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We study the power corrections for electroweak boson production that are implied by threshold
resummation, which we have extended to massive particles produced at measured transverse momentum,
pr, and rapidity. Power corrections in the resulting expressions arise from ambiguities in the low-scale
behavior of the perturbative running coupling. Arguing for the relevance of the eikonal approximation, we

show that such power corrections begin at order 1/p3 in full QCD, consistent with fixed-order, massive-

gluon analysis. For large-N Mellin moments, the leading behavior is N?/p32., which exponentiates along

with the logarithms of threshold resummation.
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I. INTRODUCTION

Leading-power, factorized cross sections are central to
the experimental program at high-energy accelerators, but
the need for precision control over Standard Model
calculations motivates the study of power-suppressed
corrections in these cross sections. In this paper, we study
the production of electroweak bosons, = y,y*, W=, Z,
with large transverse momenta, pr, in hadronic collisions.
For an observed color-singlet particle of momentum p
produced in collisions between hadrons A and B, the
generic, leading-power, factorized form is

dosp_,
po% = Z/dxadxb¢a/A(xa’ ﬂz)(ﬁb/g(xb,,uz)

X wab—>ﬂ+X(xapA’ XpPB> Py Hs O (”2))

+ power corrections, (1)

where the sum is over parton flavors with distributions ¢, /4
and ¢;/p, and where p denotes a factorization/renormal-
ization scale. For real photons, we neglect fragmentation
contributions, and for heavy bosons, we take pr ~ m, with
m the mass of the produced particle, to avoid the presence
of large ratios. Corrections to Eq. (1) are suppressed relative
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to the leading term by powers in py, or, generically, a hard
scale O, and it is these corrections that we study below.
The nature of power corrections to factorized cross
sections of the form of Eq. (1) was discussed in
Refs. [1,2], where arguments were presented that at fixed
orders in perturbation theory, power corrections up to 1/Q?
in the hard scale Q take the form of factorized twist-four
matrix elements. This leaves, however, the possibility of
power corrections associated with resummations of higher-
order leading-power corrections, especially near “partonic
threshold,” defined as the integration region where

§ = 0,8 > 02 2)

in Eq. (1). (We note that for single-particle cross sections,
the hard scale Q is in general a function of the four-vectors
x,P4, x, Pp and p.) Near partonic threshold, real radiation
is suppressed, and although the hard scattering function
@4p—p1x Temains infrared finite order-by-order in pertur-
bation theory, the cancellation holds only up to scales that
vanish when Eq. (2) becomes an equality. The threshold-
resummed cross section generates a divergent series in this
limit, which should be reinterpreted as implying the
presence of power corrections to the factorized cross
section [3-7]. As was shown in Refs. [8,9], this approach
also predicts that power corrections to the inclusive Drell-
Yan cross section start at 1/Q? in full QCD. Extensions of
these ideas to the case of high-p7 direct-photon production
for integrated rapidity were carried out in Ref. [10], where
leading power corrections of order 1/p2 to the cross
section were anticipated, relying on the formalism of
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“joint resummation” [11], which organizes threshold and
transverse-momentum resummations. The analysis we give
below generalizes and extends the treatment of inclusive
Drell-Yan in [8,9] and that of prompt photons in [10],
including systematic treatments of final-state soft radiation
at measured rapidity for the observed particle, and of the
role of the recoiling colored parton in AB — fX.

Our discussion is also inspired by recent arguments for the
absence of nonperturbative 1/Q corrections in the hard
scale for a phenomenologically relevant class of event
shapes [12,13] in lepton pair annihilation and for the
hadronic production of color neutral bosons at large trans-
verse momentum [14,15]. The extensive arguments given to
support this conclusion rely in part on a much older treatment
of Drell-Yan cross sections in hadronic collisions, based on
renormalon analysis in Abelian theories with large numbers
of flavor in Refs. [4,5]. Related analyses rely on identifying
sensitivity to a finite gluon mass with a nonperturbative
representation of the running coupling [16-18], in the
“dispersive” representation of the QCD running coupling
at low scales [19].

Again, hard-scattering functions @,;,_,z,x in Drell-Yan
are singular at “partonic threshold,” where the incoming
partons have just enough energy to produce the observed
final state. At each order in the strong coupling a;, the
functions @,;,_,z,x are characterized by singular plus
distributions whose arguments vanish at partonic threshold.
For example, in the inclusive Drell-Yan cross section the
relevant argument is 1 — z, with z = Q%/(x,x,,S) and the
leading distributions are of the form

. [lfl“ﬂ—z)} , (3)

1-z2

These singular distributions, in turn, can be controlled by
threshold resummation, which organizes all such loga-
rithms, including those associated with the running of the
coupling. The argument of the running coupling vanishes
as z approaches 1. We will encounter similar behavior
below, extending the analysis for photons in Ref. [20] to
massive electroweak bosons produced at high py.

The relevant transform for the inclusive production of
color-neutral particles involves, as we review below, the
Mellin or Laplace factor with moment variable, N,

(1 =B, k/ Q)N ~exp[-Np, - k/Q](1 + O(1/N)).  (4)

where k* is the sum of all radiation from a set of two
incoming and one outgoing Wilson line, the latter charac-
terized by velocity f,, which is in the direction of recoil to
the observed photon or color neutral boson at partonic
threshold. The denominator that sets the scale of the
exponent, O, is the hard scale of the scattering, of order
pr. As N increases, real radiation in the moments is

restricted to energies of order Q/N, which can be of the
order of Agcp.

We will carry out our analysis using the eikonal
approximation, which we will argue is appropriate for
both real and virtual radiation at these low scales (see, for
example, Refs. [21,22]). In the discussion that follows, we
show that in full QCD, it is possible to infer the presence of
specific power corrections to color-neutral boson produc-
tion at large pr ~ Q. These corrections appear through
(exponentiating) terms of the form

(g) [ e, (5)

for an integer n, with A;(a;) a flavor-dependent function of
the strong coupling, and x an arbitrary cutoff. Such
integrals are ambiguous in perturbation theory because
of the behavior of the perturbative running coupling. If
reexpressed as an inverse Borel transform, the singularity of
the running coupling is mapped onto a singularity on the
positive real axis in the Borel plane [3]. In particular, we
show that threshold resummation implies the presence of
such terms beginning at n = 2 for these cross sections,
consistent with the results of Ref. [14]. We do not, however,
rely on a Borel transform to identify the nature of the
power correction. In Eq. (5) and the expressions we derive,
the O-dependence is manifest, appearing with a coefficient
that is independent of Q, but that includes an integral
over the Landau pole. We assume that the integral that
includes the Landau pole of the perturbative coupling is
replaced in the full theory by a physical coefficient
that depends on both perturbative and nonperturbative
dynamics. Also, because these contributions are found in
integrals that exponentiate in moment space, we regard
them as implying the presence of nonpertubative shape
functions, very much as in resummed thrust and related
cross sections [23-26].

We also note here that our analysis is not based
directly on the evolution equations that characterize
resummed cross sections in direct QCD or SCET resum-
mations [27,28], although it is consistent with them. In the
eikonal approximation used in our analysis, we will derive
a form for the cross section in which all logarithmic
corrections are organized into integrals over the QCD
coupling evaluated at a well-defined scale. The resulting
expressions generate the same logarithms as in threshold
resummation (in eikonal approximation), but also provide a
unique extension to the far infrared, well defined to any
order in perturbation theory with the coupling reexpanded
in terms of its value at a fixed scale, but otherwise
encountering a Landau pole. In moment space, these
integrals are finite except for the behavior of the running
coupling, precisely as in Eq. (5).

In the following section, we review the double moment
method of [20] for particle production at high p; and
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measured rapidity,l extending the formalism to the massive
case. Of particular interest is the expression for the cross
section as an inverse Mellin (or Laplace) transform,
from which we infer the exponential suppression of
nonperturbative behavior in the large-moment region.
Section III reviews the construction of the cross section
for color-singlet production in the eikonal approximation,
found from matrix elements of Wilson lines, which will
generate all corrections that behave as powers of N/pr,
with N the Mellin moment. We go on to show that final-
state interactions cancel in these cross sections. Section IV
reviews salient features of an explicit all-orders resumma-
tion for these processes, in terms of webs [32-36]. We
present results generated by the lowest-order web, verifying
the absence of linear power corrections at this level. We
show, in Sec. V, how general features of exponentiated
webs derived in Sec. IV lead to an expression for the
resummed exponent, and we verify the absence of linear
powers of N/py to all orders in the web expansion. We
briefly discuss further applications and conclude.

II. DOUBLE-MOMENT CROSS SECTIONS

To set the stage for our analysis of logarithms associated
with partonic threshold, we discuss the factorized cross
section for the production of an electroweak boson as a
function of transverse momentum and rapidity. In particu-
lar, we will present the moment-space formulation of the
cross section, which is an essential ingredient of our
method for organizing the threshold logarithms and will
subsequently allow us to use the eikonal approximation to
identify power corrections associated with renormalons.
The following derivations follow those in our analysis of
prompt photon production [20]; however, we extend them
here to the case of a massive boson. Although we have
mostly in mind the Drell-Yan process and the W and Z
electroweak bosons, the application to Higgs production is
immediate.

At measured transverse momentum p; and rapidity 7,
the factorized form for the cross section for AB — X, as in
Eq. (1), is given by

3 3 ga
prdoap_px 1 o ! 2\ P76,
dedf’] - Z /_ U dxa¢a/A (‘xa’/’t ) 7Xa(7,7m2)7m2 de¢b/B (Xb,ﬂ ) dedi’]
tl,b S+T7m2 x‘aS+U—mz
: o ! 2 LW
= Z / v dxad)a/A ('xuv/’l ) /Xa(Tmz)mz dxb¢/7/B (xbv/’l )wub A7, 1,7, ? ’ (6)
ab _S+'l‘—/nz x,,S+U—mz
where the w,;, are dimensionless hard-scattering functions. i = Xr
We have introduced a set of kinematic variables: The mass v/ XaXp
of the produced boson f is denoted by m. The hadronic 1. x,
Mandelstam variables are S=(P,+Pg)?, T = (P, — p)>, n=n _ilnx_’
. b
U= (Pg—p)?, with p the boson four-momentum. In pr
terms of the boson’s transverse momentum, mass and r= e 9)
T

rapidity we have

T =m? —/Sy/m*+ pe™,
U=m?—/S\/m*+ pie. (7)

For future reference we also define

o _Prt M APt prtmy
! Vs Vs

(8)

As indicated, the partonic hard-scattering functions may be
written as functions of

'"The use of double moments in threshold resummation was
introduced in [29]. For a related treatment of resummation at
measured rapidity, see Refs. [30,31].

and p?/3, with § = x,x,S.
We now take combined Mellin/Fourier moments of the
hadronic cross section at fixed py,

Zap-px(N. M, pr)

co . X%‘.max _ p:];"dGABﬁ X
E/ dne’M”A do3 (a3 yN-1 ELABZPX

10
® dprdn (10

Here x7. .. is the kinematic upper limit on x}, given at
fixed rapidity by

2
5 cosh? | . 1-r (11)
x = 1=/ 1——].
Fmax = (] _ )2 cosh? 7

Applying the moment integrals to the expression in the
second line of Eq. (6) we find, after some straightforward
algebra,
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ZAB—>/}X(N M, PT

2
T,max

1 .
/ Al () [
0

boy5 (x5, 17

2

>< / e [T a5, (xT hr fﬁ)
—0 0 A
2
N+1 ’M ~N+1-
_Z(pa/;Jr ¢b/B ( 2)wab (N M,r, P_> (12)

Here the Mellin moments of the parton distribution
functions are defined as usual by

Py (w?) = A e g (x), (13)

and we have introduced

2

d)ab <N1M1 ra'u_2>
Pr
o by 2
= [ gpeiMi 5 d52(32)N-1 oo W 14
- ne 0 xT(xT) WDgp \ XT,1,7, R s ( )
with
5 cosh? 7 -2\
X =——7|1- - . 15
XT max (1 _ r)z COSh2 fl ( )

As seen in Eq. (11), in moment space the contribution to the
cross section for a given partonic channel factorizes into a
product of the moments of the parton distributions and a
double moment of the partonic hard-scattering function.
We note that in the limit m — 0 (or r — 1) Eq. (12) reverts
to the corresponding expression for the case of prompt
photons discussed in Ref. [20].

In threshold resummation, we organize terms that
become singular at partonic threshold, when the active
|

T

partons a and b have just enough energy to produce a boson
at fixed X7 and 7. In order to investigate the moment-space
expression near threshold, it is convenient to introduce the
variable

A ’t\ A _
CEST45S+ —|—Au m’ (16)
K K
where
T =m?+ x,(T — m?),
n=m>+x »(U — m2). (17)

The invariant s, provides a natural measure of the distance
from threshold. In terms of X,7 and r we have

, 1=
Ty

r 2x T

_l 2
¢ e l+r

cosh 1,

which may be inverted to give

(18)
1-r)(1-0)

(
(1—\/1— pp ) (19)

Using this to replace the integration over 22 in (14) we have
for our double moments

cosh 7}
1-r

55T(C> -

) . N 1 (1 _ _ (l—rz)(zl—{,'))ZN 1 5
~ BN [ e iMi r S\2N-2 cosh” 7 P
NsMa s T - de Ty COSh d a SN, r—
“b< rp%) /_oo e e (o) A : 000 wb<xT'7r s>
cosh? 7
2N-1
_/ deiMi 1 +r [ coshi | | 1-r?
s coshy \ (1-7r) cosh? 7
==\ !
1 T et s
x a)ab xTa ’17 [N . (20)
0 1= ./1 == s
cosh? 7 cosh? 7

The form given by the second equality shows that the { integrand is exponentially suppressed away from ¢ = 0 at large N.
We can therefore expand the fraction raised to the (2N — 1)st power in the { integral to find
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2 & a1 h 7
d)ab N3M7r7'u_2 :/ dﬁeanL’:\ cosan I-
p2) = ) i =

/ lC)

cosh2 7

with corrections that are suppressed by powers of 1/N. In
this form, we can carry out a “standard” resummation of
logarithms of N for @,,, although for nonzero mass m the
effective value of N is linked in a mild way to 7. The 7
integrand still decreases rapidly for large 7, in the same
manner as seen in the massless case [20].

Given any determination of the large-N behavior of @,
the behavior of the physical cross section is given in turn by
the inverse of the double transform,

3d 1
Prd0ap—px 1 d Me—iMn
dprdy 27

X — [ dN(x%)

_NZ — N7 M9 ’
27i e AB /JX( PT)

(22)

where C denotes a suitable contour in the complex-Mellin
plane [20], extending into the left half-plane where the
integrand is exponentially suppressed. For large values of
the moment variable, that is, when N > Q/Aqcp., the
integrand in this expression is suppressed at least as
exp[lnx7(Q/Aqgcp)]- In our arguments below, we will
identify nonperturbative corrections proportional to
(N/Q)? in an exponentiated, resummed hard-scattering
function. Our arguments, however, apply only when
NAgcp/Q remains order unity or smaller, so that the
large-N behavior of the physical cross section converges as
long as x7 < 1 — Agcp/ Q. This is the case, for example, in
the minimal resummation prescription [6].

The outcome of this analysis is that in the physical cross
section the inverse transform in X will remain exponen-
tially suppressed at large |N| along our inverse contour, as
exp[—N In(1/x7)]. This enables us to argue that the very
large N behavior of the resummed exponent does not
influence the result. That is, we only need to follow N to
order py/A.

III. EIKONAL CROSS SECTIONS

Near partonic threshold, the limit { — 0 in Eq. (16), the
underlying processes for electroweak boson production are
quark-antiquark annihilation to gluon plus boson, and (anti)
quark-gluon to (anti)quark plus boson, accompanied by
soft gluons, both of the form

a+b—-p+r, (23)

[—(2N— 1)% (1 +

T\
—r
B cosh2ﬁ> )

cosh 7}

2
— oy | X .= + ..., 21
o) o (37005 1)

[

where again, f represents the color-singlet particle, and
where we refer to r as the recoil parton, which is taken here
to be a massless quark, antiquark or gluon.

The eikonal cross section is appropriate for soft radia-
tion, and is naturally relevant for partonic threshold. As we
recall below, it is generated from cross sections involving
products of Wilson lines, which act as sources for gluons.
We begin by discussing the kinematics at partonic thresh-
old. This enables us to show that to leading power in N, the
transform of the hard-scattering function in Eq. (21) (in the
general massive case) is determined by an eikonal cross
section with a Laplace transform that depends on the soft
radiation. Here, and in the remainder of the paper, for
brevity of notation, we will replace the value 2N — 1, which
appears in Eq. (21), by simply N.

For large enough N, the moment-space hard scattering
functions, @,,(N, M), are well approximated by their
eikonal approximations, in which terms quadratic in soft
radiation are neglected compared to linear powers that are
contracted with hard vectors, k> < 2p - k. The contribu-
tions of corrections to the eikonal approximation start with
terms that include relative factors of the general form
Pilkol/Q, with ky the energy of the radiation and f, the
velocity vector for k. Contributions of such terms to the
variables s, in Eq. (16) and ¢ in Eq. (18), which measure
the distance to partonic threshold, are suppressed by a
factor of 3, - 5,/ N relative to the leading eikonal behavior.
In the special case of radiation in the recoil direction
(fr = P,), the radiation of momentum k* will factor into a
partonic jet function. Such jets contribute to the Laplace
transform in Eq. (21) through a factor exp[-Nms, /0%,

with nominal contributions like N/Q?, rather than N?/Q?.
Taking as an assumption that N?>/Q? contributions will be
larger than those of order N/Q?, the eikonal approximation
will give a good first approximation to the pattern of 1/Q?
power corrections. This is the assumption we shall enter-
tain, as motivation to work in eikonal approximation.

A. The large-N transform and threshold kinematics

At large values of N in Eq. (21), the integral will be
restricted to a region where { = s4/5 is of order 1/N. We
would like to relate the integral over { to an integral over
the momenta of final states. In general, this is a nonlinear
relation, because both s, and § depend on these momenta.
We can, however, relate § and s4, and we find that for soft
radiation,
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§= gmin + 0(54) (24)

where 5§, the invariant corresponding to a final state
consisting only of the color-singlet boson and the recoil
parton, is

2

1—72
Smin = (P7 2)cosh?7j |1 1———| . (25
§ (p7 + m*)cosh“i |1 + cos™7 (25)

As defined in Eq. (9), r = py/my. For the region of
interest, we can represent the approximations that connect
the ¢ integral to a Laplace transform in s4/5,, as,

Jaea-oy= [ deevin [Srexy (-N 54 ) . (26)
0 0 0 Smin Smin

where corrections are suppressed by powers of s,/5 ~ 1/N.
As we have observed above, this is the level of accuracy of
the eikonal cross section.

At partonic threshold, the final state consists of only the
color-singlet boson and the lightlike recoil parton, r. In the
partonic center of mass, the spatial momentum of p, is
back-to-back with the color-singlet particle, and depends
on the rapidity # of that particle through

pl= \/p% cosh? i + m? sinh? 7,
p? = —\/ Pt + m?sinh7,
Prr = —Pr- (27)

The explicit expression of s, for a state consisting of a
recoil parton of momentum p, and soft radiation k is

so = (k+p.)* = (k+ pYp.)* ~2pPB, -k, (28)

where 3, is a lightlike velocity, with ) = 1, and where in
the final relation we invoke the eikonal approximation. In
these terms, we will denote the transform function as

exp (—N As% ) = exp (—N ﬁré k) (29)

where the hard scale Q is defined by

§ .
= mm’ 30
0= (30)

with §,.;, given by (25) and p? by (27). We readily check
that in the massless limit, @ — 2py cosh7.

In summary, we have shown that for large moment
variable N, the total momentum of radiation k in the
hard-scattering function is limited to regions where
s4~p,-k <1/N. In this region, up to corrections sup-
pressed by powers of 1/N, the eikonal approximation holds

and the N-dependence in the transform is approximated
by Eq. (29).

B. Eikonal cross sections and Wilson lines

We now turn to the construction of the eikonal approxi-
mation of the hard-scattering function @,,;, in Eq. (21). For a
generic color-singlet boson production process ab — fir
we have [35]

~ (eik N A
“’gr)(Nv Q’ ’/IHM> = Habr(pTv 717/‘)

B (N/Qdpe)
~ (eik ~ (eik ’
PN (Nt €) iy (N3 . €)
(31)

where, again, N stands for 2N — 1 in (21), and Q, which is
of order pr, is defined in Eq. (30). It will be convenient here
and in the following to exhibit the label of the recoil parton,
r, on the eikonal cross section and hard-scattering function.
The purely virtual short-distance function H,p, is inde-
pendent of N and begins with the partonic Born cross
section, which for convenience we normalize to the zeroth-
order eikonal cross section (see below),

3 1(Bom)
H (P11 1) = il
abr\PT-1 1) ="k 0) " dpydi

abr

(14 O(ay(#?))). (32)

Dependence on N is all in the eikonal cross section, 555;?
and eikonal parton distributions g?zf?lm As is characteristic
of direct photon and similar single-particle cross sections,
the moment values of the distributions are scaled by

functions of the scattering [35],

ﬂb'ﬂr
N,=N ,
¢ ﬁa‘ﬂb
ﬂa'ﬁr
N, =N , 33
" Ba B 3

where j,, are the velocity four-vectors of the incoming
particles, and /3, of the recoil particle in the final state.
In the same way as in the full partonic calculation, the
eikonal cross sections have uncancelled collinear singular-
ities associated with their incoming eikonal lines. As
indicated in Eq. (31), we regulate collinear singularities
by continuation to D = 4 — 2¢ dimensions. The resulting
collinear poles in e exponentiate, and are cancelled by the
collinear poles of the eikonal parton distributions in the
denominator of Eq. (31), giving a finite ratio for each
@4pr- We will encounter these cancellations below. The
cancellation follows from standard arguments for factori-
zation [37-39], and to leading power in N requires only a
simple ratio in moment space, for each choice of incoming
eikonal lines. This flavor-diagonal cancellation is a general
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feature of threshold resummation at leading power
in N [29,40,41].

Both the eikonal distributions and cross sections are
defined as matrix elements of Wilson lines. For the latter,
we use the notation,

A
CbﬂR)(/b,il;x)EPexp[—ig/Zdiﬂ-Am)(iﬁ—f—x) (34)
A

in color representation R, where “P”” denotes path ordering.
For the annihilation channel, gg — fg, we use these to
construct a three-Wilson line product, which represents the
source of radiation near partonic threshold:

[U ()i = T(@Y (00, 05x)]  ul™ (x)),  (35)

By de ©Jt

where “T” denotes time ordering, and where

e (x) = [q)g) (0, —oo;X)]jl(qu))lk[

e,ji

@} (0, —003 %), .
(36)
with qu) the SU(3) generator in the fundamental repre-

sentation. For the Compton channel, gg — fq, the corre-
sponding product is

Uy () s = T(@7 (00.0:)] 18] ().

w4 () = (1) [} (0, —00;)]_ [@}(0,—005x)] |

and analogously for the gg — g channel.
In terms of the operators just defined and the transform
of Eq. (29), the eikonal cross sections are given by

3 (N/Q, 7€)

- Ze_N B,-px/Q) <0|U*hr(0)|X> (X|U 4,,(0)]0)

= Z O|Uabr ( )|O>

<0|UT (0)e =N(ip,-0./Q) [}

|X X|e_N ip0:/Q) )

abr(%)[0)

In computing this quantity, an average over initial-state
colors and a sum over final-state colors (for example, i, j
and d, respectively, in [U ;] ;.;;) is assumed but suppressed.
The derivative operator in this form is fixed by the velocity
of the outgoing Wilson line in the U, operators. We will
use this feature in the following arguments.

Before analyzing the eikonal cross section using a
graphical approach, we observe that at fixed values of
P, - px, the matrix elements encountered in Eq. (38) for the
eikonal cross section are the same as those in the SCET soft
function analyzed in Ref. [42]. As in that analysis, we make

(38)

use of the scaling behavior of the integrands of eikonal
cross section in terms of the velocities, f; — Af;. In the
following, we will show that it is possible to write the
logarithm of this function in an integral form that is the sum
of far-infrared integrals that include the Landau pole times
an explicit power of Q, as in Eq. (5), plus perturbative
integrals that generate logarithms in the moment variation
N of threshold resummation.

C. Cancellation of final-state interactions

The outgoing Wilson line effectively changes the expo-
nential of the derivative to the exponential of a covariant
derivative,

_iNprox _ ( , _ingrD( (A(x)
e ¢ ér)(oo,o;x) = (ID(ﬂr>(oo,O;x)e o, (39
in terms of the covariant derivative f,- D")(A(x)) =

B, - (0, +igA")(x)), in the color representation of the
recoil parton. Substituting this basic relation into the
expression in Eq. (38), we readily find the cancellation
of the unitary final-state Wilson lines, giving a form in
which all interactions associated with the recoil line are in
an exponentiated operator localized at the origin,

YN/, i, €)
u (0)]/0)

= <O|uabT(O) [e_w
i . D)
= Ok 0) K] _Nﬁrg(A)+ ...>uab(o>] 10)

=651 4 O(ay)).

abr (40)
In the second equality, we exhibit the expansion in N/Q
that we will employ below. Any truncation to a finite power

of N/Q corresponds to a local operator of dimension N. In

the third equality, we define the normalization factor Ggehu:,o)

that appears in the definition of the factor H ,, in Eq. (32).

Note that af,jl:’o) is a pure color factor.

In Eq. (40), the cancellation of IR singularities associated
with the final state is manifest at any order in the expansion.
The eikonal cross section is an infinite sum of insertions of
the covariant derivative in the 8, direction on the incoming
lines of u?” at the origin. After an order-by-order sum over
final states, there are no singularities at any point where
lines are parallel to the outgoing eikonal 3,, simply because
there are no eikonal propagators in the perturbative
expansion of the right-hand side of Eq. (40). Collinear
singularities associated with the incoming eikonals remain,
of course. As discussed following Eq. (31) all collinear
singularities will be eliminated in the ratios that define the
~ (eik)

eikonal hard functions @,

how this occurs below.

in that equation. We will see
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Logarithms of the moment variable, N in &Efb“;), organ-

ized by threshold resummation, are generated in the usual
fashion by an incomplete cancellation of real and virtual
emissions. This mismatch between real and virtual con-
tributions requires all orders in the expansion of the
exponent in Eq. (40), and we will not base our analysis
below on this particular form. The essential conclusion that
we employ from this expression is the absence of singular
behavior associated with the outgoing eikonal in an
alternative expression for the eikonal cross section, which
is fully equivalent to (40) point-by-point in momentum
space. This is the web expansion, to which we now turn.

IV. GRAPHICAL EXPONENTIATION
AND RESUMMATION

We now recall the representation of eikonal cross
sections as exponentials of web functions, and go on to
review some of the relevant properties of web functions,
in particular their renormalization-scale independence
and absence of subdivergences. We explain the relation
between perturbative resummation and web exponentia-
tion, and compute the exponent at lowest order in the
running coupling. Using the renormalization group inde-
pendence of webs, we see already at this order that power
corrections induced by the running coupling, or finite
gluon mass, are characterized by even powers of N/py.
In the following section, we go on to extend this result to
all orders.

A. Graphical exponentiation and web functions

The value of the expression for the cross section, Eq. (40)
is that it shows that all infrared singularities associated with
couplings to the outgoing line cancel in the eikonal cross
section. This result follows because the moment variable is
defined by the same velocity vector, 5, that defines the
single outgoing Wilson line for the eikonal cross sections.
In this section, we will exploit this cancellation, using the
exponentiated web representation of these eikonal cross
sections based on three eikonal lines. A specific discussion
of exponentiation for products of three Wilson lines at the
amplitude level can be found in [36], and an eikonal cross
section written as in Eq. (38) or (40) falls into the general
arguments of [43] as long as the integral over phase space is
symmetric for all final-state partons. This is the case for the
cross section defined by Eq. (38). It may therefore be
written in the form

Gu (N Qo €) = 5 eFurNIR ), (41)

where

E.p (N/Q. 1. 1. €)
T gyl

O e W) FR o)
i'Pj

For this three-eikonal case, the web function w,, is a scalar

in group space, and the overall factor 55;11;,0) is the zeroth-

order eikonal cross section. The dependence of the web
function on momentum k is fixed by the invariance of
straight Wilson lines under rescalings of their defining
velocities f3;. The explicit Laplace transform corresponds to
contributions of all diagrams with at least one parton in the
final state, weighted as in Egs. (29) and (38). The step
functions cut off final momenta at the scale of the partonic
threshold center-of-mass energy [9]. Dependence of this
cutoff on Q is exponentially suppressed for real radiation.
For brevity of notation, we will suppress these theta
functions below. The contributions of purely virtual dia-
grams are summarized by the term with “1” that is
subtracted in the integrand. The form of the virtual
contributions is fixed by imposing that the eikonal cross
section vanish at N = 0, that is, for the fully inclusive
eikonal cross section.

The perturbative expansion of the cross section in
Eq. (42) is, of course, collinear-singular, and requires
collinear subtractions for its incoming eikonals, as in
Eq. (31). In computing the ratio of eikonal cross sections
to eikonal parton distributions in Eq. (31), we use the
exponential form for the latter [9], given in D =4 — 2¢
dimensions by

~ W dk3 5 N1
¢i/i(N’:u’€) = exXp |:A k2(1+6) Ai(as(kT))/O dz :|7

. 11—z
(43)

in terms of the familiar anomalous dimension A;(a,) =
Ci(a,/m) +--- with C, =Cp=4/3 and C, = C4 = 3.
Here, we exhibit the N-dependence of the full anomalous
dimension [-A(ay) In(Ne'z) + O(1/N), with yg the Euler
constant] as an integral over a variable z. This form will be
convenient in Sec. IV D.

Substituted into Eq. (31), the eikonal cross section (41)
and subtractions (43) give for the eikonal hard-scattering
cross section,

~ (eik ~ ~ ik,0) % 5
3 (N, Q1) = H oy (pro o) 0 i VeEan (N/Qi) | (44)

where
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Eabr(N/Qvi/\/’ﬂ)

dPk brk k-
RAC S (e )
i'Fj
dig oo -1
i= abl k l+€ af k ))/ dz 1

-z

In this form, the cancellation of collinear singularities
appears in the exponent, the logarithm of the cross section,
which as we have seen is given at each order by a sum of
web diagrams. The integrals of the web diagrams will thus
automatically generate a single collinear-singular integral,
exactly matching the collinear integrals of the eikonal
parton distributions, specified by the anomalous dimen-
sions A,. We will organize these integrals below in a
manner that exhibits collinear-finite power corrections in
N/Q, but the cancellation of leading-power collinear
singularities is guaranteed by factorization, as discussed
below Eq. (31).

Leading powers in Q come from the range of k where
Np,-k/Q > 1 and real-gluon emission is exponentially
suppressed. Potential contributions at nonleading powers in
N/Q arise from the region Nf,-k/Q < 1, and can be
isolated by expanding the exponential, as in Eq. (40), for
the full eikonal cross section. We will analyze this
expansion in Sec. V, after discussing relevant properties
of the web functions.

(45)

B. Webs, their renormalization and absence
of subdivergences

The web functions in Eq. (42) can be defined recursively,
in perturbation theory, with a general form given by [43]

ZDNH

N+l

N+1

|:N+1 N (N+1)

Zm'z S wlinhyplin) ) ,

i,=1 i=1

(46)

where the DV+1) make up the full set of eikonal diagrams
at the (N + D)st order in a,, and the web function w™) is
the sum of web diagrams at Mth order. The square bracket
with superscript (N + 1) indicates that the (N + 1)st order
only is kept in the multiple sum over lower-order webs. At
first order, the webs are given by the sum of single-gluon
exchanges between Wilson lines, and Eq. (46) determines
all higher orders. We have suppressed momentum depend-
ence, integrations and parton labels, but we emphasize that
this form applies to any eikonal cross section with
symmetric phase space, not simply to the three-eikonal
case at hand. In the general case, with four or more
eikonals, the web functions are group space matrices,
which have been studied to high order [44-46].

The webs for electroweak boson production cross
sections in our case are given by diagrams with three-
eikonal irreducibility, which differ from their standard
forms by the subtraction of certain color factors [17,36]
(maximally non-Abelian configurations are left). Their
propagators are the usual causal free Green functions for
quarks and gluons, and the usual eikonal denominators for
Wilson lines. Because the propagators are standard, web
diagram integrals over the components opposite to /5, can
be carried out in light-cone perturbation theory, and the
cancellation of final states holds diagram-by-diagram in the
inclusive cross section [38]. The scale invariance of eikonal
diagrams implies the homogeneous dependence on the
variables involving the Wilson line velocities, i shown
in Eq. (42).

The integral of the virtual web function over momentum
k in Eq. (45) requires ultraviolet renormalization, which is
additive, and corresponds to the renormalization of the
composite three-eikonal vertex that defines the cross
section. At fixed momentum k, however, the web functions
are unrenormalized, that is, renormalization scale invariant,

4., ({ﬁi'kﬁj'k
Md,u abr ﬁi'ﬂj

b ) <o, @)
This is a consequence of the lack of an analog of wave
function renormalization for Wilson lines [47]. Equation (47)
holds for both massive and massless Wilson lines.

In addition to their renormalization properties, webs also
have the important property that they are free of subdi-
vergences, aside from logarithms that can be absorbed into
the running coupling through Eq. (47). This means that IR
divergences in the integral over k arise only when both k>
and one of the combinations f; - kf3; - k vanish. For the
cross section at hand, these are soft and collinear limits of
web diagrams.

To make the discussion specific, let us consider a
subspace S; of the loop momenta of web w™) in an
Lth-order subdiagram, L < N. We denote by “S; — 0 a
configuration where all of the loop momenta of the
subdiagram are soft or collinear. We want to show that

w2200,

(48)
where the zero on the right-hand side refers to the absence
of an infrared subdivergence. The lack of subdivergences,
Eq. (48), certainly holds at N = 1, which is the case of a
single gluon. We next assume that it applies for webs up to
order N

Extending Eq. (48) to order N + 1 is readily seen as a
consequence of the order-by-order factorization properties
of cross sections in such limits. We consider the L-loop on-
shell, soft or collinear limit of w(N+1) as given by Eq. (46).
For the first term on the right-hand side of (46), general
factorization properties give
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ZD<N+1)~%;§)ZD(L Z DWHI-L) (49)
(N+1) DL )

)
DIN+1 DW+I-L

where corrections are again nonsingular. To treat the second
term, consisting of sums of lower-order webs, we use our
assumption that up to order N, web functions only diverge

|

W+ 253 pie
Do)

)
DWN+I-L )

:0’

where we have also used Eq. (46) to identify the full set of
(N + 1 — L)th order diagrams as a sum of webs. Referring
above to Eq. (46), the definition of the web function at
(N + 1)st order, we see that the term in curly brackets
cancels the sum over the D(X), by the definition of the web
function w() for L < N. The subdivergences of w(N*1) thus
also cancel in the sum over webs, which is what we set out
to show.

C. Perturbative resummations and eikonal
power corrections

Before studying power corrections, we return to the full
form of the eikonal cross section in Eq. (42) and the hard-
scattering function (45), and remark that perturbative and
nonperturbative contributions separate naturally in the
integral over k. Perturbative resummation of logarithms
in N can be derived from the range of momenta k for which
P, -k > Q/N. In this region, the term due to real emission
is exponentially suppressed, and logarithms in N arise
entirely from the contributions of virtual diagrams, given
by the function w,,,., with subtractions specified as in
Eq. (45) in the range 1 —z > 1/N, where 7V < 1. The
results for direct photons, developed from this point of
view, are found in Ref. [9]. Alternative (and more familiar)
approaches to resummation for single-particle production
are based on refactorizations of the hard scattering function,
leading to evolution equations [48-54], and on related
analyses in soft collinear effective theory [55]. These
analyses go beyond the eikonal approximation that we
are discussing here. From a practical point of view, a purely
eikonal analysis of resummation would miss contributions
associated with partonic spin and kinematics starting at
next-to-leading logarithms. For the reasons discussed at the
beginning of Sec. III, however, we believe that the eikonal
approximation captures the leading nonperturbative behav-
ior that appears in powers of N/Q.

In what follows, we take this viewpoint, and concentrate
on the range of k where 8, - k < Q/N, and hence for which
an expansion of the exponential exp[—Nf, - k/ Q] converges
rapidly in Egs. (42) and (45). In this range, which is not

when the entire web becomes collinear or soft altogether.
Thus, the limit S; — 0 can only be realized when a single
web in order L has loop momenta all in S}, or when a set of
web functions whose union is a diagram in the sum over
D) have loop momenta that together are in S, . Factoring
these webs algebraically from the sum in (46), we find

L L (L)
1 . . .
§ )D(N+1—L) — {W(L) 4 { — § 1 § W(/m’)w(/m’—l)._.w(/l)] } X § )D(N+1—LJ
m I = = D

1 (N+1-L

(50)

normally included in perturbative resummation, there is an
interplay between real and virtual corrections at low momen-
tum scales. To study the integral in this region, the properties
of the web functions derived above will be useful.

D. The lowest order web

We illustrate these considerations with the lowest-order
web function for gg — f + g, given by the interference
terms between gluon emission from each of the three
Wilson lines. The Cp part of the calculation proceeds in
much the same way as the one for the inclusive Drell-Yan
cross section in Ref. [8]. It is natural to specialize to the
frame where f; and f}, are incoming along the 3 axis. We
continue to normalize velocities as %, = 1, so that

B =25,.,
By =25, (51)
giving S, -, = 2 and
Pukpy-k _ I+ k7
Ba By 2

It is now convenient to project the recoil velocity in the
following way:

:ﬁr‘ﬂb ﬂr'ﬂa
ﬁa'ﬁb ﬁa'ﬁb

A bit of algebra then gives for the first-order web function
in the gg channel:

(52)

B Pa+

W(l) 47zgz/¢2€5(k2)

9q9 —
. C . -k
% (CF ﬂu ﬂb +_A ﬁu ﬂb ﬂr,T T)
ﬁa'kﬁb'k Zﬁa'kﬁb'k ﬂrk
= Cpuld) +Caoll . (54)
The term u(qlq)g, multiplied by Cr contains all collinear

singularities in the web contribution to Eq. (45). It is easy to
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see that with A(a,) = Cra,/m + - - -, these singularities are
cancelled by the collinear subtraction, as they must be. The

)

term w2, proportional to Cy is by itself collinear singular

when k is collinear to f,, but this singularity cancels
between real and virtual corrections in Eq. (45). We may
thus substitute the web function w'? of Eq. (54)in Eq. (45)

a9
and evaluate the resulting integral with D = 4. In the large-

N limit, we can approximate the z integrals in the
subtraction term of (45) by In N;e’® = In N,;. We then have,
at lowest order in aj,

. . d*k ~NEsk
Eill}r(N/Q’”vﬂ) = CF/<2”)4 <e Mo 1) Ezb)r(k)
H dk%" (k%) NﬁrT
1 IRLEALE
+A k2 CF i n( 2
d*k ek
+CA/W(C Mo - l)vz(zlb)r(k)

= CrUL (N/Q. i)
+CAVI (NJ Q.7 ), (55)

where we have used the choices of moment variables for
single-particle cross sections given in Eq. (33) and that, in
the normalization of Eq. (51), ﬁrT =y BPa Pr

It is straightforward to reduce the resulting expression
for the C term in Eq. (55) to a single integral over k, in
the limit that N > 1 for values of k; small enough that
Nky/Q < 1. We begin by expressing the mass-shell delta
function in the web as (1/2k")5(k~ — k%/2k™) to do the k=
integral, imposing the limits on the k™ and k™ integrals
shown explicitly in Eq. (42). In the large-N limit, we can
then perform the k* integral to get a Bessel function, up to
terms that are exponentially suppressed in N, using the
relation

/Q/\/i dki (e ﬁrk++ﬂr2]\+) _ 1)
K/V20 2k

=K, <Nﬂ’QTkT) +1n ("QT) +0(@e™).  (56)

We note that this approximation holds for any k; less than
Q, and that, in fact, the function K(z) behaves as z71/2¢~*

for large z. For the function U glz-I)g(N /Q, 1, 1), we then find
|

1 /N, 2

1 A~
VD (N Q.7 ) =

1) .
qug(N/Q’ 7, /’t)

_ 0’ dk% as(k%‘) Np,. rkr Nﬁr,TkT
=2 [T, M 0 >K°< 0 >

n (%)] , (57)

where I(x) is a standard Bessel function, for which
I5(0) = 1. In the range for which k; is small enough that
Nky/Q < 1, standard expansion formulas for the functions
K, and I, show that power corrections involve only even
powers of N/Q. As noted above, for large N and k;, the
Bessel function K, decreases exponentially. In Eq. (57),
this leaves the exponentiating double-logarithmic correc-
tions of threshold resummation. In summary, as anticipated
in the discussion of the eikonal cross section at the end of
Sec. III B, we have shown that at lowest order the logarithm
of the cross section additively generates both the logarithms
of threshold resummmation and power corrections. We find
the perturbative logarithms for large Nkr, and inverse,
even powers of Q7, times integrals with a Landau pole. In
the next section, we extend this result to arbitrary order in
the exponent.

For the second, C,, term in Eq. (55), it is easier to
compute the derivative with respect to N, which cancels the
P, - k denominator in Eq. (54). We find that

d 2.7 [@ dk% as(k%") NP, rkr
dN qqq(N/Q 7]’ )_ Q 0 kT P Il( Q )
Np, rk
xK0< ﬂ’Q-T T). (58)

Although N is large, in the region of interest we can still
expand the Bessel functions in terms of their arguments,
leading to an expression that begins at power N/Q times
even powers of N/Q. Such an expansion is legitimate since
the integrand in Eq. (55) vanishes at N = 0 for any k7. This
also means that there is no term constant in N in this
expansion. Assuming V(') has an expansion in the same
variables, it must start at N2/Q?, just as for U(). In
summary, the lowest-order behavior in N/Q for the func-
tions UM and V(! in the region N > 1, Nk;/Q < 1 is

(k) {1 - 2ln(w>] + O(N*/ 0%,

20

_1 Nﬂr,T 2 Qas<k2T) (Nﬁr,TkT> 4 4
2( o > AdkT (=5 + O(N*/ 0. (59)

T
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Here we see exph(:ltly the absence of linear powers. The
part with U, (1 g0 18 very similar to the result for inclusive
Drell-Yan obtalned in [8]. As noted, the expansions of the
relevant Bessel functions generate even powers to all orders
in this expansion. Although we are not able of course to do
the kr integrals in (57) and (58) in closed form, this feature
is completely general. We have checked that it equally
applies in the case of gg scattering, despite the fact that the
collinear subtraction here contains two separate terms, one
with Cr and one with Cj,.

We have used ky as the scale of the running coupling in
all of these expressions. This is a consistent choice, given
the scale invariance of web functions, Eq. (47) and the lack
of subdivergences in webs discussed above. The ambiguity
present in resummed perturbation theory is then evident
in Eq. (59), due to the Landau singularity in a,(k%). These
singularities may be organized, for example, in Borel
form [3], by using the representation

) © k2 —ofo/4n
a,(k7) = A do ( A2> : (60)

in Eq. (59), where f, = 11 —2N;/3 (with N, the number
of flavors) is the lowest-order coefficient of the QCD p
function. In any case, the absence of a linear N/Q
correction is the main result, familiar from Ref. [4]. We
extend this result to all orders in the following section.

In closing this section, we can check that analogous
exponentiating power corrections appear at lowest order
and fixed coupling if we provide the gluon with a mass, as
in Ref. [15]. This can be done by making the simple
replacement

8(k2) = 8(k* — 12) (61)

in the lowest-order web, Eq. (54), also modifying k% to
k% + 2% in the subtraction term. The resulting corrections
also involve only even powers of A.

V. INFRARED MOMENTA
AND POWER CORRECTIONS

It is our goal in this section to demonstrate that the lack
of linear powers in N/Q extends to all orders in the web
expansion. The web expansion includes information on
power corrections, derived by expanding the exponent in
the region f3, - k < Q/N in Eq. (42) for the eikonal cross
section. We have seen in Eq. (40) that in the full moment

integral all final-state interactions generated by the out-

going Wilson line CDX)

can be replaced by an expansion in
terms of operators that are local at the three-eikonal vertex
(the “origin”). These operators are generated from the
exponential of the covariant derivative f, - D)(A(0))

multiplied by N/Q. Hence, each inverse power of Q in

the expansion comes with a polynomial of the same order
in the vector /.

We will begin our general study of power corrections
with contributions that are linear in the vector fy. We will
see that despite its overall factor of N/Q the Np, -k/Q
term is actually leading power and collinear singular. These

singular terms, however, are cancelled in the eikonal hard-

scattering function wflb,), leaving a residue that is free of

linear, 1/Q corrections, and which begins at order N?/Q?.
We will then go on to show that this is the case for any
power in the expansion in Np,-k/Q. In the following
arguments, we use our ability to identify possible sources of
logarithmic singularities with well-characterized regions in
web loop momenta. We will find power corrections
beginning at N2/ Q? associated with the low-scale behavior
of the QCD running coupling at all orders.

A. Web functions in the power expansion

Perturbative resummations that are sensitive to the
Landau singularity at power 1/Q must come from momen-
tum integrals that are pinched at on-shell configurations in
Eq. (42). The web function itself is finite order-by-order at
fixed nonvanishing values of its arguments. It is only when
a subset of the invariants vanish that there is the possibility
of generating logarithms of these invariants.

We begin our discussion of power corrections with those
associated with the first power in the expansion of the
exponential E,,,. in Eq. (42) in Np,-k/Q, which we
consider to all orders in the strong coupling. In view of
our observation that dependence on the outgoing velocity
ﬂ’r’ is local at the three-eikonal vertex in our cross section to
any fixed power in 1/Q, all true final-state interactions,
associated with the outgoing Wilson line, cancel in the web
function just as in the full moment of the eikonal cross
section. We denote this result as follows:

D .
ahr(N/Q 7] M, € —_N/ d“k <:Br >

conl5 2 )
AL B ﬁ,
de < )
E—N
ik
Xﬂabr({ﬂﬁ,%, i)
(1]

(62)
where in the second form, the function p,, . represents the
sum of contributions to the full web function w,;,, that
remain after the sum over final states, that is, when
integrated over final-state momentum k, weighted by
B, - k. The superscript [1] in square brackets for the web
integrand and the exponent refers to first order in the power
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expansion, and remains to all orders in the coupling
expansion. We note that at this point, we are working with
the exponent of the full cross section rather than the
subtracted exponent £, of Eq. (45). We will return to
the role of the initial-state collinear subtractions that relate
the two below.

Given the expression for the cross section in (42), in
which final-state interactions have cancelled, we can
conclude that the function p([llgr in Eq. (62) is much simpler
than the full web function. Indeed, because ELI,]” can

depend on f, only through a single linear factor, we can
(1]

abr

} k2’”2’ as(:uz)>
kpy, - k

:ﬂr'kgab< aﬂg ﬁb vk 7#2’as(ﬂ2))

ﬂr ﬁaﬁb'kg <ﬂa'kﬁb'k
ﬁa ﬂb “ ﬂa'ﬂb
ﬂr ﬂbﬂa’kgb (ﬂakﬂbk

write the residual web function p!, in the form

({ﬁ, kp; -
Bi- b

Br-k

£

ﬁa ﬂb ﬂa 'ﬁb

where the functions g;; have the same mass dimension as the
webs, —D in D dimensions. Note that the renormalization
|

,kz,uz,ax/ﬂ)), (63)

Br- kK, yqq = 2(2”)92/42€5+(k2>ﬁr‘k{[ F— CA]
o ¢ ﬂa ) ﬂb .
=2(2n)g’p 5+(k2)m {ﬂr

where the superscript with square brackets, [1], refers to the
power expansion in N/Q, and the parentheses in super-
script (1) refer to the order in a,. In the second equality in
Eq. (65), we match the kinematic factors involving f3, to the
form in Eq. (63). This enables us to read off the functions
gij at lowest order. In this case, two functions are equal,

1 Gy . Ba Py
9gq =2 {C > ] (27)g*u*s, (kz)ﬂa B,k
c »

All of these functions show collinear singularities at
kr = 0, with kr defined relative to the scattering axis of
the initial state. After the cancellation of final states,
however, collinear singularities at order @, occur only with
color factor Cr, corresponding to the incoming eikonals in
the quark pair representations, which are present in g,(ilq)
The C4 terms must be free of collinear singularities, which

group invariance of the full web, Eq. (47), is inherited by
these functions individually. This is because the local
subtractions involved in renormalization are independent
of the expansion in Nf, - k/Q. We therefore have

d

Z 4. =0, 64
H g9 (64)

which we will use below.

B. Web structure at lowest order and beyond

Before turning to the identification of power corrections,
we would like to see how the decomposition of the web
functions /)Lllr in Eq. (63) happens in perturbation theory.
To this end, we return to the lowest order addressed in
Sec. IV D where the web is a single gluon, exchanged
among the three Wilson lines. This time, we only keep the
linear term in the expansion in Nf, - k/Q.

To illustrate the lowest order, we consider g + g — f + g,
represented here, of course, by eikonal lines in the appro-
priate color representations. There are six terms (two pairs of
three) corresponding to the interference between gluon
emission from pairs of different webs. Factoring out the
zeroth-order color factor (CrN ), which is not part of the
web, we find, in D = 4 — 2¢ dimensions,

ﬁa'ﬂb |:ﬂﬁr a ﬂr'ﬂb :|}
Pa - kpy - k kp, - k ﬂb kp, - k
_ﬂ ~A ﬁr ﬂaﬁb k ﬂr ﬂbﬂa
(oo 2]+2< ) ©

|
in fact they are, since we can readily check that the terms
proportional to C4 in (65) cancel when £ is in the a or b
direction. These observations are consistent with what we
found in Sec. IV D; see Eq. (55).

For completeness, we present the corresponding results
for the quark-gluon channel,

() _ _G 2205 12y La P

gqq—z[cF 2](271)9# s.0) L

m_ 1 _~Ca ses 112y Ba Py
—gM)=2Z4(2 _Fa’Pb_

99a = Yag ) 2 (2m) Pues (k )ﬂu KB,k (67)

Here, we readily verify that collinear singularities again
appear in the a and b directions with color factors
consistent with collinear factorization.

We now show how the same structure is preserved in the

function E‘[l,lr to arbitrary orders in the coupling. For any

final state, the moment function can be thought of as a sum
of two contributions,
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ﬁr'k:ﬁr'kab +ﬁr'kr7 (68)
where k,, is the total momentum flowing out of all vertices
on the incoming eikonals, and k, is the total momentum
flowing out of the composite vertex at which the outgoing
eikonal couples to the incoming eikonals. The sum over
final states can be taken at fixed k,;, and the resulting sum
vanishes after integration. The f, - k, term on the right-
hand side of Eq. (68) is the inverse of the first outgoing
eikonal propagator, corresponding to the gauge field term
in the covariant derivative in the expansion of Eq. (40). This
new vertex, with field g, - A") associated with the three-
eikonal vertex, appears for every remaining final state, for
which the sum over final states again cancels.

The cancellation can be made manifest by integrating
over loop and phase space momentum components pro-
jected by f3,, including S, - k, in light-cone ordered pertur-
bation theory. This cancellation corresponds to the
statement that inserting a complete set of states between
the two local operators of Eq. (40), both of which are fixed
at the origin, does not change the value of the matrix
element. The exact cancellation assumes that we integrate
over all values of the final-state quantity j,-k. In the
expressions we consider below, this integration will only be
carried out to the order of Q/N. Induced corrections will be
suppressed by additional powers of N/Q, which we
consider to be small. In this approximation, all final state
interactions cancel in the resulting sum over final states,
and the result is an expression in which the velocity f,
appears only in products with k and/or the incoming
velocities, times functions that are boost invariant on the
P, — P axis and invariant under scalings of f,, 5, just as
in Eq. (63).

C. Organizing collinear singularities

We adopt the frame introduced in Sec. IV D, specifically
Egs. (51) and (52). In the following, we will relabel the
arguments of the web functions as g, (k%, k%, 42, a,(u?)),
and so forth, or for succinctness, simply g,,(k%,k?).
With these choices, the first term in the power expansion,

using (63) for p%r in Eq. (42) for the exponent, is given by

d’k
i (NJ Q. e 0 / {ﬂr kgap (K7, k)
b ﬁﬁ P g0 (@)

Because we are at the level of the cross section, the g;; are
collinear divergent when k is parallel to either f, or f,.
Because they appear in the web function, however, these

singularities appear additively, and require that all lines
associated with the web become collinear at the same time.

The collinear singularities of EL,],, associated with the
incoming eikonals are to be removed by eikonal collinear
subtractions, as in Eq. (45), and it is the subtracted form that
must be analyzed for renormalon or finite-mass power
corrections. The analysis is closely related to that for the
Drell-Yan cross section [9].

We next use the expansion of # given in Eq. (53) for the
factor S, - k in Eq. (69). The term proportional to f, 7 - kr
vanishes because the integrand is otherwise azimuthally
symmetric. It is then natural to combine the terms propor-
tional to f, - k, and those proportional to /3, - k, defining

Gu = Yab + Yar»
Gb = Yab + 9brs (70)

in terms of which (69) becomes

EY (N/Q.fp€)
/ de |:ﬂr 'ﬁaﬂb : k
Q D ﬁa 'ﬂb
A /fbm ) 2 ]
- - k*, k
55 G, (K> k%)
=EVN/Q. B €) + EV(N/Q fpe),  (T1)

G, (k. k%)

where we exhibit only the momentum arguments for G,
and Gy, and introduce a notation for their integrals. All

singularities for k collinear to 3, are in the &, i term, and all

singularities for k collinear to f3, are in the S term.

We are now ready to analyze the k integrals of EE; z]w to all
orders. Because we are interested in singularities in the
running coupling at small g, we limit ourselves to the region
where k2 <K*~ AQCD Anexpansionin 3, - kis then similar
to an expansion in energy for gluons emitted at low transverse
momentum relative to the incoming directions.

D. Infrared momenta and the absence
of linear power corrections

We recall that to identify the power corrections that
emerge in the cross section, we have expanded the Laplace
transform exponential, exp(—Np, - k/Q), in the exponent
E,;,, of Eq. (42) in collinear and soft regions. This gives rise
to the following conditions on the energy of soft radiation:

1
ky < g for k collinear to f,,
ﬂa'ﬁrN
k PRI for k colli to f (72)
=, for k collinear to S,.
“=B,-B.N ’

In these terms, the eikonal cross section will depend on the
overall scale Q and the invariants f3,-f,. and f, - f,.
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Correspondingly, in the subtraction terms in Eq. (45), we
split the integral over z into two regions,

1 ,N—l 1-1 ,N—l 1 N—l
/ dzz :/ Ndzz +/ dzZ .
0 l-z 0 -z - 1=z

The first region produces the familiar perturbative loga-
rithm of N in the moments of the anomalous dimension
for the eikonal parton distributions, whose role is to
cancel a similar term in the eikonal hard-scattering func-

tions aabr [9], as in Eq. (31). We will not consider the
integration over this region further. The second term,
with the integration over 1 — 1/N < z < 1, is relevant for
our analysis of power corrections. Making the approxima-
tion zV ~exp[-N(1 —z)], which has corrections sup-
pressed by additional powers of N, and considering the
region k7 < k% ~ Ajcp, we have

1 e~N(-2) _q
/ 1+e (k2))/ d————
i=a,b I-y

-z
s

(73)

(=1*
PP

} . (74)

N a Pr
ng](N/Q,ﬁ,//l,G)——ég ﬁbg

0/ (Pa /’N

N

2(2x)P

This is a leading-power and collinear-singular correction,
sensitive to low momentum scales, which will precisely
cancel the singularities of the eikonal cross section, for
1 —1/N < z < 1. We have isolated the first power, P = 1

in the sum, which will cancel collinear singularities in EL ,],,,

Eq. (71), the first term in the eikonal cross section expanded
in powers of Nf, - k/ Q. We will return to the higher values
of P in the following subsection.

Equation (71) and the P = 1 term of (74) specify the full
integral that includes the nonperturbative corrections that
we are after. Identifying these terms as they appear in
Eq. (45) we obtain

1] 1 .
EL, N/ Q.0 ) = EXN/Q. 7€)
© dk )
+A WAa(as(kT))

T

+ & (N/Q.hp.e)

K2 2
4 / k‘”‘T A (B).  (75)

2(1+4¢)
T
We look first at the terms from the cross section that contain
the collinear singularities in the a direction, again restrict-
ing to the range k% < k%

@ dkEk72 [0/ (BB N)~
. / rr / 7 a6, 02.13)
0 0

%ﬂb [ (ks - \/m) +8(ks + W)} (76)

where Q,_. = 22'=¢/I"(1 — €) is the result of the angular integral that generalizes the azimuthal integral in dimensional
regularization. Because of the boost invariance of the web functions along the 3 axis, the energy integral can by carried out

explicitly. With f8, - k = ko + k3 we find

A NB,-p, & ARk [0 (Bub NP~ 0 \?
Vw/Qiime) = —geriron [ 505 | R s B
. Ql—é‘ Kz 212 Qz/(ﬂa'ﬂrN)z_kz dk2 2 2 (kz + k%)(ﬁd . ﬁr)zNz
—‘%A dhiky A 4nyp=T Cal KD |1 20° el 07

where in the second equality, we have used S, - f, = 2,
in the normalization of Eq. (51). In the expansion, we
identify a leading-power term, corrections beginning
at the N?/Q? level, as anticipated. As discussed after
Eq. (45), factorization ensures that the singularities
associated with the leading-power term from the web
function integrals are cancelled by the subtraction in
Eq. (75) from the eikonal parton distribution [9]. This
implies that

Q*/(BuB N =K dk?
— G, (kK k>
A 4 (271’) D—1 “a ( T)

Ay(ay (k7))
= TT + Ay (k3. 0%), (78)
T
where the function A, is collinear finite. In fact, because
A, can depend only on k% and Q?, it must be suppressed by
a power of Q/N. More importantly, by the properties of
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web functions, it has no logarithmic scales except for
Q/(Nu). The scale of the running coupling is thus naturally
chosen as Q/N in this term. This is still a perturbative scale,
and does not imply a nonperturbative power correction
from the integral over k7. We assume, therefore, that it can
be neglected. A result completely analogous to Eq. (78)
holds for collinear radiation in the b direction, with sub-
script b everywhere. Since collinear singularities now
cancel, we can return our full expression in Eq. (75)
to D =4.

The leading correction that remains after the cancellation
of collinear singularities is then obtained from (75) as [we
recall from (70) that the flavor index r for the recoil parton
is implicit in the functions G, ;]

ahr(N/Q 17 /’l
W Br)PN? Q*/(PabNY~K;  dk?
S Y T

s(k7))]- (79)

X [Go (K2, K2, ay(k2)) + G, (K2, k3. at

In this expression, we have reintroduced dependence on the
running coupling in the functions G, ,, using their renorm-
alization-scale independence, Eq. (64). We note that by the
general properties of the web functions discussed in
Sec. IV B, all logarithmic behavior is associated with k2
and k7 vanishing at the same time. Then, choosing y? = k%
absorbs all perturbative logarithms into the running cou-
pling. The ambiguities in the low-scale behavior of the
coupling induce the power corrections to perturbation
theory.

On the basis of this discussion, we see that the term
nominally power-suppressed by N/Q includes a leading
power contribution from values of k, of order Q/N, which,
however, is cancelled by the collinear subtraction.
Nevertheless, the next power corrections appear at order
N?/Q?, with no linear, N/Q contribution. To complete our
argument on the absence of linear power corrections, we
return now to higher orders in the expansion in Nj, - k/ Q.

E. Higher orders in the power expansion

We know that higher powers in the expansion of the
exponent Eq. (45) contribute at leading and nonleading
powers in N/Q, because they are necessary to match to the
full collinear subtraction, beyond the first term in the
expansion shown in Eq. (74).

The treatment of these terms closely follows that of the
lowest order, N/Q, just described in detail. We consider
order P in the expansion of the exponent, and note that the
arguments of Sec. VB apply to arbitrary powers of the
weight 3, - k. The general form is [see Eq. (62)]

EN(N/Q.7.p. ):—%(Z) /%(ﬁr'k)[)

Xp[alz]r({ﬁ ﬂi ﬂé} }’kzhuz’as(,uzb’
(P]

(80)
where p,, is the web function that remains after the
cancellation of final state interactions. Generalizing the case

of P = 1, the product (f - k;)” pggr is proportional to the Pth
power of 3, and of dot products of k and the f3;, i = a, b, r,
and is otherwise a function of boost-invariant factors of k?

and k%, using the frame chosen above. We may thus write

P P-A
P A—B ﬂr ﬂaﬁb >
( pabr ;B:O ( ﬁa ﬂb
o (PR e, e

where by comparison to the P =1 case, (63) we can
identify

(1)

900 = Yab»
1
9(10) = Yar»
1
o = Gir- (82)

Expanding factors of f3, - k as in Eq. (53), we derive a set of
terms that are polynomials in 3, -k, ff, - k, and in even
powers of §,r - kT.2

At Pth order in the power expansion, we want to identify
terms in the integral over k that can compensate for the
overall power of (N/Q)f in Eq. (80), and to confirm that
there are no corrections at linear, 1/Q, order. As in the case
of P =1, contributions that grow with Q can come only
from the k; integral. Although for large P there are many
terms in Eq. (81), powers Q° and Q™' can come about only
from factors (B, - k)¥', which give collinear singularities in
the 3, direction, or (B, - k)¥, which give collinear singu-
larities in the fp, direction. In particular, any factor
Ba kP -k = (kK*+k2)/2 or (B, - kr)? gives corrections
that suppress the integral by 1/Q7.

In summary, the only possible sources of 1/Q correc-
tions are integrals of the type

_L<E>”/ d’k (ﬂr-ﬁaﬂb'ky
P! Q (277:)[) ﬂa'ﬂb

x G (K2, 12), (83)

EFPN/Q. 7, n€) =

*We have simplified Eq. (81) somewhat by neglecting terms
with invariants 3, - 8,8, - B/ Ba - B» times k2 or k2. In such terms,
the leading contributions begin at order 1/Q>.
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where G generalizes G, in Eq. (70),

Gl — P
>

A=0

o

—A
s (K2 3.
0

(84)

o]
Il

Expanding the integrals, this is

EN(N/Q.fp.€)
— _ 1 <N>P<ﬁa'ﬁr)PQ /K2 dk%k;ze
— P\ \B.By) ) 202m)P

Qz/(ﬂa‘ﬂrN)z_k%' Q/(ﬂaﬂrN)
x / dk2G (K2, k2) dk,
0

dis
< [ 5 o 50 -

k(z)—k%—kz)
+5(k3 + w/k%—k%—kz)]

(85)

It is not difficult to show that although this integral
produces exactly the leading power in the Pth terms of
the collinear subtraction Eq. (74), its corrections linear in
N/Q vanish, leaving corrections that begin at (N/Q)?. To
verify this claim, we can consider the class of integrals,

N\ m+n+1 [Q/N
Im,n(Q/N)E<§> / dkoki' (kG — 15)"'2, (86)

with i3 = k*> + k%. The case P = 1 is realized by m = 1,
n = —1 or by m = n =0, but only the former is relevant
here since for m =n =0 the k3 integral in Eq. (85)
vanishes by antisymmetry of the integrand. The P > 1
integrals provide m + n > 1. Adding and subtracting k"
in the integrand, and changing variables to x = ky/[,
we find

B N\ m+n+1 1 0 m+n+l1 S— 1 Q/(Nly) et 1\n/2
Im,n(Q/N) = <§> {m <<N> - lO lO [ dxx 1 1 x—2

1 N?
—mw(@)-

Substituting this result into Eq. (85), the Q° contribution
leads to a collinear-singular integral over k2. This is just
that part of the standard initial-state collinear singularity of
the eikonal cross section that shows up in the (N/Q)* term
of the expansion of the exponential in Eq. (45). As such, the
collinear finiteness of the eikonal hard-scattering function
(I)ffbﬂ;) again ensures that the dimensional poles of this
integral will match the corresponding term in the expansion
of the eikonal collinear subtraction, Eq. (74). This implies a
relation between the function GLP] and the anomalous
dimension A,(a;), analogous to Eq. (7).

It will be of interest for future work to study the
systematics of the full set of (N/Q)? nonperturbative
contributions, in terms of their low-order expansions in
the running coupling, using methods related to those in
Refs. [3,19], and perhaps the all-order structure of these

contributions.

VI. CONCLUSIONS AND OUTLOOK

We have shown in full QCD the absence of coupling-
induced linear power corrections in the eikonal appro-
ximation, for electroweak boson production at fixed
transverse momentum and rapidity. This result is consistent
with the recent detailed analysis at order g> based on
models with a massive gluon [15] and in particular the use
of azimuthal symmetry for isolated terms proportional to a

(87)

|

single power of k7. It is worth noting that the set of integrals
considered in Ref. [15] includes several that reflect the
recoil of hard partons to soft radiation. These terms are not
included in our analysis because they are suppressed by a
power of the soft gluon energy, and hence by 1/N in the
Laplace moment, before expansion of the exponential.
Such terms are independent of the resummation of thresh-
old logarithms.

Looking ahead, it may be possible to generalize our
analysis beyond the eikonal approximation, relying on the
“next to eikonal” structure of these cross sections inves-
tigated in recent years [56-59]. We also expect our results
to have valuable ramifications for phenomenology, given
the vast body of experimental measurements for single
electroweak boson production that have been carried out.
Prompt photons produced in fixed-target scattering have
presented a long-standing challenge to theory [60-62],
which makes an improved treatment of power corrections
highly desirable. Similarly, recent studies [63,64] have
found that fixed-order and even threshold-resummed per-
turbation theory for semi-inclusive deep-inelastic scattering
and the Drell-Yan process at large transverse momentum do
not describe the available experimental data well in the
fixed-target regime. Equipped with a more robust under-
standing of power corrections, one may now attempt to
resolve the discrepancies between data and theory for these
reactions, perhaps using models of the strong coupling, as
for example, in Ref. [19].
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Finally, it will clearly be very interesting to extend our
study to the case of “pure QCD” processes, that is,
replacing the produced electroweak boson by a QCD
parton that subsequently fragments into a hadron or
produces a jet. In this way, one can address power
corrections for a larger class of single-particle reactions,
where the eikonal approximation involves the full complex-
ity of QCD. Here the question as to whether power
corrections start at order 1/p; or 1/p% is still open. Its
resolution will likely impact the description of fixed-target
scattering data for single-hadron production, as well as the
fragmentation contribution to the prompt-photon cross

section. In this context, it is interesting to note that recent
Phenix photon data [65] are in better agreement with NLO
theory for the isolated case than for the nonisolated one at
pr < 10 GeV, the latter having a much larger fragmenta-
tion component.
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