2012 e
= %Ul$1’V\P$1’2 +(y— 2)’;dw\p‘2| +(y— 2)%1} ] > iy
-1 2|2 .
Ms(t,z) == — (VR )0[)2 |V2 | KeNE + Keby o, + %]V\P + (V) T2 + Ae(divD)?
2010, (2110, + Aediv®) + (240 + Ne(1512, ) |
and
2 p2 R Rp 5
My(t,z) := wjxlvwz VAY; + lel\Ill'l AV, + 0 @IIV§ VAY; + 7 —0, V- AU,
2 2

P, Vi - VA

~ Rpun, V- VI = Rpo Vo AV, + 5 -

0 f)l;rlaq wlAwlml

Rp? _ 0 60 Rp _ Rp_ -
+ TPCClﬂJl (; - ;)Awlm + 7pz1 VE-VAY — ?ﬁpxlem PAY14,
- Rp* 5 /0 0 HE
— Rpyy, Vo - VAP — Tpxl <? - ?)A"’Dlxl + ?A%’V@ - VAY;
+ %ﬁxlmf AT,

+ Ne . +XNe. ..
M;s(t, z) := ('ug)goxidlv\lij Athig; + (Me)pxldlv\llzj JANTZPS

—(u+ A)eaﬁzgmdiv% Atbi, — (1 + A)ge%émdivqijmuj

A
- (M;)gdiv\llijgp Vdivl,, —

(4 Ne

7 Py AivWo divWy, o)

+ (1 + NeLdivl, Ve - Vdivl,, + (u+ N, dive, divi,,,

6 62

A
+ (M;)Ediv\llxngo VA +

(L+ Ne

G by VAIVY - AT,
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Mg(t, @) == —(2u + Ak%(M) Atie, + (2p + )z—:( U121 + 22
12121

~I A €T
~ 9 ﬁ )xlxlp 1 /%Z)]. 1

+

2p+ Ne (=121 + 28 EA
(21 >€( ) Ve Vo + Ny, e,
0 poam &

2p+ Ne _ 2+ Ne o
+ (’ue)lelngo VAP — (/;20)(;)_’_ D)1 Ty @ D10,

(D), b

Dividing the equation (4.3), by p, applying the differential operator V to the resulting equation
and then multiplying the final equation by —g—zVAf , we get

2

2 2¢12
() (i

R p
v—162 2 Y AL Vg“) f( o1 e Vfi‘ﬂ) @
. V2¢|2 2 2
+d1v<7_192v| ;' fR%wmgmj) - (R%levq;.vgxi) (5.13)

2 6
P . rep 2 P2 . _ .
n (Rawm vgmi)z + PIVALR + RSV vaw ZN,(t,x),

J

where

R 2p R 2p._
Ni(t,z) :== —ﬁﬁﬁpmivfu V& — flejpxlvfxl V&

e Ve Ve + 4, e, e,
No(t,z) = izﬁpx] ViVEs,  VE,, + Rfei 0, 0:VEs, - VEs,

- R? P ViV - VE,, + R§2 0,,Vdivl - Ve, — }flpz% Ve, - Vs,
Ny(t,z) = 2p |VZ¢?

R [ + el + %ﬂv\p + (V) T2+ Ae(divip)?

+ 2014, (2uet)1z, + Aediv®l) + (20 + N)e (01012, )ay | 5
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2 2p _
Ni(t,x) == Rgp% Vbja, - Vér, + Rgppmwm - VEs,

— RU6 Vi - Vs, — RO, Vi, - Vs,

2 2p .
RV Vs, — RV, -V + RO VS Vit s,

R R p?
+ Rz2 91»1 V\I/azl vzf + 1 ZQ fwlvwz VA€ + 1 Zz le1§x1 A&L‘l
> Rp? R
AUV - VA + —Lb,, divE AL, + 1‘;29%%%1
R p? Rp2 Rp?
+ 192 garlvwl VA§+ Ul$1m1€A§x1 02 Ulm1v€ VA€7

KE KE _ UEP
Ns(t, z) := ﬁAgw -VAE + ﬁpxlAﬁAle — 592 EV(IVE + (V) TP?) - VAL

n %yv\p (V) TPV - VAE + %ﬁm VU 4+ (V)T PAL,

AEP Ae Ae
— FV(d v)? VA{—i— (dlv\Il) Vo - VAE + 02 = fy (div0)2AE,,,

and

2 2
No(t,z) = —e—gﬁlml (2pene, + Nedivl) AL, — Hfg’@m (2ueVip1a, + AeVdivD) - VAE
0ty

2~ X ~l‘ .
+ o 2hethie, + Aediv) Vi VAE + %(mawm + Aedivl) AL,

I
LAvIE VA§+ ANV VAE + iy Ay + 2V (QQ) VAL
0 0 0
P
H2VF2 VA£+ 2V VAL + 7 3 e Dy

We now add (5.12), (5.11) and (5.13) together, then integrate the resulting equation over
[0, £] x £ to get

[(V2, V20, V2) ()] + /0 1512922 + el| (73w, 92¢) 2] at

6
< C[[(V2po, V20, Vo) H2+C’// (t,2) + Y (Milt,z) + Ni(t,z))

=1

(5.14)

where L, M; and N; (i =1,2,---6) are defined in (5.11), (5.12) and (5.13), respectively.
Now we compute some terms on the right hand side of (5.14). First, we estimate the term

fo fQ (t,z)dzdt. Using Holder’s inequality, Sobolev’s inequality and Young’s inequality, one
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has

t |V2()0|2 t
c‘/ /Rdiv\I' dmdt‘ gc/ V0| 1o | V20| 2dt
0 Ja 2 0
t
SC/ (VO 2IV2E (2 + V2|2 VA |2) V2| 2dt
0
1 ¢ 13 ¢ 1 t
§052|1ne_1/ ||V2<p||2dt+160/ ||V3\IJ|]2dt+Cs_3/ V20|23V 2|3 dt
0 0 0

t
< Crei|lne|™t sup ||v2<p\|2+120/||v3qf|2dt+ch§a2—é|1ng|—§ sup  ||V2p)2.
0<t<t1(e) 0 0<t<ti(e)
(5.15)

1

Note that the last term on the last inequality of (5.15) is crucial to determine the index az = ;

in the a priori assumptions (4.7). It follows from Lemma 3.1 and Lemma 3.2 that

V2 2
C’/ / vlzl+z2) V2ol d:vdt’ SCTE%“IIE’_% sup || V3%
2 0<t<t1(e)

From Holder’s inequality, Sobolev’s inequality and Young’s inequality, we obtain
t t
c‘/ /2Rgpxngoxi~Vdiv\Ilda:dt‘ gc/ V20|V ol 1| V20 | padt
0
3/4 3/4
<C/ V2V 4Tl V2w 4 o2 e
_3 6/5
o5 [ 1w ot [ IS vl vl e

< — /HV2‘1’H1dt+CT(€O+1)|1H€| sup  [|[(V2e, V2U)|%.
160 0<t<t1(e)

By Holder’s inequality, Young’s inequality, Lemma 3.1 and Lemma 3.2, it holds that
t
C( / / Rﬁxlxldiv\llcpxlxldacdt‘
0 JQ
t t
SC/ /]ﬁwlmldivlllgowlxl\dxdt—i—(?/ /]zlmlzldivlllwmlzl\dxdt
0 JQ
t
_1/2
53/2 s [ IV i 68+-C [ ot [l
< 15 | 192+ o onal?+Cr(% +5) s [vOl?
= Vg, P A6 Sup ‘2 T v sup
160 to 160 g<ppy(e) 63 07 o<i<ti (o)

~1/2 2 1 2 7 —11
< dt + — Cres|l .
= 160/ Hlel%mH + 160 0<f’3£(8 H‘Pﬂmﬂﬂl” + Cre ‘ ng‘
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Similarly, one has

t
C’ / / zRﬁxlv%-Vdivmdmt‘
0 JQ
t t
<C / / |52y Vpw, - Vdiv|dadt + O / / 210, Vipa, - Vdivl|dzdt
0 JQ
t
1/2
51/2 / o125, 1920t + € b Ik (5.16)

5172 9 1 2
< Vo ||2dt + — Vo, C’ V20| 2dt

22
_1/2 2 1

< Vo, ||7dt + — Vu, |*+ C

< 160/ 1912, Veou | 160 0<f2£()H ©u, |I? T59

=1/2 2 1 2 1 -9
\Y dt + — \Y Crez|l ,
o + 350, P [¥eal + Creliing

and

t
C‘/ /Rﬁmmmwl%@xlmdmdt‘
0 JO
t t
SC/ /’Px1x1x1¢1¢x1x1|d$dt+c//‘Zlmmmwﬂpmmldmdt

55/2 / O el B PN A [P

| /\

1
2 2
wra || dE z1T ( )

0<t<ta(e)

| /\

1
2 2 2 12
© dt + — u %) +C In .
160 / Hlel T1T1 || 160 O<f<£(€) H T1T1 H TE ’ E’

The other terms in L(t,x) can be estimated similarly.
t
Now we handle / / ZMi(t,x)dxdt as follows. From Lemma 3.1 and Lemma 3.2, it

follows that

t 2 t 2
c]/ /”Hamywmly?dxdt‘ < o/ 10, 2 IV, [Pt < €5 < Cred el . (517
0 JQ 0
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By Holder’s inequality, Sobolev’s inequality and Young’s inequality, we have

2\112 t
c‘/ / N |V2 | Aﬁdwdt‘ gog/ V2] ||V 2|2, dt
0

3/2
<C: / V2]V 0] 2 V2 P2

<15 [ 1V wigar s e [ 1vevre P
< 155 [ IV 0IRdt-+ ot mel

We can deduce from Lemma 3.1 and Lemma 3.2 that

t 2\ 12 t
-1 p VY| i 4o
c‘/o/Q . 9293““ 5 dmdt‘ < Ce U 102, || oo || V20|2dt < Cred|Ine| 0.

By Sobolev’s inequality, Holder’s inequality and Young’s inequality, it can be derived that

P 2|v2 2
< Ce / HWHWkui””uv?wu“?uvzwi/?dt
t
/ V2| 2dt + Ce / V02§22
160 0
160/ IV20(2dt + Cre | ne| 16,

and

t t t
c‘/ /R(pmchp-VAwidxdt‘ < 6/ HV?’\I/Hth—i-C&_l/ V][4 4l
0
<55 [1vwpa o [ ivaliveli

/|yv3\Ify dt + Cretz|lng| ™ sup  ||Vgl?.

0<t<t1(e)

< —
— 160

By Young’s inequality, Lemma 3.1 and Lemma 3.2, one can get
C’ / / P 10, W, A\I/xldxdt’
< 155 [ 1vepa+ o / 10 e 1, 2

3
160/ V302 dt+CT59

/ V30 |2dt + Cped | ne| 2,

\ /\

\ /\

160

(5.18)
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t
C‘/ / Rjps, Vo - A\Ifmldxdt‘
t
< 15 [ 190 Pl O [ 1Vl + e, Vel

2
<= 20, |2dt + Ce' < / 012V |2dt + Cre™' == 2
< 55 [ 19w o [alvarar ore 5o vl

| /\

/ V2, |2dt + O

160 59

160/ |92, [2dt + Cret|Ine|~,

| /\

and

t 2
C‘ / / ’iﬁlmlwlmpmdmdt‘

t —
_ - + 22 2
: 2 (=5 H
< 160/ V240, |2t + Ce™ /0 (1201 + | ( : ), o )ar

2
_ _1¢€
N i e W L e g I

g 0<t<t;(e)
< V2 10
— 160/ ” wlle dt+CT€3“n€’

It follows from Holder’s inequality, Sobolev’s inequality and Young’s inequality that
t Lie t
c‘ /0 /Qeaww . VAz/Jidxdt‘ < Cs/o V20| ||V o] o | V30| i
t
< Ce /0 V20|42 [ T | VAVl VP dt
t
< Ce / 19204l l V2 e

< 6 / |92 3dt + C= / 922V Vol

< 160/ V20| 2dt + Cres |Ine| 6.

Then by Young’s inequality, Lemma 3.1 and Lemma 3.2, we infer that

c)// epmlA\I/-A\IJxldxdt’

< 160/ | V2w m1||2dt+05/ 5, || 200 V20 || 2t

<= / V20, 2t + Cred | Ine] ",
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c‘/ / 2+ M)e Wl”?) Mg, drdt]

2 (Tt
<55 [ 19 valarce [ [ |( ) [asar
< 155 [ 19t + Orefmel,

and
Cy/./ 2M+A va+@) Vo - VA dudt
171

312 w S

< 155 [Itaracs [|( )| ivelear

< 160/ ||V3?l)1||2dt+CT€2|ln5| 15

On the other hand, it follows that

(2 —% Nep _
C‘ / / M ,0 Viziz121 @A¢1x1dxdt‘

< / ||v2unm||2dt+06 / C—

2 2 PRAIL

< 160/ ||v2¢1xl||2dt+CTg3\1ne| 12

t
2
| / / (M—M)gﬂlme@-VAwldxdt‘

S ey L

_1/2
<5 [ 19t wra o [ il

< 160/ vaw1||2dt+CT€6“n€| 11

and

(2 —% e
C’// M +P)Pmlvlrlm1wﬁ¢1x1d$dt‘
< 155 [ 19t + e [ 1pnpine ol

_1/2
5 [ 1Vl on(5+ ) [l

/ IV21q, ||2dt + Cre®| Ine| "2,

\ /\
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Also, we know that

C’/t/PQ fo Aiblxlda:dt’
< 160/ V210, ||Pdt + Ce™ / /‘ (=021 + 2) );Ul)an 2

160/ HV2T/11x1H dt"‘OTE?“Ild 9

dxl dt

t 2 ~
C‘/ /Gpleyplwl@ziwlmixldxdt’

( U121 +22>

2
<0 [1Voin Pt +0 [ (1orme Vel + | e[ )ar

< CTE3HHE| 84 C’T<€6|1n€] 1
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(24 + Ve
C‘ / / a + U 22> Vo V¢1x1dxdt‘
T1T1T1

< e [V Pt + 0 / |(=572)

§0T53|1n5| 8+CT56|1n5\ 17,

2 2
IVl

xrix1x1 L

It follows from Holder’s inequality, Sobolev’s inequality, Young’s inequality, Lemma 3.1 and
Lemma 3.2 that

(2 e
C’/ / /H— —V121 +22> 020,V - Vb, dadt

r1x1
<C€ H /U121 é )
= ~ L1

3/2
<oris [ HWH“QHWH 2

LVl V|t

t
sup Vo|? +C / Vol?v2 44
160 0<tet,(e) IVelly T514 ; Vol %[V |

£10 L[
sup  ||Vo||? + Cr==|Ine|” / V241 ||2dt
69,00 IVl + Cr it vl

sup ||V} + Cre s [Ine|~%,
160 0<t<t1(e)

(2 +)\
C‘// ,u lelxlleDVgp lezldxdt‘

< Ce /0 ||V¢1z1\|2dt+05 /0 11 rrm e [ Vo] 2t

< Cres |Ine|™® + Cres |ne| ™1,
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and

Lo A
C‘/ /W01x1x1§0$iv@'vwlzidxdt
o Ja po
t
SC%/quﬂﬁumuvw@nvﬂwmm
<@w/ﬁww%w$%me
<L s velRtors /tuwrr?uvwﬁdt
160 g<t<t, (c) 6% Jo

1 56 t
<— sup ||[Ve|?+Cr=|lne _4/ V2 ||2dt
g0, 0P Vel + Crglmel™ [i92n)

16
sup ||Vg0H% -+ C'Tz-:?]lne\_w.
160 0<t<t1(e)

By using Young’s inequality, Lemma 3.1 and Lemma 3.2, we obtain

tr2
c‘/ /p @ V@-lexldxdt‘
1
2
el

<c/ V410, dt+0/ H oz +2?) ) |

< C’T53]1n€] 8 4 Op

sup ||Vg0H2<CT€3\lns\ 8 4 Cretne| ™18,
010 o<i<ty (o)

2
C’ / / epﬁmf;lzl xl-@xlmldmdt’

t
<c / Wy |2t + C / o P 2o [ W Pl
0 0

< Cre3|lne|™ + Cped|Ine| 1L,

and

C‘/ / ) pz1”1x1z1"/}1¢1x1z1d;pdt‘
t
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5 1 e2\,/1 g2
< Creilmelf 1oL L V(L e 2
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Moreover, it holds that

t —
22u+Ne . V121 + 2
] (5252
/(; /Q 0 Pxq F; xlxlxlwlxlcm X
t t -
- —V121 + 22
<C [ Wrarn Pt + 02 [ ]| (F2E42)
0 0 p 12121
< CT5%|ln5|_8 + CTE%“IIE|_1O,

Erou+Ne.
C’/ /prlvmwwl@wlxwldxdt‘
0 Jo po

t t
< Ce / [1em |dt + Ce / HﬁmH%oo”ﬁlmlzltpHth

2
dt

1 1/2
< CT53]1n€] 8+CT55 (52 5 / Hvlg/H(pHZdt
< Cre3|lne|™® + Cres|Ine| ™14,

and

A [ [ 250(2), ot

t t ~ 1/1 -
<C [ s Pt +C [ paalle| (5 G-tz +222) )
0 0 PP T1/ Ty

< CT€%|ln5|_8 + CTs%|lne\_11.

2
dt

The remaining terms in M;(t,z)(i = 1,2,---6) can be analyzed similarly.
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t
Now we handle / / ZNi(t, x)dxdt as follows. From Holder’s inequality, Sobolev’s in-

equality and Young’s ineqﬁality, we have
t A t
of [ [ Jotaweyvo- vast] < o= [ 190196l 9 sl

< 1\ 3
o= [ IVWIRIVA IV slar < 155

/ IV3¢I2dt + Cr(e* + €3) e[~ sup [ Voll2

0<t<t1(e)

- 160

By Lemmas 3.1 and 3.2 and Young’s inequality, it holds that
t 2p ~ '
C" ﬁlelrl (2ueth1z, + Aediv¥W) AL, dxdt
< 155 [ 19+ e [ i V0Pt

<= / V26, |2dt + Cre's | ne| 1.

/ IV3¢[%dt + Ce / IV V| 2t
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By Sobolev’s inequality, Holder’s inequality and Young’s inequality, one can get
2\
’ / / 05 0o, (div0)2V - VE,, dudt
< Ce [ IVl IVl Vol e
¢
<Ce [ (IVUIM2IV2 02 4 (920220 2) V0 Vol Ve s
0
t
< c= [ IVuV v eI+ 15 [ 1
+0e [ IV TR vl vl

< / V9wt + Cr [(5 4 ) [nel = + (& +2) [ne[ ] sup [Vl
160 0<t<t ()
The rest of the terms in N;(t,z) can be treated in a similar fashion.
With all these estimates for (5.14) in hand, together with the elliptic estimates [|A¥| ~
V20, | AL ~ [[V%]|, [[VAT]| ~ || V3¥]| and [|[VAE|| ~ ||[V3€]|, we can take e sufficiently
small and complete the proof of Lemma 5.3. ]

Finally, taking e sufficiently small, e.g., 0 < € < gy for some €9 > 0, we can close the a
priori assumptions (4.7) and achieve the desired a priori estimates (4.16). The proof of the
Proposition 4.1 is completed.
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