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ABSTRACT. We show that for certain non-CM elliptic curves E g such that 3 is
an Eisenstein prime of good reduction, a positive proportion of the quadratic
twists Ey of E have Mordell-Weil rank one and the 3-adic height pairing
on E,;(Q) is non-degenerate. We also show similar but weaker results for
other Eisenstein primes. The method of proof also yields examples of middle
codimensional algebraic cycles over number fields of arbitrarily large dimension
(generalized Heegner cycles) that have non-zero p-adic height. It is not known
— though expected — that the archimedian height of these higher-codimensional
cycles is non-zero.

1. INTRODUCTION

Let E/q be an elliptic curve. It is a famous' theorem of Gross and Zagier [16]
that for a suitably chosen imaginary quadratic field K/Q,

(1.1) L'(E/K,1) = (¥)p,k - (yk, YK )NT-

Here L(E/K,s) = L(E, s)L(E¥X, s) is the product of the L-functions of E and its
quadratic twist EX, (¥)g x is some non-zero constant, yx € E(K) is the Heeg-
ner point, and (—, —)nr the Néron-Tate height pairing on E(K). This gets used
two ways in applications: On the one hand, if yx is non-torsion, then, since
the Néron—Tate height pairing is non-zero on non-torsion points, (1.1) implies
ords—1 L(E/K,s) = 1 (the hypotheses on K already force the order of vanish-
ing to be > 1). On the other hand, if ords—1L(F,s) = 1, then choosing K such
that L(E¥ 1) # 0, (1.1) implies that yg is non-torsion.?

There is also a p-adic analog of (1.1) due to Perrin-Riou [34] when E has good
ordinary reduction at p:

(1.2) L(E/K,1) = (*)E.xp (UK, YK )p-
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LOf course, as stated this relies on the also famous theorem of Wiles et al. that all such elliptic
curves are modular.

2In combination with Kolyvagin’s theorems on the Euler system of Heegner points [23], this
then implies rankz E(Q) = 1, #II1(E/Q) < oo, and (y,y)nT # 0 for any y € E(Q)/E(Q)tor-
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Here L,(E/K,s) = L,(E,s)L,(E¥,s) is the product of the Mazur-Swinnerton-
Dyer p-adic L-functions of E and EX| (¥)g k, is a non-zero p-adic number, and
(—,—)p is the Perrin-Riou—Schneider p-adic height pairing [35]. One obstacle to
using (1.2) just as (1.1) is that it is not generally known in this case that the
p-adic height is non-zero on non-torsion rational points.>* Consequently, in the
non-CM case, one in general cannot use Heegner points and the Gross—Zagier for-
mulas (1.1) and (1.2) to conclude that ords—1L,(E,s) = 1 if ords=1 L(E,s) = 1.
However, concluding the opposite implication is fine: If ords—1L,(F,s) = 1, then
ords—1 L(F,s) = 1, with all the concomitant consequences.

The main result of this note provides examples of arithmetic families of non-
CM elliptic curves (in this case, quadratic twists) such that an explicit positive
proportion of the family can be shown to satisfy (1.2) with both sides non-zero (for
a well-chosen K') and hence (1.1) also holds with both sides non-zero. In particular,
this proves Schneider’s conjecture — that the regulator of the p-adic height pairing
is non-degenerate [36] — for these curves. Earlier, Wuthrich [42] gave examples of
algebraic families of elliptic curves over Q for which the specialization of an algebraic
section has non-zero p-adic height for all but finitely many of the specializations
over QQ, providing evidence for the expected non-vanishing of p-adic heights. To
our knowledge, however, the results in this paper provide the only known cases
of infinite families of elliptic curves for which the p-adic regulator is proved to be
non-zero for a given prime p of ordinary reduction.

More precisely, our main result — Theorem 2.8 — pins down conditions guarantee-
ing that for certain quadratic twists Ey of elliptic curves admitting rational isogenies
of degree 3, ords—1L,(Ey, s) = 1. Combined with Perrin-Riou’s p-adic Gross—Zagier
formula (1.2) we then conclude that the p-adic height of a Heegner point yx €
E,(K) is non-zero (for a well-chosen K) and hence yx is non-torsion. This then
implies via (1.1) and work of Kolyvagin that ords=1 L(Ey, s) = 1, rankz E;(Q) =1,
and II(E,/Q) is finite. We emphasize that we obtain ords—1L(Ey,s) = 1 as a
consequence of proving that ords—1L,(Ey,s) = 1. While L(E, s) and L,(E, s) (for
any elliptic curve over Q) are expected to have the same order of vanishing at s = 1,
in general it is only known that each order of vanishing has the same parity (at
least in the situations considered herein) and so, in particular, one is odd if and
only if the other is.

As an example of an application of our main theorem, consider the elliptic curve

E:y*+ay+y=a®—36x—170

(this is the curve 14.a3 in the LMFDB list). It satisfies the hypotheses of our
main theorem, and so if ¢ is an odd quadratic character such that ¢(3) = —1,
¥(2) = (7) = +1, and 31 hk, (the class number of the imaginary quadratic field
K, corresponding to 1), then Fy(Q) has rank one, the p-adic height of a generator
is non-zero, and ords—1L3(Ey,s) = 1 = ords=1L(Ey,s). In particular, this holds

31t is, however, known for CM curves: this is a theorem of Bertrand [2], proved via transcen-
dental methods.

4In contrast to our lack of knowledge in the case of good ordinary reduction, Kobayashi [22]
has proved that if F has good supersingular reduction at p, then the p-adic height of a non-torsion
rational point (defined by Zahrin in this case) is always non-zero. While this does not in general
prove that the p-adic regulator is non-zero in this case, Kobayashi also proved the analog of (1.2).
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for the —55-twist® of E. The conditions on 1 are in fact satisfied by a positive
proportion of imaginary quadratic fields, ordered by discriminant.

There is a variant of the main result — Theorem 2.10 — with 3 replaced by an
odd prime p, but the desired results can only be shown to hold for infinitely many
quadratic twists (as opposed to a positive proportion of such). For example, the
curve E : y? +y = 23 — 2% — 102 — 20 (this is the curve 11.a2 in the LMFDB list) has
infinitely many quadratic twists Ey of rank one such that a generator of Ey(Q) is
proved to have non-trivial 5-adic height and ords—1 L5 (Ey, s) = 1 = ords—1 L(Ey, s).
(It is, of course, expected that this will hold for a positive proportion: it is even a
conjecture of Goldfeld that this proportion should always be %) For example, this
holds for the —7 and —43 twists of E.

Our main results provide additional evidence towards Goldfeld’s Conjecture.
The classes of characters ¥ to which they apply often complement those appearing
in previous results (see the paragraph at the end of section 2.2.1). We can also
conclude that the p-part of the Birch-Swinnerton-Dyer formula holds for many of
the twists F, arising in the proof of our main results and certain even quadratic
twists with analytic rank zero (cf. section 3.1). This also complements previous
results on the Birch—Swinnerton-Dyer formula at Eisenstein primes.

The proofs of our main results amount to a simple observation about A-invariants
of p-adic Dirichlet L-series. As explained by Greenberg and Vatsal [15] about
twenty years ago, for certain elliptic curves admitting rational p-isogenies, L, (E, s)
is congruent modulo p to the the product of two (possibly imprimitive) p-adic
Dirichlet L-series and the A-invariant Ag of the former is the sum of the latter two.
It is then not difficult to describe situations under which this sum of A-invariants
is 1 and so Ag = 1. But Ag = 1 just means ords—1L,(E,s) = 1. In light of (1.2),
this implies (yx, yx)p 7 0 for a good choice of K. In particular, the Heegner point
yk is non-torsion and so ords—1 L(F,s) =1 (by (1.1)).

There are analogs of both (1.1) and (1.2) with E replaced by a newform f €
Sor(To(NV)):

L'(f/K,k) = ()55 (2x.,5 25, 5)BB and L, (f/K,k) = (%) 5,k p (2K, f> 2K, f ) p,Neko

where zk s is the f-isotypical piece of a generalized Heegner cycle (which belongs
to the Chow group of the product of a Kuga—Sato variety; cf. [43] [30]). Here
(—, —)BB is the Beilinson-Bloch height pairing [1] [5], and (—, —)p nek is Nekovai’s
p-adic height pairing [29]. In contrast to the weight 2 case (heights on abelian
varieties), if 2k > 2 then it is not known in general that if zx ¢ has infinite order
then (zk. r, 2k, 7)Be 7# 0. Similarly, it is not known in general that if zx ; has
infinite order then its image in the Bloch-Kato Selmer group H{ (K, V) is non-zero
(where V7 is the p-adic Galois representation such that L(Vy,s) = L(f,s+k —1)).
As a consequence of our main results, we can exhibit infinitely many examples
where (zf f, 2K, f)p.Nek 7 0 (cf. section 3.2) and so the image of zx ¢ in H} (K, Vy)
must be non-zero (and the dimension of H{(K,V}) is one). Unfortunately, we
cannot conclude from this anything about the non-vanishing of L'(f/K, k) because
of the aforementioned lack of knowledge of the non-triviality of (zk f, 2k, f)BB-
The deduction of these higher-dimensional cases from our results for elliptic curves

5This is the curve 42350.bl3. For this curve, the LMFDB entry does not include a computation
of any p-adic regulator, but our results show that the 3-adic regulator is non-zero.
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is a straightforward application of Hida theory in combination with the Mazur—
Kitagawa two-variable p-adic L-functions.

Of course, all of the results in this paper should easily generalize to newforms
f € S2(To(N)) that are residually reducible at some p { 2N at which f is ordinary.
We have left the formulation of such results to the interested reader.

2. p-ADIC L-FUNCTIONS AND EISENSTEIN PRIMES

In this section we prove our main results on the order of vanishing of p-adic L-
functions of quadratic twists of an elliptic curve and concomitant non-vanishing of
p-adic heights of Heegner points. We also briefly place these results in the context
of Goldfeld’s Conjecture and prior results towards it.

2.1. Iwasawa invariants.

2.1.1. Backdrop. Let E,g be an elliptic curve of conductor IV, and let p be an
odd Eisenstein prime of good reduction. This means E[p| is a reducible Gg-
representation, for Go = Gal(Q/Q), and so

Elp]* ~F,(¢) & Fp(x)

as Gig-modules, for characters ¢,x : Go — F,'. In particular, ¢x = w, the Te-
ichmiiller character. Suppose

(2.1) ¢ is either odd and unramified at p or even and ramified at p.

As FE has good reduction at p, if ¢ is even and ramified at p then y is odd and
unramified at p.

Let Qo be the cyclotomic Z,-extension of Q and I' = Gal(Qu/Q). We identify
the Iwasawa algebra Z,[I'] with the power series ring Z,[T] by fixing a topological
generator 7o € I' and identifying 7o — 1 with 7. Recall that Gal(Q(up=)/Q) =
Gal(Q(up)/Q) x Gal(Qoo/Q) = A x I' and that the cyclotomic character e :
Gal(Q(pp~)/Q) = Z) induces an isomorphism p : T' = 1 + pZ,.

Let Lg, Ly € Zp[I'] be the associated p-adic L-functions. The p-adic L-function
L is just the p-adic L-function £(E,1,T) of [15, §3] (which belongs to Z,[I'] by
Cor. (3.8) of op. cit. in light of the assumption (2.1)). The p-adic L-function L4
is that denoted £(C,T) in [15] if ¢ is odd, and if ¢ is even then L4 = L4-1,,. Let
w(Lg) and u(Ly) be the respective p-invariants of Lg and Ly, and let A(Lg) and
A(L4) be their respective A-invariants.

For any finite character 6 : Go — F;, let Ay denote the group Q,/Z, acting via
the composition of § with the Teichmiiller lift F,\ < Z}.

For ¢ # p, let

ry = pp (P =1)/p).

which is just the number of primes v of Q, over ¢, and let
t¢(E) = corankz, (A¢(Quo,v)) + corankz, (Ay(Qoo,s)) — corankz, (E(Quc,v)p>—tor)

for any of the primes v of Q over £ (all the quantities in the sum are independent of
the choice of v). By Ap(Qso,») we mean the subgroup of Ay fixed by a decomposition
group for v in Gal(Q/Qo)-

The following simple formula for the A-invariant A(Lg) in terms of A(L4) and
the rys and tys is the key ingredient in our main results.

Proposition 2.1. Suppose (2.1) holds. Then
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(i) u(Lp) =0,
(il) MLe) =2M(Lg) + 2oy rete(E).
Proof. This is a simple consequence of [15, Thm. 3.11]. O

Let e(E) = %1 denote the root number of the elliptic curve E/q. This is the
sign of the functional equation of L(E,s). As p 4 N by hypothesis, it is also the
‘sign’ of the functional equation of Lg (cf. [27, Ch. I (18.3)]).

Proposition 2.2. The root number (E) of E equals (—1)*#).

Proof. Let p" f(T)u(T') be the Weierstrass preparation of Ly = Lg(T) € Z,[T].
So p = u(Lg), f(T) is a monic polynomial of degree A = A(Lg), and u(T) =
uo+uT+--- is an invertible power-series. Then Lg(—T/(1+T)) = p" f(-T/(T+
u(=T/(T+1)). Asu(=T/(T+1)) is a unit with constant term ug and f(=T/(T+
1)) = (=1)*T* mod p, it follows that the Weierstrass preparation of Lz (—T/(14+T))
is p*g(T)v(T), where g(T) is a monic polynomial of degree A and v(T) has constant
term congruent to (—1)*ug modulo p. It follows that

(2.2)

Lp(T) = p*ueT (mod p"™) and Lp(~T/(1+7T)) = p"(=1) ueT® (mod p*T1).

The functional equation of Lz asserts that
£(T) = e(E)(1+T)*% N 198, 600) Lo (~T/ (1 + T)).

This follows from [27, Ch. I (18.3)] with (1 + T) = €(v)®. From this together
with (2.2) it follows that p*ugT? = e(E)p*(—1) upT? (mod p**1), and hence that
e(B)(-1)* = 1. O

2.1.2. Iwasawa invariants for quadratic twists of elliptic curves and quadratic char-
acters.

Lemma 2.3. Let E,q be an elliptic curve of conductor N and p { 2N a prime of
ordinary reduction. Suppose E admits a cyclic p-isogeny with kernel ® such that
the Gg-action ¢ on @ is either odd and ramified at p or even and unramified at p.
Let 1) be an odd quadratic character with (pcond"¢,cond™) =1, and let Ey be the
associated quadratic twist of E. Then

() 1(Lr,) =0,
(11) )‘(‘CEw) = 2>‘(£<P’¢) + Zl\N,ZTcond'%ﬂcondrap rth(E’l/f)'

Note that this lemma applies to any E,q with a rational point of order p for a
prime p { 2N (take ® to be the subgroup generated by such a point).

Ss

Proof. The pair (Ey,p) satisfies the hypothesis of Proposition 2.1: Ey[p]*® =
Fp(ey) @ Fp(we ') as a Gg-module, and (2.1) holds for ¢ = 1. So u(Lg,) =0
and

MLE,) =2MLyy) + > rete(By),

texy,

where ¥, consists of the primes dividing N - cond"y. For ¢ | cond"ycond" ¢, ¢ # p,
and v a place of Qu over £, p¥b|g, , and w<p’11/)|c,~@wlu are non-trivial and so

Ay (Qoow)s Awp-14(Qoo,w) and Ey, (Q(;O,v)poo _tor all vanish. Hence Eeezu, rote(Ey)
= EZ|N,ZJ(condrwcond‘”Lp Tété(Ew)' U
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The following two examples illustrate the behaviour of the A\-invariants A(Lg,,)
uncovered by this lemma.

Example 1. Let E/g be an elliptic curve of conductor 11. There is only one
isogeny class of such elliptic curves and for these curves p = 5 is an Eisenstein
prime satisfying (2.1). Let ¥ be an odd quadratic character of conductor prime to
55. Then Lemma 2.3 shows that

1 if 11 splits in the associated imaginary quadratic field K,
)\(ﬁEw):2/\(£¢)+{ P sty d v

0 otherwise.

Indeed, 11 = 1. If ¥|g, , is non-trivial, then — since w|g,, = 1 — just as
in the proof of Lemma 2.3 we see that t11(Ey) = 0. If ¥|g,,, is trivial, then
corankz (Ay(Qw,v)) =  corankz, (44(Qwp)) = 1L Furthermore,

corankz, (Ey(Qoow)p=—tor) = 1 as Ey ~ E over Qi1 and 11 is a prime of split
multiplicative reduction for E. So in this case t11(Ey) = 1.

Example 2. Let E/q be the curve X(19) (which is just 19.a2 in the LMFDB list),
and let p = 3. Then 3 is an Eisenstein prime of E satisfying (2.1) and so

3 if 19 splits in Ky,

0 otherwise.

)‘(‘CEw) = 2)‘(‘61#) + {

Indeed, r19 = 3 and reasoning analogous to that employed for Example 1 yields the
displayed formula. In particular, for quadratic twists £, with root number —1, the
A-invariants A(E,) are all at least 3 (cf. [40]).

Lemma 2.4. Let 1) be an odd quadratic character and K, the associated imaginary
quadratic field. If p = 3 we assume that ¥ # w.

(i) If p splits in Ky, then A(Ly) > 1.

(ii) If p is inert in Ky and p{ hg,, then AN(Ly) = 0.

Proof. This is surely well-known, but in the absence of a convenient reference
we explain a proof. By the interpolation properties of the p-adic L-function,
the value of £, at the trivial character of I" is (1 — 9(p))L(¢,0), which equals
(1—=4(p))2hk, /wk,, where wk,, is the number of roots of unity in K. If p splits
in K, then (1 —(p)) = 0, so the p-adic L-function has a zero at the trivial char-
acter, which implies A(Ly) > 1. If p is inert in K then (1 —¢(p)) = 2 and the
value of the p-adic L-function on the trivial character is 4th /wKw. As ¢ £ wif
p =3, wg, =2 or 4if p=3. In particular, if p{ hx,, then 4hr , /wk, is a p-adic
unit (recall that p is odd). This implies that A(Ly) = 0 in this case. O

Lemma 2.5. Let E/q be an elliptic curve of conductor N and p > 2 a prime. Let
Y be a quadratic character, and let Ey be the associated quadratic twist of E. Let
| N, £fcond*, be a prime and let v be a prime of Qo above L. Then

1 Yw() =1 and E has split multiplicative
reduction at ¢
corankz, (Ey(Qoow)pe—tor) =91 Yw(l) = —1 and E has non-split multiplicative
reduction at ¢

0 otherwise.
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Proof. Note that corankz, (Ey(Qoow)pe —tor) is just the rank of TpEng,
Suppose first that F has additive reduction at ¢. Then T, pElf = 0, where I, C
G, is the inertia subgroup. As % is unramified at ¢, TpEif =0. As Quo,0/Qy is an
unramified extension, it follows that TpEg G — (), Hence the corank is always 0
in this case.
Suppose then that £ has multiplicative reduction at £. In this case the action
of Gg, on T, E is reducible but indecomposable and equivalent to

el %
0 a
where o : Gg, — {1} is the unramified character such that a(Fr,) = +1 if E

has split reduction and a(Fr;) = —1 if E has non-split reduction. As Q ./Q is a
pro-p-extension with p-odd, it follows that

corankz,, (Ey(Qoo,v)pe —tor) =1 <= epa”t =1 mod p
1 E has split reduction at £
—1 F has non-split reduction at £.

O

= www)—{

2.1.3. Further preliminaries.

Lemma 2.6. Let E,qg be an elliptic curve of conductor N and p > 2 a prime.
Suppose that E has a rational cyclic subgroup of order p and let ¢ be the character
giving the action of Gg on such a subgroup (so E[p]*® = F,(¢) & Fp(wp™') as a
Go-module). Let £ | N, £ # p, be a prime.

(i) If E has split multiplicative reduction at £, then @ is unramified at ¢ and
(0(0), w1 (0)) = (1, w(e)) or (w(€),1).
(ii) If E has non-split multiplicative reduction at £, then ¢ is unramified at £
and (p(0),wp™(€)) = (=1L, w(0)) or (w((),—1).
(iii) If E has additive reduction at £ and p > 5, then ¢ is ramified at £.

Proof. If E has multiplicative reduction at £ then the claims in (i) and (ii) follow
immediately from the action of Gg, on T,E as described in the proof of Lemma
2.5. Suppose then that E has additive reduction at ¢.

If E has potentially multiplicative reduction at £, then E,q, is a ramified qua-
dratic twist of an elliptic curve having multiplicative reduction at £. It follows that
 is ramified at ¢.

If F has potentially good reduction at ¢, then, as explained by Serre and Tate,
in this case the action of I, is via a non-trivial quotient ®, of order dividing 24 that
injects into Aut(E[p]) for p > 3 (cf. [38, §5.6]). So it can only happen that ¢ is
unramified at ¢ if the order of ®, is p. In particular, if p > 5, then it must be that
¢ is ramified at /. U

Remark 2.7. If p = 3, then for each of the four possibilities (s1,s2) = (&1,+1)
there exists an elliptic curve with a rational cyclic subgroup of order 3 and a prime
¢ # p of additive — but potentially good — reduction with ¢ unramified at ¢ and
(p(0),wp~t(f)) = (s1,82). For example, the curve 196.b2 has additive but po-
tentially good reduction at 7. It has a rational point of order 3, and taking ®
to be the subgroup of order 3 generated by such a point we have ¢ = 1 and
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(o(7),wp=(7)) = (1,1). Replacing E by a quadratic twist E, with (7) = —1
gives an example with (¢(7),we~1(7)) = (=1, —1). Similarly, the curve 50.a2 has
additive but potentially good reduction at 5. This curve also has a rational point
of order 3, and taking ® to be the subgroup of order 3 generated by such a point
we have ¢ = 1 and (¢(5),wp 1(5)) = (1,—1). A suitable quadratic twist of this
curve then gives an example with (¢(5),we~1(5)) = (—1,1).

2.2. The main results. We now combine the preceding results with Perrin-Riou’s
p-adic Gross—Zagier formula to prove our main theorems.

2.2.1. Main results for p = 3. Let E/g be an elliptic curve of conductor N such
that 31 N. Let S, N, and A be the respective sets of primes ¢ | N at which F
has split multiplicative reduction, non-split multiplicative reduction, and additive
reduction.

Theorem 2.8. Let E/q be an elliptic curve of conductor N such that 3 { N and
FE has a rational subgroup ® of order 3. Suppose that the character ¢ giving the
Gq-action on ® is even and unramified at 3. Suppose also that there exists a prime
by | N with re, = 1, @ unramified at o, and such that o = —1 mod 3 if £y € A.
Let ¢ be an odd quadratic character such that (pcond®p, cond*y) = 1 and

+1 (eSS
(@) Y(lo) =< -1 LheN
+1 {4y € A,

(b) ¢ is either ramified at £ or ¥(¢) = —1 for all by # L € S,

(c) 1 is either ramified at £ or ¥(€) = +1 for all by AL €N,

(d) ¢ is ramified at all £y # € € A such that ¢ is unramified at £ and ¢ =
—1 mod 3,

(e) o is either ramified or ¥(£) = —p(L) for all by # £ € A such that ¢ is
unramified at £ and £ =1 mod 3,

(f) ©(3) = —¢(3),

() 31 hic...

Then M(LEg,) =1 and consequently

o ranky(Fy(Q)) = ords=1 L(Ey,s) =1, and
e the 3-adic height pairing on Ey(Q) is non-degenerate.

Proof. The right three columns of the following table give the possible values of
te(Ey) for primes ¢ | N for which ¢ and ¢ are unramified:

(W@ [o(O) [¢(0) [C€S[CENIEA]

+1 | +1 | +1 1 * 2
+1 | +1 | -1 0 * 0
+1 | -1 | +1 * 0 0
+1 | -1 | -1 * 1 2
-1 ] +1 | +1 1 0 1
-1 | +1 | -1 0 1 1
-1 ] -1 | +1 1 0 1
-1 ] -1 -1 0 1 1
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An entry * means that this case cannot happen (these cases are excluded by
Lemma 2.6).

By Lemma 2.3(ii), A(Lg,) = 2A(Lew) + 24 N ttcondr peondry Tete(Eyp). It follows
from Lemma 2.4(ii) and conditions (f) and (g) on v that A(L,y) =0, s0 M(LE,) =
20| treondr s Tete(Ey). It follows from the hypotheses on £y, condition (a), and the
above table that ty,(Ey) = 1. It follows that

ALg,) =1+ > rete(Ey).
£|N 040y condr pcondr i

All the terms in the sum vanish in light of conditions (b)—(e), as we will explain.

The values of t;(Ey) for £ € SUN, £{ fycond"pcond” ¢ are completely explained
by the above table. Comparing (b) and (c) with the table shows that t,(Ey) = 0
in all these cases. It follows from (d) that the only primes ¢ € A contributing to
the sum are for £ = 1 mod 3. Comparing (e) with the table shows that ¢,(Ey) =0
in these cases, too. Putting all this together shows

MLg,) = 1.

As M(Lg,) = 1, it follows from Proposition 2.2 that e(E,) = —1. The p-adic
L-function L,(Ey, s) is defined to be L,(Ey,s) = Lg,(p'~*) (by convention, the
right-hand side means the image of L, under the continuous ring homomorphism
Z,[T] — Z, extending p'~*). The fact that e(E,) = —1 implies L,(Ey,1) = 0
as the left-hand side is a multiple of L(Ey, 1), which is 0 since the root number
is —=1. Then Ly(Ey,1) = 0 means that L, = (y0 — 1)L}, for some L} €
Zp[l']. As M(LEg,) = 1, it follows that E/Ew (1) # 0: Under the (fixed, but non-
canonical) identification of Z,[I'] with Z,[T], Lg,(T) = TLy (T) and A(Ly)
is just the degree of the distinguished Weierstrass polynomial of Lg,(T) = T -
(distinguished polynomial of L (T)). It follows that A(L, ) = 0 and so L7 (1) #
0. It then follows that L) (Ey,1) # 0. The conclusion that ord,—1L(Ey,s) = 1,
E4(Q) has rank one, and the 3-adic height-pairing is non-degenerate on E(Q)
then follows from Perrin-Riou’s p-adic Gross—Zagier formula [34] by the arguments
used to deduce [34, Cor. 1.8]; the only extra ingredient needed is the theorem of
Kolyvagin [23] that allows us to conclude that the rank of Ey(Q) is one in this case
and not just at least one. (Il

Note that the set of all odd quadratic characters 1 as in this theorem has positive
density among the set of all odd quadratic characters (when ordered by conductor)
by the main results of [10], [18], and [4]. This remains true if we fix a choice for each
¢ of the possibilities allowed in (a)—(e). Consequently we obtain the conclusions of
the theorem for a positive proportion of odd quadratic twists £.

Theorem 2.9. Let E,q be an elliptic curve of conductor N such that 31 N and E
has a rational subgroup ® of order 3. Suppose that the Gg-action on ® is even and
unramified at 3 or odd and ramified at 3. Suppose also that there exists a prime
by | N with rg, = 1 and such that o = —1 mod 3 if E has additive reduction at
ly. Then for a positive proportion of odd quadratic characters 1, N(Lg,) = 1 and
consequently

o ranky(Fy(Q)) = ords=1 L(Ey,s) =1, and

e the 3-adic height pairing on Ey(Q) is non-degenerate.
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Proof. Let ¢ denote the character giving the action of Gg on ®. As the Gg-action
on any rational cyclic subgroup of E of order p is given by either ¢ or w1,
replacing F with the quotient E/® if necessary, we may assume that ¢ is even
and unramified at 3. Furthermore, upon replacing E by an even quadratic twist
if necessary, we may suppose that ¢ is unramified at the prime ¢;. We may then
appeal to Theorem 2.8 and the results of [10], [18], and [4] to conclude the positive
proportion of desired twists El. O

Ezamples.

(E1) Consider the curve 14.a3 from the LMFDB, which has minimal Weierstrass
equation E : y?> + 2y +y = 2 — 36z — 70. This curve has a rational
3-torsion point and satisfies the hypotheses of Theorem 2.8. In this case
o =1,8 = {7}, N = {2}, and A = (). Note that 77 = 1 so we may
take £y = 7. By [18] there exists a positive proportion of odd quadratic
characters v satisfying

Y(7) =1, (2) = 1 or ¢ is ramified at 2, ¥(3) = =1, 31 hg,.

These correspond to the conditions (a), (c¢), (f), and (g) of Theorem 2.8,
and so the conclusions of the theorem hold for Fy,. In particular, they hold
for for the —55-twist of E (the curve 42350.b13 in the LMFDB).
(E2) Consider the curve 20.a3, which has minimal Weierstrass equation E :
y? = 23 4+ 22 — 2. This curve has a rational 3-torsion point and satisfies
the conditions of Theorem 2.8. In particular, ¢ =1, S =0, N = {5}, and
A ={2}. As ro =1, we may take ¢y = 2. By [18] there exists a positive
proportion of odd quadratic characters v satisfying

¥(2) = £1, ¥(5) = 1 or ¢ is ramified at 5, ¥(3) = —1, 31 hk,.

For all such 1, the twists F, satisfy the conclusion of Theorem 2.8. In
particular, they hold for the —19-twist of F (the curve 7220.f3).

(E3) The elliptic curves 26.a2, 34.a3, 35.a2, 38.a2, 44.a2, 50.a2, 106¢2 all also
have rational 3-torsion points and satisfy the hypotheses of Theorem 2.8.

Relation with Schneider’s and Goldfeld’s conjectures. For non-CM elliptic curves E,
Theorem 2.8 provides some of the first systematic theoretical evidence towards the
conjectural non-vanishing of the p-adic regulator for primes p of ordinary reduction
(this was first conjectured in [36]). Theorem 2.8 — in the guise of Theorem 2.9
— also provides additional evidence for Goldfeld’s conjecture, which predicts the
distribution of analytic ranks in the quadratic twist family Fy, of a given elliptic
curve E over the rationals (cf. [14]). Previous evidence has been supplied by the
results in [32], [33], [31], [24], [25], among others. For many of the curves to which
Theorem 2.9 applies, the class of characters ¢ for which the conclusions are proved
to hold include a positive proportion of characters not included in these prior results.
For example, for the curve in Example (E1), the results of [24] and [25] apply to
twists Ey that have no primes of split multiplicative reduction, while the characters
¢ in (E1) are such that Ey always has split multiplicative reduction at 7. In fact,
a similar phenomenon always holds whenever ¢y € S.

2.2.2. The main result for general Eisenstein primes p. Let E/q be an elliptic curve
of conductor N. As before, let S, N, and A be the respective sets of primes £ | N
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at which E has split multiplicative reduction, non-split multiplicative reduction,
and additive reduction.

Theorem 2.10. Let E/q be an elliptic curve of conductor N and p{6N a prime.
Suppose E has a rational subgroup ® of order p such that the character ¢ giving the
action of Gg on ® has order dividing 2 and is even and unramified at p. Suppose
that there exists a prime by | N, by & A, such that ro, = 1. Let ¢ be an odd
quadratic character such that (pcond*p, condy) =1 and

( ) +1 eS8
-1 foe./\/‘

)

) 1 is either ramified at £ or (€) = —1 for all by £ L € S,
) ) is either ramified at £ or ¥(€) = +1 for all by #L € N,
)

¥(p) = —¢(p),
e) p T hKW/;
Then M(Lg,) =1 and consequently
o ranky(FEy(Q)) = ords=1L(Ey,s) =1, and
e the p-adic height pairing on Ey(Q) is non-degenerate.

(c
(d
(

Proof. This can be proved by the same arguments employed to prove Theorem 2.8.
The relevant table is:

[ [e) [d() [(eS|LEN]

+1 | +1 | +1 1 *
+1 | +1 | -1 0 *
+1 | =1 | +1 * 0
+1 | =1 | -1 * 1
-1 | +1 | +1 1 0
-1 | +1 | —1 0 1
-1 | =11 +1 1 0
-1 | -1 —1 0 1
¢ +1 | +1 1 *
¢ +1 | -1 0 *
¢ -1 | +1 * 0
¢ -1 ] -1 * 1

for ¢ ¢ {£1} a root of unity. An entry x means that this case cannot occur.
Note that the need for a column for £ € A is ruled out by Lemma 2.6(iii). O

The analog of the positive proportion results of [10], [18], and [4] are not yet
known for primes p > 5. Consequently we are unable to deduce an analog of the
positive proportion result of Theorem 2.9. However, the results of [41] do allow for
a weaker result in the case p = 5.

Theorem 2.11. Let E,q be an elliptic curve of conductor N with 51 N. Suppose
E has a rational subgroup ® of order 5 such that the action of Gg on ® has order
dividing 2 and is even and unramified at 5. Suppose that there exists a prime
by | N such that r¢, = 1 and such that E has potential multiplicative reduction at
by if by € A. Suppose further that
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(i) N is odd and for all £y # €| N, £ # —1 mod 5 and if £ = 1 mod 5 then
£ % —1 mod 4,
(ii) if bop € S, then by # —1 mod 5 if p(by) = +1 and either £y # 1 mod 5 or
ly £ —1 mod 4 if p(ly) = -1,
(iii) if bg € N, then £y Z —1 mod 5 if p(fy) = —1 and either £y Z 1 mod 5 or
by £ —1 mod 4 if p(fy) = +1.

Then for infinitely many odd quadratic 1, N(Lg,) =1 and consequently

o ranky(Fy(Q)) = ords=1 L(Ey,s) =1, and
e the 5-adic height pairing on Ey(Q) is non-degenerate.

Proof. If E has potentially multiplicative reduction at ¢y, then after replacing ¢y
by a suitable even quadratic twist we reduce to the case where ¢y € A. It remains
to observe that in this case the set of characters ¢ satisfying (a)—(e) of Theorem
2.10 is an infinite set. This is a consequence of the main result of [41] in light
of the hypotheses (i)—(iii) on the primes dividing N and the condition (a) on the
characters . |

While the fact that p = 5 is not used in the proof of Theorem 2.11, the theorem
would be vacuously true for p > 5. This is a consequence of the hypothesis that V
is odd, a restriction made in order to appeal to the main result of [41] (which only
allows for prescribed behaviour for ¢ at odd primes): If E has odd conductor N and
a rational subgroup @ of order p on which G acts via a character of order at most
2, then az(E) = +(1 + 2) mod p. The Riemann hypothesis bound |az(E)| < 2v/2
then implies that p < 5. However, it is still possible to show in some cases that if
there exists one character ¢ as in Theorem 2.10, then there exist infinitely many.
An example for p = 7 is given in Example (E5).

Ezxamples.

(E4) The elliptic curve 11.a2 in the LMFDB list, which has minimal Weierstrass
equation F : y? +y = 23 — 22 — 10z — 20, satisfies the hypotheses of
Theorem 2.10 for p = 5. This curve has a rational 5-torsion point. In this
case § = {{p} = {11} and ¢ = 1. Note that ¢; # —1 mod 5. In particular,
if 4 is an odd character such that

then the conclusions of the theorem hold for E,. In particular, they hold
for the —7 and —43 twists of F.

(E5) The elliptic curve 2652 on the LMFDB list, which has minimal Weierstrass
equation E : y? + zy +y = 22 — 22 — 3z + 3, has a rational point of order
7. In this case S = {2}, N = {13} and ¢ = 1. Note that r;3 = 1, so we
may take £y = 13. Let 9o be the quadratic character associated with the
field Ko = Q(v/=2). Then 9o(7) = —1 = ¥(13). As hg, = 2, it follows
that 1o satisfies the conditions of Theorem 2.10 and so the conclusions of
that theorem hold for Ey,. Furthermore, [20, Thm. 7.5] ensures that there
are infinitely many odd quadratic characters 1 such that 1 equals iy on
decomposition groups at 2, 7, and 13 and such that 7 { hg,. That is,
there are infinitely many 1 satisfying the conditions in Theorem 2.10 for
the curve 2652.
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Remark 2.12. The infinitude of characters in Theorem 2.11 (see also Example (E5))
can be partly quantified (cf. [32], [33]).

3. SUPPLEMENTA

We conclude by recording some consequences for the p-part of the Birch and
Swinnerton-Dyer formula for the curves arising from Theorems 2.8 and 2.10 and
with an observation on non-vanishing of p-adic heights for some higher co-
dimensional (generalized Heegner) cycles.

3.1. The Birch and Swinnerton-Dyer formula at Eisenstein primes. We
prove theorems for both analytic ranks one and zero.

Theorem 3.1. Let E,9, p, and v be as in Theorem 2.8 or 2.10. Then
OI‘dSZIL(l?w7 1) =1 and
-1

L'(Ey,1) ‘
_— aI(E | | c(EB ,
reg(Ey) - Qp, (By) oo () P

that is, the p-part of the BSD formula holds for E,.

-1

p

Here, as usual, reg(Ey) is the regulator of Ey(Q), Qp, = wa(R) wg, is the

real Néron period associated to the Néron differential wg,, c/(Ey) the Tamagawa
number at the prime ¢, and III(Ey) is the Tate-Shafarevich group of Ey over Q.

Proof. The curve Ey, satisfies the hypothesis of Theorem (1.3) of [15] for the prime
p, and consequently the Iwasawa Main Conjecture is true for E,; at the prime
p. Since the conclusions of Theorems 2.8 and 2.10 are that ords—1L(Ey,s) = 1,
rankz E,(Q) = 1, and the p-adic regulator is non-degenerate for Ey, the p-part of
the Birch-Swinnerton-Dyer formula for E, is then a consequence of [36, Thm. 2].

O

As an immediate consequence we obtain the following; the proof is just as for
Theorem 2.9.

Theorem 3.2. Let E,q be an elliptic curve of conductor N such that 31 N and E
has a rational subgroup ® of order 3. Suppose that the Gg-action on ® is even and
unramified at 3 or odd and ramified at 3. Suppose also that there exists a prime
by | N with rgy =1 and such that £y = —1 mod 3 if E has additive reduction at .
Then for a positive proportion of odd quadratic characters ¥, ords=1L(Ey,s) =1
and the p-part of the BSD formula holds for L'(E,y, 1).

There is also a corresponding result for p = 5, but with ‘a positive proportion of’
replaced by ‘infinitely many,” just as in Theorem 2.11. There is a similar result for
other p given the existence of at least one 1) satisfying the conditions of Theorem
2.10; see Example (E5). We leave the formulation of these results to the interested
reader.

For real quadratic twists of rank zero we deduce the following results.

Theorem 3.3. Let Eq, p, and ¢ be as in Theorem 2.8 or 2.10 (so ords—1L(Ey, s)
=1). Let Ny be the conductor of Ey. Let K/Q be an imaginary quadratic field
such that

(i) the discriminant Dy of K is odd and satisfies Dy < —4;

(ii) every prime dividing pNy, splits in K ;
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(iii) ords=1L(Ey/K,s) = 1.
Let ¢ be the quadratic character associated with K and let x = Y. Then

L(Ey,1) # 0 and
-1

LE,, 1)t
D) = e [Ty
E
p Lroo
That is, the p-part of the BSD formula holds for E, .

Proof. We have Ey[p]** = F,(¢) ®F,(w¢ ') with ¢ = p¢p odd and unramified at p.
Moreover ¢(p) = —1. As explained in the proof of [9, Thm. 5.3.1], the p-part of the
BSD formula then holds for L'(Ey /K, 1). The key point is that the hypotheses (i)-
(iii) of the theorem then imply that the conditions (a)—(d) in loc. cit. hold for the
curve Ey and imaginary quadratic field K. As L'(Ey/K,1) = L'(Ey,1)L(Ey,1)
and the p-part of the BSD formula holds for L'(Ey, 1) by Theorem 3.1, it follows —
just as in the proof of [9, Thm. 5.3.1] — that it also holds for L(E,, 1). O

X p

Corollary 3.4. Let E/q be an elliptic curve of conductor N such that 31 N and
FE has a rational subgroup ® of order 3. Suppose that the character ¢ giving the
Gg-action on ® is even and unramified at 3 or odd and ramified at 3. Suppose also
that there exists a prime by | N with r¢y = 1 and such that £y = —1 mod 3 if E has
additive reduction at £y. For primes ¢ € A\ {{y} at which ¢ is unramified, suppose
that £ =1 mod 3. Let x be an even quadratic character such that (3N, cond"y) =1
and

+1 (eS8
(&) x(bo) =91 boeN
+1 ¢y e A,
(b) x(£) =—1 forall by #L € S,
() x(&) =+1 forallby #£LEN,
(d) x(0) = —p(l) for all £y # £ € A such that ¢ is unramified at £ and { =
1 mod 3,
() X(3) = —¢(3).
If L(Ey,1) # 0, then
L(Ey, 1) !
A LG

Proof. Let 1 be an odd quadratic character as in Theorem 2.8 such that
(cond™,3Ncond"x) = 1, x¢(I) = +1 for I|3N, and the characters of Q5 deter-
mined by x and ¢ are the same. The condition on the local characters of Qg
imposes local conditions at 2 on ¥ when N is odd; these conditions are in addi-
tion to the conditions (a)—(f) of Theorem 2.8 (which are conditions for the primes
£ | 3N), but in light of the main results of [4] it is still possible to choose % to also
satisfy condition (g) of the theorem. Observe that the imaginary quadratic field
K associated to the character yt then satisfies the conditions (i)—(iii) of Theorem
3.3. O

Using Theorem 2.11 one can formulate a variant of Corollary 3.4 for p = 5. In
particular, the 5-part of the BSD formula holds for any even quadratic twist F, of
the curve E = X(11) for which x(11) = +1, x(5) = —1land L(E,,1) # 0. A similar
result holds for other Eisenstein primes p given the existence of an odd quadratic
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1 satisfying the conditions of Theorem 2.10. We leave the precise formulation of
such results to the interested reader.
Next there is a rank zero analog of Theorem 3.1:

Theorem 3.5. Let Eq be an elliptic curve of conductor N such that 31 N and E
has a rational subgroup ® of order 3. Suppose that the Gg-action on ® is even and
unramified at 3 or odd and ramified at 3. Suppose also that there exists a prime
Ly | N with ro, =1 and such that £y = —1 mod 3 if E has additive reduction at £y.
Then for a positive proportion of even quadratic characters x, L(Ey,1) # 0 and
the 3-part of the BSD formula holds for L(E,,1).

Proof. Fix a character 1 satisfying the conditions of Theorem 2.8 (there are infin-
itely many such — see the proof of Theorem 2.9). It remains to note that a positive
proportion of imaginary quadratic fields K satisfy conditions (i), (ii), and (iii) of
Theorem 3.3.

By the r = 0 case of [9, Thm. 5.2.1], if a K satisfies conditions (i) and (ii) of
Theorem 3.3 and Selg~ (E, ) is finite, then L(E,, 1) # 0, so it also satisfies condition
(iii) of Theorem 3.3. We conclude the positive proportion of such K from the main
results of [3], especially [3, Thm. 2.4], as follows.

Suppose K satisfies conditions (i) and (ii) of Theorem 3.3. Let x = 9 x. This is
the quadratic character associated with the real quadratic field Q(1/cond* (¢)| D),
where Dy is the discriminant of K. Let ¢, : E, — E;( be the quotient of E, by
the sugroup ®, C E,[3] for ®, the x-twist of ®. In the notation of [3], E, = E, for
s = cond" (¢)|Di| € Q*/(Q*)?, and ¢, = ¢ for ¢ the quotient of E by ®. As K
varies, s runs over a family ¥ C Q% /(Q*)? defined by local conditions in the sense
of [3, Thm. 2.4]. The choices of ¢ and K ensure that the global Selmer ratio of [3]
satisfies ¢(¢y) = c(¢s) = 1; this is a case-by-case but straight-forward calculation.
It then follows from [3, Thm. 2.4] that the average rank of Sel3(FEy) is < 1. As the
root number of E, is +1 by the choice of x and E, [3](Q) = 0, the dimension of
Sel3(E)) is even (see [12]). It follows that a positive proportion of the K’s must be
such that Selz(E,) = 0 (and so Selz=(E,) is finite). O

As with Theorem 3.2, there is also a corresponding result for p = 5, but with
‘a positive proportion of’ replaced by ‘infinitely many,” just as in Theorem 2.11,
and a similar result for other p given the existence of at least one ¢ satisfying the
conditions of Theorem 2.10. The existence of infinitely many imaginary quadratic
fields K as required in the proof follows from now standard analytic results, such
as [13, Thm. A]. We also leave the formulation of these results to the interested
reader.

Remark 3.6. Theorems 3.1 and 3.2 provide many families of twists that complement
the prior results towards the Birch and Swinnerton-Dyer formula for elliptic curves
with analytic rank one (cf. [44], [19], [9], [8]). Notice in particular that [9] treats
a general yet completely complementary Eisenstein case: ¢ being either ramified
at p and odd, or unramified at p and even. Similarly, the prior results in the rank
zero case (cf. [26], [15], [39], [9]) exclude the twists covered by Theorems 3.3 and
3.5 and Corollary 3.3.

3.2. Non-vanishing of p-adic heights: higher-codimensional algebraic cy-
cles. Finally, we note that as a by-product of our main results and the two-variable
p-adic L-function of Kitagawa and Mazur, we can conclude the non-vanishing of
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the p-adic heights of some generalized Heegner cycles of codimension greater than
one. This is explained as part of the proof of Theorem 3.7.

Let E/q, p, and ¢ be as in Theorem 2.8 or Theorem 2.10. Let f = Yo L ang™ €
S2(To(Ny)) be the newform associated with the quadratic twist Ey of E. As E has
ordinary reduction at p and ¥ is unramified at p, f is ordinary at p. There is then
a Hida family of p-stabilised p-ordinary newforms f of tame level IV, associated
with f. Let I be the finite integral extension of the Hida-Iwasawa algebra Z,[X]
generated by the eigenvalues of f, so we may view f as an element f = Ziozl a,q" €
Ilg]: if ¢ : T — Q, is a continuous Z,-homomorphism such that ¢(1 + X) =
(14 p)k=2 for k > 2, then f, = > 07, #(a,)q" is a p-stabilised p-ordinary newform
of weight k, character w?~*, and tame level Ny, and there exists ¢g such that
$o(1 4+ X) = 1 and f,, is the p-ordinary stabilisation of f. Let Oy C Z, be the
integral closure of ¢(I) (so a finite extension of Z,) and let Fiy C @, be the field of
fractions of Oy (so a finite extension of Q,). Let V; be the usual two-dimensional
Fy-representation of G associated with fy.

Theorem 3.7. Suppose I = Z,[X]. Let ¢ : I — @p be the continuous Z,-
homomorphism such that ¢(1+X) = (1+p)*=2 for an even integer k > 2 satisfying
k/2=1mod p— 1.

(i) dimp, Hf (Q, V(1 —k/2)) =1,

(ii) the p-adic height pairing® on H(Q, V(1 — k/2)) is non-degenerate,
where H}(-) denotes the Bloch-Kato Selmer group.

Proof. Let Lg € I[T'] = I[T] be the p-adic L-function of Mazur—Kitagawa associ-
ated with f (see [21] and note especially that Condition (B) of [21, §5.5] holds).
This has the property that for any ¢ : I — Q as above, L¢ specializes under ¢ to
an element Ly, € Oy[T] that is an F, g—multiple of the usual p-adic L-function of
the newform associated with f (cf. [27]), and in particular Ly, = L,

Suppose ¢ is such that k > 2 is an even integer and k£/2 = 1 mod p — 1. Let
L,(fs) = Ly, (€(v0)*/>71(1 + T) — 1). Note that £,(f,) is congruent to L,(fs,) =
LE, modulo the maximal ideal of the ring of integers of any finite extension of
Q, in Q, containing both Fy and Fy,. Since u(Lp,) = 0 by Lemma 2.3 and
A(LE,) =1 by Theorem 2.8, it follows that £,(fs) = T mod wy, where @, € O
is any uniformiser. It follows that the p- and A-invariants of £,(fs) € Og[T] are
w(Ly(fe)) = 0 and A(L,(fs)) = 1. It then follows from the functional equation
of the usual p-adic L-function of f, that the root number &(f;) of the newform

associated with fy equals (1) £e(f2)) = —1; the proof is just as for Proposition
2.2. We thus have
(3.1) e(fs) =—1 and ordr=oL,(fs) =1.

Now let K be any imaginary quadratic field such that every prime ¢ | pN splits in
K and L(fy®x Kk, k/2) # 0, where xx is the odd Dirichlet character associated with
K and f,® xk is the corresponding twist of fs. Ase(fp@XxK) = xx(—Ny)e(fs) =
+1, there are infinitely many such K (cf. [13, Thm. A]). Noting that the newform
associated with f4 ® x i is also p-ordinary, we then consider

Lyp(fo/K) = Lp(fs)Lp(fo @ Xxc)-

6Since fs is p-ordinary, the ordinary filtration on V; yields a canonical p-adic height pairing
(cf. [29]).
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This is an F;-multiple of the function denoted L, (fy ® K, 1) in [30]. As the value
of £L,(fs®xxk) at T = 0 is a non-zero multiple of L(fs ® x i, k/2), which is non-zero
by the choice of K, it then follows from (3.1) that ordr=oL,(fs/K) =1 and so, in
the notation of [30], L, (fy ® K,1,1) # 0. So by [29, Thm. A] (see also [37]) the
p-adic height of the fg-isotypic piece of the corresponding Heegner cycle — which
is a codimension k/2-cycle in the k — 1-dimensional Kuga—Sato variety (the non-
singular compactification of the k& — 2-fold self-product of the universal elliptic curve
over Y'(Ny)) is non-zero. In particular, the image zy, 1 € H}NK,Vg(1—k/2)) of this
cycle under the p-adic Abel-Jacobi map is also non-zero, and so the conclusions of
the theorem follow from [28, Thm. 13.1] (but see also [30, Rem. 6.5] and the note
added in proof at the end of op. cit. for an explanation of why p { 2Ny and fy
ordinary is all that is required of p for the conclusion of [28, Thm. 13.1] to hold). O

The non-vanishing of p-adic heights for Heegner cycles on Kuga—Sato varieties
that appears in the preceding proof provides one of the first infinite families of
middle codimensional algebraic cycles on varieties over number fields such that the
codimension is at least two and the p-adic height is (shown to be) non-zero. An
infinite family corresponding to CM newforms was given in [7] and [11] (see also
6]).

As the Hida families for different choices of the character ¢ are disjoint, our
results in fact yield infinitely many infinite families. Moreover, by appealing to
[11], for example, it should be possible to deduce similar non-vanishing results for
generalised Heegner cycles (corresponding to twists by infinite order anticyclotomic
characters of K). Additionally, other families of Heegner cycles with non-zero p-
adic height should similarly arise from the results of [17] and corresponding analogs
of Theorems 2.8 and 2.10.

Ezample.

(E6) Let E be the elliptic curve 14.a3 in the LMFDB list and let ¢ be the odd
quadratic character of conductor 55. Then Theorem 2.8 applies to E, ¥, and
p = 3 (see Example (E1)). The modular form associated with E is 14.2.a.a
in the LMFDB list. There are exactly 3 newforms of weight 2, trivial char-
acter, and level dividing 42 = 3 - 14. These are the forms 14.2.a.a, 21.2.a.a,
and 42.2.a.a in the LMFDB list. Each has rational Fourier coefficients and
so corresponds to an isogeny class of elliptic curves. Of these isogeny classes,
only that associated with 14.2.a.a (so the isogeny class of F') admits rational
isogenies of degree 3. From this it follows that the ordinary 3-stabilisation
of 14.2.a.a is the unique 3-ordinary eigenform of weight 2, trivial charac-
ter, and level 42 with residually reducible 3-adic Galois representation, and
consequently the Hida family associated to 14.2.a.a has I = Z,[X]. The
same is then true for the Hida family associated with any twist of 14.2.a.a
by a quadratic character of conductor prime to 42. In particular, it holds
for the newform associated with Ey (which has level 42350 = 14 - 552).
Let g be the weight 6 newform in the Hida family for the newform asso-
ciated with Ey. It then follows that for any imaginary quadratic field K
in which each prime ¢ | 2-3 -5 - 11 splits and L(g ® xk,3) # 0, the 3-
adic height of the corresponding Heegner cycle is non-zero. Furthermore,
dimg, H}(Q, Vy(~2)) = dimg, H} (K, V,(~2)) = 1 and H(K,V,(~2)) is
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spanned by the image of this cycle. That there are infinitely many such K
follows from the main result of [13].
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