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Non-Invertible Symmetries from Holography and Branes
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We propose a systematic approach to deriving symmetry generators of Quantum Field Theories in
holography. Central to this analysis are the Gauss law constraints in the Hamiltonian quantization
of Symmetry Topological Field Theories (SymTFTs), which are obtained from supergravity. In
turn, we realize the symmetry generators from world-volume theories of D-branes in holography.
Our main focus is on non-invertible symmetries, which have emerged in the past year as a new type
of symmetry in d > 4 QFTs. We exemplify our proposal in the holographic confinement setup,
dual to 4d N' = 1 Super-Yang Mills. In the brane-picture, the fusion of non-invertible symmetries
naturally arises from the Myers effect on D-branes. In turn, their action on line defects is modeled

by the Hanany-Witten effect.

Introduction. The study of quantum dynamics is at
the heart of uncovering any fundamental principles of na-
ture. From various points of view, in condensed matter
physics, mathematical physics and quantum field theory,
such explorations have established the study of symme-
tries as an essential “backbone” of quantum systems. It
thus comes as a genuine surprise in the past year where
a dramatic extension to symmetries in 4d quantum field
theories (QFTs) were uncovered, which unlike ordinary
ones that form groups, obey fusion-like composition laws.
These non-invertible symmetries are well-established in
d = 2,3, however, they are unexpected in d > 4. Within
the past year various systematic approaches to the con-
struction of non-invertible symmetries have appeared in
[1-7]. Physical implications include characterization of
de/confining vacua and constraints on pion decays [8, 9],
and other applications appeared in [8-14].

All constructions thus far rely on field theory meth-
ods. Here we provide the holographic perspective from
symmetry inflow, supergravity and branes. Other pre-
liminary aspects of holography and non-invertible sym-
metries have been recently studied in [14-16]. Funda-
mental for the holographic construction is the Symme-
try Topological Field Theory (SymTFT) [17-20], which
naturally arises in brane/holographic setups from the
anomaly polynomial and inflow [21-25]. The SymTFT
on Wy encodes the full symmetry structure — the back-
ground fields for global symmetries and their 't Hooft
anomalies — of a QFT on Wy = OW,1. When placed on
a slab with boundaries W, and M, and gapped boundary
condition on My, the SymTFT reduces to the anomaly
theory of the QFT.

In this paper we propose a holographic derivation of
the SymTFT, as well as the study of the resulting sym-
metries — including non-invertible ones— that depend on
said boundary conditions. We derive the SymTFT by de-
scent from the anomaly polynomial in d 4+ 2 dimensions,
which is encoded in the supergravity. Motivated by the
work on BF-type theories in [26], the Hamiltonian quan-
tization of the SymTFT on Wy, allows us to extract
the Gauss law constraints that generate gauge symmetry
transformations. Under inflow, the bulk gauge symmetry
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FIG. 1. Top: Hanany-Witten transition, where the (zo,x3)-
plane is displayed to show the equivalence with the field the-
ory transition. Bottom: ’t Hooft loop passing through the
non-invertible defect ./\/'3(1) becomes attached to a topological
surface operator.

restricts to the global symmetries of the boundary the-
ory and the bulk generators flow to the desired symmetry
operators.

This is complemented by a realization of the symme-
try generators in terms of D-branes and their worldvol-
ume theories. The bulk supergravity fields, which de-
fine the symmetries, pull back on the brane worldvol-
ume theories. In addition, the D-branes also contribute
topological sectors that dress the symmetry defect, while
the kinetic terms of the brane action drop out at the
boundary. These defects become non-invertible depend-
ing on the boundary conditions for the bulk fields. The
brane setup and its dynamics towards the boundary pro-
vide a compelling holographic interpretation for the non-
invertible fusion via the Myers effect of Dp-branes into
a single D(p + 2)-brane, which in turn implements the
non-invertible fusion.

We demonstrate our proposal in the Klebanov-
Strassler solution, that is dual to a flow to confining pure



N =1 SU(M) Super-Yang Mills (SYM) [27]. Global
properties of the gauge group can be identified in holog-
raphy as in [28] and the study of holographic confine-
ment using the 't Hooft anomalies of higher-form sym-
metries was carried out in [29]. In this paper, we de-
termine a framework to construct all symmetries in this
setup, in particular the non-invertible symmetries in the
PSU(M) = SU(M)/Zys theory, which map between de-
/confining vacua when spontaneously broken. In the
brane-picture the non-invertible fusion is naturally en-
coded in the Myers effect on D-branes [30]. Further-
more, the de-/confining transition is beautifully modelled
by the Hanany-Witten brane-transition [31], figure 1.
Though we focus on holographic confinement, the meth-
ods are general and can be used to study the symmetry
generators of any QFT from its SymTFT.

Field Theory. Non-Invertible symmetries in QFTs in
spacetime dimensions d > 4 have recently been con-
structed using various approaches. Omne is based on
the presence of global symmetries that enjoy a mixed
't Hooft anomaly [1]. For concreteness we consider a 4d
gauge theory (on a spin manifold) with 0-form symmetry
I'® = Zynr, whose background field is A, and 1-form
symmetry I'D = Z,, with background field By. Con-
sider the anomaly

1 B

where P is the Pontryagin square. This anomaly arises
in 4d N = 1 supersymmetric Yang-Mills theories for in-
stance, where I'®) is the chiral symmetry. There is a
non-anomalous ng C Zé%.

The generalized 0- and 1-form symmetries [32] are gen-
erated by 3d and 2d topological defects D§(Ms) and
DI (Ms,), respectively, which have group composition
Dg (M) @ Dg?(M,) = D392 (M,,). Due to the anomaly,
the generators for I'(®) transform non-trivially in presence
of background fields for T'(1)

(1)
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where My = Ms. Gauging the 1-form symmetry makes
this defect inconsistent. The proposal in [1] is to dress
the defect D§(M3) with a minimal TQFT AM-? which
has 1-form symmetry Z,; and cancels the anomaly [33].

For Zj; this is the minimal (spin) TQFT AM:! =
U(1)p. The dressed defects are

NV = DiY @AM (3)

where the superscript labels the generator of the 0-form
symmetry. This defect has non-invertible fusion [4, 8].
For M odd the TQFTs obey AM:1@ AM1 = AM2@ AM.2,
This results in the non-invertible fusion of the 3d defects
in the PSU(M) theory

NP @ N = AM2 NP (4)

2

Defining the conjugate N?fl” = D3' @ AM:~1 results in

> (=1)@0=) Dy (Ms)

(1) ()t _
Ny Ny = HO(y, Zar)|

) (5)

MseHy(Ms,Zar)

which is the condensation defect of the 1-form symme-
try on M3 with Do(Ms) = 2™, b2/M, where by is the
gauge field for the 1-form symmetry. We will now turn to
supergravity/branes and show how these non-invertible
symmetries are naturally implemented in this framework.

Symmetries from Holography. We illustrate the sys-
tematic approach by realizing it in the holographic con-
finement setup in type IIB supergravity introduced by
Klebanov-Strassler [27]. It describes the near-horizon ge-
ometry of N D3-branes probing the conifold (i.e. the
Calabi-Yau cone over the Sasaki-Einstein 5-manifold
TH ~ 83 x §%) with M D5-branes on S? C TH!. The
near-horizon geometry is W5 x T1!, where the 4d space-
time where the QFT lives is Wy = W5, see (C4). We
assume integral N/M, so that the duality cascade in field
theory ends on 4d A" =1 SU(M) SYM. The 5d effective
action is written in terms of p-form field strengths f1, Fo,
g2, hs, f3 with Bianchi identities

df1 :2M.F2, dggthg;, deZdhgzdfg,:O . (6)
We solve the Bianchi identities (6) in terms of

fi=fP+deo+2MA,, Fo=Fy+dA;, (7)
g2 = g5 +dBi + Mby , hy=h5+dby, fz=f2+dcs,

where A1, ¢, ba, 1, co are globally defined p-form gauge
potentials and fP, FP, g5, h2, fP are closed forms with
integral periods, representing topologically non-trivial
base-points. From (6) it follows that Mhs and 2M F
are cohomologically trivial. Assuming Ws has no tor-
sion, h} = 0 = FP. The base-points fP, gb represent
integral lifts of classes in HY(Ws; Zans), H?(Ws; Zps) de-
scribing discrete gauge fields for a Zgjps O-form symmetry
and Zj; 1-form symmetry.

The relevant terms in the 5d bulk action consist of
standard kinetic terms and non-trivial topological terms.
The latter can be extracted [29] from the consistent trun-
cation of [34] or via anomaly inflow [24], as reported in
appendix A. In order to construct the symmetry gen-
erators, it is convenient to dualize the 0-form potential
¢o into a (globally defined) 3-form gauge potential cs.
Our task, carried out in appendix A, is then to write
the 5d bulk action in terms of A, ba, 51, co, c3 and the
base-point fluxes fP, g5, fP. The final action consists of
standard kinetic terms and

Stop = 27T/ [%N(deCQ — ngbg) + M(A1d03 + C3dA1>

5

+ Nbaff + Ai(gh)?] - (8)

Symmetry Generators. We now analyze the 5d bulk
action in the Hamiltonian formalism, treating the radial



direction of Wy as Euclidean time similarly to the AdSs
cases [26, 28]. Crucially, the action does not depend on
the time derivatives of the time components of the gauge
potentials. As a result, the associated canonical momenta
are identically zero. Varying the action with respect to
the time components of the gauge potentials implements
the (classical) Gauss constraints. We denote the varia-
tion of the action with respect to the time component of
Ay as Ga,, and so on. We find that Gg, = Gs, and

Gy = Gpy — Ndaco — NfY . Gey = Goy + Ndgba  (9)
Ga, = Ga, + 2Mdycs + (g%, Goy = Gey + 2Md4A; .

Here, d4 denotes external derivative along the spatial slice
Wy, tilde the kinetic term contributions, and all fields are
understood as restricted to Wy. The contributions G of
the bulk kinetic terms are suppressed near the boundary
26, 28].

We provide a detailed derivation of symmetry genera-
tors from the Gauss law constraints in appendix A. For

concreteness, let us illustrate the general analysis here

. by2
by considering e>™ Jar, BMdacat(92)") g i i brought to

the boundary. Our task is to define a genuine operator
on a 3-cycle M3 such that, when raised to the 2M-th

power and with M3 = OMj,, it reproduces the opera-

. by2
tor €27y @Mdacs+(92)") go1n the Gauss constraint. We

consider two options. In Option (i), we fix gb at the
boundary as a classical background. This corresponds
to 4d N =1 SU(M) SYM, with a global electric Zy,
1-form symmetry coupled to a non-dynamical discrete

2-form field. The genuine operator on Ms in this case

3

is simply the standard holonomy 2™ ars © accompanied

27 by2
by the c-number phase ™ Jar 927 g operator obeys
group-like fusion rules. In Option (ii) we sum over g5 at

the boundary. In field theory, we gauge the electric 1-
form symmetry of 4d N'=1 SU(M) SYM, thereby get-
ting the PSU (M) theory. Casting the phase ¢35 Jar, (93)°
as a genuine operator on M3 we can rewrite ﬁ(g?)z us-
ing a 3d auxiliary theory (this is a type of inflow from the
bulk operator on My to M3), which we detail in appendix
A. The symmetry generator on Mj is thus

N?fl) (MS) _ /,Da627ri st (C3+%Mada+ag12’) ’ (10)

which has the non-invertible fusion rule (4).

The far IR for PSU(M). The dej global symmetry
of dd N =1 SU(M) SYM is spontaneously broken to
Zéo) in the far IR and the theory has M confining vacua.

The mixed anomaly (1) is matched by a non-trivial 4d
Symmetry Enhanced Topological Phase (SET) [32]

£4d = M¢d05 + %(ﬁdbldbl + A.2(db1 + sz) s (11)

where ¢ is a compact scalar of period 1, c3z, ba, by are
gauge potentials and Ay a Lagrange multiplier. The by, by
fields are non-dynamical. The possible VEVs (e?7®) =

3

e?™P/M (p = 0,1,...,M — 1) label the M vacua, while

¢*™Jes © describes a domain wall between vacua. The
action (11) is invariant under the gauge transformations
Vi = by — MMy, ¢ = c3 + dbyAy — $MAdA\;. Thus

2™ 15 %8 has a ’t Hooft anomaly, consistently with the
fact that the domain walls in the SU (M) theory support
a 3d TQFT AN:—1 [35].

In [29] it is demonstrated how the SET (11) emerges
from the 5d bulk couplings in the IR geometry T*S3 (de-
formed conifold). In contrast to the UV analysis above,
the IR analysis receives contributions from both topolog-
ical and kinetic terms. The Lagrange multiplier A, is an
imprint of the Stiickelberg pairing between by, by in the
5d action. The scalar ¢ is identified as ¢o/M.

Let us now turn to the PSU(M) theory. The far IR is
still described by (11), but now by, by are local dynamical
fields. Using db; = —Mbsy, we see that the vacuum with
(e2719) = £2mP/M oxhibits a discrete 2-form gauge the-
ory [ M %b%. The domain walls are no longer realized

as 2™ g “  which is not gauge invariant, but precisely
by (10). Indeed, this operator raised to the 2M-th power

with M3 = OM, reduces to the manifestly gauge invari-

ant quantity e>™ Jar, (3Mdes+dbydby) (where gb is locally

modeled by dby). On the domain wall, both a and b,
are dynamical and summed over. The total 3d theory
is then an Abelian CS theory with levels encoded in the
matrix (4 }). This is a Dijkgraaf-Witten theory with

gauge group Zi, hence trivial, as anticipated in [33].

D-branes as Symmetry Generators. The topological
defects also arise as boundary limits of probe branes in
the bulk that are parallel to the boundary. Both in AdS
in hyper-polar coordinates and in the Wy geometry of
the KS solution, where the boundary sits at r — oo,
the tension Tp, ~ r? (p > 0), such that the DBI part
of the action is subleading and the Wess-Zumino term
dominates [36]. In addition, we stress that these D5-
branes are not BPS but they can be stable in the sense
of [37] in 7 — co. The topological terms for a D5-brane
wrapping the S contain the bulk forms c3 (from Cg on
S3) and by (from C4 on S3), as well as the U(1) gauge
field a on the brane. We derive the action on the defect by
reducing the D5-brane Wess-Zumino action in appendix
B. The result reads

M
Sps = 271'/ (83 + —ada + adbl) . (12)
Ms 2

Here by is a local gauge field. The cohomology class of
dby is identified with g5 and is part of the data of the
by configuration in (7). It is interesting to understand
what happens as (12) is pushed to the boundary. We
always perform a path integral over a, which is a localized
mode on the D5-brane. We may or may not integrate
over the topologically trivial part of by, which is a bulk
mode, depending on the boundary conditions. If we do
not integrate over it, the holonomy of c3 is dressed with
the non-trivial TQFT U(1)y. If we integrate over it,



it becomes a trival theory just as in the supergravity
derivation. The D-branes therefore precisely give rise to
the minimal TQFT stacking.

Non-invertible Fusion and Myers Effect. To see
the non-invertible fusion, we can either repeat the field
theory analysis, given the explicit form of (12). There is
a much more elegant way to obtain the fusion directly in
string theory. The fusion is computed by stacking two
Db5-branes, which gives rise to a non-abelian gauge the-
ory. However, a non-abelian brane configuration with an
orthogonal S? geometry and a non-trivial B-field under-
goes the Myers effect [30] in reaching the configuration
with minimal energy (see appendix C). The end point
configuration is given by a single D7-brane with two
units of worldvolume gauge flux on S2. We then write

» = f$° + da, with 52 $% = 2. From the expansion
of the Wess-Zumino action of the D7, integrating on S?
and 52, the terms are

SD7/2D5 = 27‘(’/ (283 + Mada + 2adbl) . (13)

M3

Note that this argument is applicable for any integral
value of M. From the brane we thus obtain the following
perspective on the fusion. Each single D5-brane results in
topological defects that are dressed with U(1); = AM:!
CS theories — thus string theory construction automat-
ically results in the minimal TQFT dressing of the de-
fects. The “brane-fusion” predicts the action (13), which
is U(1)aps CS-theory coupled to by. This is obtained also
by fusing two U(1)s theories, [38] and therefore realizes
the field theory fusion rule in (4).

It is also tempting to conjecture that the fusion of ./\/3(1)

with its conjugate ./\/3(1)1r (5) is the fusion between defects
created by brane and anti-brane, with a non-trivial field
configuration. This result in the condensation defect,
which is the lower-dimensional brane that couples to db;.
This is in fact expected from tachyon condensation of the
D-Dbar system [39], which needs to preserve the charge
under dby, and thus is expected to give rise to a non-
trivial condensate. This will be discussed elsewhere, and
shown to correspond to a mesh of D3-branes.

Action on ’t Hooft lines and Hanany-Witten. The
brane perspective makes the interaction between the ’t
Hooft line H and the non-invertible symmetry defect,
/\/}fl), manifest. Field-theoretically, when such a line
crosses the non-invertible topological defect, a topolog-
ical surface operator is created, which connects A and
H, see figure 1. This effect can be derived by observ-

ing that 4d N = 1 PSU(M) SYM is self-dual under

7=1o7~1, where T is stacking with e27iar S ®(B2)/2 B, is

the background field for the magnetic 1-form symmetry,
and o is gauging this 1-form symmetry (cfr. [1] section
B). We may then realize the non-invertible topological

defect N?fl) via a half-space gauging argument, and use

this picture to derive the aforementioned action on ’t
Hooft lines, along the lines of [4, §].

In order to see this effect in supergravity we need to
define a surface operator, which extends in the radial
direction, r, and ends on the boundary, O2(Ms). The 5d
bulk EOMs select a natural candidate for Oz(Ms): the
ba EOM imply

—kfad*fgszg—f—fng—ngZ*gg = MF;s, (14)

where the k’s are constants from the kinetic terms, and
N fs and fi1go—Mkg, xgo are separately closed. The latter
combination encodes the 3-form field strength of the 2-
form potential dual to b;. On shell, 73 = das for some
globally defined 2-form potential. The operator Oy (M>)
is identified with a Wilson surface for ao,

Oy (M3) = emeMQ 52, Gy = ag + Kea (15)

where k = N/M and ay is the dual of b; (in type IIB as
comes from C4 on S2, and the duality is a consequence
of the self-dual F5 flux).

This bulk picture fits with the D-brane picture, in
which O3(Ms) is realized by a D1-D3-brane bound state
on S? C TH! or alternatively D3s with k = N/M
units of flux supported on S? [29]. In brane engineer-
ing, a Hanany-Witten transition [31] can occur when
two branes link non-trivially in spacetime and are passed
through each other, thereby creating a new extended ob-
ject stretching between them. In our setup this can hap-
pen for D3s wrapping S? and extending along the radial
direction 7 and D5s on S3 localized at the boundary:

’Braneon‘ml ‘xz ‘373‘ r ‘Zl ‘ 22 ‘w1‘w2‘w3‘

D3 || X X | X|X (16)
D5 || X | X|X X[ X|X
F1 X X

Here 21,2, wy 2,3 are local coordinates on 52 and S3, re-
spectively. The relevant brane linking in our system is
measured by the following quantity L defined modulo M,

L:/ F5:—/ F3:/ dblz—/ dCo,
Mo x S3 My xS2 Mo My

(17)
where My = R;, X Ry, and M; = R,. On the worldvol-
ume of /\/}fl), the EOM for a implies db; = —Mda. Thus,
dby is exact modulo M. As a result, the linking I must
be conserved modulo M. When the D3 crosses the D5,
this changes to dby = —Mda + d(pt C Ms). The local-
ized source is the effect of a new object (an Fl-string)
that is created, which intersects both My and M3 and
extends along t = xg, x3, figure 1. The system in (16) is
related to the original Hanany-Witten setup NS5-D5-D3
by S- and T-dualities. The D3- and D5-branes link in
the direction x3, this means that an F1 is created when
the the D3 crosses the D5 (16). F1 strings are indeed
electrically charged under e2mi§ b2 which was precisely
the dressing for Os(Ms). This also matches the physics



of the action on the 't Hooft loop in PSU(M) through a
non-invertible domain wall between de-/confining vacua,
that mimicks closely the order/disorder transition in the
Ising model.

Outlook. We provide a bottom up approach — via Gauss
law constraints in supergravity — and top down one —
via branes in string theory — for constructing symmetry
operators in holography. Our methods are crucial for
a systematic extraction of symmetry defects, whenever
SymTFTs are available. It deserves further study. Fu-
ture applications include theories that have similar type
of mixed anomalies in the SymTFT, such as N = 4
SYM theories holographically dual to AdSs x S° with

non-invertible duality defects [2, 13]. A similar realiza-
tion of these topological defects in terms of Mb5-branes
at the boundary of conical in Go-holonomy spaces is also
tempting, and show similar features to (16). Finally we
also briefly comment on the holographic realization of
the (self-) duality and triality of non-invertible topologi-
cal defects [4] for ' =4 SYM in AdS; x S°. Duality and
Triality are all subgroup of SL(2,Z) symmetries, there-
fore is very tempting to conjecture that the topological
defects in this case are engineered by 7-branes wrapping
S5, These are just example of possible applications of
this approach, which we plan to come back in the future,
but very importantly they show the broader scope of
the holographic supergravity and brane approach, which
are meant to address questions about symmetries of the
QFTs living at the boundary.
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Appendix A: Supergravity Analysis and (Non-Invertible) Symmetry Generators

The Klebanov-Strassler setup [27] provides a holographic realization of 4d N'= 1 SYM theory in type IIB string
theory. It consists of two main ingredients. First, a stack of N D3-branes, extending along R*3 and situated at the
tip of the conifold, i.e. the non-compact Calabi-Yau metric cone over T1!, a Sasaki-Einstein 5-manifold with topology
S? x S§3. The near-horizon geometry at this stage is AdSs x T1!, supported by N units of F5 flux. The second
ingredient is a stack of M D5-branes wrapping the S? inside %! and extending on R!3. The backreaction of the M
D5-branes has two important effects: the AdSs metric is deformed (see dsfy,, below (C4)); the F5 flux on S° is no
longer constant, see (C5). This appendix focuses on the low-energy 5d effective action on W obtained from reduction
of the 10d couplings of type IIB supergravity on the horizon T%!, threaded by the fluxes in (C5).

a. Bulk topological couplings from anomaly inflow and consistent truncation. The relevant terms in the 5d bulk
effective action take the form S = Skin + Stop. In our conventions, the action enters the path integral as e'®. The
kinetic terms are standard, i.e. a sum of terms of the form f; A xf; and similar for the other field strengths, with
constant coefficients. The topological terms S, are written as an integral over a 6-manifold Wg such that 0Ws = W,

StOp = 277/ |:Nh3f3 + .7:293 — f1g2h3 — %N2]_—-23 . (Al)
We

These couplings can be derived via anomaly inflow in type IIB supergravity. The starting point is the 11-form [24]
Ty = 3 Fs5dFs — FsH3F . (A2)

This object captures both the Chern-Simons coupling in the 10d type IIB supergravity action, and the effect of the
selfduality of F5. The quantity F5 is a non-closed 5-form, related to F5 as F5 = (1 + *;19)F5. The task at hand is to
expand Fy, Hs, F5 onto cohomologically non-trivial forms of the horizon TU!. The latter is topologically S2 x S3.
Its Einstein metric reads ds?(T%!) = 2Dy¢? + 1ds?(S?) + +ds*(S3), where ds?(S?) = df? + sin® 0;d¢; (i = 1,2) are
round metric on unit-radius S?’s, the angle ¢ has period 27, and D = di + % cos b1dgp1 + % cos adgpo. We turn on a

Kaluza-Klein 1-form gauge field A; associated to the isometry 0y, by means of the replacement % — % + A;. Let
us define V; = ﬁ sin 0;d0;d¢; (i = 1,2). The expansion of Hj, F3, F5 reads

Hz = hg , F3 = Mws + fiws + f3, F5s = NVs + gows . (A3)

The quantities hs, f1, f3, g2 are the field strengths of external gauge potentials. The integers M, N capture the D5-
and D3-brane charges in the Klebanov-Strassler setup. We have introduced ws = (V4 — %)%, Wy = —%(Vl - Va),
Vs = wows + %}'g(Vl + ‘/2)%, where F» = dA;. The 3-form ws is dual to the non-trivial 3-cycle in 7!, which can
be represented by the Sy, fibration over S7 at a generic point on S3. The 2-form w; is dual to the non-trivial 2-cycle
in 71! and is normalized by requiring le,l wows = 1, which encodes the fact that the 2-cycle and 3-cycle in 7!
have intersection number 1. We have dws = 0, dws = —2ws Fa, dV5 = %(Vl + Vo) F3. In particular, the definition of
Vs is engineered in such a way that dVs contains no terms linear in 5. This is necessary to ensure the compatibility
of (A3) with the type IIB Bianchi identities dF5 = H3F3, dHs = 0, dF; = 0 (we have F; = 0). The 10d Bianchi
identities also imply the Bianchi identities (6) for the external field strengths. The 6-form integrand in (A1) can now
be readily reproduced by plugging (A3) into (A2) and fiber-integrating along 71

The topological couplings (A1) can also be inferred from the consistent truncation of [34]. With reference to the
full set of topological couplings in the 5d action of [34] (and using their notation) we freeze Cy to a constant, we
gauge fix the scalars b”, ¢’ to zero, we set to zero the massive 1-form fields b1, ¢; and the massive scalar b®, we
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set p =0, g = M, k = N. The couplings (Al) are reproduced with the identifications (A1, g2, f1,h3, f3)here =
(=3 A, f$,Dc?, dby, dcs)there- The term F3 in (A1) originates from dA(daf)? in [34], due to the fact that A+ af is a
massive vector. Since we are interested in massless modes, we can set effectively aj = —A.

b. Dualization of ¢g. After solving the Bianchi identities (6) in terms of base-point fluxes and globally defined
gauge potentials, we can write the topological action (A1) as an integral of a globally defined 5-form on Wi,

Stop = 21 /W [Nba(dea + f3) + A1 (68)° + bagh £ + 55 1 (G + 20208 — IN*(dA1)?) + 55 1755 (A4)

5

where we have introduced the shorthand notation fl =dcy+2M Ay, go = dfSy + Mbs, and suppressed wedge products
for brevity. We add a Lagrange multiplier to the action, implementing the Bianchi identity for fi,

Smult = 277/ (2MdA; —df)es (A5)
Wi

where ¢3 is a globally defined 3-form potential. After integrating by parts the term dflc?), the total action Sy, +
Stop + Smuit depends algebraically on fi, which can be integrated out using its classical equation of motion fi oc *f4
(recall that f1 = fP + f1), with f; given as

fa=des — 737 (35 + 2G295 — AN?(dA1)?) . (A6)

The new action after eliminating ]?1 has standard kinetic terms and a new set of topological couplings as in (8).
More precisely, to reproduce (8) we also have to add some total derivatives to the 5d action, constructed with the
globally-defined gauge potentials and the closed base-point fluxes.

c¢. Canonical momenta and Gauss constraints. We consider a 5d spacetime of the form Wy = My x R; with
product metric ds?(Ws) = ds?(My) — dt?>. We write the 5d exterior derivative as d = d4 + dtd;. We decompose the
gauge potentials in components without and with a leg along the time direction ¢, (where we denote the spatial slice
part with a bar)

Ay :Zl—thAg, 51 :Bl—th,Bg, b2252+dtb(1)7 Co 262+dt6(1), 63263+dtc8. (A?)

The Lagrangian £ is defined by S = 27 [ dtL, and it is the integral over My of a 4-form Lagrangian density. The
canonical momenta associated to the spatial components Ay, 3;, b, €2, €3 are defined as variational derivatives of £
with respect to 9; A1, 0y, and so on. Similarly, the Gauss constraints are defined as the variational derivatives of £
with respect to the time components A9, 89, and so on,

oL = [HAl 604 Ay + 1, 60, By + My, 60:ba + 11, 00,2 + 11.500,3 + Ga, 6AY + G, 080 + Gp, 66 + Ge,y o) + Geydcy |
My

where we have denoted the momenta with II and the Gauss constraints with G. We compute
Hb2 == ﬁbg - %NEQ 3 HC2 = ﬁCQ + %NBQ 9 HA1 = ﬁAl - Még I HCg == ﬁc;; - le ) Hﬁl = ﬁﬁl ’ (AS)

where we used a tilde to denote the contributions originating from the kinetic terms. The Gauss constraints are
reported in (9). The quantities II, G satisfy

G, = —dally, | g~51 = —d4ﬁ51 , Gy, = dyIly, + Mﬁﬁl , Ge, = dall, | QNC3 = —d4ﬁ¢:3 . (A9)

This can be seen by noting that the part of the 4-form Lagrangian density that originates from the 5d kinetic terms
depends on the various gauge potentials only via the following combinations: dsA;, dybs, d431 + Mby, dyts, dscs
O Ay — dy AY, O;by — dabl, 013, — daBy + MVY, 8¢9 — dacl), 0;¢3 — dscl. The relations (A9) then follow from the chain
rule for functional derivatives. Combining (9), (A8), and (A9) we arrive at the expression for the Gauss constraints
in terms of the canonical momenta,

Gp, = dally, + MTlg, — 3Ndyy — N[y, Ga, = —dalla, + Mdsts + (g5)* ,

= d,I1, . A10
Ge, = dull,, + LNdybs G, = —dall,, + Md4A, Gp, = dallg, (A10)



d.  Symmetry Generators from Gauss law constraints. We briefly review why the Gauss law constraint can be used
to construct symmetry operators. For this we consider a p-form gauge field A, with transformation A, — Ay +dAp_1
on a d + 1-dimensional spacetime with constant time slices Wy. Let G4 be the Gauss constraint, which is a closed
(d — p+ 1)-form. In Hamiltonian quantization, it generates a small gauge transformation as the operator

exp (271'1' Ap—1 A QA) . (A11)

Wa

Now we consider a singular gauge transformation that has support on a boundary surface My_, = OMg_p4+1 as
dhp—1 =0 (Mg_p) . (A12)

This allows us to associate a symmetry generator for gauge transformation on the pair (My_p, Mg_p11) as

exp (271'2'/ QA> . (A13)
Ma—py1

If G4 = dO 4, with O4 a globally defined operator, we can integrate by parts to obtain a genuine dynamical operator

2 o
defined on d — p-cycles as e oy 4. Now as we take the Wy near the boundary of W3, the kinetic terms are

suppressed and the operator is topological on Mgy_, [26, 28].
If G, cannot be expressed as a derivative of a gauge invariant and globally defined operator, consider My_, =
OMi_p11 and define

Sa(Mg—p) = ¢ s 9 (Al4)

In this operator the contribution from the kinetic terms are derivatives of local operators. The main task is now to
define a genuine operator on My_y,.
Let us concretely carry this out in the case of A = A; with Gauss law constraints

Ga, = Ga, +2Mdycs + (g5)% . (A15)

Here G A, = do A, is exact and €3 is globally defined. We wish to define a genuine operator on M3 = 0M, such that,
when raised to the 2M-th power it reproduces the operator constructed from the Gauss law constraint Sa, (My). At
this stage, we will also consider the operator near the boundary of Wy and therefore can drop the contribution from
the kinetic term. However we must now consider the different choices of boundary conditions. The first case we fix
by and thus g5 at the boundary as classical backgrounds. This corresponds to 4d N =1 SU(M) SYM, with a global
electric Zj; 1-form symmetry coupled to a non-dynamical discrete 2-form field. The genuine operator on Mj in this

. — . —b\2
case is simply the standard holonomy 2y @ accompanied by the c-number phase 2zt I, (927 i operator
obeys group-like fusion rules.

The more interesting scenario is when we sum over g5 at the boundary. In field theory, we gauge the electric 1-form

symmetry of 4d N =1 SU(M) SYM, thereby getting the PSU(M) theory. Here we cannot treat 2mimir Ju, (837 4
a c-number. However we observe that

. —b\2 . 2 —b —b
627r'L Jar, @3)° _ /'DCLDCG_QTL fM4(M da/\da+2Mda/\g2+dc/\g2) ’ (Alﬁ)

where Eg is flat on the left hand side. Therefore integrating over a and ¢ reproduces the right hand side. Now we are
free to write

: —b2 : 2 —b —b : M —b
6271-1 fM4 (92)° _ -/DGJDCG_Q‘M fM4 (M da/\da+2Mda/\g2+dc/\g2) _ /Da 6—271-1 2M IMS( Y a/\da+a/\gz) . (A]_7)

In the middle term, the integral localizes to configurations that satisfy d(Mda+ g%) = 0 and dgb = 0 thereby realizing
the first equality. In the last expression we have integrated over ¢ and integrated by part to Ms. Now we have
rewritten the right hand side in a way that we can take the 2M-th root. The genuine operator on M3 can then be
determined using this prescription. For the anomaly in the solution at hand we find (10), which precisely has the
non-invertible fusion rule (4).



Appendix B: D5-brane action and reduction

The topological couplings in the D5-brane action are encoded in the 6-form

6-form

1 1
15O = Jeda=B2(Cg 4+ Oy 4 Co + co)} = Cs + Calda — By) + 5 C(da — By)? + Colda— B))®. (Bl
We neglect contributions from the tangent and normal bundles. The associated 7-form anomaly polynomial is
1 1
1%35 = d](]SDS(O) =F; + F5(da — Bg) + §F3(da — B2)2 + éFl(da — BQ)B R (B2)

where Iy = dCg — H3Cy, F5 = dCy — H3Cs, F5 = dCy — H3Cy, Fy = dCy. In these conventions, the Bianchi identities
read dF, = H3F,_» (p = 3,5,7) and dF; = 0. To reduce IP® on S3, we use

F7:f4V0153+..., F5ZQQV0153+..., FgZMV0153+..., F1:0+, B2:b2+ (B3)

where the ellipses stand for contributions that are not relevant for the S reduction. The 10d Bianchi identities require
in particular dfy, = hzgs, dgs = M hs, where hs = dbs. We obtain

1
%= / IP% = f4 + go(da — by) + 5 M(da— b)? (B4)
S3
with |, g3 Volgs = 1. Let us collect powers of the D5-brane gauge field a,
D5 Ly 1
I° = fa — gobo + §Mb2 + da(gs — Mbs) + §Mdada . (B5)

The Bianchi identity for g is solved by setting go = dby + Mbs, hence go — Mby = db;. (Here we do not separate the
base-point for go explicitly; it is understood that by can be topologically non-trivial.) The Bianchi identities for f4
and go imply that d(fy — gabs + %M b3) = 0. We may therefore introduce a bulk 3-form gauge potential c3 satisfying

1
f1—g2ba + §Mb§ =decs . (BG)
The 4-form anomaly polynomial I, then reads

1 M
5 = des + dadby + §Mdada , hence 131?5(0) =c3+ Eada + adb; . (B7)

0
2mi fM3 15"

The bulk extended operator of interest is the holonomy of I3 ) with charge 1, e

The topological terms for a D7- brane wrapping 7! = S‘5 x S? are derlved analogously from the 9-form anomaly
polynomial I9" = Fy + F;(da — Bs) + F5(da — By)? + 3!F‘g(da — By)? + 'Fl (da — Bs)®. We take into account the
worldvolume gauge flux on S with the replacement da — f§~ + da, Js2 f252 = 2. We may use [g,( 15 4 da— By)P =
2p(da — Bo)P~1. In total,

7= / 97 =217° . (B8)
Tl,l

We have not included an F5 o volpi,1 contribution because this flux is not quantised in the UV KS solution, see (C5).

Appendix C: Review of Myers Effect and Application to D5-branes on S*

In this appendix we briefly review the main aspects of the Myers effect [30], applying it to k D5-branes wrapping S®
in the Klebanov-Strassler geometry. Before proceeding with the details of the explicit construction that we consider,
let us set the basis by providing the general expression for the non-Abelian DBI and WZ action of the brane. First of
all the coordinate orthogonal to the Dp-brane stack are promoted to matrices in the adjoint of U(k), X*. The action
is then

S]g%“*Abelia“ = —[ip /dex STr (e“ﬂ/ﬁtg”@— P {ei”‘”‘ (e_B /\C)D , (C1)
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where ¢" is the pullback of the metric onto the branes, STr is the symmetrized trace and P the pullback on the
worldvolume. The matrix © is

. ) 1 )
O = 0%+ o [X' XM (925 = Bug) (C2)

where g is metric perpendicular to the branes. In the WZ action we have the contraction ¢x, which is given by the
action of the operator X*d,: on the potentials. For instance, on a two-form C'(?) = %C’ijdxl Ada:

ixtxC® = XXy = %Cij (X7, x7] . (C3)

To perform explicit computation with the action (C1) we need to Taylor expand up to two-derivatives terms and at
most quartic scalar interactions, which can be thought as first order correction given by the non-Abelian action with
respect to the Abelian one.

Let us go back to the setup we are studying. The metric of the KS solution for large values of the radial coordinate
is given by the Klebanov-Tseytlin metric [41],

ds?, = ds%v5 + Rz(r)ds%l,l , R(r)~In (r/rs)1/4 , (C4)
where dsjy, = %22(152) R‘Z(:Z)drz’ and 7y, = rge 50:07 "% The non-trivial fluxes in the background are
3gs M
=M, By = L(r), Fs=K(r)=N+ML, L:= In(r/ro) . (C5)
S3 S2 71,1 271'

The stack of & D5-branes wraps S engineering the topological defects, and we would like to study its dynamics
close to the boundary at r — rg, with rg >> 0, in order for the supergravity regime to be reliable. The orthogonal
directions are spanned by {z3,7, 6,7}, where the last two are the coordinates of $? C T!. Let us put aside 3, which
will not affect the analysis of this section. Since we are in a regime where for r — oo the radial dynamics of the entire
k D5-branes system is frozen and we focus on the dynamics of the relative positions of the & D5-branes, we also fix
the warping factor R(r = 7). The geometry spanned by the coordinates {r,6,~} orthogonal to the D5 brane stack
in the limit r — rq is R® where the metric is dsé? = %(dr2 + 72dQs). The B components in R? which depend

. 0,7}
on X" are then given by
1
Bij = —eijnX". (C6)
7o

The fluxes (C5) allow for no WZ action for the D5 stack wrapping S® since the only background which pulls back to
the brane is Bs. Hence we need to expand the DBI action, which up to quadratic order reads,

| U o i e Lo
Sg%n—Abehan _ —,LL5TI“/CZ6CC g <1 + =g gii.auX’&,Xj - EBij[Xj’Xz] +

s X X g X4, Xt ) - ()

1672
The static solutions are described by
(X7 X7, X9] — 2[X*, XT]ey; = 0, (C8)

where we rescaled X? — 70 X?. Commuting matrices are always solutions, however the minimal energy solution is one
where the fiels are non-commutative ones such that X? ~ of, where o are the realization as k x k matrices of sus
in the k-dimensional representation. The dynamical consequence for the D5 branes is that they puff up and polarize
into a D7 with &k unit of fQSZ flux, or alternatively a bound state of D5/D7, in analogy with the D0/D2 bound state
system studied in the original paper [30].
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