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The past decade has witnessed dramatic progress related to various aspects of emergent topological
polar textures in oxide nanostructures displaying vortices, skyrmions, merons, hopfions, dipolar
waves, or labyrinthine domains, among others. For a long time, these nontrivial structures (the electric
counterparts of the exotic spin textures) were not expected due to the high energy cost associated with
the dipolar anisotropy: the smooth and continuous evolution of the local polarization to produce
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topologically protected structures would result in a large elastic energy penalty. However, it was
discovered that the delicate balance and intricate interplay between the electric, elastic, and gradient
energies can be altered in low-dimensional forms of ferroelectric oxide nanostructures. These can be
tuned to manipulate order parameters in ways once considered impossible. This review addresses the
historical context that provided the fertile background for the dawning of the polar topological era.
This has been possible thanks to a fruitful, positive feedback between theory and experiment:
advances in materials synthesis and preparation (with a control at the atomic scale) and
characterization have come together with great progress in theoretical modeling of ferroelectrics
at larger length and timescales. An in-depth scientific description to formalize and generalize the
prediction, observation, and probing of exotic, novel, and emergent states of matter is provided.
Extensive discussions of the fundamental physics of such polar textures, a primer explaining the basic
topological concepts, an explanation of the modern theoretical and computational methodologies that
enable the design and study of such structures, what it takes to achieve deterministic, on-demand
control of order-parameter topologies through atomically precise synthesis, the range of characteri-
zation methods that are key to probing these structures, and their thermodynamic field-driven
(temperature-driven, stress-driven, etc.) susceptibilities are included. The new emergent states of
matter join together with exotic functional properties (such as chirality, negative capacitance, and
coexistence of phases) that, along with their small size and ultrafast dynamical response, make them
potential candidates in multifunctional devices. Finally, some open questions and challenges for the

future are presented, underlining the interesting future that is anticipated in this field.
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I. INTRODUCTION

Over the years, the complex interplay of spin, charge,
orbital, and lattice degrees of freedom has provided for a
plethora of exotic phases and physical phenomena in tran-
sition metal oxides (Tokura and Nagaosa, 2000). In contrast to
semiconductors, which are typically materials with a rigid
structure where only the charge (semiconducting electronics)
or the interaction between charge and spin (spintronics)
degrees of freedom are of relevance, in transition metal oxides
the energies of various interactions (Coulombic repulsion,
orbital bandwidth, crystal-field splitting, elastic strain, Hund’s
exchange, etc.) tend to be of a similar order of magnitude.
Moreover, in most cases they are coupled, giving rise to strong
electron-phonon, spin-phonon, spin-orbit, electron-spin, or
polarization-strain couplings (Rondinelli and Spaldin, 2011).

As a consequence of the delicate balance among these
interactions, many systems exhibit a large variety of phase
transitions, leading to a spectrum of competing phases. Small
external perturbations (driven by temperature, strain or pres-
sure, electric or magnetic fields, doping, chemical composi-
tion, etc.) are then able to induce phase transitions, giving rise
to tunable order and properties and/or giant responses that can
be used in the design of multifunctional devices. Thus, it is not
surprising that some of the key discoveries of condensed-
matter physics in the past few decades have emerged in the
fertile field of complex transition metal oxides. Among the
most prominent examples is high-temperature superconduc-
tivity (Dagotto, 1994), which was discovered by Bednorz and
Miiller (1986) in ceramic copper oxides. A few years later, in
another family of oxides (mixed-valence manganites) colossal
field-driven magnetoresistance responses were found (Jin
et al., 1994; Uehara et al., 1999) whereby the application
of a magnetic field changes the electrical resistance of the
material by orders of magnitude. Giant electromechanical
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responses have also been reported at morphotropic phase
boundaries (Noheda et al., 1999; Bellaiche, Garcia, and
Vanderbilt, 2000), providing a continuous path for the
ferroelectric polarization displayed by some oxides to rotate
and yielding large piezoelectric responses. In addition, differ-
ent mechanisms for metal-insulator transitions, including the
formation of electronic quantum liquid-crystal phases
(Kivelson, Fradkin, and Emery, 1998), have been discussed
in d-electron oxide systems (Imada, Fujimori, and Tokura,
1998). Other oxides display multiferroism (that is, they
present two or more primary ferroic properties united in
the same phase, for instance, magnetic and ferroelectric) and
exhibit unusual physical properties as a result of the coupling
between their coexisting order parameters (Wadhawan, 2000;
Fiebig, 2005; Spaldin and Ramesh, 2019). Even more, beyond
the fascinating physics of complex oxides at the bulk level,
interesting new perspectives were opened upon the obser-
vation of unusual phenomena at oxide interfaces, boosted by
the possibility of growing them epitaxially with a control at
the atomic level (Zubko et al., 2011). Interfaces break the
translational symmetry and potentially allow new coupling
between adjacent layers that are of utmost importance and
ultimately govern the properties of the heterostructures.
Sometimes totally new and unexpected phenomena emerge,
exhibiting novel functionalities that can be completely
different than those of the respective bulk materials. These
include the appearance of a two-dimensional electron gas at
the interface between two large band-gap insulating oxides
(LaAlO; and SrTiOs3) (Ohtomo and Hwang, 2004; Thiel
et al., 2006; Reyren et al., 2007) and the emergence of
improper ferroelectricity due to coupling of the oxygen
octahedra rotations (primary order parameter) with the
polarization (dependent order parameter) in short-period
PbTiO3/SrTiO; superlattices (Bousquet et al., 2008).

One of the recent breakthroughs in this field of multifunc-
tional complex oxides is related to ferroelectricity, which was
first discovered by Valasek 100 years ago, who observed that
Rochelle salt possesses a spontanenous polarization that can
be reversed in a sufficiently large external electric field,
yielding hysteresis loops similar to those known for magneti-
zation versus magnetic field in ferromagnets (Valasek, 1921).
Ferroelectric materials have a tendency to form domains (local
regions of uniform polarization) as a means of reducing the
depolarization fields that occur at surfaces. Uniform domains
are by far the most common arrangement. However, in recent
years complex polarization patterns have been discovered,
including flux-closure (Jia et al., 2011; Tang et al., 2015),
vortex (Naumov, Bellaiche, and Fu, 2004; Yadav et al., 2016),
skyrmion (Nahas er al, 2015; Das et al., 2019; Pereira
Gongalves et al., 2019; Nahas, Prokhorenko et al., 2020), meron
(Nahas, Prokhorenko et al., 2020; Wang et al., 2020; Shao et al.,
2023), and hopfion (Luk’yanchuk et al., 2020) patterns, among
others. Some of this progress has already been reviewed (Gregg,
2012; Seidel, Vasudevan, and Valanoor, 2016; Zheng and Chen,
2017; Das et al., 2018, 2020; Hlinka and Ondrejkovic, 2019;
Ramesh and Schlom, 2019; Nataf et al., 2020; Chen et al., 2021;
Tang, Zhu, and Ma, 2021; Tian et al., 2021; Fernandez et al.,
2022; Guo et al., 2022; Wang et al., 2023).

Topology has played a key role in our understanding of
many physical systems (Mermin, 1979), from the role of
dislocations in crystalline solids and its influence on the

025001-3



Javier Junquera er al.: Topological phases in polar oxide nanostructures

strength and malleability of a metal under stress to the
existence of vortex lines in the order-parameter field of
superconductors and superfluids, a topic first studied in the
middle of the 20th century (Halperin, 2020). In other ferroic
systems, especially ferromagnets, complex spin topologies
such as magnetic flux-closure domains (Runge et al., 1996),
vortices (Shinjo et al, 2000; Wachowiak et al., 2002;
Park et al., 2003), and skyrmions (RoBler, Bogdanov, and
Pfleiderer, 2006; Miihlbauer et al., 2009; Neubauer et al.,
2009; Pappas et al., 2009; Yu et al., 2010) were observed more
than a decade ago. In most cases, these spin textures originate
from the delicate balance between the exchange interaction
(which tends to align the spins in a colinear way), the
relativistic Dzyaloshinskii-Moriya (DM) interactions (which
tend to tilt the spins by a rotation around the DM vector and
produce chiral structures), and the long-range magnetic
dipolar interactions, often in the presence of thermal activation
and external fields (Nagaosa and Tokura, 2013). Since their
first observation, these spin textures have attracted a lot of
interest. Particularly attractive is their potential application in
novel spintronic devices (Fert, Cros, and Sampaio, 2013),
benefiting from their stability in high-density data storage
(Parkin, Hayashi, and Thomas, 2008), or of the controlled
motion of these particlelike magnetic nanostructures in logic
devices (Omari and Hayward, 2014). Furthermore, a dedi-
cated road map has been created to capture the present state of
the art and the wide range of research directions and strategies
currently under way (Back et al., 2020).

The quest to establish the existence of complex topological
arrangements of electric dipoles in ferroelectrics, the electric
counterparts of the exotic spin textures, has been a popular
topic of research since the beginning of this century. These
polar topological structures have the potential to be more
advantageous than their magnetic analogs for ultrafast (pho-
non frequencies typically in the terahertz regime) and high-
density storage (due to their smaller sizes) devices. But the
determination of how to create topologically nontrivial ferro-
electric textures turned out to be far from obvious. Common
wisdom was that such nontrivial structures would have a
prohibitive energy cost in ferroelectric materials. The main
reason is that the primary order parameter (the polarization) is
strongly coupled to the lattice, leading to a strong role of
structural and dipolar anisotropy. Therefore, the smooth and
continuous evolution of the local polarization to produce a
topologically protected structure would result in a large elastic
energy penalty (Das et al., 2020; Martin, 2021). However,
theoretical predictions, eventually followed by an experimen-
tal synthesis and characterization of materials, have allowed us
to overcome the barriers, and nontrivial polarization patterns
are now frequently observed in ferroelectric nanostructures,
where the electric, elastic, and gradient energies of the
materials compete in an extraordinarily balanced way.
Indeed, this is a particularly exciting problem in nanoscale
physics, as the experimental advances in materials preparation
and characterization have come together with great progress in
theoretical modeling of ferroelectrics. Both theorists and
experimentalists are finally now able to work on the same
length scales. This allows real-time feedback between theory
and experiment, with new discoveries routinely made both in
the laboratory and via computer (Ahn, Triscone, and
Mannhart, 2003; Ahn, Rabe, and Triscone, 2004).
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In this review we summarize the efforts undertaken during
the last two decades to unravel the existence of emergent
nontrivial polar topologies. A summary of the initial steps in
this research endeavor is presented in Sec. II. A primer on the
topological concepts required to understand important ideas
discussed in this work (homotopy classes and their charac-
terization by indices, novel toroidal characteristics, topologi-
cal phase transitions, etc.) is provided in Sec. III. The
nontrivial textures emerge as the result of a delicate balance
between different interactions. The most important ones, and
their relative importance in the stabilization of the novel
phases, are reviewed in Sec. IV. These discoveries were made
possible by the advent of new experimental synthesis and
characterization techniques, developed simultaneously with
improved theoretical frameworks. An overview of the key
methods is given in Sec. I of the Supplemental Material (472).
The design and study of novel topological states of matter and
emergent phenomena in ferroic superlattices and other low-
dimensional forms (films, wires, and dots), whereby the innate
competition between energy scales is taken advantage of to
perch materials at or near the boundary between different
states, is considered in Sec. V. Despite these efforts, a vast
design space and potential for the development of novel
functionalities, emergent properties, unprecedented effects,
and exotic physics remains essentially untapped. Possible
future directions of the field are outlined in Sec. VI.

II. OVERVIEW OF THE DAWN OF NONTRIVIAL
TEXTURES IN FERROIC MATERIALS

Vortexlike structures appear in significantly different con-
texts in nature, including spiraling galaxies, massive storms
and hurricanes, stirred fluids, whirlpools, and smoke rings,
among others. They have attracted the interest of scientists and
philosophers alike, from ancient Greeks to René Descartes,
who introduced them in his book The World or Treatise on the
Light to describe the orbits of planets around the Sun. Vortices
are also interesting phenomena in condensed-matter physics.
Quantum vortices representing a quantized flux circulation
of some physical quantity (quantized angular momentum)
were predicted by Onsager in 1949 in connection with
superfluid helium (Onsager, 1949). A few years later,
Abrikosov applied them to explain the magnetic phase
diagram of type-II superconductors (quantized magnetic
flux) (Abrikosov, 1957). Geometrical configurations of
domains where magnetic flux circuits lie almost completely
within the specimen were already predicted to exist in thin
ferromagnetic films in the 1930s (Landau and Lifshitz, 1935)
and 1940s (Kittel, 1946).

The underlying physics for the formation of such vortices is
different in each of the previous examples. In most cases, the
fundamental element is the velocity field (for example, in the
case of fluid vortices in the bathtub). In the case of magnetic
vortices, it is the arrangement of spins that is presented as a
vortex pattern. Furthermore, the length scales of all previous
vortexlike structures differ by orders of magnitude, indicating
a similar range of energy scales that drive the formation of
such patterns.

Here we explore the existence of similar states in ferro-
electrics, a topic first explored at the beginning of this century.
Conventional wisdom had pointed to the fact that localized
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electron spins in magnetic crystals, which are a fundamental
quantum mechanical quantity, are fixed. In contrast, electric
dipole moments are the result of local symmetrywise polar
lattice distortions, whose amplitude can vary continuously.
Indeed, past work (Meyer and Vanderbilt, 2002) cited this
“mutability” of the dipole moment as the spontaneous
polarization changes directions across a ferroelectric Ising
domain wall where the polarization axis does not change
orientation but instead simply decreases in size, changes sign,
and increases again. However, it has become increasingly
apparent that such a “mutable” picture of the ferroelectric
spontaneous dipole may not capture the behavior of many
ferroelectrics. Prime among them has been the well-studied
multiferroic BiFeO;, which exhibits a large spontaneous
polarization (~90 pC/cm?) accompanied by an equally large
spontaneous distortion. The early work of Kubel and Schmid
(1990) pointed to some puzzling aspects, namely, that the
polarization rotated instead of going through the high sym-
metry state with a vanishing polarization during switching.
Indeed, this was directly confirmed through experimental
measurements and first-principles theoretical calculations
(Heron et al., 2014). Subsequently, several other instances
of such polarization rotation were discussed for other ferro-
electric systems [for example, PbTiO; (Wojdet and Iiguez,
2014)]. Thus, in hindsight it should not be a surprise that
ferroelectrics, especially in constrained dimensions, can
exhibit such rotating patterns, in this case of the spontaneous
polarization.

A. The problem involving screening depolarization fields in
nanosized ferroelectrics

The transition between the 20th and 21st centuries gave
witness to many breakthroughs in the synthesis of complex
oxide heterostructures which brought the field to an entirely
new level of sophistication (Dawber, Rabe, and Scott, 2005;
Schlom et al., 2007; Mannhart and Schlom, 2010), as
discussed in Sec. I.A.1 of the Supplemental Material (472).
The availability of single-crystal oxide substrates with atomi-
cally flat surfaces and the tremendous amount of progress
achieved in the epitaxial growth of thin films were crucial to
growing high-quality multilayers and superlattices (Posadas
et al., 2007), due to which complex artificial oxide structures
can now be realized with an atomic-level precision compa-
rable to that of semiconductor heterostructures. This progress
paved the way to combine, at the nanoscale, compounds with
different functional properties (ferroelectrics, high-T. super-
conductors, and magnets), thus offering tremendous new
possibilities for creating artificial multifunctional materials
and devices, as well as for engineering radically new proper-
ties by fully relying on interfacial effects.

Regarding polar ferroelectric materials, for many years the
focus was on the size dependence of the polarization. The
main challenge was to determine whether a high-quality
nanodot or nanodisk [zero-dimensional (0OD)], nanowire
[one-dimensional (1D)], or thin ferroelectric [two-dimen-
sional (2D)] film with a characteristic size of only a few
nanometers could sustain a switchable polar state in a
monodomain configuration. Common wisdom was that the
depolarization field arising from unscreened bound charges at
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the surface of the ferroelectric would be strong enough to
suppress the monodomain polarization state completely.
Indeed, survival of the polar state critically depends on
whether or not this deleterious field is screened. Screening
by free charges provided by metallic electrodes (Batra and
Silverman, 1972; Batra, Wurfel, and Silverman, 1973; Mehta,
Silverman, and Jacobs, 1973; Dawber et al., 2003), atmos-
pheric absorbates (Spanier et al., 2006; Wang et al., 2009),
ionic screening whereby the electrodes share the ionic dis-
placements of the ferroelectric (Chisholm ef al, 2010),
oxygen vacancies (Wang et al., 2009; Chisholm et al.,
2010), and mobile charges considering the ferroelectric as a
semiconductor by itself (Watanabe, 1998) (likely to be the
dominant mechanism on the macroscale) were contemplated
(Lichtensteiger e al., 2012). But even considering perfect
metallic electrodes the screening charges will spread over a
small but finite interfacial region (Junquera and Ghosez, 2003;
Bratkovsky and Levanyuk, 2009), giving rise to a nonzero
effective screening length that will dramatically alter the
properties of an ultrathin film. To further reduce the depo-
larization field within a monodomain configuration, it is
critical to decrease the normal component of the polarization
to the surface, as this would translate immediately into a
decrease of the bound charges. This can be done using a
rotation of the electric dipoles close to the surface to point
along an in-plane direction or, if the development of such an
in-plane component of the polarization is not favorable,
directly by a total suppression of the ferroelectricity.

B. Ferroelectric vortices in zero-dimensional nanodots and
nanodisks (0D)

Competing with these mechanisms, another possibility is
the formation of complex patterns of polarization in real space
that avoids the formation of a net polarization charge. Within
this context, groundbreaking simulation works based on
models derived from first principles and focusing on stress-
free ferroelectric nanodots and nanodisks (0D) made of
BaTiO; and Pb(Zr, Ti)O; (PZT) were conducted in the early
2000s (Fu and Bellaiche, 2003; Naumov, Bellaiche, and Fu,
2004). These dots, under open-circuit electrical boundary
conditions (i.e., no screening of the polarization-induced
surface charges), were predicted to adopt polar vortices.
Before these works, the general thinking was that the high
anisotropy energy inherent to ferroelectric materials (much
larger than the equivalent one in ferromagnets; see Sec. [V.D)
would inhibit a continuous polarization rotation in ferroelec-
tric nanostructures and, therefore, the formation of nontrivial
polarization states. The key contribution made by Fu and
Bellaiche (2003) and Naumov, Bellaiche, and Fu (2004) was
to refute this assumption.

Although the net polarization of the predicted vortices
vanishes, new parameters describing the swirling order
emerge. The toroidal moment, which reflects the sense of
rotation of the polarization, and the hypertoroidal moment
(Prosandeev and Bellaiche, 2008b), which captures subtle
local features such as the distance between vortex centers and
the magnitude of their electric dipoles for pairs of vortices
having opposite electric toroidal moments, were introduced.
Notably in some systems these characteristics were shown to
exhibit dynamical signatures (Gui and Bellaiche, 2014)
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expected from conventional order parameters. Rigorous def-
initions and applications of both are discussed in Sec. III.
Besides, atomistic computations were combined with analyti-
cal developments to determine the existence of new tensors in
systems possessing electrical vortices (Prosandeev, Kornev,
and Bellaiche, 2007): one called a piezotoroidic tensor, which
relates stress and electric toroidal moment (direct piezotor-
oidic effect) or strain and curl of electric field (converse
piezotoroidic effect), and a second one named electric toroidal
susceptibility, which connects toroidal moment and the curl of
the electric field. These two tensors can naturally be consid-
ered a generalization of the well-known piezoelectric and
dielectric susceptibility tensors in usual ferroelectrics (pos-
sessing electrical polarization, rather than a toroidal moment,
as their order parameters). Furthermore, in addition to being of
fundamental importance by bringing ferroelectrics within the
class of materials that can manifest vortices, these pioneering
works also suggested interesting potential applications
(Naumov, Bellaiche, and Fu, 2004). At this level, it is essential
to control the “sense of rotation” of these vortices from
clockwise to counterclockwise and vice versa, so as to revert
the electric toroidal moment. Several pathways were rapidly
proposed based on atomistic simulations, involving curled
electric fields (Naumov and Fu, 2008), transverse inhomo-
geneous static electric fields (Prosandeev et al., 2006), or even
homogeneous electric field in the case of asymmetric ferro-
electric nanorings (Prosandeev, Ponomareva, Kornev, and
Bellaiche, 2008). All of them are further described in
Sec. V.A.S.

The previous theoretical predictions on the stabilization of
polar vortices opened a completely unexplored field of
research and triggered a flurry of activity. Complex polari-
zation patterns, depending on their size and surface termi-
nation, were also predicted in ferroelectric nanoislands based
on a phenomenological Landau model (Xue, Gao, and Liu,
2009) or in BaTiO5 (Stachiotti, 2004) and PbTiO; nano-
particles (Stachiotti and Sepliarsky, 2011) from shell-model
simulations. Similar results were obtained by analytical
calculations and numerical solutions within the Ginzburg-
Landau formalism coupled with electrostatic equations
(Lahoche, Luk’yanchuk, and Pascoli, 2008). Other examples
include investigations of the dependency of polar vortices in
ferroelectric nanodots as a function of their size, shape,
material, and temperature (Prosandeev and Bellaiche,
2007b), the topological-phase transitions from the vortex
phase to trivial polarized states under homogeneous electric
fields (Naumov and Fu, 2007), and the interaction between the
ferroelectric nanodots with a polarizable medium in nano-
composites (Prosandeev and Bellaiche, 2006), with the
emergence of the new antiferrotoroidic phases that consist
of adjacent vortices having opposite electric toroidal
moments. Prosandeev and Bellaiche (2007b) also revealed
associated unusual strain characteristics, such as an axial ratio
lower than unity in tetragonal nanodots or inhomogeneous
strains having large magnitudes near the center of the vortex,
as a result of elastic deformation of the domains forming this
vortex. Analytical developments were also carried out, yield-
ing the formula of the electric field produced by the dipole
vortex outside the dot and of the energy characterizing the
interaction between two vortices.
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Some experimental efforts were devoted to the detection of
these vortex states in micrometer-size PbZr, ,TijgO5 circular
capacitors during switching (Gruverman et al., 2008) (i.e.,
transient vortices). The observed evolution of the out-of-plane
component was in agreement with theoretical simulations
based on micromagnetic equations of motion for a Heisenberg
magnet, which predicted the occurrence of vortices for the in-
plane components of the polarization. The piezoresponse
force microscopy (PFM) technique used in the characteriza-
tion made the unambiguous detection of the in-plane compo-
nents of the polarization difficult. Nevertheless, the existence
of a vortex state texture in such structures was supported by a
theoretical model considering a ferroelectric with a weak,
anisotropic free energy and subject to an axially symmetric
electric field induced by circular electrodes (Baudry et al.,
2011). The development of further thermodynamic theories
for restricted geometries (ferroelectric cylinders with top and
bottom electrodes under the presence of external fields)
demonstrates the existence of nontrivial mathematical solu-
tions induced by the boundary conditions at the perimeter of
the cylinder, which can be interpreted as the precursors of the
skyrmions that are discussed in Sec. V.B (Scott et al., 2008;
Baudry er al., 2014). Later using the same PFM technique as
Gruverman et al. (2008), Rodriguez et al. (2009) studied
smaller tetragonal nanodot arrays (<100 nm in diameter) of
PbZr 4 TiyO; under compressive strain. On the one hand,
vertical PFM signals showed how some of the dots presented
ring or bubble domains, wherein the outer diameter of the dot
corresponds to a negatively polarized domain, and the inner
portion is positively polarized. On the other hand, lateral PFM
revealed the presence of multiple in-plane domains in other
nanodots, suggesting the presence of a vortex polarization
state. A few years later, changing the composition to
Pb(Zr,Tipg)Os3 (more in the ferroelectric side of the phase
diagram), Ding et al. (2019) observed the appearance of
abundant domain defects including flux-closure domains,
center-divergent vortices, center-convergent vortices, and
antivortices having a quadrilateral shape with concave center
nanodots of PZT on a Nb-doped SrTiO; substrate.

After the works by Gruverman et al. (2008) and Rodriguez
et al. (2009), the next step in the experimental characterization
of the polar vortices was undertaken by Schilling et al. (2009),
who observed symmetric quadrants containing bundles of 90°
stripe domains regularly formed in freestanding single-crystal
nanodots of BaTiO;. Scanning transmission electron micros-
copy (STEM) measurements using high-angle annular dark-
field (HAADF) detectors showed how the polarization within
each quadrant were oriented more accordingly to an anti-
vortex, i.e., either directly toward or away from the quadrant
“core”; see Figs. 2 and 6 of Schilling et al. (2009). A clearer,
more detailed visualization of a mesoscopic vortex was
reported by McQuaid ef al. (2011) by PEM of freestanding
single-crystal lamellae of BaTiO; deposited between Pt
electrodes. Every quadrant forming the flux-closure state
was composed of 90° stripe domains. The novel mesoscale
domains (on the length scale of microns) appeared on a
timescale of hours after removal of a uniform poling electric
field due to the depolarization fields within the lamellae (the Pt
electrodes presented a relatively low conductivity and poor
electrical screening of the polarization). These experiments
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underlined the difficulty to observe static vortices in ferro-
electrics: simple quadrant arrangements generate enormous
disclination strains. Above a critical size, the elastic energy
would be released by the formation of ferroelastic shape-
conserving 90° stripe domains within each quadrant (Catalan
et al., 2012). Schilling et al. (2011) combined dark-field
STEM with Monte Carlo simulations and an original phenom-
enological model in order to investigate the unusual quadrant
domain structures observed in freestanding single-crystal
platelets made of BaTiO;. Modifying the shape of these
platelets results in a symmetry breaking of the quadrant domain
pattern that has been ascribed to a second-order phase tran-
sition, driven by the length-to-width ratio of the platelet
sidewalls (rather than the temperature, as for usual transitions
in ferroelectrics) and for which the order parameter is the
degree of off-centering of the domain pattern (rather than the
electrical polarization, as in typical ferroelectric transitions). It
was further proposed that controlling the direction along which
the domain pattern moves off-center, along with the resulting
spontaneous macroscopic electrical polarization and toroidal
moment, may be taken advantage of for memory storage.

Finally, note that the presence of a skyrmion was speculated
by Dawber, Gruverman, and Scott (2006) to explain the
nanodomain ejection in front of advancing large domain walls
in lead germanate, and vortexlike textures have been predicted
in BaTiO5 and PbTiO5 nanoparticles embedded in a dielectric
media for particle diameters larger than a critical value
(Mangeri, 2017).

C. Topological phases in ferroelectric nanowires (1D)

The atomistic first-principles-based effective Hamiltonian
simulations were rapidly extended to cover other low-dimen-
sional ferroelectrics, such as one-dimensional infinite nano-
wires. Again the interplay between strain and electrical
boundary conditions was essential for stabilizing the complex
polarization patterns, and both of them must be properly
included in the simulations (Ponomareva et al., 2005b). Using
this technique, exotic metastable phases including arrays of
vortices where the local polarization successively rotates in
opposite fashion in the (x,z) planes were predicted in
Pb(Zr4Tiy)O; nanowires under open-circuit and tensile
strains (z is the infinite direction of the nanowires)
(Ponomareva, Naumov, and Bellaiche, 2005). The formation
of this configuration is driven by the requirement of the wire to
have nonzero components of the dipole in both the x and z
directions, as dictated by the tensile strain, while minimizing
the depolarization field inside the wire. This unusual pattern
then transforms under compressive strains within the (x, z)
planes into nanoscale domains with dipoles now being up or
down along the y axis in the (y, z) planes, with vorticeslike
domain walls forming in between.

This interplay between mechanical and electrical boundary
conditions was emphasized, and taken advantage of, in the
computational study by Pappas, Fthenakis, and Ponomareva
(2018). The application of a uniaxial stress allows nanowires
made of PbTiO3 and under open-circuit-like electrical boun-
dary conditions to switch their dipolar pattern from a flux-
closure state, having no macroscopic electrical polarization, to
a phase having a polarization along the axis of the nanowire.
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Large piezoelectricity and mechanical responses naturally
accompany this phase transition.

More complex dipolar textures, with large winding num-
bers of the point defect (a topological related concept that is
discussed in Sec. III), were predicted in BaO-terminated
BaTiO; nanowires from first-principles simulations (Hong
et al., 2010). Multivortex states were also reported in long
ferroelectric cylinders (Lahoche, Luk’yanchuk, and Pascoli,
2008; Di Rino, Sepliarsky, and Stachiotti, 2020). The topo-
logical landscape of the polarization field in nanostructures
could be more complex than hitherto assumed.

D. Ferroelectric nanodomains in two-dimensional ferroelectric
thin films (2D)

Beyond all previous approaches, most experimental
endeavors were focused on the growth and characterization
of ultrathin epitaxial films (2D) grown on different substrates.
The presence of satellites around the Bragg peaks in x-ray
scattering revealed nanoscale 180° stripe domains in PbTiO;
ultrathin films epitaxially grown on SrTiO; (Streiffer er al.,
2002; Fong et al., 2004). These stripe domains are periodic
nanometer-scale regions of alternating polarization that lead to
overall charge neutrality at the surfaces, and minimize the free
energy of the system. A direct visualization of the atomic
structure was still missing at that time due to the lack of
resolution in the available techniques. However, calculations
based on phenomenological theories (Bratkovsky and
Levanyuk, 2000, 2001; De Guerville et al, 2005;
Stephenson and Elder, 2006; Bratkovsky and Levanyuk,
2009; Luk’yanchuk, Lahoche, and Sené, 2009), shell models
(Tinte and Stachiotti, 2001), first-principles-based effective
Hamiltonians (Kornev, Fu, and Bellaiche, 2004; Wu et al.,
2004, 2007; Prosandeev and Bellaiche, 2007a), and first
principles (Aguado-Puente and Junquera, 2008, 2012;
Shimada, Tomoda, and Kitamura, 2010a) supported the exist-
ence of such narrow and ordered stripe domains. As discussed
in Sec. IV.A.1, the widths of the domains scale as the square
root of the thickness of the films, following the Landau-Kittel
law. Moreover, all the previous theoretical simulations agreed
on the fact that the dipole texture can be characterized by a
continuous rotation of the polarization close to the surfaces and
interfaces in order to minimize the divergence of polarization at
every point in space. (In the absence of free carriers, we expect
V - P = 0 according to Maxwell’s equations.) The predictive
power of the simulations is noteworthy, anticipating by more
than a decade (Kornev, Fu, and Bellaiche, 2004) a feature that
was later experimentally confirmed in the form of flux-closure
quadrants by Tang et al. (2015) and later by the continuous
rotation of the polarization in vortices (Yadav et al., 2016).
These flux-closure domain structures (also known as closure
domains) in ferroic materials were first predicted by Landau
and Lifshitz (1935), then one decade later by Kittel (1946,
1949) in his studies on ferromagnetic domains. They can be
considered as tubes of vortices: for instance, the vortices seen in
(x, z) planes propagate along the y axis.

The next step further was foreseen in 2004, when it was
predicted using effective Hamiltonians that a variation of the
electrical boundary conditions by moving the system toward a
short-circuited condition resulted in the generation of peculiar
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dipolar configurations (Kornev, Fu, and Bellaiche, 2004). They
are characterized by the formation of nanodomains having
local dipoles that are aligned in an opposite direction with
respect to the macroscopic polarization. These “bubble” nano-
domains, which are defined in Sec. II1.B.4 and which extend
throughout the thickness of the film but are laterally confined,
were experimentally observed in 2017 as electric bubbles
(Zhang et al., 2017). They can be considered the precursors
of the polar skyrmions (Das et al., 2019). These bubbles were
also found in subsequent atomistic simulations, and their field
evolution predicted, when dc electric fields are applied to
ultrathin films [made of Pb(Zr 5Tiy 5)O3 or BaTiO3] possess-
ing nanostripe domains. They act as intermediate states before
these 2D systems transform into monodomains (Lai et al.,
2006, 2007b). The differences between (001) Pb(Zr, Ti)O;
and BaTiOj thin films, such as the direction along which stripes
alternate and the existence of zigzag domain walls in BaTiO3
under fields, were emphasized by Lai er al. (2007b).

Other effects were computationally investigated in ferro-
electric ultrathin films, such as the effect of the growth
direction on properties (Ponomareva and Bellaiche, 2000).
The latter study resulted in the prediction of novel dipolar
textures, including 90° nanodomains for (110) and (111)
Pb(Zr( 4Tig ¢ )05 films under open-circuit-like electrical boun-
dary conditions, to be compared to 180° nanostripes for their
(001) counterpart.

In many cases, surfaces are not flat but rather present steps in
their morphology (Shimada, Tomoda, and Kitamura, 2010b).
A first-principles-based approach was also used to investigate
the effect of crystallographic steps on the characteristics
of the nanostripe domains in ultrathin Pb(Zr 4Tij¢)O5 films
(Prosandeev and Bellaiche, 2007c). New stripe configurations
were predicted to occur as a result of being pinned by
these steps.

The interplay between polar and antiferrodistortive (oxygen
octahedral tilting) motions, together with alloying and strain
degrees of freedom, was computationally studied in ultrathin
Pb(Zr( 5, Tip45)0;5 films under different electrical boundary
conditions by Sichuga and Bellaiche (2011). The original
features were found there too, including phases exhibiting
both dipolar nanodomains and oxygen octahedral tilting,
chemical pinning of domain walls in Zr-rich regions, and
enhancement of antiferrodistortive distortions near the domain
walls. The existence of cylindrical dipolar chiral bubbles and
dipolar waves was also predicted for the first time there and
was experimentally confirmed years later (Zhang et al., 2017,
Lu et al., 2018).

E. Novel topological phenomena in ferroelectric nanocomposites

Motivated by the aforementioned work of Prosandeev and
Bellaiche 2006) on ferroelectric nanodots embedded in a
polarizable medium, computational investigations of nano-
composites made of BaTiO5 nanowires embedded in a SrTiO5
matrix were pursued in the search for novel dipolar textures
and phenomena starting in the 2010s. Three major striking
effects were predicted.

The first effect was the emergence of chirality (Louis et al.,
2012), which is further discussed in Sec. V.D.1. First-princi-
ples-based effective Hamiltonians showed how these nano-
composites spontaneously have both a vortex and a
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macroscopic spontaneous polarization, with this polarization
aligned along the normal of the plane containing the vortex. All
vortices display the same sense of rotation in every wire
because of their pairing with antivortices, thereby resembling
the phase-locking phases observed in magnets (Ruotolo et al.,
2009). Therefore, these systems exhibit an electric toroidal
moment parallel to the polarization. Similar phases where
found by Chen, Zheng, and Wang (2015). Subsequent ana-
Iytical derivations and Landau-type phenomenological devel-
opments demonstrated that this chirality results in natural
optical activity: the plane of polarization of linearly polarized
light rotates by a fixed amount per unit length when it goes
through the material. This effect can be quantified using the
gyrotropic coefficients (Prosandeev et al., 2013). The sense of
rotation can be switched by an electric field applied via an
induced transition between the dextrorotatory and laevorota-
tory forms. The gyrotropic coefficient was further optimized at
room temperature for some applied dc electric field (Walter
et al., 2016).

The second breakthrough in nanocomposites was the
prediction of the stabilization of polar electrical skyrmions
defined in Sec. III.B.3, down to a few nanometers in size,
along an electric-field-induced path (Nahas ef al., 2015). The
third major step forward predicted in the nanocomposites was
the interplay between geometrical frustration and the ordering
of topological defects (Nahas, Prokhorenko, and Bellaiche,
2016). It was found that different self-assembled ordered
structures, inside which point topological defects condense,
fluctuate down to the lowest temperatures. This fluctuation
gives rise to several fingerprints of geometric frustration that
were previously reported in a variety of materials (Anderson,
1987; Laughlin, 1988; Wen and Niu, 1990; Harris, 1999; Lee
et al., 2002; Hemberger et al., 2005; Moessner and Ramirez,
2006; Castelnovo, Moessner, and Sondhi, 2008), such as a
residual configurational entropy, ground state degeneracy,
and broad dielectric response. Related complex orderings and
spatial organization, with novel stripe and spiral phases,
topological defects, and curvature, were reported by
Choudhury et al. (2011) in compositionally graded ferro-
electrics, for which the Ba and Sr compositions of
(Ba, Sr)TiO; layers periodically change along the [001]
direction (Damodaran et al., 2017b).

F. Experimental breakthrough for the characterization of the
structures with subangstrom resolution

In parallel, experimental breakthroughs were boosted by the
development of novel techniques such as phase-contrast high-
resolution transmission electron microscopy (HRTEM) or the
aberration-corrected annular dark-field Z-contrast HAADF
STEM, to directly visualize the atomic structure (and therefore
to obtain atomic-scale quantitative maps of the electric
polarization) with subangstrom resolution. These techniques
were applied for the first observations of electric dipole
configurations involving regions of continuous polarization
rotation to screen the depolarization field. That was the case
for the triangular-shaped vortex nanodomains providing
polarization closure in insulating 109° domain walls at the
interface between BiFeO; thin films grown on TbScO;
(Nelson et al., 2011). For other domain configurations (such
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as the 71° domain pattern) the interfaces were metallic, and
standard stripe domains were formed with a much smaller
polarization rotation. The same year, Jia et al. (2011)
demonstrated the existence of flux-closure structures at a
180° domain wall in epitaxial thin films of Pb(Zr,,Tig )O3 on
SrTiO;. Near the interface region, the local dipoles rotate
continuously through a well-defined area of triangular shape
(maximum width of around four unit cells) connecting two
180° domains. At the upper interface, no flux-closure structure
was observed. The observation of periodic flux-closure
quadrants was first detected in PbTiO;/SrTiO; multilayer
films grown under tensile strain on a GdScOj5 substrate (Tang
et al., 2015). The thicknesses of the PbTiO; layers in which
the closure quadrants occur were in the range of 15-36 nm. At
the center of the PbTiO3, 180° domain walls were observed in
the HAADF-STEM images, with a continuous rotation of the
polarization happening in the neighborhood of the interface,
forming 90° domain walls. Substantial nonuniform disclina-
tion strains (including giant strain gradients related to flexo-
electric effecs; Sec. IV.B) resulted from the configuration of
these flux closures. Flux closures were also observed in tunnel
junctions made of PbTiO; ultrathin films sandwiched between
Co and Laj;Sry3MnO; electrodes (Peters er al., 2016) or
associated with chiral Néel-like domain walls in Ti-rich
Pb(Zr, Ti)Oj5 single crystals (Wei et al., 2016).

The critical step toward the first experimental realization of
a complex polarization pattern where the local polarization
continuously rotates around a core to form a polar-vortex state
was undertaken by Yadav er al. (2016) in a PbTiO5/SrTiO4
superlattice grown on a DyScOj; substrate. When the thickness
of both the PbTiO; and SrTiO; layers is reduced to ten unit
cells (~4 nm), the dipolar configuration evolves from the flux-
closure to the vortex structure, as discussed in Sec. V.A.

All these efforts required the convergence of a precise
materials synthesis (in this case, oxide superlattices or nano-
structures) in which thermodynamic boundary conditions are
imposed on a ferroelectric phase and directly studied with
state-of-the-art materials characterization and simulation
tools. With this as the background, this review focuses on
the advances and breakthroughs over the past decade (and
particularly in the past five years) in the growth, characteri-
zation, and computations of model ferroelectric heterostruc-
ture systems and topological structures that have emerged
within them. We focus on polar vortices, polar skyrmions, and
the recently observed associated functionalities. A timeline
with some important milestones is shown in Fig. 4 of the
Supplemental Material (472), which is inevitably reduced in
the number of examples due to size constraints. Reviews on
unusual electric dipole textures that summarized activities on
that field of research from about 2003 to 2015 were given by
Ponomareva et al. (2005a), Kornev, Fu, and Bellaiche (2006),
Kornev et al. (2008), Prosandeev, Ponomareva, Naumov et al.
(2008), Prosandeev and Bellaiche (2009), and Prosandeev
et al. (2016).

III. PRIMER ON TOPOLOGY
Topology is the branch of mathematics concerned with the

properties of geometric objects that are preserved under
continuous deformations. A set of operations is allowed
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within this “continuous deformations” family, including the
stretching, twisting, crumpling, or bending of a given struc-
ture. However, operations involving the cutting and pasting of
different parts of the structure are forbidden for the topological
characterization of a system. The quest for physical properties
that remain invariant under these continuous deformations is
boosting interest in the field, permeating many different areas
in condensed-matter physics, from electronic-structure theory
to dislocations, superconductivity, and superfluidity. Ramirez
and Skinner (2020) referred to this as the “dawning of the
topological age.”.

The goal of this section is to provide for a nonexpert in the
field the basic definitions of topologically related concepts
(topological invariants, homotopy class, topological-phase
transitions, defects, and solitons, etc.), particularly of the polar
systems that constitute the topic of this review. A rigorous
definition of all of them is beyond the scope of this review; see
Mermin (1979), Toulouse (1980), Dubrovin, Fomenko, and
Novikov (1985), Chaikin and Lubensky (2000), Nakahara
(2003a), and Manton and Sutcliffe (2004) for more information.

A. Homotopy classes and groups

Two objects that can be continuously transformed from one
into the other are said to be homotopy equivalent or to belong
to the same homotopy class (Mermin, 1979; Dubrovin,
Fomenko, and Novikov, 1985; Pontryagin, 1986; Mineeyv,
1998; Monastyrsky, 1999; Nakahara, 2003a; Manton and
Sutcliffe, 2004; Bick, Bick, and Frank, 2005). Homotopy
classes thereby gather objects that have common features
preserved under continuous transformations. These invariant
properties are called topological invariants.'

The prototypical example of a topological invariant is the
number of handles on the surface of a geometrical shape, i.e.,
the genus g (Dubrovin, Fomenko, and Novikov, 1985), related
to the Euler characteristic y = 2(1 — g) of the shape (Ramirez
and Skinner, 2020). For instance, a doughnut and a coffee mug
belong to the same homotopy class since the number of
handles on both shapes is equal to 1.

Another example is related to the problem of enumerating
possible positions of a closed loop on a a given surface
(Monastyrsky, 1999). For instance, imagine an elastic band (a
closed loop made of rubber) wrapped around an infinitely long
cylinder. The band can wind around the cylinder one or
several times, as shown in Fig. 1(a). Various homotopy
equivalent band placements can be obtained by continuously
deforming the band. It can be moved along the cylinder axis,
rotated, stretched, and deformed [Fig. 1(b)], but cutting and
regluing are not allowed. Can any band position be matched
by deforming a simple, untwisted band [the green loop in
Fig. 1(a)]? The answer becomes obvious once we notice that
the infinite extent of the cylinder prevents one from freeing the
band or wrapping it around an additional time without cutting.

'In physics, the term homotopy invariant or class is often
replaced by topological invariant or class, albeit the latter definition
imposes more stringent constraints on the allowed transforma-
tions between objects (Dubrovin, Fomenko, and Novikov, 1985;
Monastyrsky, 1999).
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FIG. 1. (a) Elastic band wrapped around an infinite cylinder.
Green (lower), blue (middle), and orange (upper) bands wind
around the cylinder one, two, and three times, respectively.
(b) Examples of homotopy equivalent band placements that
wind twice around the cylinder. These configurations can be
continuously transformed into one other and belong to the same
homotopy class. (c) The green (lower) band does not wrap the
cylinder and belongs to a class of trivial loops that can be
contracted to a point. Bands that wind the cylinder clockwise and
counterclockwise [blue (dark gray) arrows] cannot be continu-
ously matched. Their respective classes are labeled with winding
numbers of opposite signs. (d) Any loop on a sphere can be
continuously contracted to a point. The sequence of contracting
loops is shown with blue (dark gray) lines. (e) Loops on the
surface of a torus are characterized by a combination of winding

numbers in the poloidal (orange solid arrow) and toroidal (blue
dashed arrow) directions.

)
(e)

In other words, the number of times that the band winds
around the cylinder is invariant under continuous transforma-
tions. In mathematics (Dubrovin, Fomenko, and Novikov,
1985; Monastyrsky, 1999) and physics of topological defects
(Mermin, 1979; Chaikin and Lubensky, 2000), such a topo-
logical invariant is termed as the winding number w. Here w is
a unique invariant, and as such it unambiguously determines
the homotopy class of a specific band placement: all con-
figurations with equal winding numbers can be continuously
deformed from one into the other and thus belong to the same
homotopy class.

Note that we can also define band configurations with
w = 0, as well as negative w values. The zero w configuration
can be described as a band lying on the surface of the cylinder
without encircling it [the green band in Fig. 1(c)]. The sign of
w can be defined by the sense of rotation (clockwise or
counterclockwise) of the band [Fig. 1(c)].

If we replace the cylinder with a different shape having a
different Euler characteristic y (such as a sphere or torus), we
will see a drastically different picture. For instance, any closed
loop on the surface of a sphere [Fig. 1(d)] can be contracted
to a point (Dubrovin, Fomenko, and Novikov, 1985;
Monastyrsky, 1999). For this reason, all bands wrapped
around a sphere can be continuously matched and belong
to the same unique homotopy class. In contrast, two different
winding numbers are required to describe all types of closed
loops placed on a surface of a torus (Dubrovin, Fomenko, and
Novikov, 1985) [Fig. 1(e)].

The ensemble of all band classes labeled by w is an
illustration of what mathematicians call the first, or
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fundamental, homotopy group m; (Mermin, 1979;
Dubrovin, Fomenko, and Novikov, 1985; Chaikin and
Lubensky, 2000; Nakahara, 2003a). This group classifies
topologies of closed loops that can be placed in a space X.
The 7, group and its extensions 7, play an important role in
topology (Dubrovin, Fomenko, and Novikov, 1985) and are at
the core of the theory of topological defects (Toulouse and
Kléman, 1976; Volovik and Mineev, 1977; Mermin, 1979;
Toulouse, 1980; Trebin, 1982; Chaikin and Lubensky, 2000)
and solitons (Rajaraman, 1987; Manton and Sutcliffe, 2004).
In Secs. III.LB-IILF, we describe the main aspects of this
theory, with a particular focus on the complex patterns of
electric polarization.

B. Topological defects and solitons

Topological properties of a material are defined mainly by
its dimensionality D and the topology of its order-parameter
space X. The latter is defined as a set of all possible values of
the order parameter at any given point in the material
(Mermin, 1979; Chaikin and Lubensky, 2000).

For instance, in the Ising magnets the spins have a fixed
magnitude and always point along a given direction. As a
result, X' is made of only two points that correspond to the
“up” and “down” spin values [Fig. 2(a)]. In the XY model, the
spins can be directed along all the possible directions of
the plane. In this example, the fixed spin magnitude means
that X is a circle S! [Fig. 2(b)]. In the Heisenberg magnets, the
spin can point in any direction of a three-dimensional space,
sweeping all the points of the surface of a sphere [Fig. 2(c)].
The same considerations apply to the Ising-, XY-, and
Heisenberg-like ferroelectrics in their polar states. For these
systems, the dipoles with zero magnitude are practically
improbable and can be continuously normalized.

In all aforementioned examples the nontrivial topology of
X allows for various topological defects and solitons. Both are
swirling order-parameter patterns that feature a core region
where the order is destroyed, and a far field region where the
order parameter changes slowly in space (Chaikin and
Lubensky, 2000; Manton and Sutcliffe, 2004). For instance,
for the Ising model shown in Fig. 2(d) part of the sample
presents a domain where all the local dipoles are pointing up,
and a second domain where the domains are pointing down.
The separation of both is the domain wall, the core region
where the order parameter is not defined. In this example, the
domain wall is a topological defect. Domain walls typically
appear when X is not simply connected, for instance, it
consists of several disconnected parts or points [Fig. 2(a)].
Typical topological defects in the XY model (X = S') are
vortices and vortex lines [Fig. 2(e)]. In this case, the defect is
localized in a core region where the orientation of the dipole
changes abruptly between consecutive lattice points. Far from
the core, these variations are strongly reduced. A three-
dimensional analog of a vortex is a hedgehog pattern
[Fig. 2(f)]. Hedgehogs and antihedgehogs are the defects
appearing in the 3D Heisenberg model.

Vortices and hedgehogs are classical examples of topologi-
cal defects. The second type of topological patterns is
topological solitons or topological textures. A widely known
example of solitons are skyrmions that are also typical of the
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FIG.2. Order-parameter spaces & for (a) the Ising, (b) XY, and (c) Heisenberg models. The arrows indicate examples of orientations of
the spin vector. The locus of all possible spin tip positions constitute the order-parameter space. The relevant topological defects in three
dimensions for the Ising, XY-, and Heisenberg models are (d) domain walls (e) vortex lines, and (f) hedgehogs or Bloch points. The
Heisenberg model also allows for various topological solitons in D = 1, 2, and 3 dimensions. (g) Néel skyrmion, which is an example of
such a soliton. This can be considered the stereographic projection of (f) taken from the south pole.

Heisenberg model (X = S?), but this time in two dimensions.
A Néel flavor of this topological texture is shown in Fig. 2(g).
The skyrmionic case is a bit more subtle. In contrast to
topological defects, solitons do not feature an order-parameter
singularity at the core (Manton and Sutcliffe, 2004).

Another important difference between topological defects
and solitons resides in the behavior of the order parameter in
the far field region. In the case of stand-alone defects, the
order-parameter distribution is inhomogeneous even at an
inifinite distance from its core while stand-alone solitons
always converge to a homogeneous order at their periphery.

Defects and solitons are characterized (Chaikin and
Lubensky, 2000) by their topological charge. Additionally,
defects can be described by the dimension of their core d. The
latter determines the dimensionality of the locus of singular
points. For point defects the core has zero dimension (d = 0).
The order-parameter distribution of these patterns features a
singularity or vanishes at a single point (for instance, the
vortex in two dimensions). Domain walls, also known as
kinks, are planar defects (d = 2) in three dimensions, line
defects (d = 1) in two dimensions, and point defects (d = 0)
in one dimension (Fig. 3). A domain-wall vertex (intersection
of two domain walls) in three dimensions is another example
of a line defect with d = 1.

The topological charge2 is computed by associating the
order-parameter pattern with an element of the homotopy
group z,, where n = D —d — 1 for the case of defects and
n = D for solitons. The general procedure is rather technical
and can be found elsewhere (Mermin, 1979; Manton and
Sutcliffe, 2004). Several important properties of topological
charges ought to be mentioned. One is that topological
charges are additive quantities. A given order pattern can
be globally characterized by the sum of charges of individual
defects or solitons. Such additivity stems from the group
operation in x,. For defects, it can also be linked to the

*The topological charge can be equivalently referred to as the
topological index or topological number.
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singular nature of defect cores through the Poincaré-Hopf
theorem (Dubrovin, Fomenko, and Novikov, 1985). The latter
theorem constrains the sum X of all topological charges in the
system to be equal to the Euler characteristic of the embedding
space. For instance, an infinite bulk crystal with D = 2 or 3 is
described by y = 0, and any defect is bound to appear in pair
with its negatively charged counterpart. In Sec. III.LB.1 we
focus on the most relevant defect and soliton cases, where we

@) D=3,d=2

0D

FIG. 3. A domain wall in (a) three-dimensional (D = 3),
(b) two-dimensional (D =2), and (c) one-dimensional
(D = 1) spaces is a planar, line, and point defect, respectively.
The core dimension d of a domain wall is always equal to D — 1.
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FIG. 4. (a) Ising, Bloch, and Néel domain-wall structures.

(b) Schematic illustration of fourfold and threefold domain-wall
vertices. (c) Splitting of a vortexlike domain-wall vertex [blue
(dark gray) circle at the left] into two threefold vertices [yellow
(light gray) circles at the right]. The domain wall shown by the
dashed-orange line carries w = +1/2 half vortices at its end
points.

also provide geometric interpretations of the corresponding
topological charges.

1. Domain walls and domain-wall vertices

Domain walls are commonly encountered in ferroic
materials. Depending on how the order parameter changes
across the wall, one distinguishes Ising, Bloch, or Néel
domain-wall structures [Fig. 4(a)]. Topologically, these
states are an exceptional case in the family of defects and
solitons: their topological properties are related to the
continuous space partitioning (such as tiling in two dimen-
sions) rather than the continuity of the order-parameter field.
Domain walls are classified by the zeroth homotopy set x
that lacks the group structure. Consequently, in a general
case one cannot assign a topological charge to a domain wall.

As a subregion of space, domain walls can themselves host
topological defects and solitons. Common examples include
Bloch and Ising lines as well as Bloch points (Malozemoff and
Slonczewski, 1979) and domain-wall skyrmions (Cheng et al.,
2019). Intersections of domain walls are called vertex lines
(Catalan et al., 2012) [Fig. 4(b)]. These can be topologically
equivalent to vortex and antivortex lines (Sec. IIL.B.2).
However, in contrast to the latter vortexlike vertices can
be easily deformed. For instance, a fourfold vertex can be
split into Kittel closure domains with an additional
domain wall carrying half-vortex structures at its end points
[Fig. 4(c)]. A 180° Néel or Bloch wall surrounding a
cylindrical domain is topologically equivalent to a skyrmion
(Malozemoff and Slonczewski, 1979; Bogatyrev and Metlov,
2018) (Sec. III.B.3). An ensemble of meronlike domain-
wall vertices topologically equivalent to a skyrmion were
also reported in ferroelectric nanocomposites (Nahas
et al., 2015).

2. Vortices and antivortices

Vortices are ubiquitous topological defects in materials with
a two-dimensional order parameter and underlying continuous
rotational symmetries (the global rotations of dipoles or spins
by any angle does not change the energy) (Kosterlitz and
Thouless, 1973; Toulouse and Kléman, 1976; Mermin, 1979).
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FIG. 5. (a) Two-dimensional center-divergent vortex. The ar-
rows represent the 2D polarization vectors P and are colored
according to their x Cartesian component. The black circle
is a loop surrounding the defect core. Moving counterclockwise
along this loop from point 1 to point 5 generates a counter-
clockwise rotation of polarization, as shown in (b). Consequently,
the tip of the polarization vector draws a loop wrapping around
P = 0. The winding number w of configuration (a) is equal
to 1 since one full turn around the vortex core yields a 360°
polarization rotation. (c)—(e) Topologically equivalent vortex
configurations with w = 1. (f) Antivortex configuration with
w=—1.

The order-parameter space of such systems is equivalent to a
circle S! or an infinite cylinder [Fig. 1(a)]. The winding
number introduced in Sec. IIILA plays the role of the
topological charge.

An example of a center-divergent vortex is shown in
Fig. 5(a). Its central point features a singularity and constitutes
the defect core. To compute the topological charge of this
state we first need to trace the values of the order parameter
along a path of dimension n = 1 enclosing the defect core
(according to the rule described at the beginning of this
section, n=D—-d—-1=2-0—-1=1). An example of
such a path is shown as a black circle in Fig. 5(a). With
counterclockwise motion along the indicated path from point
1 to point 5 and back to point 1, the order parameter will
continuously rotate, making a full turn around the origin in the
observer reference frame [Fig. 5(b)]. Note that the order-
parameter values on this path form a closed loop in the order-
parameter space that is similar to the rubber band in Sec. 1. A.
The topological charge of the order-parameter pattern can thus
be assigned to the homotopy class of such a loop and is given
by its winding number; see Sec. III.A. In the physics of
magnetic materials, the topological charge of a vortex is most
commonly called vorticity (Chaikin and Lubensky, 2000).
This charge has a simple geometric interpretation: it is equal to
the number of full 360° turns of the order parameter along a
given closed path. For the considered pattern, one counter-
clockwise turn along the path produces a single 360°
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counterclockwise rotation of spins. Therefore, the winding
number w and the topological charge of the configuration
shown in Fig. 5(a) is equal to 1. Here w can be formally
defined as a line integral over a closed loop L,

1 [do

—— [ < 1
R (1)

where 6 denotes the inclination angle of the order parameter
from the x axis.

In general, point topological defects classified by elements
of z; are called vortices or antivortices, depending on the sign
of w. In three dimensions (D = 3) elements of z; define
topological charges of vortex and antivortex lines (Chaikin
and Lubensky, 2000) [Fig. 2(e)].

For X = S! the computed winding number w is topological
invariant and does not change under continuous transforma-
tions of the order-parameter field. A trivial example of a
continuous transformation is a global rotation of all spins. For
example, the consequent counterclockwise rotation by 90° of
all vectors in Fig. 5(a) allows other prototypical vortex
configurations to be obtained [Figs. 5(c)-5(e)]. Despite
obvious geometric and physical differences, all these states
are homotopy equivalent. An example of an antivortex pattern
with w = —1 is shown in Fig. 5(f).

3. Skyrmions, antiskyrmions, and merons

In contrast to vortices and antivortices, skyrmions and
antiskyrmions are topological solitons. They are common
attributes of two-dimensional systems with a spherical order-
parameter space (X = S?).

Two canonical examples of such topological textures called
Néel and Bloch skyrmions (RoBler, Bogdanov, and Pfleiderer,
2006) are shown in Figs. 6(a) and 6(b), respectively. The
topology of the skyrmions is related to the S*> — S? mapping
(Manton and Sutcliffe, 2004; Nagaosa and Tokura, 2013). As
a result, skyrmionic textures are associated with nontrivial
elements of the second homotopy group z,. The topological
charge of these patterns can be obtained by mapping the order-
parameter values within the area covered by the defect to the
order-parameter space (Manton and Sutcliffe, 2004; Nagaosa
and Tokura, 2013). For the Néel skyrmion, such a mapping is
illustrated in Figs. 6(c)-6(e). Taking all order-parameter
values within the area of an increasing diameter [bottom
images in Figs. 6(c)-6(e)] creates an expanding two-dimen-
sional surface in the order-parameter space [top images in
Fig. 6(c)-6(e)]. Since topological solitons are required to have
constant order-parameter distribution away from the defect
core, the created surface will eventually close and fully cover
the order-parameter space an integer number of times. This
integer number will label the homotopy class or, equivalently,
will correspond to the skyrmion’s topological charge. The
topological charge of a skyrmion is called the skyrmion
number N (Manton and Sutcliffe, 2004; Nagaosa and
Tokura, 2013). It can be computed as

1 on on
N=— (™) dxa 2
47t//n <axxay)xy’ 2)
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FIG. 6. (a) Néel and (b) Bloch skyrmions. The arrows represent
spins and are colored according to their out-of-plane Cartesian
component. The topological charge of a skyrmion (the skyrmion
number) is computed by mapping the spin values within a disk
containing the skyrmion core to the order-parameter space.
(c)—(e) Schematic of the skyrmion number calculation for the
Néel skyrmion texture. Increasing the diameter of the mapped
area [bottom images in (c)—(e)] eventually creates a closed
surface [top images in (c)—(e)] that fully covers the order-
parameter space S? one time.

where n(r) is the normalized order-parameter vector field and
the integrand is called the Pontryagin charge density. In 3D
systems, skyrmions can form so-called skyrmion tubes, which
are similar to vortex lines.

Integer-charged skyrmions can be broken into subparticles
that carry a fractional skyrmion number (most often +1/2).
These particles are called merons. They do not satisfy the
requirement of a homogeneous order parameter at their
periphery and are not topological solitons. However, in ferroic
systems merons often have features of z; defects such as
vortices, antivortices, and disclinations.

4. Bubbles, bubble skyrmions, and hopfions

Another type of structure related to skyrmions is polar
bubbles [Fig. 7(a)] (Lai et al., 2006; Zhang et al., 2017) and
polar bubble skyrmions [Fig. 7(b)] (Das et al., 2019). These
solitons have an up (or down) polarized core surrounded by a
toroidal-vortex pattern. In both cases, the soliton is embedded
in a homogeneous matrix domain with an opposing down (or
up) polarization. Such 3D structures generate Néel-like
rotations of the order parameter at the top and bottom planes.
A distinctive feature of bubble skyrmions is an additional
Bloch component related to an in-plane circumferential vortex
[the orange arrow in Fig. 7(b)]. Most often polar bubbles and
bubble skyrmions form in ultrathin tetragonal ferroelectric
films, or in ferroelectric-dielectric superlattices, and span the
total thickness of the ferroelectric layer along the polar axis.

Topologically, the skyrmion tubes and both types of
bubbles are characterized by an integer skyrmion number
N of their in-plane cross sections. At their bottom and top
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FIG. 7. Schematic structures of (a) a polar bubble, (b) polar
bubble skyrmion, and (c) polar hopfion. Lines indicate the
polarization flux lines, while arrows show the orientation of
the local dipoles. The in-plane polar vortex of a bubble skyrmion
is indicated by an orange (light gray) horizontal curled arrow in
(b). (d) Linking of two polarization flux lines (shown in solid blue
and dashed red) on a toroidal surface. (¢) From Luk’yanchuk
et al., 2020.

planes, polar bubbles and bubble skyrmions feature two Néel
skyrmions [see Figs. 28(g) and 28(h)] that can terminate at a
Bloch point (Han er al., 2022). In the latter case, these
skyrmions bear similarity to the so-called spin and polar
bobbers. These Néel rotations extend up to six unit-cell layers
toward the middle plane, depending on the diameter of the
soliton, and ensure an integer skyrmion number N = +1.

In the case of bubble skyrmions, the Néel component
gradually transforms into Bloch rotations and eventually yields
a circular 180° Bloch wall in the middle layers of a bubble
skyrmion [Fig. 7(b)]. The corresponding cylindrical domain
structure with a circular Bloch wall (known in the magnetic
community as magnetic bubbles) is topologically equivalent to
a skyrmion. Bubble skyrmions are thereby characterized by an
integer skyrmion number in all cross sections.

The latter is also true in the case of spherical polar bubbles
(Nahas, Prokhorenko et al., 2020). When the in-plane bubble
diameter of the bubble is equal to its thickness along the out-
of-plane direction, all in-plane cross sections of the bubble are
characterized by an integer skyrmion number N = +1. At the
same time, elongating this bubble in the direction of its polar
core results in a cylindrical Ising domain with half-bubble top-
bottom terminations.

Note that albeit bubbles carry an integer skyrmion number,
the conservation of this 2D topological index for vector fields
in 3D space is not guaranteed. Additionally, since the
corresponding polarization patterns are defined on a finite
thickness slab within R3, the constraints on the polarization at
the boundary will have a crucial impact on topology. These
points, as well as mathematically rigorous topological char-
acterizations of bubblelike patterns, constitute an important
(but still open) question. Additional arguments on this topic
were offered in a recent perspective article (Govinden,
Prokhorenko et al., 2023).
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Adding an inhomogeneous Bloch component throughout
the full volume of a bubblelike soliton can result in an intricate
hopfion structure (Arnold and Khesin, 1998; Luk’yanchuk
et al., 2020) [Fig. 7(c)]. A detailed description of this
construction was given by Luk’yanchuk er al. (2020). Note
that, unlike bubble skyrmions, hopfions feature Bloch rota-
tions at their outer boundary as well as the top and bottom
poles. Moreover, in contrast to bubbles and bubble skyrmions,
the polarization lines are closed and divergenceless in a
hopfion structure. The extra Bloch rotations make the polari-
zation flux lines wind around the hopfions’ core and links
them like links of a chain [Fig. 7(d)]. This linking can be
characterized by the Hopf invariant Ny. Ny can be computed
as (Arnold and Khesin, 1998; Luk’yanchuk et al., 2020)

Ny :/P-curl‘lPdV, (3)

where P is the polarization and the gauge field A = curl™' P is
defined as P = V x A. Notably Ny can take noninteger values
(Arnold and Khesin, 1998) but is invariant under volume-
preserving deformations. An integer topological charge of a
hopfion called the Hopf invariant can be computed using the
Whitehead integral formula (Whitehead, 1947):

Ny = /F~curl“FdV, (4)

where F; = ¢;3m - on/ox; X on/dx;, with n the normalized
polarization. Equation (4) is the three-dimensional analog of
the skyrmion number [Eq. (2)]. Like skyrmions, hopfions can
have multiple geometric realization related to each other by
smooth deformations. A more detailed discussion on the
relation between bubble, skyrmion bubble and hopfion struc-
tures was given by Govinden, Prokhorenko et al. (2023).

5. Physical characteristics of polar topological states

Notice [see Figs. 5(c)-5(e) and 6(a)-6(b)] that topologically
equivalent patterns can often have distinct geometries, and
consequently significantly different physical properties. Such
states can be distinguished using nontopological character-
istics that are defined in this section. These include polarity
and helicity or macroscopic order parameters, such as average
polarization, toroidal, and hypertoroidal moments.

The two- and three-dimensional vortex structures can be
characterized using the toroidal (Prosandeev and Bellaiche,
2009) and hypertoroidal moments (Dubovik and Tugushev,
1990; Prosandeev and Bellaiche, 2008b, 2009). The toroidal
moment, commonly denoted as T or G, is equal to

G =(R;x(p;—P)), (5)

where p; is the local electric dipole of the unit cell i located at
R; from a chosen origin and (- - -); denotes the average over
the volume of the crystal. The polarization vector P is
introduced to make G independent of the chosen origin of
the coordinate system (Prosandeev and Bellaiche, 2009). At
the same time, for periodic systems the value of G was found
to depend on the choice of the unit cell. The multivalued
nature of G was suggested to be analogous to that of electric
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polarization since only the differences of G are physically
meaningful and do not depend on the unit-cell shift.

The term toroidal moment arguably comes from the defi-
nition of the toroidal and poloidal angles of a torus. For
instance, vortices winding along the poloidal angle [Fig. 7(a)]
of a toroidal structure do not contribute to G, in contrast to
circumferential vortices winding along the toroidal angle [the
orange arrow in Fig. 7(b)]. A nonzero toroidal moment G is
also characteristic of structures bearing vortex line features
[Fig. 2(0)].

The emergence of unusual electric dipolar configurations
in zero-dimensional ferroelectric nanostructures led to the
introduction of the hypertoroidal moment h (Prosandeev and
Bellaiche, 2008b, 2009). It can be used to physically
characterize multivortex patterns, such as the double vortex
state in so-called ferroelectric hysterons (Prosandeev and
Bellaiche, 2008a).

Systems possessing nonzero G and h can strongly couple
to inhomogeneous electric and magnetic fields (Prosandeev
and Bellaiche, 2008b, 2009). The displacement currents
in electrotoroidic systems were linked to the dynamical
magnetoelectric tensor and optical activity (Prosandeev
et al., 2013).

Additional geometric characteristics of skyrmions include
polarity and helicity. The polarity p is assigned based on the
orientation of the order parameter at the center of the skyrmion
(Nagaosa and Tokura, 2013). For parallel and antiparallel
alignment with the z axis, the polarity is equal to +1 and —1,
respectively. For a Bloch or Néel skyrmion, polarity coincides
with its topological charge (skyrmion number). However, for
antiskyrmions polarity and charge always have the oppo-
site signs.

The skyrmion helicity angle y is usually defined as the
phase angle of the base vortex (Nagaosa and Tokura, 2013).
The vortex phase is equal to the angle between polarization
and the x axis passing through the core at zero polar angle ¢.
For instance, if the in-plane skyrmion projection were to look
like Figs. 5(a), 5(c), 5(d), or 5(e), the helicity would be equal
to 0, 7, 7/2, or —x/2, respectively. Equivalently, helicity can
be defined as the angle of global rotation around the z axis
relating a given skyrmion to a Néel skyrmion. According to
the latter definition, the helicity of a Néel skyrmion is always
zero. The product of the polarity times the sign of the helicity
angle defines the chirality (or handedness) of the structure
(van der Laan, Zhang, and Hesjedal, 2021). Note that the
concept of helicity can also be borrowed from fluid dynamics
(Moffatt and Ricca, 1992), with the sign of helicity directly
related to the handedness and chirality of the system. This is
further discussed in Sec. V.D.1. As a summary of the concepts
developed in this section, we represent in Fig. 8 the most
important topological defects and textures that are discussed
in this review.

C. Topological protection

In the context of symmetry-breaking transitions, topologi-
cal protection usually refers to a certain resistance of the state
to changing its homotopy class under external perturbations.
For example, topological protection can mean that a weak bias
field, a slight change of temperature, or any other external
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stimulus will neither destroy nor create a topological defect or
soliton (vortex, skyrmion, etc.) but rather move, deform, or
split it into fractionally charged pieces.

Topological protection is a direct consequence of topologi-
cal invariance and holds only as long as the evolution induced
by the driving force does not break the continuity of the order-
parameter distribution. Consequently, topological protection
is usually associated with an energy barrier intrinsic to a
particular system. Perturbations that drive the system over
such a barrier induce discontinuities and are said to break the
topological protection.

To illustrate the origin of topological protection and the
related energy barrier, we consider an example of a 2D vortex;
see Fig. 9. In the case of a two-dimensional order parameter n
with a fixed magnitude, a vortex belongs to the w =1
homotopy class, while the ordered state is a member of the
trivial w = O class. As these two states belong to different
homotopy classes, both are topologically protected. The
vortex can be neither “smoothly” destroyed nor created. In
other words, to destroy a vortex the perturbation will have to
break its continuity.

An example of such a “discontinuous” transformation is
shown in Fig. 9(a). Starting with an initial vortex state [top
left panel of Fig. 9(a)], the order parameter at each point is
continuously rotated clockwise so as to align along the x
direction at the end of the transformation [top right panel of
Fig. 9(a)]. Since we have assumed a fixed sense of rotation,
the vectors with different orientations will, at the end, rotate
by different angles. For example, vectors that were slightly
tilted toward the positive y direction (small n, > 0) will
rotate by a small angle, while similarly oriented vectors
slightly tilted toward the —y direction (small n, < 0) will
make almost a full 360° turn. Such a mismatch of rotation
speed will inevitably create a discontinuity in the order-
parameter distribution, an infinite head-to-head domain
wall [top middle panel in Fig. 9(a)] extending from the
center of the vortex to infinity along the y axis. While the
considered transformation is not unique, it is possible to
show that any transformation between aw =1 andaw =0
state will create an extended head-to-head or tail-to-tail 180°
domain wall.

In the order-parameter space, destroying a vortex is
equivalent to contracting a closed loop to a point.
However, on a unit circle such a transformation is impossible
unless the loop has been cut. In our case the incision happens
at the first instant of the pattern evolution on the n, axis
[bottom left panel of Fig. 9(a)]. The consequent contraction of
the created circular arch leads to a pattern where the order-
parameter orientations cover only half of the full 180° angle
[bottom middle panel of Fig. 9(a)]. Independent of the
transformation details, such an intermediate state will neces-
sarily contain points where n vectors adopt head-to-head or
tail-to-tail orientations.

It is worthwhile to consider a counterexample, i.e., a
nonprotected state. For instance, we consider the same vortex
configuration, but this time with a spherical order parameter.
The homotopy theory predicts that a two-dimensional vortex
and a perfectly ordered state will now belong to the same
homotopy class. Therefore, adding 1 degree of freedom
should allow us to smoothly eliminate a vortex. Indeed, the
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FIG.8. Table of the relevant topological structures in two-dimensional (the D = 2, top row) and three-dimensional (the D = 3, bottom
row) systems with the circle-equivalent (left X = S! column) and sphere-equivalent (right X = S? column) order-parameter spaces.
Structures belonging to the families of topological defects and solitons are found below the pink and blue labeled boxes, respectively.
The most frequently encountered meron structures are shown below the gray labeled boxes. For vortices, skyrmions, bubbles, bubble
skyrmions, and hopfions the structure schematics are complemented with indications of physical properties (chirality 4, as well as the
divergence and curl of the polarization field). Merons and skyrmion tubes (antiskyrmion tubes; not shown) have the same physical
properties as the corresponding skyrmion (antiskyrmion) structures, while vortex lines (antivortex lines; not shown) inherit their
properties from 2D vortices (antivortices). For the antivortices the local value of the curl is not zero, but it vanishes when the surface
integral is taken (the circulation over circular contours surrounding the core vanishes). * As discussed in Sec. II1.B.4, polar bubbles can
be split into two half-bubble structures featuring N = £1 layers using a cylindrical Ising domain wall characterized by N = 0.

Schematic hopfion illustration from Luk’yanchuk et al., 2020.

additional degree of freedom allows the n vectors to escape
into the third dimension by rotating around the in-plane—
oriented axes [top panels of Fig. 9(b)]. The representation of
this transformation in the order-parameter space looks like a
contraction of a closed loop on the surface of a sphere [bottom
panels of Fig. 9(b)].

The S! and S? order-parameter spaces are traditionally
associated with continuous symmetries. For instance, any 2D
rotation of n vectors in the XY model does not change the total
energy resulting in X' = S!. However, Prokhorenko, Nahas,
and Bellaiche (2017) realized that such X topologies can
emerge even from discrete symmetry groups, as long as local
continuous rotations of the dipoles are accessible by thermal
fluctuations. This protection mechanism was predicted to

Rev. Mod. Phys., Vol. 95, No. 2, April-June 2023

occur in BaTiO5;. Owing to the strong cubic anisotropy, local
dipoles in BaTiOj; are always preferentially oriented along the
(111),, directions. However, in the tetragonal and orthorhom-
bic phases, thermal fluctuations are strong enough to allow for
continuous rotations between distinct (111),. orientations.

In finite systems, the topological defects and solitons can
both also be “pushed over the edge,” i.e., eliminated at the
boundary. The topological protection barrier for the annihi-
lation at the boundary is typically much smaller than the
barrier related to the collapse in the bulk. For example, the
values of 10 vs 100 meV were reported for magnetic sky-
rmions (Cortés-Ortufio et al., 2017). For polar bubbles, the
bulk collapse is associated with internal energies on the order
of 200 meV (Prokhorenko et al., 2023).
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FIG. 9. (a) Unwinding of a vortex in a two-dimensional order-
parameter field. In the order-parameter space, a vortex (top left
panel) and a perfectly ordered state (top right panel) corresponds
to a closed loop (bottom left panel) and a point (bottom right
panel), respectively. The transformation between the two states is
therefore impossible without making a cut. Such a “surgery” with
a consequent contraction of the circular arch creates a midpoint
state (middle panels) with a characteristic head-to-head 180°
domain wall. (b) Allowing out-of-plane rotations of the order
parameter (top subpanels) opens the door to smoothly eliminate a
vortex. The order-parameter space representation of such a
transformation looks like a contraction of a loop on a sphere
(bottom subpanels).

D. Topological-phase transitions

Topological-phase transitions lie beyond spontaneous sym-
metry-breaking concepts and Landau’s classification of tran-
sitions. These transitions were introduced by Berezinskii
(1972) and Kosterlitz and Thouless (1972) in 1972, leading
to their Nobel Prize in 2016. As later discussed, the
Berezinskii-Kosterlitz-Thouless (BKT) transition is usually
the attribute of two-dimensional systems with short-range
interactions and continuous symmetry. While the BKT tran-
sition is mediated by a change in the behavior of defects in
two-dimensional systems, i.e., the unbinding of a defect-
antidefect pair, more general topological transitions are
reported whenever not only the ordering or behavior but also
the nature of the defects themselves is altered. As discussed,
topological protection is lifted whenever the energy injected
into the system surmounts the topological energy barrier. As a
result, the order-parameter field structure can be profoundly
altered, and a transition between topologically distinct phases
can set in. In ferroelectrics, for example, varying the screening
in ultrathin Pb(Zr, Ti)O; heterostructures can drive the system
from exhibiting a labyrinthine phase to a bubble-skyrmion
phase (Zhang et al., 2017), while varying the external electric
field, mechanical boundary conditions, or temperature can
lead to the destruction of skyrmions (Pereira Gongalves e al.,
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2019; Nahas, Prokhorenko et al., 2020; Das et al., 2021; Zhu
et al., 2022). Moreover, topological defects can readily
compose or decompose, leading to composite or elementary
defects, and in some instances can also interact and annihilate.
Some examples of such transitions are discussed in Secs. V.C
and V.E.2.

To characterize these topological-phase transitions, the
universality principle is an invaluable tool. This principle
focuses on the behavior of the order parameter (or any of its
moments) as a function of the external perturbation (temper-
ature, electric field, etc.) close to the critical point where the
phase transition takes place. The singular behavior in the
vicinity of the critical point is characterized by a set of critical
exponents that describe the nonanalyticity of various thermo-
dynamic functions. The equivalence based on the universality
principle connects seemingly different systems that share
fundamental symmetries but that cannot be straightforwardly
mapped onto each other. For instance, when studying the
critical properties of the transition in an Ising ferromagnet, one
learns about the nature of the liquid-gas transition, and
similarly the critical behavior of a superconductor with its
complex order parameter falls in the same universality class
(identical set of critical exponents) as the two-component (or
XY) ferromagnet. Many properties are immune to the micro-
scopic details of physical models and their various possible
representations, as near the critical point correlations of the
order parameter depend only on general features such as (i) the
spatial dimension D, (ii) the order-parameter dimension n,
(iii) the symmetries, and (iv) the range of the interactions.

These four fundamental features intricately condition the
strength of long-range collective excitations, which in turn
determine the ordering process. For example, fluctuations are
geometrically enhanced in low-dimensional systems, and
below a lower critical dimension d; fluctuations obliterate
long-range order. In contrast, above an upper critical dimen-
sion df the mean-field theory appears to be internally
consistent. For d; < D < df, although long-range order is
not suppressed, the critical behavior in the vicinity of a
second-order phase transition, i.e., in the critical regime,
departs from mean-field theory. In the case of systems
endowed with short-range interactions and continuous sym-
metry, Landau’s theory loses its validity near the transition for
dimensions below d! =4, while long-range order is sup-
pressed at or below d = 2.

In this sense, D = 2 stands out as a marginal case that can
nevertheless display an essential phase transition of a topo-
logical nature. The temperature range within which the
recently discovered intermediate BKT phase in ultrathin
BaTiO; films decreases with increasing film thickness
(Nahas et al., 2017).

1. Mermin-Wagner-Hohenberg theorem

Prior to the discovery of the BKT topological-phase
transition, the analysis initiated by Peierls (1935) showed
the possible absence of long-range order as a result of the
enhanced disordering effect of thermal fluctuations. In this
first formalization, Peierls demonstrated that two-dimensional
crystalline order is destroyed by the thermal motion of long-
wavelength phonons. This conclusion is a particular case of a
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more general result known as the Mermin-Wagner-Hohenberg
theorem (Mermin and Wagner, 1966; Hohenberg, 1967;
Mermin, 1967) [or the Coleman-Weinberg theorem in field
theory (Coleman and Weinberg, 1973)]. This theorem was
proven by Mermin and Wagner (1966), and independently by
Hohenberg (1967). While Mermin and Wagner considered
ferromagnetism and antiferromagnetism in one and two
dimensions, Hohenberg considered Bose quantum liquids
and Cooper pairs in superconductors. Their conclusions were
similar and stated that, for a system of d < 2 with short-range
interactions, there cannot be spontaneous continuous sym-
metry breaking at any finite temperature. Descriptions of the
theorem were given by Herbut (2007) and Mudry (2014).

The absence of long-range order in the 2D XY case is
demonstrated by the fact that the finite-temperature correlation
decays to zero at long distances (albeit as a power law), and
thus there is no net magnetization in the system. Note that,
while the condition on the dimensionality being effectively
smaller or equal to 2 is essential for the manifestation of the
Mermin-Wagner-Hohenberg theorem and associated topologi-
cal phenomena such as BKT physics, the ones relating to the
range of interactions and symmetry are less stringent.

2. Berezinskii-Kosterlitz-Thouless transitions

As discussed, owing to the Mermin-Wagner theorem, in
two-dimensional systems with continuous symmetry and
short-range interactions, smooth wavelike fluctuations prevent
the formation of long-range order. Rather than a spontaneous
symmetry breaking, a topological-phase transition driven by
the unbinding of vortex-antivortex pairs can occur, the so-
called Berezinskii-Kosterlitz-Thouless (BKT) transition
(Berezinskii, 1972; Kosterlitz and Thouless, 1973). Lying
beyond Landau classification, it is an infinite-order phase
transition (José, 2012) in that the free energy displays an
essential singularity; i.e., it remains infinitely differentiable,
but nonanalytic at the transition. It is paradigmatically
captured by the two-dimensional XY model [and its dual
2D Coulomb gas model (Frohlich and Spencer, 1981)],
which has attracted much interest since it astutely describes,
among other subjects, two-dimensional melting (Nelson and
Halperin, 1979; Young, 1979), the physics of superfluid
helium (Bishop and Reppy, 1978), superconductors
(Beasley, Mooij, and Orlando, 1979; Hebard and Fiory,
1980; Wolf et al., 1981), Josephson junction arrays (Resnick
et al., 1981), nematic liquid crystals (Lammert, Rokhsar, and
Toner, 1993), and recently ferroelectrics (Nahas et al., 2017,
Villanova, Kumar, and Barraza-Lopez, 2020; Xu et al., 2020;
Goémez-Ortiz et al., 2022a).

A crucial feature of the BKT transition in the paradigmatic
XY model is its intricate relationship with topological defects,
namely, vortices and antivortices (Kosterlitz and Thouless,
1973). The seminal heuristic argument of Kosterlitz and
Thouless points to a subtle logarithmic competition between
the energy and entropy of defects, the balance point of which,
marked by Tggr, insulates two different modes of their
behavior (Kosterlitz and Thouless, 1973). Below this tran-
sition temperature, lone defects are inhibited due to their
logarithmically divergent energy with the system size, and
hence vortices or antivortices are expected to occur not in
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(b)

FIG. 10. (a) For T < Tgkr tightly bound pairs of vortices
[orange (light gray) circles] and antivortices [blue (dark gray)
circles] are formed. (b) For T > Tggr the vortex-antivortex pairs
unbind.

isolated form but instead within tightly bound vortex-anti-
vortex pairs as local excitations, due to the finite pair energy
scaling with its radius rather than with the system size. These
bound pairs appear to be topologically neutral from a large-
scale perspective, as they confine and mutually cancel their
orientational disturbance, thereby allowing for algebraic
decay of correlations and quasi-long-range order. Indeed,
winding numbers are additive, and the two oppositely charged
defects within pairs compensate each other such that the
resulting texture can be immersed in a uniform background
(Fig. 10), yielding a power-law decay of dipolar correlations.
As the temperature is raised, the number of pairs increases and
larger ones start forming, screened by other smaller pairs that
lie in between. The average separation between a vortex and
an antivortex becomes comparable to the separation between
pairs. These loose pairs thus effectively unbind at Tgkr,
whereupon entropy balances the interaction, allowing for
single topological defects to wander in the system and causing
correlations to decay exponentially in the high-temperature
disordered phase. While a large chemical potential supports a
dilute phase of defect pairs, for higher temperatures a smaller
chemical potential is expected, as it becomes thermally easier
to create many pairs (the presence of which decreases the free
energy by increasing the entropy), leading to increased
screening and effective dissociation when the paraelectric
phase is reached. This phase transition is characterized by the
onset of out-of-equilibrium dynamics and ergodicity breaking,
with dynamical annihilation and generation of defects.

One of the features reflecting the particularity of the BKT
phase transition thus lies in the quasi—long-range order that it
can sustain at low enough temperatures. This quasi—long-
range—ordered phase is characterized by the slow algebraic
decay of the order-parameter correlation function and its
continuously varying critical exponent 7 (Kosterlitz and
Thouless, 1973). The power-law falloff of the correlation
function arises from the logarithmic growth of angular
fluctuations, which is specific to two dimensions and is
similar to that of an isolated critical point while not being
confined to a single temperature. The BKT phase can thus be
regarded as a phase consisting of critical points, distinct from
the high-temperature disordered phase with rapid exponential
decay of the correlation function, while being weaker than a
truly long-range—ordered one.
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Note that crystalline solids can also exhibit BKT physics.
While in d >3 melting is a first-order phase transition
between crystal and liquid, in d =2 the mechanisms for
melting and the transition from the solid state [with only
quasi—long-range translational order, which is consistent with
the Peierls argument (Peierls, 1935) and the Mermin-Wagner
theorem, and long-range orientational order] to liquid (with
both short-range translational and orientational order) involve
topological defects. Crystalline solids can have two types of
topological defects characterized by closed loops (point
defects in two dimensions or line defects in three dimensions),
known as dislocations and disclinations, associated with
translational and rotational symmetry breaking, respectively.
The dislocation has a vector-valued topological charge called
the Burgers vector and can be thought of as a row of
misaligned atomic bonds within an otherwise regular lattice.
The energy of the dislocation scales as the modulus of this
vector squared. The disclination is characterized by an angle
corresponding to a wedge of superfluous or deficient material.
In the late 1970s Halperin and Nelson (1978) and Young
(1979) suggested a two-step melting scenario in two dimen-
sions. The unbinding of dislocation pairs at a temperature 7',
causes the system to lose the quasi—long-range translational
order, while a quasi—long-range orientational order survives.
In this anisotropic liquid phase (also known as the hexatic
phase), there is a rapid exponential decay of translational
correlations but only a slow, algebraic decay of orientational
correlations. At a temperature 7; > T, another phase tran-
sition of BKT type, where the disclination pairs that make up
the dislocations unbind, drives the anisotropic fluid phase to
melt into a true isotropic liquid with neither positional nor
orientational order. Thus, free dislocations should appear only
once the solid is melted into the anisotropic liquid phase,
whereas free disclinations should be excited across the
anisotropic liquid—isotropic liquid melting.

The situation described by the 2D XY model conventionally
applies only to two-dimensional degenerate systems with
local interaction and is scarcely met in experiments involving
ferroelectric systems. In these systems, the presence of a
dipole-dipole interaction, nonlocal in nature, significantly
reduces fluctuations, thereby altering the low-temperature
properties of the XY model (Maier and Schwabl, 2004).
Indeed, it is well known that the dipolar interaction tends to
stabilize the long-range order against thermal fluctuations, and
the ground state may thus be spontaneously polarized
(Maleev, 1976; Maier and Schwabl, 2004) or may acquire
various structures. However, while the low-temperature prop-
erties substantially depend on the dipolar interaction, at higher
temperatures this interaction is of lesser significance
(Feigelman, 1979), and its contribution has been demonstrated
to be irrelevant in the treatment of the dipolar XY model
(Maier and Schwabl, 2004; Vasiliev et al., 2014), in which the
characteristic logarithmic interaction of defects within a pair
was shown to be restored.

Anisotropic variants of the XY model can also be evoked to
assess systems that are subject to symmetry-breaking crys-
talline fields, such as those at play in ferroelectrics, in addition
to isotropic coupling (Maleev, 1976; Maier and Schwabl,
2004), and those that lie in between the limiting cases of the
XY model and the p-state clock model. Within the last model,

Rev. Mod. Phys., Vol. 95, No. 2, April-June 2023

the spins are restricted to two dimensions and can point along
p directions distributed uniformly. Ortiz, Cobanera, and
Nussinov (2012) showed how if p <4 only a second-order
phase transition between the ordered and the disordered phase
as a function of temperature can be observed. However, for
p =5 there exists an intermediate phase separating the
ferromagnetic and paramagnetic ones characterized by its
BKT behavior (Ortiz, Cobanera, and Nussinov, 2012).

The discovery of BKT physics in ferroelectrics was
demonstrated through effective Hamiltonian simulations
and a finite-size-scaling analysis of BaTiO; ultrathin films
subjected to tensile strain (Nahas et al., 2017) for a narrow
temperature region being located between the ferroelectric and
paraelectric phases. Owing to an effectively reduced spatial
dimensionality and a lesser number of dominant contributing
polarization components, the transitional region of tensile
strained BaTiO; ultrathin films is enhanced into a critical
phase exhibiting BKT features. Indeed, owing to tensile strain,
local dipole moments are confined to the film plane, and thus
polarization can be regarded as a two-component order
parameter. Moreover, while the fourfold anisotropy is rela-
tively irrelevant in the intermediate critical BKT phase where
the two-dimensional XY model properties are recovered and a
quasicontinuous symmetry is observed, it reasserts itself by
suppressing fluctuations and restoring the fourfold rotational
symmetry at low temperatures. In contrast to short-range
isotropic systems, the anisotropic dipolar interactions ineluc-
tably drive ferroelectric long-range order at low temperatures.
This endows the system with a three-phase structure: a truly
ordered ferroelectric phase, a quasi—long-range—ordered phase
substantiated by an algebraic decay of spatial correlations and
supported by an emergent continuous symmetry that allows
for stable topological defects to condense in the distortion-
confining form of vortex-antivortex bound pairs, and a
disordered, paraelectric phase with exponentially falling
correlations. A BKT phase was then further numerically
suggested in another two-dimensional ferroelectric system,
namely, one made of one-unit-cell-thick SnTe, with epitaxial
strain allowing the control of the BKT stability temperature
region and even possibly making it the ground state (Xu et al.,
2020), or in PbTiO5/SrTiO5 superlattices under tensile strain
(G6mez-Ortiz et al., 2022a). Vortex-antivortex pairs have also
been reported in one-unit-cell-thick SnSe films from molecu-
lar dynamics simulations (Villanova, Kumar, and Barraza-
Lopez, 2020).

E. Spins versus electric dipoles: Differences and analogies at the
level of the topological properties

Localized spins in magnetic crystals most often have a fixed
magnitude. For this reason, spin patterns are intrinsically
nonlinear fields and are likely to exhibit stable topological
solitons (Manton and Sutcliffe, 2004). In contrast, the ampli-
tude of polar displacements is not restricted. However, from
this perspective, spin and dipole fields can still be seen as
topologically equivalent when vanishing electric dipoles are
unlikely to occur. Indeed, the latter assumption allows each
electric dipole to be continuously normalized (Toulouse and
Kléman, 1976; Gémez-Ortiz, 2018) and the polar pattern to be
treated as a distribution of spins.
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More substantial differences come into play once sym-
metries are taken into account. Spin rotations and polar
displacements are governed by interactions of a distinct
physical nature. Because of this, restrictions on possible
values (such as order-parameter spaces) of spin and electric
dipoles can drastically differ. For instance, magnets often
exhibit continuous rotational symmetries, while in bulk ferro-
electrics dipoles tend to align only along a few preferred
crystallographic directions. In other words, the role of
crystalline anisotropy is much more pronounced in ferro-
electrics. Owing to such orientational rigidity, the order-
parameter space of polar materials might seem to have a
finite set topology [such as Ising or Potts models; see
Fig. 2(a)], which explains the long-lasting belief of domain
walls being the only possible polar topologies.

However, even this consideration does not prevent the
existence of nontrivial polar counterparts of magnetic-topo-
logical patterns. For instance, the underlying quasicontin-
uous symmetries enabled the prediction of polar-vortex lines
[Fig. 2(e)] in improper ferroelectrics in the late 1980s
(Tagantsev and Sonin, 1989). In improper crystals the
magnitude of the order parameter is small, which diminishes
the role of higher-order energy terms responsible for orienta-
tional anisotropy. As a consequence, the domain-wall ver-
tices (Fig. 4) start behaving much like vortex lines, albeit the
symmetry stays formally discrete: hence the term quasicon-
tinuous symmetry (Tagantsev and Sonin, 1989).

Moreover, quasicontinuous symmetries emerging in the
vicinity of the critical temperature in both improper (Griffin
et al., 2012; Artyukhin et al., 2014; Lin et al., 2014) and
proper ferroelectrics (Nahas et al., 2017; Xu et al., 2020) were
found to be responsible for nontrivial topological transitions.
Spinlike point and line topological defects and solitons were
predicted to exist even in symmetry-broken phases of bulk
ferroelectrics (Nahas et al., 2015; Stepkova, Marton, and
Hlinka, 2015; Prokhorenko, Nahas, and Bellaiche, 2017),
and a novel topological protection mechanism in proper
ferroelectrics was proposed (Prokhorenko, Nahas, and
Bellaiche, 2017). These works demonstrated that the con-
straints imposed by the symmetry of the Hamiltonian on the
possible values of local dipoles do not restrict (Prokhorenko,
Nahas, and Bellaiche, 2017) the topology of the order-
parameter space if one follows the original theory by
Toulouse and Kléman (1976).

Currently the theory of topological patterns in low-dimen-
sional ferroelectrics is at an early development stage. Recent
works suggest that the origin of topological patterns in these
systems can instead be linked to topologies emerging in the
flows of incompressible fluids (Luk’yanchuk et al., 2020) and
phase separation processes (Nahas, Prokhorenko ez al., 2020).
The former approach is based on the natural tendency of
ferroelectric materials to avoid bound charges ~V - P, thereby
making polarization patterns akin to divergence-free flows
(Luk’yanchuk et al., 2020). The discovery of this analogy
opens a door to build upon a well developed theory of
topological hydrodynamics (Arnold and Khesin, 1998). The
analogy with separation kinetics (Nahas, Prokhorenko et al.,
2020) concerns the arrays of vortex-antivortex lines [Fig. 2(e)]
(also refered to as nanostripe domains) in partially screened
Pb(Zr, Ti)O; films and their relation to merons, bimerons, and
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bubble arrays [Fig. 7(a)]. It rests on the order-parameter
conservation driven by the depolariation field and allows one
to make a link of polar topologies with a large family of
Turing patterns (Turing, 1952).

F. Relationship with related topological properties in other fields

One of the beauties of topology is that, once a given problem
is expressed in its language, unexpected bridges with other
a priori unrelated fields can be discovered. One example is the
case of skyrmion quasiparticles, which were named after the
British nuclear physicist Tony Skyrme. He developed a non-
linear field theory for interacting pions in the 1960s and showed
that topologically stable field configurations occur as particle-
like solutions that can be modeled as topological solitons
(Skyrme, 1961). It is surprising how, despite the fact that there
are orders of magnitude of difference in the typical energy scales
between nuclear physics and condensed-matter physics, the
underlying theories can be transposed between the two fields.

This is not an isolated case. As summarized by Nobel
laureate F. Wilczek in his review ‘“Particle physics and
condensed matter: The saga continues” (Wilczek, 2016),
many ideas from quantum field theory and topology (sponta-
neous symmetry breaking, gauge structures, etc.) have proved
to be fertile in suggesting new phenomena in the quantum
physics of condensed matter. And reciprocally other concepts
like quasiparticles or superconductivity made their way in the
opposite direction.

During the last decade, topological analyses of band
structures have played a primary role. Links with mathemati-
cal concepts related with geometric phases (Berry phases,
Berry curvatures, Chern numbers, etc.) readily apply. Some
physical observables (such as the anomalous Hall conductivity
in a 2D insulator) in systems that have a topological character
are quantized. See Vanderbilt (2018) for more details. One
difference between this theory and the topic of this review is
that the parameter space in electronic-structure theory is in the
reciprocal space (wave vector k and the corresponding
occupied Bloch functions). The topological nature of the
problem emerges because the first Brillouin zone can be
regarded as a closed manifold, so closed paths can be defined
within it. The Chern number can be defined from the surface
integral over the surface of the first Brillouin zone of the Berry
curvature of a given band. This Chern number or Chern index
of the surface can be regarded as a topological index attached
to the manifold of states defined on the surface.

It can be proved that the skyrmion number of a magnetic
skyrmion exactly corresponds to the Chern number, bridging
the topology of the band structure with the nontrivial swirling
of the spins. Assume a spin 1/2 particle whose wave function
can be described by a spinor under the effect of an external
magnetic field whose direction is determined by an unitary
vector 7. If the corresponding interacting Hamiltonian is
diagonalized, then the Berry curvatures computed from the
eigenstates are formally equivalent to the Pontryagin density,
whose integral is the skyrmion number (Nagaosa and Tokura,
2013; Gomez-Ortiz, 2018).

In the case of polar skyrmions, we can define similar
topological indices as in their magnetic counterparts (vortic-
ities, skyrmion numbers, etc.). Despite these similarities, there
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are also differences: in the case of polar nontrivial textures, the
local dipoles are defined in real space, and it is not certain that
we can define a quantum mechanical (2 x 2) Hamiltonian that
can be diagonalized, as happened with the case of magnetic
skyrmions.

Links can also be established with fluid mechanics, where
physical quantities such as vorticities and helicities are
naturally defined (Moffatt and Ricca, 1992). However, in
this case, these characteristics are related to flux tubes defined
from movements of the particles within the liquid, and
therefore with their velocities. Here again the mathematical
formulation is similar, allowing an easy exchange of ideas for
cross-fertilization. But we have to keep in mind that the nature
of our polarization profile is static; i.e., neither the nuclei nor
the electrons are free to move within our insulating materials.

Melting and dislocations in 2D crystals, or disclinations in the
previously discussed 2D liquid crystals, have also shown
topological BKT transitions like the ones described in
Sec. IIL.D.2. As in Sec. VI, the same kind of hexatic phases
and phases transitions are expected in the polar-skyrmionic
materials.

IV. PHYSICAL INGREDIENTS TO DEVELOP
TOPOLOGICAL PHASES IN POLAR SYSTEMS

A. Electrostatic interactions

Electrostatics is the most important driving force behind the
formation of nontrivial topological phases in polar oxides.
More precisely the requirement to minimize the electrostatic
energy cost associated with the depolarization fields arising
from any discontinuity (divergence) of the polarization. This
depolarization field depends on several factors, such as the
dimensionality and the characteristic size of the system, the
polarizability of the surrounding medium (typically a dielec-
tric in the case of nanocomposites or ferroelectric-dielectric
superlattices), the periodicity (in the case of superlattices), or
the electrostatic boundary conditions (from open circuit to
short circuit), whose control is essential for the stabilization of
the novel topological phases.

1. Formation of nanodomains

It is well known from elementary electrostatics that the
bound charge density in the presence of a spatially varying
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polarization field is given by ppoua(r) = =V - P(r), where
Poound () and P(r) are fields coarse grained over a length scale
much larger than a lattice constant. In the case of a free
insulating surface in a nanoparticle or thin film, the surface
normal component of the polarization leads to a surface bound
charge given by opu,q = P - i, where 1 is the unitary vector
normal to the surface [Fig. 11(a)]. These classical concepts
were firmly routed in the modern theory of polarization (used
in most first-principles codes) by Vanderbilt and King-Smith
(1993) and Resta and Vanderbilt (2007). These bound
polarization charges are responsible for the appearance of
large depolarization fields Eg,,. The electrostatic energy
resulting from the coupling of the polarization and the
depolarization field is generally strong enough to suppress
the polarization completely in the usual proper ferroelectrics
driven by the softening of a transverse-optic mode. This
energy has to be reduced in one of a number of ways if the
polar state is to be preserved (Wurfel, Batra, and Jacobs,
1973). As shown in Fig. 11(b), one of the possible mecha-
nisms is the formation of domains (Catalan ef al., 2012): small
spatial regions with different polarities separated by a boun-
dary, referred to as the domain wall, that in ferroelectrics is
narrow (typical widths of the order of the lattice constant).
Opposite polarized domains lead to overall charge neutrality at
the surfaces, reducing the depolarization field and the asso-
ciated electrostatic energy. However, the formation of domains
is not for free, since the modification of the short-range
interactions resulting from the change of the dipole moments
when passing through a domain wall give rise to an energy
cost known as domain-wall energy, introduced in phenom-
enological models through a gradient energy term. The
delicate balance between the electrostatic and gradient ener-
gies at the domain wall yields Landau-Kittel’s scaling law in
systems with straight-walled domains, which states that the
width of the domains scales as the square root of the thickness
of the film (Lines and Glass, 1977; Catalan et al., 2012), so
they can be of the order of a few nanometers. As a result, 180°
stripe domains are formed in which the polarization forms a
transverse wave with alternating signs between adjacent
lamella. As shown in Sec. III, these domain walls can be
thought of as 2D topological defects. For simplicity, here we
have focused on planar domain walls. However, other mor-
phologies of nanoscale domains in ferroelectrics are possible
(Hlinka and Ondrejkovic, 2019), including needles, small
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Formation of nanodomains in ferroelectric thin films under open-circuit boundary conditions. (a) Uniformly polarized

ferroelectric of thickness d. The normal component of the polarization gives rise to surface polarization charges oyo.nq = P - 77, where 7t
is the unitary vector perpendicular to the surface. These polarization charges generate a depolarization field Ey.p. (b) One way to screen
the depolarization energy is the formation of stripe domains: regions with different orientations of spontaneous polarization. w stands for
the width of the domain, which according to Landau-Kittel’s law scales as w « d'/2. (c) To further screen the stray field E,, 90° domain
walls are formed at the near-surface shell, yielding flux-closure domains or (d) vortices depending on the thickness d. In the vortices the
polarization continuously rotates, in contrast to the flux-closure domains, where at some regions 180° domain walls between the up and
down domains are present.
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domains of cylindrical shape (equivalent to the so-called
bubble domains in ferromagnets), and laterally confined
domains of a nanoscale ball shape.

Although under these conditions the depolarization field is
drastically reduced in the interior of the domains, some stray
field components are still present near its surface. The first
calculations of the emergent stray fields in ferroelectric
domains were done on the basis of the Kittel model by
Bratkovsky and Levanyuk (2000, 2001, 2009), and then
within the more exact Ginzburg-Landau model by De
Guerville et al. (2005) and Luk’yanchuk, Lahoche, and
Sené (2009). These stray fields are large enough to overcome
the energy cost associated with the large crystalline anisotropy
in ferroelectrics, where the primary order parameter (the
polarization) is strongly coupled to the lattice. Therefore,
despite the large cost in polarization gradient, polarization
anisotropy, and elastic energy, in order to minimize the
electrostatic energy the near-surface shell is polarized in the
direction perpendicular to the one determined by the domains
[Fig. 11(c)], forming 90° domain walls still preserving the
constraint that the normal component of the polarization should
be continuous across the boundary so that no net charge is
present. This is a stronger condition than the one imposed for
the straight 180° domains, and it comes from the fact that the
polarization charges (i.e., the divergence of the polarization)
have to vanish to minimize electrostatic energies (De Guerville
et al., 2005; Luk’yanchuk, Lahoche, and Sené, 2009). The
polar flux-closure configuration plotted in Fig. 11(c) contains
multiple short segmented 90° and 180° domain walls with
mutual interactions. The pronounced Néel character in the
vicinity of the domain-wall interface terminations leads to
domain broadening (De Guerville et al., 2005; Stephenson and
Elder, 2006; Eliseev et al., 2009). The structure is similar to the
closure domains proposed by Landau and Lifshitz (1935) and
Kittel (1946) for magnetic systems. Nevertheless, keep in mind
that narrow 90° domains should be unfavorable due to the large
anisotropy energy in ferroelectric materials. This is especially
relevant if the system is grown under compressive strain
epitaxial conditions. A progressive rotation of the polarization
to minimize the anisotropy energy is expected, forming the arc-
shaped rotation of the polarization vector at the domain wall
between the up and down domains, forming the vortex shown
in Fig. 11(d). In summary, the different panels in Fig. 11 show
how ideal Ising domains [Fig. 11(b)] in a hypothetical model
system could be gradually turned into vortex arrays [Fig. 11(d)]
by tweaking various interactions. Note that in the original
theoretical prediction of vortices in ultrathin PZT films
(Kornev, Fu, and Bellaiche, 2004), vortex arrays in PZT are
referred to as “nanostripes,” which underlines the relationship
between the two structures. Moreover, Nahas et al. (2020) and
Nahas, Prokhorenko er al. (2020) referred to the vortex
structures in Fig. 11(d) as stripe domains.

Here it is noteworthy how atomistic simulations based on
first principles have been used to verify Landau-Kittel’s law in
(001) Pb(Zr, Ti)O5 (Lai ef al., 2007a), in multiferroic BiFeOs
ultrathin films (Prosandeev, Lisenkov, and Bellaiche, 2010),
and in PbTiO;/SrTiO; superlattices (Gémez-Ortiz et al.,
2023). This law was found to be valid for thicknesses above
1.6 nm (more than four unit cells), even in the presence of a
vortexlike dipole arrangement near the domain walls and a
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FIG. 12. Different regimes for the polarization coupling in a
ferroelectric-dielectric interface. For a sufficiently thin ratio of the
dielectric layer with respect to the ferroelectric (left panels) and
under compressive epitaxial strain, the dielectric is expected to
polarize with nearly the same spontaneous out-of-plane polari-
zation as the ferroelectric layer, resulting in a roughly homo-
geneous polarization throughout the structure. The two layers are
said to be electrostatically coupled. Under tensile epitaxial strain,
the polarization might rotate to in plane. For a thick enough layer
of the dielectric, the polarization is confined within the ferro-
electric layer, breaking into domains to minimize the electrostatic
energy (right panels). The two layers are said to be electrostati-
cally decoupled. Depending on the thickness of the ferroelectric,
the local polarization can rotate continuously to impose a
vanishing divergence of the polarization (vortices) or a 180°
domain might appear at the central layers of the ferroelectric
(flux-closure domains).

substantial proportion of in-plane surface dipoles. Below 1.2 nm
(fewer than three unit cells), the domains disappeared. In
BiFeOs;, the interactions between the tilting of oxygen octahe-
dra around the domain walls and magnetoelectric coupling near
the surface (and away from the domain walls) play an important
role in the observance of this law in multiferroic films.
Moreover, an unusual pattern consisting of an array of vortices
at the surfaces was found in these simulations. This pattern was
later experimentally confirmed (Nelson et al., 2011; Mundy
et al., 2022). A Ginzburg-Landau free-energy model including
the full electrostatic expression (Bennett, Mufioz Basagoiti, and
Artacho, 2020) suggested that Landau-Kittel’s law is verified
for large enough values of the thickness of the ferroelectric layer.
But the thinner the ferroelectric, the smaller the width of the
domains, which reach a minimum and then diverge to a
monodomain phase. The model assumes infinitely thin domain
walls, and therefore is not expected to be reliable for film
thickness in the nanometer scale.

2. Role of periodicity in superlattices

Although the previous reasoning is valid for nanoparticles
or thin films with free surfaces, it can be trivially generalized
to the case of insulating interfaces, such as those present
in ferroelectric-dielectric superlattices. In this case, the
difference in the interface-normal components of the polari-
zation leads to an interface bound charge given by
Ovound = (P> — Py) - fi. Therefore, any discontinuity in the
polarization will give rise to strong electric fields that tend to
both suppress the polarization in the ferroelectric layers Egg
and polarize the dielectric layers Epg (Bousquet, Junquera,
and Ghosez, 2010). The electrostatic energy cost associated
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with these fields is large, and thus the system will look for a
more favorable ground state.

For short enough periodicities, one possibility is to adopt a
state of quasiuniform, out-of-plane polarization throughout the
structure whereby the dielectric layers become polarized (left
panels of Fig. 12). In this case the two materials are “electro-
statically coupled.” The value of the polarization will depend
only on the relative fraction of the ferroelectric material
(Dawber et al., 2007) and the mechanical boundary con-
ditions. Alternatively, as discussed in Sec. IV.B, under tensile
strain epitaxial conditions for such short-period superlattices,
the net polarization can rotate to the plane within the
ferroelectric layers, thereby forming a,/a, domains.

As the individual layers become thicker, however, domain
formation becomes a more effective mechanism for elimi-
nating the depolarization fields and lowering the total energy
of the superlattice (right panels of Fig. 12). The polarization
is confined mainly to the ferroelectric layers, with domains
of opposite polarization screening the depolarization field.
The ferroelectric and the dielectric are “electrostatically
decoupled” in this case. At relative large length scales,
the balance between electrostatic and domain-wall energy
results in the formation of classical flux-closure domain
patterns. The period of the closure quadrant array might
differ from that in Kittel’s law [for instance, Tang et al.
(2015) had it as linearly dependent on the thickness of the
PbTiO; layer, with a slope equal to v/2]. At intermediate
length scales, such superlattices are the perfect background
for the appearance of clockwise-counterclockwise vortices
confined within the ferroelectric layer, where the local
polarization continuously rotates. The transition from strong
to weak interlayer coupling and the associated changes in the
domain structure as a function of the periodicity were first
quantitatively described in KNbO;/KTaO; strained-layer
superlattices by Stephanovich, Luk’yanchuk, and Karkut
(2003) and Stephanovich, Luk’yanchuk, and Karkut (2005)
and were later experimentally studied in PbTiO;/SrTiOs
superlattices by Zubko et al. (2012), by Lisenkov and
Bellaiche (2007) from first-principles-based effective
Hamiltonians, by Aguado-Puente and Junquera (2012) from
first principles, and by Hong et al. (2017) from phase-field
modeling, as shown in Fig. 13. The phase transition from the
coupled nanostripes to the monodomain phase as a function
of dc and ac electric fields applied on long-period
BaTiO;/SrTiO; superlattices has also been studied using
effective Hamiltonian methods (Lisenkov, Ponomareva, and
Bellaiche, 2009).

Controlling the thickness ratio between adjacent PbTiO3
layers is important for controlling the configurations of flux-
closure array in PbTiO;/SrTiO; superlattices. When the
PbTiO; thickness is fixed in the multilayer (the thickness
ratio of the adjacent PbTiO; layers is 1), a periodic V-type
flux-closure array (with 180° domain walls perpendicular to
the interfaces) is observed in each PbTiO; layer. When the
thickness ratio of adjacent PbTiOj; layers ranges from 0.4 to
0.7, a periodic V-type flux-closure array is identified in the
thicker PbTiO; layer and a horizontal H-type flux-closure
array (with 180° domain walls parallel to the interfaces) is
found in the thinner PbTiO; layer (Liu, Wang et al., 2017).
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FIG. 13. Phase diagram and total energy density for the
(PbTiO3),,/(SrTiOs), superlattice grown on the DyScO; sub-
strate, as calculated using the phase-field simulations and verified
experimentally. Top left inset: simulation and planar STEM result
of an in-plane view of the a,/a, twin-domain structure for n = 6.
Middle left and right insets: vortex structures for n = 10 from
simulation and experimental TEM mapping, respectively. Bottom
left and right insets: cross sections of flux-closure structure for
n =50 from phase-field simulation and experimental TEM
vector mapping, respectively. SIM, simulation; TEM, transmis-
sion electron microscopy. From Hong et al., 2017.

Finally, note that, due to the incomplete screening of the
depolarization fields, periodic arrays of flux-closure domains
can form in ferroelectric thin films with symmetric electrodes,
as theoretically predicted by first principles (Aguado-Puente
and Junquera, 2008) and as experimentally observed (S. Li
et al., 2017). This has an influence on the formation of
supercrystals described in Sec. V.A.7.

B. Elastic interactions

Coupling between polar and lattice degrees of freedom is
known to be strong in ferroelectric perovskites. In cubic
perovskites, the ferroelectric phase transition not only
involves the condensation of a spontaneous polarization but
also is accompanied by the appearance of a macroscopic
strain, i.e., a spontaneous lattice distortion. This polarization-
strain coupling is at the origin of the large piezoelectric
properties of the polar phases, a property that is fundamental
to the PFM techniques discussed in Sec. 1.LA.3 of the
Supplemental Material (472) and in a wide range of appli-
cations (such as refocusing the Hubble telescope and 3D
ultrasound imaging and sonar). More broadly it also reflects a
strong sensitivity of ferroelectricity to mechanical boundary
conditions, unlike in ferromagnets.

There are different pathways to apply strain to a ferroelec-
tric film. The advent of advanced synthesis techniques, which
is reviewed in detail in Sec. I.LA.1 of the Supplemental
Material (472), opens the door for the fabrication of high-
quality oxide heterostructures with control at the atomic scale.
Single-crystal perovskite oxides can currently be grown fully
coherently, with a low density of threading dislocations.
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Substrates that are chemically and structurally compatible
with perovskites can be prepared with a controlled termination
and a small roughness (atomically flat on terraces that are
hundredths of nanometers wide). In these high-crystalline-
quality heterostructures, the thin films are coherently matched
to the substrate; that is, the epilayers are forced to grow with the
same in-plane symmetry and lattice constant as the underlying
substrate, even if this may not be their most stable phase in the
bulk. The lattice constants of commercial substrates span a
range that would allow both compressive and tensile biaxial
strains of typical perovskite thin films [such as BaTiOs,
PbTiOs, Pb(Zr, Ti)O;, and SrTiOz]. On top of the epitaxial
strain imposed by the substrate, there are other sources of strain,
such as the different thermal expansion coefficients between
the film and the substrate or the presence of crystalline defects
that give rise to inhomogeneous strain fields.

The functional properties of a thin film clamped to a
substrate but free to relax in the out-of-plane direction may
dramatically change as a result of the biaxial strain imposed by
the substrates. Indeed, strain engineering of ferroelectric
properties has become a powerful generic concept (Rabe,
2005; Schlom et al., 2007, 2014). Experimentally, it has been
shown how the physical quantities can be tuned to a desired
value by controlling the lattice mismatch between a ferro-
electric film and its substrate, providing an alternative to the
traditional substitution and alloying of the A and B cations
(“chemical pressure”). Strain engineering has its limitations
since epitaxial strain will be preserved only up to a critical film
thickness beyond which misfit dislocations or twins form.

Large shifts in the paraelectric-to-ferroelectric phase tran-
sition temperature have been reported for BaTiO; grown on
GdScO;5 and DyScOj; substrates (Choi et al., 2004). Similar
enhancements of the transition temperature have been observed
for PbTiO; thin films grown on insulating (001)-oriented
StTiO53 substrates (Streiffer er al., 2002). As discussed in
Sec. V, this will have an impact on the stabilization of the
topological phases in higher temperature regimes. Furthermore,
new phases not present in the bulk phase diagram might be
stabilized. For instance, a spontaneous polarization can be
induced by strain in SrTiO5 at room temperature, whose bulk,
pure, unstressed form remains paraelectric down to 0 K
(although it is considered an incipient ferroelectric) (Haeni
et al., 2004).

Assuming a single, homogeneous domain state, and as a
general rule for the usual bulk perovskites on a (001) substrate,
sufficiently large epitaxial compressive (tensile) strains will
favor a ferroelectric ¢ phase (aa phase) with out-of-plane (in-
plane) polarization, together with a concomitant enhancement
(shrinking) of the out-of-plane lattice constant. Distinct behav-
iors are predicted for the different compounds in the inter-
mediate regime, but the most typical one is a continuous
polarization rotation from out of plane to in plane (Kornev, Fu,
and Bellaiche, 2004). If the ferroelectric thin film is allowed to
form domains, then ferroelastic 90° domain walls, in either
c¢/a/c/a (where ¢ and a are the out-of-plane- and in-plane-
oriented domains, respectively) or a;/a,/a,/a, (where a; and
a, are in-plane, orthogonally oriented domains), can be
stabilized by means of epitaxial strain engineering. This fact
will have a profound impact on the phase diagrams of
topological phases in ferroelectric-dielectric superlattices.
For the same periodicity and under the same electrostatic
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FIG. 14. Phase diagram of a (PbTiO3),4/(SrTiO3),, super-
lattice under short-circuit electrical boundary conditions obtained
from phase-field simulations, as described in Sec. 1.B.3 of the
Supplemental Material (472). For a particular value of the in-
plane lattice constant, three independent calculations were carried
out, starting with a random configuration of the local polarization.
After a minimization of the energy, the three calculations
converged to a similar ground state. The “a-twin” phase corre-
sponds to the a; /a, domain structure. In the top x axis, the lattice
constants of some of the available commercial substrates are
represented. LSAT, (LaAlOj3)49-(SrAlysTay503)07; STO,
SI'TIO3, SAGT, SI']‘04A10‘12G3.0_35T3.0'5003; DSO, DYSCOg,
GSO, GdScO;. Courtesy of Z. Hong.

boundary conditions, different phases can be found by chang-
ing the biaxial strain: from the tetragonal ¢ phase to skyrmions,
vortices, and finally a,/a, ferroelectric twin boundary phases
when the lattice constant is increased from compressive to
tensile strains, as shown in the phase diagram obtained with
phase-field methods in Fig. 14.

The evolution of flux-closure domain arrays in
PbTiO;/SrTiO; superlattices with misfit strain was studied
by Li et al. (2019). Reversible phase transitions can be
induced in PbTiO;/SrTiO; superlattices by mechanical
forces, such as a compressive stress stimulation via a scanning
probe tip used as an indenter, that causes a transition from the
vortex to the a-domain phase with polarization in plane
(P. Chen et al., 2020) that might coexist with the tetragonal
¢ phase in a/c domains (Li et al., 2020). Moreover, as
discussed in Sec. V.E.2, epitaxial strain also plays a role in the
competition and transition from skyrmion to meron lattices
(Wang et al., 2020).

Like piezoelectricity, flexoelectricity is an important cou-
pling property (Stengel and Vanderbilt, 2016). While the
former describes the linear coupling between electric polari-
zation and homogeneous strain and arises only in noncen-
trosymmetric materials, the latter relates to the linear coupling
between electric polarization and a strain gradient and is
always symmetry allowed. Flexoelectric effects may be
large in thin films, where large strain gradients, far exceeding
those possibly accommodated in bulk phases, can arise.
Flexoelectricity’s effect is expected to be particularly strong
in the polar-vortex topology since it inherently hosts a set of
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large, correlated strain and polarization gradients (Shimada
et al., 2021). The nontrivial role of flexoelectricity in the
generation of emergent complex polarization morphologies
was discussed by Q. Li er al. (2017), whose experimental
images showed good agreement with phase-field simulations
once the longitudinal and shear flexoelectric coefficients of
the PbTiO; layers are activated. In addition, the influence of
the shear component of the flexoelectric tensor of PbTiO3 on
the shear strain at domain walls in PbTiO; flux-closure
quadrants in tensile strained was analyzed by Tang et al
(2015). The interplay between the inhomogeneous strain
present at atomic steps on the substrate of a ferroelastic thin
film and twin walls were proposed to be the source of half
vortices due to flexoelectric effects (Lu et al., 2021). These
can be closed by mobile half vortices generated by the
interaction of an atomic force microscopy (AFM) tip with
the upper surface of the thin film, whose position is controlled
by the movement of the tip. The dynamic change of the polar
structures underneath the AFM tip would produce displace-
ment currents and weak magnetic fields. The role of inho-
mogeneous strain and strain gradients produced by surface
trenches in PbTiO5/SrTiO; superlattices has been analyzed
from first principles (Baker and Bowler, 2021). The influence
of the flexoelectric coupling on the spatial distribution and
temperature behavior of the spontaneous polarization for
several types of stable domain structure in thin BaTiO;
ferroelectric thin films, including stripe domains and vortices,
was analyzed by means of finite-element modeling and the
Landau-Ginzburg-Devonshire phenomenological approach,
combined with electrostatic equations and elasticity theory,
by Morozovska, Eliseev et al. (2021). A correlation between
the flexocoupling and the formation of chiral polar vortices in
thin ferroelectric films and cylindrical ferroelectric nanopar-
ticles, forming the so-called flexon polarization configuration,
was also inferred from simulations (Morozovska, Hertel et al.,
2021). Finally, Sanchez-Santolino et al. (2023) recently
reported on Moiré bilayers formed by stacking thin slabs of
BaTiO; (~ 15 nm). They showed that the interlayer couplings
cause spatially modulated strains that yield tunable (twist-angle
dependent) vortex-antivortex dipole patterns via a flexoelectric
effect. Moiré structures thus appear to be a unique way to obtain
topological states with controlled periodicity.

Last, some works have appeared where the ground state of
some topological structures has been studied without any
interference from the mechanical boundary conditions by
lifting off ferroelectric-dielectric superlattices from the sub-
strate (Shao et al., 2023). When the temperature is increased, a
phase transition from a skyrmion state (with a topological
charge of +1) to a two-dimensional meron square lattice (with
a topological charge of +1/2) is found. Li er al. (2022)
investigated freestanding PbTiO3/SrTiO; superlattices with a
SrRuOj; bottom electrode. For thin enough SrTiO; layers,
releasing the superlattice film from the substrate leads to a
reorientation of the polarization into the plane of the film due
to the sudden change in the balance between the electrostatic
and elastic interactions with respect to the superlattice
clamped by the substrate. In turn, this polarization rotation
modifies the lattice parameter mismatch between the super-
lattice and the thin SrRuO; layer, causing the heterostructure
to curl up into microtubes.
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FIG. 15. Schematic sketch of the effect of the antisymmetric
Dzyaloshinskii-Moriya interaction in the alignment of neighbor-
ing spins. The order parameter rotates around an axis parallel to
the Dzyaloshinskii-Moriya vector Dy,. (a) If D, is parallel to the
relative position between the two neighboring spins R,, then the
appearance of chiral helices and Bloch-like skyrmions, such as
the one shown at the bottom, are favored. (b) If Dy, is
perpendicular to Ry,, then a nonchiral spin texture and a
Néel-like skyrmion are supported.

C. Sources of noncollinear polarization

The origin of the complex whirling spin textures of
magnetic skyrmions is in most cases the Dzyaloshinskii-
Moriya interaction (DMI) (Dzyaloshinsky, 1958; Moriya,
1960). This antisymmetric interaction between two spins S
and S, whose relative position is Ry, typically appears in
systems with strong spin-orbit coupling, and its Hamiltonian
is given by

Hpy = =Dy - (S) x Sy), (6)

where D, is known as the Dzyaloshinskii-Moriya vector,
which measures the interaction between the two spins and
depends on the material and the distances between the spins.
Considering only the DMI, it is clear that the energy is
minimized for a configuration where neighboring spins are
orthogonal to each other. If Dy, is parallel to Ry,, the spin
texture of the ground state looks like the helix that is
schematically represented in Fig. 15(a). This helical state is
chiral, and therefore it has an associated handedness. If Dy, is
perpendicular to R, the resulting pattern does not exhibit
chirality, as depicted in Fig. 15(b). From these schematic
representations, it is inferred how the spins rotate around an
axis parallel to Dy,. If D},||R;,, the DMI favors the
appearance of a Bloch domain wall between the up and down
spins, while a D, LR, is at the origin of Néel-like domain
walls. This interaction is at the root of the stabilization of
topological patterns such as vortices, skyrmions, and merons
in magnetic systems (Strkalj ef al., 2019; Tian et al., 2019).

For a long time, the electric analog of the DMI describing
the interaction between two polar displacements has remained
elusive. The reason can be traced to the physical origin of the
DMI. In magnetism, it arises from the interplay between the
spin-orbit coupling and the superexchange. It is not possible to
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FIG. 16. (a) Sketch showing how the combination of (left

images) the DMI (which favors a 90° rotation between neighbor-
ing magnetic moments i and j) and (center images) the Heisen-
berg interaction (which favors, depending on the coupling
constant J;;, 0° or 180° angles between neighboring magnetic
moments i and j, such as in the antiferromagnetic configuration)
produces weak ferromagnetism in (right images) an antiferro-
magnetic crystal. m; and m; are the localized magnetic moments
in neighboring atoms. The straight arrow represents the spin and
the curled arrow indicates the angular momentum of an electron
on a given site, highlighting the fact that the Dzyaloshinskii-
Moriya vector D;; stems from spin-orbit coupling. my stands for
the total magnetization of the corresponding configuration.
(b) Sketches showing different distortions in a ABO; perovskite
structure. The trilinear coupling between oxygen octahedra
rotations and tilts (left image) with two antiferroelectric (center
left image) or ferroelectric modes (center right image) leads to the
appearance of noncollinear (anti)ferroelectricity (right image). A,
B, and O atoms are represented by green, blue, and red balls,
respectively. The arrows represent the atomic displacements from
the reference centrosymmetric positions, u;. The electric DMI
Dj; - (u; x u;) is formally equivalent to the magnetic counterpart
D;; - (m; x m;), but the D;; vector depends on the octahedral
tilts, which play the role of the spin-orbit coupling. From
Junquera, 2021, and Zhao et al., 2021.

simply identify these two contributions by inspection of
ferroelectric distortions, allowing the nature of an electric
DMI analog to remain unknown.

Recently a systematic symmetry analysis on the 212 species
of structural phase transitions was carried out (Erb and Hlinka,
2020). For three of the species, the existence of a term in the
bulk free-energy density analogous to the DMI in magnetic
systems was predicted, but its strength could not be antici-
pated. Therefore, although these energy contributions can
induce electric Bloch skyrmions in the same way as the DMI
induces bulk magnetic Bloch skyrmions in chiral magnets, the
absence of experimental evidence of these phenomena driven
by this kind of interaction in ferroelectrics suggests that it is a
weak effect, with other interactions dominant.

A major step forward was recently taken by Zhao et al.
(2021), who used a combination of group theoretical sym-
metry analysis and first-principles simulations to prove that
electric DMI does exist in perovskites, with a one-to-one
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correspondence with the magnetic counterpart. The strength
and coupling of the electric DMI is mediated by oxygen
octahedral tilting, which plays an equivalent role to the spin-
orbit coupling in the magnetic counterpart (Fig. 16). Up to 12
different contributions to the energy expression where three
distortions combine in a product (trilinear coupling) were
identified. The products involve an in-phase or antiphase
tilting of the oxygen octahedra with two kinds of ferroelectric
or antiferroelectric motions for the A and B cations. The
symmetry relationships among these three modes are such
that, if two of them are allowed, the third one will sponta-
neously appear to reduce the energy. These new invariant
terms in the energy expansion generate noncollinear electric
dipole patterns, playing the role of an electric DMI interaction.
The microscopic origin of this electric Dzyaloshinskii-
Moriya interaction was further investigated by Chen, Zhao
et al. (2022).

Nevertheless, note that it is not necessary to have DMI-like
interactions to produce Bloch-like domain walls in ferro-
electrics. Wojdet and Tiiguez (2014) showed that the common
180° domain walls in PbTiO3 have a Bloch-like character at
low temperatures, with a spontaneous electric polarization
confined within the domain-wall (DW) plane. First-principles
calculations further revealed how they originate from the large
displacements of Pb atoms and the Pb-O hybridization at the
DWs, which reduce the domain-wall energies up to 10%
(Wang et al., 2014; Wojdet and fﬁiguez, 2014; Wang, Zhu,
and Ma, 2017). The ferroelectric instability of PbTiO; is
largely driven by the off-centering of the Pb cations to form
chemical bonds with some of the surrounding oxygen. Within
the ferroelectric domains, the off-centering occurs along a
certain direction and the atoms reach their optimal configu-
ration. The Pb cations at the domain walls do not “forget” this
tendency to off-center; in fact, while it is weakened by several
factors [such as reduced dimensionality and unfavorable strain
conditions (Wojdet and fﬁiguez, 2014; Wang, Zhu, and Ma,
2017)], the tendency survives and eventually yields the Bloch-
like component of the polarization. The development of these
Bloch-like domain walls is at the core of the condensation of
polar Bloch skyrmions when columnlike domains are written
in a single phase material such as PbTiO; (Pereira Gongalves
et al., 2019). This is also the ultimate origin of the room-
temperature skyrmions discovered in PbTiO3/SrTiO5 hetero-
structures (Das et al., 2019).

D. Magnetic versus polar systems: Differences and analogies at
the level of the physical interactions

Ferroelectrics have traditionally been viewed as dominated
by long-range dipolar interactions and short-range anisotropy
energies. In contrast, ferromagnets are typically characterized
by a strong short-range exchange energy that overcomes any
other magnetic coupling (notable exceptions are materials
containing rare-earth ions, which tend to present large
anisotropies, because of the large spin-orbit coupling, and
small exchange couplings, because of the spatial localization
of the unpaired electrons). We provide in Table I the orders of
magnitude of the most relevant magnetic and electric inter-
actions as estimated for two systems that are relevant to our
discussion: Fe/Ir(111) [one of the classic examples for
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TABLE I.  Orders of magnitude of the most relevant magnetic and
electric interactions in typical magnetic and ferroelectric materials.

Magnetic (J) Electric (J)

Dipolar (at 1 nm) 5x 1072 1 x 10720
Short-range 1 x 1072 5% 1072
Anisotropy 5% 1072 5% 1072!
DMI 5 x 10722 5x 10722

magnetic skyrmions caused by interface-related DMIs (Seki
and Mochizuki, 2016)] and PbTiOj; (the platform for many of
the electric topological patterns presented here).

In the magnetic case, all mentioned interactions pertain to
bulk iron and have been taken from classic references (Kittel,
1966) except the DM coupling, for which we cite the
maximum (large) values estimated by electronic-structure
calculations of the Fe/Ir(111) interface (Dupé ez al., 2018).
In the electric case the dipole-dipole energy is evaluated based
on standard polarization and volume data for PbTiO5 (Bilc
et al., 2008) and recalling that €., =~ 8.6 for this compound
(Zhong, King-Smith, and Vanderbilt, 1994); the short-range
interaction energy is evaluated taking into account the
harmonic interatomic constants reported by Ghosez et al.
(1999) for nearest neighbor Pb cations; the anisotropy energy
is derived from the computed energy difference between the
tetragonal and rhombohedral ferroelectric polymorphs of
PbTiO3; see King-Smith and Vanderbilt (1994). Finally, for
the electric DM-like interaction, which was recently introduced
by Zhao et al. (2021), we cite an estimate from a first-principles
calculation of perovskite LaFeO;. The general significance of
the values in Table I is arguable; nevertheless, they reflect the
main differences between most ferromagnetic and ferroelectric
compounds, namely, the relatively small influence that dipolar
and anisotropy energies have in the magnetic case.

As an immediate manifestation of the differences in the order
of magnitude of all these interactions, the domain-wall width
(whichis directly related to the trade-off between the dipolar and
anisotropic energies) is small in ferroelectrics (a few unit cells
wide) since anisotropy dominates. In contrast, domain-wall
widths in classical ferromagnets (such as iron and cobalt) are
much larger than the unit-cell dimensions since exchange
dominates. As a direct consequence of the strong role of
anisotropy energy in ferroelectrics, rotations of the dipoles
away from the crystallographic easy axes (for instance, [001] in
tetragonal PbTiO;) have always been thought to be challenging.

V. NOVEL TOPOLOGICAL PHASES: RECENT PROGRESS

Sections I-IV have provided a perspective of the world of
ferroelectrics, how it has evolved over the past century, and a
primer on topology. We now transition to a full description of
the dramatic progress that has occurred over the past decade
that relates to various aspects of topological polar textures. In
this section, we review the first experimental realizations and
theoretical simulations of complex polarization patterns where
the local polarization continuously rotates in space forming
polar vortices, skyrmions, merons, dipolar waves, hopfions, or
labrynthine domain structures. We emphasize the key role of
the confluence of experimental tools, probes, and theoretical
treatments that have come together to describe the richness of
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such topological structures. We also explore the coexistence of
complex polar textures with other phases. Finally, a detailed
summary of their functional properties, including chirality and
negative capacitance, is presented together with different
mechanisms to control them with external electric fields or
stresses.

A. Polar vortices

1. Experimental realization in superlattices

As summarized in Sec. II, the milestone theoretical works
predicting that, under appropriate electrical and mechanical
boundary conditions, polarization rotation is possible in
ferroelectric systems were carried out in freestanding nano-
particles and nanowires (Fu and Bellaiche, 2003; Naumov,
Bellaiche, and Fu, 2004). The experimental confirmation had
to wait for some years due mostly to (i) the difficulty to grow
with control at the atomic level such nanostructures and
(ii) the challenge of visualizing the polarization pattern at the
atomic scale. Steady improvements in the experimental
techniques reviewed in Sec. I of the Supplemental Material
(472) have allowed both of them to be overcome. Another
important step forward was taken when a change in the kind of
system to be studied was considered, putting the focus on
ferroelectric superlattices. The confluence of advances in
RHEED controlled layer-by-layer growth, the similarity of
in-plane lattice parameters of PbTiO; and SrTiO;, and
advanced microscopy techniques have shown how super-
lattices are ideal model systems to study the effects of the
competition among various components of the ferroelectric
Hamiltonian, in a manner that is not present in the bulk form.

On the synthesis side, the most important recognition
came with the realization that having an excess of lead in the
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FIG. 17. (a) Selected area electron diffraction (SAED) patterns
of the n = 18 PbTiO;/SrTiO; superlattice grown on DyScO;
showing the existence of superlattice reflections for both the
(a) 00/ and (b) 010 parent reflections. (c) Synchrotron scattering-
based reciprocal-space map of the same superlattice as in (a) and
(b) that captures the scattering from the superlattice period as well
as the vortex lattice, which has a periodicity of ~13 nm. Adapted
from Yadav et al., 2016.
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A dark-field image obtained from a cross section of the PbTiO3/SrTiO5 superlattice using the (002)pC reflection that shows

periodic intensity modulation corresponding to the location of the vortices in the PbTiO; layer. From Yadav et al., 2016.

target is beneficial to the layer-by-layer growth of the
PbTiO; layers in the superlattices grown by pulsed laser
deposition (Yadav et al., 2016). As outlined in Sec. .A.1
of the Supplemental Material (472), in molecular beam
epitaxy (MBE) the individual cationic and anionic species
can be independently controlled. As a direct consequence,
such a growth mode can be maintained up to even 200 nm of
total thickness. Indeed, high-quality (PbTiO3),,/(SrTiO3)o
superlattices were first grown using MBE on (001) SrTiO;
substrates in 1999 (Jiang et al., 1999). Although they were
studied using XRD and TEM and found to be atomically
abrupt, this was long before polarization mapping was
possible in TEM, and the polar skyrmions that they pre-
sumably contained were completely missed.

The first indication of an unusual, emergent structure came
from both selected area electron diffraction (SAED) and
synchrotron-based reciprocal-space maps (RSMs) (Fig. 17).
The SAED patterns [Figs. 17(a) and 17(b)] show the presence
of additional reflections that are reminiscent of superlattice
reflections. Similarly, the RSMs reveal streaks that correspond
to structural features with a real-space spacing of ~13 nm
[Fig. 17(c)]. Armed with the reciprocal-space data, one can
now look at the same superlattice structures in real space, i.e.,
using TEM and STEM imaging (Fig. 18). This low-resolution,
dark-field image shows the existence of periodic intensity
modulations in the PbTiO; layer. At higher resolution,
atomically sharp chemical interfaces can be observed in
cross-section STEM images [Fig. 19(a)]. Such chemically

i .05

FIG. 19. Observation of clockwise and counterclockwise vortex pair structures. (a) Cross-section HRSTEM image with an overlay of
the polar displacement vectors (Ppp), indicated by yellow (light gray) arrows for a (StTiO3),,/(PbTiO3),, superlattice, showing that an
array of clockwise-counterclockwise vortex pairs is present in each PbTiO; layer. (b) A magnified image of a single clockwise-
counterclockwise vortex pair, showing the full density of data points (one for each atom) and the continuous rotation of the polarization
state within such pairs. (c) Polarization vectors from a phase-field simulation of the same (StTiO3),,/(PbTiO3),, superlattice, which
predicts pairs that closely match the experimental observations. (d) Orbital angular momentum transferred to the electron beam.

(a)—(c) From Yadav et al., 2016. (d) From Nguyen et al., 2020.
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FIG. 20. 3D visualization of the vortex array in the PbTiO5/SrTiO5 superlattice. The front of the left side is the vector map from a
HAADEF-STEM image, while the top is a dark-field image showing the vortex “tubes.” The front of the right side is the phase-field
simulation, and the side view gives the 3D perspective. From Yadav et al., 2016.

sharp interfaces (i.e., with a minimum of interfacial inter-
diffusion) are critical to imposing the relevant electrostatic and
elastic boundary conditions on the superlattice.

If these high-resolution STEM (HRSTEM) atomic-resolu-
tion images are analyzed using vector-mapping algorithms,
then the resulting atomic polar displacements Ppp, enable the
measurements of the local noncentrosymmetry of the lattice.
The vector map of these polar displacements indicates the
formation of long-range arrays of clockwise and counter-
clockwise vortex pairs in each PbTiO; layer [Fig. 19(a)]. The
lateral periodicity of these vortex pairs is ~10 nm [Fig. 19(b)]
(and scales with the superlattice periodicity). The polarization
distribution of individual ferroelectric vortices at the subunit
cell level has been also measured using the atomically
resolved integrated differential phase contrast imaging in an
aberration-corrected STEM (Sun et al., 2019). Such pairs of
clockwise and counterclockwise vortices have been confirmed
by first principles (Shimada, Tomoda, and Kitamura, 2010b;
Aguado-Puente and Junquera, 2012), second principles
(Kornev, Fu, and Bellaiche, 2004; Shafer er al., 2018), and
phase-field simulations (Yadav et al., 2016) [Fig. 19(c)].

The 3D structure of a clockwise and counterclockwise array
of vortex in a (PbTiO3),,/(SrTiO3),, superlattice from phase-
field simulation is shown in Fig. 20. In the 3D structural
model, the polarization rotation is mapped onto the front plane
of the structure alternating clockwise (blue) vortices and
counterclockwise (red) vortices according to the curl of the
polarization, which extends along [010],. as long tubes,
indicating the ordered vortices. The red and blue regions
correspond to the curl of the polarization extracted from the
phase-field model and the HRSTEM polar displacement map.
The phase-field models indicate the formation of a clockwise
and counterclockwise array of a vortex ground state bearing a
close resemblance to the experimental observations from
HRSTEM studies. On the basis of both the experimental
results and the phase-field simulations, one can conclude that
the vortex structure results from competition among three
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energies: (i) elastic energy [the PbTiOj; layers are under tensile
strain on the DyScO; (110) substrate], (ii) electrostatic energy
from built-in fields (arising from the large polar discontinuity
at the interfaces from PbTiOj5 to SrTiOj5 layers), and (iii) strain
gradient (flexoelectric coupling) and polarization gradient
energies that dictate the energy cost of the polarization
rotation in the system.

2. Influence of the periodicity of the superlattice

Building on the initial observation and understanding
of the nature of the vortex structures, subsequent studies
on the dependence of the structural properties of the
(PbTiO3),/(SrTiO3), superlattices on DyScO; (110), sub-
strates with a period n revealed a number of important
observations.

For short-period superlattices (4 <n < 6 unit cells),
structures consistent with traditional ferroelectric domain
structures (so-called a;/a, domain patterns) with fully in-
plane oriented polarization were observed. This was also
evident in both PFM and synchrotron-based 3D RSM studies
(Damodaran et al., 2017a). On transitioning to intermediate-
period superlattices (6 < n < 10), however, more complex
RSM patterns are observed showing the presence of both the
ferroelectric a;/a, phase and peaks for a new phase. The
mixed-phase coexistence for superlattices in this layer thick-
ness range are confirmed by both phase-field simulations and
cross-section TEM images (Fig. 21) (Hong et al., 2021). For
superlattices with periodicities from 12 to 18 unit cells, we
observe an almost exclusively vortex phase ensemble, which is
sensitive to the number of repeat units in the heterostructure.
For example, a SrTiO5;/PbTiO;/SrTiO; trilayer with a layer
thickness of 16—18 unit cells is essentially all vortex phase (this
is also discussed in Sec. VI.A.4, Fig. 42), while for the sample
layer thickness a superlattice (i.e., one that has multiple repeat
units) evolves into a mixed ferroelectric a;/a,-vortex phase.
This once again demonstrates the sensitivity of the phase
stability in this system to the fine scale magnitudes of the elastic
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FIG. 21. (a) Phase-field cross-section simulation of a mixed
vortex-ferroelectric phase ensemble showing how the vortex
phase accommodates the in-plane head-to-head or tail-to-tail
domains. (b) Dark-field image of an n =8 SrTiO;/PbTiO3
superlattice that also exhibits the mixed phase; the ferroelectric
phase is identified by the yellow dashed arrows. Adapted from
Hong et al., 2021.

and electrostatic boundary conditions, which is also consistent
with the notion of phase competition and coexistence. Finally,
for superlattices with larger periods, i.e., (n = 20 — 25), the
stable structure is a classical flux-closure pattern. All these
experimental findings are in good agreement with phase-field
simulations (Hong et al., 2017), as discussed in Fig. 13 in
Sec. IV.A.2.

3. Mixed-phase structures and tunable properties

As described, RSM and TEM studies point to the coexist-
ence of a classic ferroelectric phase and a new vortex phase for
periodicities ranging between n = 12 and 18. This coexist-
ence can be visualized using PFM, as in Fig. 22 for a
superlattice with n = 16. The resulting self-assembled, hier-
archical structure reveals stripelike order in which alternating
stripes exhibit high (checkered white and black) and low or
zero (brown) piezoresponse with a periodicity of ~300 nm
along the in-plane pseudocubic [100] [Fig. 22(a)]. The high-
response regions are the ferroelectric a; /a, phase [Figs. 22(b)
and 22(c)], and the low-response regions are the vortex
structures. Ultimately these data indicate that at room temper-
ature the coexisting vortex and ferroelectric phases
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FIG. 22. (a) Lateral piezoresponse image for a SrTiO;/PbTiO5
superlattice with n = 16 revealing stripelike order in which
alternating stripes exhibit high (checkered white and black)
and low or zero [brown (gray)] piezoresponse with a periodicity
of ~300 nm along the [010],. (b) Variations in the surface
topography. (c) Changes in the lateral piezoresponse amplitude.
(d) Line trace across the topography (green dashed line) and
lateral piezoresponse images (red dashed line) revealing opposite
and dramatic modulations in surface topography and lateral
piezoresponse between the a;/a, and vortex phases. These
measurements in combination with RSM x-ray diffraction studies
confirm that the vortex phase corresponds to protruding features
in surface topography with low piezoresponse, while the a,/a,
phase is recessed in topography with large lateral piezoresponse.
(e) 3D phase-field calculated image of the mixed vortex-ferro-
electric a;/a, phase ensemble. Adapted from Damodaran et al.,
2017a.

spontaneously assemble in a mesoscale, fiber-textured hier-
archical superstructure. This structure was also replicated in
large-scale phase-field models [Fig. 22(e)].

The previous approach allows one to track the evolution
of the polarization across the boundary between the ferro-
electric and vortex phases. Surprisingly it was found that
the polarization component along the length of the vortex
tube does not go to zero. This was confirmed by PFM
studies that showed the presence of in-plane polarization in
the vortex phase. This means that the vortices are not simply
tubes of wrapped polarization (like a rolled-up piece of
paper) but rather more like a spiral with an axial component
of polarization. Therefore, within the vortex phase, these
systems are characterized by a multiorder-parameter state,
with the electric toroidal moment [Eq. (5)] parallel to the net
polarization. Numerical estimations of the electric toroidal
moment indicate that it ultimately saturates to values of
0.2 ¢ A~! (Damodaran et al., 2017a). This 3D polarization
texture in turn presents interesting possibilities for other
emergent functions, including chirality, which is discussed
in Sec. V.D.I.

Arrays of polar vortices have been engineered in
(PbTiO3),,/(SrTiO3),, after fabricating lamellae from topo-
logically trivial (a;/a,)-domain architectures in superlattice
films (Tan et al., 2021). Beyond superlattices, periodic vortex-
antivortex pairs have been observed in tensile strained PbTiO5
films (Y. T. Chen e al., 2020). And phase coexistence and an
unusual transformation between an a;/a, phase and a flux-
closure phase in SrTiO3/PbTiOj; thin films grown on GdScO;
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substrates upon irradiation of electron beams in a TEM was
recently reported (Ma efr al., 2020). In the process, some
dislocations consisting of only flux-closure domain pipes
might appear. Phase-field simulations suggest that the partial
screening by accumulation of free charges are the driving
force for the phase transition.

4. Electric-field control of toroidal-vortex and ferroelectric order

The presence of the axial component of polarization has
other important implications, namely, that with this axial
polarization component dc electric-field manipulation of the
vortex phase should be possible. To probe this concept,
Damodaran et al. (2017a) explored the evolution of the
mixed-phase ferroelectric-vortex structures under applied
out-of-plane dc electric fields using PFM. For example, the
as-grown mixed-phase structure for an n = 16 superlattice
again reveals the spontaneously assembled mesoscale,
fiber-textured, hierarchical superstructure for ferroelectric
and vortex regions [Fig. 23(a)]. Upon application of a
positive dc bias to a specific area of the sample [orange
box, Fig. 23(a)], however, the mixed-phase structure is
transformed into a pure vortex phase with uniformly low
piezoresponse [Fig. 23(b)]. This transition was also confirmed
via nanoscale x-ray diffraction experiments [Fig. 23(d)]. The
resulting pure vortex phase can in turn be switched back to
have a mixture of ferroelectric and vortex phases with
application of a negative dc bias [Fig. 23(c)]. Reversing the
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FIG. 23. Lateral piezoresponse amplitude images for an n = 16
superlattice. (a) As-grown mixed-phase structure. (b) Conversion
to a uniformly low-piezoresponse state corresponding to the
vortex phase following application of a positive 15 V bias.
(c) Reversal of portions of region back into a mixed-phase
structure following application of a negative 15 V bias. (d) These
results are confirmed by nanodiffraction studies showing the
intensity of the a,/a, 002, diffraction peak. (e) Ti-absorption
edge, x-ray linear-dichroism-based photoemission electron
microscopy image of the region in (c) showing the difference
in XLD between the vortex and ferroelectric phases. (f) SHG
polar plots obtained from regions with the as-grown mixed-phase
structure [solid orange (light gray)], the electrically poled pure
vortex structure [solid blue (dark gray)], and that of the volume
normalized signal from the a,/a, phase (red dashed ellipse)
revealing a large SHG intensity change after transitioning to the
vortex phase. Adapted from Damodaran et al., 2017a.
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applied field (i.e., a negative bias followed by a positive bias)
produces similar effects. This reversible electric-field control
of ferroelectric and electric toroidal order provides a number of
novel opportunities for applications. For example, regions of
pure vortex order exhibit order-of-magnitude-lower piezores-
ponse and nonlinear optical effects, indicating that one can
electrically manipulate and dramatically change materials
properties. The ability to write vortex regions and control
the electric toroidal order with an applied electric field suggests
a coupling between the toroidal and ferroelectric order param-
eters that can be exploited to control other materials properties,
namely, the chirality. Electric control of the chirality, as
described in Sec. V.D.1, and other coupled properties would
open a new frontier in condensed-matter physics and the
construction of multifunctional devices.

5. Switching of the toroidal moment

As discussed in Secs. II and III, a new order parameter (the
toroidal moment) has been introduced to characterize the polar
vortices. Since the original work (Naumov, Bellaiche, and Fu,
2004), it has been recognized how the vortex state is bistable:
for instance, the energy of the vortices where the local
polarization in space continuously rotates clockwise or
counterclockwise is degenerate. But for a practical realization
of this emergent order parameter, it is essential to find the
mechanism for a systematic and efficient switch of the electric
toroidal moment. Here we review some of the different
mechanisms proposed in the literature using electric-field
manipulation or strain engineering to control this order
parameter.

a. Switching with electric fields

In principle, the conjugate field that would couple
with the polar dipoles that continuously rotate around the
topological defect of the vortex core is the electric field. But
the required interacting electric field should have a non-
vanishing curl that, according to the Maxwell equations, is
produced not by static charges but by a temporal change of a
magnetic field [VxE =—(1/c¢)dB/dr]. This mechanism was
theoretically explored by Naumov and Fu (2008) in
Pb(Zry5Tigs5)O3; nanoparticles from first-principles-based
effective Hamiltonians. One important result was that such
a reversal is possible and involves the formation of a new
vortex nucleated around the center of the nanoparticle that has
a perpendicular (rather than opposite) electric toroidal
moment with respect to the initial and final ones. However,
from a practical point of view this proposal seems impractical
since the magnitude of the magnetic field necessary to switch
the electric toroidal moment is large, although it can be greatly
reduced by means of a combined action with an homogeneous
electric field. If the topological defect at the core is sup-
pressed, for instance, in a ferroelectric nanotube, then phase-
field simulations suggest that the reversal of the toroidal
moment is driven by the nucleation and growth of local
vortices with the opposite toroidal moment. The difference
with respect to the previous mechanism (where +G and —G
never coexist) is attributed to the absence of topological
defects in nanotubes and, therefore, the impossibility of
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nucleating new vortices with a perpendicular toroidal moment
(Wang and Kamlah, 2009).

Another explored model for an efficient control of the
direction of the macroscopic toroidal moment includes the
application of a transverse inhomogeneous static electric field,
such as those that can be generated by an external dipole. This
was tested within an effective Hamiltonian approach in stress-
free Pb(Zrg4Tip¢)O3 nanodots under open-circuit-like elec-
trical boundary conditions (Prosandeev et al., 2006). When
the dipolar source of the inhomogeneous field rotates, the
toroidal moment switches its direction.

Sweeping of a biased tip (like the ones used in AFM) has
also been postulated as an efficient method to dynamically
switch the toroidal moment of vortices in nanoparticles of
different shapes and sizes and nanocomposites (Ma et al.,
2018). Phase-field simulations unraveled how the inhomo-
geneous electric field generated by the tip shrinks the original
vortices and pushes its center toward the side of the nano-
particles. This vortex annihilation (happening at the front zone
of the tip) is followed by a vortex creation driven by the
depolarization field (occurring behind the tip). The new vortex
nucleation is driven by the depolarization field, and its sense
of rotation is controlled by the polarity of the tip field.

A fourth possibility was to use a homogeneous electric field
but for asymmetric ferroelectric nanorings (Prosandeev,
Ponomareva, Kornev, and Bellaiche, 2008). In that case,
the electric vortex was found to be controllable, via the
formation of intermediate states (consisting of two vortices of
opposite rotations) and thanks to two novel interaction
energies involving a vector characterizing the asymmetry,
the applied field, and the electric toroidal moment. The latter
possibility also explained why a reversal of vortices has also
been observed in magnetic nanostructures (Chien, Zhu, and
Zhu, 2007).

b. Switching with strain and stress fields

Chen et al. (2018) proposed using the trilinear coupling
between the shear stress and the two polarization components
that lie in the shear strain plane. Integrating the coupling energy
density over the volume of the vortex structure results in a total
energy contribution that couples the toroidal moment, the
polarization, and the shear stress. Therefore, for a fixed shear
stress, a change in the sign of the polarization (which can be
controlled by an external electric field) can lead to a change in
the sign of the toroidal moment. Another possible path is to fix
the sign of the polarization with an external field, and then
change the sign of the shear stress; in this case, a reversal of the
toroidal moment is produced. Note that in both paths a polar-
toroidal state (G, # 0, P, # 0) is required.

Mechanical loads were also investigated by phase-field
simulations as a method to control the vortex domain structure
in PbTiO; nanoplatelets under open-circuit boundary con-
ditions (Chen, Zheng, and Wang, 2012). Although it was
shown how vortex domain structures with more (fewer)
vortices can generally be obtained by applying compressive
(tensile) surface traction to the ferroelectric nanoplatelet with a
strong interplay with the temperature, nothing could be
determined regarding the systematic control of the sense of
rotation of the polarization. The effects of voids in the
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feasibility of switching the vorticity with stress in these
nanoplatelets were also explored (Yuan er al., 2018; Peng
et al., 2021).

6. Interplay between electronic and atomic structure

Since the milestone work by Cohen (1992) on the origin of
ferroelectricity in perovskite oxides, first-principles simula-
tions have contributed to the exploration and rationalization of
the energy landscape and the microscopic mechanism of the
instabilities of ferroelectric oxide perovskites. Although ABO;
perovskites can be classified as dominantly ionic compounds,
it was already highlighted by Cohen that partial hybridization
between the O-2p and B-d states plays a key role in the
condensation of a polar (ferroelectric) mode. These inter-
actions might be particularly intricate in cases where the local
polarization continuously rotates around a core, such as in the
polar vortices. Electron energy loss spectroscopy (EELS) in
the STEM mode is a powerful tool to check the interactions
between the atomic and the electronic structure of the
materials. It uses inelastically scattered electrons to probe
the core-shell excitations (empty density of states) of tran-
sition metals at atomic resolution.

Torres-Pardo e al. (2011) performed the first characteri-
zation of (PbTiO3)s/(SrTiO;), superlattices showing 180°
ferroelectric domains using this technique. The energy split-
tings were resolved with a high accuracy in the PbTiO; and
SrTiO; layers across the superlattice. The observed continu-
ous evolution of the spectral features were semiquantitatively
correlated with the local ferroelectric distortions and tetra-
gonality by means of first-principles simulations and charge
transfer multiplet calculations. The results pointed to an
inhomogeneous strain and polarization profile within the
ferroelectric and paraelectric layers that had never before been
detected by direct methods. EELS measurements revealed
the presence of broad interfacial regions with reduced tetra-
gonality and polarization extending over five to six unit cells
into the PbTiOj5 layers that are compatible with the presence of
dipolar patterns with continuous polarization rotation (flux
closures and vortices) (Zubko et al., 2012). However, in the first
two works only average signals over the domains within the
thickness of the TEM specimen could be recorded, and the
comparison with first principles required to take the root-mean-
square polarization and average tetragonality for each (001)
layer of the superlattice. The latest step in this direction (Susarla
et al., 2021), where the EELS spectra were recorded with
atomic resolution, was recently taken. It was shown how the
peaks in Ti L-edge EEL spectra shift systematically depending
on the position of the Ti** cations within the vortices, i.e., with
the direction and magnitude of the local dipole.

Note how Ti** can possibly be reduced to Ti**, especially
under reducing (or oxygen deficient) conditions. However,
this can be readily checked with spectroscopic methods such
as EELS (Susarla et al, 2021). Similar PbTiO;/SrTiO;
superlattices grown under slightly different conditions might
be prone to display oxygen vacancies and larger concen-
trations of Ti** close to the vortex core. Signatures of this
electron concentration, such as energy splittings of the L3 and
L, edges at the vortex core lower than that in other regions of
the PbTiO; layer, were found by Du ez al. (2019). The role of
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such electronic defects that arise either due to doping of the
transition ion site (i.e., Ti** to Ti*?) or through the replace-
ment of the Ti** by other transition metal ions that carry
electrons (for example, Fe'3, which is in the d° state) could be
of interest for single spin manipulation studies. This is
elaborated upon in Sec. VL

Another important physical property that is susceptible to
change within these structures showing a complex pattern of
polarization is the band gap. This is particularly important
since it modifies the optical properties or the absorption of
above-band-gap photons. An ab initio scheme was developed
by Gui, Wang, and Bellaiche (2015) in order to determine the
effect of electrical vortices on electronic properties in
BaTiO;/SrTiO; nanocomposites. This scheme sheds some
light on the observed current activated at low voltages in
systems possessing electrical vortices (Balke et al., 2012). It
also pointed out a novel phenomenon, namely, a technologi-
cally important control of the so-called type-I versus type-1I
band alignment (Yu, McCaldin, and McGill, 1992; McDonald
et al., 2005) within the same material via the occurrence
(disappearance) of electrical vortices when cooling down
(heating up) the system below (above) some critical temper-
ature. This new scheme was also further used to predict that
varying the temperature within the stability region of electrical
vortices provides a substantially larger range of control of the
band gap and band alignment than the field control of the
electrical skyrmion (Walter et al., 2018).

7. Ultrafast manipulation of polar vortices
a. Supercrystals

Ultrafast light pulses (shorter than 1 ns in the time domain)
can help create and manipulate the vortex states with emergent
structural, electronic, and magnetic phenomena. These non-
equilibrium phases are often transient, and the challenge is to
stabilize them as persistent states. The vortex arrays can be
converted to a supercrystal phase by subpicosecond optical
pulse excitations with light above the band gap (Fig. 24)
(Stoica et al., 2019). This phase is stable under ambient
conditions but can be erased by heating. X-ray scattering and
microscopy show that this unusual phase consists of a
coherent three-dimensional structure with polar, strain, and
charge-ordering periodicities of up to 30 nm. Phase-field
modeling describes this emergent phase as a photoinduced
charge-stabilized supercrystal formed from a two-phase equi-
librium state. The good agreement between experiments and
phase-field modeling gives strong support to a formation
mechanism dominated by reduction of the depolarization field
via photocarrier excitation. In contrast to the photoexcitation
of bulk crystals or crystalline thin films that show no new
phases, the creation of a polar supercrystal with a subpico-
second optical pulse highlighted the role of the local spatial
confinement of the ferroelectric order parameter. While
photocarrier excitation occurs in the PbTiO; layer, the
StTiO; interlayers act as nanoscale heat sinks to promptly
spread out the thermal excitations, which may quench the
optically stimulated transient states by exploiting nonadiabatic
conditions to develop long-range order in a way that might not
be accessible by equilibrium pathways. This also highlights
routes to stabilizing these polar phases via tuning of the
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FIG. 24. (a) A two-phase mixture of in-plane ferroelectric-
ferroelastic a; /a, domains (FE) and polar vortex (V) is converted
to a single 3D supercrystal (S) phase by subpicosecond optical
pulses in a PbTiO;/SrTiO; superlattice. The S phase contains
ferroelectric, ferroelastic, and polar-vortex subregions ordered in
three dimensions. Thermal annealing reverses this transition. The
arrows in (a) indicate the local polar displacements obtained from
a phase-field model. The red and blue color contrasts illustrate the
up and down z components of the polarization. The white regions
correspond to in-plane polarization. (b) Diffraction along the K-L
(g, — q.) plane near the 004, peak for the mixed-phase (FE + V)
pristine sample shows evidence of order only along the z
direction, with distinct peaks due to the FE and V phases, as
indicated by the horizontal lines. (c) Superlattice peaks near 002,
(pseudocubic notation) showing two distinct diffraction peaks,
corresponding to the V and FE phases in the pristine sample, that
transform into a single uniform S phase with single-shot optical
excitation above a certain threshold energy density. a.u., arbitrary
units. From Stoica et al., 2019.

boundary conditions through alteration of the dielectric spacer
material or environmental conditions. Much remains to be
learned about the formation of such “supercrystals.” Why did
it form the specific lattice? How does that relate to the
underlying perovskite lattices in SrTiO; and PbTiO5 as well
as the superlattice periodicity. The role of band-gap light
seems to be critical; in the case of SrTiO;/PbTiO; super-
lattices, both SrTiO5 and PbTiO; have band gaps that are close
to each other, so there could be the possibility of photo-
excitation in either or both layers. Replacing SrTiO; with a
layer that has a different band gap would throw light on the
specific role of the electronic structure in the PbTiO; layer.
The stability of these supercrystals with respect to changes in
temperature and under the influence of electric fields was
recently analyzed (Dai et al., 2022).

Different supercrystals can be stabilized in oxide super-
lattices where the dielectric StTiO; is replaced by a metallic
SrRuO; layer, without the need of optical excitation (Fig. 25)
(Hadjimichael et al., 2021). The proposed structure consists of
“horizontal” and “vertical” flux-closure domains with 180°
walls in the plane of the film and perpendicular to it,
respectively. The supercrystal phase forms in response to
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FIG. 25. Electron microscopy characterization of the super-
crystal phase. (a) Cross-section HAADF-STEM image of the
(PbTiO3),;/(SrRuO3)5 superlattice showing the full superlattice
structure with well-defined periodicity. Scale bar, 100 nm.
(b) Higher magnification image revealing a complex periodic
arrangement of horizontal and vertical flux-closure domains.
(¢c) Out-of-plane strain (e,,) with respect to the substrate
(DyScOs5, ¢ = 3.946 A) extracted using geometric phase analysis
(GPA). (d) In-plane strain (¢, ) extracted using GPA. Scale bars in
(b)-(d), 30 nm. (e) Laterally compressed HAADF-STEM image
that has been Fourier filtered to retain only the out-of-plane
periodicity. White curves superposed over atomic planes near the
PbTiO;—-SrRuOj interfaces are included as guides for the eye to
highlight the large bending of the lattice. PbTiOj5 layers are found
to exhibit periodic expansion and contraction along the out-of-
plane direction with opposite deformation in neighboring PbTiO5
layers, while the SrRuO; layers bend to accommodate this
distortion. (f) 2D sketch of the domain pattern deduced from
the TEM measurements. (The absolute directions of the polari-
zation may be reversed in the experimental image.) (g) 3D sketch
of the overall domain pattern deduced from XRD, PFM, and
TEM studies. From Hadjimichael et al., 2021.

two simultaneous constraints: the moderately tensile strain
imposed by the substrate [orthorhombic (110), DyScO;
substrates], and the poor screening of the PbTiO; polariza-
tion. Indeed, the same kind of supercrystal structures are
stabilized when the metallic layer is replaced by alternating
blocks of PbTiO5 (21 unit cells thick) separated by a fine-
period spacer structure made from the repetition of one-unit-
cell SrTiO5/one-unit-cell PbTiO5 superlattice (up to five unit
cells in total).

b. Collective dynamics

In contrast to magnetic skyrmions, where current effort is
indeed focused on exploring skyrmion dynamics, in polar
vortices and skyrmions this is in its early stages. The collective
dynamics of topological structures (Choe er al., 2004;
Naumov, Bellaiche, and Fu, 2004; Nagaosa and Tokura,
2013; Biittner et al., 2015; Huang and Cheong, 2017) are
of interest from both the fundamental and applied
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FIG. 26. (a) Fourier spectra (blue) of calculated time-dependent
response of polar vortices on terahertz-field excitation. The
spectrum of the terahertz pulse is shown as a broad pink
background. The collective modes of polar vortices (orange
arrows) are shown as a separate set of modes with respect to
the known superlattice acoustic modes (black arrow) and the soft
mode of PbTi05 at room temperature. The vortexon mode shifts to
higher frequency (red peak; note that this is not the calculated peak
but rather a schematic peak to show the temperature dependence)
as the sample temperature increases. To the right is a schematic of
the terahertz-pump and x-ray-diffraction-probe experiment using
an x-ray free-electron laser (FEL). The colored stripes on the
(PbTiO3),4/(SrTiO3),4 superlattice film represent in-plane vortex
orders with opposing polarization vorticities. (b) Emergence and
evolution of the vortexon (atomic displacement vortices, purple
circles) during its oscillation period z, overlaid with the static
polarization vortices (magenta circles). + and — are signs for the
vortexon vorticities, which reverse dynamically. Right panel: en-
larged view of the region of the dashed box with the calculated
static polarization (magenta arrows) and lead-cation displacement
(purple arrows) in each unit cell of the vortexon mode at t = /4.
(c),(d) Snapshots of the two types of coherent deformation modes
that are observed in the vortexons at two different frequencies:
(c) 0.328 and (d) 0.08 THz. From Li et al., 2021.

perspectives. Studies of dynamical properties of magnetic
vortices and skyrmions have not only deepened our under-
standing of the fundamental physics but also provided
directions for potential applications. Terahertz excitation
and femtosecond x-ray diffraction measurements have pro-
vided insight into the ultrafast collective polarization dynam-
ics in polar-vortex arrays, with orders-of-magnitude-higher
frequencies and smaller lateral sizes than those of experi-
mentally realized magnetic vortices. A coherent collective
mode, called a vortexon (Fig. 26), was observed that emerges
in the form of transient arrays of nanoscale circular patterns of
atomic displacements, which reverse their vorticity on pico-
second timescales (Li er al., 2021). Its frequency is
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considerably reduced at a critical strain, indicating a con-
densation (freezing) of structural dynamics. This could
provide us with pathways for phonon engineering, or could
perhaps even explore the much sought-after phonon locali-
zation. Since this is literally the first measurement of such
collective modes, several open questions remain. Can the
width of the vortexon mode be used as a measure of the
thermal evolution of the degree of long-range order within
the vortex lattice? If yes, how does it change with temper-
ature? Would this be a pathway to study the nature of the
vortex lattice phase transition (i..e, classical versus topologi-
cal) into the a,/a, ferroelectric phase? A recent analytical
model has been proposed to derive the equations of motion of
the ultrafast collective polarization dynamics. The effective
mass, spring constants, and mode frequencies were extracted
consistently with the former experimental measurements and
phase-field simulations (Yang et al., 2021). Rijal et al. (2023)
investigated dynamics of polar-vortex crystallization and
determined that such crystallization is driven by the softening
of a peculiar and specific phonon mode. They also predicted a
new effect that may lead to the development of novel low-
power electronic technologies, namely, the reorientation of the
vortex lattice by an ac-field-driven resonant switching.

B. Polar skyrmions

Thus far we have discussed the appearance of complex
polarization patterns (vortices) in oxide nanostructures.
However, as summarized in Sec. III, topological solitons
(such as skyrmions and merons) have been added to the quest.
First-principles-based model Hamiltonian approaches pre-
dicted the existence of polar skyrmions in BaTiO; nanowires
embedded in a SrTiO5 matrix (Nahas et al., 2015) [Fig. 27(a)].
They were also foreseen in a single phase material (nano-
columns written in bulk PbTiO3) thanks to the condensation
of a Bloch component of the polarization at the domain wall
(Pereira Gongalves et al., 2019) [Fig. 27(b)].

FIG. 27. Theoretical predictions of the formation of
polar skyrmions from second-principles simulations in
(a) BaTiO5/SrTiO3; nanocomposite, (b) skyrmion tubes written
in nanocolumns of PbTiOs, and (c) polar bubble skyrmions in
PbTiO;/SrTiO; superlattices. (d) Planar section HRTEM image
showing the locally ordered arrays of skyrmions. (a) From Nahas
etal., 2015. (b) From Pereira Gongalves et al., 2019. (c),(d) From
Das et al., 2019.
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The first steps in the experimental characterization were
taken by Zhang e al. (2017). In Pb(Zry,Tigg)O; ultrathin
films sandwiched with a SrTiOj; thin film, laterally confined
bubbles of sub-10-nm size were observed. In the bubbles, the
local dipoles self-aligned in a direction opposite to the
macroscopic polarization of a surrounding ferroelectric
matrix. But the visualization of the atomic positions with
subangstrom resolution, especially the Bloch component at
the domain wall, and a proper characterization of the topo-
logical invariant were not achievable in these experiments.
Ab initio-based simulations (Zhang et al., 2017, 2019)
revealed that imperfect screening conditions as well as
built-in electric bias were essential ingredients for the stabi-
lization of polar bubbles. The computations showed the
existence of incommensurate phase and symmetry breaking
in the bubble domains, resulting in strong fluctuations of the
local polarization responsible for a mixed Néel-Bloch-like
dynamical character of the bubble domain walls.

The final experimental visualization of a polar-skyrmion
bubble, such as the ones described in Sec. III.B.4, came a
couple of years later [Figs. 27(c), 27(d), and 28] (Das et al.,
2019) based on (PbTiO3),/(SrTiO;), superlattices. The
interplay of elastic, electrostatic, and gradient energies pro-
vides an opportunity to produce such nontrivial topological
phases, the electric counterparts of the magnetic skyrmions. It
was discovered that the (PbTiOj3),/(SrTiO;), heterostruc-
tures have to be grown under a slight compressive strain, for
instance, on SrTiO3 (001) substrates, to tip the balance of
energies in the right manner to induce these new structures.
Looking down at the surface of a (PbTiOj3),4/(StTiO3),6
superlattice, plane-view STEM images reveal long-range
ordered arrays of circular features with a size of 8 to 9 nm,
suggesting that this polar order extends through the film over
many hundreds of nanometers length scale [Fig. 27(d)]. Low-
resolution, cross-section dark-field-TEM imaging [Fig. 28(a)]
in turn revealed a pseudo-long-range periodic array of
intensity modulations along both the in- and out-of-plane
directions of the superlattice. Atomic-scale polarization map-
ping using a displacement vector-mapping algorithm on both
plane-view and cross-section HAADF-STEM images was
used to extract the local polarization structures [Figs. 28(a)
and 28(b)]. The reverse titanium-displacement vector map-
ping [Fig. 28(a), top image] based on a high-resolution plane-
view HAADF-STEM image [Fig. 28(a), bottom image]
reveals a single skyrmion bubble. The reversed titanium
displacement is converging from the edge to the center,
corresponding to a Néel-like skyrmion structure. To comple-
ment this, a vector displacement mapping of cross-section
HAADF-STEM imaging [Fig. 28(b)] shows a cylindrical
polar region with antiparallel (up-down) polarization.
The polarization vector rotates at the boundaries near the
PbTiO;/S1rTiO5 interfaces, which is consistent with the
divergence of polarization observed in plane-view images.
The combined plane-view and cross-section vector displace-
ment mapping reveals a Néel-like structure at the top of the
PbTiO; layer. Along these lines, four-dimensional (4D)
STEM with an electron microscope pixel array detector
(EMPAD) provides information about the central PbTiO;
layers. In 4D STEM, the full momentum distribution (that is,
the electron diffraction pattern) can be collected at every scan
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FIG. 28. (a) Reversed Ti-displacement vector map (top image)
based on the atomically resolved plane-view HAADF-STEM
image (bottom image) of a single skyrmion bubble showing the
Néel-like skyrmion structure. The sketch of the superlattice in the
central top panel is overlaid with the planar-view dark-field TEM
image and gives a top view of the superlattice. (b) Ti-displace-
ment vector map (front image) based on the atomically resolved
cross-section HAADF-STEM image (back image) showing a
cylindrical domain with antiparallel (up-down) polarization. The
sketch in the central top panel is overlaid with the cross-section
dark-field TEM image and shows the cross-section view of the
superlattice. (c),(d) 4D STEM image of a [(PbTiO;),s/
(SrTiO3),¢]g superlattice giving the (c) ADF image and (d) maps
of polar order using the probability current flow, which were
reconstructed from the same 4D dataset. (e),(f) Multislice simu-
lations of the beam propagation through the model structure from
Fig. 27(c) showing (e) the ADF image and (f) the probability
current flow, which were analyzed using the same process as the
experimental data. The signals are not simple projections but are
instead weighted by electron-beam channeling toward the middle
of the skyrmion bubble, where the polarization exhibits a Bloch-
like character. (g) Néel-like skyrmion at the top interface between
SrTiO5 and PbTiO;. (i) Bloch-like skyrmion at the central plane in
PbTiO;5. The up and down domains are represented as white and
gray regions, respectively. (h),(j) Corresponding Pontryagin den-
sities. The arrows represent the normalized electric dipole
moments in the x-y plane. From Das et al., 2019.

position by the EMPAD. From the diffraction patterns
collected on the EMPAD, the reconstructed low-angle annular
dark-field (ADF) image [Fig. 28(c)] and the probable current
flow in x and y giving the vector components of polar order
[Fig. 28(d)] can be obtained. This is largely weighted toward
the Bloch-like skyrmion in the middle of the PbTiO; layer.
The combination of Néel and Bloch skyrmions is further
confirmed by second-principles calculations [Fig. 27(c)]. As
mentioned in Sec. III.B.4, the mathematically rigorous topo-
logical characterization of bubblelike patterns constitutes an
important (but still open) question. However, considering the
fact that there is always a danger in correlating the objects
from different dimensionalities, Das et al. (2019) carried out
layer-by-layer projections of the local electric dipoles
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(a) In-plane cross section of the simulated dipolar
structure of the hexagonal bubble lattice wherein each bubble is
topologically equivalent to a Néel skyrmion. (b) Schematic
illustration of the equilibrium structure of a spherical polar
bubble averaged over thermal fluctuations (c) Calculated depend-
ence of the free energy on the polar bubble size indicative of a
constrained nucleation process. R, and R, denote the critical and
equilibrium radii. (d) Field-induced sublimation of polar bubbles
and formation of the bubble gas. The distribution of the out-of-
plane polarization displays increasing bias field magnitudes from
left to right. From Nahas, Prokhorenko et al., 2020.

obtained from the second-principles calculations. This shows
how the three-dimensional structure can be described as an
evolution of two-dimensional skyrmionlike structures along
the film normal. The analysis of the polarization texture in a
plane at the top and bottom PbTiO5/SrTiO; interface reveals
Néel-like skyrmion structures with a positive or negative
divergence of the polarization pattern [Fig. 28(g)]. But in a
plane at the center of the PbTiO; layer, the local order
parameter has a full rotational component and resembles a
Bloch-like skyrmion [Fig. 28(i)]. Within this evolution, one
must notice how these structures are topologically equivalent,
since they can be transformed from one into the other by a
continuous deformation. Indeed, for every layer we can
compute the topological charge N [Eq. (2)], where the integral
is taken on the corresponding two-dimensional plane. The
topological charge is found to be equal to 41 in every layer
[Figs. 28(h)-28(j)].

Further characterization of polar bubbles in Pb(Zry 4Tig ¢)O3/
SrTiO3 /Pb(Zry 4Tig ¢)O5 sandwiches (Nahas ef al., 2020) have
revealed similar topological features. Namely, the in-plane
distribution of local electric dipoles averaged over thermal
fluctuations was shown to closely match the Néel skyrmion
texture [Fig. 29(a)], with the calculated skyrmion number in each
dipolar plane equal to the number of bubble domains. This result
confirmed that polar bubbles in these heterostructures also have a
skyrmionic nature.

At the same time, the current understanding implies that the
physical nature and properties of polar bubbles in PZT- and
bubble skyrmions in PbTiOs-based heterostructures are dis-
tinct in that (Nahas, Prokhorenko er al., 2020) (i) the Néel
nature of their stationary polar structure [Fig. 29(b)] makes
polar bubble skyrmions in PZT achiral; (ii) much like magnetic
skyrmions, polar bubbles in PZT are stabilized by a symmetry-
breaking field and tend to form hexagonal domain lattices;
(iii) the out-of-equilibrium formation of polar bubbles in PZT
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can be described as a nucleation process [Fig. 29(c)], wherein
the domain growth is constrained by the depolarization field;
and (iv) external bias field can be used to trigger a sublimation
of bubbles (Nahas er al., 2020; Nahas, Prokhorenko et al.,
2020) prior to the transition to the homogeneously polarized
state [Fig. 29(d)]. Recently, polar bubbles were also exper-
imentally found in freestanding PbZr, Tiy gO3/SrTiO; multi-
layers (Bakaul er al., 2021), while bubblelike structures were
observed in PbTiO3/SrTiO; bilayers (Han ef al., 2022) and
epitaxial BiFeO; /SrTiO; superlattices (Govinden ez al., 2022).

C. Polar labyrinth

The self-patterning and nonequilibrium dynamics in PZT
ultrathin films subjected to compressive misfit strain were
analyzed through extensive Monte Carlo and molecular
dynamics effective Hamiltonian simulations (Nahas,
Prokhorenko et al., 2020). This study revealed that, due to
the crystalline anisotropy introduced by compressive strain,
the system behaves as an electrically manipulable phase-
separating system. Upon abruptly cooling the system under a
low external electric field, long-wavelength spinodal insta-
bility entails the emergence of a labyrinthine pattern, while
under high field values localized fluctuations lead to the
nucleation of a quasihexagonal bubble lattice. For intermedi-
ate electric fields, additional mesophases were discovered: the
disconnected or self-avoiding labyrinth phase and the mixed
meron-bubble pattern called the bimeron-skyrmion phase.
These phases are all topologically distinct (see Sec. III) and
can be obtained either in nonequilibrium conditions by
abruptly cooling the system in certain electric-field and
temperature ranges or through the application of a gradually
increasing electric field on the labyrinth phase through
progressive disconnection of the labyrinthine pattern. These
results are encompassed in the nonequilibrium phase diagram
of compressively strained lead zirconate titanate (Fig. 30).

The labyrinth pattern consists of meandering and inter-
connected domains with sharp interfaces and is highly
degenerate. It is only weakly unstable and has an internal
energy that is only 0.6% higher than that of the ground state
(vortex stripes obtained upon slowly cooling the system). The
labyrinth is kinetically arrested and effectively frozen at low
temperatures. It retains high-temperature properties (like the
common local structure exhibited by glasses and their liquid
phases), such as the overall absence of long-range orienta-
tional order at the mesoscale mirrored by its structure factor,
which has a ring-shaped spectral weight. Moreover, there is a
local tendency of adjacent domains to order by adopting one
of the two lower equilibrium states of the Hamiltonian (with
either horizontal [100] or vertical [010] local periodicity of
parallel stripes). The labyrinthine state inherently features
frustration and can be seen as a mosaic pattern consisting of a
spatial mixture of tiles with different realizations of local
order. Upon slowly heating the labyrinthine state, thermal
activation effects come into play, and the resulting kinetic
unfreezing elicits the phenomenon of inverse transition
(Nahas et al., 2020), whereby a state with higher symmetry
transforms into a lower symmetry one. These inverse tran-
sitions were predicted to occur in ultrathin PZT films and were
experimentally observed in BiFeOj; thin films (Nahas ef al.,
2020). During such transition in PZT, the more symmetric
labyrinthine phase experiences a lessening of its junctions,
resulting in a transient reordering and the occurrence of the
less symmetric nano stripe state at Tj,, ~ 200 K, before
transitioning to the paraelectric state at a transition temper-
ature of 7. ~ 380 K. The coarsening of structures is conveyed
by the diffusion and relaxation of topological defects localized
at the junction of different tiles and reconciling discrepancies
in their prevailing local orientations and/or wavelengths. The
straightening of the labyrinthine pattern involves recombina-
tion or annihilation of defects, whereby a pair of meron-
antimeron rebinds into a diffusing dislocation. The occurrence

FIG. 30.

(a) Temperature-electric-field phase diagram of a Pb(Zr( 4 Ti( )O3 ultrathin film. Phases I and II correspond to (b1) connected

and (b2) disconnected labyrinthine patterns, respectively, while phases III and IV denote (b3) the mixed bimeron-skyrmion phase and
(b4) the bubble phase, respectively. Light gray [red (dark gray)] dipoles are oriented along the [001] ([001]) pseudocubic direction. Phase
V corresponds to a homogeneously polarized state. The dashed line separating phases II and III marks the spinodal-like boundary, while
the solid line separating phases IV and V marks the binodal-like boundary. (c1),(c2) Experimental PFM amplitude images of PZT films
with a one-unit-cell SrTiO; spacer and labyrinthine and bubble morphologies, respectively. (d)—(k) Elementary and composite
topological defects within the predicted dipolar modulated phases in Pb(Zr 4Tij )O3 ultrathin film, namely, a threefold junction or
(d) an antimeron, (e) meron, (f) saddle or fourfold junction, (g) the handle or meron-antimeron pair, (h) dislocation, (i) the bimeron or
meron-meron pair, (j) the polar bubble, and (k) the target skyrmion pattern. (1)-(n) Numerical onsets of the disconnection processes of
domains via the removal of a fourfold junction or saddle defect and of a threefold junction or antimeron, as well as the cleavage of an
elongated bimeron into two bubbles. From Nahas, Prokhorenko et al., 2020.
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of topological defects in response to frustration has
already been reported in ferroelectric relaxors (Nahas ef al.,
2016), where hedgehogs and antihedgehogs (see Sec. III)
were found at the boundaries of polar nanoregions in
ferroelectric relaxors (Nahas et al., 2016). Similarly, vortices
and antivortices appear in a ferroelectric nanocomposite
consisting of a square array of BaTiO; nanowires embedded
in a Ba;_,Sr, TiO3matrix (Nahas, Prokhorenko, and Bellaiche,
2016). Therein, different arrangements of the wires’ chiralities
geometrically frustrate the matrix, which in response exhibits
point topological defects featuring self-assembled ordered
structures spatially fluctuating down to the lowest temperatures.

The labyrinthine pattern hosts a variety of topological
defects, the classification of which can be made by consid-
ering two elementary point topological defects, the antimeron
(or threefold junctions of —1/2 charge) and the meron (or
stripe end points of +1/2 charge). Merons and antimerons can
combine differently, yielding a plethora of composite defects
such as saddle defects (superposition of two antimerons or a
fourfold junction), handle defects (meron-antimeron pair),
bimerons (elongated meron-meron pair), bubbles (contracted
meron-meron pair), target skyrmions, and dislocations.
Upon applying a homogeneous out-of-plane field, the
labyrinthine pattern features topological junction instabilities
and sequential topological transitions. The predicted evolu-
tive topology of these self-patterned polar textures was
confirmed by PFM experiments and is captured by the
disconnection of domains via the removal of saddle defects
(or fourfold junctions), antimerons (or threefold junctions),
and the cleavage of elongated bimerons into two skyrmions
(Nahas, Prokhorenko et al., 2020).

AFM measurements further revealed that elementary point
defects (meron and antimeron) are characterized by
enhanced conduction that can be up to 50 times larger than
the conduction at straight segments of domain walls. It was
found that the typical current level is 0.2 pA in domains, 0.5—
1.0 pA at domain walls, 15 pA at the meron, and 50 pA at the
antimeron (Nahas et al., 2020). Additionally, the transition
from the hexagonal bubble lattice to the homogeneous state
with increasing electric field exhibits hysteretic behavior
associated with the dependence of the z component of
polarization on the external electric field. Such history-
dependent behavior can be leveraged to devise memristor-
based solid-state synapses for unsupervised machine learn-
ing circuits. Further confirmation of the memristor behavior
is provided by an estimate of the tunneling conductance
dependence on the field magnitude and shows that the upper
branch of this dependence corresponding to switching
toward the monodomain state upon increasing field magni-
tude exhibits up to ~250% higher conductance than that of
the inverse-path switching branch (Nahas, Prokhorenko
et al., 2020). Moreover, it was found that polar modulated
phases (such as nanostripes, labyrinths, and hexagonal
bubble lattices) are endowed with memory. Upon applying
an out-of-plane electric field, the nanostripe domain trans-
forms into a nano bubble lattice before yielding a mono-
domain state at high-enough electric-field values. The
labyrinthine state exhibits an equivalent sequence of elec-
tric-field-induced morphological transitions. The two bubble
states obtained from either the parallel stripe domains or the
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labyrinthine ones are energetically equivalent. However,
upon releasing the stabilizing external field, each of the
two bubble states relaxes back to its parent state morphology,
which was obtained before any electric-field treatment. This
history-dependent behavior is rooted in a complex energy
landscape and attests to an intrinsic memory effect (Nahas
et al.,2020). The topological phase transitions between polar
labyrinth and bubble structures were further studied by
Govinden et al. (2021), and these transitions were linked
(Govinden, Rijal et al., 2023) to the conservation of the
residual depolarization field.

D. Physical phenomena and functional properties of vortices and
skyrmions

1. Emergent chirality

When an object is not superimposable on its mirror image
(i.e., it imparts a handedness), we call it a chiral object.
Chirality is a geometrical property that is ubiquitous in nature:
from the strength of the weak interactions according to the
electroweak theory to its essential roles in the spontaneous
symmetry breaking in subatomic particle physics, biophysics
(the aminoacids and sugars in our bodies), and materials
science (natural chirality in quartz crystals).

One of the most exotic and unexpected properties displayed
by the nontrivial topological defects and textures discussed in
this review is the occurrence of natural chirality. In this
section, we analyze its origin, how to demonstrate its existence
and measure the degree of chirality of the samples, and how to
switch it with simple methods based on the applications of
electric fields.

a. Origin of chirality

The topological patterns presented so far (dipolar vortices
and electric skyrmions in superlattices or nanocomposites) are
not expected a priori to be chiral, since the constituent
elements are by themselves not chiral. However, when these
polar textures form in an orderly manner within a superlattice,
they are found to exhibit chirality. Therefore, the first question
that has to be addressed is, what is the origin of the chiral
behavior when such nonchiral materials are brought together?
Is this an interface phenomenon or is it through the bulk of the
superlattice?

Note that the presence of a vortex, i.e., a nonzero toroidal
moment, does not immediately imply that the system would
be chiral in three dimensions. As shown in Fig. 31(a),
depending on the mirror plane such a structure can be directly
superimposed onto its image or can require only a rigid
translation of half a unit cell. These vortices would be chiral
only in two dimensions, where we restrict ourselves to
transformations that always retain the dipoles in the plane.

Chirality can arise in ensembles of such polar vortices
and skyrmions as a consequence of a few symmetry-
breaking pathways that are schematically illustrated in
Figs. 31(b)-31(e). Chiral behavior can arise in polar vortices
from the coexistence of the axial component of polarization
(perpendicular to the plane defined by the vortices) with the
vorticity of the clockwise and counterclockwise vortices, as
predicted from first-principles-based effective Hamiltonians
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FIG. 31. Key features defining the chiral character of polar
vortices. Straight arrows point along the direction of the local
polarization. Clockwise (counterclockwise) vortices are repre-
sented as black (dark gray) [red (light-gray)] curled arrows.
Circles represent the direction of the axial component of the
polarization, with the sign indicated by a cross or dot. The
original dipolar configuration in every panel is surrounded by a
orange box. Three orthogonal reflections are then examined for
each of the configurations. The mirrors are perpendicular to
(left) [100],., (upper) [001],., and (bottom) [010],. If the
reflections can be mapped onto each other but not to the original
one by means of rotations and translations, then the structure is
chiral in three dimensions. If not, the configuration is achiral.
(a) Vortices without an axial component of polarization (achiral in
three dimensions). (b) Vortices coexist with antiparallel axial
components of the polarization in neighboring vortices (chiral;
the handedness is indicated in the original configuration and in
the reflection in the left panel). (c) Vortices coexist with parallel
axial components of the polarization in neighboring vortices. The
sizes of the up and down domains differ (achiral). (d) Buckled
vortices (nonzero offset between its centers) coexist with parallel
axial components of the polarization in neighboring vortices.
This favors a net polarization along the [100],. direction, as
represented by the horizontal double arrow. The structure is
achiral; the mirror images can be superimposed on the original
one by a rigid translation of half a unit cell (indicated by the
horizontal orange arrow at the center of the upper mirror).
(e) Combination of the cases sketched in (d) and (e). This
structure is chiral since the handedness of one of the vortices is
larger than the other, as indicated by the size of the hands.

in BaTiO3/SrTiO3 nanocomposites (Louis et al., 2012). In a
Bloch skyrmion, chirality originates naturally from the
coexistence of the closed contour of the in-plane Bloch
polarization and the out-of-plane polarization at the sky-
rmion core. Chirality can be quantified through the helicity,
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whose mathematical expression is borrowed from fluid
dynamics as (Moffatt and Ricca, 1992)

M= [p: (Vxp)ar )

where p is the local value of polarization. The integrand of
Eq. (7) is a pseudoscalar quantity that changes its sign under
a mirror symmetry operation. At a polar-vortex core, its sign
depends on whether the direction of the curl is parallel
(H > 0, right-handed) or antiparallel (H < 0, left-handed) to
the axial component of the polarization. In an electric
skyrmion, the curl of the polarization is determined by the
direction of rotation of the Bloch component at the skyrmion
wall. Qualitatively, the handedness can be assigned using the
right-hand rule: curl the fingers of your right hand following
the direction of the vortices. If the thumb points in the same
direction as the axial component, then it is right-handed. If it
points in the opposite direction, then it is left-handed. To
have a global nonvanishing chirality, the axial component of
the polarization must point in opposite directions at the
center of consecutive clockwise and counterclockwise vor-
tices (Shafer et al., 2018) [Fig. 31(b)]. The evolution of this
vortex structure and the chirality of the vortices in a pure
vortex phase as a function of temperature was theoretically
analyzed by G6émez-Ortiz et al. (2022b). Otherwise, in the
case of a parallel alignment of the axial component of the
polarization, the helicities coming from two consecutive
topological defects cancel each other.

But even from such an achiral structure a second source of
chirality can be triggered by combining two nonchiral sym-
metry-breaking distortions. The first one is related to the
increase of one of the domains at the expense of the other,
such that the up and down domains do not equally match in size
[Fig. 31(c)]. This can be easily controlled by applying an
electric field along the z-pseudocubic direction. In fact, in most
experimental realizations there is always a small built-in field
that makes this happen. The second one is the existence of a
buckling affecting the core of the vortices [Fig. 31(d)]. These
misalignments lead to a mismatch in the polarization pointing
along the x-pseudocubic direction (left or right). None of the
symmetry-breaking operations shown in Figs. 31(c) and 31(d),
by themselves, are chiral. But the combination of the two
generates an excess (deficit) of the clockwise (counterclock-
wise) rotations, making the entire system chiral [Fig. 31(e)].
Again the degree of chirality can be captured by the helicity
modulus defined in Eq. (7), whose values for this second
mechanism [Fig. 31(e)] are 2 orders of magnitude smaller than
the ones produced in the first scenario [Fig. 31(a)]. However, as
we soon discuss, this mechanism for chirality has a definite
advantage, as it provides us with a relatively straightforward
way to potentially control the handedness in a determinis-
tic way.

b. Measuring chirality

One way to look for chirality in condensed-matter systems
is to measure the interaction with circularly polarized electro-
magnetic radiation, i.e., circular dichroism, or optical rotation-
absorption phenomena. In the case of (PbTiOj3),/(SrTiO3),
superlattices, recent resonant soft x-ray diffraction (RSXD)
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FIG. 32. Different experimental techniques to characterize chirality in topologically nontrivial polar systems. (a) Schematic illustrating
the experimental setup for the RSXD studies in polar vortices in PbTiO3/SrTiO5 superlattices. The data on the top right are actual
images of the specular beam and various higher-order satellite peaks that can be observed. (b) Linecut of the scattered intensity vs lateral
momentum transfer using right- (red) and left-circularly (blue) polarized x rays for an n = 16 superlattice. The difference in intensity
between the two helicities is shown in green, displaying a significant dichroism at the vortex peaks, indicative of the chiral nature of the
polar-vortex phase. (c) Map of XCD intensity at Gjyera = +¢pair aCross an n = 14 sample. Regions of positive (negative) XCD indicate
where chiral polar arrays have positive (negative) helicity. (d) Hard-x-ray reciprocal-space mapping about the SrTiO; (002) peak for a
[(PbTiO3),4/(SrTiO3),¢]s superlattice shows superlattice peaks along the Q. direction, corresponding to an out-of-plane periodicity of
about 12 nm, and satellite peaks along the Q, direction, corresponding to an in-plane periodicity of about 8 nm. (e) Image from the CCD
used to collect RSXD data, where the resonant diffraction peak is clearly visible. (f),(g) Spectra from a satellite peak for right- (red) and
left-circularly (blue) polarized light. (h) The XCD difference spectrum (right-circular minus left-circular x-ray absorption spectrum)
shows a clear circular dichroism peak at the titanium Ls f,, edge. (i) SHG images taken with right-circularly and (j) left-circularly
polarized excitation in PbTiO5/SrTiOs trilayers. (k) SHG CD calculated from the images shown in (i) and (j). (a)—(c) From Shafer ez al.,

2018. (d)—(h) From Das et al., 2021. (i)—(k) From Behera et al., 2022.

studies have shown that the polar vortices (Shafer ez al., 2018)
and polar skyrmions (Das ef al., 2021) do indeed exhibit
strong circular dichroism (Fig. 32), which is also reminiscent
of magnetic-topological structures. In hard-x-ray RSM stud-
ies, lateral satellites appear due to the regular spacing of the
vortex [Fig. 32(b)] and skyrmion structures [Fig. 32(d)],
where the spacing is d(xp) (~8 nm for skyrmions and
~10 nm for vortices). These satellites occur at g vectors
equal to £n X q(Xp), Where q(xpu) = 27/d(xp). By
tuning the energy of the x rays through the titanium Lj,
edge (where electronic transitions from the 2p to 3d levels
occur), absorption spectra are collected at g values corre-
sponding to the satellite peaks. At the titanium L5 , resonance,
effects from the electronic structure (specifically, the d-orbital
configuration) are strongly enhanced. If the spiraling polar
distortions that create the skyrmion or vortex phase are chiral,
this will manifest as a nonzero circular dichroism since chiral
objects interact differently with left- and right-circularly
polarized light (Shafer et al., 2018). By measuring the spectra
with both right- and left-circularly polarized light [Figs. 32(b),
32(f), and 32(g)], subtracting the background fluorescence,
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and taking the difference between the two [Figs. 32(b) and
32(h)], x-ray circular dichroism (XCD) is indeed observed,
which is strongly indicative of chirality. Furthermore, reso-
nant-scattering intensity is asymmetric with respect to the
scattering vector and the sign of the circular dichroism as a
function of the lateral scattering vector (Q,). The origin of this
circular dichroism has been attributed to the periodic modu-
lation of anisotropic tensors due to the parity-even charge
quadrupole moments that form in these heterostructures.
While there is no charge quadrupole moment in the spheri-
cally symmetric 3d° valence state of Ti**, the excited state
2p53d1t29 at the Ti L; resonance is known to have a
quadrupole moment (Lovesey and van der Laan, 2018).
Resonant elastic x-ray scattering was recently proposed as
a promising application to elucidate the chiral structure of
electrical polarization emergent in a ferroelectric oxide super-
lattice, through the interaction between the x-ray polarization
vector and electromagnetic multipoles in a sample (Kim et al.,
2022). This method has the advantage of contributions from
electric and magnetic channels simultaneously, making it
especially suitable for multiferroic material structures.
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Despite this progress in experimentally characterizing
chirality, two aspects require further exploration. First, despite
its intellectual sophistication, RSXD circular dichroism (CD)
requires access to a synchrotron source. While there are
several state-of-the-art beam lines worldwide, these experi-
ments by design are not meant for rapid throughput. Second,
and perhaps more important, they are limited in terms of
spatial resolution (currently of the order of 100 pm); this will
undoubtedly change with newer, brighter, and more coherent
sources [such as those intended at the Advanced Light Source
(ALS)]. This imposes a constraint in terms of pathways to
characterize and manipulate the chirality. Therefore, optical
approaches to probe chirality, as is conventionally done in the
case of chiral molecules, would be fruitful. Specifically,
optical second-harmonic-generation- (SHG-) based circular
dichroism shows promise, and the preliminary results are
encouraging. Behera et al. (2022) were able to observe
regions of opposite CD in a sample that is made up only of
vortices in  (SrTiOj),,/(PbTiO3),,/(SrTiO3),, trilayers
[Figs. 32(i)-32(k)]. These measurements, done with a confocal
optical microscope, yield a spatial resolution of ~500 nm,
which can be improved with an oil immersion lens down
to ~300 nm.

c. Switching the chirality

An aspect that is of fundamental interest is whether this
chirality can be manipulated with an electric field. For practical
applications, it would be essential to switch the handedness
in a controlled, reversible way in mesoscale regions.

If the origin of chirality comes from the presence of
antiparallel axial components of the polarization at the center
of the counterrotating vortices [Fig. 31(b)], both the right- and
left-hand enantiomers belong to the same homotopy class.
Therefore, a continuous transition to transform one into the
other might be envisaged. Here we propose three different
paths, as sketched in Fig. 33. The first one (top row in the
central panel) consists of a continuous 180° rotation of all the
dipoles that form the vortices. However, there is one midpoint
along the path where energetically costly head-to-head and
tail-to-tail domain walls appear. Thus, although topologically
allowed, such a transition implies a large energy barrier, which
makes it unlikely. The second mechanism consists of a
continuous approximation of the vortex cores, as sketched
in the central panel of Fig. 33. But again the energy barrier to
overcome is large: one of the domains along the z direction
increases its volume at the expense of the other, and this
translates into large depolarization fields. Moreover, the Néel
components of the polarization would form head-to-head and
tail-to-tail domains. The third path (bottom row in the central
panel of Fig. 33) can be described as a homogeneous
reduction of the axial Bloch component within the two vortex
cores. At some point along the path, the axial component of
the polarization vanishes, giving rise to an achiral structure.
Beyond this point, a polarization at the center of the vortices
opposite to the original one can be developed, changing the
sign of the helicity. However, this procedure seems to be
impractical, due to the difficulty of applying a spatially
dependent external field that change its value over the length
scale of the separation of the vortex cores (around 8 nm).
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FIG. 33. Different paths to switch the helicity of the vortices

when the chirality is due to the opposite direction of the axial
polarization at the cores of neighboring counterrotating vortices.
Straight arrows represent the direction of the local polarization in
the x-z plane, while the curled arrows indicate the sense of
rotation of the vortices. Orange (light gray) and blue (dark gray)
circles represent different directions of the axial component of the
polarization. The crosses are the points where head-to-head and
tail-to-tail domains are formed. From Behera er al., 2022.

Phase-field simulations have predicted alternative methods
for switching the chirality in ferroelectric skyrmions
(Tikhonov et al., 2020) and polar vortices (Chen et al.,
2022) by applying homogeneous electric fields or with local
surface charges (Liu, Wang ef al., 2022). The calculations of
Tikhonov et al. (2020) were carried out in nanometric-size
disks. The protocol implies the destruction of the skyrmion
through a phase transition to a monodomain phase under high-
enough fields, and the later nucleation of a new one after the
gradual reversal of the field [Fig. 34(a)]. Since the applied
field does not possess its own chirality, the handedness of the
skyrmions that are formed depends on local fluctuations. They
are included in the simulations through a new term in the
energy functional that couples the polarization with its
rotation. But experimentally these fluctuations might be out
of control, and even the slightest one that would arise randomly
would push the system into either of the degenerate “left” or
“right” free-energy minima. Therefore, this mechanism would
not be smooth (i.e., it would require the destruction of the
system), not be uniform in space, and not be deterministic.
Chen et al. (2022) also showed atomically resolved in situ
STEM results, in this case in vortex arrays in PbTiOz /SrTiO;
superlattices. The rotation of the vortices could be changed,
accompanied by the concomitant chirality reversal of the
individual vortices, after the application and removal of the
external field [Fig. 34(b)]. However, as in the previous case,
the process requires the destruction of the vortex state. Neither
the rotation reversal nor the position of the center of the vortices
could be well controlled, since during the spontaneous back-
switching the nucleation of the new vortices could be disturbed
by random fields. Therefore, although the source of chirality
proposed in Fig. 31(b) gives large values of the helicity density,
it appears to be difficult to switch.

The question of how to connect chiral enantiomers in a
controlled, deterministic, and reversible way using simple
methods (application of homogeneous electric fields) becomes
easier if the chirality is generated through a mechanism such as
the one proposed in Fig. 31(e). In this case, the buckling of the
vortices that control the chirality can be trivially controlled by
means of an electric field applied along the [100]pc direction.
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FIG. 34. Different mechanisms to switch the chirality of topologically nontrivial polar structures. (a) Distribution of the polarization
and chirality for different homogeneous applied fields in a ferroelectric skyrmion. Left panel: hysteresis behavior of the polarization of
the nanodot as a function of the applied field. The blue and red branches correspond to the up-down and down-up sweeps of the applied
field. The numbers mark the different topological states of the polarization. From Tikhonov et al., 2020. (b) Chirality switching of vortices
by an electric field in PbTiO3/SrTiO5 superlattices. The blue and red in the pristine vortex array indicate the direction of the axial
component of the polarization. The handedness can thus be determined for an individual vortex. From Chen et al., 2022. (c) Helicity (red,

left axis) and polarization (blue, right axis) for a PbTiO3/SrTiOj trilayers as a voltage is applied along [100]
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coupling between the sense of the buckling and the [100],. component of the polarization. From Behera et al., 2022.

Behera et al. (2022) demonstrated the existence of well-
defined and repeatable hysteresis loops of both the in-plane
polarization and the chirality [Fig. 34(c)] following this recipe
in polar vortices in PbTiO5/SrTiO; trilayers under epitaxially
strained mechanical boundary conditions.

2. Negative permittivity

The phenomenon of negative capacitance has garnered
extensive interest due to its exotic physics, as well as for its
promise in applications in next-generation electronics
(Salahuddin and Datta, 2008; Theis and Solomon, 2010;
Khan et al, 2011; Zubko et al., 2016), specifically to
overcome the “Boltzmann tyranny” in electronics. The origin
of this negative capacitance, in addition to its connection with
the ferroelectric multidomain state, has been theoretically
discussed (Bratkovsky and Levanyuk, 2001; Luk’yanchuk,
Sené, and Vinokur, 2018; fﬁiguez et al., 2019) and exper-
imentally demonstrated (Zubko er al., 2016; Yadav et al.,
2019; Das et al., 2021). In essence, under certain open-circuit-
like electric boundary conditions, ferroelectrics may be below
their Curie point but fail to develop their homogeneous
polarization. In this situation, the free energy of the ferro-
electric is higher than it would be under more favorable (short-
circuit) boundary conditions. In fact, this frustrated state can
be thought of as if regions of the ferroelectric were at a
maximum of its Landau-Devonshire-Ginzburg potential G.
The high-energy regions can extend to the entire volume
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of the ferroelectric (when the frustrated state is paraelectric-
like, with no local polarization) or be restricted to the domain
walls (if the ferroelectric adopts a multidomain configuration).
Regardless, these high-energy regions are characterized by
being locally unstable upon changes in the displacement
vector D, so we have e x 0*°G/0D*> < 0; hence, a local
negative capacitance emerges [Fig. 35(a)].

Note that the entire volume of a sample in equilibrium
cannot exhibit such a negative permittivity (ffiiguez et al.,
2019), since in that case it would spontaneously evolve to a
state where the curvature of the free-energy landscape is
positive. Hence, in the illustrative case of ferroelectric-dielec-
tric superlattices (e.g., those formed by PbTiO; and SrTiOj),
the ferroelectric layers may display a local negative permit-
tivity, but the permittivity of the dielectric layers is positive,
making the overall permittivity positive as well. The electro-
static theory of ferroelectric-dielectric superlattices and the
relationship between the negative permittivity of the ferro-
electric layers and the voltage amplification in the dielectric
ones were analyzed by Graf et al. (2022), where amplification
up to tenfold has been predicted. A negative permittivity can
also be achieved by bringing the ferroelectric out of equilib-
rium in the temporal regime (Khan et al., 2015).

A direct measurement of the spatially resolved, equilibrium
(steady-state) negative capacitance is rare in nature and was
first observed microscopically in a vortex structure of
(PbTiO3),/(SrTiO3), superlattices (Yadav et al., 2019).
The existence of negative permittivity at the vortex core
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(a) Schematic of the classical double-well-energy landscape for a ferroelectric. A and B denote the stable polar states, and the

regions shaded in red denote areas with negative curvature, i.e., negative permittivity. (b) Polarization vector map from a subregion of a
PbTiO3 layer embedded within a (SrTiOs),,/(PbTiO;),, superlattice as measured using STEM. (c) Local electric field in a PbTiO3
layer corresponding to the region shown in (b). (d) Local potential-energy map in the same region as shown in (a) and (b). (e) Variation in
the z components of local polarization (P, red hexagons) and electric field (E, blue circles) along a horizontal line [indicated by the
horizontal lines in (b) and (c) that pass through the core of the vortices]. (f) Local energy density estimated from the variation in P, and
E. along the same line. Regions around the core (marked with arrows) have negative curvature 8>G/dD? < 0. (g) Second-principles
calculation of the inverse of the local dielectric constant in the vortex structure (blue for negative and red for positive regions). (h) Phase-
field calculation of a cross section of an array of skyrmions showing the regions of negative permittivity (identified by the dark blue
rings). (i) Macroscopic dielectric permittivity as a function of electric field for vortices in (StTiO3),4/(PbTiO3),4 superlattices with
different periodicities. (a)—(g) From Yadav et al., 2019. (h)-(i) From Das et al., 2021.

and the potential-energy landscape across the vortex
structure were directly probed via 4D STEM. These imaging
experiments were carried out in cross-section samples and
show the clockwise-counterclockwise vortex pair [Fig. 35(b)].
The long-range electric fields can be mapped out from the
deflection of the electron-beam pattern due to the Lorentz force
[Fig. 35(c)] (Kittel, 1966). The spatial distribution of the
polarization (P,) and the electric field (E,) [Fig. 35(e)]
are measured by focusing along the dashed horizontal line
profile [Figs. 35(b) and 35(c)], which goes through the vortex
core [the magnitude of the measured polarization was cali-
brated using the polarization of PbTiO; as a reference
(Watanabe, 2005)]. With both the measured electric field
and polarization, one can calculate the local potential energy
of the system using dG = EdD, where D, = ¢jE, + P,. The
estimated potential energy (G) as a function of P, across the
vortex reveals the existence of a local potential-energy maxima
0*G/0oD?* < 0 at the location of the vortex core, where P. is
small [Fig. 35(f)], thus illustrating that the negative capacitance
exists in clockwise-counterclockwise vortex core (Yadav ef al.,
2019). Second-principles and phase-field simulations
corroborate that the regions displaying a negative capacitance
are those significantly more responsive that the system as a
whole, i.e., those with the higher local energy and the higher
electronic susceptibility. Those regions are located at the
domain walls (center of the vortices) and at the interfaces
between SrTiO; and PbTiO; [Fig. 35(g)]. The existence of
such regions of negative capacitance in the material actually
leads to an enhancement of the effective dielectric permittivity
that can then be probed even by macroscopic measurements
(Das et al., 2021). This phenomenon is not restricted to polar
vortices. In addition, polar skyrmions display an enhancement
of the dielectric permittivity due to the appearance of local
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negative capacitance regions at the surface of the skyrmion
[Fig. 35(h)]. Of greater interest is the fact that such an enhanced
dielectric permittivity can be significantly tuned with an
electric field [Fig. 35(i)]. This occurs through the destruction
of the vortex or skyrmion state under the electric field and the
superlattice converts into a “normal” ferroelectric layer, thus
representing a topological-phase transition accompanied by a
change in the topological charge from a finite value to zero at a
finite field. Removal of the electric field restores the sky-
rmionic state.

Besides these works on polar superlattices, the experimen-
tal results of Kim er al. (2005) served as motivation for a
simulation study of ferroelectric Pb(Zr, Ti)O; dots, wires, and
films (Ponomareva, Bellaiche, and Resta, 2007). Ponomareva,
Bellaiche, and Resta computed the external dielectric suscep-
tibility (i.e., the polarization response to the external electric
field) and the internal susceptibility (that is, the polarization
response to the average internal field) in the nanostructures as
a function of the electrical boundary conditions. While the
external susceptibility was always positive, as is consistent
with the stability requirement (Dolgov, Kirzhnits, and
Maksimov, 1981), the internal one was found to be negative
over a wide range of boundary conditions for all kinds of these
nanostructures, including those that adopt complex electric
dipolar patterns (such as vortices). Finally, note that other
topological states, like electric hopfions (Luk’yanchuk et al.,
2020), have also been predicted to naturally yield a negative
capacitance response.

3. Dynamical properties

Ferroelectric nanostructures have been shown to display
extremely unusual dynamical properties. For instance,
Ponomareva and Bellaiche (2008) found in atomistic
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simulations that Pb(Zry4Tigs)O;3 films having bubbles or
skyrmions respond in an unusual way under picosecond
timescale strain pulses: a large change in polarization not
only occurs but is also accompanied by a time delay between
polarization and strain. In other words, the polarization does
not immediately follow the strain pulse via the “usual”
(electrostrictive) coupling law. This time delay was revealed
to be governed by the “slower breathing” of dipolar inhomo-
geneities and explained some puzzling experimental data (von
Korff Schmising et al., 2007). Dynamics were also computa-
tionally studied in a Pb(Zry4Tiy¢)O; ultrathin film having
nanostripe domains and subject to an ac electric field (Zhang,
Herchig, and Ponomareva, 2011). Its domain wall was found
to act as an elastic object having a mass that is dependent on the
film’s thickness. Consequently, these domain walls can induce
resonance or relaxational dynamics depending on the film’s
thickness. A general theory of dynamics in nano-objects, as
well as a striking dynamical coupling between the nanostripes
and sinusoidal-in-time strain deformations, were reported by
Zhang, Herchig, and Ponomareva (2011). Other computations
about dynamics predicted the occurrence of pulses of mag-
netization when (nonmagnetic) Pb(Zry4Tiy¢)O; ultrathin
films undergo sudden changes in the morphology of their
nanodomain structure as a response to an ac gigahertz electric
field (Prosandeev et al., 2015) [similar magnetoelectric effects
were predicted five years later by Juraschek er al. (2019)]. A
simple equation relating the time derivative of the electric
toroidal moment and the product between the electric polari-
zation and its time derivative was developed to explain
these pulses of magnetization in moving ferroelectric domain
walls. This prediction appears to be in line with experiments
done in the 1980s (Flérova and Bochkov, 1981, 1982; Popov,
Tikhomirova, and Phlerova, 1985).

Moreover, Herchig and Ponomareva (2017) employed an
effective Hamiltonian technique to study polar soft mode
dynamics in nanowires made of PbTiO; under open-circuit
electric boundary conditions, but subject to different stresses.
A phonon mode of high frequency (varying between 200 and
295 cm™~!) was found there, unlike in the bulk counterpart and
independently of the applied stress. It was proposed to be
inherent to the large depolarization field resulting from open-
circuit electric boundary conditions. Another computational
study aimed at investigating dynamics of vortices in a stress-
free nanocomposite made of periodic squared arrays of
BaTiO; nanowires embedded in a “less ferroelectric”
SrTiO; matrix. Toroidic modes resulting from the fluctuations
of the electric toroidal moment were found in the terahertz
regime, in addition to the usual polar phonon modes that are
associated with the fluctuation of the electrical polarization
(Gui and Bellaiche, 2014). It was predicted that the resonant
frequency of a specific toroidic mode softens via a square-root
law when the temperature approaches the paratoroidic-to-
ferrotoroidic transition temperature at which electric vortices
form, as analogous to the behavior of the so-called soft mode
in ferroelectric bulks near the Curie temperature (Scott, 1974;
Shirane, 1974). The dynamics of this toroidic mode was
further discovered to originate from the fluctuation of the
(self-organized within vortices) azimuthal component of
individual electric dipoles. Consequently, it was suggested
that toroidic modes can be thought of as pendulums, while the
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usual polar modes are known to be represented by another
type of harmonic oscillators, namely, springs. This analogy
raises the question of whether toroidal moments can give
rise to a new particle (via the de Broglie correspondence
between waves and particles), in the same way that typical
oscillations of ions generate phonons. The answer is currently
unknown, to our knowledge. Finally, we note that the
dynamical response of ferroelectric multidomain structures
and its connection to negative capacitance were discussed by
Luk’yanchuk, Sené, and Vinokur (2018).

E. Merons, hopfions, and other members of the topological
family

Vortices and skyrmions are not the only topological
structures that can be found in polar oxide nanostructures
and superlattices. In Sec. V.E.1 we describe other nontrivial
topological patterns that have received increasing attention
during the last few years.

1. Dipolar waves and dipolar disclinations

Dipolar waves where the local polarization behaves like a
fluid that changes direction gradually and continuously have
been experimentaly observed in PbTiO;/SrTiO; multilayer
films by means of quantitative HRTEM (Lu et al., 2018)
[Fig. 36(a)] and aberration-corrected HAADF-STEM imaging
(Gong et al., 2021). Together with the dipolar waves, another
interesting feature appears close to the top or the bottom
interface under the shape of a “cylindrical chiral bubble”; see
the blue circle in Fig. 36(a) for the experimental image, and
the red circle in Fig. 36(c) for the theoretical computations. At
other parts of the PbTiOj; layer, dipolar disclinations similar
to those observed in magnetic systems are observed. There the
structure breaks in tail-to-tail domains along the y direction,
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FIG. 36. (a) Dipolar waves and (b) dipolar disclination observed
by HAADF STEM in PbTiO;/SrTiO;5 superlattices grown on a
SrTiO; substrate. (c) Numerically simulated equilibrium dipolar
waves and (d) metastable disclinations in a PbTiO; film under
—0.6% compressive strain show excellent reproduction of the
experimental observations in (a) and (b), respectively. From
Lu et al., 2018.
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tilting to in plane in a domain wall marked as a brown region
in Figs. 36(b)-36(d). At the end of the domain wall, the dipole
moments of a few unit cells become close to zero. Around
this point, another distinct configuration of dipoles is formed
(blue area), where the dipoles align essentially along the
radius directions and point out, forming a half circle. The
observed phases were in good agreement with first-princi-
ples-based effective Hamiltonians of PbTiO; under com-
pressive strain of —0.6% (Lu et al., 2018). This compressive
strain is essential for observing the transition from vortices to
dipolar waves.

Similar dipolar waves were predicted for Pb(Zr 5, Tig 43) O3
ultrathin films under open-circuit electric boundary conditions,
small compressive strains, and low temperatures (Sichuga and
Bellaiche, 2011). They are formed as a consequence of the
movement of the vortex centers toward the surfaces, a fact that
can be controlled with the epitaxial strain. Note that in this
system the polar mode coexists with oxygen octahedral tiltings.

2. Merons

Merons (antimerons) are particlelike structures distinct
from skyrmions (antiskyrmions) that were originally
described in the context of quark confinement (Callan,
Dashen, and Gross, 1978, 1994). Merons and antimerons
in a magnetic system commonly feature an upward or
downward magnetized core and an in-plane spin arrange-
ment at their periphery (Fig. 37). In contrast, skyrmions and
antiskyrmions most often feature homogeneous out-of-plane

FIG. 37. (a) Polarization vectors in 5 nm PbTiO3;/SmScOj3
(001),, film, obtained from the phase-field simulation with an
experiment-inspired lattice model. Convergent and divergent
merons are marked with solid and dashed circles. (b),(c) 3D
polarization vectors of the two merons marked 1 and 2 in (a),
respectively. (d) In-plane polarization mapping exhibiting the
local ordered meron textures in [(PbTiOs),s/(StTiO3) 4] lifted-
off membranes at 373 K. (e) Details of (d) where vortices
(clockwise, green; counterclockwise, blue) and antivortices
(red) are labeled. The dots in the circles represent polarization
pointing out of the page, while the cross points into the page.
(f) Map of the local regions showing different handednees. The
positive (negative) regions indicate the polar textures having left-
handed (right-handed) chirality in the meron phase. (a)—(c) From
Wang et al., 2020. (d)—(f) From Shao et al., 2023.
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order at their boundary. However, note that such a geometry
is not a necessary condition to have a meron. For instance, in
some cases disclinations can also be characterized as merons
(Ezawa, 2011; Hierro-Rodriguez et al., 2017). Topologically,
merons are characterized by a rational topological character-
istic and are not topologically protected states. For example,
in ferroic materials merons typically have a half integer
topological charge. For this reason they are presented in
many cases as the topologically equivalent structure to one-
half of a skyrmion. Merons feature a localized topological
charge density distribution. For this reason, merons can be
assigned a charge according to Eq. (2). However, this
charge is not topologically invariant. The sign of the charge
determines whether we have a meron (topological charge of
+1/2) or antimeron (topological charge of —1/2). Magnetic
merons were introduced to explain certain anomalies in
quantum Hall systems (Moon et al., 1995). Magnetic meron
square lattices were discovered in the chiral magnet
CogZngMn; (Yu et al., 2018). More recently single meron
pairs were created and stabilized in a continuous in-plane
magnetized Permalloy film by local vortex imprinting from a
Co disk (Gao et al., 2019). In ferroelectric materials, merons
with a fractional charge of +£1/6 were first predicted
simultaneously with the skyrmion (Nahas er al, 2015).
The first observation of ferroelectric 1/2-charged merons
with a vortexlike geometry typical of spin systems had to
wait a couple of years. At that time Wang et al. (2020) were
able to visualize at the atomic scale such topological
structures by aberration-corrected STEM in ultrathin PbTiO;
films under tensile epitaxial strain when grown on an
orthorhombic (110)-oriented SmScOj; substrate [Figs. 37(a)—
37(c)]. At the same time, Nahas ef al. (2020) realized that
dipolar disclinations observed earlier in PbTiO;/SrTiO;
multilayers (Lu ez al., 2018) also carry 1/2 of the skyrmion
number and, in this sense, are equivalent to merons (Ezawa,
2011; Hierro-Rodriguez et al., 2017). Nahas et al. (2020) and
Nahas, Prokhorenko et al. (2020) also reported emergence of
disclinationlike merons in PZT-based heterostructures and
BiFeO; thin films. These merons were associated with
enhanced tunneling conductance revealed by conductive
atomic force microscopy measurements (Nahas et al.,
2020).Nahas er al. (2020) also reported a sequence of
topological transitions between polar meron, bimeron, and
polar-skyrmion states. More recently Shao et al. (2023)
reported a topological transformation from a skyrmion
state (with topological charge of +1) to an ordered square
lattice of merons (with topological charge of +1/2) by
varying the temperature and elastic boundary conditions in
[(PbTiO;),6/(SrTiO3),4]; lifted off membranes [Fig. 37(d)].
The structural transformation is accompanied by a
change in the chirality, which has a well-defined handedness
in the room-temperature skyrmionic phase and disappears in
the high-temperature meron lattice phase [Fig. 37(f)].

3. Hopfions

Hopfions are another topological formation that appear in a
broad variety of natural phenomena, from high-energy phys-
ics, cosmology, and astrophysics to biology, magnetodynam-
ics and hydrodynamics, and condensed-matter physics. They
are the paradigmatic knotted solitons and can be defined as a
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knot in a three-dimensional continuous unit vector field that
cannot be unknotted without cutting. Hopfions are classified
according to the Hopf invariant [Eq. (3)].

Minimizing a Ginzburg-Landau functional coupled with
electrostatic and elastic degrees of freedom, Luk’yanchuk
et al. (2020) derived their existence in spherical nanoparticles.
They would be the result of the delicate balance between
developing a local polarization as close as possible to the
equilibrium value and minimizing the depolarization energy.
This competition yields to a divergence-free polarization field,
where P is always tangent to the surface of the particle. A
vortex texture complies with this condition. But these vortices
display a singularity (a position where the polarization is zero)
at its center. The tendency to develop a nonvanishing and
continuous polarization pattern to minimize the energy indu-
ces a continuous deformation of the vector field in the
direction perpendicular to the vortex plane. The final picture
of the polarization texture can be described as a set of
interlinked circles or torus knots: the hopfion state
[Fig. 7(c)]. As in the cases of vortices and skyrmions, the
hopfions are chiral with a well-defined handedness.

4. Topological eclectons

A novel topological state called topological eclectons
(because of the coexistence of a variety of simultaneous
defects) has been predicted using first-principles-based

effective Hamiltonians when two BaTiO5 conical nanostruc-
tures (inverted with respect to each other and connected by their
tips) are embedded in a SrTiO; matrix (Prosandeev et al.,
2019). In such structures, the ground state simultaneously
possesses vortices, antivortices, hedgehogs, antihedgehogs,
and a few skyrmions and is chiral in nature. It was predicted not
only to be a ground state but also to have the possibility of
readapting itself to form other unusual topological states or
phases when temperature is varied or under electric fields.
Despite the theoretical interest, it will be difficult to exper-
imentally grow: created conical (or other nonplanar) nano-
structures that are embedded in the SrTiO; matrix are likely to
grow with other orientations on the conical sidewalls. Other
shapes such as cylinders with square or circular cross sections
may be more amenable. Nonetheless, the described study of
conical nanocomposite geometry also gives an idea of possible
polar structures in ferroelectric nanopillars and nanoneedles.

VI. MOVING FORWARD

Perhaps the most interesting attribute of correlated oxides is
the complex interplay of several fundamental effects, each
with a different energy scale, as shown in the inset of Fig. 38.
This interplay leads to ground states that compete with one
another, which consequently leads to large susceptibilities
with respect to external stimuli. For example, the electronic
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Some of the possible new directions that can emerge from fundamental phenomena in oxide superlattices in which we can

juxtapose the various elements of the Hamiltonian for the system (as shown in the central box). The alignment of energy terms and
control parameters on the horizontal scale is intended to show the ranges where each control parameter, within its variability, is effective
in tuning the various energy terms in transition metal oxides. The box to the right shows the various fundamental physical properties that
could be tuned, leading to the various physical phenomena that manifest in such heterostructures. These are described in the blue oval

bubbles in the outer ring.
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correlations arising from on-site Coulombic repulsion and
spin-orbit interactions have become powerful tools for creat-
ing new ground states. When we superimpose on this the
power of epitaxy and the ability to artificially engineer the
long-range order of the material as well as to create the types
of topological patterns that have been discussed thus far, a
plethora of new physical effects can arise that await exper-
imental and theoretical study. A sampling of such phenomena
is presented in the outer ring of Fig. 38. We now provide
descriptions of some of these phenomena, noting that from a
broad perspective this is limited only by one’s imagination and
the ability to translate them using the confluence of theory,
synthesis, and measurements.

A. New ground states

1. Beyond PbTiOj;-based nanostructures

Progress over the past decade, especially the past five years,
has demonstrated the existence of a variety of polar textures,
as previously described. It is indeed noteworthy that
almost all of the studies (with a few exceptions) have been
on one model system, namely, ferroelectric PbTiO3, upon
which electrostatic and elastic boundary conditions are
imposed to create the polar textures. This immediately begs
the following questions: What else is possible? Can we predict
new systems where these exotic phases appear? What other
ferroelectrics display such polar textures? Using the theoreti-
cal framework presented earlier, it now seems possible to
systematically describe the criteria for the formation of polar
textures. What are the limits on the formation of such textures?
How do other degrees of freedom (for example, octahedral
tilts and rotations) play into the ability to form them? Can we
use this as a framework to explore the possibility of creating
other quasiparticles (magnons, excitons, polarons, etc.) that
could couple to the polar textures? While these questions
permeate the remainder of the review, we focus here on some
relevant works.

Wu er al. (2012) demonstrated that a BaTiO;/SrTiOs
multilayer stack behaves as a dipole spring ferroelectric,
named in analogy to exchange spring magnets in magnetic
multilayers that show similar loops. Recently Guo er al.
(2021) showed that toroidal polar topologies are possible in
strained polymeric ferroelectrics as well. Vortex-antivortex
domain structures have been stabilized in organic ferroelec-
trics (Tang ef al., 2020) and in a two-dimensional lead iodide
organic-inorganic hybrid perovskite ferroelectric (Zhang et al.,
2020). Vortex-oriented ferroelectric domain quadrants have
been found at the interface between two distinct MBE-grown
group-IV chalcogenide monolayers (MLs): an in-plane
polarized ferroelectric SnTe ML and a paraelectric PbTe
ML (Chang et al., 2021). Polar meron-antimeron networks
have been theoretically predicted by first-principles simu-
lations in strained and twisted bilayers of hexagonal boron
nitride (Bennett ez al., 2023). Polar discontinuities at head-
to-head and tail-to-tail domain walls in lead germanate
(PbsGe;0Oq;) are obviated by the generation of characteristic
saddle-point domain-wall morphologies with associated
novel dipolar topologies due to domain bifurcation along
two different axes (Tikhonov er al., 2022). Self-confined
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bubble domains with multiple polar topologies have been
stabilized in bulk BijsNajsTiO5 ferroelectrics (Yin et al.,
2021). Polar and periodic polarization waves have been
observed in tensile strained SrTiO; at room temperature
(Tang et al., 2021). Vortices and domain wave spirals were
predicted for BiFeO;/SrTiO; trilayers under different epi-
taial strains (Liu, Liu ez al., 2022). A single vortex-antivortex
pair was created and separated in BiFeO; through a tip-
induced electric pulse using angle-resolved PFM (Kim, You
et al., 2019), and spontaneous and reversible topological
domain structures have been reported on high-density
BiFeO; nanodots (Z. Li et al., 2017). Antivortices in
StTiOz have been also reported for PbTiO5/SrTiO5 super-
lattices (Abid et al, 2021). Prokhorenko, Nahas, and
Bellaiche (2017) examined the so-called homotopy theory
(Spanier, 1966; Holm and Janke, 1994; Hatcher, 2002;
Nakahara, 2003b) can be used to understand and predict
the occurrence of specific electric topological defects in
specific ferroelectric structural phases. When combining this
theory with large-scale effective Hamiltonian simulations
(Prokhorenko, Nahas, and Bellaiche, 2017), it was found that
proper ferroelectrics, such as BaTiOj3, can possess hedgehog or
antihedgehog cores in their tetragonal state and line defects
made of vortex or antivortex cores in their orthorhombic phase,
despite an underlying finite symmetry. The topological pro-
tection of such defects was discovered to be related to the
nontrivial topology of the internal state manifolds (which is
characterized by a specific Euler characteristic) rather than that
of the order-parameter space per se. Consequently, the stability
of these defects resides in an original mechanism of topological
protection that is associated with finite-temperature fluctuations
of local dipoles.

Other examples of topological structures can be found in
hexagonal manganites such as YMnO;, materials that show
unique improper ferroelectricity induced by structural trime-
rization (Choi et al., 2010). There has been a significant
amount of research on this system (Fujimura et al., 1996;
Fiebig et al., 2002; Cheong and Mostovoy, 2007; Cho ef al.,
2007; Kumagai and Spaldin, 2013; Das er al., 2014),
primarily due to the possibility of using it in nonvolatile
memory, as well as the coexistence of ferroelectricity and
magnetism. Unlike classical ferroelectrics such as BaTiO;
and PbTiOs;, the primary order parameter in such hexagonal
systems is a structural trimerization order that couples to a
secondary spontaneous dipolar order parameter, leading to
an “improper” ferroelectric. One of the consequences of such
a ferroelectric state is the discovery of “cloverleaf” patterns
of six domains emerging from one point, all distinctly
characterized by polarization orientation and structural
antiphase relationships (Fig. 39). The ferroelectric domain
walls and structural antiphase boundaries are mutually
locked, resulting in a topological protection of this state
and incomplete poling even with large electric fields.
These results reveal the rich physics of the hexagonal system
with a truly semiconducting band gap where structural
trimerization, ferroelectricity, magnetism, and charge con-
duction are intricately coupled.

Another example of the formation of such topological patterns
is in the case of the Fe, TaS, system (x~0.25—-0.4), which is
shown in Fig. 40. Such Fe,TaS, crystals with x = 1/4 and
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FIG. 39. Topological domain patterns in ferroelectric YMnOs;.
(a) TEM dark-field image taken using the 131 spot, showing six
antiphase domains (¢ — f —y —a — f —y) emerging from one
central point. The a, 5, and y antiphase domains correspond to the
three options for the origin of trimerization. The red arrows in the
insets indicate the anticipated crystallographic directions of
antiphase boundaries. (b) Proposed cloverleaf configuration of
six antiphase or ferroelectric domains. The presence of three
types of antiphase domains (a, f, and y) and two types of 180°
ferroelectric domains (4+ and —) results in the arrangement
of six distinct domains meeting at one point. (c) Topography
(6 x 6 pm?) and (d) conductive atomic force microscopy images
simultaneously obtained in contact mode with a tip bias voltage of
—2 V, demonstrating the presence of a nanometer-scale smooth
surface and striking cloverleaf domains with conductive contrast.
The bright (dark) conductive contrast corresponds to a domain
with downward (upward) polarization. From Choi et al., 2010.
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FIG. 40. (a) Electron diffraction patterns of Fe,TaS, with
x = 1/3. The (v/3a x v/3a)-type (indicated as S4) superlattice
spots can be observed in addition to the fundamental spots.
(b) Dark-field images taken using the superlattice spot S4.
(c) Dark-field images of Fey4;TaS, taken using the superlattice
spot S4. (d) Two-dimensional schematics of the v/3a x \/3a
superstructures of intercalated Fe ions in Fe;/3TaS,. The red and
blue spheres depict Fe ions, and small (large) spheres represent
the lower (upper) Fe layers. (e) Domain patterns with tensorial
proper coloring (first step, dark and light; second step, red,
blue, and green) in Fe, ;3 TaS,. (f) Dark-field image taken under
the so-called Friedel-pair-breaking condition exhibiting the
presence of chiral domains without centrosymmetry. From
Horibe et al., 2014.
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1/3 exhibit complicated antiphase and chiral domain
structures related to ordering of intercalated Fe ions with
2a x 2a and \/3a x \/3a superstructures, respectively. These
complex domain patterns have been treated within the frame-
work of the “four-color theorem.” The domain topology is
closely related to their magnetic properties (Horibe et al., 2014).

2. Manipulating energy-order-parameter landscapes for
nonconventional physical responses

Since its conception in 2008 (Salahuddin and Datta, 2008),
the negative capacitance (or permittivity) phenomenon and its
application in electronic devices has been widely studied. In
addition, the possibility of using negative capacitance for
supercapacitors and high efficiency batteries has also been
discussed (Hoffmann et al., 2019; Braga et al., 2020). As
shown in Sec. V.D.2, in the case of a ferroelectric within the
classical Landau framework, negative permittivity is associ-
ated with regions of the energy versus order-parameter land-
scape where the curvature is negative, as illustrated by the red
shaded portions of the energy landscape in Fig. 35(a).

These proof-of-concept demonstrations establish the notion
of engineering the internal energy landscape of ferroic
materials and exploiting those for advanced electronic devices
to provide functionalities that were not possible otherwise. In
the same way as the double-well-energy landscape can be
flattened out with an external voltage by placing an ordinary
dielectric in contact with a ferroelectric, other pathways can be
designed to produce lower energy barriers, multistate energy
states in the middle portion of the double-well energy, or
squarelike potential profiles (Fig. 41). Some work has already
been done to engineer ferroelectric systems having the
multiple state energy profile (Khan, Caraveo-Frescas, and
Alshareef, 2015; Martelli, Mefire, and Luk’yanchuk, 2015;
Quindeau et al., 2015; Lee et al., 2016). Within these
configurations, a small voltage can enable a full transition
between two states and achieve significant energy efficiency
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FIG. 41. Manipulating energy landscapes in ferroelectrics. The
schematic illustration shows how the energy landscape can be
manipulated to create tunable barrier heights, multistates, and
thresholdlike behavior.
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in logic transistors. The underlying physical concept is not
limited to ferroelectrics and can equally be applied to metal-
insulator transitions in correlated electron systems. We note
that this concept of negative capacitance is currently of
significant practical interest as well in exploring pathways
to overcome the so-called Boltzmann tyranny in semicon-
ductor electronics, and thus pave the way for highly energy
efficient computing.

The small remnant polarization and narrow hysteresis loop
due to the multivortex structure in ferroelectric nanowires
embedded in nanocomposites can also lead to a large
enhancement of energy density and high energy-storage
efficiency, making them promising materials for new dielec-
tric capacitors (Liu, Yang et al, 2017). PbTiO;/SrTiOs
superlattices can also be considered as artificial electrostati-
cally engineered antiferroelectrics whose energy-storage
performance (density and release efficiency) can be opti-
mized with respect to different design variables (layer
thickness, epitaxial strain, and stiffness of the dielectric
layer) (Aramberri, Fedorova, and fﬁiguez, 2022).

3. Crystalline orientation effects

One way of changing the energy landscape, as proposed in
Sec. VI.A.2, is to change the orientation of the samples. The
vast majority of thin-film heterostructures studied to date have
been (001) oriented. This has been driven by the fact that
high-quality, chemically terminated perovskite substrates have
been mainly of this orientation. Changing this to (110)- or
(111)-oriented structures can dramatically change the elastic,
electrostatic, and gradient terms in the Hamiltonian, as well as
introducing anisotropies in the elastic, electrostatic, and
piezoelectric susceptibility tensors. Therefore, it can provide
another route to manipulate the energy landscape at the atomic
scale. Specifically, for rhombohedral systems such as BiFeO;
the polarization points along the [111] direction. Thus, super-
lattices in (111)-oriented films can provide a route to produce
structural and electrostatically similar structures to those we
have explored in PbTiO3/SrTiO5 but that now are built from
an intrinsically multi-order-parameter, multiferroic material.
Growth in these orientations, however, is complicated by a
tendency for faceting, so basic research effort on layer-by-
layer growth is required. Specifically, in the case of materials
such as BiFeQy3, the octahedral tilts about the [111] direction
can be an impediment to the formation of polar textures (Shi
et al., 2022). In this regard, elimination of the octahedral tilts
by alloying (with BaTiO; or PbTiO;) would be of interest.

Novel coupling between tilting of oxygen octahedra and
electrical vortices were found by Sichuga et al. (2010) in
BiFeO; stress-free dots under open-circuit boundary condi-
tions. This coupling was predicted to give rise to several new
chiral patterns for the tilting of oxygen octahedra, with these
patterns requiring other original order parameters to character-
ize them, including one that can be considered a generalization
of the toroidal moment but for oxygen octahedral tiltings. The
possibility of novel devices (such as four-state memories)
based on the reversals of the latter toroidal moment as well as
of the coexisting electric toroidal moment was also suggested.

Density-functional-theory calculations were also carried
out on epitaxial BiFeO; films, but ones that were grown
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along the usual [1 TO] direction (Cruz et al., 2007; Prosandeev,
Kornev, and Bellaiche, 2011). These calculations predicted a
noncollinear phase that coexists with interpenetrated arrays of
ferroelectric vortices and antivortices. Such a phase is an
example of a gyrotropic structure that possesses a spontaneous
optical activity similar to the chiral vortices and skyrmions in
the PbTiO;/S1TiO; system. However, there have been few
experimental studies in this area, and this should be a focus in
the immediate future.

4. Skyrmion and vortex order: How does one obtain a perfectly
ordered skyrmion or vortex crystal?

Although skyrmions and vortices comprise individual unit
cells, there is a hierarchy of length scales involved in the
formation of such topological ensembles. For example, in the
vortex lattice shown in Fig. 42, the vortices form a quasi-
periodic 2D lattice in which the long-range periodicity is
broken up by “vortex” dislocation dipoles, which are indicated
as red circles in the right panel of Fig. 42. The second type of
defect in the vortex lattice, indicated as yellow arrows in
Fig. 42, can be thought of as antiphase boundaries. Recent
work has also characterized them as chiral boundaries across
which the handedness changes sign (Behera et al., 2022).
Geometric frustration stemming from polar chiral boundaries
was previously shown to induce checkerboard lattices of
vortices and antivortices in ferroelectric nanocomposites
(Nahas, Prokhorenko, and Bellaiche, 2016). The vortex arrays
shown in Fig. 42 can be thought of as part of a spectrum of
patterns that emerge in constrained systems (Radzihovsky and
Toner, 1999; Loudet, Poulin, and Barois, 2001; Tadapatri,
Krishnamurthy, and Weissflog, 2012; Kamien and Mosna,
2016; Kim, Shin et al., 2019) and manifest themselves in a
variety of systems, spanning metals, organic layers, colloidal
crystals, and macroscopic desert sand dunes. Figure 43
captures these at various length scales.

In Fig. 43(a) a classical dislocation in a metallic alloy is
shown, with the spacing between the dislocation dipoles

FIG. 42. A weak beam dark-field-TEM image of a
S1TiO3 /PbTiO5/SrTiO5 trilayer sample showing the formation
of a quasiperiodic array of vortices (progressing from left to
right). The magnified image on the right shows the formation of
arrays of edge dislocation dipoles in the vortex lattice as well as
the existence of antiphase boundaries. From Behera et al., 2022.
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FIG. 43. Topological defects at various length scales. (a) Dis-
location dipole in a metal lattice, indicated as a T and an inverted
T. From Wu et al., 2019. (b) Dislocation dipoles in the vortex
lattice in a SrTiO3/PbTiO;/SrTiO; trilayer structure. From
Behera et al., 2022. (c) Dislocation dipoles in a colloidal array.
From Loudet, Poulin, and Barois, 2001. (d) Dislocation dipoles in
sand dunes. From Bray, 2012. Note the changes in the length
scales of these patterns (from nm to cm), although the patterns are
self-similar.

(indicated as A and B) dictated by the binding energy of the
dislocations (Wu et al., 2019). Figure 43(b) shows a weak
beam dark-field image of the dislocation dipole array in the
vortex lattice where the positive and negative dislocations are
identified by the left and right T. [A higher magnification
image of one dislocation is shown in the inset (Behera et al.,
2022).] An example from colloidal chemistry is shown in
Fig. 43(c) (Loudet, Poulin, and Barois, 2001), while the
coarsest length scale is shown in Fig. 43(d) and corresponds to
dislocation patterns in sand dunes. The change in length scales
is of many orders of magnitude from Fig. 43(a), which is at the
few-angstrom scale, to Fig. 43(d), where the dislocations in
the sand dunes are in the several tens of centimeters scale. The
topological similarity of these patterns points to a framework
that could be common to all of them, with differing energy and
length scales. The considerable volume of literature on this
pattern evolution, starting with the seminal work of Turing
(Turing, 1952; Cross and Greenside, 2009), could provide a
convenient framework for understanding the long-range order
evolution in the vortex and skyrmion arrays.

On a macroscopic scale, the free energy of a system can be
described by the behavior of the order parameter, and phase
transitions arise by a spontaneous symmetry breaking. The
role of the symmetries, fluctuations, and range of the
interactions in eventual phase transitions (including those
of the BKT type) was summarized in Sec. III. In the case of
three-dimensional systems, the presence of these topological
defects can lead to a more complex phase evolution (including
vortex liquids and different varieties of vortex-glass phases as
in high-temperature superconductors), sometimes reminiscent
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of intrinsically 2D phenomena such as the BKT physics
(Nelson, 1988; Blatter et al., 1994; Klein et al., 2001; Vasin,
Ryzhov, and Vinokur, 2018). Numerical simulations have
shown (Nahas et al., 2016) that the dynamics of hedgehogs
and antihedgehogs intricately relates to that of bulk relaxors in
a defect-mediated relaxation mechanism. Just as vortices and
antivortices allow for quasi-long-range order in the two-
dimensional BKT model, hedgehogs and antihedgehogs allow
for local order to emerge within polar nanoregions by
confining the local distortions of the polarization vector field
in 3D relaxors. The residual relaxation rate of defects at low
temperatures hints at a large density of states for topological
excitations at the lowest energies, which is a signature of
frustration and glassiness. Moreover, the spin glass formation
in the three-dimensional XY model with weak quenched
disorder was theoretically traced back to the BKT critical
behavior of the same model in two dimensions (Vasin,
Ryzhov, and Vinokur, 2018). Continuously evolving nature
of such systems could support novel transformation pathways
not accessible in long-range—ordered solids undergoing sym-
metry-breaking transformations. Effective Hamiltonian
approaches can be used to demonstrate the potential for such
BKT-like transitions in ultrathin ferroelectrics. For example,
using scaling, symmetry, and topological arguments, it was
found that a BKT phase sustained by quasicontinuous
symmetry emerges between the ferroelectric and paraelectric
phases in ultrathin BaTiO; under large tensile strains (Nahas
etal., 2017), in single unit-cell-thick SnTe (Xu et al., 2020), or
in PbTiO;/SrTiO; superlattices (Gomez-Ortiz et al., 2022a).
The hierarchical nature of such vortex and skyrmion structures
points to the possibility that BKT-like phase transitions could
be envisioned, not only within the fundamental dipolar lattice
(i.e., at the scale of the unit cell) but also at the several
nanometer scale of the vortex and skyrmion lattice [as
exemplified by Fig. 43(b)].

An aspect that is related to Fig. 43(b) and is just getting
noticed by the scientific community is the question of how to
induce long-range ordering among the skyrmions and vorti-
ces. In both cases some degree of order has been observed, but
the underlying physics that could inhibit or promote the
emergence of long-range order needs to be understood. In the
case of the polar vortices, electron microscopy studies have
revealed the formation of dislocation dipoles within the vortex
lattice, as illustrated in Fig. 42. These pairs of dislocations are
also a key ingredient of the BKT transition (Kosterlitz and
Thouless, 1973; Nelson and Halperin, 1979; Kosterlitz, 2016),
in which the long-range order in the 2D vortex lattice is
inhibited by the formation of topological defects such as
dislocation pairs (or dipoles). The melting of the vortex lattice
with temperature, a concept that has also been recalled in the
explanation of the negative capacitance (Zubko et al., 2016;
Gomez-Ortiz et al., 2022b), can then be thought of as the
unpinning of such dislocation pairs and the movement of the
two components of the dislocation dipole. Given the 2D
nature of both the skyrmion ensemble and the vortex arrays, it
would seem appropriate to understand these effects in the
BKT framework. In a similar vein, the degree of order for the
skyrmion ensemble can be described using a Voronoi-poly-
hedron construction framework (Donoway et al., 2021) that
reveals the interactions among the skyrmions and can be a
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powerful pathway to describe the degree of long-range order
as well as the phase transitions in this “lattice” in the spirit of
the BKT model. Temperature- and strain-driven changes in the
degree of order, akin to the 2D transitions in magnetic or
superconducting vortex arrays, can be envisioned and could
be a fruitful area of future research. It would be valuable to
study the potential for topological protection and phase
transitions in these materials (i.e., both polar-vortex and
polar-skyrmion structures and newly predicted and discovered
phases). To do this, a combination of electrical, synchrotron-
based in situ, field-dependent structural studies and x-ray
photon correlation spectroscopy together with time- and field-
dependent phase-field simulations, first- and second-princi-
ples simulations would be useful. Electrical and synchrotron-
based studies will further enable an understanding of the
evolution of dielectric order (permittivity and loss) and
structure (namely, the correlation length of the emergent polar
structures) with temperature. Electric-field-dependent dielec-
tric studies and x-ray diffraction studies can be used to probe
other aspects of topological protection. Finally, techniques
such as x-ray photocorrelation spectroscopy, which exploits a
coherent x-ray source to measure the dynamics of the physical
phenomena (such as the fluctuations in the vortex or skyrmion
lattice), can be used to probe the temperature- and field-
dependent spatiotemporal fluctuations of the topological
defects. In other words, one can probe the evolution of
the speckle pattern with time and temperature to extract the
temperature evolution of the features responsible for the BKT-
like transition. Temperature- and field-dependent electron
microscopy studies would also provide real-space information
on the dislocation dipoles and their thermal stability. Another
interesting route to follow is related to thermal excitations of
polar skyrmions. For instance, one might wonder whether
polar-skyrmion lattices can melt, resulting in dynamical phases
akin to skyrmion liquids (Huang et al, 2020) or gases.
Prospects of discovering such states are supported by recent
effective Hamiltonian simulations (Prokhorenko et al., 2023)
that reveal thermally activated motion of polar Néel skyrmions
[Fig. 44(a)]. This motion is predicted to occur in depleted
skyrmion lattices (Nahas, Prokhorenko et al., 2020) at the low-
field boundary of the skyrmion lattice-monodomain state
transition line. Ongoing work is now devoted to understanding
the origin and properties of this dynamical skyrmion state.

B. From probing ground states to controlling and manipulating
emergent structures

Manipulating the dipolar textures at various length scales
using external fields and probes (i.e., electric, thermal, and
optical) is a rapidly emerging field of condensed-matter
physics. Efforts are focused on the microscopic manipulation
of skyrmions using electron beams or an AFM tip, the
manipulation of emergent chirality over length scales of 50—
100 nm, and applied efforts to study pathways to create
microwave elements that can be tuned with an electric field
over the frequency range from a few megahertz to over
100 GHz are all likely to throw new light on the underlying
physics of these topological structures. Needless to say, under-
standing pathways to do this in a deterministic way in both
spatial and temporal domains would be of immense interest.
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FIG. 44. (a) Two instances of the depleted Néel skyrmion lattice
evolution at room temperature obtained from effective Hamil-
tonian molecular dynamics. Dark (bright) contrast correspond to
positive (negative) out-of-plane polarization. The solid blue
circles indicate a typical region where thermal skyrmion
motion is observed. (b) Schematic illustration of the PFM tip-
induced skyrmion “teleportation” in PZT-based heterostructures
(Prokhorenko et al., 2023). Application of a local electric field
abruptly transports a nearby Néel skyrmion to the position
beneath the PFM tip.

1. Probing and manipulating skyrmion dynamics with local fields

Probing skyrmion stability and dynamics in order to
establish the limits of the mobility of polar skyrmions, and
whether they can be manipulated with low energies (or
voltages), can be carried out using a variety of approaches.
In particular, we envision electric-field manipulation of the
skyrmions to have two major aspects: (i) to be able to move
the skyrmions with in-plane electric-field gradients and (ii) to
change the diameter or local structure of the skyrmions with
out-of-plane electric fields, ultimately leading to a possible
topological-phase transition (Das ef al., 2021; Zhu et al.,
2022). Note that these dipolar textures have two advantages
over their magnetic counterparts. First, their innately small
size (the dipolar textures have dimensions of 5-10 nm) is
smaller than their magnetic analogs. Second, the dipolar
textures are stable and remain small laterally at room temper-
ature. These features make them of great interest for a range of
practical applications. Beyond this, the fundamental aspects of
field-driven phase transitions are of broad interest to the
condensed-matter-physics community, and thus it would be of
interest to develop methodologies to accomplish this control
(both computationally and experimentally) to produce a phase
diagram of dipolar texture evolution with field, temperature,
stress, and light excitation. To do this, techniques that provide
complementary real- and reciprocal-space “pictures” of how
these features evolve under applied stimuli need to be
developed, which can be directly compared to field-driven
simulations (from both first and second principles and the
phase field). For example, to probe individual skyrmions at
atomic resolution while under the influence of in situ electric
fields, one can apply 4D STEM to measure polarization,
electric fields, and strain in real time over length scales
ranging from angstroms to micrometers, yet retaining sub-
picometer precision [Figs. 37(d)-37(f)].
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FIG. 45. Moving ferroelectric topological textures with an
electron beam. Scanning a subnanometer electron beam across
an array of labyrinthine and bubble-shaped textures in a free-
standing SrTiO3/PbTiO;/SrTiO; membrane enables the move-
ment of portions of the texture. (a)—(d) Sequence of ADF-STEM
images obtained over a period of 120 s showing the creation and
annihilation of convex (lower blue circles) and concave discli-
nations (upper red circles) in the ferroelectric texture. The lower
blue and upper red dots denote merons and antimerons with
topological charges of +1/2 and —1/2, respectively. (e)—(h) Elec-
tric-field gradient control of polar merons and antimerons, a
sequence of images in which the two-dimensional rastering of the
electron beam moves the meron cluster. (i) Sum of differences
between adjacent frames showing the trajectory of features
tracking with the electron-beam parking positions. Adapted from
Shao et al., 2021.

For larger fields of view, ensembles of skyrmions can be
probed using both ultrahigh-vacuum scanning-probe-based
studies and in situ synchrotron-based diffraction studies. The
latter leverages both the extensive hard-x-ray scattering work
on similar structures and pioneering work on in situ and
in operando ac-field-driven studies on ferroelectric materials
(Shao et al., 2023). These techniques can be complemented
with laboratory-based, indirect modes of characterization,
including studies of dielectric responses (e.g., permittivity)
that will expand the resources and types of measurements
available for probing these effects. Knowing how to move
such skyrmions and control this motion could be of significant
technological importance. For example, can a local tip or
electron beam, generating an inhomogeneous electric field,
activate such motion?

Recent simulations (Prokhorenko et al., 2023) support this
idea by predicting the possibility of continuously displacing
Néel skyrmions using a PFM tip. The applied field magnitude
triggering such motion is predicted to be several times
lower than the coercive field, thus consolidating the promise
of employing polar skyrmions in low-energy electronics.
Furthermore, the same work (Prokhorenko et al., 2023)
demonstrated a fundamentally new functional phenomenon.
Under certain conditions, a PFM tip was shown not only to
write (Zhang et al., 2019) but also to simultaneously anni-
hilate another skyrmion in a nearby region [Fig. 44(b)].

Furthermore, preliminary experiments (Fig. 45) point to
some interesting possibilities in which polar textures can be
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manipulated by a localized electron beam. The coupling
strength should scale inversely with beam energy, so a low-
energy ballistic electron current from a localized point contact
should be even more effective. Since skyrmions are neutral,
there needs to be a field gradient from the tip across the
skyrmion. What is the shape of such an electric-field gradient
and what is the preferred distance from such a tip (with respect
to the skyrmions) that are the most effective at controlling the
motion? How do such parameters affect the speed of the
skyrmion motion? Can skyrmions be created and deleted
using a mechanical probe or an electron beam? In a similar
sense, geometric confinement of these dipolar textures in
submicron dimension test structures can also give rise to
ordering and novel jamminglike transitions. One might be
able to manipulate and drive these features in a manner akin to
what has been accomplished with magnetic skyrmions.

Having developed routes to order and control the growth of
these features, a second challenge would be to create such
skyrmions in test structures that are constrained to submicron
dimensions in plane so that we can explore their stimuli-
driven response. To accomplish this, standard lithographic
approaches (i.e., conventional optical lithography) and
e-beam lithography will be valuable; He-ion microscope-
based lithography and/or focused-ion-beam patterning could
further expand this. In all cases, features of varying geometries
(i.e., stripes or rectangles, circles or ellipses, etc.) and varying
aspect ratios should be created to explore how the lateral
boundary conditions affect both the formation and the order-
ing of the polar-skyrmion structures.

The final aspect should be to push the boundaries of
measurement frequency in analyzing these materials.
Measurements in the microwave, tertahertz, and higher
frequencies have direct implications for a range of applica-
tions. The collective dynamics of topological structures such
as vortices and skyrmions are also fundamentally of interest as
they may unlock a new understanding of many-body inter-
actions where long-range couplings beyond nearest neighbors
are crucial. In conventional ferroelectrics, the collective
dynamics of soft modes that exhibit a reduction of the mode
frequency to zero at a critical point is important to under-
standing the thermodynamics of phase transitions. Such soft
modes have recently been shown to be essential to access
hidden ferroelectricity far from equilibrium and to the con-
densation of metastable polar phases (Li et al., 2021). Whether
topological structures host new soft modes and how they
behave on ultrafast timescales, however, are unanswered
questions for elucidating the fundamental physics and explor-
ing the novel properties in these emergent nanostructures. For
example, the study of dynamics of magnetic vortices and
skyrmions not only deepens the understanding of many-body
physics but also has driven applications in data processing and
storage. This said, little is known about the dynamics of such
complex extended polar textures, which in turn underlies their
functionalities. Terahertz-field excitation and femtosecond
x-ray diffraction measurements would be invaluable for
observing ultrafast collective polarization dynamics that are
unique to polar vortices and skyrmions, with orders-of-
magnitude-higher frequencies and smaller lateral size than
their magnetic counterparts. These studies should enable us to
probe soft modes that may be specific to the vortex or
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skyrmion state, and their time dynamics on picosecond
timescales. Studying the frequency of these specific soft
modes can enable us to look for signatures of the condensation
of these mode dynamics close to a structural or topological-
phase transition. The discovery of collective dynamics in these
dipolar textures (Li ef al., 2021) can provide opportunities for
applications of electric-field-driven data processing with
ultrahigh speed and density. An interesting new avenue
may be to create electric topological defects by sending
terahertz laser pulses to activate a high-frequency mode that
then couple with modes responsible for the formation of such
defects (Chen, Paillard et al., 2022; Chen et al., 2023; Gao
et al., 2023).

2. Manipulation of chirality with electric field and optics

With the discovery of chiral polar vortices and skyrmions,
new studies are warranted to understand if and how we can
deterministically manipulate their handedness. We shall need
to explore the ability of electric fields, the electrode doping
type (hole versus electron as majority carriers), the surface
termination, and the valence mismatch across the interface to
achieve this control (Baker and Bowler, 2020). The coupling
of the chirality to the electric field, ultrafast-optical excita-
tions, and stress or strain need to be understood as well. These
studies will require careful scanning force microscopy experi-
ments coupled with SHG CD to investigate the possibility to
locally switch chirality with an electric field, as well as larger
scale measurements such as electric-field-dependent x-ray
diffraction, to monitor field-dependent changes to the polar
vortices and skyrmions (and other related textures). Two
critical questions relate to the limits of the scaling of the
chiral behavior as well as the time dynamics of the switching
and/or the lateral movement of such skyrmions.

3. Manipulating capacitive and resonant states

Building on the discovery of negative permittivity in
(PbTiO3),,/(SrTiO3), vortices (Yadav et al., 2019) and sky-
rmions (Das et al., 2021), it should now be possible to directly
measure trapped “negative permittivity” states at the core of
the vortices or the periphery of the skyrmions, which leads to
an order-of-magnitude enhancement in the effective permit-
tivity. Application of an electric field drives the topological
phases into a uniform polar state in a reversible way with an
accompanying large tunability [Fig. 46(a)], a relevant property
for tunable phased-array radar and related applications of
highly tunable dielectrics. Broadband manipulation of neg-
ative capacitance in films and membranes containing arrays of
polar vortices or skyrmions would be of both fundamental and
practical interest. Preliminary results for the frequency
dependence of the dielectric constant up to gigahertz frequen-
cies are available [Figs. 46(b)-46(d)]. Microwave device
engineers are particularly interested in novel materials with
the potential for application in a range of sensor; electronic
warfare; quantum information sciences; position, navigation,
and timing; and energy and power systems. Therefore, of
particular interest is the development of materials with
potentially highly tunable microwave and radio frequency
properties, and high-frequency measurements (up to at least
100 GHz, and perhaps even higher) should be carried out as a
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FIG. 46. (a) Dielectric permittivity as a function of electric field

(applied voltage divided by the thickness of the sample) for
SiTiO;/PbTiO;  superlattices with  different periodicities.
(b) Measured capacitance of coplanar wave guide (CPW) trans-
mission lines on the superlattice (upper orange line) and the
SrTiO; substrate (black middle line). Finite-element simulations
and the measurements of the bare SrTiO; substrate are used to
analyze and isolate the portion of the total capacitance that is
related to the permittivity of the superlattice (bottom blue line).
(c) The real part of the in-plane dielectric permittivity (left-hand y
axis) and the loss tangent (right-hand y axis) are determined from
the capacitance and conductance measurements via a mapping
function obtained from 2D finite-element modeling of the CPW
structures. (d) Cole-Cole model of the in-plane complex permit-
tivity of the superlattice from 100 MHz to 10 GHz. From
Das et al., 2021.

function of electric field. Besides, such polar textures are
likely to display exotic and/or high susceptibility to stimuli
such as stress, fields, temperature, and light. Therefore, the
knowledge of how to manipulate and control these materials
for deterministic response will be essential.

Returning to the manipulation of the energy landscapes,
what sets the limits on the electric-field manipulation of the
topological state or how tunable this state is? This has obvious
implications for practical applications of the large, electrically
controllable net dielectric permittivity that is observed.

4. Neuromorphic computing

The systems that are at the heart of neuromorphic archi-
tectures and computing are the so-called memristors (which
are solid-state synapses), as Torrejon et al. (2017) and Romera
et al. (2018) described. Their structural state, and thus
electrical conductance, can be tuned by the application of
pulses of electric field or voltage; see Boyn ef al. (2017) and
references therein. Memristors are thus currently experiencing
substantial interest. However, thus far their typical frequencies
have been below the gigahertz level. Having terahertz
frequencies as characteristic for neuromorphic computing
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would lead to a revolution in artificial intelligence since it
would result in highly desired ultrafast processing data and
lower energy consumption (Grollier et al., 2020). The
presently unanswered following question is therefore of
tremendous importance: As analogous to a recent prediction
in a relaxor ferroelectric possessing strongly inhomogeneous
electric dipoles that can easily evolve under terahertz
external stimuli (Prosandeev ef al., 2021), can oxide nano-
structures having striking configurations, such as those
forming vortices or skyrmions of electric dipoles, also
exhibit the three key properties of neuromorphic materials
(namely, action potentials, integration, and multiple tunable
nonvolatile states) when subject to electric pulses of terahertz
frequencies? In other words, can we design terahertz neuro-
morphic computing based on electric topological defects?
This is an interesting avenue that can be pursued in the
coming years (Prosandeev et al., 2022, 2023).

C. Coupling topological patterns with spin: Toward multiferroic
skyrmions

The success of the PbTiO; system in enabling a demon-
stration of vortices and skyrmions points to a possible
adaptation of the confinement approach to create spin-
charge-coupled textures, such as those leading to multiferroic
skyrmions. Now that we have a reasonably rigorous theo-
retical and experimental synthesis framework coupled with a
variety of probes of such polar textures, the next immediate
challenge and opportunity is to be able to discover more
examples of topological phases in other systems. Given the
significant interest in multiferroics, it would indeed be
interesting to be able to create such textures in a multiferroic
such as BiFeO;, by which one could induce a spin texture
through the dipolar texture. Work is currently ongoing to
look for topological phases in BiFeO3; (Mundy ef al., 2022).
It is noteworthy that, unlike the PbTiO; system, BiFeO; has
a pronounced octahedral tilt, which is somewhat of an
impediment to the formation of polar textures (Sichuga
and Bellaiche, 2011). Indeed, in the case of BiFeOs, the fact
that several crystallographically distinct phases can coexist
within close proximity in the energy landscape means that
imposing electrostatic and elastic boundary conditions
invariably leads to a shift of the phase equilibrium rather
than a formation of polar textures. An example of this is the
stabilization of an antipolar phase that coexists with the
polar R3c phase in this system (Mundy efr al., 2022).
The power of heteroepitaxy through MBE, laser MBE,
atomic-layer deposition, and PVD techniques, combined
with the large number of crystal phases in complex oxides
along with the wide spectrum of physical phenomena, makes
for an interesting combination that could be the framework
for the discovery of a large number of such topological
phases, with a pathway to coupling the spin and charge
textures. Ideally one would start with a multiferroic crystal
such as BiFeO; and impose the same set of boundary
conditions, as in the case of the PbTiO;/SrTiO; super-
lattices, i.e., electrostatic and elastic boundary conditions to
manipulate the polar state. Studies to date have shown that
when such boundary conditions are imposed on BiFeO3, it
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begins to transform into one of these phases, specifically the
antipolar, orthorhombic structure, which then coexists with
the polar R3c structure (or a distorted version of the polar
phase) as a nanoscale ensemble that can be interconverted
between each phase with an electric field (Zeches et al.,
2009; He et al., 2011; Caretta et al., 2023). Thus, there is an
opportunity to create coupled polar and spin textures if
the issue of octahedral tilt is resolved. One pathway to do
this would be to create solid solutions of BiFeO; with,
for example, PbTiO; (Narayan er al., 2018). A related
pathway would be to interface antiferromagnets, such as
the real-space orthoferrites to explore pathways to couple
magnons in the antiferromagnet with the skyrmions in the
PbTiO;/SrTiO; superlattices. Indeed, it would be interest-
ing to explore the replacement of SrTiO; with an insulating
antiferromagnet that is still lattice matched to PbTiOs,
thus providing a pathway to directly interface the polar
textures in PbTiO; with magnetism in the ferrite. Another
phenomenon was predicted by Ren and Bellaiche (2011):
applying curled electric fields on BiFeO5; nanodots, resulting
in the control of the magnitude and direction of the
magnetization due to the field-induced transformation and
switching of electrical vortices, which is called the magneto-
toroidic effect.

1. Inserting single spins into skyrmions and vortices

The formation of curling polar textures interfaced with the
crystal chemistry of the fundamental perovskite building
block can provide a new direction to embed isolated ions
with spins in the polar-vortex and skyrmion textures in order
to manipulate the spin-orbit coupling within the embedded
ion, as schematically illustrated in Fig. 47. There was
substantial prior work on the role of ionic defects in polar
perovskites [such as Fe’T in PbTiO; or BaTiO; (Miiller and
Berlinger, 1986; Laguta et al., 1996; Liu et al., 2021)] in
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FIG. 47. (a) EPR spectrum from the [Fe*® — PbTiOs]. (b) Left
image: schematic of the Fe™3-doped PbTiO; [Fe™ — PbTiO;] in
the tetragonal perovskite structure, with the green up arrow
indicating the polarization direction and the horizontal blue sheet
the easy plane of the spins in Fe™3. Right image: graphic showing
that the easy plane of the spins rotates as the polarization direction
is rotated by 90°. (c) Schematic indicating what happens to the
crystal-field splitting and spin-orbit coupling when an impurity is
placed within a polar vortex (or skyrmion).

025001-54



Javier Junquera er al.: Topological phases in polar oxide nanostructures

impacting the functional properties (ferroelectric or piezo-
electric). However, the spin structure of the ionic defect that is
embedded in such a polar environment had not been examined
until recently (Liu ez al., 2021; Das et al., 2022). Vortex and
skyrmion structures with small (less than 1%) dopant concen-
trations, with a focus on Fe3* (the high spin d@° state) and Ir*+
(the low spin d° state) into the Ti** site of the perovskite lattice
or trivalent rare-earth ions into the A site could be fruitful
directions of research. The first question to resolve would be
whether the vortex and skyrmion structures are stable after the
inclusion of these ionic defects. If this is successfully demon-
strated, the spin structure could be studied using a combination
of electron paramagnetic resonance (EPR) and STEM imaging
or energy loss spectroscopy. High spin—low spin transitions
(and thus magnetoelectric coupling) in both these ions as they
are placed in a vortex or a skyrmion with curling dipoles would
be interesting potential avenues of research.

2. High-frequency responses of coupled spin-charge textures

Topology combined with multiferroicity is a promising
route toward the design of new phenomena. We now take a
specific example arising from recent preliminary results to
demonstrate the possibility that coupled spin-charge topo-
logical patterns in multiferroic systems could induce novel
phenomena of fundamental and technological importance. In
the last 15 years or so, the cross-coupling between magnetic
and ferroelectric ordering in multiferroic materials known as
the magnetoelectric effect has attracted significant attention
since it can pave the way toward the development of novel
sensors, actuators, and low-power logic-in-memory devices
(Manipatruni et al., 2019). In recent work (Sayedaghaee et al.,
2019; Sayedaghaee et al., 2020), molecular dynamics atom-
istic simulations have revealed that new quasiparticles can not
only be created in monodomains of multiferroics but also
generate a resonance (and thus a large increase) in the
magnetoelectric coefficients. Similar effects have been
observed for mesostructured domain configurations, which
enable microwave resonances that cannot be readily accom-
plished in other ways. These new quasiparticles consist of a
mixing between optical and acoustic phonons with magnons
and are thus named electroacoustic magnons. Their resonant
frequencies were found to be on the order of 100 and 300 GHz
in bulk BiFeO;. One may now wonder whether other
quasiparticles can be found when specific electric topological
defects, namely, vortices and skyrmions, form in a multi-
ferroic (associated with quasiparticles called phasons that can
technically couple with magnons). In such a case, one will
then be able to create a new quasiparticle (phaso-magnons or,
equivalently, localized electromagnons) that has the possibil-
ity of inducing a large magnetoelectric response via reso-
nance. Recent atomistic simulations in the BiFeO; system
with 109° ferroelectric domain walls reveal interesting
spectroscopic features (Sayedaghaee et al., 2019, 2020).
Moreover, applying electric fields should alter the polar
textures and thus affect the real-space position of these
phaso-magnons and their natural frequencies, consequently
allowing for a spatial and frequency control of large mag-
netoelectric responses. Applications of these polar textures
can be classified into two sections: (i) those that build upon

Rev. Mod. Phys., Vol. 95, No. 2, April-June 2023

known applications of ferroelectrics and dielectrics and
(i1) those that uniquely utilize the emergent phenomena in
such topological structures. In the first category, the large
electric-field tunability of polar vortices and skyrmions in the
microwave regime (perhaps upto a few hundred gigahertz)
should be of interest for tunable, phased-array radar, filters,
and resonators, particularly in 5G and 6G communications.

3. Superlattices based on other crystal structures

While a significant portion of our discussion thus far has
been based on the perovskite family of ferroelectrics, complex
oxides present a much larger palette of crystal structures and
physical phenomena. For example, PbFe;,Oq is a purported
multiferroic with both strong ferroelectric order (its sponta-
neous polarization is 100 pC/cm?) (Tan and Li, 2015) and
spontaneous magnetization (Pullar, 2012) oriented along its ¢
axis. Like StTiO;, BaFe;,0;9 is an incipient ferroelectric
(Mikheykin et al., 2014; Wang and Xiang, 2014; Cao et al.,
2015; Rowley et al., 2016). In contrast to PbTiO5 and SrTiOs,
however, these hexaferrites are also robustly ferrimagnetic
at room temperature, with spontaneous magnetizations of
18.6pug and 20up per formula unit for PbFe;,O;9 and
BaFe,09, respectively. This combination of ferroelectricity
and ferrimagnetism and the possibility of inducing complex
and coupled topological states involving both spin and charge
make this system enticing. This superlattice combination has
never been investigated due to the complexity of the crystal
structures (magnetoplumbites) and the lack of isostructural
substrates. Nonetheless, PbFe ;0,9 and BaFe ;09 are iso-
structural and lattice matched to each other within 0.3%,
suggesting that high-quality superlattices should be possible
on an appropriate substrate. In thin-film form, epitaxial
hexaferrite heterostructures have not been studied nearly as
much as epitaxial perovskite heterostructures. The previously
mentioned properties, all measured on bulk samples, under-
line the opportunity to engineer hexaferrites with atomic-layer
control, as has become commonplace for perovskites. These
are complex crystal structures and taming and controlling
them to be able to create multiferroic skyrmions and related
topologies is challenging territory. To master these materials, a
powerful combination of theory, synthesis, and characteriza-
tion will be required. For example, on the synthesis side there
are likely to be composition control and interface abruptness
issues. The layers may suffer electrical leakage issues similar
to what limited BiFeOj; in bulk form, where the true properties
of BiFeO; were not appreciated until the first high-quality and
low leakage films were made (Wang et al., 2003). The
electrical leakage of bulk PbFe;,0,¢ has similarly obfuscated
whether or not it is ferroelectric (Rowley et al., 2016) (and
thus multiferroic, since its ferrimagnetism is evident). Detailed
physical property studies will be needed (including transport,
dielectric, pyroelectric, ferroelectric, and magnetic characteri-
zation) to fully understand the nature of the multiorder-
parameter evolution. Such materials and the potentially
unprecedented multiorder-parameter states and coupling can
serve as the foundation for a range of device possibilities.
Specifically, control over the geometric topological order of
polar textures shows promise for low-power sensor and
memory devices that are potentially robust to defects. The
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discrete nature of topological solitons such as skyrmions lends
itself well to a digital world, providing clear binary indicators
(creation or annihilation, right- or left-handed, etc.). In
addition, the inherent tunability and novel properties (such
as negative permittivity and multiferrocity) of the proposed
superlattices may reveal a host of applications that were not
previously thought of for multiferroic materials. The unprec-
edented simultaneous control over electric and magnetic
polarization present in these materials has the potential to
impact a wide array of electronic and spintronic devices.

D. Probing the topological features of skyrmions

1. Photonic topological Hall effects

While the strong interactions of an electron with the
medium that it travels through is being explored through
several types of Hall measurements (most recently the
topological Hall effect arising from the interactions of the
electron with magnetic skyrmions) (Kanazawa et al., 2011;
Schulz et al., 2012; Li et al., 2013; Nagaosa and Tokura, 2013;
Yasuda et al., 2016; Kurumaji et al., 2019; Shao et al., 2019),
the photonic analog of this behavior, called the photonic spin
Hall effect (PSHE), although predicted theoretically (Onoda,
Murakami, and Nagaosa, 2004; Bliokh and Bliokh, 2006), is
just beginning to be studied (Hosten and Kwiat, 2008; Shitrit
etal.,2013; Yin et al.,2013; Wang et al., 2019). Experimental
realization of this effect is challenging for the primary reason
that the photon carries much less momentum than the electron,
making spin-orbit-type interactions also correspondingly
smaller. There have been recent studies of the PSHE in
artificially structured metamaterials that have shown promise
(Yin et al., 2013). The handedness that is present in the polar
vortices and skyrmions could in principle lead to a PSHE and
would be a worthwhile direction to pursue.

2. Phononics: Phonon localization and chiral phonons

An aspect that has not received sufficient attention is the
behavior of phonons in polar superlattices that exhibit vortices
and skyrmions, particularly pathways to localize phonons or
to induce chirality in them. Indeed, looking for phonon
localization signatures was an original aspiration, stimulated
by the observation of a minimum in thermal conductivity in
SrTiO;/CaTiO5 and SrTiO;/BaTiO; superlattices at a spe-
cific superlattice periodicity corresponding approximately to
the dominant phonon main free path, thus prompting the
exploration of (PbTiO;/SrTiOz)-based superlattices to
enhance to “acoustic” contrast (or the elastic compliance
tensor elements) between the layers. In the past decade, there
has been considerable progress in experimentally measuring
thermal conductivity of nanostructures using time-dependent
thermoreflectance or the 3 — @ measurement (Ravichandran
et al., 2014). From the theoretical perspective, the possible
effects of phonon localization on thermal transport have been
studied using the nonequilibrium Green’s function method-
ology or through molecular dynamics simulations. There
appears to be a significant opportunity for some breakthrough
research that brings together the power of computationally
designing both the composition and the structure in these
superlattices such that the phonon behavior is exquisitely
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tuned. These computational results can then be fed back to
atomically precise synthesis approaches that have been dis-
cussed in this review, to attempt to “design” the phonon
behavior. Functionally graded superlattices in which electric
and chemical gradients are introduced through such an
atomically precise synthesis is already trending. Introducing
the elastic (and thereby phonon) elements into this framework
would be a fruitful endeavor. A corollary to looking at phonon
dynamics and localization in such superlattices is to explore
the possibility for chiral phonons. While chirality from the
electron perspective has been well studied, the same is not true
for bosons such as phonons. Indeed, the observation of
circular dichroism in the resonant mode for both the skyrmion
and vortex structures may already be an indication of the
presence of chiral phonons due to the intrinsically strong
coupling between the dipoles and the lattice.

E. From the quantization of the topological indices to the
quantization of the physical properties

In Sec. IILF we analyzed the relationship between the
nontrivial polar textures and the electronic band structure of
insulators once both problems are expressed in a topological
language. In this context, every 2D insulating crystal is
identified by an integer, characterizing the excess numbers
of up-crossing versus down-crossing bands on any vacuum
terminated edge (Vanderbilt, 2018). This number is called
the chirality of the band structure, or the Chern number. The
insulator can belong to a class where this integer is zero (the
normal or “trivial” class) or nonzero (the “nontrivial” classes).
This Chern number is indeed related to a measurable physical
quantity: the anomalous Hall effect (AHE). Indeed, the fact
that the edge channels are intrinsically quantized implies that
the AHE of an insulator is also quantized (Vanderbilt, 2018).

In the case of magnetic skyrmions, it can be proven that the
skyrmion number and the Chern number are equivalent
(G6omez-Ortiz, 2018). The parallelism starts from the fact
that a (2 x 2) Hamiltonian for spins that depends adiabatically
on the magnetic field vector can be defined. The spinors,
eigenstates of the former Hamiltonian, depend adiabatically
on the position that they occupy in real space. After the
computation of the Berry connection, it can be proven how the
associated Berry curvature (whose integral is proportional to
the Chern number) has exactly the same functional form as the
integrand required to compute the skyrmion number (or the
Pontryagin density). Depending on the spin texture, this
skyrmion number might be zero (trivial topology) or nonzero
(nontrivial case). In the latter case, emergent electromagnetic
fields arise whose total magnetic flux amounts to 2zN
(Nagaosa and Tokura, 2013), where N is as defined in
Eq. (2) and whose effect on the conduction electrons induces
the topological Hall effect, experimentally observed.

An interesting question is whether we can walk a similar
path for the electric-dipole-based skyrmions. Skyrmion bub-
bles such as those presented in Sec. III.B.4 display a non-
vanishing skyrmion number that is preserved layer by layer.
But is this skyrmion number related to something like a Chern
number? The polarization is the sum of an electronic con-
tribution (a Berry phase of the electronic band structure) and
an “ionic” contribution associated with the classical motions
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of the charged nuclei when the atoms are moving during the
adiabatic evolution. Is it possible to define the kind of
Hamiltonian discussed for the magnetic counterparts? Are
there emergent electromagnetic fields with quantized electric
fluxes? Is there a physical property that is quantized following
the topological index of the class? If the answer is affirmative, is
this quantity related with optical, dielectric, or lattice dynami-
cal properties (i.e., phonons)? The answer to this question is
extremely important since it would allow the classification of a
given texture in the proper homotopy class without the need of
an accurate visualization of the atomic position or an extraction
of the atomic polar displacements Ppp.

Finally, quantum effects can also meet electric topological
defects. In another study, once again using an effective
Hamiltonian scheme but now within classical but also path-
integral Monte Carlo simulations (Ceperley, 1995; Zhong and
Vanderbilt, 1996; fﬁiguez and Vanderbilt, 2002), the effect of
zero-point quantum vibrations on properties of stress-free
KTaO; nanodots under open-circuit electric boundary con-
ditions was modeled (Prosandeev, Akbarzadeh, and Bellaiche,
2009). It was predicted that these vibrations would suppress
the formation of an electrical vortex, in analogy with the fact
that they annihilate the occurrence of a spontaneous electrical
polarization in the bulk counterpart [hence the name incipi-
ent ferroelectric or quantum paraelectric (Miiller and
Burkard, 1979) given for bulks such as SrTiO; or KTaOs].
In other words, Prosandeev, Akbarzadeh, and Bellaiche
(2009) reported the discovery of a new class of materials,
called incipient ferrotoroidics, for which the paraelectric-to-
ferrotoroidic transition is washed out by quantum effects.
Characteristics of this annihilation, such as the saturation of
the ferrotoroidic susceptibility at low temperature and the
existence of complex local structure exhibiting short-range,
needlelike correlations of individual electric toroidal
moments, were provided. But an experimental study of
the effects that such zero-point vibrations have on electrical
labyrinths, skyrmions, bubbles, stripes, etc., is lacking. It
would be interesting to know whether such quantum effects
destroy the metastable states (for instance,electrical sky-
rmions) by tunneling to the ground state at low temperatures
(for instance, electrical stripes).

VII. CONCLUSIONS

This review has addressed the broad range of fundamental
condensed-matter physics embedded in polar textures and the
dramatic progress that has occurred in the past five to ten years
in this field. While marking the 100 year anniversary of the
discovery of ferroelectricity in the solid state, this review also
points to the fact that the field of ferroelectrics has evolved
dramatically in recent years. The emergent phenomena of the
past decade have laid the foundation for the discoveries in the
years to come. The confluence of powerful computational
approaches, atomically precise syntheses, and a wide spec-
trum of probes of the physical phenomena with unprecedented
energies, lengths, and timescales provides the ideal framework
to study such phenomena. As noted, all is not yet known about
such topological defects and textures. The search for the
unknown should sustain strong interest in the field in the near
future.
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