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Abstract. We consider a one dimensional Kac model with conservation of energy and an exclusion rule. Fix a number of particles
and an energi > 0. Let each of the particles have an enexgy 0, with n_ 1% = E.For positive, the allowed con gurations
(X1,...,Xn) are those that satisfx; S Xj | foralli =j.Ateach step of the process, a p@ij) of particles is selected uniformly

at random, and then they “collide”, and there is a repartition of their total engrgy; between them producing new energigsand

X; with x; + X =Xt but with the restriction that exclusion rule is still observed for the new pair of energies. This process beal
some resemblance to Kac models for Fermions in which the exclusion represents the effects of the Pauli exclusion principle. Howe
the “non-quantized” exclusion rule here, with only a lower bound on the gaps, introduces interesting novel features, and a dete
notion of Kac’s chaos is required to derive an evolution equation for the rescaled empirical measures for the process, as we show

Résumé. Nous considerons un modele de Kac unidimensionnel avec conservation de I'énergie et une regle d’exclusion. Pour
nombre de particules, et une énergi& > 0 xes, soitx; 0 I'énergie de la particulg avec jnzlxj = E. Pour > Olescon-
gurations admises dgj, ..., xn) sont celles qui satisforik; S X | , pour touti =j . A chaque pas du processus, une péiie

de particules est sélectionnée uniformément au hasard, puis les particules « collisionnent ». Leur énergjertojalest ensuite
redistribuée produisant de nouvelles énergieetxj avecx; + X = X + Xj, de telle sorte que la régle d’exclusion soit toujours ob-
servée pour la nouvelle paire. Ce processus présente des ressamblances avec modéles de Kac pour Fermions dans lesquels I'e>
représente les effets du principe d’exclusion de Pauli. Cependant, la régle d’exclusion « non quanti € » ici, avec seulement une b
inférieure sur les écarts, introduit des nouveautées intéressantes, et une notion détaillée du chaos de Kac nécessaire pour déri
équation d'évolution pour des mesures empiriquébetnnée pour la processus, comme nous le montrons ici.
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1. Introduction

The rst attempts to formulate kinetic equations for colliding particles that satisfy Boson or Fermion statstics go back
least to the works of Nordheini{] and Uehling and Uhlenbecl §]. To make a rigorous derivation of these equations
starting from the Schrodinger equation for a large system of particles has proven very dif cul2]$eed review. To
understand the classical spatially homogeneous Boltzmann equation Mark Kac introduced a Markov jump proces
mimic a realn-particle system and from this model he could rigorously derive a simpli ed (one dimensional) Boltzman
equation 9]. A similar kind of jump process has been studied by Colangeli e6glwho derive a kinetic equation from

a particle system with discretized phasespace with exclusion.

We investigate a Kac model on the simplex with exclusion, but without dividing the simplex into cells, paying clos
attention to questions concerning Kac'’s notion of chaos for the model. Before we introduce our model with exclusion
will be helpful to recall Kac's notion of chaos in the context of the corresponding model, in which states are characteriz
by their energy only, without exclusion.

Consider a system af (indistinguishable) particles with a total enerfy;, and assume that the state of a particle is
determined by its energy 0. The phase space of this system is then the simplex

n
(1) S, = (X1,...,Xn) RI: X =Ep
i=1
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Let n denote the uniform probability measure $g,. In its simplest form, the Kac walk on the simpl&, is the

process in which binary collisions occur in a Poisson stream of jump times, with the expected waiting time betweer

jumps being In, and when a jump occurs, a pdirj) , 1 i<j n is selected uniformly at random, and then the

energy of the pair is redistributed by the “collision”, a new energyor thei-th particle is selected uniformly at random

from [0, xj + X; ], and therx; is xed by x; + X =X+ X It is easy to see that the uniform probability measure is the

unigue invariant measure *or this process, and the single particle marginals in equilibrium are certain beta distribution:

The rate of approach to equilibrium has been studied by Giroux and FeBprdg original Kac proces¥] takes place

on then S 1-dimensional sphere consisting of vect(rs . .., vp) such that J-”: 1vj2 = En. The process described above

is the image of the process on the sphere under the change of vaxables .
As Kac discovered, the Kac process on the spipeopagates chagsand it follows readily that the process on the

simplex does as well. This means the following: For any probability defgitwith respect to the uniform probability

measure oI%g,,, consider the empirical distribution

1" 3 n
(2) Mn = - (x Sx;) wherex; = E—an,
j=1

where(xs, ..., Xpn) is distributed according tB,,. Note that

3) xdup,=1
0

for every(x1,...Xn) Sg,. The notion of chaos concerns sequences, indexed bj/probability measures or densities
on Sg,,. We use upper case letters, &g, to denote such densities. While in some contexts it is natural to reserve upper-
case lets for the distribution functions of probability densities on the line, here such distribution functions do not come
into play, and it is more natural to use upper and lower case to distinguish between probability densities on the higl
dimensional spacgg,,, and probability densities dR .

Now letg(x) be any probability density oR+ with , xg(x)dx = 1. A sequencéFn} of probability densities o8,
is calledg-chaaoticin the sense of Kac in case the sequefigg of empirical distributions as speci ed above converges
in probability tog(x) dx. The notion of chaos is often presented directly in terms of the probability measures: Consider a
sequence of probability measufes,}, where them, are symmetric probability distributions &', then-fold product
of a metric spac& . Then{m,}, is said to bem-chaotic for some probability measumeon E, if for everyk 1 and
functions ; C(E),j = 1,...,k the following limit holds:

k

(4) lim 1(X1) -+ k(X)Mp(dXg, ..., dx,) S j (x)m(dx) = 0.
n E E j=1 E

In fact, this de nition is equivalent to the de nition given in terms of the empirical measures, as proven eLf].in [

Kac’s main result in 9] (for the spherical case) is that if one starts with a chaotic sequighgeof initial data that
is g-chaotic, and if for each> 0 one lets{Ft} denote the sequence of densities resulting from running the evolution
for a timet, then this sequence @-chaotic for some density;, and moreovery; is the unique solution of a certain
non-linear Boltzmann-like equations starting from the initial dat&hus, this Boltzmann-like equation gives a complete
description, in the larga limit of the evolution of the scaled empirical distribution under the Kac process provided one
starts with chaotic initial data.

SinceSg,, is very close to being a product space, it is possible to conggratiaotic initial data for any probability
densityg satisfying , xg(x)dx =1, , x?g(x)dx< andg LP(R+) for somep> 1: One takes J-”:lg(xj ), and
restricts it to simplexSg,,, and normalizesd)]. By the Central Limit Theorem, underj":lg(xj ), j=1% is with high
probability very close tm, and so the mass is tightly concentratedSgn). As long as one does not look at too many
coordinates at once, one cannot see the effects of the restriction. In the physics literature, this is knoeqguagatesmce
of ensemblesA related result can be found inf§], whereg is a density orR¥, and the simplex is replaced by a set
X1+--+ Xp=na RK.

The restrictions that, x?g(x)dx< andg LP(R:) for somep> 1 may then be removed in a limiting process
[4], and thus one has a construction of chaotic initial data for every meaningful initial densitge corresponding
nonlinear Boltzmann-like equation that governs the evolution of the largmpirical measure may then be studied in
terms of the linear Kolmogorov equation associated to the Kac proceSs,on

That is, Kac had found an interesting way to study, by probabilistic means, a class of non-linear equations of a typ
that arise in kinetic theory. The method relies on the introduction of a family of stochastic processes indexéueby
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number of particles. Because of constraints such $§1Xj = Ep that correspond to conservation laws in the particle
system, the; are not independent, but their dependence is weak enough, for a wide class of sequences of probab
measures including ,}, that the empirical measure iB)(becomes non-random as

In the model introduced next, we consider another type of kinematic constraint. In addition to the conservation
energy, we impose an exclusion condition. This brings dependencies of a new type into consideration, and we show
Kac's notion of chaos is not enough to identify the evolution of a limiting density. Therefore a new approach is require
and a stronger notion of chaos, and one such approach is developed here.

1.1. The incorporation of exclusion

For Fermions, the Pauli exclusion principle asserts that a state (here characterized by its energy) only can be occupi
at most one patrticle. In this continuous setting, we model this without “quantizing” the state space, by requiring that
all pairs of particles, we have S xx|> forsome > 0. We de ne

n
(5) Se,, = (X1,....,Xn) RY: X =En,|x Sx|> foralli =j ,
i=1

and assuming th&, > n(n S 1)/2 so thatSe,, = ,welet d denote the uniform probability measure &#,, .

The process that we consider is the following: Again, the collision times arrive in a Poisson stream with expect
waiting time equal to n, and again, when a jump time occurs, a [@aif) , 1 i<j n is selected uniformly at
random. The energy of the two particles is then reapportioned as befores, watitosen uniformly fronjO, x; + x; | and
thenx; = xj + Xj S x; , except the jump only occurs if the new con guratioq, . . ., X; v X ,...,Xn) Of energy levels
satis es the exclusion condition; i.e., only if it belongs3g,, . It is easy to see that,, is the invariant measure for this
process, and since the process is reversible, it is natural to refer to it @guitibrium measure

While Sg, is non-empty wheneveE, > n(n S 1)/ 2, if Ep is not too much larger than this value, the spacing
between most levels will be very close toThink of a long line of parked cars with no marked spaces. For a new pair
of cars to park, they must both nd gaps of suf cient width. If there is a constraint on the sum of their distances from tt
start of the line, there may be no way for them to park. In terms of our model, if two cars pull out and look for differer
spaces, it may be that their only option is to return to the spaces they had (or to swap).

We shall nd interesting large limits only if the energie€, grow withn in a certain way. De ne

_n(nS1y
(6) = g
Then
. nnS1Y . n
(7) EnS — - 1S > En

is theexcess energyhe difference between the minimum energy for a con guration pérticles satisfying the exclusion
constraint and the available energy. Clearly we must have @ 2. We shall be studying sequences of probability
measure§F, n} onSg,, with En andn related by

8 lim =102

As before, we rescale the variables with the average energy,

9 Xi = n Xi
9 =g
and de ne the empirical distribution
1 n
(10) Mni= (x Sx)
j=1
We also need to rescale and set
n n

(11) n= —=
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Because, ' 1% = nforevery(xsy,...,Xxn) Sg,, ,o0ne always has that

’ j:
(12) xdun= 1
0

The exclusion limits the amount of mass g can assign to any half open interjal, b] in R+ : There can be at most
(b S a)/ |, particles in this interval, and hence

1 . S1, .
(13) dn L bSa)= "> lpsa)
la,b] Nn n n
It follows from (13) that if i, almost surely converges vaguelyg¢x) dx along a sequence with, , then

1
(14) gx) -,
and provided no mass escapes,
(15) g(x)dx = 1.

0

In what follows we will only use the rescaled variabigsand n, but suppress the tildes from the notation. Moreover,
in this scalingEn = n, and thereforesg,, becomes, ..
At this point we can de ne a notion of chaos for our class of models:

De nition 1.1. Let > 0 and letf(x) be a probability density oR+. We de ne a sequencfFn}n 2 of probability
measures o, , to be(,f) -chaoticif (x1,...,Xn) is random with distributiory, and the empirical measurgs, =
i i'=1 (x S ;) converge in probability tb(x) dx asn and := n(n S 1/E,

Let Py be the semigroup associated to a Markov proces$on, that is,Fn(x,t) = PiFn(x, 0). Following Kac,
we say that the semigroup; propagates chaos with parameterin case wheneveiF,(x, 0)} is (,f g)-chaotic, then

{Fh(x,t)}is(,f t)-chaotic for some probability densify onR. .

In the Kac process that we study here, pairs of particle will interact by redistributing their engrgiasx; to a new
pairx; andx; with xi + xj = X; + X provided the gaps around andx; are large enough for the exclusion constraint
to be satis ed. Lex R . Then for all suf ciently largen, and all(x,...Xn) S, ,, X< max k n{Xk}. Letxg and
X(j +1) be the pair otonsecutivenergies such that [ x(), X +1)[. De ne thegap at energx to be

(X) =X +1)S X() S ns1

Only when =7 is it possible for an interaction to result in either [ xg),xg+nlorx; [ Xg).Xq+y[ since only
in this case is the minimum spacing+ (in the scaled variable) available above and below some energy in this interval.

It is probably intuitively clear, and will be shown later on, that the evolution of the empirical density depends strongly
on distribution of the energy gaps: For a given probability derfgity as in De nition 1.1, and any < < 2, there
are different(,f) -chaotic sequencd$n}n 2 that have very different gap distributions, and this will result in different
sorts of interactions being favored in the process, and thus to different resultsufinder the time evolution. Thus, this
de nition as it stands will not lead to a well-de ned evolution equation for the limiting denkityWWe must bring in
information on the gaps.

De nition 1.2. Let a sequencéF,}n 2 be(,f) -chaoticaccording to De nition1.1 We say thafFn}, 2is (,f) -
chaotic in detailif for any x R+, the random intervalx) , X + 1)[ that containsk, the gap lengthxn = Xj+1) S
Xg) S /(n S 1) satis es

. & S L9 ¢
(16) nI|m P(nS1) xnl >r e ISk .

We say that the semigroup; propagates detailed chaos with parametein case whenevefFn(x, 0)} is (,f o)
chaotic in detail, then the same holds {6 (x, t) } for some probability densitf; on R .
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As we shall show below, this particular gap distribution speci ed16)(is the only one that is possible: If the gap
lengths are asymptotically exponential, and the empirical distribution is asymptotically deterministic with Hemtiséy
the exponential rates must be related tas speci ed in 16). Thus one could formulate the de nition less speci cally,
only requiring that the gap lengths are asymptotically exponentialsuitherate.

This is probably the simplest generalization of the notion of chaos to our class of models with the exclusion constra
We consider four questions concerning the Kac model on the simplex with exclusion:

(1) Doesthg p, } of equilibrium measures satisfy the detailed chaos condition when  ? If so, what is the limiting
densityf for which this sequence is,f )-chaotic, and how doefls compare with the Fermi—Dirac distribution,
which one might expect in a “quantized” model; i.e., one in which parking spaces are marked with lines?

(2) For which probability densitieg on R, that satisfy {4) and (L5) do there exist sequences that satisfg) -chaos
and detailed ,g) -chaos conditions?

(3) Is detailed chaos propagated, and if so, what is the equation that governs the evolution of the limiting margil
densities?

(4) Atwhich energy levels in equilibrium do collisions occur a rate bounded away from zero, and at which energy leve
are the collisions “frozen out"?

Theorem?2.1 gives a positive answer to the rst question, explicitly identifyihg, which is not the Fermi—Dirac
distribution; see Figuré&. Theorem?2.1 provides quantitative bounds on the rate at whiéf{un,f dx) 0 in proba-
bility, whereW is the Kantorovich—Rubinstein transport metric. Mass transport methods are the basis of a number of ¢
proofs.

Theorenm3.10answers the second question — such chaotic sequences ezistfensities satisfying the two necessary
requirements 4) and (15). Such sequences can be constructed in qualitatively different ways, and we provide tw
examples of constructions, the second one given in The8r&Other results in this section provide quantitative chaos
estimates, again in th&; metric for a broad class of densitigsatisfying mild regularity hypotheses.

In Sectiord we derive under the assumption of propagation of detailed chaos, the Boltzmann-like equation that gove
the evolution of the limiting empirical measure. The equation resembles the Uehling—Uhlenbeck equation of quant
kinetic theory, but with a different “exclusion factor” corresponding to our different exclusion model. But this exclusiol
factor turns out to depend on the chaotic sequence: De nitidnis not restrictive enough to uniquely determine the
evolution of the limiting empirical measure, though the additional information on the gaps provided in De hi#ign
enough.

We prove that the limiting densitiés obtained from equilibrium measurgsy } are stationary solutions to the
Boltzmann—Kac equation. We do not prove that propagation of chaos according to either DelnitmmDe nition 1.2
holds, but we do provide numerical evidence that detdildd -chaoticity is propagated, and also that if initial data are
only (,f g)-chaotic, without the correct exponential gap distributid€) for andf g, this is actually improved by the
evolution: The gap distribution converges rapidly to the correct exponential distribution, so that in this sense it appear
not only is chaos propagated, but it strengthens. The numerical evidence for this is presented in5SSaaticiurther
results are available as supplementary mateBijal [

2. The empirical distribution with exclusion

Equip the rescaled state space, still den@gd, and de ned in §), with the uniform probability measure,, . Let E
denote expectation with respect to this probability measure. Xhen.,x, become random variables.

For two probability measurgs and onR., letWi(Y, ) denote the Kantorovich—Rubinstein distance between
and . Recall that

17) Wi, ) = sup du S d : Lip; .
0 0

Lip, denotes the class of 1-Lipschitz functions; i.e., functiorsuch tha (x) S (y) | | x Sy| for all x, y. Note that
we may restrictto  Lip; and ( 0) = 0 without changing anything.

Theorem 2.1. For ,= n(n S 1)/E , the sequence of uniform probability measuresSgn, is (,f )-chaotic in
detail, where
18) 0= = Sg= —3

dx ( SHx)’
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(%)

a=0.0 f(x)
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Fig. 1. The function() for = 0.0,1.0,15, 1.9 (left), and the densit§(x) for the same values of. Curiously, for = o 0.797 (the solution
of 1S §e°2 = 0), () Iisindependent of, and hence the fraction of the massf¢f) in0 x 2 g (indicated by the dashed line) ig for all
values of .

and
(19) () =(1S / 2)log % +

Moreover the sequence of empirical measufgs,}, de ned as in(10), is such that there is a consta@t such that for
any > 0and all suf ciently largen,

(20) P Wi(un,f dx)>

The theorem is a corollary of Theoresns, except for the statement of detailed chaoticity, which is proven in Sec-
tion 3.2 The function in equation 19) is known as the quantile function for the distribution with densityand it is
derived as a limit of explicitly constructed quantile functions for eackiVe refer to b] for similar functions related to
Young diagrams and shape functions associated with random permutations.

Theorem?2.1shows that although the exclusion introduces new dependencies between the random xariables,
that are far more complicated that those induced tﬁélXj = n which would be the only constraint in the absence of
exclusion, these new dependencies are not an obstacle to chaos in the sense of Kadeifote the law ofx1, ..., Xn),
and | ,then{ n }is(,f )-chaotic.

While the form of () is simple, it seems dif cult to express the functibnin closed form, but it clearly differs from
the Fermi—Dirac density that is the relevant expression in a quantized setting, although it does resemble it for large valu
of . The functionf is plotted for some different values ofin Figurel.

2.1. Parameterization 08, , by the standard simplex

We shall make use of a parameterization of the state spacen terms of the standard simplex

n
(21) S1:= (Xg,...,xn) RY: x5 =1.
i=1

We rstde ne S, , to be the subset consisting of &k, ...,Xx,) with Xy <x2< ---<xp. Up to a set of measure zero,
one recovers,, , by taking the union over all permutations

X(ys-HX @)X, Xn) &, -
Sn

The measures we study are all symmetric under interchange of particles, and hence it suf ces to para®eterize
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Lemma 2.2. For (z1,...,2n) Si,deneTy(zy,..., zn) to be the vector iR} whosej th componenx; is given by

71 Z2 Zj J S1

_n + s + .. 4 — n
2 n (nS1 n+1Sj nSl

(22) Xi=n 1S

ThenT, provides a one-to-one parameterizationQf by S;, and moreover , is the pushforward of the uniform
probability measure o%; underT,, averaged over permutations

Proof. First note that

"z z zi "jS1 n
_1+ v2 +.o 4 7]v =1 and _ n= _n,
. n (nS1 n+ 1S . nS1 2
j=1 j=1
sothat ;X = n,andforj> 1,
(23) x Sxigg=n 18" 4 4
1= 7st 2 n+1§j noon

Thus the image of, lies in S,, ,. Moreover, 23) shows thatT,, is invertible, and gives an explicit formula for the
inverse from which one sees, by the same computationsT;ﬁé@Sn, . S1. This proves the statements about the
parameterization. The proof of the description gf in terms ofT, is somewhat more involved.

We begin by considering the case with no exclusios (0): The uniform density is also the equilibrium distribution
of a set of particles at equilibrium, so that for C(R"),

E (X1,...,Xp)

(X 1,...,Xp)dxgdx2 - dXpg1
0<X 1+:+ Xpg1<n

(24)

N|~ N]|pR

O<x 1t X 1< (X1, .., Xp)dXg dX2 - - - dXpg 1,
X1< <X n
wherex, = NS x1 S ---S xp51, and, in the second row, denotes the composition ofwith the permutation operator
"(X1,...,Xn) (X X ,,...,X ), and the sum is taken over all permutations. The normalizing factsrgiven by

(25) Z = dxq dxp - - - dXng 1.

0<xX1+:+ Xpg1<n
0<X 1< +<Xn
Here we have parameterize®, with its projection on{(x1,...,Xn81) | Xj; > 0,X1 + --- + Xpg1 < n}, and set
d(X1,...,Xng1) = dxp - - dxpg1 Without the factor n which may anyway be absorbed irda
Now conS|der the case> 0: The expectation in equatio?4) can then be Computed with the same integrals, but
adding the restriction thag IS Xj§1> nforallj> 1. Therefore we sefj = X; S Xj 51S n>0forl<j<n and set
Z1 = X1. This yields the following change of variables:

X1= 171,
Xo= X1+ nt+ =21+ 2o+ p,
(26)
Xn$1= Z1+ -+ Zns1+ (NS 2) n,
xn=nS(NS1)z15(NS 225 --S 2,515 (NS (NS 2)/ 2.
The Jacobian ofzy,...,xps1)  (X1,...,Xn31) has determinant one, and hence to compute the integrals in equatior

(24), it is enough to nd the domain ofzy,...,xn31). Foreachj <k n,andeachl m nSj, we havexj + m
Xj + m pn, and evidently this is the smallest valge. m can take, giver; . Therefore,

i nSj = = .
- - +1
ns Xk = Xj+m (NSj)xj+ (n 812)(n S1)
k=1 m=1

n-
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Rearranging terms,

1 © 2 s s % (+1SHnSh
27) X <m NSX1SX2S---S Xj81S n 5

Sincexx= z1+---+ zx+ (kS 1) o,

Xk = (jgk)zk+ n&gsz),
k=1 k=1
and since
(SN S+ (n+1S)H)In S+ 2(j SN(n+1Sj) =nnS 1),
1 S (8D %D . (n+ 18 $))
z <—n+1§j nSk:1(J SK)zS n > S 5
(28) SR Y
5215---52j§15(j Sl)n
jS1
-1 n18=2 § (+185k)z
n+ 15| 2 7., ko
De ne
n+1Sj 1
2 i = < i
(29) 4 n_ 135 20

Then @8) becomesg; 1 S jkfizk. Using this notation, the version of equati@#) with exclusion can be written

1 1Sz, 152,5--Sz 51
JIn, i
dz; dzp--- dz ---
Zn, 0 0 0
152158 7,52
dznél (X]_, X21 e 1Xn)1

E (X1,...,Xpn) =
(30)

0

whered, is the Jacobian corresponding to the change of variables giv@d)inTgking to be the constant function 1,
it is evident that

n n nS1

2
which gives the value a2, . However, we only need to know tha, /Z,, = 1, and then observe that the substitution
(29 transformsxj = zy+---+ zpg1+ (j S 1) ninto (22 forallj<n .

1 .
Zn’ :Jn’ :H ns

Remark 2.3. LemmaZ2.2 provides a convenient method for samplifxg, . .., X,): simply take(z, ..., z,) uniformly
from the standard-simplex, i.ez; +---+ z,= 1, and compute thg according to the formulz2@).

Remark 2.4. Because€l,, is continuous and invertible with a continuous inverse, it sets up a one-to one correspondence
between symmetric Borel probability measuresSyn, and Borel probability measures &. This correspondence
provides a useful way to think about symmetric Borel probability measuré&s gnin terms of partitions of the excess
energy. In the rescaled variables, the excess energy is

nlé?" ?an.

Thus one may think ofz, ..., zn} as specifying a partition of the excess energy mttomponents
n

(31) n 15" 4

_n
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The rstterm in the partition may be understood as making an equal contribution of

n 18

S|

_n
2

to the energy of each particle, and in the same way the second component makes equal contributions of

. Z2
n18 = =
2 nS1
to the energy of each of the las$S 1 particles and so forth. Adding these up, together with the total excluded energies
one arrives atq2).

3. Pre-chaotic sequences of probability measures &

We now identify a class of sequences of measureS;amhose pushforwards und@y will be shown to b , g) -chaotic
onS,, , inthe sense of De nitiorl.1
For each, let ,, be a Borel probability measure &. Also de ne the function

S1 k

(32) wn() = nE [z] for k < ﬁ’l k n,

andw(0) = nE ,[z1]. HereE | is the expectation with respect to the measure§ hat is, for > 0, wp() = nE[z ]
where n isthe least integer such than k. Note that for eacin,

1 n
wh()d = E. [z]= 1,
0 k=1

so thatwy, is a probability density.

De nition 3.1. Letw:[0,1] R+ be a continuous probability density. A sequefigg of probability measures og
is w-pre-chaoticin case

(33) nE [z ]= w(/n) + r(j/n)

for a continuous function(s) decreasing to zero when 0, where foreach@ < 1, and each> 0, there is am
so that

(34) r(i/n) < foralln>n ,j<n

and moreover, for some constahk  depending only on ,

C C
(35) Vaiz] a and Covz, z) 2 foralln>n ,j,k<n

forall n,j andk.

Remark 3.2. By Lemma2.2, the equilibrium distribution ,  arises when the random partition 81j is determined by
choosing(zy, ..., zn) from a at Dirichlet distribution; i.e., the uniform density d&, and then the random variablgs
satisfy

Elz]= %
(36) Var[z] = %
COV[Zi y Zj ] = 51

n2(n+ 1)
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Moreover, it is clear that for eaal w,() = 1 for alln and . In this casew is continuous on the closed intenjél 1]
and hence is bounded at 1 also, though the de nition allowsvipy to diverge ag 1. Later, we shall see that we need
this generality.

The next lemma will be used several times in what follows.

Lemma 3.3. Letf andg be two non-negative integrable functions[@n1] such that

1
f() Sg() d  a
0

Thenforallo< <1,

1f()ég()dx 2 f() Sg() dx+2 1g()d + a.
0 0

Proof. We have

1 1
Of()ég()dX= . f() Sg() dx+ () Sg() dx

1 1
f() Sg() dx+ f() d+ g()d.

Next,

1 1 1 5
f()d=90)d+ (f() Sg()d

1
g()d +aS . f() Sg() d

1
g()d +a+ . f() Sg() d.

Our rst application is the following:

Lemma 3.4. Let{ ,,} be aw pre-chaotic sequencand letw, be de ned in terms of, as in(32). Then

(37) lim lwn() Sw() d =0.
n 0

Proof. Pick > 0,and choose® < 1 such that ! w(t) dt < . By hypothesiswv is continuous oi0, ], and for all
n>n,

k/n
wn() Sw() d = w(k/n) + r(k,n) Sw() d

wen (kS

k/n .
w(k/n) Sw() d + .
ken  (kS1)n
If  denotes the modulus of continuity wfon[0, ],

w(k/n) S w() ( n) on kil% .

=

Thus

wa() Sw() d  (Un)+
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for all suf ciently largen. By Lemma3.3, for all suf ciently largen,

1wn()éw() d 2(Un)+4.
0

Since > 0 is arbitrary, the lemma is proved.
3.1. Chaotic sequences of probability measuresSgn,

In this section we prove the following:

Theorem 3.5. Let w be a probability density oifi0, 1] that is continuous onf0, 1], and let{ ,} be aw pre-chaotic
sequence of probability densities 8p. Fix a sequence of energi¢gn} with , = n(n S 1)/E , and de ne the
mapsT, in terms of ,. Let , denote the pushforward of, onto S,, ,, averaged over permutationket {1} be the
sequence of empirical measures associatdd{h Then

(38) nIim W1 Un,g(X)dx =0,

whereg is a probability density ok, related tow as follows De ne the increasing function on[O0, 1] by

e w(t)
(39) () —(18/2)0 1§tdt+
and then
1
(40) g(x) = ~S160)"

Theorem3.5 gives conditions fof ,} to be(,g) chaotic for a probability density on R, that is determined by
andw. Notice that as long ag(1) =0 we have lim 1 () = ,andif in addition > 0 or if w does not vanish on
any interval, then is strictly increasing, so that is invertible from[0, 1] to [0, [ , and evidently it is differentiable.
It is also possible to invert the relation betwegandw, so that given an appropriate densityone can nd thew for
which (39) and @0) yield g:

Theorem 3.6. Let ] 0, 2[. Letg(x) be a probability density oR+ such that
1
41) gx)< — ae and xg(x)dx = 1L
0

LetG(x) = (;‘g(t) dt denote the distribution function of and for [ 0, 1] de ne

1 1 . -
(42) w() := 1572 3G5() S (1s).
Thenw is a probability density ofi0, 1], and with de ned as in(39)
(43) g(x) = (S’
and
& S1
(44) gx) _ 2 1S (x)

1S g(x) 28 w( Six)’
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Proof. We compute, using the change of variabtes Gél( ),

1S /2 lw() d
0

1S g(x) 1S G(x) dx
0

(45) 1S G(x) dx S g(x) 1S G(x) dx
0

0

xg(x)dx S
0

NI =

Thus, wheneveg(x) < I/ almost everywhere ang, xg(x) dx = 1, w(x) is a probability density of0, 1].
With this choice ofw( ) in (39), we nd

1 « 1
- A(G3LD) d = et
(45) 0= . oS ** T sosm
|tf0||OWS that (x) = 1/g((G §1( ) = (Gél( )) and then since( 0) = Ggl(O) =0, () = Gél( ) Thus,G(x) =
$1(x), and ¢3) is valid.
Finally, by @3),

gx)  _
1S g(x) (=S

and then since () = (1S / 2)%1 + , (44) follows.

As an example, considei(x) = e5*, which satis es ¢1l)aslongas 1.ThenG(x)= 1S e5*, and therGSl( ) =
Slog(1S ). Therefore,
W():mls(ls )
which is bounded on all 0, 1]. By TheorenB.5and Theoren3.6, for all 1, there exists af, g) -chaotic sequence.

We now prepare to prove Theore3rb. The rst step is to encode the empirical distribution into a random function as
follows: De ne a random function ,:[0,1] R* by settingxg = 0, and then

kS1 K
n() =xks1 for—— < -1 k n
n n
Explicitly,
n ~
- Zj (n S 1),
= = 1S _n 14 + n < ,
(47) n() Xn 2 1é]§l nS1

i=1

where n isthe largestintegdrsuchthak n . The point of the de nition is this: Let be any 1-Lipschitz function on
R+ with ( 0) = 0. Then on account ofl@), is, with probability 1, integrable with respect to the empirical distribution
Hn, and one has

(48) ditp = W) d o+ T ().
0 0 n

De ne | to be the pushforward under, of the uniform measure di, 1], so that we can rewritelg) as
1 - <1
= npt+t = (X SxnS = X).
Hn n¥ o (X S xn) n )

Had we used the ceiling function in place of the oor function- , we would have hagi, = |, and then we would
have
1 n
1
d =-  x =1,
0 d == %

0 =1



A Kac model with exclusion 755

so that , would be a random probability distribution. This would be convenient, but then some estimates that follo
would be more complicated. It is easy to estimate the small difference:

Lemma 3.7. We have

1 _
(49) nI|m ﬁE[xn]— 0,
and forall > 0,

(50) n“m P Wi(un, n)> =0.

Proof. Since is 1-Lipschitz with ( 0) = 0,

. 1 1
o dun S o dn= n (X n) ﬁxn,

and hencéVi(Un, n) %xn. Thus, once we have provedd), (50) follows by Markov’s inequality.
Now (36) yields

S Zl 22 Zn
Ex,=E n 1852 =4+ _ 22 4.+ 20 4 _
" 2 n (n%)) 1 n
Pick 0< < 1, and split the sum into two pieces
" Elad _ Elzd |, Elz]

e nSk+1-  nSk+1 - nSk+1

The last term satis es

Elz] !
nSk+ 1 Flad g, O

k> n k> n Un
and by Lemma.4, for and > O suf ciently largen, this is bounded above by

1
w()d +
Sln
uniformly in . Because

1
Iiml w()d =0,

we can choose < 1 so that

E[z]
nSk+1
k> n
for all suf ciently largen. Next,
Elzd _ nElzd  1_ (wakS 1)1
. n§k+1_kn 1SkS1)/nn_ 1S kS 1)/ n’
By (33), for all > 0 this is bounded by
w(t)
< dt+ 2
o 1St

for all suf ciently largen. Altogether, for all > 0 and all suf ciently largen,

w(t)
o 1St

1 . 1
“EDn] (1S /2 - dt+2 + o +

Since > 0 is arbitrary, this prove<Q).
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Now letn with . We shall show below that {f } is the pushforward of &/-pre-chaotic sequenden}
of probability densities ors;, and iy, is the corresponding sequence of empirical measures, then along this limit, the
variance of () converges to zero, and moreover, its expectatigh) := E[ ()] converges to a limiting function

= limy n. In this case

lim dun = () d= Of  (x) dx,
n 0 0 0

with convergence in probability, whefe (x) := 1/ ( S1(x)), as in Theoren2.1
Computing the expectation of,( ) , we see that

n

Elz] , o(n $ 1.

= 18" : .
n() S > jzllgj%‘ €1
(51)
n . ~
= 183 ; Wn“(Jl(r;)l # nésll)+ n-
n,_; 185 (s
Forj%<t Jﬁ
1 .1 1 1 1
52 —S ——— ,
(52) 151° 08?2 18151 181
and therefore
Wot) &1 wa(t) 1" wa(i/n) Wn(t)
53 ~—adtS — < — —_— ~— dt.
(®3) o 1St n o (1St)2 njzllél%' o 1St
Setting
g wa®) . ((n S 1.
(54) n() == (@S n/2 o 1Stdt+ GEE) n n(X),
we have
< . 1 wn(t) . c 1
(55) n()S n() (1S nlz)ﬁ . mdt (1S ”/Z)HF'
Note also that
L2 1 ( nSi1.
(°6) 1S_n§2 (nS 1) L
and therefore, if we assume that ,
. w(t)
57 1S/ 2 —dt+ =
(57) () (1872 7 ()
whenn .
We then have from53), (55) and 66) for all
() S n0) () S n0) + n0)S ()
. [w(t) S wn(t)] . (n S,
58 -_— = D~ —
(58) (18/2)0 181 d+ 1S ns 1
+ () S ()

Now de ne  to be the probability measure dd. that is the pushforward of the uniform probability measure on
[0, 1] under , and let be determined by in the same way.
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Lemma 3.8. We have
1

(59) lim n()S () d =0
n 0

and

(60) nIim Wi(n, ) =0.

Proof of Lemma 3.8 Let Lip;. Then

1 1 1 5
n() d S () d n() S () d.
0 0

It remains to showH9). We estimate each of the terms coming frdsB)(

Suppose rstthat , = for all n. To bound the integral of the rst term on the right i68), change the order of
integration:
1 & 11 &
W) S wa® 4 _ WO Swa®l
0 o 1St 0t 1St

1
w(t) S wp(t) dt,
0

and by Lemma&B.4, the right side vanishes in the linmit . Making the obvious addition and subtraction argument,

we see that the same conclusion holds under the assumption that lim, =

Next, to estimateol(lé ( (2351)1)* )d we break the integral up into two pieces, and U8 dway from = O:

11S(né1)+ q ””1d+ 121 4 = 1, 2logn
0 (nS1) 0 un NnS2 n nS2’

and this too vanishes in the linit
Finally, to estimateol( n() S n()) d,we break the integral up into two pieces, but at the other end, andgbse (

181/n _ ~ c Bun 1 . Clogn
1 2)— ——d =(1 2
n()S w() d @875 - gz—d =18/ 27
while
1 . 1 . 1 . 1
) n()S n() d o n()d (A2S72  log(1S )d + -
18 Un 1Sn 1SUn n
= 1S/ Z)Llogn'

To pass to the general case, letlenote the function with replaced by some,, ] 0, 2[. Thenitis easy to see that
01| S |d 3| S nl.Now one more application of the triangle inequality yielB8)(in general.

Lemma3.9.lim,  P{Wi( n, n)> }= 0.Recall here that j is the pushforward of the uniform measure[6n1] by
the map , from equation(47).
Proof. Take  Lip; and estimate

1 o1 1 5
n() d S n() d n() S a() d,
0 0
uniformly in , and henc&Vi( n, n) 01| n() S n()]|d . By Markov’s inequality, for any > 0,

1
(61) PWi( m n)>  IE S 08 40 d
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Now note that ; n() d = 2 jnf(l)xj = 1S ix,, and likewise
1 1 nS1 1
a()d == Elx]= 18 ZE[x].
n. n
i=0
Therefore,
1 1

W0d S a0d xS Ex] .
0 n

Then by LemmaB.3,

1 . . 1 1 .

n()S n() d 20 n()S n() d+2 n()d"‘ﬁXnSE[Xn]-
Next, by Lemme3.8
1 1 1 5 1

limsup () d () d +limsup n()S () d = () d,

n n 0
and%E[| Xn S E[Xn]l] %E[xn] which tends to zero by Lemnfa7. Therefore,

1
lim supE n()S n() d  2limsupE n()S n() d
n 0 n 0

1
+2 () d.

We next show that the rstterm on the right is zero. Pick 0. Then by 85), there is a constar@ depending only on
such that for soma

C
and Covz,z) — foralln>n ,j,k<n

Var{z] o

S0

We then have from equationdq) and 61) that for all <

Var n() =E n() S () 1]
n - 2
_E 18 N 7y SE[g]
2 . 18151
(62) j=1 n
2 n ; n ]
Saspt e ot
2 2SS L (ASEAS R

i =k

Using the bounds on Vi | and Coyz , z] from equation 85), for all suf ciently largen,

2 0 C " C
Var () 1§ 2 R — : ;
63 n = = =
(63) 2 nasBhz o 2SS Y
j =k
The rst of the terms in the parentheses is smaller than
1 1

(64) C Omd: Clé ,
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and the second is smaller than

2
1" 1

S kS1
N=11S 5=

(65) C C log(1$ ) 2

where, as above, we have usé8)(and its analog fo(1 S )éz. It follows that forall <
(66) Var o() C (18 )51+ log18 ) 2.

Therefore, foralh>n .
E . n()S n() d = . E n()S n() d

E n()S n() % Y2d
0

c (18 )5+ logrs )2 Y2

Since > 0 is arbitrary, this proves that

1 1
lim supE n()S () d () d
n 0

forall0< < 1. However, isintegrable, we can chooseto make this arbitrarily small. Thus,

lim E ' n()S n() d =0
n 0

The main assertion now follows frorgJ).

Proof of Theorem 3.5. By the triangle inequality,

Wi(, M n) Wi(, n)*+ Wi( n, n)+ Wi( n, n)-

Now applying Lemma.7, Lemma3.8and Lemma3.9yields the result yields3g). Then since

1 1 o
lim pn [0,x] = lim Loy ( n()d = lim  Lox(() d = S1x),
n n 0 n 0

the cumulative distribution function of the limiting empirical measure %(x) and hence limiting empirical measure
has the density

1

S1 _
™) = —sig0y-

(©7) 009 = o

3.2. Detailed chaoticity of the equilibrium sequence

As our rst application of Theoren3.5, we identify the limiting equilibrium densitf , and prove the detailed,f )-
chaoticity of the equilibrium sequence:

Proof of Theorem2.1 By LemmaZ2.2, the sequence of uniform probability measure$gn, are obtained by averaging
over permutations the pushforwards under the Mgmescribed there of the at Dirichlet measure on the standard
simplices of the same dimension. In this case we have at rxéthtw; = 1/n for all j , andw(t) = 1. By Remark3.2,
the sequence of at Dirichlet measures on the standard simpliogscisaotic in the sense of De nitio.1 for w = 1.
Forw(t) = 1forallt, () isgiven by (9), and this identi es the limiting densitf/ .

We next show that detailgd f ) chaoticity holds for the sequence. The gap length= X +1),n S Xj,n S /n S1)
satis es

1 2S S 1)z 5
ns xn = L%Z—J wherej = n S(x) .
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Eachz; has a Betél, n S 1) distribution, and hence the probability density (1S 1)z is ;87(1S z/(n S 1)) nS1\which
converges t@>Z asn . Therefore

«2(18 Sl ;
7

(68) lim P (nS1) o/ >r e s

and by @4), this is equivalent tol6). withg=f .

The rate information is easily extracted from the Lemmas since all but Le3rBqgve rates. However, one can extract
a rate from the proof of Lemm&.8 by considering the last two displayed inequalities in the proof. The details are left to
the reader.

3.3. Chaotic sequences by non- at Dirichlet measures

The construction just provided leads to other chaotic sequences of probability meas&es, .omstead of pushing

forward the at Dirichlet measure 08, we can pushforward more general Dirichlet distributions, and as we show in this

section this leads to the construction(qfy) -chaotic sequences for all probability densitiesn R that satisfy {4) and

(15). However, except in the case of the at Dirichlet measures, these sequences will not satisfy the detailed chaoticity.
Letw = (wy,...,wn) be a probability measure da, ...,n}. Thatis,w; 0 forallj and j”:1w,- = 1. Then

n S1 n .
(69) hw(za,...2n) = wi) () ™M
i=1 i=1

is the density for a Dirichlet distribution o8 with concentration parametens Random variablegz, . . ., z,) with this
distribution satisfy

Elz]=w;,
wi (1S w;)
(70) Varlz]= ===,
_& WiW,

Now let w(x) be a continuous probability density ¢@, 1], and suppose that for each we producgwsy, ..., wp)
by takingw; to be the mass assigned Wyx) dx to thej th interval on in the uniform partition d0, 1]. Let , denote
the Dirichlet distribution on the standard simplexrirdimensions with the distribution given bg%) and this choice of
(wg,...,wp). Then @7) holds on account of the continuity ef, and @5) holds withC = max [ o,y{w( ) } which is
nite by the continuity ofw. Thus{ } is aw-pre-chaotic sequence.

Now x ]0,2[,and asequenceg, [ 0,2] with , . Let n denote the probability measure 8p |, obtained
by pushing forward , under the map speci ed in Lemnfa2 at the value j, and then averaging over permutations. By
Theorem3.5,{ }is(,g) chaotic where

_ 1 & w(t)
(71) g(X) = (—SW and ( ) = (18 / 2) o 1é " dt +
Provided Ol(lé t)glw(t) dt= , increasesstrictyfromOat=0to at = 1,andinfact, () for all

As before, let , denote the pushforward of the uniform probability measurgOot] under n, and let be de ned
in the same way in terms of, sothat = g() d whereg() = 2/ ( S1()). Thus we have:

Theorem 3.10.Let w be a continuous probability density d0, 1]. For eachn and eachl j n, denewj =
(ijgl),n w( ) d . Let the energiek, be chosen so thaty . Equip S,, , with the probability measure that is the
pushforward undefl, (see Lemma&.2) of the Dirichlet measure speci ed i(69) using these weightaveraged under

permutationsThen this sequence (sg) -chaotic wheray is given by(71).

However, The chaotic sequences obtained in this manner do not satisfy detailed chaos. In this construction, for ea
n andxjm) , Eachzj) has a Betwjx) ,n S nwj(x)) distribution, and hence the probability density farS 1)z
converges to a non-exponential Gamma distribution unigss 1/n. To obtain sequence that satis es detailed chaos,
we must pushforward a different class of pre-chaotic measures on the standard simplices. In the next subsection, \
describe one way of doing this.
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Remark 3.11. If the concentration parameters in the Dirichlet distribution are multiplied by a common t&g¢tand
hence equatior6Q) is replaced by

S1

(72) h (z1,...20) = (Knw j)  (Kn)
j=1 j=1

n -
Knw;j S1
Zj y

we still have a Dirichlet distribution with the same expected values but with the variance covariance multiplied by tl
factor YK . Equation {0) becomes

Elz]= wj,
wi (1S w;)
(73) Varlzj] = m.
COV[Zi,Zj]:é %

Therefore all estimates leading to the proof of Theo/®dD are still valid, and therefore these measures(ai® -
chaotic as well. But increasing implies that the random variablesbecome more concentrated around their megan
And while this does not change the limiting dendityit changes the gap distribution for all nite, and we will see in
Section4 that this is a fundamental difference for the limiting dynamics of the particle system.

3.4. Detailed chaoticity via order statistics

The construction that we now give uses another probability dehéityon [0, 1] that has to do with the excess energy
distribution.

The distribution of the random poinkg R+ is determined by the distribution of empty intervidsx1[, X1+ ,X 2|,
or equivalently, as we have seen in Lemng by the random variables in (26). These specify a random partition

[Or al]! (al’ aZ]! L] (anély 1]

of [0, 1] into n parts withg S 881 = z andag= 0. This random partition i§ closely related to a partition of the excess
energy. Recall that the fraction of the total energy that is excess eneljysis/ 2). Given a probability densitg(x)
onR. that satis es 41), (1S g(x)) represents the probability that the interji)x + dx] is unoccupied. Opening up

a gap in[x,x + dx] would raise the energy of all the particles with energy higher thag dx. Thus this would make a
contribution of

1S gx) 1S G(x)
to the total excess energy, wheges de ned as in Theorer3.6. Therefore, the fraction of the excess energy that can be
ascribed to gaps ifx,x + dx] is

(74) h(x) dx = 1S g(x) 1S G(x) dx.

1
1S /2
One readily checks thdt(x) is indeed a probability density. L&t (x) denote its cumulative distribution function. Out
of G andH we de ne two maps fronf0, 1] to [0, 1], namelyG HS!andH GS1. We may use these two maps to
pushforward the uniform distribution dB, 1] onto[0, 1] itself, producing two new probability measures[onl].

De ne

g(H5%())
7 =2 1\
(75) O = WEsi0)
and note that the cumulative distribution function ofs () = G(H Sl( )) . Likewise de ne
h(GS%())
(76) W() = — =7
9(G>1())
and note that the cumulative distribution functiornvofs H (G Sl( )) . Also, note that
1
(77) wW() = —=7w

C 5
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From (75), and the de nition ofh in terms ofg,

1 1 -

(78) O = 1572 9GO

When there is an> 0 such thag(x) ( + )51,

7 ———— 1S
(79) O 575150 .
and this provides a lower bound onon any interva[0, ], forany < 1.
Likewise, we may recovewr( ) as in equation4?2) from the formula forh. When there is an> 0 so that 1g(x)

+ forall x,
w(x) (1S),

which provides a uniform lower bound am( ) on[0, ]forany < 1. We see thaw is the probability density on
[0, 1] associated tg though Theoren3.6.

Let j,j = 1,2 be the cumulative distribution functions of two strictly positive probability densitigg = 1,2
respectively, on intervalggy ,bj],j = 1,2. Then $*  ,:[ap,by] [ a,bi], and as is readily checked,*
pushes »(x).dx onto 1(x)dx. In particular, if 2(x) dx is the uniform distribution or0, 1]; i.e.; 2(x) = x for all
x [0,1], fl pushes forward the uniform distribution @, 1] onto 1(x) dx on [az,b1]. That is, for all continuous

functions on[ag, b1],

b 1

Y0 100 dx= oS o

ai

In particular if is a random variable that is uniformly distributed @, 1], fl( ) is a random variable with the law

1(X) CJX. Therefore, if 1,..., n31 are the order statistics ofS 1 i.i.d uniformly distributed random variables,fl( 1),
fl( n&1) are the order statistics ofS 1 independent samples from the lay(x) dx.

Lemma 3.12. LetF () be the cumulative distribution function of a continuous probability derigijy on[0, 1] that is

uniformly positive of0, ] forall 0< < 1;i.e, for somea > 0, f() aforO .Let 3,..., ng1 bethe
order statistics oh S 1i.i.d uniformly distributed random variableand set o= 0, n= 1and j = ; S js1. Moreover
let ; =F>(j)andsetzj = ;S js1.Thenfor j,
(80) Elz]=E —— + 1.
fCj))
Lt

81 Var[zi]= E + =2,
(81) =€ 5t

. _ 1
(82) Covz, %] = ﬁrg,
wherery, rp, andrs converge to zero as with a rate depending on the modulus of continuity odind the lower

bound onf on[0, ].If f is Lipschitz continuous and uniformly bounded below on aJ0pl], then|ri| < C/n , with
C depending offi .

Proof. Related results for order statistics can be found e.dl]inhe present result is preciely adapted for our situation.
We knowthaté = j S jsiaredistributed as a at Dirichlet distribution, and hence tat] = 1/n, and that Ve j ] =
)

Un2+ O(Un® and Coy j, k]=S U/n3+ O(U/n?).
First, since(F S1) (t) = Wsllw
(83) zj = j ! ds= | 1 + U
N | G O R T D I
where
i 1 < 1
(84) uj = S ds.

f(F Si(s)) ~ f(F 54( )

is1
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If f(s) is Lipschitz continuous and bounded below&y 0 for Fél( i) , then

1. 1 ?

FSIE)  fF S ;) &

ThereforeE[uj] CE[ 2] % Otherwise, iff is only continuous, there is a functioq) > 0, the modulus of
continuity, with lim ¢ z) = 0 such that

sup f(t)Sf(ta) ().
[t1Sta|<

Then, for small enough, and; andf a>0on[0, ],

Elul =E|u|l;< +E]Juyll,

m

O Le +2P> ]

2
() + gE[zj]

11

O *amwe

Choosing = nSY3, we nd,

1 & 1
2 pSvs 2
n a

r nSUs

The proof of 81), which we omit, is very similar. To estimate the covariance we write

(85) CoMz , z] = Elz z]S E[z ]E[z],
and
| 1
AE W TF Sy Sy
TSN
(86) j 1 . 1 k 1
BT R TO M TR
1 k 1 . 1

dt.

T e TESI0) ST W

For the rstterm we note thef[ ;| «] = nS2+ Cov[ j, k], and by estimates like the ones used to estimgtere nd
that the remaining terms am€n>2), or evenO(n>3) if f(s) is Lipschitz. Hence computing the covariance &%)(by
taking the expectation 0Bg) and using 80) yields 82).

For the following theorem, recall the constraints ¢pas stated in equatiod{), and the de nition ofh in (74), and
thatG andH are their cumulative distribution functions.

Theorem 3.13.Let () be dened by(75),andlet j,j =1,...,n S 1 be the order statistics ai S 1 i.i.d. random
variables with distribution() d ,andlet o= 0, = 1.Withzi= ;S ;31,i = 1,...,n thisinduces a measure on the
standardn S 1 dimensional simple$;, whose pushforward t8,, , is (,g) -chaotic Letx > 0, and let]xgy , X + [ be
the random interval that contains If the density () is continuousthen the gap lengthy n = X+ 1) S xg) S /(n S 1)
satis es

~ & (x)
(87) lim P (nS1) xn/ >r e Sg "
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Fig. 2. The graphs show the particle dengffx) (red), the corresponding excess energy distributipr) corresponding to = 1 (blue), and the
excess energy per particle(x)/g(x) (green). To the left, the density is the equilibrium dendityx) as derived in Sectio®, and to the right
g(x) = cp/((1+ (cox S 1)2)(1+ (cox S 4)2)) with the constants; andc, chosen to make(x) a probability density with mean 1. We see that the
densityf (x) is equivalent to distributing the excess energy uniformly among the particles.

Proof. By Lemma3.12applied withf = , together with T7), which implies that

1
()
This permits us to rewrite8Q), (81) and 82) in terms ofw, we see that the sequence of lawqzf, ..., z,), averaged
over permutations, an@ pre-chaotic family or§;. Herew is given as in42). Then by Theoren3.5, if we x a sequence
of energiedEn} with = n(n S 1)/E , , and de ne the map3, in terms of ,, as in LemmaZ2), the sequence
of their pushforwards ont8,, ,, averaged over permutations(isg) -chaotic. The statement about the gap distributions

then follows from 83) with f() = ﬁg;‘iig;g so that

:W(j).

f( .): g(GSl( J))
Y GSI( )
It follows from (76) thatw( ) d results from pushing the excess energy distribution forward fhtd] using the
distribution functionG. Thatish(x) = w(G(x))g(x) . In equilibrium, this excess energy density is uniform; id.,) = 1,
and the approach to equilibrium for our process can be thought of as the approach of the excess energy distribution
uniform. This is illustrated in Figur®, which shows the cumulative excess energy for a couple of different dertgxigs
and the excess energy per particle as a function of the positidra particle (1S g(x))G(X)/g(x) .
Lemma3.12and :I'heorenﬁ%.lSprovide a means of sampling the empirical distributippsLet ),..., n31) be the
order statistics oh S 1 independent samples from the uniform distribution[@rl] and then form 4,..., n through
i = S () )» which then gjves us the order statisticsnad® 1 independent samples fror)) d . Then with ¢= 0
and = 1,wedenez = ;S jsi1,fromwhichwe recoverasample ©fy,...,xn). We illustrate this way of sampling
the empirical distribution in Figurg, whereg is as in Figure2, but with = 1.5. Here the density is close to the maximal
density 23, which leads to slow convergence of the empirical measures.

Remark 3.14. The construction of the uniform measure on the sim@geRy independent i.i.d uniform random variables
on the unit interval is not new here, and can be found for exampl&7 Wwhere the authors study the asymptotics of
partitions of a numben into a sum ofm integers.

Remark 3.15. This construction also illustrates the difference betwegay) -chaoticity and detailed, g) -chaoticity,
and why detailed ,g) chaos is dif cult to express in terms of marginal distributions in the way Kac de ned chaos (see
equation 4)). Assuming thag is continuous as before, we have a one to one map between pgint , Xn) S and
points j = ( j)where j = Ji=1Zi [ 0,1], with , = 1. After symmetrization the pushforward of a measuye on
Se,, by this map gives rise to a symmetric measuseon [0, 1]", and one could compute the marginal distributions of

n and p and see that if the sequente} is (,g) chaotic, ther{ ,} is chaotic with respect to the uniform measure on
[0, 1], and the other way around, and the fact tha) -chaoticity of the sequenden, } corresponds to the usual notion
of chaos{ n} is encoded in the mapk,. Detailed chaos can be expressed as saying that at the $oalthé points;
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Fig. 3. The graphs show the particle densgj{x) (thin, red), and empirical histograms of samples (blue, thick) as de ned in The®rEarTo the left
n= 50, and to the righh = 1000. The number of independent samples is 5000 and the bin width in the histografis is 0

after symmetrization behave as a Poisson point process: take any pdiff1[, anda,b > 0. Then number of points

il Sa/n, + b/n[ will converge to a Poisson distribution with paramei& a whenn . Hence detailed chaos
says in a sense that the set of poixis.. ., Xy in the limit are as random as possible, given the constraint that their laws
n, are(,g) -chaotic.

4. The Kac process
4.1. Speci cation of the Master Equation

Kac’s result P] for the original Kac model is that propagation of chaos as described in the introduction is suf cient tc
identify an evolution equation for the limiting densities, the Kac—Boltzmann equation. When the jumps are constrained
the exclusion principle the situation is more subtle, and propagation of chaos according to the dé Aditsomot enough
to identify a limiting equation. In this section we will present the Kac-process, and derive a limiting Kac—Boltzman
equation that is valid under the assumption of chaos according to De riit@with an exponential gap distribution as
in Theorem3.13

The jump process is then as follows: WiklF (X1,...,Xn) S, .

(1) pick a random waiting timg, exponentially distributed with rate
(2) pick1 j<k nuniformly among possible pairs, and lgik = &ZX"
(3) Let(x;,x) = (Xik (1S ), Xk (1+ )),where ischosen uniformly in th¢S 1, 1].

4) If (xl,...,xj vors X Xn)  Snypathenletx = (xl,...,xj voo1 X0, Xn), €lse do nothing, i.e. let = X

Note that the distribution of two particle energies after a collision would be exactly the same if the step (3) were replac
by
(38b) Pick randomly from[S 1, 1], and let

X;

;=X Xk (modx + Xg),

Xe = XkS Xk (modx; + x),

where mod here simply means thakjf+ Xjk >Xj + X, then(xj + X) is added or subtracted to map back

into the interval O X; <(Xj + Xk)-

This collision process is reversible for any xedand can also be naturally generalized to collision models which favor
small energy exchanges in the collision, or for “grazing collision limits”, which are interesting in the classical setting.

However, for the purpose of writing down the generator of the process, the version as originally described is simple
LetL denote the generator. Then for any continuous fundiam S, ,

1

L 82

18{1, n Xi,k, F Xj,k, é F(X) d ,

N

(88) LF(x) = -
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wherex = (X1,...,Xn), andxjyky = (X1, Xk s ),..., Xjk (1+ ),...,xn). Recall that the process satis es de-

tailed balance, and is reversible, so that the opetatan thel 2 space given by the invariant measure is self-adjoint. The
Kolmogorov forward equation, or what is the same thing, the Master Equation, of the process is then

(89) TFOGH) = LF(1).

Let P; denote the semigroup associatedd®)(so that ifF (x,t) denotes the solutions with initial daffgx, 0), F (x,t) =
PiF(x, 0).

4.2. The exclusion factor

To compute exactly the probability that the outcome from step (3) results in a jump as de ned in (4) is dif cult, but it is
possible to derive formula for the limit as under the assumption that the limiting gap distribution is known and
that the events thacg andx, are admissible positions for particles are independent. We also assume here that the densit)
g(x) is continuous.

First, to see why propagation of chaos in the sense of Kac is not enough to identify a limiting equation we compare
two different chaotic sequences that &r¢ )-chaotic, wherd is the equilibrium density as found in Theor@x. We
take the empirical measures with thede ned as in 22), and ,= for simplicity. On the other hand takirg = 1/n,
forj = 1,...,n provides another chaotic sequence. In this latter sequence the gaps between particles are determinist
Xj+1S X = (1S / 2)/(n Sj), and this means thatto ta new particle of siz¢n S 1) into an interval we must have

Jﬁ > 18 % which is positive when> 2/ 3, and therefore for akt smaller than

18%- 1 3S
i 1S - — + S —
X 155 nv18kT 2 O
k=1
which converges to
< =log 2 +3S2
- %9 3% 2
whenn .Soif > 2/3this(,f )-chaotic sequence does not allow any jump into an intdfyad ]. On the other

hand, for the sequence constructed in SecBiowhere the(zs, ..., zn) taken from the at Dirichlet distribution, the;
are close to being exponentially distributed with meam.JHence for allj there is a positive probability that theth
gap is bigger thari(n S 1), and therefore jumps are possible to any point in the intg¢fya] , although the probability
will be very small in intervals near the origin ifis large.

In the following calculation we neglect the probability that belongs to one of the gaps created wixgrand xi
are lifted out, i.e. when the particles fall back into nearly the same point as where they started. The probability that thi:
happens converges to zero at the order,land can be neglected unless the excess energy is very small. Also in this
case, the effect of such a jump on the density will be very small, and therefore to see an effect of this one would need 1
consider the process over a very long time scale. It could be interesting to study this situation in a diffusive scaling, an
to analyze as certain models for competing particle systems and rank based interacting difflisi$14 4.

For anyx, consider anintervgk S / 2,x + / 2], where is assumed to be small and eventually converging to 0. We
will call a pointx in this interval admissible if it satis es the exclusion constraint, given the particles that are already
present in the interval. The expected number of pamtbelonging to this interval will ben+ 1= n XX§+ /Zzg(y) dy
n g(x) due to the assumption thgtis continuous. Now lex S / 2<X(0) <X(2),...,<X (m) <x + [ 2 be the positions
of them particles belonging to this interval, renumbered for convenience here, and {et Xj) S xj31 S /(n S1)
be the gaps between particles. For xeave have thaki xS /2andxm) X+ /2 in probability, and therefore
the error in considering only the interv[adgo),x(m)l will vanish in the limit asn . For a given gapj, the interval
available for putting a new particle is( i S /(n S1))1,>/n §1.Inajumpx ischosen uniformly over any interval,
and therefore

Lo 0GiS =l s 8y

*(xm S x(0)

(90) P x is admissiblg x ] X(0),Xm)[ =

which holds for any particle con guration, if the intervid(g), X(m)] does not contain the two particles that are selected
for collision. The probability thax is admissible can now be computed by taking the expectation of the right hand side
of equation 90) with respect to the other particles. To continue we make the following assumption:
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Assumption 4.1. Forn ,onemaytake = 0 suchtham in probability, and such thgn S 1) j/ are
asymptotically i.i.d with a densityy.

This holds for the two constructions of chaotic sequences given in ThedrEhand TheorenB.13if the densityg
is continuous. By the law of large numbers, the denominator of the right hand side of eq@@)ias §symptotically

B[]+ 51 (Féﬁ’ and the enumerator is asymptotic to

nS1 . =
(91) mE —iS1l = nd1 ., (sS 1) x(s)ds,

and therefore, for any interval not containiggor xx we have

(92) Iimonlim P x isadmissibldx [xS /2,x+ /2] = g(x) (sS 1) x(s)ds.
1
For example, with the chaotic sequence from TheoBel8 4(s) = lsg(g?x) exp(S 139(9"())() s), and we nd in the limit
that
: o g(x )? < 1Sl s
P[x is admissiblg= ———— (sS e o) ds
1S g(x ) 1
(93) x )
_ a1 < 9
= 1S g(x ) exp S1é ax)

Here we recognize the rst factor@ g(x ) as the exclusion factor in the Uehling—Uhlenbeck equation for discrete
energy levels, and the second exponential factor re ects the fact that the continuous spacing of gaps is a less ef cient
of the available excess energy.

With the chaotic sequences constructed through the Dirichlet distribution as in Th8dr@the distribution of the
gaps are Beta-distributions, as shown in equatrf@), {vhich gives the density for the distribution of a gap in the partition
of excess energy as

(Kn) 81 B
o Kw ) (R T8 w)2 S AT

and hence, because= (1S / 2))—Js; thats= (n$ 1) j/ has density

15151
. s Kn(1Sw;)S1
(95) xn(s)=cs™i 18 = ,
j
wherec is a normalizing constant ang = (”Zssl)z 1sé(x)- Becaus% G(x) we have asymptotically
i 2 1S g(x) . «
(96) nw; = n w()dx wGX) = c=———F~+— 1SGX) Wgx),6(x):
. (G 81)m 28 g(x) 969,669

andKn/ n KZ-(15 G(x))). It follows that

v . 25 .
(97) xn(S) 9,600 (S) = SKWg(x),G(x>Slexp SKZ— 1SG(x) s .

One can now obtain a formula similar to equati@8)(corresponding to the densityx) c(x) - The notable difference is
that with this density the probability that a poixt is admissible asymptotically does not only depend on the limiting
densityg(x) but also on the cumulative distribution functi@{x) .

Hence, when analyzing the limiting behavior of the Kac process fortiarticle system, it is important to take the
gap distribution into account. We formulate this asymptotic result for the exponential gap distribution as a proposition

Proposition 4.2. Letg(x) be a continuous probability density §@, [ , and let((x1,...,Xn)),-, be a chaotic sequence
constructed as in Theoret13 There is a sequencg  0such thatifx is chosen uniformly in an intervgk, x + ],
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then

, , i & < 9(x)
(98) nI|m P[x is admissiblg= 1S g(x) exp Sm .

4.3. The Boltzmann equation

For the original Kac process, it is enough to prove propagation of chaos to identify an equation that describes the evolutic
of a density in the limit of in nitely many particles. Here the situation is more complicated, because the asymptotic gap
distribution is important. We conjecture that the process de ned here propagates chaos with exponential gap distributiol
but we do not have a proof. The conjecture is supported by numerical simulations that are presented i5.3duation

the assumption that detailed chaos is propagated, it is then possible to write down the corresponding kinetic equatio
and compare this with the corresponding Kac and Uehling—Uhlenbeck equations; a formal proof would follow along the
same lines as Kac'’s original derivation.

Theorem 4.3. Suppose that the evolution speci ed (88) propagates chaos in detail with parameter so that the
asymptotic gap distribution is exponential as in Theo®& &8 Then the limiting empirical distributiog; evolves accord-
ing to

(99) 901 = QIgl(xb),

where

1
Qo= ax ey 90 o)

(100)
Sgxgly) g x gy ddy,
(101) X = (1S )x +y)2
y =1+ )x +y)2
and
_ - - u
(102) (uy =(@ASuexp S 135

The function (u) speci es the effects of the exclusion constraint which slows down the evolution. The function is
plotted here in Figurd, together with the functionlu) = 1S u, which is the corresponding factor in the Uehling—
Uhlenbeck equation. With the car parking analogy from the introduction, this factor quanti es how much less ef cient it
is to let cars park at will along a road compared to using xed parking slots. In Kac’s original paper there is no exclusion
factor, and in that cas€u) is constant, equal to 1.

Fig. 4. The exclusion factor as a functionw{blue), compared with the fermionic factoSlu.
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Fig. 5. The exclusion factoff  (x)) for = 1.8, as a function ok. The thin red curve shows the logarithm of the same function, and the equilibrium
distributionf (x) scaled by a factor is given in blue.

Note that 51 is the maximum density possible, and hence th@f) = 1 implies that the particles are densely
packed neax. The exclusion factor reduces the effective jump rate much more strongly than the usual fctdrain
the Boltzmann equation for Fermions, and is a signi cant difference between the continuous setting that we study he
and the discrete, quantized models. In Figbinge plot the function(f(x)) , i.e. the exclusion factor evaluated at the
equilibrium density as a function of the enengywhich indicates that particles will very seldom get a new energy close
to x = 0, and therefore that the rate of convergence to equilibrium could be very low.

4.4. Properties of the collision operator
The collision operato®[g] as de ned in equationl(00) is amenable to very much the same manipulations as the ordinary
collision operator for the Boltzmann equation, except that, in addition to the mass, there is only one conserved quan

the energy.

Theorem 4.4. LetQ[g] be de ned as in equatio(L00). Then the following holds
Foranya,b R, and anyg(x) satisfying , xg(x)dx=1

(103) (a+ bx)Q[g](x) dx = 0.
0

Letf (x) de ned by equatior{18) and(19). Then
(104) Q[f 1(x) = 0.

If g(x,1) is a solution to equatio©9), then

d g(x,t)
(105) s . g(x,t) log m 0.
Proof. Let
(106) Rx,y,x,y =(@x gy g(x) ay) Sa(gly) g x gy

Herex andy depend on a parameteras de ned in equation1(01). Formally, for anyh(x), a change of variables gives

1
- RXx,y,x,y h(x)d dxdy
1

(107) LU ) )
m R(z,uS z,v,u S v)h(v) dvdzdu.
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We see, just as for the usual Boltzmann equation,R{at,y ,x,y) is symmetric with respect to the chandgsy)

(y,x) and anti symmetric with respect to changifg,y ,X,y) (x,¥,x ,y ), and therefore the righthand side of
equation 107) is

u u

R(z,uS z,v,uSv) h(v)+ huSv)Sh(z)Shusz) dvdzdu
)

Al
o
Clr

(108) .

CRx,y.,xy (h(x)+h(y)Shx Shy d dxdy,
0o o 81

el

which implies (03). To prove (04), we writeR(x ,y ,X,y) as

2 (9(x))  (9() « (g(x ) (gly )

(99) 9X 9y 9090 Ta60 T Tem ey 9v)
Next we takeg(x) = f (x) and de ne

f “ “ « f
(110) r(x) = Iog(fi()(())())zs logf (X) +loglSf (x) S T(sz)
Then

r(x)=Sf (x) o, +

(111) f (x) 1181‘ x) (@Sf (x)2

=Sf (x)

fo)asf (x)?

On the other hanél (x) satis es

1
f = -
(112) (x) FO)’
whereF (x) = f(y) dy and
(113) () = lSE log —=— +
Therefore
1 s 1
feo - W= 157 g5+ ad
« (F(x)) .
f x)=8 Wf(x) =§  FX) f(x)3
which when inserted intal(L1) gives
. 1 1 ., 1
. 0707 @Ry s)e T

Hencer(x) is a linear function, and because the parenthesis in equdid®hié
(115) expr(x) + rly) Sexprx +ry

andx + y=x +y we see thaR(x ,y ,X,y) vanishes wheg(x) = f (x). Therefore not only doe®[f ](x) vanish,
but the whole integrand, which is to say that the collision process satis es a detailed balance condition also after passir
to the limit.
Finally, to prove {05 we write
g 9

(116) - 9log 7= g . 09 7= g "15g =S QL9I(X)rg(x),
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whererg(x) is the expression irll0) with f  replaced byg. Using the expression iri(8), we then nd

d g(x,t)
&, IxBIog ==
.1 L - g
=S - RX,y,X,y rg(x)+rg(y)Srgx Srgy d dxdy
80 0o &1
.1 L g
=S 2 g(x)g(y)g x gy €Il § gal)rrely)
80 o &1

x rg(X)+ rg(y)Srgx Srgy )d dxdy 0O,

which proves 105). Therefore , g(x) Iog(l—sgg%) dx is an entropy for the Boltzmann equatidt0().

5. Simulation results

We present here simulations to illustrate the results presented in the previous sections, and to provide support fo
conjecture that the Kac process@&n , propagates detailed chaos according to De nitloh and moreover to investigate
the long time behavior of solutions of different types.

The sampling of initial data has been done as described by Thedddrand Theoren8.13 A very large number of
random numbers have been used, and in particular for simulations with a large number of particles, it is necessary tc
random numbers with high precision. We have generated random numbers with 64 bits precision, using routines from
GNU Scienti c Library [7].

In order to avoid having to compute the distance between the new energy of a paytisie) the energies of all other
particles, which would imply a computational cost@{n) for each jump, theq; are kept in an ordered list, which is
implemented as minor modi cation of the AVL-tree as described by Ben P1&jt [n this way the computational cost of
one collision grows a®(log(n)).

In the rst example the initial distributions aig,f )-chaotic, i.e. chosen to converge to the equilibrium distribution
with = 1. We compare sampling initial data that are equidistributed (which corresponds to taking samples as in
mark3.11with K in equation 72)), and a Dirichlet distributed initial data with = 0.02. These are showntt 0
(Figure6), t = 0.1 (Figure7), andt = 10.0 (Figure8), showing that although the initial distributions are equilibrium-
chaotic, they are not at equilibrium for this jump process. Figushows the gap distribution &= 0 andt = 10, and
includes also the result when the initial distribution is a true equilibrium for this process, with asymptotically expone
tially distributed energy gaps. For these cases, the gap distribution is very close to exponértidDatvhich supports
our conjecture that this property is propagated in time. More simulation results can be found in the supplementary mate

[3].

Fig. 6. The graphs show the equilibrium distribution (green) and the result from 5000 independent samples of the empirical distribotod 00t
counted in bins of width @. The black step function shows the mean outcome, and the blue dots illustrate the distribution of counts in the bins, wi
the area of the dots proportional to the number of samples with the same count. The exclusion paranieder
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Fig. 7. The graphs show the outcome of the same simulation as in FBqairémet = 0.05 andt = 0.1. This shows that although the initial data in
both cases are equilibrium chaotic, the non-equilibrium state gives quite different behavior of the evolution.

Fig. 8. These graphs represent the solutions of the same simulation as in &&uimet = 10.0. Here thee two simulations give the same result, a
convergence to the true equilibrium.

Fig. 9. The graphs show the gap distribution at tinve 0 (left) andt = 2 (right) for initial data with equal spacing of the excess energy (red) and
the Dirichlet 0.01-distribution (blue). At= 2 this is presented in logarithmic scale to show that the distribution becomes exponential as conjectured.
The red and blue dots almost overlap here.tAt 0 the red curve represents a Dirac measure, and the blue curve shows that with the Dirichlet
0.01-distribution, most gaps are very close to zero, and the excess energy is essentially distributed to a few very large gaps.

Acknowledgements

This work was begun in Fall 2016 when E.C. was visiting the University of Gothenburg and Chalmers Institute of Tech-
nology, to whom he is grateful for hospitality. Both E.C. and B.W. were able to meet again at Institute Mittag-Lef er and
the Oberwolfach Mathematical Research Institute, and both authors thank these institutes for their hospitality.



A Kac model with exclusion 773

Funding

The work of E.C. was partially supported by U.S. N.S.F. grant DMS-1501007. The work of B.W. was patrtially supporte
by the Swedish Research Council and the Swedish Foundation for Strategic Resarch.

Supplementary Material

Supplement to “A Kac model with exclusion” (DOI: 10.1214/22-AIHP1276SUPRydf). Additional numerical results.

References

(1]
(2]

(8]
(4

(5]
(6]

(7]
(8]

&l
(20]
(11]

(12]
(13]

(14]
(15]

(16]
(17]

M. Ahsanullah, V. B. Nevzorov and M. ShakAn Introduction to Order Statisticé\tlantis Studies in Probability and Statisti8sAtlantis Press,
Paris, 2013MR3025012 https://doi.org/10.2991/978-94-91216-83-1

D. Benedetto, F. Castella, R. Esposito and M. Pulvirenti. A short review on the derivation of the nonlinear quantum Boltzmann egjorions.
Math. Sci.5 (suppl. 1) (2007) 55-7IMR2301288 https://doi.org/10.4310/CMS.2007.v5.n5.a5

E. Carlen and B. Wennberg. Supplement to “A Kac model with exclusion” (2028)s://doi.org/10.1214/22-AIHP1276 SUPP

E. A. Carlen, M. C. Carvalho, J. Le Roux, M. Loss and C. Villani. Entropy and chaos in the Kac nkoded. Relat. Model8 (2010) 85-122.
MR2580955 https://doi.org/10.3934/krm.2010.3.85

A. Cipriani and D. Zeindler. The limit shape of random permutations with polynomially growing cycle weAJtEA Lat. Am. J. Probab. Math.
Stat.12(2015) 971-999MR3457548 https://doi.org/10.4171/owr/2015/18

M. Colangeli, F. Pezzotti and M. M. Pulvirenti. A Kac model for fermiossch. Ration. Mech. Anal216 (2015) 359-413MR3317805
https://doi.org/10.1007/s00205-014-0809-y

M. Galassi et alGNU Scienti ¢ Library Reference Manuasrd edition, 2018. Available dtttp://www.gnu.org/software/gsl/

G. Giroux and R. Ferland. Global spectral gap for Dirichlet—-Kac random motidnsStat. Phys.132 (2008) 561-567.MR2415119
https://doi.org/10.1007/s10955-008-9571-6

M. Kac. Foundations of kinetic theory. IRroceedings of the Third Berkeley Symposium on Mathematical Statistics and Probability, 1954-1955
Vol. 1l 171-197. J. Neyman (Ed.). University of California Press, Berkeley and Los Angeles,MB5634985

L. Nordheim. On the kinetic methods in the new statistics and its application in the electron theory of conditi¢ityR. Soc. Lond. Ser. A
Math. Phys. Eng. Sci119(1928) 689-698.

S. Pal and J. Pitman. One-dimensional Brownian particle systems with rank-dependentAdiftsAppl. Probab.18 (2008) 2179-2207.
MR2473654 https://doi.org/10.1214/08-AAP516

B. Pfaff. An Introduction to Binary Search Trees and Balanced Tr2684. Available ahttps://www.gnu.org/software/avl/

J. Reygner. Chaoticity of the stationary distribution of rank-based interacting diffuitatéton. Commun. ProbaB0(2015) 1-20MR3399811
https://doi.org/10.1214/ECP.v20-4063

M. Shkolnikov. Large systems of diffusions interacting through their raskschastic Process. Appl22 (2012) 1730-1747MR2914770
https://doi.org/10.1016/j.spa.2012.01.011

A. Sznitman. Topics in propagation of chaosHoole d’Eté de Probabilités de Saint-Flour XIX — 19885-251 Lecture Notes in Mathl464
Springer, Berlin, 1991IMR1108185 https://doi.org/10.1007/BFb0085169

E. A. Uehling and G. E. Uhlenbeck. Transport phenomena in Einstein—-Bose and Fermi—Dirac dasgs.Rewd3 (1933) 552-561.

A. M. Vershik and Y. V. Yakubovich. Asymptotics of the uniform measure on simplices, and random compositions and pdttitiatsonal.
Anal. i Prilozhen37 (2003) 39—-48MR2083230 https://doi.org/10.1023/B:FAIA.0000015578.02338.0e



	Introduction
	The incorporation of exclusion

	The empirical distribution with exclusion
	Parameterization of Sn,epsilonn by the standard simplex

	Pre-chaotic sequences of probability measures on S1
	Chaotic sequences of probability measures on Sn,epsilonn
	Detailed chaoticity of the equilibrium sequence
	Chaotic sequences by non-ﬂat Dirichlet measures
	Detailed chaoticity via order statistics

	The Kac process
	Speciﬁcation of the Master Equation
	The exclusion factor
	The Boltzmann equation
	Properties of the collision operator

	Simulation results
	Acknowledgements
	Funding
	Supplementary Material

