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ABSTRACT

Trapping diffusive particles at surfaces is a key step in many systems in chemical and biological physics. Trapping often occurs via reactive
patches on the surface and/or the particle. The theory of boundary homogenization has been used in many prior works to estimate the effective
trapping rate for such a system in the case that either (i) the surface is patchy and the particle is uniformly reactive or (ii) the particle is patchy
and the surface is uniformly reactive. In this paper, we estimate the trapping rate for the case that the surface and the particle are both patchy.
In particular, the particle diffuses translationally and rotationally and reacts with the surface when a patch on the particle contacts a patch on
the surface. We first formulate a stochastic model and derive a five-dimensional partial differential equation describing the reaction time. We
then use matched asymptotic analysis to derive the effective trapping rate, assuming that the patches are roughly evenly distributed and occupy
a small fraction of the surface and the particle. This trapping rate involves the electrostatic capacitance of a four-dimensional duocylinder,
which we compute using a kinetic Monte Carlo algorithm. We further use Brownian local time theory to derive a simple heuristic estimate
of the trapping rate and show that it is remarkably close to the asymptotic estimate. Finally, we develop a kinetic Monte Carlo algorithm to
simulate the full stochastic system and then use these simulations to confirm the accuracy of our trapping rate estimates and homogenization
theory.
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I. INTRODUCTION

Many systems in chemical and biological physics involve
diffusive particles being trapped at surfaces. Trapping often occurs
via localized “patches” (or “traps,” “binding sites,” “pores,” etc.)
on the surface, meaning a particle reacts if it contacts a patch but
reflects from the rest of the surface. Examples include proteins bind-
ing to receptors on a cell membrane;' industrial processes, such as
filtration” and gas separation;’ reactions on porous catalyst support
structures;” diffusion current to collections of microelectrodes;’ and
water transpiration through plant stomata.”’

Mathematical models of trapping by such “patchy” surfaces
typically use the diffusion equation to describe particle motion with
absorbing boundary conditions at patches and reflecting boundary
conditions on the rest of the surface (imposing absorbing bound-
ary conditions is a common approximation, but it has recently come
under scrutiny‘\"‘J ). These mixed boundary conditions are often
replaced by a single effective “trapping rate” x > 0 in a technique
called “boundary homogenization.”'"'* This trapping rate (also
called the reactivity, leakage parameter, homogenization constant,

reaction constant, or radiation constant) encapsulates the effective
trapping properties of the patchy surface.

To illustrate boundary homogenization of a patchy surface
[see Fig. 1(a)], let c(x,y,2,t) denote the concentration of diffusing
particles at time ¢, where x > 0 is the distance from the surface and
(y,z) € R? is the location in the plane parallel to the surface. The
concentration evolves according to the diffusion equation,

0 LR N o
fC:Dtr 72+72+7C,
Ox~ Oy 0z

where Dy > 0 denotes the translational diffusivity of the particle.
Trapping at the patchy surface is described by mixed boundary
conditions,

x =0, (y,2) inasurface patch,

0 (1)

x =0, (y,2z) notinasurface patch.
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FIG. 1. Schematic diagram of a diffusive particle trapping at a surface. (a) A perfectly reactive particle (red sphere) that is trapped by small patches on the surface (blue
disks). (b) A patchy particle that is trapped when small patches on the particle (red disks) contact a perfectly reactive surface (blue wall). (c) A patchy particle that is trapped
when small patches on the particle (red disks) contact small patches on the surface (blue disks).

Boundary homogenization replaces (1) by the following partially
absorbing (also called partially reactive, Robin, or third type)
boundary condition involving the effective trapping rate x; > 0:

15}
Dy—c=xic, x=0.

Ox

In the case that the patches are roughly evenly distributed with
common radius 7; > 0 and occupy a small fraction

Nlﬂrf

= <1 2

h 4nR? @

of the surface, the trapping rate is (see Refs. 1, 11, 13, and 14 or

Appendix A) given by

4Dtr

K1 = . 3

= f (3)

In (2), Ny > 0 is the average number of patches in an area of size
47R* for some length scale R > 0 [ie., N1/(47R?) is the density
of patches]. Since the seminal derivation of the leading order result
in (3), a large literature has been devoted to obtaining higher
order corrections, which account for details, such as patch shape,
patch arrangement and clustering, surface curvature, and patch
diffusivity." '

Other systems involve so-called patchy particles in which
trapping occurs via localized patches on the particles.”” ™ To
illustrate boundary homogenization of a patchy particle [see
Fig. 1(b)], consider a concentration c(x, 0, ¢, t) of diffusing spherical
particles at time f, where x > 0 is the distance from the surface
and (6,¢) € [0,7] x [0,27) describes the particle orientation in
spherical coordinates. The concentration evolves according to the
diffusion equation,

) o L& o &
acz Dtr@C‘FDrot((Sln 9) 287(/)2 + (tan 9) 1% + 870)(:,

where Dy > 0 and Do > 0 denote the respective translational and
rotational diffusivities. If trapping only requires that a patch on the

particle contacts the surface (i.e., the surface is fully reactive), then
the following mixed boundary conditions are imposed:

c=0, x=0, (6,¢) inaparticle patch,
0 (4)

s 0, x=0, (6,¢) notina particle patch.
X

If each particle is a sphere of radius R > 0 containing N >> 1 roughly
evenly distributed patches of common radius r, < R occupying a
small fraction

2
Nymry

gl <1 (5)

fo:

of the particle’s boundary, then (4) can be approximated by*

0]
Dtrac =1 x=0,
where the trapping rate is
4Dy
Ky = , 6
2:=f " f (6)

where

R*Drot
= >0
p \J Dy

compares the rotational diffusivity to the translational diffusivity.
We note that if the diffusion of the particle satisfies the
Stokes-Einstein relation, then = \/ﬁ ~ 0.87.

In this paper, we combine the two aforementioned scenarios
and consider patchy surfaces trapping patchy particles [see Fig. 1(c)].
In particular, we suppose that the patchy particles are trapped by the
patchy surface only when particle patches contact surface patches.
We use matched asymptotic analysis to derive the following trapping
rate:

K=y fifakiz, (7)
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where

x = x(Bri/r2) >0

is a dimensionless function of the ratio fr,/r,. In particu-
lar, y depends on the electrostatic capacitance of a certain
four-dimensional object called a duocylinder”’ embedded in
five-dimensional space. While we do not have an exact formula for
x> we employ a kinetic Monte Carlo algorithm to rapidly compute y
to very high accuracy.

In addition, we use the theory of Brownian local time* to
derive the following heuristic trapping rate:

Ko = fika + k1. (8)

Using the particular forms in (2), (3), (5), and (6), the heuristic
formula in (8) is equivalent to

Ko = XO\/fleKIKZa

where

Xo = (\//T/TH \/ﬁ;—/h)/ﬂ»

We find that the heuristic trapping rate «o is a remarkably accurate
approximation to the asymptotic trapping rate « in (7). Indeed, the
accuracy depends on the value of Br,/r,, but the relative error is
never more than 16%,

K — Ko

K

<0.16.

Finally, we develop a kinetic Monte Carlo algorithm to simulate
the full stochastic system. This algorithm partitions the stochastic
path of the particle into simpler steps involving radially symmetric
geometries, which are amenable to analytical and numerical
solution. Comparing these simulation results to the theory confirms
the accuracy of boundary homogenization using the trapping
rate in (7).

The rest of this paper is organized as follows. In Sec. II, we
formulate the mathematical model precisely in terms of a stochas-
tic process and an associated partial differential equation (PDE) in
five spatial dimensions. In Sec. III, we apply matched asymptotic
analysis to this PDE to derive the trapping rate (7) in the limit of
small patches. Since this trapping rate involves the capacitance of
a four-dimensional duocylinder, we employ a kinetic Monte Carlo
method to rapidly compute this capacitance in Sec. I'V. In Sec. V,
we derive the heuristic trapping rate in (8). In Sec. VI, we com-
pare the results of our analysis to stochastic simulations of the full
problem. We conclude by discussing related work and highlighting
future directions.

1. MATHEMATICAL MODEL
A. Stochastic formulation

Consider a spherical particle with radius R > 0 diffusing in a
slab of finite or infinite width 0 < L + 2R < co. Suppose that the
left wall of the slab contains infinitely many reactive patches with
average density N1/(47R*) >0 and the particle contains N, > 1

ARTICLE scitation.org/journalljcp

reactive patches on its surface. Suppose that the patches on the wall
are disks of radius r; > 0 and the patches on the particle are spherical
caps with polar angle ,/R > 0.

At time t >0, let X(¢) € [0,L] denote the distance between
the particle and the left wall and let (Y(t),Z(t)) € R? denote the
position of the center of the particle in the plane parallel to the left
wall. Let (©(t),®(¢)) € [0,7] x [0,27) describe the orientation of
the particle in spherical coordinates. The state of the system at time
t > 0 is thus fully described by the five coordinates,

(X(0, Y (1), Z().0(), 0(£)) < B,
where Q denotes the closure of
Q:=(0,L) x R x [0, 7] x [0,271).
Suppose that the particle diffuses with translational diffusivity

Dy > 0, which means that the coordinates (X(t), Y(¢),Z(t)) satisfy
the following stochastic differential equations (SDEs):

dX = /2Dy dWx, X(0)=x>0,
dY = 2Dy dWy, Y(0)=yeR,
dZ = /2Dy dW;, Z(0)=z€R,

where Wx, Wy, and W are independent, standard Brownian
motions. The particle reflects from the left wall of the slab and also
from the right wall if L < co. Suppose that the particle has rota-
tional diffusivity Dro¢ > 0, which means its orientation (@(t), ®(t))
satisfies the following SDEs:

DIOt

d® = — _dt + /2D, dWe, ©(0) =6 ¢ (0,7),
tan O(t) " tere ©) € (0.m)
@ = V2D gy ®(0) = ¢ € [0,27),

~ sin O(t)

where We and Wo are independent, standard Brownian motions.
We are interested in the first time that one of the patches on the
particle contacts one of the patches on the left wall, which we refer
to as the reaction time or trapping time 7. To describe the patches on
the left wall, let y, (¥, 20, ) denote the disk of radius r > 0 centered

at (yo,20) € R?,

1o z0,r) = {(12): (=)’ + (z—20)* <r°}.

If {(¥m>2m) } =1 denote the centers of the infinitely many patches
on the left wall, then the set of all patches on the left wall is

Ty = U1 Y1 (Pms Zms 1)

To describe the patches on the particle, let y,(6o, ¢,,a) denote the
spherical cap with polar angle a > 0 centered at (6o, ¢,),

y2(60, 90, @) = {(6,9) : (6 60)” +sin’(60) (9 — 9o)* < a’}.

If {(0n,¢n)}N_, denote the centers of the N, > 1 patches on the
particle, then the set of all patches on the particle is

Ip:= U,,Nil)/z(em Pns rZ/R)~
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The reaction time is then given by
T:=inf{t >0: X(t) =0,(Y(t),Z(t)) €T, (O(t),D(t)) e 2 }. (9)

In words, the reaction time 7 in (9) is the first time that the follow-
ing three events occur simultaneously: (i) the particle is touching
the wall (X = 0), (ii) the particle’s planar coordinates are in a patch
on the wall ((Y,Z) €I), and (iii) the particle’s angular orientation
coordinates are in a patch on the particle ((©, ®) € I;).

B. Survival probability

The probability distribution of the reaction time 7 in (9) is
described by the survival probability conditioned on the initial state
of the system,

S(x,3,2, 0,0, 1) :=P(1 > £|(X(0), Y(0),Z(0),®(0), ®(0))
= (%,,2,0,9)). (10)

The survival probability satisfies the backward Fokker-Planck
(backward Kolmogorov) equation,”

0

§S:JLS, (%,9,2,0,9) € Q, (11)

where L = Ly + Lo and Ly is the Laplacian acting on (x, y,z),

2 2 2
Ltr = Dtr( 0 0 4 )>

o o o2

and L, is the Laplace-Beltrami operator acting on (6, ¢),

a2 O L0 &
Lot = Drot((SIH(G)) 287()02 + (tan(@)) 1% + 892)

The survival probability satisfies a unit initial condition,
§=1, t=0, (12)
and either a reflecting condition at x = Lif L < oo,

2S:Oifx:L<<>o, (13)
Ox

or a unit far-field condition if L = oo,

lim S=1 if L= oco. (14)

X—o00

Condition (13) encapsulates the assumption that the particle reflects
from the right wall if L < co. Condition (14) means that a particle
cannot react before any fixed time ¢ > 0 if it started infinitely far
from the left wall. The survival probability satisfies mixed boundary
conditions at x = 0,

§=0, x=0, (12),(6,9)) €T x Ty,

0 (15)

aS:O, x=0, ((52),(6,9)) ¢ 1 xTs.
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Boundary condition (15) reflects the assumption that the reaction
only occurs if a patch on the particle contacts a patch on the left
wall.

Ill. MATCHED ASYMPTOTIC ANALYSIS

We now derive the effective trapping rate «, assuming that the
patches (i) are roughly evenly distributed and (ii) occupy a small
surface area fraction of the wall (f; << 1) and the particle (f, «< 1)
(these two assumption imply that the patches are well-separated
on each surface in the sense that the patch radius is much smaller
than the typical distance between patches). Specifically, we derive
the appropriate x such that the solution S(x, y,z, 6, ¢,t) to the five-
dimensional PDE in (11)-(15) is well approximated by the solution
S(x, t) to the following one-dimensional diffusion equation:

0 < Fo-
= S=Du——S, 0,L), 16
Y e 2 x€(0,L) (16)
where S satisfies (12)-(14) and the following Robin boundary
condition at x = 0:

Dug§=x§, x=0. (17)
o0x

Recall that the radius of the patches on the wall is r; > 0 and the
patches on the particle are spherical caps with polar angle r,/R > 0.
Assume that

r =eaR, 1 =eaR, (18)

where 0 < e < 1 and a; > 0, a, > 0 are order one constants, which
allow the patches on the wall to differ in size from the patches on
the particle (without loss of generality, we can take either a; = 1 or
a, = 1, but we keep both parameters for pedagogical reasons). To
derive the trapping rate x, we apply matched asymptotic analysis'”*’
to the five-dimensional PDE in (11)-(15) in the limit ¢ —» 0. In
Appendix A, we use this same asymptotic approach to derive (3).

A. Outer expansion

Fix any time t > 0. As € — 0, the surfaces of the particle and the
left wall become perfectly reflecting, and thus,

lim$S = 1. (19)

=0

We expect that S has a boundary layer in a neighborhood of each
possible intersection of patches, so we introduce the outer expansion

S~l4e8 +--, (20)

which is valid away from the patches. The leading order correc-
tion of & in (20) can be derived by considering the case of zero
rotational diffusion. In this case, reaction can only occur if a patch
on the particle is initially oriented toward the wall, which has
probability fi = O(e?) (assuming an initial uniform distribution of
particle orientation). Given that a patch on the particle is oriented
toward the wall (and with zero rotational diffusion), the problem is
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equivalent to a perfectly reactive particle and a patchy surface, which
has aleading order correction of O(¢) (see Appendix A). Combining
these observations yields the leading order correction of O(&®) in
(20). We comment that the expansion in (20) assumes that ¢ is a
fixed time independent of ¢ [in particular, (20) is not valid if we take
t — oo for fixed ¢].

Plugging outer expansion (20) into (11) shows that §; must

satisfy

gsl =LS1,, (%9.206,¢)cQ,
5 g 1)
asl =0, x=0, (y,Z, 0, (P) ¢ U:no=l(ym; zm) X Ugil(en; (Pn)

Observe that from the perspective of the outer solution, the patches
have shrunk to points.

B. Inner expansion

We now determine the behavior of S; as the nth trap on the
particle approaches the mth trap on the left wall,

('x>y> 2, 6) (P) - (0>ym: Zm> Gn) (Pn)

Toward this end, we introduce the following stretched coordinates
forfixedme {1,2,...}andne {1,...,Na2}:

p=c'x/R v=e'(y-ym)/R n=€'(z=zm)/R,
s=e ' (0-0,)/p p=¢"sin(6)(9 - pn)/P:

where

/3 =\ RzDrot/Dtr >0

compares the rotational diffusivity to the translational diffusivity.
We then define the inner solution w as a function of the stretched
coordinates,

w(p,v,1,5,p:t)
&

sin 0,

= S(sRy,ym + eRV, Zy + €RY, O, + €Ps, @u + P t). (22)

Using (11), the inner solution w satisfies

—w=0Lw

ot

= S_ZR_ZDtr(a‘MM + 81/V + 6;117)W + S_zDrot(sin (GH)_zﬁ_zaPP
+ ﬂ_zass)w +0(eh)

= & "R Dy (O + Ouw + Oy + Oss + Fpp)w + O(7')  (23)

since f3 is defined so that Dmtﬁ72 = R 2Dy,. Therefore, plugging the
inner expansion

w=wp + O(¢)
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into (23) implies that wy is harmonic,
(O + Oy + Oy + Oss + Opp)wo =0, > 0. (24)

Using (15), wy satisfies the following mixed boundary conditions at
u=0:

wo=0, u=0, V+q°<bi, s +p><b,
0 ¢ n 1 p 2 (25)
Ouwo =0, p=0, otherwise,

where by = a; and b, = a,/f.

C. Matching

It follows from electrostatics® that wo has the far-field behav-
ior,

WoN(X(l—%) asp::\/,u2+vz+r72+sz+p2—>oo, (26)
p

where « is a constant determined by matching with the outer
solution and

C:= Co(al,az/ﬁ) >0
is a dimensionless constant depending on a; and a,/f. In particular,

co(b1, by) is the electrostatic capacitance of a so-called duocylinder’”
embedded in R®,

D= {(O,V,I’],S,p)ER5:v2+712<b%,52 +p2<b%}. (27)

We postpone the discussion of computing co(a1,4>/f) until Sec. [V
and proceed in terms of ¢ = co (a1, a2/f).

The matching condition is that the near-field behavior of

the outer expansion as (x, ,2,6,¢) = (0,¥,,,Zm, 0n, ¢,,) must agree
with the far-field behavior of the inner expansion as p - oo. That is,

1468 ~wo as (%,9,20,9) = (0, Y Zm» Ons @u), p — o0

Using (22) and (26), it follows that & = 1 and that S has the following
singular behavior as (x,,2,0,¢) = (0,¥,,:Zm, 0, 9, ):

—C

[+ 30y () (50 v ()|

. (28)

Writing the singular behavior (28) in the distributional form for each
ne{l,...,N2} and m € {1,2,...}, the boundary condition in (21)
at x = 0 becomes

o N, _
O si=K2 3000yt —an) I, 09)

m=1n=1 sin(@,,)

where K = 47*cRB?. The derivation of the distributional form in (29)
of the singular behavior in (28) is given in Appendix B.
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D. Effective trapping rate «
We have assumed that the patches on the wall have average
density N /(47R*), which means that

1

~ee (2

S 280z dy de= L GO

for some N € (0, 00). The integral in (30) is simply the number of
patches in the square [~1, 1], and thus, N is the average number of
patches on the wall in an area equal to the surface area of the particle
(note that N need not be an integer).

Define

S(xt) = 471(21) f S(x, 92,6, ¢,t) dZ,
where
Q= [-LI* x[0,7] x [0,27), dZ:=sin 6 df d¢ dydz
Furthermore, define the ratio

_ Du25(0,1)
K= 75(0’ ) (31)

so that it is a tautology that S satisfies

0.

9—
Dtras =xS, x

We now derive the effective trapping rate by determining the
behavior of (31) as & — 0.

The denominator in (31) approaches unity as e - 0 due to (19).
To determine the behavior of the numerator in (31), we interchange
the derivative with the limit and integrals, recall the outer expansion
in (20), and apply the boundary condition in (29),

Dy lim f $(0,7,2,6,0,t) dS
KDy 471(21)2 2x°02.26.9.1)

Dy
~ &Ny Nz—tﬁzE ase — 0. (32)

Now, a simple scaling argument shows that

co(b1,b2) = oc3co(h1/0c, by/a) forall a>0. (33)

Therefore, recalling ¢ = co (a1, a2/f), we may rewrite (A11) as

_ 3 Dy (alaz)3/2 /113 2
~ & NIN;— -_— _—, — - 0. (34
K~ & NN R \/B 4 co " "B as ¢ (34)

To express (34) in a more intuitive form, note first that the

fractions of the wall and particle covered by patches are
N,-sza,2 B N,-r,-2
4 R

fii= , ie{1,2}. (35)
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Furthermore, if (i) x1 denotes the trapping rate in the case that the
wall is patchy and the particle is perfectly reactive and (ii) x, denotes
the trapping rate in the case that the particle is patchy and the wall is
perfectly reactive,

4D 4D,
tr f1> Ky = f3 tr

fz, (36)

then (34) becomes

K~ K= x\/ fifakika ase -0, (37)

where y is the following function of r13/r,:

x = x(npr2) = meo(\/rB/r2, 1/\/11B[1r2). (38)

IV. KINETIC MONTE CARLO CALCULATION
OF CAPACITANCE c¢o

The homogenized trapping rate « in (37) involves the factor
x in (38), which depends on the electrostatic capacitance ¢ of the
four-dimensional duocylinder P in (27) embedded in R®. We calcu-
late this capacitance by modifying the kinetic Monte Carlo method
developed in Ref. 26 to calculate the capacitance of a different
four-dimensional region embedded in R’. This previous method
adapted a method devised by Bernoff et al.'> for related trapping
problems in R?. These kinetic Monte Carlo methods modify the
1956 “walk-on-spheres” method by Muller.”’

A. Summary of computational method

We now summarize this calculation of co. The details are given
in Appendix C. The leading order inner solution wy satisfying (24)
and (25) can be written in terms of a certain “splitting probability,”
which is the probability that a Brownian particle diffusing in five-
dimensional space eventually reaches the duocylinder & in (27).
Since the capacitance ¢y is determined by the far-field behavior of
wo [see (26)], we calculate ¢y from this splitting probability.

We estimate this splitting probability by simulating the diffu-
sive paths of M > 1 independent Brownian particles and counting
the fraction that reaches & before reaching some large distance
Po. € (0,00) from 9. Simulating these stochastic paths can be done
very efficiently by using a kinetic Monte Carlo algorithm. The only
error in this calculation of the capacitance ¢ is due to (i) the finite
number of trials M and (ii) the finite outer radius p__. Due to the
computational efficiency of the kinetic Monte Carlo algorithm, M
and p__ can both be taken very large, which ensures that the error in
calculating ¢y is very small.

We now present the results of calculating ¢o. It is immediate
that the capacitance is symmetric,

Co(bl,bz) = Co(bz, bl) forall bl >0, bz >0, (39)
and thus, by the scaling in (33), it is enough to compute

w(L,b), be(01]. (40)
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0.8

= kinetic Monte Carlo
=== heuristic
O heuristic scaled by ¢o(1,1) .

co(1,b) (duocylinder capacitance)

1 1 1 1 |
06/ 0.2 0.4 0.6 0.8 1

b (smaller radius of duocylinder)

FIG. 2. Capacitance in (40) of duocylinder & in (27) with radii by = 1 and b, = b
€ (0, 1]. The black solid curve is the result of the kinetic Monte Carlo simulations
described in Sec. |V, and the red dashed curve is the heuristic estimate in (44).
The black circles are the heuristic estimate in (45), which is merely the heuristic
estimate in (44) scaled so that it agrees with the Monte Carlo simulations when
b=1.

In Fig. 2, we plot the capacitance in (40) as a function of b € (0,1].
The black solid curve in Fig. 2 is from the kinetic Monte Carlo
algorithm described above with outer radius p_, = 10> and M = 10’
trials. As mentioned above, the only sources of error in this compu-
tation are the finite outer radius and the finite number of trials. As
detailed in Ref. 26, the relative error stemming from the finite outer
radius vanishes like p as p_, — co. Hence, setting p__ = 10° means
that relative error in calculating the capacitance from the finite outer
radius is on the order of 107",

Using the confidence intervals from Ref. 26, we find that for
each choice of b, the kinetic Monte Carlo estimate of the capaci-
tance in Fig. 2 has a relative error of less than 1.1% with probability
0.95. For choices of b > 0.5, the relative error is less than 0.13% with
probability 0.95.

V. HEURISTICS

We now give a heuristic derivation of the effective trapping
rate using the theory of Brownian local time.”* We then show that
the resulting heuristic trapping rate, denoted as «o, differs from the
asymptotic trapping rate, x in (37), by at most 16% in the small patch
limit (¢ — 0).

A. Heuristic combined trapping rate

If we only homogenize the plane and use the trapping rate «; in
(3), then the survival probability S; = Si(x, 6, ¢, t) satisfies

2
2Sl = (Dtri +]Lr0t)sl>

ot ox*
S, x=0, (6,¢)ely,
L =S X200 (Go)eh
Ox 0, x=0, (0,9)¢T,
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and (12)-(14). In this case, S; has the following probabilistic
representation:”®

$1(x.6,,1) = P(11 > £ | X(0) = x,0(0) = 6,0(0) = ¢),
where
71 := inf{t > 0: {x 00 (t) > E1},

where lx0.0(t) is the following local time:

1o
froo(t) = lim fo Lx@l<nl @().0())eu, @ng) 45

where 14 denotes the indicator function on an event A (i.e., 14 = 1
if A occurs and 14 =0 otherwise) and E; is an independent
exponential random variable with rate ;.

Alternatively, if we only homogenize the particle and use the
trapping rate x, in (6), then the survival probability S» = S>(x, 3,2, t)
satisfies

0
28 = LuSs,
at 2 tro2
S, =0, ,z) €Ty,
R
Ox 0, x=0, (pz)¢l

and (12)-(14). In this case, S, has the following probabilistic
representation:

S(%,y,2,t) =P(12 > ¢ | X(0) =x,Y(0) =9,2(0) = z),
where
T 1= inf{t >0: é&y)z(t) > Ez},

where £x y 7 (t) is the following local time:

1
fxrz(t) = limo fo LX)l (1269 Omoz) 4

and E; is an independent exponential random variable with rate ;.
To homogenize both the plane and the particle, we consider the
following reaction time:

7o := min{71, 72 }
= inf{t >0: éx@@(f) > E; Orfx,y,z(t) > Ez}.

The survival probability of 7o depends on the initial angular position
(©(0),®(0)) and the initial planar position (Y(0),Z(0)) (since 7o
depends on /xe,0 and fx,yz). However, averaging over the initial
angular position (©(0), ®(0)) yields

{(txe.0(t))o)0) = f2L(1), (41)
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where £(t) is the local time of X at x = 0,

1 t
0t) = li 7f1 ey ds.
() Wy o Hx@len ds

Similarly, averaging over the initial planar position (Y(0),Z(0))
yields

(Lxv,z(£))y(0).z(0) = frl(t). (42)

Therefore, we consider a reaction time 7y, which is identical to 7y in
(9) except that we replace {x,0,0 and £x,y by their averaged versions
n (41) and (42),
T0 = inf{t >0: fze(t) > E; orflé(t) > Ez}
= inf{t >0: f(t) > min{El/fg,Ez/fl}}.
Now, it follows from basic properties of exponential random
variables that E;/f, is exponentially distributed with rate fox
(since E; is exponentially distributed with rate ). Similarly, E>/fi
is exponentially distributed with rate fix, (since E, is exponen-
tially distributed with rate «;). Furthermore, the minimum of two
exponential random variables with rates fix, and fox; is expo-

nentially distributed with rate fix, + fox1. Therefore, Ty is equal in
distribution to

To = it inf{t > 0: £(t) > Eo},
where Ej is exponentially distributed with rate
Ko = fiks + k1. (43)
Therefore, the survival probability of 7,
So(x,t) =P(79 > t | X(0) =x),
satisfies (12)-(14), (16) with trapping rate ko in (43) atx = 0,
Dtr%So =%0Sp, x=0.

B. Comparing heuristic ko and asymptotic «

We now compare the heuristic trapping rate x in (43) with the
asymptotic trapping rate « in (37). Using (35) and (36), we can write
ko in the following form:

Ko = f1K2 +f2K1 = Xov/ f1f2K1K2

if we define

xo = xo(Bri/r2) = \/Pri[r2 + 1/\/Pri/r2.

Furthermore, we have that xo ~ « if the following formula approxi-
mates the capacitance of the duocylinder:

biby(by + b
co(br,ba) ~ by, by) = % (44)

Since ¢ satisfies scaling (33) and the symmetry in (39), the
approximation in (44) is equivalent to the approximation c¢o(1,b)

~¢(1,b) = b(1+b)/m.
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In Fig. 2, the black solid curve is ¢o (1, b) computed from kinetic
Monte Carlo simulations (see Sec. IV) and the red dashed curve
is ¢(1,b) = b(1 + b)/n. Clearly, ¢y # ¢, but the approximation is
reasonably accurate. Indeed, the relative error |co — ¢|/co is at most
16%, and thus, the relative error between xy and « is at most 16%,

K — Ko

K

<0.16.

We can obtain an alternative approximation by simply mul-
tiplying ¢(1,b) by a constant { so that the resulting approxima-
tion agrees with ¢o(1,b) at b = 1. Specifically, the black circles in
Fig. 2 are

{c(1,b), where {=co(1,1)/c(1,b) ~ 1.19. (45)

The approximation in (45) is more accurate than ¢(1,b) for
be(0.1,1].

VI. KINETIC MONTE CARLO SIMULATIONS
OF THE FULL STOCHASTIC SYSTEM

To validate the boundary homogenization theory, we now
develop a kinetic Monte Carlo algorithm for simulating a diffusing,
patchy particle (sphere) interacting with a patchy surface (plane).
The algorithm adapts a kinetic Monte Carlo algorithm developed
by Bernoff et al.' for simulating a diffusing, fully-reactive, spherical
particle interacting with a patchy plane.

Our algorithm requires simulating both translational and
rotational diffusion of the spherical particle. For these simulations,
the patches on the plane are placed on a periodic grid. The algorithm
consists of two stages.

o Stage I: Project from the bulk to the plane. The sphere starts
away from the plane, where it is free to diffuse. The sphere is
propagated to the location where it first touches the plane.
Both this location and the time it takes for the sphere to
diffuse to the plane are drawn from exact probability dis-
tributions. If the sphere and plane touch such that a patch
on the sphere is touching a patch on the plane, the elapsed
time of the simulation is recorded and the simulation ends.
Otherwise, the algorithm proceeds to stage II.

e Stage II: Project from the plane to the bulk. The goal of this
stage is to propagate the sphere from the plane into the bulk
the maximum distance it can be propagated without the
possibility of a reaction occurring during the propagation.
Stage II is split into two cases:

- Case A: Reflect from the plane. If at the end of stage I,
the location where the sphere touches the plane is
not within a patch on the plane, then the shortest
distance da to the set of patches on the plane is
calculated. The sphere is then propagated into the
bulk to a hemisphere of radius da. The time for the
sphere to diffuse is drawn from an exact probability
distribution and recorded, and the algorithm returns
to stage I.

- Case B: Reflect only from the sphere. If at the end
of stage I, the location where the sphere touches the
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plane is within a patch on the plane but the sphere
is not oriented such that a patch on the sphere is
touching a patch on the plane, then the arc length
dp on the sphere from the location of contact to
the nearest patch on the sphere is calculated. The
spherical orientation angles are then propagated to
a distance of dg, and the time for it to do so is drawn
from an exact probability distribution. The sphere
location is propagated into the bulk according to an
exact distribution for diffusion during that time. The
algorithm then returns to stage I.

The numerical implementation of these two stages of the
algorithm is described in Appendix D.

A. Numerically optimized the trapping rate

We now calculate a numerically optimized trapping rate’” xop
from the stochastic realizations of the reaction times obtained from
the algorithm described above. Specifically, given M > 1 stochas-
tic realizations of the reaction time, we order them t; < t; <--- <ty
and define the empirical survival probability,

J
Semp(tj) =1 - ,
p(4) M

N =

j=1,...,M,

which counts the fraction of particles arriving after time t;."”
We then choose xopt so that the solution S to the homogenized,
one-dimensional problem in (16) and (17) approximates the
empirical survival probability Semp.

More precisely, for any trapping rate «, the solution S to (12),
(14), (16),and (17) is

S(xo0,t;6) = 1 — erfc| ——=
(0. £55) (\/4Dtrt /4Dyt

X - 2Kt + X
0 ) + %t erfcx( 0 ), (46)

where erfc(u) denotes the complementary error function and
erfex(u) = exp(u®)erfc(u) denotes the scaled complementary error
function. For any trapping rate x, we use the Kolmogorov-Smirnov
distance to calculate the error in distribution between S and Semp>

&) = max S(xo, ) = Semp (1)} (&7

The numerically optimized xopt is then the value of the trapping rate,
which minimizes &

B. Results for ¢ » 0

We generate M = 10° stochastic realizations of the reac-
tion times using the stochastic simulation algorithm described
above for each of the following parameter combinations: r; = 1,
=¢£¢€{0.05,0.10,...,0.20}, N, ¢€{11,55,99}, N;=4n, and Dy
= Drot = 1. Recalling (35), the absorbing fractions thus range from
f1~0.008 to fi ~0.126 and f> ~ 0.007 to f, = 0.99. In the top panel
of Fig. 3, we plot the numerically optimized xopt values and the
theoretical k values as a function of ¢ for the three values of N,.
The theoretical values of x are calculated from (35)-(37) using the
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FIG. 3. Comparing the theoretical trapping rate values to the numerically optimized
trapping rates. See the text for details.

numerically-calculated value of ¢y from Sec. I'V. In the bottom panel
of Fig. 3, we plot the relative error,

|K0pt - K|
>

Kopt

as a function of ¢ for the three values of N». This plot shows excellent
agreement between theoretical and numerically optimized trapping
rate values.

In the top panel of Fig. 4, we plot the Kolmogorov-Smirnov
distance &(x) in (47) (error in distribution) for these theoretical
values as a function of ¢ for the three values of N,. This plot shows
that the error in distribution is quite small for all these parameter
values, which validates the boundary homogenization theory. To
illustrate this excellent agreement, in the bottom panel of Fig. 4,
we plot the empirical survival probabilities Semp and the theoretical
survival probabilities S(xo, ; k) in (46) using the theoretical x values
for € = 0.05 and the three values of N;.
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FIG. 4. Comparing the reaction time distribution from simulation to the boundary
homogenization theory. See the text for details.

C. Results for fixed ¢ and varying absorbing
fractions fi, >

Our homogenization theory was in the limit ¢ — 0, and thus,
assumed that the fraction of the surface covered in patches, fi, and
the fraction of the particle covered in patches, f>, are both small,

h<l fikl (48)

However, the kinetic Monte Carlo algorithm for simulating the
full stochastic system allows us to investigate the accuracy of the
homogenization theory away from regime (48).

In Fig. 5, we fix r; =, = ¢ = 0.1 and let N;, N, each take the
values {11,55,99,199,299,399} so that [recalling (35)] fi, f> each
range from 2.75% up to 99.75% (we take Dy = Drot = 1). In the top
panel of Fig. 5, the curves are the theoretical x computed from
(35)-(37) and the circles are the numerically optimized values Kopt.
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FIG. 5. Comparing the reaction time distribution from simulation to boundary
homogenization theory away from the f; < 1, f, < 1 regime. See the text for
details.

As expected, x and «op; agree in regime (48), but the values of x and
kopt deviate away from this parameter regime. In the bottom panel
of Fig. 5, we plot the Kolmogorov-Smirnov distance &(k) in (47)
(error in distribution) for the theoretical x values.

Interestingly, the bottom panel of Fig. 5 shows that the accuracy
of the homogenization theory as measured by the error in distribu-
tion (as opposed to the difference between « and xopt) is fairly high
even away from regime (48). The error in distribution is largest in
the regimes

h~l, fixl (49)
and

fixl, fim~1 (50)

However, regimes (49) and (50) merely reduce to previously stud-
ied problems in homogenization. Indeed, the trapping rate for (49)
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reduces to the trapping rate for a patchy particle and a uniformly
reactive surface [k, in (6)]. Similarly, the trapping rate for (50)
reduces to the trapping rate for a patchy surface and a uniformly
reactive particle [x; in (3)].

Summarizing, although our theory assumes that f; and f,
are both small (and simulations confirm its high accuracy in
this regime), the theory is fairly accurate even in the inter-
mediate regimes of (i) fi<1 and o<k 1, #1, (i) L1
and fl 4( 1,f1 % 1, and (lll) f1 ¢ l,fl %1 and fz ¢ 1,f2 % 1.
Furthermore, the regimes of (49) and (50) reduce to previously
studied problems.

VIl. DISCUSSION

In this paper, we studied the trapping of a diffusive particle by
a surface, assuming that trapping requires reactive patches on the
particle to contact reactive patches on the surface. We formulated
a stochastic model of this trapping time and described its probabil-
ity distribution via a PDE in five spatial dimensions. Assuming that
the surface area fractions covered by patches are small, we applied
the method of matched asymptotic analysis to this PDE to derive the
effective trapping rate «. This trapping rate x depends on the electro-
static capacitance of a four-dimensional duocylinder embedded in
five dimensions, and we employed a kinetic Monte Carlo simulation
algorithm to rapidly and accurately compute this capacitance. Using
the theory of Brownian local time,”® we derived a simple heuristic
trapping rate xo and showed that it is always within 16% of « in
the small patch limit. We further developed a kinetic Monte Carlo
algorithm to simulate the full, five-dimensional stochastic model
of the trapping time, which verified the accuracy of the effective
trapping rate .

This work is related to a long line of previous studies. Boundary
homogenization has been used to study the reaction kinetics for
patchy particles'® """ and patchy surfaces,'"'>'>'******" where the
patchy object (particle or surface) interacts with a uniformly reac-
tive particle or surface. Related work on interactions of two patchy
spherical particles includes Refs. 24, 34, and 35. In Ref. 34, Monte
Carlo simulations were used to study the impacts of translational
and rotational diffusion on interactions of two or more patchy
particles. A computational approach to association and dissociation
of patchy particles was developed in Ref. 24. The authors of
Ref. 35 used lattice and lattice-adjacent models to study the
interactions of pairs of patchy particles. We are not aware of prior
work on the interactions between a patchy particle and a patchy
surface. Mathematically, our use of the method of matched asymp-
totic analysis follows a similar method used in Refs. 19 and
26 and also in Refs. 21, 25, 36-42. This approach is related to
the strong localized perturbation analysis initially developed in
Refs. 43 and 44.

Naturally, our model and mathematical analysis made a
number of simplifying assumptions. For one, we assumed that the
patchy surface (left wall) is flat (see Fig. 1). If the surface had some
curvature, then our results require that the characteristic radius of
curvature of the surface, Rc > 0, is much greater than the radius of
the particle. That is, we require

R /R > 1 (51)
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so that the surface is flat at the length scale of the particle. In addi-
tion, as in the analysis of a patchy particle and a uniformly reactive
surface in Ref. 25, applying our results to a curved patchy surface
requires that the particle “forgets” its orientation over timescales in
which the wall curvature affects the particle. Since (i) the particle
orientation relaxes to the uniform distribution at rate Do and (ii)
the surface curvature becomes relevant on the timescale RE /D, we
thus require

DrotRz/Dtr = ﬁzRg/R2 > 1. (52)

Requirements (51) and (52) are equivalent for the typical case that
the particle’s rotational diffusivity and translational diffusivity are
comparable (ie., f 5 1 and f < 1).

We also assumed that the absorbing fractions were both small
(i.e, fi < 1, f < 1). Although simulations showed that the theory
can be fairly accurate away from this parameter regime (see
Sec. VI C), an interesting avenue for future work is to devise more
accurate approximations when one or both of the absorbing frac-
tions are not small. One possible approach is to interpolate between
our results for the regime f; << 1, f, < 1 and the prior results for the
regimes fi~ 1,fo < land i < 1, H~ 1.
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APPENDIX A: DERIVATION OF «, IN (3) FOR A PATCHY
SURFACE AND A PERFECTLY REACTIVE PARTICLE

We now derive the trapping rate x; in (3) for a patchy surface
and a perfectly reactive particle. The formula in (3) can be obtained
via several different approaches,”'"”'>'* but we give here a simplified
version of the approach used in Sec. I1I above.
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The scenario of a patchy surface and a perfectly reactive parti-
cle fits into the framework of Sec. II by assuming that the particle is
completely covered in patches, i.e., fo = 1. The survival probability
in (10) then satisfies (11)-(15) with I’ = [0,7] x [0, 27). That is, the
angular orientation of the particle (6, ¢) is irrelevant, and the dif-
fusion equation in (11) is only in time t and Cartesian coordinates
(%, 9,2).

Similar to Sec. 111, we fix any time ¢ > 0 and introduce an outer
expansion, which is valid away from the patches,

S~1l+€Si+---. (A1)

Note that the ¢ term in (A1) replaces the & term for the full patchy
sphere and patchy particle problem in (20). Plugging (A1) into (11)
and using that T, = [0, 7] x [0,27) show that S satisfies

é51 =LS;, (x).2)€[0,00) xR?,
& (A2)

581 =0, x=0, (12) ¢ Upe1 (Vs> Zm)-

To determine the behavior of S; near the mth trap on the
left wall (0,y,.,2m), we introduce stretched coordinates for fixed
me{l,2,...},

u=e'x/R v=e'(y=ym)/R n=¢'(z-zm)/R
We then define the inner solution w as

w(p v, 1, ) := S(eRY, Ym + ERV, Zim + €R7, 1). (A3)

Using (11), the inner solution w satisfies

%w = ¢ 2R7°Dy (O + Ovw + Oy )W+ O(e7"). (A4)

Therefore, plugging the inner expansion w = wy + O(¢) into (A4)
implies that wy is harmonic,

(Ou + Oy + Oy )wo =0,  u>0. (A5)

Using (15), wy satisfies the following boundary conditions:

2 2 2
wo=0, u=0, v +n <aj,

BMW() = 0,

(A6)
u =0, otherwise.

The PDE in (A5) and (A6) is the so-called electrified disk prob-
lem, and the solution is known analytically.* For our purposes, we
only need the far-field behavior of wy, which is
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w0~a(l—%/ﬂ)) as p::\/y2+v2+112—>oo, (A7)

where « is determined by matching with the outer solution. The
matching condition is that the near-field behavior of the outer
expansion as (x,y,z) = (0,y,,zm) must agree with the far-field
behavior of the inner expansion as p — oco. That is,

1+eSi~wo  as (x,9.2) = (0,Ym>2m), p— oo.

Using (A3) and (A7), it follows that & = 1 and

S1~ —a(2/m) as (%,9,2) = (0, Ym>zm).

VG + () + () (A8)

Writing the singular behavior (A8) in the distributional form for
each m € {1,2,...}, the boundary condition in (A2) becomes

281 =4aiRY" 6(y = ym)8(z — zm), x=0. (A9)
Ox m=1
Define
- 1
> = lim ——= 19 2% 4}
S(x,t) lim )’ [_ZJ]ZS(x y,2,t)dydz
and
D 2-5(0,t
%= Du,S(0.1) (A10)
S(0,1)

so that it is a tautology that S satisfies Dy %3 =%S at x = 0. We now
derive the effective trapping rate by determining the behavior of
(A10)ase— 0.

The denominator in (A10) approaches unity as € — 0 due to
(19). To determine the behavior of the numerator in (A10), we inter-
change the derivative with the limit and integral, recall the outer
expansion in (A1), and apply (A9),

1 0
Dy lim —= —S(0,y,2,t)dyd
wlim one S x5O0 )dydz
N“,’I\h&ﬂ
R =

K~

as £¢— 0. (A11)

Using (2) and (18) yields (3).

APPENDIX B: DERIVATION OF DISTRIBUTIONAL
FORM IN (29)

To derive the distributional form in (29) of the singular
behavior in (28), suppose that a function f satisfies

%f:}Lf, (%,9,2,0,9) € Q
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and the following boundary condition at x = 0:

Dy k3 Y 8-yt 05 g,

m=1n=1 (

O
6)

To obtain the singular behavior of f as (x,y,z,0,¢) >
Zm» B> 9, ), define the inner solution analogous to (22),

(O’ym’

g(uv,m,s,p,1)
&
* sin an’ t)’

and introduce the inner expansion g~&’gy+ -~ By the same
argument that yielded (24) and (25), we have that &, is harmonic,

= f(sRy,ym + &RV, Zin + €R1, O + €Bs, @

(Ou + O + Oy + Oss + Opp)go =0, u>0, (B1)

and g, satisfies the following boundary condition at 4 = 0:

Ougo = R eRPa(er)a(ern) 2o )

= 47 cd(v)8(1)0(s)d(p), (B2)

where we have used the identity 8 (ax) = 8(x)/|«|. Ignoring arbitrary
additive constants, the solution to (B1) and (B2) is”®

g = —c(‘u2 +v 4+ 112 + & +p2)_3/2.
Matching the far-field behavior of g with the near-field behavior of
f shows that f indeed has the singular behavior in (28).

APPENDIX C: SIMULATION ALGORITHM
FOR THE ELECTROSTATIC CAPACITANCE cp

We now detail the method used in Sec. IV to calculate the
electrostatic capacitance cy. The method relies on a probabilistic
representation of the solution wp of (24) and (25). Let Z(t) € R® be
a standard five-dimensional Brownian motion. Deﬁne the first time
that this process reaches the duocylinder @ in (27),

7 =inf{t>0 : Z(t) € D).

The leading order inner solution wy satisfying (24) and (25) can be

written as

wo(ivs 1, 5,p) =1 —q(p, v, 1,5, p),

where g is the probability that Z eventually reaches 9, conditioned
on the initial position of Z,

q(uv,1,5,p) =P(7" < 00 | Z(0) = (1, v, 1,5, p)).

The function g must be harmonic for y # 0 and satisfy the boundary
conditions at 4 = 0,

u=0, (v,1,5,p) €2,
u=0, (v1,5p) ¢ 2.

q=1
g =0,
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Let g(p) denote the average of g over the surface of the five-

dimensional ball of radius p = \/ W+ v+ + 55+ p* > 0 centered
at the origin. If 4 = 0 and p > 0 is such that

p>poi=\/(b)" +(b2)%

then 0,q = 0. Hence, integrating the harmonic PDE for g over the
surface of the 5D ball of radius p > p, yields the following ordinary
differential equation for g(p):

((4/p)0p + Opp)q =0,

Solving this equation and using the far-field behavior of wy in (26)
yield

p > po

a(p) =co/p’, P> po. (1)

Equation (C1) implies that we can calculate ¢y by calculating
the probability g(p) that the five-dimensional Brownian motion Z
eventually reaches the duocylinder & defined in (27), conditioned
that Z is initially uniformly distributed on a ball of radius p > p,.
We can estimate g(p) by simulating M >> 1 realizations of Z and
calculating the proportion of these M trials, which reach & before
reaching some large outer radius p__ > p,.

An efficient way to simulate these instances is via a kinetic
Monte Carlo method. The kinetic Monte Carlo method breaks the
simulation process into two stages of simpler diffusion processes
that can be exactly simulated and then alternates between these two
stages until reaching a break point. The only error in this method
results from the finite outer radius p__ < co and the finite number
of trials M < oo, both of which can be taken very large due to the
computational efficiency of the method.

Simulations are initialized by placing the “particle” Z on the
five-dimensional sphere of radius p centered at the origin according
to a uniform distribution. The method then utilizes the following
two stages developed by Bernoff et al.'” for a similar problem in R,

o Stage I: Project from bulk to plane: The particle is projected to
the 4 = 0 plane following the exact distribution given below.
If the particle lands within 9, then this event is recorded and
the trial ends. If not, the algorithm proceeds to stage IL.

e Stage II: Project from plane to bulk: A distance d >0 is
calculated, which is less than or equal to the distance from
the current particle location to 9. The particle is then
projected to a uniformly distributed point on the 5D sphere
of radius d. If the particle reaches a distance larger than p__,
then this event is recorded and the trial ends. Otherwise, the
algorithms returns to stage I.

The distribution in stage I is calculated by first sampling the
random time that it takes the particle to reach y = 0, which is"”

2
t* = l 4
4(erfc1(U)) ’

where U is uniformly distributed on [0, 1]. Then, given Z at position
(4 v, 7,5, p) € R’ at the beginning of stage I, the position at the end
of stage I is

(0> v, 1, S)P) + \/F(Ox £1:£2:€3af4) € RS)
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where &,,&,,&,,¢, are independent standard normal random
variables.

The goal of stage II is to propagate the particle as far as possible
while ensuring that the particle cannot reach & during this propaga-
tion. Let (0, v,7,s,p) be the position of the particle at the beginning
of stage II. Then, given that the algorithm is in stage II, we have that
Z ¢ D and, therefore,

d1=\/v2+712—b1>0and/0rd2=\/sz+p2—b2>0,

where by and b,/f are the two radii of the duocylinder in (27). If
we define the distance d := max{d;,d,}, then the five-dimensional
sphere of radius d centered at (0,v,1,s,p) ¢ & cannot intersect L.
Therefore, stage II places the particle uniformly on the surface of
this 5D sphere.

APPENDIX D: SIMULATION ALGORITHM
FOR THE FULL STOCHASTIC SYSTEM

We now describe the numerical implementation of the kinetic
Monte Carlo algorithm of Sec. VI used to simulate the full stochastic
system.

The left wall has reactive patches of radius r; > 0 with density
N1/(4m) placed on a square lattice such that the centers are

Simulations are initialized by placing the unit spherical particle such
that the nearest point of the particle to the left wall is (xo, ¥, 20) at
t = 0, where we fix starting distance from the left wall xo and choose
(¥4>20) from a uniform distribution on [—1277:, i,—’f]z . The sphere has
N, (with N, odd) reactive spherical caps of polar angle r, > 0 with

centers (@k,@) on a Fibonacci lattice,”’

4k
1), 3 m k=1,....N>.

LAY

The particle is given initial orientation (6o,¢,) sampled from a
uniform distribution on the unit sphere using

= ( 2k
0 = arccos| — —
N,

6o = arccos(2&, — 1), ¢o = 2713,
where (£,,&,) is uniformly distributed on [0, 1]%.

1. Stage I: Project from the bulk to the plane

This stage follows the algorithm of Bernoff et al.'” for the trans-
lational diffusion of the sphere plus rotational diffusion. Given a

J
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particle located at (xo, Yor zo) at time t = 0, we sample the transit time
to the particle’s first contact with the left wall by sampling a uniform
random number £ € [0, 1] and calculating

2
£ = 1 X0
' 4D, ( erfc " (8) ) '

This time is added to the cumulative elapsed time of the simulation.
The spatial location of the particle at the arrival time ¢, is (0, Y2 ),
where y, and z; are independently drawn from normal distributions
with respective means Yo and zo and variances 2Dy t;.

We also sample (601, ¢, ), the orientation of the sphere following
the propagation of the sphere to the wall, given time t;. The authors
of Ref. 46 gave series solutions f (6, ) to the equation for rotational
diffusion of a point in angular coordinates (6, ¢) on a sphere of
radius 1, given that the point is initially at the pole of the sphere,

0

S f=Dudf.  f(6.0)=3(0)
We numerically integrate the solution f(6,t) from Ref. 46, which
yields the following cumulative distribution function:

[’]
F(6,t) = 27 /0 F(68,t) sin6 6. (D1)

From this, we can sample the change 0, in 0, given t,. Due to rota-
tional symmetry, we sample the change ¢, in ¢ from a uniform
distribution on [0, 277). We then update the orientation of the sphere
to (61, ¢,), given initial orientation (6o, ¢,) by rotating (64, ¢,),
implemented using rotation operators by interpreting (6o, ¢,) as a
point on the Bloch sphere.*’

At this point, the algorithm checks to see if a patch on the
sphere is touching a patch on the plane. That is, the algorithm checks
if the position coordinates (y,,z1) are within a patch on the plane
and if the orientation coordinates (6;,¢,) are within a patch on
the sphere. To do so, the signed distances d4 and dp to the nearest
patches on both the plane and the sphere, respectively, are calcu-
lated. The signed distance d4 to the nearest patch on the plane is

given by
4m\? 4m\?
dA:\/(ylmOdFT) +(z1modﬁ7f) - 1.

The signed distance dp is the signed arc length between the point
of contact of the sphere and the plane to the nearest patch on the
sphere. This is calculated by taking the arc length* a; to the center of
the ith patch and subtracting the patch radius 7, from the minimum
arc length min a;,

a; = tan

. \/(siné,- sin(Ag;))* + (sin 61 cos0; — cos 6; sin0; cos(Ag;))?

for

cos 0 cos 0; + sin 0 sin 6; cos(Ag;)

Agi = 9i — @1,

dB = min{a,-} — 1.
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If ds < 0 and dp < 0, then the trial is complete and the final elapsed
time is recorded. If da > 0, the algorithm proceeds to case A of
stage II. If dy < 0 and dp > 0, the algorithm proceeds to case B of
stage II.

2. Stage II, case A: Reflect from the plane

Given that the particle is located at (0,y,,z1) at some time
t > 0 at the start of stage II, we propagate the particle to the hemi-
sphere of radius da centered at (0,y,,21), which ensures that the
end condition could not have been met. We sample a time ¢, from
the well-known distribution for a three-dimensional diffusion pro-
cess to exit a sphere of radius d4 (see, for example, Ref. 12). The time
t, is added to the cumulative elapsed time.

The particle is placed at (x3, Yy z5), sampled uniformly on the
hemisphere of radius d4 centered at (0, y,,z1) by symmetry of Brow-
nian motion. The orientation of the particle is updated as it was in
stage I, where we sample from the distribution F(6, ;) in (D1), given
t, for the change 6, in 6, and sample the change ¢, in ¢ from a
uniform distribution on [0, 27r) and update (61, ¢,) with rotational
change (0,, ¢,) to obtain new orientation (62, ¢,).

At this point, the algorithm returns to stage I, updating the
position and orientation labels (x2,y,,22) and (62, ¢,) to (X0, y,»20)
and (6o, ¢,).

3. Stage |, case B: Reflect only from the sphere

In the case that the particle touches the plane such that it is
touching a patch on the plane at the end of stage I, we sample the
time it takes (6, ‘P1) to rotate a distance of dp (the distance to the
nearest patch on the particle).

To do so, we consider the survival probability Sy, (6,t) for
rotating a distance of dp by time ¢, given that the initial spheri-
cal coordinates are (0, ¢, ) at ¢ = 0. By rotational symmetry, we can
ignore ¢, . This survival probability satisfies the spherical diffusion
equation,

2

gsds = (tan 9)_1%% + a—SdB, t>0,0¢(0,dg),

ot 06
Sy, =1, t=0,
a
—S8;. =0, 0=0,
00°%
S4, =0, 6=dp

We numerically solve this over a mesh of values of d, 0 < 6 < ds,
and t using the MATLAB pdepe function.”” To sample an arrival
time to the spherical cap of radius dp, we sample a uniform random
number ¢ € [0, 1] and numerically solve

S4,(0,5) =&

for s and then compute the exit time t, = s/Dyor. The time ¢, is added
to the elapsed time, and the angular position is updated from (61, ¢, )
with rotational change (dp,¢,), where ¢, is sampled from a uni-
form distribution on [0,27), to obtain new orientation (61, ¢,), as
described in stage I. The updated location (x2,y,,22) of the particle
after time #, is sampled by generating three standard normal random
numbers (&, £,,£5) and computing

ARTICLE scitation.org/journalljcp

X2 = V2Deh &,
¥2 = y1+V2Dutr,
=21 +V 2Dtrt2€3.

The algorithm then returns to stage I, updating the position and

orientation labels (x2,y,,2z2) and (62, ¢,) to (x0, ¥, 20) and (6o, ¢,).
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