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Abstract

In this paper, by approximating the non-local spatial dispersal equation by an associ-
ated reaction—diffusion system, an activator—inhibitor model with non-local dispersal
is transformed into a reaction—diffusion system coupled with one ordinary differen-
tial equation. We prove that, to some extent, the non-locality-induced instability of
the non-local system can be regarded as diffusion-driven instability of the reaction—
diffusion system for sufficiently small perturbation. We study the structure of the
spectrum of the corresponding linearized operator, and we use linear stability analysis
and steady-state bifurcations to show the existence of non-constant steady states which
generates non-homogeneous spatial patterns. As an example of our results, we study
the bifurcation and pattern formation of a modified Klausmeier—Gray—Scott model of
water—plant interaction.
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1 Introduction

Reaction—diffusion models have been proposed to describe the reaction, growth and
spatial movement of organic or inorganic substance in the space over time (Meinhardt
1992; Turing 1952). A particular important feature of the reaction—diffusion models
is that spatial-temporal patterns can be generated in certain parameter regimes, which
has been extensively used in many fields of physical and biological sciences. The
theoretical predication from the model and laboratory or field observation of spatial
patterns often match well (Kondo and Miura 2010; Rietkerk et al. 2004).

The foremost important mechanism of spatial pattern generation is Turing’s
diffusion-induced instability: slow activator diffusion and fast inhibitor diffusion can
destabilize a spatially homogeneous steady state, and spatially non-homogeneous
steady states may emerge as the result of symmetry-breaking bifurcation (Sheth et al.
2012; Sick et al. 2006; Turing 1952; Yi et al. 2009). Other movement mechanisms
of spatiotemporal pattern formation have been also proposed: (i) directed advective
movement such as chemotaxis (Bellomo et al. 2015; Horstmann 2003; Keller and
Segel 1971); (ii) density-dependent diffusion such as cross diffusion (Lou and Ni
1996; Mimura and Kawasaki 1980; Mimura et al. 1984; Ni 1998); and (iii) memory-
based delayed movement (Shi et al. 2019, 2021, 2020, 2021). Non-local effect on the
reaction or growth of the biological population has also been recognized as a possible
mechanism of rich spatiotemporal pattern formation (Chen and Shi 2012; Chen and
Yu 2018; Ei and Ishii 2021; Fu et al. 2020; Fuentes et al. 2003; Furter and Grinfeld
1989; Gourley et al. 2001; Shi et al. 2022; Tian et al. 2019; Zaytseva et al. 2020).

In this paper, we consider the instability caused by a non-local dispersal and asso-
ciated spatial pattern formation. The model is presented by the following modified
Klausmeier—Gray—Scott model with periodic boundary condition in [/, []:

u[:duuxx—FA—u—vzu, xe((-LD, t>0,
v = dy(J x v —v) + v’u — B, xe (=11, t>0, (1.1)
u(—l,t)=u(l,t),ux(—l,t)=ux(l,t), t >O

Here, u(x,t) is water density, v(x, ) is plant density, ¢ is time, and x is a one-
dimensional space variable; A can be interpreted as rainfall, which controls water
input; B measures plant losses; the movement of water is modeled by diffusion with

a diffusion coefficient d,; and the dispersal of plant is modeled by a the convolution
I

integral J % v defined by (J * v)(x) = / J(x — y)v(y)dy, which can be used to

describe the free movement of individuals lin a long range area. The function J(x)
satisfies J (x) € C/(R), J(x) > 0in (=1,1), J(x) = 0in R\ (=1, 1), J (—x) = J (x),
and fi ; J (x)dx = 1. Biologically, the kernel function J (x — y) means the probability
per unit length of seeds originating at the point y being dispersed to point x (Eigentler
and Sherratt 2018; Pueyo et al. 2008). In this paper, we consider the kernel function
J (x) with the following form

@ Springer



Bifurcation and Pattern Formation... Page3of26 140

05F " " " " " " ]
045 i
04t .
0.35 | .

03 ]

J(x)
o
]

0.2 b

0.15 - ]

0.1 b

0.05 b

Fig.1 The kernel (1.2) with dy, = 1,1 = 20 (Color figure online)
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(1.2)
otherwise,

where [, d,, are positive constants, and d,, is the dispersal rate of the plant. A typical
example of the kernel (1.2) is shown in Fig. 1.
Recall that for a general activator—inhibitor reaction—diffusion model

ur = dyuyx + f(u,v), xe (=11, t>0,
vr = dyvxx + g(u, v), x e (=D, t >0,
u(=l,t) =ul,t),ux(—=1,t) =uy(,1), t >0,
v(—=L,t) =v(l, 1), v (=1, 1) = vi(l, 1), t >0,

(1.3)

where f(u, v), g(u, v) are nonlinear functions modeling reactions between species u
and v, if the model (1.3) admits a constant positive steady state (u*, v*) and is stable
for the corresponding kinetic system, then the Jacobian matrix

-(55)
8u 8y
satisfies

CD) fi+8 <0, frigy— figu >0

Throughout this paper, we use f,*, f.¥, g/ and g represent the first order partial
derivatives of f and g with respect to the first variable u and the second one v at
(u*, v*), respectively. Furthermore, we assume « is an inhibitor and v is an activator,
that is, the Jacobian matrix has the sign pattern
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(©) (;;), or (:i)

Then, under the assumptions (C) and (C3), diffusion-induced Turing instability could
occur in system (1.3).

A general non-local dispersal activator—inhibitor model with J(x) defined as in
(1.1)is

uy = dytixy + f(u,v), x € (=10, t>0,
vy =dy(J xv—v)+ g(u,v), xe (LD, t>0, (1.4)
u(=l,t)y =ull,t),u,(—=1,t) =uy(l,1t), t>0.

Through this paper, we always assume the assumptions (C1) and (C») are satisfied
and attempt to study the non-local interaction-induced instability of system (1.4) with
periodic boundary condition in [—, [].

Pattern formation for non-local dispersal for a constant kernel was studied in Chen
et al. (2021), and the dynamics of spatial population models with non-local dispersal
was also studied in Bai and Li (2018); Hutson et al. (2003); Li et al. (2014); Kot
et al. (1996); Wang and Zhang (2021); Yang et al. (2019). The relationship between
the instability induced by non-local interaction and diffusion-driven instability and
the realization of non-local interactions by reaction—diffusion systems were also con-
sidered in Ninomiya et al. (2017). The water—plant interaction model with non-local
dispersal was considered in Alfaro et al. (2018); Eigentler and Sherratt (2018), and
the corresponding reaction—diffusion model was studied in Wang et al. (2021).

The paper is organized as follows. In Sect. 2, we give the spectral analysis of two
linear operators and establish the equivalence of two related stability notions. In Sect.
3, we give the linear stability analysis of the constant steady state of the corresponding
reaction—diffusion system, and we prove the existence of non-constant steady states
through bifurcation analysis. In Sect. 4, we analyze the existence, local stability of
constant steady states, bifurcation and pattern formation of the non-local modified
Klausmeier—Gray—Scott model. We end with some more discussions in Sect. 5.

Throughout this paper, we use the following notations.

No = N U {0}.

Ct={a+bi:a,beR,a>0}.

R(L) : The range of the linear operator L.

N (L) : The kernel of the linear operator L.

o (L) : The spectrum of the linear operator L.

0, (L) : The point spectrum of the linear operator L.

0c(L) : The continuous spectrum of the linear operator L.

CO([—l, 1) : The Banach space of all continuous on the interval [—I, [].

CIZD([—I, 1) : The Banach space of all twice continuously differential functions on the

interval [—1, 1] satisfying periodic boundary conditions.
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2 Equivalence of Stability

The solution of the linear elliptic equation

dyw” (x) —w(x) +v(x) =0, x e (=11, @1

w(=0) =wd), w'(=)=w), '
is given by w(x) = (J % v)(x) where J is defined in (1.2). Then, the system (1.4)
is equivalent to the following parabolic—elliptic-ordinary partial differential equation
system:

u; = dyuyx + f(u,v), xe(=1,D, t>0,
0=dywyx —w+v, xe (=D, t>0,

v = dy(w —v) + g(u, v), xe (=D, t>0, (2.2)
u(—=1,t)=ul,t), ux(=1,t) =ux(,1), t >0,

w(=L,1) =w(,t), wy (=1L, 1) = wy(,1), t > 0.

We embed the system (2.2) into a parabolic-ordinary differential system

uy =dyuyy + f(u,v), xe (LD, t>0,

ew; =dyWyy — W+ v, xe (=D, t>0,

vy =dy(w —v) + g(u, v), xe (=D, t>0, 2.3)
u(—lt) =ul,t),ux(=1,t) =uy(,1), t >0,

w(=l 1) =wd, ), wy (=L, 1) =wx(l,1), >0,

with 0 < ¢ « 1. A steady-state solution (u(x), v(x)) of (1.4) is equivalent to
(u(x), w(x), v(x)) for (2.2) or (2.3). In this section, we compare the stability of a
steady state with respect to (1.4) with non-local dispersal and the stability of the same
steady state with respect to (2.2) or (2.3) which has diffusive dispersal, and the relation
between the two stabilities reveals the relation between the non-local dispersal-induced
instability of (1.4) and the diffusion-driven instability of (2.3).

The eigenvalue problem

—¢" =pp, xe(=LD, o=D=el), ¢ =9¢O
has eigenvalues pu; = (kn/l)z, (k=0,1,2,---) with corresponding eigenfunctions
for k > 1 gr(x) = cixcos(wkx/l) + coi sin(wkx/l), where cqx, cor are constants

which are not equal to zero simultaneously, and ¢o(x) = 1.
For system (1.4), define a mapping G| by

uy _ dyttyy + f(u,v)
G1<v>_<dv(~]*v—v)+g(u’v)>’ (24)
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where (u,v) € C3([-1,1]) x CO([—1,1]) = X;. Then, G| : X; — Y, where
Y| = CO([—l, 1 x -1, []), is Fréchet differentiable, and at a constant steady
state (u*, v*), the linearized operator of G is defined as

L (i) Ea<u,u>cl<u*,v*>("’) =< "+ Jud + [V >.(2.5>

v d(=Y +J *Y) + 8,0+ &V
. —a():l:,/a%—4a1
Lemma 2.1 Define Ay j = 5 where
ap =dypx +dy— fF—gh — _ b
0 u Mk v u — 8v dotie + 1
du(f = duttr) 20
— * * d) — EIE S v\Ju u
al (fu ul'l“k)(gv U) v gu + dwl»Lk + 1
Then, 6(L1) = 0,(L1) = {A+x : k € N}
Proof For A € C, the associated eigenvalue problem of L is
8(M,U)G1(M*, v¥) <fZ> = A (z) R
which is equivalent to
19 = dud” + fi 0+ £V o
Mp=dy(=Y + T 5 9) + g + gy

With the kth term of the Fourier series expansion of ¢ and ¥

Op = ckexp(]%ix), Cp = 211/_11 ¢(x)exp( — ?x)dx,
Y = ekexp(?x), e = 2%/_1[ W(x)exp( — @x)dx,

we obtain

A = —duprdr + fi ox + [V,
Mk = do (=Y + T = Yi) + gk + &3 V-

By the method of Ninomiya et al. (2017), changing the variable, we can have

Ak = —duiidr + ]ju*(Pk + £ vk,
M = dy (=Y + (D) + gidr + guvi,
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with
= [ (=T )ay = ] @8)
k= exp( — — =—\ .
— Y P l y)er dwl/«k +1
Then, the eigenvalues ii, « satisfy the following equation
A2 +aph+a =0, (2.9)
where ag, a; are defined as in (2.6). This completes the proof. O
For the system (2.3), define a mapping G, by
u dyuxy + f(u,v)
Gi|w|=| Lw,—tw+iv |, (2.10)
v dy(w —v) + g(u, v)

where (u, w, v) € C3([—1,1]) x C3([—1,1]) x CO([—1,1]) = X. Then, G, : X, —
Y,, where Y, = CO([—1, 1) x CO([—1, 1]) x CO([—1, I]), is Fréchet differentiable, and
at a constant steady state (u™, v*, v*), the linearized operator is defined by

¢ ¢ dud” + fid + 70
Lo | ¥ | = 8w Gaw*, " 0% | ¥ | = ¥ _$42
v v g +dvir + (g) — dy)V

The spectral set of L, is described in the following proposition.
Proposition 2.2 Suppose that the parameters d,,d, dy, e are all positive and
(u*, v*, v*) is a constant steady state of system (2.3). Then, the spectral set

0(La) = {A1k(e), M k(e), A3 k(e) 1 k € No} U {g} — d,},

where M1 k(€), A2,k (€), A3 k() are the roots of
d +1
ile. )= + (duptg = £ +dy — g5 + “EET)32

dyir +1
+ ((upr = = - ) = £60

d D(dy — g% —d
+( wlk + )(81) gv) v))L

@2.11)

(dywpg + D(dy — g:’;) —dy
&

+ (urg = £

 frsa g + D)
&

Moreover (A 1 (g), Aok (&), A3k (e) : k € No} C 0p(L2¢); and gy — dy € 0c(L2e) if
one of the following conditions is satisfied
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dy(fy +dvy—gy) — g, [y (1 + (g5 — dv)e)
1. dyg* f*+d,d 0and u v 4oy Y > or
w&ufy udy # dug? [F + dudsy ¢ {mitiZo

2. dwg;fu* +d,dy, = Oanddv(fu* +dy — g:) _g:f;(l + (g;k —dy)e) #0;

and if neither condition 1 nor 2 is satisfied, g% — d, € op(L2¢).

Proof For . € C and (o, 7, y) € Y2, we consider the following non-homogeneous
problem:

dud" + frp+ f50 = rp + 0, (2.12a)
@w”_lw_,_lﬁ:)ﬁp_Ff, (2.12b)
& & &

¢ +dy¥ + (gy — dy)V = A0 +y, (2.12¢)

d(=D) =¢1), ¢' (=) =¢'(), (2.12d)
V(=0 =y, ¥'(=D) =y'0). (2.12)

If A # g — d,, from (2.12c) we have

9 — V_g;:(p_de

. (2.13)
(g5 —dv) — 2
Then, problem (2.12) becomes
" * ;g;: f:dv f;}/
dud + (fF =2 — - =0 - .
o+ (s G ) G-d 2T TG A ()
gu y

v

dw //_ 1+A4+ —_— J—
= ey

el(gs — dy) — A]> el(gr —dy) — A

The non-homogeneous problem (2.14) has a unique solution if and only if

el £ ‘/e% — 4degper

2eq

¢ ()i, (2.15)

where

eo = dyd, (A +dy — &),
e1 = — (dw + duy&))* + (dw ff +dg} + dugie — dydy — dy — dydye)X
tdydy £+ dugt — dy 8"+ du 8" (2.16)
ex =)’ + (dve — fle —ghe + DA2 + (fighe —dufife — fighe — fF — gA
+ fug — 18-

Furthermore, if (2.15) holds, then the unique solution (¢, 1) of (2.14) satisfies
[1lloo + 1Y 1loe < Colllolloo + [ITlloo + 1Y 1l00),
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for some constant Co > 0. Thus, ¢ can be obtained by (2.13) and satisfies

17 loo = Crllolloo + lITlloo + ¥ lloo)

for some constant C; > 0. Thus, (L2 — A1)~ exists and is bounded if A #gh—d,
and (2.15) is satisfied. So such A ¢ 0 (L2.¢).
e1£,/ 8%746082

On the other hand, if there exists some k € N such that — e = M ie, A
satisfies (2.11) which is the characteristic equation of £; ., then Eq. (2.11) has three
roots denoted by Aj x(e), A2k (€), A3 k(€).

Now we prove A = g — d, is in the spectrum of £, .. If A = g’ — d,, problem
(2.12) becomes

dyd” + fio+ £ = (g —dy)¢ + o, (2.17a)
d?ww”— éw+%ﬂ = (g —dy)y +7, (2.17b)
sud +dyy = y. (2.17¢)

First we prove that, under suitable conditions, A = g’ — d,, is in the continuous
spectrum of £ ¢, which means that £, . — (g5 — d,)! is injective and the range
R(L,c — (g5 — dy)I) is dense in Y>. Indeed we prove that

R(Loe — (g —dy)I) = CO—1,11) x CO[—1,1]) x C3([—1,1]).

From (2.17a) and (2.17b), we have o, € C°([—I,1]). From (2.17¢c) and ¢, ¥ €
2([=1,1]), it is necessary y € C3 p([—1,1]). Then, R(Ly, — (g5 — dy)I) <
5 —1,11) x CO([—1,1]) x C3([—L, l]) Conversely, if (o, 7,y) € CO([—1,1]) x
CO([ [,1]) x C2 ([-1,1]), we can eliminate ¥ from (2.17a) and (2.17b) and obtain

4t — du 1V + 16+ F10 = (g —d)g — f1(g} — d)ey + 0 — e
(2.18)

From (2.12d) and (2.17¢),

—d,
$(—1) = (). ¢'(~1) = '), ¢ = Vg—“’ (2.19)

u

for g # 0 . Substituting (2.19) into (2.18), we get the following non-homogeneous
problem about ¥

dudyN ,  (do(fF+dy — gF)
(du i+ =55 )0+ ( o R 0 (gl = de) )y
P S (2.20)
_ duV +(fu +dl) _gy)y
= " + 168 —o0O.
&
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If dy g ff + dud, # 0, problem (2.20) has a unique solution  if and only if

dy(fif +dy — g3) — g fr (1 + (g5 — dy)e)
dwg £+ dudy

¢ (i hezo- (2.21)

I dyg, [y +dudy = 0and dy(f7 +dy — g3) — &, fy (1 + (8 — dv)e) # 0, problem
(2.20) has a unique solution v given by

v duy” + (fi +dv — g))y + 8u(te —0) (222)

dy(f +dv—g}) — gu fy (1 + (g5 — dv)e)
If ¢ is solved uniquely, then ¢ and ¢ can be determined by (2.19) and (2.17b),
respectively. Then, CO([—1,1]) x CO([—1,11) x C3([—1,1]) € R(Lae — (g} —dy)]).
Thus, R(L2, — (gF — dy)I) = CO([—1,1]) x CO([—1,1]) x C%([—I,1]). Therefore,
R(La,e—(g¥—dy)1)isdensein CO([—1,1]) x CO([—1, 11) x CO([—1,1]) as C3 ([, I])
is dense in C°([—1, I]). Furthermore, R(Lyc — (g% — dy)I) is injective. Therefore,
A = g¥ — d, is the continuous spectrum if the condition 1 or 2 is satisfied.

Now, we consider dy, g\ f,\ + dud, # 0 and

dy(fy +dv—gy) — gu fy (1 + (g; —dy)e)
dwg;:fv* + dyd,

e )iy, (2.23)

Letting 0 = v = y = 0in (2.17). Then, from (2.20), we have

*

(i + 224 (L ED s g - o))y =0, 220

u

If the condition (2.23) is satisfied, then ¢y (x) solves (2.24). Then, N (L2, — (g5 —
d)1) = span{(~dygr/g}. r. (dwpk + 1 + (g5 — dy)e)gr). This implies that A =
gy —dy € 0p(Lre). I dygy ff +dudy, =0and dy (f +dy —g3) — gi ff (1 + (g5 —
dy)e) =0, then N(»CZ,S - (g: —dy)I) D {(_de/g::’ @, (dypr+1+ (g:‘; —dy)e)e :

QE C%([—l, [1)}. This completes the proof. O
Set W (e,0) = ;\l’k (e, o). Then, the characteristic Eq. (2.11) of £ ¢ can
dypg + 1

be rewritten as the following equation:
Wi (e, 1) = boed® + (1 + bodoe) A + (ao + bod &)k +a1 =0, (2.25)

with ag, a; defined in (2.6) and

1
—— do=duu — ff +dy— g,

ar = (f, — duri) (g5 — dv) — f3 8u-

bo =
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The three roots of (2.25), which are the same as the roots of (2.11), are A x(¢) (j =
1,2, 3). When ¢ — 0, uniformly for bounded A, we have

Ui (e, 1) > A2 + aoh + ay, (2.27)

which is (2.9). Then, for sufficiently small ¢ > 0, (2.25) can be considered as a

perturbed equation of (2.9). So without loss of generality, we assume that there are

two eigenvalues, saying A x(¢) and A2 x(e), satisfying 1im+)\,1’k(8) = At and
e—0

lim Az (e) = Ak

e—0
Differentiating (2.25) with respect to &, we have

3 Wi (e, A) = bo(A> + aor> + ain). (2.28)
Assume

J 2
(Hy) af —4a; = |:du,uk —dy— fi 85+ m} +4fr8; #0;

and
(H2) ha #0and Ae g # fif — duptk.
With the assumption (H;), we have ):+,k * ):—,k- From (2.28) and (H;), we have

3V (0, A ) = boii,k(ii’k + dohs k +ar)

- _ - ~ - - (2.29)
=bor+ k[(Go — ap)Ax i + a1 — a1] = dyhs kAx ko — [ + dupi) # 0.
Then, the implicit function theorem can be applied to ensure the existence of A x(¢)
( = L2 for sufficiently small ¢ with A1 x(0) = )~L+,k # 0 and rk(0) =
Aok # 0.In particulelr, for sufficiently small ¢, Sign(ij x(e) = Sign()\jr,k)~and
Sign(Ay k() = Sign(A_ k). Finally from (2.9) and (2.25), we have a; = A4 g A— i
1
and ba—l = —A1k(&)A2,k(e)A3 k(g). Thus, we have A3 x(¢) < 0 and A3 1 () & v
0€ 0€
According to the discussion above, we have the following result.
Proposition 2.3 Assume (u*,v*) is the constant steady state of system (1.4),
(u*, v*, v*) is the constant steady state of system (2.2) and (2.3) and the assump-
tions (Hy) and (H,) are satisfied. If g& — d,, < O, then for sufficiently small ¢ > 0,
the constant steady state (u*, v*) of (1.4 has the same linear stability as the one for
the constant steady state (u*, v*, v*) of (2.2 and (2.3.

From Proposition 2.3, to some extent, the study of non-local interaction-induced
instability of (1.4) can be achieved through studying the diffusion-driven instability
of (2.3). The system (2.3) is a reaction—diffusion system coupled with one ordinary
differential equation, called as a RDO system for simplicity. This stability of constant
steady state of this type of system has been studied in Li et al. (2017); Marciniak-
Czochraetal. (2018, 2017). In Li et al. (2017); Marciniak-Czochra et al. (2017), some
rigorous results on the nonlinear instability have been given for a two-dimensional
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RDO system, which involves the analysis of a continuous spectrum of a linear operator.
In the following, we will study the spectrum of the corresponding linearized system of
the three-dimensional RDO system and the existence of eigenvalues with positive real
parts. We will also study the bifurcation of the steady states and explore the pattern
formation of the RDO system. The aim of our paper is to approximate the dynamics of
the water-biomass model with non-local diffusion term by a reaction—diffusion system
with a sufficiently small diffusion term.

3 Linear Stability and Bifurcation

In this section, we consider the linear stability of the constant steady state (#*, v*, v*)
of (2.3). To be more precise, we consider the conditions under which £; . possesses
eigenvalues with positive real parts. Recall that the constant steady state (u*, v*, v*)
of (2.3) is linearly stable if g — d, < 0 and all eigenvalues of £, have negative
real parts, and otherwise it is unstable. Note that the characteristic Eq. (2.11) can be
rewritten as

er® + di(d)A? + da(d)r + d3(d,) =0, (3.1)
where

di(dy) = predy +dye — ffe — ghe + dypk + 1,
dr(dy) = [dwpi + (dye + 1 = gre)pildy + du(dy — £ — &)
+telfiey —gulfy — fidy) — (fi +83), 3.2)
d3(d) = [ (dy — 850t} — 3 1uiddu + du (£18% = 83 f = Fdu)m
+ g —gulty
For fixed mode-k, from the well-known Routh—Hurwitz stability criterion, all roots of
(3.1) have negative real parts if

di(dy) >0, di(d,)dr(dy,) — ed3(dy) >0, and dz(d,) > 0. (3.3)

Under the assumption (C1), it is clear that for any k € Ny and ¢ > 0, d;(d,) > 0
as f7 + g5 < 0. For ¢ > 0 sufficiently small, again assuming (C1), we have

di(dy)dr(dy) — eds(dy)
— (du ik + DIdu(dw i + i) + du(dy — f = g x — (fF + g1 > 0.
Hence, we can choose ¢ > 0 sufficiently small so that d;(d,)d>(d,) — ed3(d,) > O.

For the sign of d3(d,), we notice that d»(d,) is a quadratic function of p; > O.
Define

d3 () = dyd,(dy — g:)lfvz + [dw(fu*g;< - g;fv* - f;dv) - g:du]l/«
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+1a8 — &t (3.4)

and

AL = [dw(fFgh — gifF — fidy) — gidu)? — dduwdy(dy — g5 ([ gl — gk ). (3.5)

When A1 < 0, d3(n) > 0 for all £ > 0. We observe that there exists a critical value
d’(dy) such that A| < Owhend, < d;(d,); Ay =0whend, =d;(dy);and Ay >0
when d,, > d;;(d,), where

2y (fEE — g* [ — f3dy) + ddy (dy — g5)(fFgF — gtg¥) + /By
2g32 ’

dy (dy) =

(3.6)
with

Ay = [2dygi(flgl — g fi — fidy) +4dy(dy — g ([ gl — gigHT?
- 4d51g:2(fu*g: - g;:fv* - fu*dv)z

In particular, when d,, < d;i(d,), we always have d3(u) > O for all ;& > 0 so in that
case, (3.3) is satisfied and (u*, v*, v*) is stable with respect to (2.3).

Whend, > d(d,),itis possible that d3(d,) < 0.Fork = 0, we alsohave d3(d,) =
fign—gnfy > 0from (Cy). Forallk € N, d3(0) = dw (f g5 — g fof — fiidv) ik +
fireh —grf¥ > 0from (Cy). Define I = {k € N : dy,(dy — g}k — g5 < O}. For
k € I, there exists a unique d,, = d,’j > ( defined by

_ du(fiey — g = fadm + figy — gufy

dk
duw (g — dy)ug + g1k

u

3.7

such that d3(d,f) =0,ds(d,) >0for0 <d, < d,’j, and d3(d,) < 0 for d, > d,’j.
When ds3(d,) < 0 for k € I, (3.1) has at least one eigenvalue with positive real part
corresponding to an eigenfunction with eigenmode c1; cos(kmx /1) + cox sin(kmx/1).

When d, — g5 < 0, and g} > 0 from (C2), I = N so d’Lj exists for any k € N.
Moreover d,f — 0 when k — oo. Hence, when d,, — g < 0 and d,, > 0, there exist
infinitely many & € N such that d3(d,) < 0. When d,, — g7 > 0, and since g} > 0
from (C»), I is a finite set (could be even empty). In that case we set d,ﬁ” = min{d[f :
k € I} > 0. Summarizing the above discussion, we have

Theorem 3.1 Assume that the parameters d, d,, d,, are all positive, and ¢ > 0 is
sufficiently small. Let (u*, v*, v*) be a positive constant steady state of system (2.3),
and (C1)-(C7) be satisfied. Define d,'j asin (3.7).

1. Foranyd, > 0,if0 < d, < g, 0,(L2,.) NC" has infinitely many elements
and (u*, v*, v*) is unstable.
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2. Foranyd, > gt ifd, > dM, then 0,(L2,) NCt # ¥ and 0,(Ls,) N CT
has finitely many elements, and (u*,v*,v*) is unstable; and if d, < dM,
then o,(L2,c) N CY = ¢ and (u*, v*, v*) is linearly stable. In particular, if
dy < d¥(dy) (defined as in (3.6), (u*, v*, v*) is linearly stable.

Next, we consider the bifurcation of non-constant steady states of (2.3). The corre-
sponding stationary problem for system (2.3) is equivalent to the following problem:

dyuxy + f(u,v) =0, x € (=11,
dywyy —w+v =0, x e (—1,1),
dy(w —v) + g(u,v) =0, x € (—11), 3.8)

u(=0) =ul), ux (=) = ux{1),
w(=1l) = w), wy (=) = wy ().

We restrict the solutions of (3.8) to be the even functions. Define X3 = {(u, w, v) €
X2 : Z(_x) - Z(.x),.x S (_lvl)7z - (uaw? v)}7Y3 = {(M,w, U) S Y2 : Z(_'x) =
z(x),x € (=1,1), z = (u, w, v)}, and a mapping G3 : X3 x RT™ — Y3 by

dytixy + f(u, v)
G3((M,w,v),du) = dwwxx —w+U . (39)
dy(w —v) + g(u, v)

Then, G3 : X3 x Rt — Y3 is Fréchet differentiable, and at a constant steady state
(u*, v*, v"),

¢ @ dud” + ffd + [0
L3\ ¥ | = 0u,uwunG3@™, v v | v | = dyy" = + 0
O 0 gkp+dyy + (gF — dy)V

We prove the existence of non-constant solutions of (3.8) by using the classical
Crandall-Rabinowitz bifurcation theorem (Crandall and Rabinowitz 1971).

Lemma3.2 Let X and Y be real Banach spaces and W be an open set in R x X;
suppose (Lo, 0) € W, and F is a continuously differentiable mapping from W into Y.
Assume that

1. F,0)=0forall (A,0) e W;

2. The partial derivative Dy, F (X, 0) exists and is continuous in A near Ag;

3. R(DyF(hro,0)) is closed, dimN (DyF(ro, 0)) = 1, and codimR(DyF (o, 0))
=1;

4. Dy F(ho,0)yo ¢ R(DyF(ro,0)), where yo spans N(Dy]:(ko, 0).LetZCY
be any closed complement of the one-dimensional space spanned by yo. Then, there
exist an open interval Iy containing 0 and continuously differentiable function
Ay — Rand : Iy — Z with A(0) = Lo, ¥ (0) = 0, such that

Fr(s),syo+s¥(s)) =0 for se€ly.
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In addition the entire solution set for F (A, y) = 0 in any sufficiently small neighbor-
hood of (A, 0) in W consists of the line {(\, 0)} and the curve {(1L(s), syo + s (s)) :
s € Ip}.

We apply Lemma 3.2 to the map G3 defined in (3.9). We consider the bifurcation
from the constant steady state (u*, v*, v*) when d,, = d,’;, which is defined as in
(3.7). The condition 1 and 2 are obviously satisfied. The linearized operator £3 has an
eigenvalue Ay = 0 when d, = d,lj. Without loss of generality, we assume A ; = 0.
The following problem has a nontrivial solution:

d5¢" + fie + f0 =0, x e (=11,
dwlp”—w+1‘}=0, x e (-1,
So+dy+ (g —d)o =0, xe (=11, (3.10)

p(=D) =90, ¢ (=) =¢'(),
YD =y, ¥ (=D =y'O.

Note that ¢ (x) = cos(kmx/l) satisfying gr(—x) = @i (x) is the eigenfunction of
—d /dx? corresponding the eigenvalue 1; = (kmr/I)> with periodic boundary condi-
tion in [—/, []. Then, direct calculation shows that

1 1
(dwpr + D f3 dwpi + 17

k
30 = (o, o, 90) = ( Deos(5x) G

is the corresponding eigenvector which belongs to Aj x = 0. Note that ¢p < 0 and
Yo > 0 which is consistent with u being the inhibitor and v being the activator. That
means dimN(£3) = 1 when d,, = d¥.

With A x = 0, we consider the following non-homogeneous problem:

dk¢" + fro+ f19 = o, (3.12a)
dp¥" — ¥ + 09 =1, (3.12b)
gup +dyr + (g5 —dy)® =y. (3.12¢)

From (3.12¢), if d,, # g;; we have

_ Y= 8&ub—dv¥
gy —dv

9 (3.13)

Then, problem (3.12) reduces to

(gF —dp)d e + (fgs — fieh — fidg — fldvy = (gF —dy)o — [y, (3.14)
(g5 — dv)dwy” — i — g = (g5 —dv)T — ¥.
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Note that d, i (g5 — dy) + g5 # 0. Then,

(g8 —dydie” + (fFgh — frgh — fid)g — giv =0,

(g: _dv)dwl////_g:w _fv*dv¢ =0, 613

has anontrivial solution ®* := (¢*, ™) = (—dwur(gs—dv)—g5, fiidy) cos(kmx/I).
Define F* := ((gi —dy)o — f,fy. (g —dy)T — y). Then, according to the Fredholm
alternative, problem (3.14) has a solution (¢, v) if and only if

(®*, F*) = 0. (3.16)

Here, (-, -) is the complex-valued L? inner product on Hilbert space, which is defined
as

I
(P, P2) = /l(d;ﬂﬁz + Yyn)dx,

with ®; = (¢;, V) € Xc (j = 1,2). If (3.14) has a solution (¢*, ¥*), then we
can solve ¥ uniquely by using (3.13). Then, (3.12) has a solution (¢*, ¥*, ¥*) when
A1k = 0. Thus, (o, 7, ¥) € R(L3) if and only if (3.16) is satisfied.

On the other hand, from (3.16) we have

[
km
(&F — d)dpmi (gl — dy) + g1 / cos (T x)odx — frd, (g —dy)
-1

! km N N ! km
x [ cos (Tx)rdx — fidwpr + D(gr —dy) | cos (Tx)ydx =0.
-l -1

(3.17)
Then, if d,, # g}, we have
N « ! km " ! ki
[dwr(gs —dy) + g51 | cos (Tx)adx — fidy | cos(—x)tdx
S ! (3.18)
* km
— fo dypr + 1) cos (Tx)ydx =0.
—I
Thus,

! k
R(L3) ={(0.7.7) € ¥s - [dyine (g — d) + )] / cos (T x)adx

l l
_flj"dv/lcos (?x)rdx — [ (dy ke + 1)/1005 (I%x)ydx :O}.

Therefore, codimR(L3) = 1 if d, # g;. Then, the condition 3 in Lemma 3.2 is
satisfied.
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Calculating 3y, d(.w.v) G3((u*, v*, v*), d*), we have

d2
5200

3, .0y G3 (W™, v*, 0", d = "0 00
000

Then, 9y, 0y, w,v) G3((u*, v*, v*), d,f)yo = (¢, 0, 0), where ¢y is defined as in (3.11).
Choose F* = ((g5 — dv)¢, 0). Note that

Pk
% = G+ g T

and dy k(g — dy) + g # 0. Then, if d, # g, we obtain

(%, F*) =

ik (gy — dv)lduwpi(gy — dv) + g3 f’

cos? (k—”x)dx £0. (3.19)
(dypi +1)gk . l

Thus, the condition 4 in Lemma 3.2 is satisfied. Then, we can apply Lemma 3.2 to
have the following result about the existence of a one-parameter family of non-constant
solutions bifurcating from ((u*, v*, v*), d,’j).

Theorem 3.3 Assume that the parameters d,,, dy, d,, are all positive and conditions
(Cy) and (Cy) are satisfied. Let d,’j be defined as (3.7). If d, # g} and d,]; # d) for
anym € I and m # k, then there is a smooth curve I of the steady-state solutions of
(3.8) bifurcating from ((u*, v*, v*), d*). In a neighborhood of the bifurcation point,
the bifurcating branch T can be parameterized as T' = {(u*(s), w*(s), v*(s)), d,’; +
d,(s)) : s € (—¢, €)}, where

s km

u*(s) — M* _ m COS (Tx) +S¢(S)7
*(s) = v* 4+ s (kn )+ )
w (S) =0 mcos Tx SI/I(S ,

k
v*(s) = v* + s cos (Tnx) + s9(s),

and dy(s) : (—€,€) — R, ¢(s), ¥(s),O(s) : (—e,€) — Z are C' functions, such
that d,(0) = 0,¢(0) = ¥(0) = 9(0) = 0. Here, Z is any closed complement of
1 1 km
— , , 1) cos (—x)
(dw i + 1)fu* dypg +1 l

one-dimensional space spanned by (

4 Non-local Klausmeier-Gray-Scott Model
In this section, we apply the theoretical results in Sects. 2 and 3 to an example:

the Klausmeier—Gray—Scott model of water—plant interaction with non-local plant
dispersal.
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To explain how nonlinear mechanisms is important in determining the regular
stripes on hillsides and irregular mosaics on flat ground, Klausmeier proposed a simple
nondimensionalized model of plant and water dynamics which reads as the following
reaction—advection—diffusion form Klausmeier (1999):

.1

utzvux+A—u—v2u,
U[:Uxx+U2M_BU,

where v is the slope gradient, which controls the rate at which water flows downbhill. If
horizontal water flow is considered, the dynamics between water and plant is governed
by the following diffusive model, which is also proposed as a model of chemical
reaction (Gray and Scott 1985; Pearson 1993):

utzduuxx—i-A—u—vzu, xe (LD, t>0,
v = dyvyx + v2u — B, xe (=D, 1>0,
u(—Lt)y =ul,t), ux(=1,t) =ux(l,t), t>0,
v(=l,t) =v(,t), v (=L, 1) = ve(l, 1), t > 0.

“4.2)

In this section, as an example of our theoretical study, we will consider the inter-
action of water and biomass with non-local spatial dispersal on flat ground and in
a bounded domain. The model is presented by the following modified Klausmeier—
Gray—Scott model with periodic boundary condition in [—, []:

;= dyttyy + A —u — v?u, xe (=10, t>0,
vy =dU(J>kv—v)+v2u—Bv, x e (LD, t>0, 4.3)
u(—0,t) =ul,t),ux(=1,t) =uy(, 1), t > 0.

1
Here, (J * v)(x) = / J(x — y)v(y)dy, where J(x) is given in (1.2). The corre-

-l
sponding RDO model is
ulzduuxx—i-A—u—vzu, xe (LD, t>0,
ewy = dywyy —w + v, xe (L1, t>0,
v = dy(w — v) + v>u — Bu, xe (=D, t>0, (44)

u(—=0,t) =ul,t),ux(—1,t) =uy(, 1), t >0,
w(=L,1) =w(, 1), we (=1, 1) =wy(,t). t>0.

The corresponding kinetic system of (4.4) is
U =A—u— vzu,
wy=—w+v, 4.5)

vy =dy(w —v) + v2u — Bv,
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which always has a trivial equilibrium (u, w, v) = (A, 0, 0) for all parameters which
means a bare-soil state. If A > 2B, the corresponding kinetic system (4.5) admits two
positive constant steady states (11, vy, v1) and (u3, vz, v2), where

A+ VAT —4B? A— VAT Z4B?

— = 4.6
ui > v 7B (4.6)
and
A — /A2 —4B2 A+ A2 —4B2
w=—om - ——m ny=—-m--—--—-— 4.7)

2 2B

The bare-soil state (#, w,v) = (A, 0, 0) is always stable for all parameters. At a
positive equilibrium (i, vy, v4),
fu*:—l—v§<0, fi=-2B <0, g::v3>0, g =B=>0.

Then, Jacobi matrix J at a positive equilibrium (u., v, vy) of the kinetic system is
given by

~1—-v2 0 -2B

J = 0 —1 1 ,

v2  d, B—d,

*

and the corresponding characteristic equation is
A3 —TrJ2%2 4+ A((B + dy + Dv? +dy + 1 —2B) — DetJ =0,
where
TrJ =-2—-d, — vf + B, DetJ =gifr— frgh=B(- vf). (4.8)

Note that A > 2B. Then, vy < 1 and v, > 1, which means that DetJ; =
DetJ (u1, v1, v1) > 0 and DetJ, = DetJ (uz, v2, v2) < 0. Then, the positive equilib-
rium (u1, v, v1) is always unstable whenever it exists and the stability of (u2, vz, v2)
is determined by the sign of TrJ, = TrJ (u2, v2, v2) and Ag = ((B+dy + l)v% +dy,+
1)TrJ, — DetJ;. By the Hurwitz—Hurwitz criterion, we can easily obtain the stability
of (12, vz, v2). Then, we have the following results about the stability of the constant
steady states.

Proposition 4.1 Assume that the parameters A, B, d,, dy, d,, are all positive. Then,
the system has a constant trivial equilibrium (u, w, v) = (A, 0, 0), which is always
stable for all parameters. If A > 2B, then the system (4.4) admits two positive constant
steady states (u1, vi, v1) and (uz, vz, v2), defined as in (4.6) and (4.7), respectively.
Furthermore, for the corresponding kinetic system, (u1, vi, v1) is unstable whenever
it exists and (uy, v, v2) is stable if TrJo < 0 and Ag < 0 are both satisfied.
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As pointed out in Eigentler and Sherratt (2018), estimates of the parameters suggest
that B < 2, which implies that the positive equilibrium (x>, v2, v2) is stable. Then, in
the following analysis, we always assume B < 2.

Now we apply Theorems 3.1 and 3.3 to obtain the following results regarding the
stability of the positive equilibrium (u7, va, v2) with respect to (4.4) and associated
bifurcations.

Theorem 4.2 Assume that the parameters d,, d,, dy, are all positive, ¢ > 0 is suffi-
ciently small, and A > 0, 0 < B < 2. Let (uz, va, v2) be the positive constant steady
state of system (4.4) defined as in (4.7).

1. If0 < dy < B, forany d, > 0, (u3, v2, v2) is unstable with respect to (4.4) with
infinitely many eigenvalues of positive real parts;

BI?
zy%>Bw¢“’={P““P<[@a:SEﬁ“’

d B -1 dyd, 1
d,]; (dypr +1) (vz )+ (Uz + )I/Lk kel 4.9)
dy(B —d, ),bLk + By

and d¥ = rl?i?dfj (dM = 00 if I = ¥). Then, when 0 < d,, < dM, (u2, v2, v2)
€

is stable with respect to (4.4), and when d, > d,f”, (u2, v2, v2) is unstable with
respect to (4.4) with finitely many eigenvalues of positive real parts;

3. Ifdy, > B, and fork € I, d,’j # d foranym € I and m # k, then d, = d,f
is a bifurcation point for (4.4); there is a smooth curve I of the steady-state
solutions of (4.4) bifurcating from ((uz, vz, v2), u) and T can be parameterized
as T' = {((u*(s), w*(s), v*(s)), d,'j +d,(s)) : s € (—€,€)}, where

N

“(s) = uy + cos (Zx) + s (s)
u(s)=u —X so(s),
2T o+ DA+ N

w* km
(S)—UQ—FmCOS(TX)—FSw(S),

* km
v (s) = vy + scos (Tx) + 59 (s),

and d,(s) : (—€,€) = R, ¢(s), ¥ (s),9(s) : (—e,€) —> Z are leunctions,
such that d,,(0) = 0, ¢ (0) = ¥(0) = ¥(0) = 0. Here, Z is any closed comple-

1 1
ment of one-dimensional space spanned by ( , , 1)
(dwpx + D1+ 03" dwpr + 1

mq%@

We use some numerical simulations to verify and extend our theoretical results
above. We choose A = 1,B = 0.45,d, = 1,1 = 20, and d, = 0.5 which sat-
isfies d, > g& = B = 0.45. Numerical calculation shows that (u2, v2, v2) =
(0.282,1.595,1.595), I = {p e N: 1 < p <19}, andd1 68135>d2~
21.395 > d? ~ 12.766 > di} ~ 9.834 > d) ~ 8.581 >d6~8018>d7~7812
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Fig.2 The mode-; crossing curves on the dy — dy, plane. The dotted vertical line is d,, = g;; and the cyan
curve is d, = d,’;(dv). Parameters: A = 1, B = 045,dy, = l,andl =20 fork = 1,2,3,4and k =7
(Color figure online)

and d] ~ 7.812 < d5 ~ 7.839 < d’ ~ 8.043 < --- < d)° ~ 50.411. So here
an =g,

The mode-k (k = 1,2, 3,4, 7) bifurcation curves in d, — d,, plane are shown in
Fig. 2. In this figure, the dotted vertical line is d, = g;; the cyan curve denotes the
function d, = d;;(d,). The mode-k curve intersects with the vertical line d, = g
at d, = d;‘ . Some points in Fig. 2 are marked and we will use these parameter
points in the latter simulations. From Theorem 3.1, all mode-k bifurcation curves are
above the curve d,, = d;(d,). This implies that the constant steady state (u2, v2, v2)
is locally asymptotically stable when (d,, d,) lies in the region {(dy,d,) : d, >
g, d, < d;(d,)}. Onthe other hand, above the curve d, = d;; (d,), the constant steady
state (12, vz, v2) may lose its stability and a spatially non-homogeneous steady-state
solution can be observed.

In Fig. 3, we show the dynamic solutions of (4.4) when the diffusion coefficients
d, and d, are varied. We choose (d,, d,) (marked in Fig. 2) (5.5, 150), (2, 52),
(1.1,26) and (0.8, 19), which are all on the right-hand side of the line d, = gJ.
For k =1, 2, 3, 4, a mode-k spatially patterned steady states emerge near the mode-k
bifurcation curve. The steady-state densities of water # and plant v of system (4.4) in
these cases are shown in Fig. 4 Simulations show that the water amount in the patch
with denser biomass decreases, which means that the biomass and the water distri-
butions are anti-phase. The density of plant may have one, two, three or four spaced
bumps. The two bumps have same maximum height in Fig. 4b. While as d,, and d,,
are varied, a new bump emerges with a much less maximum height in Fig. 4c. In Fig.
4d, there are two bumps, but two spikes with a much larger maximum height emerge.

In Fig. 5, some solution profile of densities of water u and plant v for system (4.4)
for (dy, d,) on the left-hand side of the line d, = g}, are shown, as marked in Fig. 2.
Simulations show that water is almost exhausted and the plant density shows spiky
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Space x
Space x

Time t Time t Time t

(a) u concentration (C) u concentration (d) v concentration

Space x
Space x

(e) u concentration (f) v concentration (g) u concentration (h) v concentration

Fig.3 Pattern formation of system (4.4) with A =1, B =0.45,dy, = 1,1 =20, e = 0.01, and (dy, dy) =
(5.5,150) in (a, b), (dy, dy) = (2,52) in (¢, d), (dy, dy) = (1.1, 26) in (e, f), (dy, dy) = (0.8,19) in (g,
h) (Color figure online)

Density, uand v
Density, uand v
Density, uand v

% s w0 s 0 5w 2 s w5 o s w

Space, x Space, x Space, x Space, x
(@a)d, =5.5,d, =150. (b)d, =2,d,=52. (¢)d, =1.1,d, =26. (d)d, =0.8,d, = 19.
Fig. 4 Steady-state densities of water «# and plant v of system (4.4) with A = 1, B = 0.45,dy, = 1,1 =
20, ¢ = 0.01 and varied values of d,, dy,. Here, the solid blue curve is the density of plant v, the solid purple

curve denotes the density of water u, and the dotted blue (purple) line is the density of vegetated state v (u)
(Color figure online)

solutions which may have one, two, three or four spikes. Fixed d,, as the decrease in
d,, more spikes emerge and the maximum height of all spiky solutions decreases from
Fig. 5a—d. The two spikes or three spikes have same maximum height in Fig. 5b and
¢, respectively. While in Fig. 5d, there are two different maximum heights.

In order to compare the effect of the non-local dispersal term on the dynamics of the
system to the diffusive effect, in Fig. 6, we show the densities of water # and plant v
of the corresponding reaction—diffusion system (4.2) with the same parameter values
and varied d,, as in Fig. 5. We find that the solutions for the reaction—diffusion system
are smoothly bumped solutions instead of spiky solutions shown in Fig. 5. As the
decrease in d,,, more bumps may emerge (see Fig. 6¢c—d) and the maximum height of
all bumps decrease from Fig. 6a—d. Note that the solutions for the non-local dispersal
system (4.4) are less smooth, as the solutions do not have high order of regularity as
the ones of diffusive system.
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Fig.5 Interior spiky solutions of system (4.4) with A =1, B =0.45,dy, = 1,1 =20,¢ =0.01,d, = 0.3
and varied values of d,,. Here, the solid blue curve is the density of plant v, the solid purple curve denotes
the density of water u. a The one-spike solution; b the two-spike solution; ¢ the three-spike solution; d the
four-spike solution (Color figure online)
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Fig. 6 Solutions of system (4.2) with A = 1, B = 0.45,1 = 20, d, = 0.3 and varied values of d,,. Here,
the solid blue curve is the density of plant v, the solid purple curve denotes the density of water u (Color
figure online)

5 Discussion

In this paper, we aim to study the stability of a constant steady state with respect to a
general activator—inhibitor model with non-local dispersal term. By approximating the
non-local spatial dispersal equation by an associated reaction—diffusion system, the
non-local spatial dispersal model is transformed into a reaction—diffusion system cou-
pled with one ordinary differential equation. For a very slow time scale, the dynamics
of the non-local dispersal system can be approximated by the reaction—diffusion-
ordinary differential system. To some extent, the non-local-induced instability of
the non-local system can be regarded as diffusion-driven instability of the reaction—
diffusion-ordinary differential system. The reaction—diffusion-ordinary differential
system can be analyzed to gain insight to the dynamics of the non-local dispersal
system. We show that Turing-type instability can occur for the reaction—diffusion-
ordinary differential system, and non-constant steady states emerge as a result of
symmetry-breaking bifurcations. This suggests that non-local dispersal can also play
an active role in the generation of spatial patterns. Note that such analysis still depends
on the choice of particular convolution kernel functions in the non-local dispersal. It
is desirable to develop a more general theory of pattern formation for a more general
kernel function.

As an example of our theoretical results, we study a modified Klausmeier—Gray—
Scott model of water—plant with non-local diffusion term. By transforming it into
a reaction—diffusion-ordinary differential system, we use theoretical approach and
numerical simulations to show that the reaction—diffusion-ordinary differential system
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admits many different patterned steady-state solutions with different maximum height
and width when the diffusion terms of water and plant are varied. Compared with the
system in which local disperse strategy is considered, simulations show the existence
of sharp spiky solutions instead of bump solutions found in the classical reaction—
diffusion system through Turing bifurcation. There is much work to be done in these
spiky solutions. Exploring these spiky solutions may be deferred to our future work.
It would be of interest to study the stability of a constant steady state with respect to
a general activator—inhibitor model with a general non-local dispersal term.
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