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We present a formulation of cosmological perturbation theory where the Boltzmann hierarchies
that evolve the neutrino phase-space distributions are replaced by integrals that can be evaluated
easily with fast Fourier transforms. The simultaneous evaluation of these integrals combined with
the differential equations for the rest of the system (dark matter, photons, baryons) are then solved
with an iterative scheme that converges quickly. The formulation is particularly powerful for massive
neutrinos, where the effective phase space is three-dimensional rather than two-dimensional, and
even moreso for three different neutrino mass eigenstates. Therefore, it has the potential to signif-
icantly speed up the computation times of cosmological-perturbation calculations. This approach
should also be applicable to models with other non-cold collisionless relics.

Introduction The publicly available cosmological-
perturbation codes CAMB [1] and CLASS [2] lie at the heart
of almost all analyses in cosmology. These codes solve
the differential equations for the evolution of the gravita-
tional potentials, the baryon and dark-matter fluid equa-
tions, the neutrino and photon distribution functions,
and possibly more species, depending on the cosmolog-
ical model considered. The codes, which build upon
nearly half a century of technical innovations [3], are now
remarkably efficient. However, modern Markov Chain
Monte Carlo (MCMC) analyses require these codes to be
called tens of thousands times to obtain the posterior in a
multidimensional cosmological-parameter space, requir-
ing perhaps days of CPU time. There is thus incentive
to accelerate these codes.

The most time-consuming parts in these calculations
are the “Boltzmann hierarchies”, which evolve the higher
moments of the photon and neutrino distribution func-
tions. The real bottleneck, though, are massive neu-
trinos: since their momentum distribution occupies a
three-dimensional, rather than two-dimensional, space,
they require, strictly speaking, an infinitude of hierar-
chies. Nonzero neutrino masses are, moreover, becoming
increasingly important given that they will be probed
with forthcoming cosmological measurements [4]. Clever
numerical methods are able to reduce the system of ordi-
nary differential equations (ODEs) to a manageable size
[2]. But the algorithms are still ultimately limited by
requirement to solve—depending on the target accurac
—O(500) ODEs (for each Fourier wavenumber k) for
the Boltzmann hierarchies of photons and three gener-
ations of massive neutrinos. The computational prob-
lem is exacerbated further with the increased focus on
new-physics models with other non-cold relics or neu-
trino models with non-thermal phase-space distributions;
we list in Refs. [5–10] papers just the past year on such
relics.

It has long been known that each Boltzmann hierarchy
is formally equivalent to a small set of integral equations
[11], but only recently [12] has this formalism been im-
plemented for scalar perturbations numerically. Numeri-

cal experiments in which the photon hierarchies were re-
placed with the integral equations showed that the new
“hierarchy-less” formalism may have the potential to ac-
celerate cosmological-perturbation codes. We emphasize
that this formalism provides a numerical solution to the
perturbation equations; it is not an analytical approxi-
mation.

Here, we apply this integral-equation approach to neu-
trinos (and other collisionless non-cold relics) and show
that it is potentially extremely powerful. First of all,
the integral equations for collisionless particles are sim-
ply integrals. Moreover, each integral can be written as a
convolution of gravitational potentials and a radial eigen-
function, and the convolution can be done trivially with
a fast Fourier transform (FFT). The only catch is that
the collisionless-sector equations must be solved with the
equations for the rest of the system iteratively. Still, as
we show, this iteration converges quickly. If the colli-
sionless sector dominates the computational effort, this
iterative scheme may provide a more computationally ef-
ficient route to a precise numerical solution.

Below we first derive the integral equations for the
moments of the massive-neutrino distribution functions
and show how they can be written as convolutions. We
then discuss aspects of the iterative scheme [12] to solve
the collisionless-sector perturbations in tandem with the
equations for photons, dark matter, baryons, and grav-
itational potentials. We present numerical results from
a proof-of-concept code and end with some concluding
remarks.

Integral Solution. We start with the linearized colli-
sionless Boltzmann equation in Fourier space and in syn-
chronous gauge [13],1

∂Ψ

∂τ
+ ikµ

q

ε
Ψ +

d ln f0
d ln q

[
η′ − h′ + 6η′

2
µ2

]
= 0, (1)

1 The hierarchy-less approach is equally applicable to the confor-
mal Newtonian gauge.
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and follow the notation in Ref. [13] unless stated oth-
erwise. Here the fractional phase-space-density per-
turbation Ψ is related to the phase-space density via
f(~q,~k, τ) = f0(q, τ)[1 + Ψ(~q,~k, τ)] with ~q being the neu-
trino momentum (q ≡ |~q|) and f0 being the Fermi-Dirac
distribution. Due to symmetry considerations [13], Ψ de-
pends only on the momentum magnitude q, the Fourier
wavenumber k ≡ |~k|, and the angle µ ≡ (~q/q) · (~k/k). We
have also introduced the synchronous-gauge metric per-
turbations h(k, τ) and η(k, τ), and use a prime to denote
derivative with respect to conformal time τ . We follow
Ref. [2], thus a small deviation from Ref. [13], in defining
the neutrino energy ε(q, τ) ≡ [q2 + a2(τ)m2/T 2

0 ]1/2, with
a(τ) the scale factor, m the neutrino mass, and T0 the
current neutrino temperature. We omit the arguments
of all quantities if no confusion is caused.

We recognize Eq. (1) as a first-order ODE of Ψ in τ ,
labeled by µ, q, and k. Integrating this equation from
some initial time τi to some final time τf , we obtain the
formal solution,

Ψ(τf ) = e−iµkχ(τi,τf )Ψ(τi)

+

∫ τf

τi

e−iµkχ(τ,τf )
[
−η′ + h′ + 6η′

2
µ2

]
d ln f0
d ln q

dτ.

(2)

Here we define the neutrino comoving horizon
χ(τ1, τ2; q) =

∫ τf
τi

(q/ε) dτ , and omit the q dependence for
simpler notation. We now define the multipole moments

Ψl ≡ (il/2)
∫ +1

−1 Ψ(µ)Pl(µ) dµ with Pl(µ) the Legendre
polynomials, and use the integral representation

dn

dxn
jl(x) =

il

2

∫ +1

−1
e−iµx(−iµ)nPl(µ) dµ (3)

of the spherical Bessel functions jl(x) (and its deriva-
tives) to arrive at the central result,

Ψl(τf ) =
∞∑
l′=0

(−1)l
′
(2l′ + 1)Wll′ [kχ(τi, τf )]Ψl′(τi)

+

∫ τf

τi

d ln f0
d ln q

dτ

×
{
−jl[kχ(τ, τf )]η′ − j′′l [kχ(τ, τf )]

h′ + 6η′

2

}
.

(4)

Here, we have defined the auxiliary function,

Wll′(x) ≡ il+l
′

2

∫ +1

−1
e−iµxPl(µ)Pl′(µ)dµ

= il
′
Pl′

(
i
d

dx

)
jl(x).

(5)

Now, we discuss the evaluation of the integral solution,
Eq. (4). We choose the initial time τi sufficiently early,
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FIG. 1. Comparison between the traditional solver using a
truncated Boltzmann hierarchy and the new solver proposed
in this paper. In the new approach, the infinite hierarchy
is being replaced by two line-of-sight integrals — for the
monopole and dipole of the distribution-function — that are
evolved simultaneously with the differential equations for the
rest of the system via an iterative scheme. The line-of-sight
integrals are computed very efficiently via fast Fourier trans-
forms.

ideally close to neutrino decoupling, when the higher mul-
tipoles Ψl(τi) for l > 2 are effectively zero. This re-
duces the infinite sum in Eq. (4) to only 3 terms (i.e.
l′ = 0, 1, 2). Then, Ψl(τf ) for arbitrary τf > τi can
be computed by performing the integral in Eq. (4). Al-
though this can be done for arbitrary l too, we only need
the monopole and dipole (i.e. l = 0, 1) as those are all
that appear in the Einstein equations. A schematic com-
parison between the Boltzmann-hierarchy solver and the
new hierarchy-less solver presented in this work is shown
in Fig. 1.

Although similar to the analogous integral equation for
photons in Ref. [12], Eq. (4) is different in a very impor-
tant way. The phase-space perturbation Ψl(τ) does not
appear inside the integral in Eq. (4), so Eq. (4) is merely
an integral, not a bona fide integral equation, a conse-
quence of the fact that neutrinos are collisionless. As we
will see shortly, this allows for considerable simplification
and acceleration.

Iterative Method The integrals in Eq. (4) require the
metric perturbations h(τ) and η(τ), but the Einstein
equations that determine these quantities take as input
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the neutrino perturbations (as well as those of any other
species). To solve this chicken-and-egg problem, we solve
the coupled system of equations iteratively, as follows.

We first choose an ansatz for the neutrino sector, and
solve the non-neutrino sector using a traditional ODE
solver; then the metric perturbations are used to evalu-
ate and update the neutrino sector via Eq. (4). This pro-
cess is continued until some target precision is achieved.
Better choice of the ansatz enables faster convergence of
the iterations. Here, we discuss several possibilities.

One simple possibility is to start with a solution to the
ODEs truncating the neutrino hierarchies at a low mul-
tipole. These trial solutions typically take far shorter to
compute compared to the full hierarchy, but nonetheless
provide enough crude features in the solution for the it-
erative process to refine on. The numerical results shown
below are obtained with this ansatz.

Another possibility is to use the neutrino-sector solu-
tion from the previous MCMC step as the ansatz. A
converging MCMC typically only samples fairly concen-
trated points around the best-fit model in the parameter
space. Thus, presumably, a solution from the previous
step is a very good approximation to the true solution of
the current step. Along this line of reasoning, one can
even maintain a small cache of certain previous MCMC
steps that more or less uniformly cover the parameter
space of interest. Then, in the current step, only re-
trieve the closest candidate as the ansatz (although the
required interpolation may be costly). A related possi-
bility is to do something similar using the solutions for
Ψl from a previous k value in the calculation, rescaling
the conformal time so that kτ is fixed.

FFT Acceleration The line-of-sight integral can
be written as a convolution between a cosmology-
independent kernel and the metric perturbations. The
integral in Eq. (4) can be written schematically as

I(τf ) =

∫ τf

τi

F (τ)K[x(τf )− x(τ)] dτ. (6)

For the first term in the integral in Eq. (4),

F (τ) ≡ −η′ d ln f0
d ln q

and K(x) = jl(x), (7)

and for the second term in the integral in Eq. (4),

F (τ) ≡ −h
′ + 6η′

2

d ln f0
d ln q

and K(x) = j′′l (x), (8)

but the following derivation applies to both cases. We de-
fine x(τ) ≡ kχ(τi, τ) and we have used the fact that these
distances are additive; i.e. χ(τi, τ) + χ(τ, τf ) = χ(τi, τf ).
Now, we change the integration variable using the inverse
function τ = τ(x) and dτ/dx = ε(x)/(qk), giving

I[τ(xf )] =

∫ xf

0

ε(x)

qk
F [τ(x)]K(xf − x) dx, (9)

where xf ≡ kχ(τi, τf ). Defining the function G(x) ≡
ε(x)F [τ(x)]/(qk), we have

I[τ(xf )] =

∫ xf

0

G(x)K(xf − x) dx = (G ?K)(xf ). (10)

Here G ? K denotes the Laplace convolution between G
andK. The discrete samples of I[τ(xf )] can be computed
from the discrete samples of G(x) and K(x) very effi-
ciently via FFT. Note that the x-samples (or τ -samples)
do not need to be uniform, in which case the non-uniform
FFT can be used without impacting the O(N logN) com-
plexity.

Numerical Demonstrations Our calculation proceeds
as follows. (1) We first solve the complete set of ODEs for
the baryons, dark matter, photon moments, gravitational
potentials, and neutrinos. However, we truncate all the
neutrino Boltzmann hierarchies at l = 3. This then pro-
vides an initial solution for the potentials h(τ) and η(τ).
(2) We then evaluate the neutrino monopoles Ψ0(τ) and
dipoles Ψ1(τ) for all momenta q from Eq. (4), using the
FFT method described above. (3) We then go back and
solve the ODEs for the baryons, dark matter, photon mo-
ments, and gravitational potentials. However, this time
we use the results of step (2) for the neutrino source terms
in the Einstein equations. (4) We then iterate steps (2)
and (3) until the desired precision in the neutrino mo-
ments or the gravitational potentials are achieved.

For step (2), one could alternatively simply evaluate
the integral equation for either the monopole or the
dipole (rather than both) and then obtain the other from
the continuity equation. We have found, though, that the
solutions converge more rapidly if they are both eval-
uated with the integral equation, with little additional
computational effort.

We develop a proof-of-concept python code to demon-
strate the potential of the new hierarchy-less solver. We
adopt a ΛCDM cosmology with one species of massive
neutrino with mν = 0.06 eV. The cosmological param-
eters are chosen to be the default in CLASS v3.0.1.
As an example, we solve the k = 0.2 Mpc−1 mode in
the conformal-time interval τ ∈ [1, 250] Mpc, and dis-
cretize the q-integration with 5 Gauss-Laguerre nodes.
We choose τmax = 250 Mpc so that kτmax = 50, which
is significantly larger than the standard values to switch
on the fluid approximation for the non-cold collisionless
relics (e.g., the standard value in CLASS is 31).

In Fig. 2, we demonstrate the rapid convergence of the
iterative process, and the accuracy of the converged solu-
tion. Here, we construct the ansatz by solving the system
with a short neutrino hierarchy truncated at l = 3, and it-
erate 6 times from that. We then compare the result from
the last iteration with the Boltzmann-hierarchy approach
truncated at l = 30. In each iteration, we compute the
neutrino line-of-sight integral via an FFT of N = 1024
points. Whenever there is a need to solve ODEs, we
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FIG. 2. Numerical results of the hierarchy-less solver. We show (from left to right) the evolution of the neutrino distribution-
function monopole Ψ0, dipole Ψ1, and the synchronous-gauge metric perturbation h. The top panels show the initial ansatz
(blue dashed, obtained by solving a very short hierarchy cut at l = 3), the results of 6 iterations (light blue to dark blue,
solid), and the solution obtained from the full Boltzmann hierarchy (red solid). Note that the iterations are overlapping due
to the rapid convergence. Each bottom panel shows the absolute differences between the lines in the corresponding top panel
comparing to the results of the 6th iteration.

use the RK45 adaptive integrator with rtol = 10−4 and
atol = 10−8.

In Fig. 3, we compare the computation time for neutri-
nos in obtaining Fig. 2, defined to be the total time spent
on the neutrino hierarchy (for the Boltzmann-hierarchy
case and for obtaining the ansatz ) or on the neutrino
line-of-sight integral (for the iterations). The time for
the ansatz can be eliminated if we obtain the ansatz form
the previous MCMC step, or a previous k. The time for
each iteration is expected to scale as O(N logN).

Conclusions We have shown that each of the Boltz-
mann hierarchies for collisionless species can be replaced
by a set of integrals that can be evaluated efficiently with
FFT, but at the price of solving the equations for the rest
of the system iteratively. Even so, our simple numeri-
cal experiments suggest that the iteration can converge
quickly with even a simple initial ansatz and thus hold
the prospect to accelerate cosmological-perturbation cal-
culations, especially in models with multiple mass eigen-
states.

Moreover, we emphasize that the new approach de-
scribed in this work can be used to accelerate models with
other non-cold collisionless species [5–9], without much
adaptation. It should also apply to scenarios where these

(or the neutrino) species have non-thermal homogeneous
distribution function f0 [10]. In general, we expect the
acceleration to be more significant with a larger non-cold
collisionless sector. Still, the optimization of the com-
putational efficiency subject to some precision threshold
is a difficult problem, both for the traditional approach
and the one we are suggesting here. It will require more
work to determine more conclusively whether this can be
implemented to improve the performance while provid-
ing the type of reliability and flexibility available with
current codes.
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