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Significance

The loop extrusion model 
describes organization of 
chromatin into dynamic loops 
by protein complexes such 
as cohesin. We developed a 
theoretical model that quantifies 
how key parameters, including 
cohesin residence time on 
chromatin, extrusion velocity, 
and the number density of 
chromatin-bound cohesins, 
regulate genomic contacts. 
This work informs strategies for 
epigenetic regulation to engineer 
topologically associated domains 
and modify cohesin properties 
for amplifying or suppressing the 
frequency of contacts between 
loci of interest, such as 
enhancers and promoters. 
Additional details like cohesin 
binding locations can 
supplement our model to 
fine-tune predictions for specific 
genomic regions.
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The active loop extrusion hypothesis proposes that chromatin threads through the 
cohesin protein complex into progressively larger loops until reaching specific bound-
ary elements. We build upon this hypothesis and develop an analytical theory for 
active loop extrusion which predicts that loop formation probability is a nonmono-
tonic function of loop length and describes chromatin contact probabilities. We val-
idate our model with Monte Carlo and hybrid Molecular Dynamics–Monte Carlo 
simulations and demonstrate that our theory recapitulates experimental chromatin 
conformation capture data. Our results support active loop extrusion as a mecha-
nism for chromatin organization and provide an analytical description of chromatin 
organization that may be used to specifically modify chromatin contact probabilities.

loop extrusion | chromatin organization | polymer physics

Motivation

One way to regulate gene expression is to modify chromatin contact probabilities between 
specific genomic sites, for example, an enhancer and promoter. An analytical description 
of chromatin organization would provide crucial information in deciding how to selectively 
modify chromatin contacts and thus gene expression. This work provides analytical equa-
tions with biologically interpretable parameters that describe how active loop extrusion 
regulates chromatin during interphase. Our model quantifies the degree to which these 
parameters should be modulated to produce predictable changes in chromatin contacts.

Chromatin Organization

To provide context for our work, we review basic levels of chromatin organization as well 
as the experimental techniques used and models proposed to explain it. In human cells, 
DNA is organized into 46 complexes called chromosomes that range from 50 megabase 
pairs (Mbp) to 250 Mbp in genomic length (1). Chromosomes segregate into distinct 
territories in the nucleus (Fig. 1A) (2, 3). Each chromosome contains one long complex 
known as chromatin, consisting of double-stranded DNA and proteins (3, 4). Chromatin 
is generally classified as either euchromatin or heterochromatin. Euchromatin has loosely 
packed DNA and proteins and is more accessible to protein binding. Heterochromatin 
has a tight packing of DNA and proteins and is less accessible (5). Chromatin organization 
and its regulation between the scales of nucleosomes and chromosomes (between 200 bp 
and 100 Mbp) are not well understood.

Experimental Techniques to Probe Chromatin Conformations

Fluorescence in situ hybridization (FISH) experiments have measured rms spatial distances 
r(s) between chromatin sections as a function of genomic distance in terms of base pairs s, 
for s between 100 kilobase pairs (kbp) and 100 Mbp and spatial distances between 500 nm 
and 10 μm (6, 9, 10). FISH data are often used to infer a genomic region’s fractal dimen-
sion D, which is the scaling exponent that describes how the mass m of a part of size r of 
the object varies with r (i.e., m ∝ rD or r ∝ m

1
D ). Although FISH does not directly probe 

chromatin mass, studies assume that the genomic distance s is directly proportional to 
mass. Under this approximation, early FISH data on human chromosome 4 suggest that 
for 100 kbp < s < 1 Mbp, chromatin has on average a fractal dimension of D ≈ 2 with 
< r2 > ≈ 3 𝜇m2

Mbp
s , while for larger s, a more compact packing with D ≈ 3 is observed (see 

blue lines in Fig. 1B) (7).
In addition to imaging, chromatin organization is probed by chromosome conformation 

capture techniques such as chromatin interaction analysis by paired-end tag sequencing 
(ChIA-PET) (11) and Hi-C (8, 12), which probe physical contacts between chromatin D
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fragments with resolution down to 1 kbp. ChIA-PET detects con-
tacts between chromatin fragments bound by specific proteins by 
using antibodies to target a protein of interest (11). Hi-C produces 
contact maps, or heat maps, that indicate the probability that two 
chromatin fragments are in spatial proximity (8, 12).

Excluded Volume and Topological Constraints

Fractal dimension D ≈ 2 is predicted by the ideal linear chain model 
applicable for interpenetrating flexible linear polymers on length 
scales larger than correlation length (13). For this reason, many 
studies model chromatin as a polymer chain with fractal dimension 
D = 2 to understand higher-level chromatin organization (7, 10, 
12, 14–16). The ideal linear chain model does not have excluded 
volume, while real polymers and chromatin clearly do. However, 
for polymer melts and solutions at sufficient concentrations, 
excluded volume interactions are screened at length scales larger 
than correlation length, allowing ideal chain statistics to be used at 
these length scales (13). Additionally, for real polymers, entangle-
ments due to the uncrossability of chains may play a role on long 
length scales (13). However, the topoisomerase II enzyme can pass 
genomic regions through each other, thus removing some topolog-
ical constraints (17), and recent studies suggest that chromosomes 
and chromatin domains are largely unentangled (18, 19). Note that 
the apparent fractal dimensions may vary for different cell lines and 
genomic regions, as other studies find that the apparent fractal 
dimension can be greater than 3, even on scales smaller than 500 
kbp (20, 21). More detailed imaging experiments are needed to 
understand the chromatin structure of specific genomic regions.

Contact Probabilities

From Hi-C contact maps, one can calculate the average contact 
probability between chromatin sections as a function of genomic 
distance s characterized by a power law with exponent γ,

	 [1]p(s) ≈ As−� ,

where A is a constant. The mean-field prediction for the exponent 
γ for objects with fractal dimension D in spatial dimension d is  
γ = d/D, though this likely oversimplifies the relation between chro-
matin size and contact probability (14). On average, human chro-
matin can exhibit at least three contact probability scaling regimes 
with different γ exponents. Some data show 1 < 𝛾1 ≤ 1.5 on scales 
shorter than 100 kbp, corresponding to fractal dimension between 
D ≈ 2 and D ≈ 3 at a mean-field level (see SI Appendix, Fig. S14 for 
example) (22). On average, the second and third scaling regimes 
have �2 ≈ 0.75 and �3 ≈ 1.3 corresponding to fractal dimensions 
of D ≈ 4 and D ≈ 2.3 respectively, with the cross-over occurring 
at several hundred kbp (23, 24). In Fig. 1B, we compare FISH 
data from chromosome 4 with these three scaling regimes from 
the average contact probability in a specific 10 Mbp region of 
chromosome 8 with coordinates 130 Mbp—140 Mbp in 
GM12878 cells (SI Appendix, Fig. S14) using �1 ≈ 1.1 , �2 ≈ 0.76 , 
and �3 ≈ 1.2 , assuming the mean-field relation γ = d/D. Note that 
contact probability scaling exponents in specific chromatin regions 
may differ (14).

The γ2 exponent has been observed to change depending on 
the presence of different proteins thought to regulate chromatin 

A B

C D

Fig. 1. Overview of chromatin organization. (A) Chromatin is made of nucleosome arrays, which are complexes of ~150 bp of double-stranded DNA wrapped 
1.65 times around an octamer of histone proteins. Nucleosomes are about 11 nm in diameter and 6 nm in height and are connected by about ~50-bp DNA 
spacers (3, 4). (B) Schematic of chromatin rms internal distances r(s) measured by FISH (blue lines) (6, 7) and suggested by Hi-C (red lines) (8). Absolute values for 
Hi-C are scaled to match FISH data at 0.5 �m . Numbers next to dashed lines indicate slopes on a log-log scale (reciprocal of fractal dimensions D). (C) Schematic 
of TADs and compartmentalization in a Hi-C contact map for an N kbp chromatin segment. (D) Schematic of loop extrusion. Cohesin (orange rings) extrudes 
chromatin (blue circles) until reaching CTCF anchors (green arrows), creating anchored loops.
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loops such as cohesin [a structural maintenance of chromosomes 
(SMC) protein complex] and the nipped-B-like protein NIPBL 
(a protein that facilitates cohesin–chromatin binding). Cells 
depleted of cohesin or NIPBL exhibit an increase in average �2 
on scales smaller than 200 kbp (22, 24, 25). For example, a 50 
Mbp region in chromosome 8 of HCT116 cells shows an increase 
from �2 ≈ 0.73 to �2 ≈ 0.94 corresponding to a decrease in fractal 
dimension from D ≈ 4.2 to D ≈ 3.2 (SI Appendix, Fig. S15) (22).

The three different scaling regimes of exponent γ suggest that 
chromatin organization changes on the corresponding length 
scales. As an analogy, consider the different fractal dimensions in 
a melt of densely packed nonconcatenated polymer rings. These 
polymers have fractal dimension D = 2 on small length scales 
between Kuhn length and entanglement length, and D = 3 on 
larger scales due to the nonconcatenation condition according to 
the fractal loopy globule model (26). If these polymer rings form 
double-folded conformations, the polymers would have D = 4 on 
scales larger than distance between branchings of these double-folds 
(14, 27, 28). Since the spatial dimension is d = 3 , the fractal 
dimension should decrease on the largest length scales to maintain 
a polymer volume fraction below unity. While the different γ 
exponents observed in human chromatin are consistent with the 
fractal dimensions discussed above, they could be caused by the 
interplay of polymer relaxation and active processes perturbing 
chromatin regions facilitated by proteins such as cohesin, and 
possibly by the effect of nuclear confinement, rather than an equi-
librium melt of rings with transient entanglements.

Topologically Associated Domains (TADs) and 
Compartmentalization

Hi-C also reveals two levels of chromatin organization known as 
TADs and compartmentalization (Fig. 1C). TADs appear as 
squares along the main diagonal of a contact map ranging from 
tens of kbp to several Mbp (24, 29). TADs are also marked by 
increased contacts between loci at TAD boundaries or anchors, 
which appear as dark corners of the TAD squares. This corresponds 
to local enhancement of contact probability within a continuous 
chromatin section. Human TADs range from 20 kbp to 3 Mbp 
in genomic length with a median of about 200 kbp (8) (see gray 
and black bars in Fig. 1B). Compartmentalization appears as a 
checkered pattern with widths ranging from 40 kbp to 3 Mbp 
and a median of approximately 500 kbp (8, 24) (see gray and 
black bars in Fig. 1B). Compartmentalization is interpreted as 
long-range associations between nonconsecutive chromatin sec-
tions. Six compartment types (A1, A2, B1, B2, B3, and B4) cor-
related with distinct epigenetic marks have been observed, and 
chromatin regions of one type preferentially associate with other 
regions of the same type (8, 12, 24). Below we focus on describing 
TAD regulation.

Regulation of TADs

TAD regulation models. The processes that regulate TADs are 
unclear. One model is loop extrusion, in which a protein extrusion 
complex binds or topologically embraces two neighboring loci and 
translocates along chromatin, forming larger and larger loops until 
reaching and stalling at protein boundary elements oriented in 
the correct directions (Fig. 1D) (16, 23, 30–36). Here, we define 
a loop as a section of chromatin with two loci bound to each 
other. The loop extrusion model ensures that genomic regions 
nearby along the chromatin contour colocalize, which may be 
important for bringing cis-regulatory elements in contact with 
gene promoters. Another model known as String and Binders 

Switch or transcription factor (TF) binding posits that multivalent 
TFs or protein complexes bind to specific genomic loci to form 
local loops (37–42). This model makes no guarantee that the 
smallest loops between binding sites are formed. The present paper 
focuses on loop extrusion and argues that simple TF-binding 
models are unlikely to regulate certain classes of chromatin loops.

Loop extruding proteins. Although the exact proteins critical to 
loop extrusion are unclear, both the cohesin and condensin SMC 
complexes exhibit extrusion ability in vitro, and the CCCTC-
binding factor (CTCF) is the leading candidate for the boundary 
elements (43–48). Condensin organizes chromatin in mitotic cells, 
while cohesin is thought to organize chromatin in both mitotic and 
interphase cells (49). Therefore, for definiteness, for the remainder 
of this paper, we refer to “cohesin” and “CTCF anchors” as the 
extrusion complex and boundary elements respectively, though 
we note that the precise proteins involved in loop extrusion are 
not resolved.

It is unclear whether in vivo cohesin topologically embraces 
chromatin within a ring-like structure or directly binds chromatin 
and whether cohesin acts as a monomer with a single ring that 
can bind or embrace two loci at the ends of a loop or a dimer with 
two rings that each embraces or binds chromatin. For definiteness, 
we refer to cohesin as having two “domains”, one positive (+) and 
one negative (−), that can each bind or embrace chromatin. Although 
the choice of (+) and (−) domains is arbitrary, in this work, we 
identify the (+) domain as translocating to larger genomic coor-
dinates, while the (−) domain translocates to smaller genomic 
coordinates. We do not distinguish between binding and topo-
logically embracing, nor between monomer and dimer, as our 
model does not depend on these details.

Loop extruding mechanisms. Precise details of loop extrusion 
related to the activity, symmetry, synchronicity, traversal, binding 
specificity, and binding activity of cohesin remain unresolved. 
In active models, cohesin domains consume energy and act as 
motors to translocate in biased directions along the chromatin 
fiber toward CTCF anchors (16, 23, 30, 31). In passive models, 
extrusion is thermally driven and does not have inherent direction-
ality (32–35). Cohesin could extrude chromatin symmetrically, 
in which two domains of the extrusion complex simultaneously 
translocate in opposite directions with the same rates, or asymmet-
rically, in which the domains extrude with different rates.

The two cohesin domains could extrude synchronously, in 
which the domains always translocate at the same time, or asyn-
chronously, in which the domains do not necessarily translocate 
together. Furthermore, cohesins may or may not be able to traverse 
each other during extrusion, as seen in other SMC complexes 
(50, 51), and recent experiments have shown that cohesin can pass 
over DNA-bound particles larger than its size in vitro (52). 
Traversal could be impeded, in which cohesin domains slow down 
when they encounter one another, or unimpeded, in which the 
domains do not change extrusion speed upon encounter.

Two issues arise due to binding: cohesin’s binding specificity 
and activity. Cohesin could either bind to specific loci (i.e., one 
or a few sites per TAD) or nonspecifically, with the number of 
binding sites proportional to TAD genomic length (31). Note 
that while cohesin and NIPBL have been observed to colocalize 
and accumulate on chromatin, there is no direct evidence that 
cohesin binds to specific locations along the genome (31, 49, 
53). Lastly, cohesin binding may or may not consume ATP. 
Studies have shown that chromatin-bound cohesin is insensitive 
to the presence of ATP and that cohesin can bind DNA without 
ATP (53, 54).D
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Modeling Chromatin Organization Regulation

Theoretical and simulation models are used to study loop extru-
sion and TF binding as well as compartmentalization. Chromatin 
is often modeled as a coarse-grained bead-spring polymer due to its 
polymeric nature and apparent fractal dimension D = 2 at smaller 
length scale (Fig. 1B). Block heteropolymers are used to simulate 
compartmentalization, in which chromatin regions with similar 
histone marks have stronger attractive interactions than those with 
different histone marks (15, 25, 55). TFs are represented as i) 
additional beads that can bind to the polymer, ii) short-range 
attraction between specific beads, or iii) transient bonds between 
specific beads (38, 56–58). Loop extrusion is modeled either as an 
additional bond between beads that processes along the chromatin 
fiber or as rings that encircle chromatin (16, 23, 35, 59).

Previous studies have demonstrated that passive loop extrusion 
(32, 33), active loop extrusion (16, 23), and TF binding (38, 39) 
can all form TADs of physiological genomic lengths. Several the-
oretical and simulation studies suggest that passive loop extrusion 
with specific cohesin binding and no cohesin traversal could form 
TADs due to an osmotic pressure arising from neighboring cohes-
ins (32–34). On the other hand, one study that compared active 
loop extrusion with an active–passive hybrid (in which one 
domain of cohesin was active and the other was passive) found 
that the hybrid model could not recover TAD corners (31).

Another approach to modeling chromatin organization is to 
construct effective energy landscapes for chromatin folding using 
epigenetic data, for example, locations of CTCF-associated loops 
(60–62). Molecular dynamics simulations of polymers equili-
brated in these energy landscapes recapitulate Hi-C contact maps, 
contact probability scaling, and compartmentalization of specific 
genomic regions. These models are agnostic to specific biochemical 
mechanisms but nevertheless provide important insight into chro-
matin organization.

Modeling and experiments produce wide predicted ranges of loop 
extrusion parameters known as “cohesin processivity” (the average 
loop length extruded by unimpeded cohesin) and “cohesin separa-
tion” (the average genomic spacing between bound cohesins) denoted 
λ and d, respectively. For example, active extrusion models suggest 
cohesin processivity to be about 200 kbp (16, 63). However, exper-
imental studies of cohesin residence time in interphase (~20 to 
25 min) (64, 65) and extrusion speed in interphase and ex cellula 
(~20 to 60 kbp/min) (25, 47, 48) suggest longer processivities 
between 400 and 1,500 kbp. Previous simulations predict a cohesin 
separation of about 120 kbp, while experimental estimates range from 
50 kbp to 300 kbp (16, 65, 66). Additionally, studies that simulate 
TF binding demonstrate that bound TFs tend to cluster, stabilize 
loops, and form TADs (38, 59, 67, 68). Moreover, TF binding 
remains a possibility as extrusion in live cells has yet to be observed. 
Thus, despite the vast number of studies that model chromatin organ-
ization, there is no consensus on the processes that occur in vivo.

Chromatin Organization and Gene Regulation

Chromatin organization is important for regulating gene ex-
pression (37, 69). Certain chromatin compartments identified 
by Hi-C are gene rich and correlate with active histone marks, 
while others correlate with repressive histone marks (8, 12). 
Chromatin organization can impact gene expression by facili-
tating or insulating contacts between gene promoters and reg-
ulatory elements (such as enhancers and silencers), which can 
be separated by hundreds of kbp (37, 70–72). Additionally, 
TAD boundaries are enriched for gene transcription start sites 
and contacts between promoters and enhancers, and in some 

cases, genes within the same TAD are coregulated (8, 29, 73).  
Epigenetic tools have been developed that modulate gene ex-
pression by altering chromatin organization, such as modifying 
chromatin accessibility and engineering specific loci to colocalize 
and form loops (74–76). Thus, an analytical description of chro-
matin organization could help inform experiments to modify gene 
expression.

Overview of Results

Our work supports active loop extrusion with nonspecific, steady-
state binding as a mechanism for chromatin organization. We 
develop a model of chromatin organization regulated by active 
loop extrusion with three main components: i) a binding and 
unbinding component, ii) a one-dimensional component of loop 
extrusion kinetics, and iii) a three-dimensional component for the 
spatial organization of chromatin. The first two components are 
similar to previous models (31, 77), though we focus our results on 
TAD formation and contact probabilities rather than chromosome 
compaction. Our model predicts chromatin contact probabilities, 
which we compare with Hi-C and ChIA-PET data targeted toward 
CTCF since these two experimental assays are commonly used to 
probe chromatin organization. We also use our model to describe 
the effects of cohesin traversal on chromatin loop distribution.

Results and Discussion

Model Description. Here, we outline our theoretical model for 
active loop extrusion. See SI Appendix for additional detail. In 
this work, active extrusion refers to cohesin domains consuming 
energy and translocating in biased directions toward CTCF 
anchors (16, 23, 30, 31), while passive extrusion refers to cohesin 
domains translocating purely based on thermal fluctuations 
(32–35). Consider a chromatin region discretized into loci of z 
kbp each, with a TAD containing N loci defined by CTCF 
anchors at loci i and i+N. The genomic distance between anchors 
is zN kbp. Cohesins initially bind to consecutive loci x and x+1. 
We assume that the number density of chromatin-bound cohesins 
during the G1 phase of the cell cycle is time independent corre-
sponding to a steady state. For definiteness, in this paper, we 
describe passive cohesin binding that follows equilibrium detailed 
balance and does not consume energy, as in previous work (77). 
The free-energy change per pair of loci due to cohesin binding 
with two domains attached to different chromatin loci is �kBT  
(Fig. 2B). The average steady-state separation between neighbor-
ing bound cohesins is e� loci, corresponding to d = ze

� kbp. For 
example, with z = 1 (each locus representing 1 kbp), the estimated 
cohesin separation range from 50 kbp to 300 kbp (66) corre-
sponds to a chemical potential range of �kBT ≈ 4kBT to ≈ 6kBT  . 
Cohesins have an energy barrier for unbinding hkBT > 0 . We 
choose a single frequency ν to describe attempt rates of cohesin 
binding, unbinding, and translocation. Cohesin residence time 
is �r ≈

1

�
eh . In the example with z = 1, cohesin separation is 

e
� ≈ 150 kbp for �kBT = 5kBT  and residence time is ν−1eh ≈ 30 

min for ν = 0.1 s−1 and hkBT = 5kBT .
The (−) and (+) cohesin domains translocate to neighboring 

loci with probabilities p− and p+ per timestep with duration ν−1 
respectively, independent of one another (Fig. 2 A, C, and D). 
The (−) and (+) domains cannot translocate further than loci 
i or i+N, respectively. Although experimental and theoretical 
studies have shown that condensin loop extrusion velocity may 
be dependent on external load applied to DNA (78, 79), we 
coarse-grain the biophysical details of a loop extrusion step and 
assume a constant translocation probability on the scale of our D
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loci discretization (1 kbp per locus). In the main text, we assume 
that cohesin traversal is unimpeded, meaning that cohesin 
domains do not slow down upon meeting neighboring cohesins. 
We explore impeded cohesin traversal in SI Appendix. For sim-
plicity, the remainder of this paper assumes that p− = p+ = p. 
Unimpeded cohesin processivity in kbp is given by 
� = 2p�z�r = 2pzeh (the factor of two comes from the translo-
cation of both domains). Recall that z is the number of kbp per 
locus and ν is the binding, unbinding, and translocation attempt 
frequency. A residence time of 30 min and a probability p = 0.5 
of translocating 1 kbp (one locus) per ν−1 = 10 s results in a 
processivity of approximately 150 kbp.

We define two dimensionless parameters

	
[2]� =

Nz

�
=

N

2p��r

,

and

	
[3]� =

�

d
= 2p��r e

−�
,

α is the ratio between TAD length and cohesin processivity. 𝛼 ≪ 1 
indicates that on average, most cohesins that bind within a TAD 
will extrude the entire TAD, while 𝛼 ≫ 1 suggests that the average 
length of a cohesin-mediated loop is smaller than the TAD length. 
β provides a measure of loop nesting and is the ratio between 
cohesin processivity and separation (Fig. 3), also described in ref. 
77. Note that the number of kbp per loci z cancels out in the 
definitions of both α and β.

Active Loop Extrusion with Nonspecific, Passive Binding and 
Unimpeded Cohesin Traversal Produces TAD Squares and 
Multiple Contact Probability Scaling Regimes. Hybrid MD–MC 
simulations of active extrusion with nonspecific, passive binding 
and unimpeded cohesin traversal produce squares along the main 
diagonal of contact maps like TADs in human Hi-C contact maps 

(Fig. 4A). The example in Fig. 4A shows the results of a hybrid 
MD–MC simulation of an ideal polymer chain with � ≈ 2 and 
� ≈ 0.5 (see Eqs. 2 and 3 for definitions of α and β), corresponding 
to the case with limited nesting and the two anchors not held 
together very frequently. The parameters are chosen to produce 
biologically relevant cohesin processivity and separation of 
approximately 100 kbp and 200 kbp, respectively. In contrast, 
simulations of passive extrusion as well as simulations with specific, 
passive binding and completely impeded cohesin traversal do not 
produce this pattern (SI Appendix, Fig. S9). Furthermore, while 
simulations with specific binding produce TAD corners, they also 
produce “X” patterns, with secondary diagonals perpendicular 
to the main diagonal (SI Appendix, Fig. S9B). These secondary 
diagonals, sometimes called chromatin jets, are seen in Hi-C 
in certain species such as Bacillus subtilis bacteria and specific 
genomic sites in humans (31, 80, 81). Although we do not focus 
on this phenomenon, our theory can be extended to consider 
this case.

Active loop extrusion causes multiple contact probability scal-
ing regimes. When cohesin separation is larger than half the 
cohesin processivity, there are three regimes: one on scales shorter 

A B

Fig. 3. Examples of the effect of cohesins (orange ovals) on chromatin (blue 
curves) conformations for (A) 𝛽 ≪ 1 and (B) 𝛽 ≫ 1 . Green arrows represent CTCF 
anchors. For small β, cohesin-bound loops do not overlap, forming an array of 
loops. For large β, cohesin-bound loops form nested structures. Both (A) and (B) 
correspond to 𝛼 ≫ 1 in which the TAD length is much longer than the average 
length of a cohesin-mediated loop.

A B

C D

Fig. 2. Schematic description of active extrusion model. Blue circles indicate non-CTCF loci. Green arrows indicate CTCF anchors. The right-pointing arrow at 
locus i stops (−) cohesin domains, and the left-pointing arrow at locus i+N stops (+) cohesin domains. A pair of orange rings represents cohesin. (A) Cohesins bind 
to a pair of consecutive loci x and x+1. (B) Energy landscape that determines cohesin binding and unbinding kinetics. (C) The (+) domain does not translocate if 
bound to the anchor at locus i+N. (D) The (−) domain does not translocate if bound to the anchor at locus i.
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than half of processivity, a second between half the processivity 
and separation, and a third on scales larger than separation 
(SI Appendix, Fig. S16A). The first cross-over occurs at approx-
imately half the cohesin processivity because the contact prob-
ability of a typical cohesin-mediated loop is nonmonotonic (as 
cohesin holds two loci together), with the local minimum at 
approximately half the loop length. As the processivity and sep-
aration length scales approach each other, the middle regime 
collapses into a single cross-over (SI Appendix, Fig. S16B and 
Fig. 4B). A last regime may be present on even larger scales, to 
ensure a volume fraction less than unity, though it would not 
be present in our simulations of an ideal polymer without 
excluded volume. The contact probability behavior is more com-
plex when cohesin separation is smaller than half the cohesin 
processivity and will be discussed in future work.

Fig. 4B shows the average contact probability of a simulation 
with the same cohesin processivity and separation as the 

simulation in Fig. 4A but without anchors. Since the cohesin sep-
aration is on the same order as half the cohesin processivity, there 
are two scaling regimes. In analogy with the transition from 
1 < 𝛾1 ≤ 1.5 to �2 ≈ 0.75 seen in human Hi-C, Fig. 4B exhibits 
a cross-over from �1 ≈ 1.1 to �2 ≈ 0.5 at approximately 50 kbp 
(see red and yellow lines). The final decay for s > 300 kbp is due 
to chain end effects. The initial decay of contact probability with 
�1 ≈ 1.1 is slower than the decay of contact probability with 
�1 ≈ 1.4 for a simulation of an ideal polymer without loop extru-
sion (see gray circles and purple line in Fig. 4B). This difference 
reflects the fact that the distribution of loop sizes (expected to be 
exponential with mean equal to processivity) formed in the process 
of active loop extrusion includes many loops that are much smaller 
than the processivity (Fig. 4C) that increase contact probability 
p(s) for smaller s.

Full Extrusion Probability. The one-dimensional component of 
our model predicts that the full extrusion probability P(N) with 
unimpeded cohesin traversal, or the probability that two CTCF 
anchors are held together by a cohesin, is a nonmonotonic 
function of the genomic separation between the anchors N 
given by

	
[4]P(N )≈1−

⎛⎜⎜⎜⎝

1+ e−�
�
1−

1

�

�
e−�− e−2�

��

1+ e−�

⎞⎟⎟⎟⎠

N

,

where 𝜇kBT > 0 is the chemical potential per loci pair and α is 
the ratio between TAD length and cohesin processivity defined in 
Eq. 2. See SI Appendix for the derivation of this result.

If N is much smaller than cohesin processivity (α≪1), most 
bound cohesins will extrude the full TAD because the average 
cohesin residence time is much longer than the minimum time 
needed for full extrusion. In the small N limit and assuming 
cohesin separation much larger than TAD length e𝜇 ≫ N ,

	 [5]P (N ) ≈ Ne
−� = ��,

If N is much larger than processivity (α≫1), the average time it 
takes for a single cohesin complex to extrude the full TAD is much 
longer than the average residence time and most cohesins unbind 
before reaching both TAD anchors. This results in full extrusion 
probability exponentially decreasing with N, with

	
[6]P(N ) ≈ 2p��

r
e
−�−

N

2p��r = �e
−�
,

in the large N limit, expanding Eq. 4 to the first order in e−μ. With 
constant cohesin processivity, TADs with longer length N (and 
thus increasing α) have smaller full extrusion probabilities. With 
constant TAD length N, decreasing cohesin separation (increasing 
the nesting parameter β) increases full extrusion probability, just 
like the small N limit above.

Furthermore, our model suggests that the TAD length which 
maximizes the full extrusion probability is approximately 60% of 
the cohesin processivity. Although there is no simple analytical 
form of the maximum of Eq. 4, we approximate its location by 
equating the two limiting behaviors and find that �opte

�opt
= 1 . 

The �opt that satisfies this condition is given by �opt =W (1) ≈ 0.6 , 
where W() the Lambert W function (82).

Eq. 4 agrees with full extrusion probabilities from MC simula-
tions (SI Appendix, Fig. S7). Impeded cohesin traversal produces 
the same functional form for the full extrusion probability as Eq. 4, 

A

B

C

Fig.  4. Hi-C and contact probabilities of active loop extrusion from MD–
MC simulations. (A) Simulated Hi-C contact map. Green arrows indicate 
two CTCF anchors at 100 kbp and 300 kbp, which stop (−) and (+) cohesin 
domains, respectively. (B) Average contact probability as a function of genomic 
separation with the same parameters as in (A) but without anchors (blue 
circles) and the MD simulation for the same chain without extrusion (gray 
circles). (C) Distribution of cohesin-mediated loop lengths for the MD–MC 
simulation with extrusion but without anchors.
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with renormalized cohesin translocation probability p and proces-
sivity λ (SI Appendix). We expect the full extrusion probability 
when only one cohesin domain is allowed per locus to also follow 
the same functional form as Eq. 4 (SI Appendix).

The nonmonotonic behavior of full extrusion probabilities is 
consistent with ChIA-PET data. Since ChIA-PET measures the 
frequency of contacts between loci bound by specific proteins (11), 
ChIA-PET targeted toward CTCF can serve as a proxy for full 
extrusion probabilities P(N) (33, 83). We fit the prediction of our 
model for full extrusion probability (Eq. 4) to ChIA-PET counts 
targeted toward CTCF in GM12878 cells genome-wide, which 
we denote by I (84). We assume that experimental noise of 
ChIA-PET counts between CTCF anchors is larger than back-
ground contacts and can be simply modeled by an additive con-
stant (SI Appendix, Fig. S12). We stress that this assumption is 
made only when considering contacts between two CTCF 
anchors; these contacts are dominated by conformations in which 
cohesin holds the two anchors together, compared to background 
contacts when the anchors are not directly held together 
(SI Appendix, Fig. S12). In the following section, we do not make 
this assumption when considering nonanchor loci.

This fit yields an effective cohesin processivity of (190 ± 10) 
kbp and a chemical potential of about (5.1 ± 0.3) kBT per pair 
of 1-kbp loci, which translates to a cohesin separation of approx-
imately (160 ± 40) kbp (Fig. 5A). Predictions for cohesin pro-
cessivity and separation are consistent with previous experimental 
observations and modeling predictions (16, 25, 47, 48, 63–66). 
The fitted values of cohesin processivity and separation suggest 
that full extrusion probabilities for TADs longer than 400 kbp 
are approximately 10% or smaller; for example, the full extru-
sion probability for a 505-kbp TAD is approximately 7.5%, 
which is consistent with recent experimental studies (85). 
Furthermore, we simulate a chromatin region in chromosome 
8 in GM12878 cells with two consecutive TADs, using proces-
sivity and separation within one standard deviation of the fitted 
values (185 kbp and 150 kbp, respectively). The simulated pro-
cessivity and separation vary from the predicted values because 
the simulated cohesin bonds break more frequently than e−h 
per �MC  and form less frequently than e− (h+� ) per �MC  in MD–
MC simulations if the bonds are overstretched (SI Appendix). 
We find good agreement between the simulated and experimen-
tal Hi-C maps (8), with a stratum-adjusted correlation coeffi-
cient (86) of 0.87 (Fig. 5B).

In contrast, a simple TF binding model cannot explain the 
nonmonotonic behavior of full extrusion probability, as attraction 
between CTCF anchors does not increase with the genomic length 
for shorter TADs and the full extrusion probability monotonically 
decreases with genomic length (SI Appendix). While a complicated 
potential between CTCF anchors could in principle create a non-
monotonic dependence, such interaction potential is hard to jus-
tify. For completeness, we fit the decreasing portion of the 
ChIA-PET intensity to a TF binding model (SI Appendix, 
Fig. S13).

TAD Edge Contact Probabilities. The three-dimensional component 
of our model is needed to calculate contact probabilities other 
than those between two anchors. To demonstrate this, we calculate 
TAD edge contact probabilities (Fig.  6). TAD edge contacts 
represent contacts between a CTCF anchor and other loci within 
the same TAD and are generalizations of TAD “stripes”, which 
have been associated with gene regulation via superenhancers (53). 
Consider a TAD of length N with anchors at loci i and i+N. Edge 
contacts are those between the TAD anchor locus i and a locus i+s, 
where s is the separation between i and i+s for 0<s<N. We classify 
chromatin conformations into four cases (Fig. 7), whose relative 
contributions are dictated by cohesin processivity and separation:

a) � Open contribution: The two anchors i and i+N are not 
bound by the same cohesin.

b) � Closed contribution: The two anchors i and i+N are bound 
by the same cohesin.

c) � Intermediate contribution 1: One cohesin is bound to locus 
i and locus i+w, where 0<w≤s<N. There is no cohesin bound 
to both TAD anchor loci i and i+N.

d) � Intermediate contribution 2: One cohesin is bound to locus 
i and locus i+w, where 0<s<w<N. There is no cohesin bound 
to both TAD anchor loci i and i+N.

We assume that cohesin binding-unbinding and one-dimensional 
active loop extrusion kinetics are independent of chromatin con-
formation. The open contribution accounts for the loopy structure 
created throughout the entire genomic region (not just the TAD 
of interest) by loop extrusion of many cohesins. As long as the 
average time a cohesin domain spends on a TAD anchor is longer 
than the average time spent on a nonanchor locus ( 𝜏r =

1

𝜈
eh > 1

p𝜈
 ), 

we distinguish the closed and intermediate contributions because 

A B

Fig. 5. Comparison of the active extrusion model with experimental ChIA-PET and Hi-C data. (A) ChIA-PET data [blue circles, (84)] are fit by the active loop extrusion 
model represented by Eq. 4 with additional multiplicative and additive constants (red solid line, see SI Appendix for fitting details) (RMSE = 2.0). (B) Comparison of 
Hi-C contact maps between simulation (lower triangular portion) and experimental data (upper triangular portion) (8). Experimental contact probabilities were 
normalized such that the average contact probability at 50 kbp was the same as in simulation.D
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they involve cohesin bound to the TAD anchor locus i and another 
locus within the TAD. Additionally, we assume that on average, 
only one cohesin domain is bound to the TAD anchor locus i in 
intermediate cases, which is reasonable for the fitted cohesin pro-
cessivity and separation above (SI Appendix, Fig. S5).

Recall that loop extrusion causes at least two contact probability 
scaling regimes with exponents γ1 and γ2 (Introduction and Fig. 4). 
Open conformation contact probabilities (Fig. 7A) are approxi-
mated by two scaling expressions with exponents γ1 and γ2 and 
with the cross-over at half the cohesin processivity:

	 [7]popen(s) =

⎧
⎪⎨⎪⎩

As−𝛾1 , s≤
𝜆

2

A
�
𝜆

2

�𝛾2−𝛾1
s−𝛾2 , s>

𝜆

2

.

The prefactor for s > 𝜆

2
 assures the continuity of the two regimes. 

The contact probabilities of chromatin in the closed conformations 
(Fig. 7B) can be approximated by the mean-field contact proba-
bility between two loci s monomers apart with contact probability 
scaling exponent γ1, within a section of N monomers with ends 
bound to each other:

	

[8]pclosed(s) = A

(
s
−

�1
3−�1 + (N − s )

−
�1

3−�1

)3−�1

,

where A is the same constant as in Eq. 7 (13). If cohesin proces-
sivity, separation, and N are all on the same order (as is the case 
for a typical TAD), we use γ1 to describe the closed conformations 
because the TAD is not long enough to observe the γ2 regime in 
the closed conformations. Since the TAD anchors are held together 
in the closed conformations, the contact probability is nonmono-
tonic and the effective scaling exponent extends for only half of 
the TAD length (the first term in Eq. 8). The second half of the 
TAD length corresponds to the increasing part of the contact 
probability curve, represented by the second term in Eq. 8. This 
limits the applicability of the power law decay to smaller values 
of s and eliminates the second scaling regime. Note that TADs 
much longer than processivity and separation may exhibit multiple 
γ exponents even in closed conformation (SI Appendix).

The contact probabilities from intermediate conformation 
1 (Fig. 7C) are approximated by Eq. 7 with s replaced by (s – w + 1):

	 [9]

pint ,1(s−w+1)

=

⎧⎪⎨⎪⎩

A(s−w+1)−𝛾1 , s−w+1≤
𝜆

2

A
�
𝜆

2

�𝛾2−𝛾1
(s−w+1)−𝛾2 , s−w+1>

𝜆

2

.

Contact probabilities from intermediate conformation 2 
(Fig. 7D) are approximated by Eq. 8 with N replaced by w:

	
[10]pint ,2(s)=A

(
s
−

�1

3−�1 + (w− s )
−

�1

3−�1

)3−�1

.

We use γ1 only to describe intermediate conformation 2 if cohesin 
processivity, separation, and N are all on the same order because 
loci i and s are within a loop as with the closed contribution (in this 
case, bounded by loci i and i+w rather than by i and i+N). At small 
s, all contributions have the same behavior, so the TAD edge contact 
probability pedge decays as a power law pedge ∼ s−�1 . For large s, the 
closed contribution (Fig. 7D) dominates and causes pedge to increase 
with s as pedge ∼ (N − s)−�1 . Our theory agrees with MD–MC sim-
ulations (SI Appendix, Eqs. S10–S18 and Fig. S10). These MD–
MC simulations are used to validate our theory rather than explicitly 
model a specific chromatin region. Our theory applies to any γ 
exponents that could be due to extrusion, even with the effect of 
nuclear confinement (Introduction).

Using the cohesin processivity and separation fitted from 
genome-wide ChIA-PET data (190 kbp and 160 kbp respectively), 
we predict the shape of TAD edge contact probabilities for four 
TADs in GM12878 cells (Fig. 8) (8). We assume that the average 
processivity and separation fitted across the genome are represent-
ative of any TAD in GM12878 cells, though we recognize that 
slight variations may occur. We average the two edges per TAD 
(see solid and dashed blue boxes in Fig. 6), assuming them to be 
approximately equal. To calculate the TAD edge contact proba-
bilities, we use �1 = 1.1 and �2 = 0.76 for genomic separations 
shorter and longer than 95 kbp, respectively, as fitted from Hi-C 

A B

C D

Fig. 7. Examples of conformations corresponding to different contributions 
to TAD edge contact probability between CTCF anchor locus i (filled green 
arrow) and locus i + s (yellow circle). Orange ovals correspond to cohesins 
that contribute to the fractal structure of chromatin. Unfilled green arrows 
correspond to the CTCF anchor at locus i+N. (A) Open contribution. (B) Closed 
contribution. (C) Intermediate contribution 1. (D) Intermediate contribution 2.

Fig. 6. Example TAD edges on a schematic Hi-C map. The TAD is between 
loci i and i+N (filled and unfilled green arrows respectively). For clarity, edges 
are shown only on the upper triangular portion of the map, as the upper 
and lower triangular portions are equivalent. The first TAD edge is boxed in 
solid blue lines and represents contacts between locus i and i+s for 0<s<N. An 
example s is shown with a yellow circle. The contact between i and i+s is the 
intersection of solid green and solid yellow lines (filled black star). The second 
TAD edge between locus i+N and i+s for 0<s<N is boxed in dashed blue lines. 
The contact between i+N and i+s is the intersection of the dashed green and 
dashed yellow lines (unfilled black star).
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data averaged over a 10-Mbp interval of chromosome 8 with a 
genomic coordinate interval of 130 Mbp–140 Mbp (Introduction, 
Fig. 1B, and SI Appendix, Fig. S14). Our theory shows very good 
agreement with experimental data.

Qualitative Comparisons with Hi-C Experiments. Our analytical 
theory is also consistent with experimental studies that degrade or 
knock down the wings apart-like protein homolog (WAPL). WAPL 
is known to aid in cohesin unbinding from chromatin; cohesin can 
still bind to chromatin in WAPL-depleted cells, but the residence 
time increases (87, 88). Our theory predicts that full extrusion 
probability for long TAD lengths increases as cohesin residence 
time increases. For TAD lengths N much longer than cohesin pro-
cessivity, doubling the cohesin residence time increases the full 
extrusion probability by ≈ 2e

Nz

2� = 2e

N

4p��r  where Nz is the TAD 
length in kbp and �r is the original cohesin residence time 
(see Eq. 6). Longer residence times slow the decay of full extrusion 
probability for long TAD lengths, as cohesin complexes are less 
likely to unbind from chromatin before reaching the CTCF 
anchors. Hi-C experiments after WAPL degradation or knockdown 

show higher intensities of TAD corners associated with CTCF 
anchors for long TAD lengths compared to wild-type cells, sug-
gesting that longer cohesin residence times are associated with 
increased frequencies of CTCF anchor contacts (89–93). Several 
of these studies also suggest that multiple cohesin complexes can 
accumulate and stack at CTCF anchors to stabilize loops (92, 93). 
This is consistent with our model, which allows multiple cohesins 
to bind to the same pair of anchors. For example, consider two 
cohesins bound to the same anchors. The two cohesins unbind 
independently. When one cohesin unbinds, the other cohesin may 
still hold the anchors together, thus stabilizing the loop. Increasing 
the cohesin residence time (by knocking down WAPL, for example) 
would enhance this effect.

Additionally, our theory predicts that increasing cohesin sepa-
ration (or decreasing the number of bound cohesins per TAD) 
should decrease full extrusion probabilities. Eq. 4 suggests that 
cohesin separation and full extrusion probability are inversely 
proportional. Biologically, decreasing the number of bound cohes-
ins per TAD could be achieved by knocking down SCC4, a protein 
that facilitates cohesin–chromatin binding (94). This agrees with 
the decrease in TAD corner intensities seen in Hi-C maps of cells 
deficient in SCC4 (89). In these experiments, SCC4-deficiency 
caused fewer cohesins to bind to chromatin but did not affect 
cohesin residence time.

Summary. We develop analytical equations that describe active 
loop extrusion with nonspecific binding and cohesin traversal. 
We derive analytical expressions for contact probabilities and 
full extrusion probabilities. The analytical predictions of our 
model agree with experimental ChIA-PET data for full extrusion 
probabilities and Hi-C data for contact probabilities. Our 
equations also agree with MD and hybrid MC-MD simulations 
of the full active extrusion model. We expect extrusion with 
impeded cohesin traversal to follow the same analytical equations 
but with a renormalized cohesin processivity (SI Appendix). Our 
theory suggests that full extrusion probabilities should increase 
with cohesin residence time but decrease with cohesin separation. 
These predictions are consistent with Hi-C experiments performed 
on WAPL- and SCC4-deficient cells.

We show that active loop extrusion with nonspecific, passive 
binding and cohesin traversal produces at least two contact prob-
ability scaling regimes, with the cross-over between regimes 
occurring on the order of half the cohesin processivity. We also 
predict a nonmonotonic dependence of full extrusion probability 
on TAD length with a maximum at a TAD length at about 60% 
the cohesin processivity, which is consistent with experimental 
ChIA-PET data targeted to CTCF in GM12878 cells (Fig. 5A). 
Nonmonotonicity arises because our model assumes many 
cohesin-binding sites per TAD and that the number of 
cohesin-binding sites increases with TAD length. Our analysis 
of ChIA-PET data from GM12878 cells predicts that average 
cohesin processivity is (190 ± 10) kbp and separation is (160 ± 40) 
kbp, both of which are within ranges of previous modeling and 
experimental studies (16, 25, 47, 48, 63–66). These parameters 
suggest that in GM12878 cells, the optimum TAD length to 
maximize full extrusion probability is approximately 110 kbp. 
Furthermore, we use our analytical equations and the parameters 
obtained from the analysis of ChIA-PET data to calculate the 
expected edge contact probabilities and found our predictions 
in good agreement with Hi-C data of edge probabilities for four 
TADs in GM12878 cells (Fig. 8). Our findings may be used to 
predict and modify the probability of contacts between specific 
chromatin loci of interest based on cohesin characteristics.

A

B

Fig.  8. TAD edge contact probabilities. Comparison of edge contact 
probabilities from GM12878 Hi-C (Insets, edges highlighted by dashed lines) 
between experimental Hi-C (open circles) (8) and theoretical predictions (solid 
lines) for (A) two TADs in chromosome 8 (blue and black, same region as in 
Fig. 5B) and (B) two TADs in chromosome 4 (green and purple). Experimental 
data were scaled such that the contact probability at 5 kbp equals unity. 
All four TAD edge contact probabilities were fit simultaneously to the theory 
in SI Appendix, Eq. S18. The only fitting parameter was the coefficient A from 
Eqs. 7–10, with A = 6.5 ± 0.2 used for all curves (RMSE = 0.05).
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Materials and Methods

Simulations. MC simulations were used to study cohesin binding, unbinding, 
and translocation in loci index space. Each MC simulation considered one genomic 
region of length 2N with one pair of CTCF anchors located at loci i=N/2 and 
i+N=3N/2, with TAD length N ranging from 100 to 2,000 loci. MC simulations 
were performed in MATLAB. Hybrid MD–MC simulations were used to explore the 
three-dimensional component of our model and study contact probabilities pro-
duced by loop extrusion. MD was performed using the Large-scale Atomic/Molecular 
Massively Parallel Simulator package (95). We use the Kremer–Grest bead-spring 
model to simulate ideal linear polymer chains without excluded volume where 
bonded beads are connected by a finite extensible nonlinear elastic (FENE) potential. 
Nonbonded beads do not interact unless held together by a cohesin. Each MD–MC 
simulation contains a single chain of Nbeads = 400 beads. Chains are initiated as 
random walks and equilibrated for approximately 10 times their relaxation times 
using MD before starting the MD–MC simulations (SI Appendix). The MC procedure 
described in SI Appendix was implemented in C and coupled to MD to simulate 
loop extrusion. MD was used to follow the spatial trajectories of each bead, and MC 
was used to determine extrusion complex binding, unbinding, and translocation. 

Cohesin is represented by an additional FENE bond potential between a pair of 
beads. See SI Appendix for extended methods. Note that the ideal linear chain 
MD–MC simulations are used primarily to validate our derived analytical equations 
on a system with fractal dimension D = 2. Our theory would apply to other polymer 
models of chromatin with different fractal dimensions as well.

Data, Materials, and Software Availability. All study data are included in the 
article and/or SI Appendix.
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