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Systematic Variation of Friction
of Rods
The mechanical response of a knot tied in elastic rods strongly depends on the frictional
force due to rod–rod contact. The behavior of a knot can be qualitatively different based
on the frictional coefficient of the elastic rod. Systematic variation of friction during rod–
rod contact is a crucial component of any experimental design to uncover the underlying
ingredients behind the mechanics of knots. In this paper, we demonstrate a novel process
of controlling the friction of a continuous rod by adhering non-spherical inorganic
micro-particles. Polymeric binder is used to deliver the particles as asperities over the
rod substrate and by controlling their size and distribution the coefficient of friction of
the rod is determined. In parallel, numerical simulations with the discrete elastic rods algo-
rithm are used to reproduce the experimental observations. Tabletop experiments are per-
formed where overhand knots with a variety of unknotting numbers are pulled tight. The
force–extension curve of these experiments shows that the proposed process can success-
fully tune the friction between rods. [DOI: 10.1115/1.4055544]
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1 Introduction
We use knots in ropes everyday for sailing, fishing, climbing,

surgical procedures, and various industrial applications. The
Ashley Book of Knots contains illustrations on more than 3800 dif-
ferent types of knots [1], each with a different topology. A knot
almost invariably involves frictional contact between rods except
extremely rare cases [2]. In addition to the topology, the mechanical
response of a knot is governed by the frictional coefficient of the
contact [3]. Overall, the mechanics of a knot is a function of its
topology, friction, and material parameters. This leads to a highly
coupled system with fascinating mechanical behavior. Examples
abound in our everyday life. When tying shoelace knots, mistakenly
tying the “granny” knot instead of the “reef” knot can dramatically
decrease its performance, i.e., the knot may get undone at a small
amount of external force. Knots can even serve as a “topological
battery” where a number of tangled rods remain tangled without
any external force or boundary conditions and keep elastic strain
energy stored within it [4].
Due to the rich—and often physically non-intuitive—mechanical

behavior of knots and tangles, researchers have explored their
mechanics using theory [5], simulations [6–10], and experiments
[3,11]. Modeling of friction in theories and simulations usually
relies on heuristic observations, e.g., Coulomb’s law of friction.

Systematic experiments can help uncover the role of various
ingredients—topology, friction, and material stiffness—on the
mechanics of knots. Jawed et al. [3] varied the topology of overhand
knots and explored the force required to pull the knots tight. Patil
et al. [11] used knotted fibers that change their color upon material
deformation and analyzed the mechanics of a few commonly used
knots. To the best of our knowledge, none of these prior works used
the coefficient of friction as a control parameter despite its critical
role in determining the strength of a knot [3]. This paper addresses
the critical challenge of systematically varying the friction coeffi-
cient of rods by welding asperities to the outer surface of otherwise
smooth elastomeric rods.
Various particle delivery techniques are available at different

operating conditions. Vacuum deposition techniques like physical
vapor deposition [12,13], chemical vapor deposition [14,15], or
plasma sputtering [16,17] methods are generally applied for thin
and uniform deposition of metallic layers in low to high vacuum
conditions, which makes them slow, arduous, and expensive at
industrial scale. For example, a nickel–phosphorus (Ni–P) thin-
film through electroless plating is reported a uniform 64 μm thick-
ness with 6 h of operation time [18]. In contrast, solution or sol–gel
coating methods [19] (i.e., dip coating, spin coating, spray coating,
roll coating, blade coating, and Langmuir–Blodgett) can be applied
in atmospheric conditions where the solution evaporates and makes
a dried thin-film [20–22].
Dip coating is a wet deposition method by immersion of the sub-

strate into a solution, mixture, or collide. It is an effective and
straightforward way of thin-film/layers formation of pure liquid or
hydrolyzable metal compounds or readily formed particles. It is

1Corresponding authors.
Contributed by the Applied Mechanics Division of ASME for publication in the

JOURNAL OF APPLIED MECHANICS. Manuscript received June 2, 2022; final manuscript
received August 30, 2022; published online September 27, 2022. Assoc. Editor:
Yong Zhu.

Journal of Applied Mechanics NOVEMBER 2022, Vol. 89 / 111007-1Copyright © 2022 by ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/89/11/111007/6922268/jam
_89_11_111007.pdf by U

C
LA Library user on 16 June 2023

mailto:md.khalil@maine.edu
mailto:tltl960308@ucla.edu
mailto:gjwang@g.ucla.edu
mailto:khalidjm@seas.ucla.edu
mailto:bashir.khoda@maine.edu
https://crossmark.crossref.org/dialog/?doi=10.1115/1.4055544&domain=pdf&date_stamp=2022-09-27


extensively used as a coating method due to its simplicity, low cost,
and reasonable control over the thickness. The mixtures are often
embedded with inorganic fillers, nanoparticles, or clusters (d<
30 nm) that produce thin-film impregnated particles ranging from
nanometer to couple microns. Such coat of pure-polymer or impreg-
nated nanoparticles acts as lubricant [23] and creates abrasion-
resistance coating for many applications including orthodontic
wires [24], guidewires for angiography and interventional proce-
dures, self-lubricated coronaresistant electrical wire [25], anti-icing
surface [26], super hydrophilic or olio-phobic surface, etc.
In previous studies, four parameters (coating-to-substrate hard-

ness relationship, thickness of the coating, surface roughness, and
size and hardness of debris in the contact) have been mentioned
that control the friction in the tribological contact process [27]. Par-
ticles are transferred in the interface of the substrate while with-
drawing from the suspension [28,29]. The efficiency of particle
transfer is dictated by the competition between the capillary force
and viscous drag force during the withdrawal of the substrate
[30]. The thickness of the material transfer over a flat plate can be
determined by the famous Landau–Levich–Derjaguin (LLD) equa-
tion [31,32] which is h= 0.94 Lc Ca

2/3. Here, Lc =
������
γ/ρg

√
is the

capillary length and Ca= ηU/γ is the capillary number; γ and η
are the surface tension and the viscosity of the suspension, U is
the withdrawal speed of the substrate, and g is the acceleration
with respect to gravity. The modified LLD equation for the cylindri-
cal substrate is expressed as h= 1.34 r Ca2/3 which is used to
predict the material transfer over the wires and fibers [33]. This
film formation technique over the substrate is widely used in
various industrial applications such as modification of cutting
tools [34], corrosion protective layer [35], biosensors [36], particle
filtration [37,38], and joining of the metal lattice structure produced
with continuous thin rod [39,40].
The aim of this work is to observe the mechanical response of the

knots by the variation of the friction force. The comparison of the
snapshots of the shape of the knots of experiment and simulation
at six different positions are presented in Fig. 1. Non-spherical
irregular edge shaped particles are entrained over the elastic rods
which subject to introduce the asperities. The asperities over the
elastic rods result in increase in friction forces. Thus, the friction
force is controlled by controlling the particle adherence over the
substrate during the coating process. Moreover, the coefficient of
friction is determined by fitting the experimental results with the
simulation results.

2 Problem Statement
The overhand knot tying process with varying friction coeffi-

cients was employed to demonstrate the effectiveness of the simu-
lation framework. Then the computational framework was extended
to investigate the sensitive dependence of the snap-through instabil-
ity on the friction during rod–rod contact.

2.1 Simulations by Discrete Elastic Rods. The computa-
tional framework, based on discrete elastic rods (DERs) [41,42],
recently proposed in Ref. [9] was adopted and extended in this
work for simulating knots with a systematic variation of frictional
contact. DER, as a discrete-differential-geometry-based framework
[43], was first introduced by the computer science community and is
becoming progressively attractive to engineering disciplines for its
high accuracy and low computational cost across various physical
scenarios, i.e., coiling patterns on the moving substrate [44], buck-
ling of rotating flagella [45], grid shells [46], etc.
In DER, as shown in Fig. 2(a), an elastic rod will be discretized

into N+ 1 nodes xi, where i is in the range from 0 to N, and N edges
e i= xi+1− xi. Subscripts are used for quantities associated with
nodes and superscripts for those with edges. Each edge ei is attached
with two orthogonal frames: reference frame [ti, di1, d

i
2] and mate-

rial frame [ti, mi
1, m

i
2]. The reference frame is predefined at initial

time t= 0 s, and the material frame can be obtained based on the
reference frame with a rotation angle θi. 3N+ 3 nodal positions
and N rotation angles can constitute the vector of a 4N+ 3
degrees-of-freedom:

q = x0, θ0, x1, θ1, . . . , xN−1, θN−1, xN
[ ]T

(1)

The equations of motion (EOM) can be constructed by the elastic
energies of the rod, such as stretching, bending, and twisting
energy, as well as external forces, like contact and friction, repre-
sented by the generalized coordinate in Eq. (1). Specifically, the
stretching energy is defined as

Es
i =

∑n−1
i=0

1
2
EA 1 −

‖ei‖
‖�ei‖

( )2

‖�ei‖ (2)

where EA is the stretching stiffness, E is the Young’s modulus, A is
the cross-sectional area, and �ei is the undeformed edge. Hereafter,
all quantities with a bar mean the quantities under undeformed
status. Next, the bending energy is written as

Eb
i =

∑n−1
i=1

1
2

EI

‖�ei‖ 2 tan
ϕi

2
− 2 tan

�ϕi

2

( )2

(3)

where EI is the bending stiffness, I = πr40/4 is the moment of inertia,
r0 is the rod radius, and ϕi is the turning angle which is shown in
Fig. 2(b). After that, the twisting energy is defined as follows:

Et
i =

∑n
i=2

1
2
GJ

‖�ei‖ (τi − �τi)
2 (4)

where GJ is the twisting stiffness, G=E/2(1+ ν) is the shear
modulus, ν is the Poisson’s ratio, J = πr40/2 is the polar second
moment of inertia, τi = θi+1 − θi + Δτref is the discrete twist at

Fig. 1 Comparison of the shape of the knots in both experiment and simulation at six different positions. The uncoated
rod at n=3 is used for the comparison and initially, the end-to-end length is 250 mm for both experiment and simulation.
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node qi, and Δτref is the discrete reference twist. Then the internal
force of the ith node Fint

i is defined in terms of energy as

Fint
i =

∂(Es
i + Eb

i + Et
i )

∂qi
(5)

With that, the EOM for the system is written as

Mq̈ − Fint − Fext = 0 (6)

In the DER algorithm, the implicit Euler method is implemented for
time integration of the EOM, updating the status of q from told to
tnew+Δt. Hereafter, all quantities with the subscript “new” mean
that status is unknown, and quantities associated with the subscript
“old” are known. Then, EOM is formulated as

f (qnew) =
M

Δt
qnew − qold

Δt
− q̇old

( )
− Fint

new − Fext
new = 0 (7)

where Fint
new is defined as

Fint
new =

∂(Es + Eb + Et)new
∂qnew

(8)

In Eq. (7), M is the diagonal mass matrix (size is 4N+ 3 × 4N+
3), F int are the elastic forces, and Fext are the external forces. (˙)
stands for the derivative via time. In the knot tying case, F ext

includes contact forces F c and friction forces F r. The Newton–
Raphson method was used to find the root of f (qnew)= 0 of Eq. 7,
in which the Jacobian of Eq. (7) is defined as

Jij =
mi

Δt2
δij +

∂2(Es + Eb + Et)
∂qi∂qj

− Jcij − Jrij (9)

where mi is the mass of ith node, δij is the Kronecker delta (δij= 1
when i= j, and δij= 0 when i≠ j), Jcij is the Jacobian of contact
forces, and Jrij is the Jacobian of friction forces. The Jacobian of
elastic energies can be obtained with Eqs. (2)–(4). More details of
frictional contact forces F c and F r and their Jacobians J c and J r

can be found in Ref. [9].
In addition to the elastic energies in DER formulation, contact

and friction forces are also critical for simulating overhand knots.
The contact energy and force model in Ref. [9] was adopted in
this study, which is a penalty energy-based method. In this frictional

contact, frictional contact is regarded as a constraint by introducing
penalty energy when solving the EOM.
A contact pair is defined by combining two edges ei and ej, shown

in Fig. 2(c), which is made up of nodes xi, xi+1, xj, and xj+1. There-
fore, a contact pair can be denoted as the following vector concat-
enation, xij := (xi, xi+1, xj, xj+1) (size 12 × 1). The formulation of
the contact energy from Ref. [9] is written as

E(xij) =
log (1 + exp (cek(2h − Δij)))

cek
(10)

where cek is the contact stiffness—a user-defined parameter—
which can determine the magnitude of the contact forces, and h is
the radius of the rod.
The advantages of the above formulation of contact modeling are

(1) the penetration between edges is avoided by introducing artifi-
cial penalty energy as a constraint. (2) Different from the Lumelsky
algorithm [47], where the artificial energy is treated as a piecewise
function, a smooth function is used to approximate the contact
energy. Therefore, contact forces Fc

ij can be obtained via the nega-
tive gradient of the contact energy as Fc

ij = −∇E(xij), and the Jaco-
bian Jcij can be obtained via the negative hessian of the contact
energy through chain rules.
From Coulomb’s friction, magnitude of friction forces is irrele-

vant with the relative velocity between edges ei and ej. When
sliding between two edges happens, the magnitude of friction
force is ‖F fr‖ = μ‖Fn‖, where μ is the friction coefficient and Fn

is the normal force. As mentioned before, the normal forces
between edges ei and ej are Fc

ij = −∇E(xij). Therefore, we can
define the normal contact force which is Fn = Fc

i + Fc
j . The

contact normal can also be calculated simply through
n = Fn/‖Fn‖. The direction of friction F fr is then determined by
tangential component of the relative velocity (v rel)T. For simplicity,
we approximate the relative velocity as the relative velocity
between the middle points of two edges.

vrel = 0.5(vi + vi+1) − 0.5(vj + v j+1)

(vrel)T = vrel − (vrel · n)n

(vÃrel)
T
=

(vrel)T

‖(vrel)T‖

(11)

wherein vi and vj are nodal velocities.
With Eq. (11), we determine the direction of the frictional forces.

In order to simulate the static frictional forces, we introduce a
weight γ∈ [0, 1], which will adjust the magnitude of frictional
forces based on the sliding (tangential components of relative veloc-
ity): when γ is close to 1, the friction formulation will be the sliding
friction; when γ is not close to 1, the sliding between the contacted
segments should be small enough to simulate the static phenomena.
Note that the frictional responses cannot be larger than μ‖Fn‖.

γ =
1

1 + exp (−k(‖(vrel)T‖ − c))

F fr = −γ(vr̂el)Tμ‖Fn‖
F fr
ij = (0.5F fr , 0.5F fr , −0.5F fr , −0.5F fr)

(12)

Note that k and c are hyperparameters that users can adjust. The
definition of c is described before, and c states the limit for the step
transition. During the simulation, we set all k as 50/r0 and c as
0.15r0. Under such parameters, γ will be close to 1 when the mag-
nitude of the relative velocity is larger than 0.205 mm/s. In other
words, when ‖vrel‖ > 0.205mm/s, the dominant friction forces
will be sliding friction. F fr

ij is a 12 × 1 force vector that can be

added to discrete nodes of the rod, and its Jacobian J fr
ij can be cal-

culated with the chain rule as well. More details are available in
Ref. [9].

Fig. 2 Discrete schematic and relevant notations: (a) discrete
schematic of an elastic rod, (b) discrete notations about the ref-
erence frame [ti, di

1, d
i
2], the material frame [ti, mi

1, m
i
2], the twist

angle θi, and the turning angle ϕi, and (c) schematic diagram of
a contact pair including the edge ei and ej
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The pulling force measured in the experiment is treated as an
external force at the boundary in DER simulation to determine
the friction coefficient.

3 Experimental Setup: Materials and Method
This section includes the materials used for the experiments and

the method of the experiments. First, the preparation of the rods and
the coating mixture is discussed. The following sections discuss the
development of coating setup, characterization of the coated rod,
and friction test method.

3.1 Preparation of Rods and Coating Mixture. Natural
rubber rod (weather and abrasion-resistant; color: black; purchased
from McMaster-Carr, USA) is used as the substrate to observe the
variation of friction forces with the variation of particle volume
fraction in the suspension. The temperature range of the rubber
rod is −59 °C to 122 °C and the diameter (d) of the rod used in
all the experiments is 1/16 in. (1.59 mm approximately). The
Young’s modulus (E) of the elastic rod is 1.83 MPa, measured by
the universal testing machine (MTS criterion, USA) and the
tensile strength of the rod is 17.24 MPa (manufacturer provided).
The surface of the rod is fairly smooth and the friction will be intro-
duced by delivering inorganic particle asperities on the surface. For
uniform deposition of the particles on the rod substrate, a liquid
carrier system (LCS) is prepared as the particle-bearing liquid.
The LCS consists of polymethyl methacrylate (MW∼ 15000 g/

mol; Sigma Aldrich, USA) as the binder, which has low density
(∼1.19 g/cm3), ∼41 mN/m surface tension, and is a benign, non-
explosive, and non-flammable material [48]. 1,3-Dioxolane (from
Sigma Aldrich, USA) is used as the solvent, which has 34.3 mN/
m surface tension, 1.06 g/cm3 density, and vapor pressure of
79 mmHg at 20 °C [49]. A magnetic stirrer is used for 8 h to
confirm the complete dissolution of the granular solute in the
liquid solvent, which is also confirmed by XPS (Fig. 3(a)). Iron
metal reduced powder (particles size 45–150 μm, ChemCenter
LLC, CA) is considered to create the asperities on the elastic rod
surface. The solid inorganic particles are added at a premeasured
particle volume fraction (ϕp) in the LCS gradually to create the
dipping mixture as shown in Fig. 3(b).
Adding binder and immiscible particles to a liquid transforms its

rheological properties. The addition of particles will act as obstacles
to the fluid flow which will induce a non-linear dependency under
applied shear (non-Newtonian). At a higher volume fraction, the

mixture may exhibit friction-induced continuous shear thickening
or discontinuous shear thickening [50], causing a stress-induced
solid-like shear jammed state. Similarly, adding binder will increase
the viscosity, which may facilitate the particle adherence, but it may
cause non-uniform particle transfer due to the high viscosity nature
of the mixture. For our experiments, the binder volume fraction is
kept at ϕb = 5%, while the volume fraction of the particles is
varied between ϕp = 1% and 13% so that the mixture perform
way below the effective viscous regime. The non-spherical irregular
edged shape rough surface morphology of the raw particles is
shown in Fig. 4. The particle size selected to alter the friction coef-
ficient is≪1 mm, which will ensure that the other relevant physical
parameters (e.g., cross-sectional radius) are not altered when the
friction is varied.

3.2 Development of Coating Setup. A standardized continu-
ous dip coating protocol has been developed in our laboratory for
depositing particles from a liquid carrier system to the cylindrical
elastic rod substrate. The schematic of the coating setup is depicted
in Fig. 5 which is composed of a dipping jar, guiding rollers, impel-
ler, motor, and the control box for the motor. The dipping jar used in
the experiments is cylindrical in shape, screw top, clear borosilicate
glass with round bottom, and the inner diameter (Di) and height of
the dipping jar (H) are 80 mm and 100 mm, respectively. Two sink
rollers (R1 and R2 in Fig. 5) are used as guides for the elastic rods to
ensure the fixed dwelling time and another turn-up roller (R3) is
used as a guide during the pulling of the coated rod by the motor
M. The diameter of both R1 and R2 is 0.75 mm and the diameter
of R3 is 35 mm. The gap between R1 and R2 (R) is 50 mm. The
clearance between the two guide rollers (R1 and R2) and the impel-
ler is 5 mm. The height of the mixture (Z) is kept at 60 mm, shown
in Fig. 5.
The density of the particles is 7.8 g/cm3 which is much higher

than the LCS used in this experiment. Due to higher density, sedi-
mentation of the particles is observed within a very short time. As a
result, external kinetic energy is required to keep the particles sus-
pended. A straight blade impeller is used in the experiments to
provide kinetic energy to keep the particles suspended. The
length (L) and the width (W) of the impeller are 70 mm and
12.5 mm, respectively, which are shown in Fig. 5. A pressure differ-
ence is created from the rotation of the impeller which helps the par-
ticles to encounter the gravitational force of the particles. The
clearance between the impeller and the bottom of the dipping jar
(C) is 5 mm. The rotational speed of the impeller is kept at just sus-
pending speed of the particles to minimize the vortex in the mixture.

Fig. 3 Preparation of particle mixture: (a) LCS; solution (solute+solvent), (b) added particles in LCS, and (c) pseudo-
suspension of the mixture by stirring
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A Flashcut controller controls the motion of the motor, which is
driven by G-code and pulls the rod. The withdrawal speed of the
rod is kept at 5 mm/s which makes the dwell time of the rod in
the suspension to be about 10 s. The withdrawal speed is controlled
within ±2% precision by using the high-precision bipolar stepper
motor (SANYO) connected to a computer. After the rod is
immersed in the dipping mixture, the evaporating solvent dries
from the surface before it reaches the roller R3, where CR is

2.5 m. The coated rod is then collected and is placed inside an
oven at 80 °C for an hour to ensure uniform drying.

3.3 Characterizing the Coated Rod. The morphology of the
micro-particle-coated elastic rods is investigated after drying. VHX
7000 Digital 4K microscope (KEYENCE Corp., IL) at 400× is used
for the imaging of the particle-coated elastic rods. High resolution

Fig. 4 (a) Shape and morphology of the raw particles. Scale bar is 100 μm for (a) and 50 μm for (b).

Fig. 5 Schematic diagram of the experimental setup for continuous coating of
the elastic rod (not to scale)
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4K images of the dipped rod are taken with the microscope and the
images are analyzed with IMAGEJ software. The surface morphology
of the coated rod is shown in Fig. 6. Surface coverage is measured
as the ratio of the area covered by the particles and the area of the
rod. At least three images from three different regions are selected
and analyzed over the substrate for determining the particle counts
and surface coverage to ensure statistical significance. The variation
of the coverage and particle count is presented in Fig. 7.

3.4 Developing the Friction Test Setup. To measure the fric-
tion, three samples of particle-coated elastic rods of 600 mm length
are prepared and dried. Self-intersection of the rod is achieved by
tying knots as shown in Fig. 8. One end of the coated rod is
mounted to a fixed clamp and the other end is joined with the
hook of the digital push–pull force gauge (20 N). The force
gauge is connected to a computer and the variation of forces at dif-
ferent pulling lengths is recorded at a 10 Hz rate. The motion of
the force gauge is controlled by a controller with high-precision

Fig. 6 Surface morphology of the elastic rod: (a) uncoated; coated with (b) 1% particle, (c) 4%
particle, (d ) 7% particle, and (e) 13% particle. Scale bar is 100 μm.

Fig. 7 Variation of coverage and particle count with particle
volume fractions

111007-6 / Vol. 89, NOVEMBER 2022 Transactions of the ASME

D
ow

nloaded from
 http://asm

edigitalcollection.asm
e.org/appliedm

echanics/article-pdf/89/11/111007/6922268/jam
_89_11_111007.pdf by U

C
LA Library user on 16 June 2023



bipolar stepper motor. The pulling speed of the rod is kept at
200 mm/min for the experiments.
In this present work, the length of self-intersection for the rod is

controlled with knot numbers. Up to four knots are used to observe
the variation of the friction force for the rod coated with different
volume fraction of particles. Tail length (t), braid length (b), and
loop arc length (l) are the defining parameters shown in Fig. 8.
The end to end length is defined as the gap between the fixed
clamp and hook of the force gauge where two ends of the elastic
are mounted. Similar parameters can resemble the higher number
of knots. The total length is taken as 300 mm for one and two
knots, while 600 mm for three and four knots. This is to overcome
the fluctuations of the forces due to the large tail length. Each fric-
tion test is performed three times to demonstrate the statistical sig-
nificance. The parameters of different knots before pulling are listed
in Table 1.

4 Results and Discussion
The experimental and simulation results are presented in this

section. During the experiment, the forces required for pulling the
rods are measured and discussed here. The asperities introduced
by the adhesion of hard particles on the substrate are also discussed.
The variation of forces measured by the push–pull force gauge is
then plotted to compare with the simulation result in this section.
When the thin rod is dipped in the heterogeneous mixture, a thin

polymer film is adsorbed at the solid–liquid interface, creating a
viscous layer. As the rod exits the mixture, a convective flux acts
on particles which is generated from the solvent evaporation and
the capillary rise [28,51]. The upward convective flux increases
with the withdrawal speed, and the viscous drag force starts to dom-
inate the particle adhesion. At a lower volume fraction of binder and
particles, the viscous layer is thinner and the capillary effect in LCS
remains high. The balance between the viscous drag and the capil-
lary action determines the particle entrainment on the rod substrate.
Particle transfer occurs at the three-phase boundary [52] during the
withdrawal stage due to entrainment, when the viscous drag force
becomes larger than the resistive capillary force in liquid molecules.
The liquid film thickness (viscous layer), particle size, and volume
fraction influence the entrainment of particles [37]. The effects of
convective flux acting on the particle-laden mixture vary due to

particle polydispersity, which creates a variation in the viscous
drag force for entrainment. Additionally, the volumetric density
of particles in the entrainment zone can become higher than the
rest of the mixture due to the continuous flux of particles formed
by the convective forces in the heterogeneous mixture [51]. For
this reason, entrained particle coverage can become higher than
the corresponding particle area coverage in the bulk mixture
which can be observed in Fig. 7. For example, with the same
10% volume fraction of particles in the mixture, coverage increases
from 5% to 27%. The adhesion of these particles on the elastic rod
transforms the smooth surface morphology through asperities.
During the pulling of the elastic rods, each strand of the braid is

subjected to two external forces [3]. The forces are traction/pulling
force (acting due to tensile load on the tails) and the friction forces
(due to the self-contact of the rods in the braid). Total elastic energy
of a rod is composed of stretching energy, twisting energy, and
bending energy [9]. The detailed simulation process of the elastic
rod is described in Sec. 2. The pulling force provided by the
push–pull force gauge during the experiment can be used to deter-
mine the friction force and friction coefficient as discussed in Sec. 2.
The pulling force required is dependent on the surface asperities

produced by the transferred particles adhered to the viscous binder
layer, which can be observed in Figs. 9(a) and 9(b) representing the
cross section of the uncoated and coated substrates. The polymer
layer thickness is a function of dimensionless capillary number
which is measured as (5.85± 0.17 μm) using a VHX 7000 Digital
4K microscope (KEYENCE corp., IL) after 8 h from dipping.
During the continuous dipping process described in Sec. 3, particles
are entrained on the viscous layer changing the surface morphology.
We have observed some loss of loosely adhered particles during
pulling, but the number is insignificant compared to the total
number of transferred particles. The oven drying has helped the
uniform adhesion of particles on the substrate and no significant

Fig. 8 Schematic diagram of pulling force measurement setup with different
parameters of knots (not to scale)

Table 1 Pulling parameters for different knots (n=1, 2, 3, 4)

Knot
(n)

Tail length, t
(mm)

Braid length,
b (mm)

Loop arc
length, l (mm)

End to end
length (mm)

1 35 30 170 100
2 25 55 140 100
3 80 95 250 250
4 45 110 290 200

Fig. 9 Cross section of the elastic rod: (a) uncoated and
(b) polymer coated. The polymer film is clearly evident in (b).
Scale bar is 25 μm.
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difference between the three pulling replications has been observed
in our experiment. Increasing the particle volume fraction in the
dipping mixture increases the volumetric density of particles in
the entrainment zone and a systematic variation can be observed
in Fig. 6.
The deposition of the particles on the elastic rod increases with

the increase of the particle volume fraction in the suspension. Uni-
formly distributed particles deposition over the substrate is
observed for lower volume fraction (≤7%) particle. Particles
started to cluster at an increased volume fraction (13%) as shown
in Fig. 6(e). Such aggregates will induce larger asperities, which
can increase the self-intersecting friction during pulling. Surface
coverage follows the similar pattern of increased coverage with
increasing volume fraction as shown in Fig. 7. A total of 4.61 ±
1.15% surface coverage is measured for 1% particle volume frac-
tion while the maximum surface coverage (29.02 ± 1.05%) is
observed with the 13% particle volume fraction in the suspension.
Particle count also follows the similar pattern as the surface cover-
age (i.e., minimum particle count is observed in 1% and maximum
particle count is observed in 13% particle) which is presented in
Fig. 7. The pulling forces recorded by the force gauge confirm
this relationship of increasing friction forces.
The experimental results shown in Fig. 10 represent the increas-

ing trend of pulling forces with increased particle volume frac-
tion and contact area (i.e., knot number). Regularized pull force

(Fr2/EI) is plotted against end to end length (lc), where F is the
pull force, r is the cross-sectional radius of the rod, and EI is the
bending stiffness. For each knot number, the contact area in the
braid represented in the knot geometry (shown in Fig. 8) remains
the same. Due to the thin polymer layer generation after coating,
no significant difference can be assumed between coated and
uncoated contact areas along the length. Furthermore, no infusion
of polymer binder can be observed from the cross section
(Fig. 9), thus the elastic properties of the rod before and after
coating have been assumed unchanged in our simulation. As a
result, the variation in the external pulling force within each knot
can be attributed to the change in contact friction force. The
uncoated rod experienced the lowest friction force at each end to
end length which gradually increases with particle volume fraction.
Three sets of data are collected for each experiment with each knot
and particle volume fraction. The simulation data are generated and
compared with best fitted friction coefficient parameter which is
found as μ = 0.2, 0.5, 0.6, 0.7, and 0.9 for uncoated, 1%, 4%,
7%, and 13%, respectively. The fitting between simulation and
experimental data can be observed in Fig. 11. We observed good
agreement between simulation and experimental results with few
exceptions, which is discussed in the later section.
Comparison of the experimental and the simulation results at dif-

ferent conditions are shown in Fig. 10 which demonstrates the
increase in friction forces with the increase in knot number and

Fig. 10 Experimental and simulation result of pulling force: (a) one knot, (b) two knots, (c) three knots, and (d ) four knots. The
point with the error bar represents the experimental results and the continuous line represents the simulation results.
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particle volume fraction. During pulling, a tensile force will be
applied along the tail length which will propagate through the
braid length. This will create a sliding motion shrinking the loop
length. As a result, static friction followed by dynamic friction
should be observed in our force–displacement plot. The higher
slope at the beginning of the force–displacement curve represents
the static friction; after that, dynamic friction shows gradual
increase in the friction force. This is clearly observed for n> 1 in
both experimental and simulation results. However, for n= 1,
sudden increase of the friction force at the beginning of pulling
(static friction) is not observed due to minimum contact area in
the braid length.
During pulling of the tails, the traction/pulling force is transferred

along the longitudinal direction of the rod. Due to the self-
intersecting topology of the knot, an opposing friction force will
act to counter the traction/pulling force. As the magnitude of the
traction/pulling force increases, the internal energy of the rod
(i.e., stretching, twisting, and bending) increases accordingly,
which is expressed in Eq. (9). The spiral topology of the knots
creates two opposing flows at the braid resulting in a local
moment inside the loop. Additionally, it counters the global
moment caused at the two ends of the tails due to pulling. The
sliding force facilitates the internal moment causing instability in
the loop which is defined as the inversion point [9]. A sudden
drop in pull force can be observed at the inversion point and the
knot comes to the lowest energy state. In experiments, when the
sliding is refrained due to higher friction caused by asperities or
contact area (knot number), the knot starts to behave differently
and stretching energy dominates the pulling behavior. In such sce-
narios, no inversion point can be observed. In another word, inver-
sion or no inversion will depend upon the friction force experienced
at the knot. These phenomena are clearly evident in our experimen-
tal result presented in Fig. 10.
At single knot (n= 1), no inversion point can be observed in both

experiment and simulation results. This is due to minimum self-
contact sliding region which result in minimum friction force.
The force versus displacement curve generated by experiment and
simulation shows good agreement till the end to end length of
250 mm. Afterward, the simulation data overpredict the experimen-
tal results except 13% particle volume fraction. The overprediction
by the simulation can be observed in two knots as well. However,
inversion point has been observed for uncoated (μ= 0.2) and 1%
particle (μ= 0.5) volume fraction. The drop in forces at the inver-
sion point is relatively low compared to the prediction from simula-
tion. For higher friction coefficient (μ = 0.6, 0.7, and 0.9), the
deviation increases including disagreement in inversion point, but
the curve shows similar pattern. It is observed both from the exper-
iment and simulation that the inversion point occurs sooner as the
friction increase. This shows the dependency of the inversion
point with friction coefficient [9].
In case of three and four knots (n = 3 and 4), the experimental

result nicely follows the prediction from simulation. The fits
mostly remain within the one sigma of the error bar till the inversion
points. Inversion point has been observed for uncoated (μ= 0.2) and
1% particle (μ= 0.5) volume fraction. Both the drop in force and the

predicted force match the experiment beyond the inversion point. It
should be noted that no inversion point can be observed for higher
friction coefficient (μ = 0.6, 0.7, and 0.9) due to the complex
nature of the acting force discussed above.
Variation in the shape of the knots, presented in Fig. 11, confirms

the effect of the particle volume fractions on the friction forces. The
snapshot of the knots is taken at six different positions for the
uncoated rod and the coated with 13% particle in the suspension
and is presented in this work. It is clearly evident from Fig. 11
that the shape of the knots at different pulling lengths is controlled
by the friction coefficients of the coated rods that depends on the
particle volume fractions in the suspensions.
The relation between the friction coefficient and the particle

volume fraction is shown in Fig. 12 which shows that the variation
of the coefficient of the friction is directly dictated by the volume
fraction of particles in the suspension. It is observed from Fig. 12
that coated rod with only 1% particle in the suspension changes
the friction coefficient almost 150% (μ= 0.5). Moreover, propor-
tional relationship is observed between the variation of friction
coefficient and particle volume fraction in the suspension. To
compare the fitted simulation, an experiment is designed to
measure the friction coefficient following the capstan equation. A
larger diameter rod (1/4 in.) of the same material is used as the
capstan. Both the capstan and the rod are coated in the same suspen-
sion following the protocol discussed earlier. The rod slides over the
capstan following the weight difference at two ends and the friction
coefficient is calculated [53] which is presented in Fig. 6. The fric-
tion coefficient of the coated rod increases with the increase of the
particle volume fraction in the suspension which is also observed in
the simulation results. A slight variation between capstan and simu-
lation method can be observed at higher particle volume fractions
(7% and 13%). This is due to particle cluster formation at higher

Fig. 12 Variation of friction coefficient with particle volume
fractions

Fig. 11 Change in shape of knots (n=3) rods coated with 1% (top) and 13% (bottom) particle
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particle volume fractions compared to non-clustered particle distrib-
uted at low particle volume fraction (uncoated, 1%, and 4%) coat.
The similar trend between the two methods demonstrates the accu-
racy of our proposed simulation technique. This relationship
between the friction coefficient and particle volume fraction can
help to predict the required particle volume fractions for achieving
desired friction coefficient.

5 Concluding Remarks
This article reports a novel method for the variation of friction

forces of the elastic rods by adhering non-spherical irregular
edged shaped particles. When the particles are transferred, asperities
are introduced over the surface which results in an increase in the
friction forces. The particle transfer increases with the increase in
the particle volume fraction in the suspension. The friction force
increases during the self-contact of the rods due to the increase in
particle transfer. Experimental results demonstrate the variation of
friction forces and friction coefficient with particle volume frac-
tions. Moreover, a systematic variation of experimental value of
the friction force is observed with the particle volume fractions in
the suspension except one case in four knots. The relationship
between the friction coefficient and particle volume fraction in the
suspension shows promising result to manufacture an elastic rod
with specific friction coefficient. The results can be extrapolated
to find the particle volume fraction to obtain an elastic rod with
desired friction coefficient. However, change in particle morphol-
ogy may require to establish a new relationship.
A numerical prediction technique is also proposed and imple-

mented for determining the coefficient of friction which shows
good agreement with the experiment data at lower coefficient of
friction. Some disagreements can be observed with the increase in
asperities due to the effect of the other forces (bending, twisting,
and contact forces; the moment due to these forces) present at
higher contact area (increased knot number) and higher friction
force. Some possible causes of discrepancies in Fig. 11 may also
be attributed to particle clustering, particle poldispersity, irregular
particle shape, local variation in adhered particle distribution, and
change in mechanical properties of the coated rod. Performing the
experiment at a slow speed, with uniform particle morphology,
and gripping the tail to avoid rotation can help minimize the differ-
ence between experiment and simulation results.
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