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Abstract: One of the main difficulties in proving convergence of discrete models of
surface growth to the Kardar–Parisi–Zhang (KPZ) equation in dimensions higher than
one is that the correct way to take a scaling limit, so that the limit is nontrivial, is not
known in a rigorous sense. To understand KPZ growth without being hindered by this
issue, this article introduces a notion of ‘local KPZ behavior’, which roughly means
that the instantaneous growth of the surface at a point decomposes into the sum of a
Laplacian term, a gradient squared term, a noise term that behaves like white noise, and
a remainder term that is negligible compared to the other three terms and their sum. The
main result is that for a general class of surfaces, which contains the model of directed
polymers in a random environment as a special case, local KPZ behavior occurs under
arbitrary scaling limits, in any dimension.

1. Introduction

1.1. The KPZ equation. TheKardar–Parisi–Zhang (KPZ) equationwas introduced in [1]
to model the growth of a generic randomly growing surface. If f (t, x) is the height of a
d-dimensional surface at time t ∈ R≥0 and location x ∈ R

d , theKPZ equation prescribes
that the evolution of f is governed by the equation

∂t f = ν� f +
λ

2
|∇ f |2 + √

Dξ, (1.1)

where ξ is a random field known as space-time white noise, and ν, λ and D are the pa-
rameters of themodel. Formally, space-timewhite noise is a distribution-valued centered
Gaussian random field, with covariance structure

E(ξ(t, x)ξ(t ′, x ′)) = δ(t − t ′)δ(d)(x − x ′),
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where δ and δ(d) are the Dirac delta functions on R and R
d , respectively. (See Sect. 3

for a precise definition of space-time white noise.)
It is difficult to give a rigorous meaning to the KPZ equation, mainly due to the

well-known difficulties in defining products of distributions. This problem now has a
complete solution in dimension one, using a variety of techniques, such as the Cole–
Hopf solution [2], regularity structures [3,4], paracontrolled distributions [5,6], energy
solutions [7–10], and renormalization group [11]. Moreover, many one-dimensional
discrete processes have been shown to have a KPZ scaling limit, as in [12–20]. All of
this is only a small sample of the enormous literature that has grown around rigorous
1D KPZ. For surveys, see [21–23].

There are some recent constructions of distribution-valued solutions of the KPZ
equation in dimensions greater than one [24–32]. These solutions are ‘physically trivial’,
by being equivalent to solutions of a linear stochastic differential equation, called the
stochastic heat equation with additive noise. A ‘nontrivial’ solution of the KPZ equation
in d ≥ 2 has not yet been constructed, although a promising breakthrough has occurred
very recently for the related 2D stochastic heat equation with multiplicative noise, which
is formally the ‘exponential’ of 2D KPZ [33]. A more detailed discussion of all this is
in the forthcoming sections.

A fundamental roadblock in constructing nontrivial solutions of the KPZ equation in
d ≥ 2 is that we do not know how to take scaling limits of approximate solutions to reach
a nontrivial limit. Even in dimension one, there can bemany different scaling limits. See,
for example, [12, Sect. 7] for a discussion of the various ways of taking scaling limits
of 1D directed polymers, only one of which has been made fully rigorous. But in many
1D models, we know at least one way of taking a scaling limit that leads to a nontrivial
solution of the KPZ equation. In higher dimensions, the question becomes less tractable.
Physicists believe that for 2D models, the celebrated ‘Family–Vicsek scaling’ [34] is
the correct one, and leads to a function-valued, rather than distribution-valued, solution
of the 2D KPZ equation. This has been verified in numerical simulations [35–37] for
discrete models, but remains out of the reach of rigorous mathematics. (See the end of
Subsect. 1.4 for a more detailed discussion.)

1.2. Local KPZ growth. The goal of this paper is to take a small step towards under-
standing KPZ in d ≥ 2 without running into the issue of constructing scaling limits,
building on a framework introduced recently in the series of papers [38–40]. (Even in
d = 1, this new framework may be useful in going beyond exactly solvable models; this
will appear in forthcoming work with Arka Adhikari.) Since the ‘correct’ way to scale
is still mysterious, the following workaround is proposed. Consider a general class of
growth models, which contains at least one model of widespread interest. Then show
that, irrespective of how we take a scaling limit, the growth is always locally like the
KPZ equation (1.1), breaking up as the sum of a Laplacian term, a gradient squared term,
a noise term, and a residual term that is negligible compared to the other three terms and
their sum. Surprisingly, this turns out to be doable. The details are as follows.

The first step is to give a precise definition of local KPZ growth. Take any d ≥ 1.
Suppose that we have a collection of random functions { fε}ε>0 from Z≥0 × Z

d into R.
A general ‘rescaling’ of fε is defined as follows. Let α(ε), β(ε) and γ (ε) be positive real
numbers depending on ε, with α(ε) and β(ε) tending to zero as ε → 0. Based on these
coefficients, the rescaled version of fε is the function f (ε) : R>0 ×R

d → R defined as

f (ε)(t, x) := γ (ε) fε(�α(ε)−1t	, �β(ε)−1x	),
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where �u	 denotes the smallest integer greater than or equal to u when u ∈ R, and
denotes the vector (�u1	, . . . , �ud	)when u = (u1, . . . , ud) ∈ R

d . Note that this means
space and time are rescaled so that successive time points are separated by α(ε) and
neighboring points in space are separated by β(ε). The factor γ (ε) is just a multiplicative
factor meant to ensure that the limit of f (ε) as ε → 0 (on some appropriate space of
functions or distributions) does not blow up to infinity or shrink to zero. This is why we
need α(ε) and β(ε) to tend to zero, but there is no restriction on γ (ε).

Let A = {0,±e1, . . . ,±ed} be the set consisting of the origin and its nearest neigh-
bors in Zd . Define the ‘local average’ of f (ε) at a point (t, x) ∈ R>0 × R

d as

f
(ε)

(t, x) := 1

2d + 1

∑

a∈A

f (ε)(t, x + β(ε)a),

the ‘approximate time derivative’ of f (ε) as

∂̃t f (ε)(t, x) := f (ε)(t + α(ε), x) − f (ε)(t, x)

α(ε)
,

the ‘approximate Laplacian’ as

�̃ f (ε)(t, x) := (2d + 1)

(
f
(ε)

(t, x) − f (ε)(t, x)

β(ε)2

)

and the ‘approximate squared gradient’1 as

|∇̃ f (ε)(t, x)|2 := 1

2

∑

a∈A

(
f (ε)(t, x + β(ε)a) − f

(ε)
(t, x)

β(ε)

)2

.

The above definitions are inspired by the fact that if α(ε) → 0, β(ε) → 0, and f (ε)

converges in some strong sense to a smooth function f as ε → 0, then the approximate
time derivative, the approximate Laplacian, and the approximate squared gradient con-
verge to ∂t f , � f and |∇ f |2. Of course, we do not expect f (ε) to converge to a smooth
limit in general.

For the definition of local KPZ behavior below, and for use in the rest of the paper,
recall the meanings of the oP and OP notations. If {Xε}ε>0 and {Yε}ε>0 are collections
of random variables (which are allowed to be constants), we say that Xε = oP (Yε) if
for any δ > 0,

lim
ε→0

P(|Xε| > δ|Yε|) = 0.

In otherwords, Xε/Yε → 0 in probability as ε → 0. Similarly,we say that Xε = OP (Yε)

if

lim
K→∞ lim sup

ε→0
P(|Xε| > K |Yε|) = 0.

In other words, {Xε/Yε}ε>0 is a tight family of random variables.

1 In the definition of the approximate squared gradient, one may object that it is more natural to have

f (ε)(t, x) instead of f
(ε)

(t, x) as the term to be subtracted off. The reason behind choosing f
(ε)

(t, x) is that
if we use f (ε)(t, x) instead, then we will end up with an extra (� f )2 term in the limiting equation, which is
not present in the KPZ equation. The situation has some similarity with the definition of stochastic integral,
where slightly different definitions give rise to two completely different equations (Itô and Stratonovich).
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Definition 1.1 (Local KPZ behavior). Let all notation be as above. We will say that f (ε)

has ‘local KPZ behavior’ as ε → 0 if for some strictly positive ν(ε), λ(ε), and D(ε),
which can vary arbitrarily with ε, some collection of ‘noise fields’ ξ (ε) : R>0×R

d → R,
and some collection of ‘remainder fields’ R(ε) : R>0 × R

d → R, we have that for any
(t, x) ∈ R>0 × R

d ,

∂̃t f (ε)(t, x) = ν(ε)�̃ f (ε)(t, x) +
λ(ε)

2
|∇̃ f (ε)(t, x)|2

+
√

D(ε)ξ (ε)(t, x) + R(ε)(t, x),

such that the following conditions hold:

(1) The noise field ξ (ε) converges in law to white noise onR>0 ×R
d as ε → 0 (see Sect.

3 for the definition of this convergence).
(2) The remainder term R(ε)(t, x) is oP of the first three terms on the right and their sum,

meaning that R(ε)(t, x) divided by any of the first three terms, or by their sum, tends
to zero in probability as ε → 0.

Just to fully clarify the second condition and remove any scope for confusion, we
note that it means that for any fixed (t, x), the quantities

R(ε)(t, x)

ν(ε)�̃ f (ε)(t, x)
,

R(ε)(t, x)

λ(ε)|∇̃ f (ε)(t, x)|2 ,
R(ε)(t, x)√

D(ε)ξ (ε)(t, x)

and

R(ε)(t, x)

ν(ε)�̃ f (ε)(t, x) + 1
2λ(ε)|∇̃ f (ε)(t, x)|2 + √

D(ε)ξ (ε)(t, x)

all tend to zero in probability as ε → 0.
In our examples, we will have that for fixed (t, x) and ε, the noise term ξ (ε)(t, x)

is independent of the Laplacian and gradient squared terms. But we omit this from the
definition of local KPZ behavior, so as to leave open the possibility of other examples
where the independence criterion does not hold.

It may seem as if ν(ε), λ(ε), and D(ε) should not be allowed to vary with ε if we
want something analogous to (1.1). However, this is not true. In the KPZ literature, it
is understood that the coefficients in (1.1) can be allowed to vary when taking a scaling
limit, and even be allowed to tend to zero or blow up to infinity. This is especially true in
dimensions higher than one. For example, theFamily–Vicsek scaling for 2D surfaces [34]
requires this (see further discussion in Subsect. 1.4). The important point is that we want
the time derivative to decompose into a linear combination of the Laplacian, the squared
gradient, a noise term that behaves like white noise, and a negligible error term. This is
captured by our definition of local KPZ growth.

Having defined the notion of local KPZ growth, we define in the next subsection
a class of discrete growth models that will be shown to have local KPZ growth under
arbitrary scaling limits.
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1.3. A class of growing random surfaces. Fix some d ≥ 1. Recall that we defined
A = {0,±e1, . . . ,±ed} to be the set consisting of the origin and its nearest neighbors
in Z

d . Let φ : R
A → R be a function. Let z = {zt,x }t∈Z>0,x∈Zd be a collection of

i.i.d. randomvariables, whichwill be called the ‘discrete noise field’, or simply the ‘noise
field’ when there is no scope for confusion with the noise field ξ (ε) from Definition 1.1.
Given ε > 0, consider a function fε : Z≥0 ×Z

d → R growing as follows: fε(0, x) = 0
for all x , and for each t ≥ 0,

fε(t + 1, x) := φ(( fε(t, x + a))a∈A) + εzt+1,x . (1.2)

Imagine fε(t, x) to be the height of a d-dimensional random surface at time t and location
x . The above recursion says that the height at time t + 1 is a function of the heights at x
and its neighbors at time t , plus an independent random fluctuation. Since the function
φ ‘drives’ the growth of f , we will sometimes refer to φ as the ‘driving function’ (as
in [38,39]).

Let 1 ∈ R
A denote the vector of all 1’s. For u ∈ R

A, let u denote the average of the
coordinates of u. For u, v ∈ R

A, let us write u ≥ v if ua ≥ va for each a ∈ A. We make
the following assumptions about φ.

• Equivariance under constant shifts We assume that for all u ∈ R
A and c ∈ R,

φ(u + c1) = φ(u) + c. Besides being physically natural, this assumption has a
long history in the literature on convergence of approximation schemes for partial
differential equations, starting with [41]. It is also part of the framework introduced
in [38–40].

• Zero at the origin. We assume that φ(0) = 0. There is no loss of generality in this

assumption, since equivariance ensures that if φ(0) �= 0, and we define φ̃(u) :=
φ(u) − φ(0), and f̃ε is defined using φ̃ in (1.2), then f̃ε(t, x) = fε(t, x) − tφ(0) for
all t and x .

• Monotonicity We assume that φ(u) ≥ φ(v) whenever u ≥ v. This assumption, too,
is physically natural and has appeared in related prior work [38–41].

• Symmetry. We assume that φ(u) remains unchanged under any permutation2 of the
coordinates of u. This is a strengthening of the assumption of ‘invariance under lattice
symmetries’ from [38].

• Regularity We assume that φ is differentiable everywhere, and twice continuously
differentiable in a neighborhood of the origin. As noted in [38,40], this assumption is
needed for convergence to KPZ. In the absence of this assumption, the local growth
may resemble some other equation, as in [40].

• Nondegeneracy We assume that the Hessian matrix of φ at the origin is nonzero.
This assumption is needed to ensure the presence of the gradient squared term in the
KPZ limit. If the Hessian at the origin is zero, we may have a different kind of local
growth, as in [40].

• Strict Edwards–Wilkinson domination The Edwards–Wilkinson surface growth
model [42] is described by equation (1.2) with φ(u) = u. We assume that our surface
grows at least as fast as the Edwards–Wilkinson surface, meaning that φ(u) ≥ u for
all u. Moreover, we assume that this domination is strict, in the following sense: If

2 One may say that it’s more natural to require that φ is only symmetric in {ua}a �=0. Indeed, that is true,
but it leads to messier notation and more cumbersome statements and proofs without adding to the intellectual
content of the results, which is why we will work with the stronger assumption of complete symmetry. It
should not be difficult to prove analogous results under a weaker symmetry assumption, or even under no
symmetry at all, as was done in [40] for the deterministic analogue of the setup considered here.
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{un}n≥1 is a sequence such that φ(un)− un → 0, then un − un1 → 0. This is one of
the two key assumptions that allow us to deduce local KPZ behavior under arbitrary
scaling limits.3

In addition to the above assumption on φ, we also make the following set of assumptions
on the noise field (in addition to the fact that it is a field of i.i.d. random variables).

• Zero mean We assume that the noise variables have zero mean.
• Boundedness We assume that the noise variables are bounded. That is, there is some
constant B such that |zt,x | ≤ B almost surely. This is the second key assumption that
ensures local KPZ growth under arbitrary scaling limits.

• Absolute continuity We assume that the law of the noise variables is absolutely
continuous with respect to Lebesgue measure. We will refer to this condition by
simply saying that the noise variables are ‘continuous’.

Under the above conditions on the driving function and the noise field, it turns out that
the discrete surface fε has local KPZ growth under arbitrary scaling limits. This result
is stated in the next subsection.

1.4. Results. Let fε be as in the previous subsection, and suppose that all of the stated
assumptions on φ and the noise field are satisfied. Let α(ε), β(ε) and γ (ε) be positive
real numbers depending on ε, such that α(ε) and β(ε) tend to zero as ε → 0. As in
Subsection 1.2, define the rescaled function f (ε) : R>0 × R

d → R as

f (ε)(t, x) := γ (ε) fε(�α(ε)−1t	, �β(ε)−1x	).
The following theorem shows that f (ε) has local KPZ behavior under any scaling where
ε is sent to zero as the lattice spacing goes to zero. This is the main result of this paper.

Theorem 1.2. Under the assumptions on the driving function φ and the noise field z
stated in the previous subsection, f (ε) has local KPZ behavior as ε → 0, in the sense
of Definition 1.1, for any choice of α(ε), β(ε) and γ (ε) such that α(ε) and β(ε) tend to
zero as ε → 0. Moreover, the coefficients ν(ε), λ(ε) and D(ε) of Definition 1.1 turn out
to be the following:

ν(ε) = β(ε)2

(2d + 1)α(ε)
, λ(ε) = 2(q − r)β(ε)2

α(ε)γ (ε)
, D(ε) = σ 2ε2β(ε)dγ (ε)2

α(ε)
,

where σ 2 is the variance of the noise variables, q is the value of the diagonal elements
of Hessφ(0) (which are all equal due to the symmetry of φ), and r is the value of the
off-diagonal elements of Hessφ(0).

To appreciate the meaning of Theorem 1.2, consider the following. It is not hard to
guess that local KPZ behavior must be a consequence of Taylor expansion. But to invoke
Taylor expansion, we need that for two neighboring points x and y, fε(t, x) ≈ fε(t, y).
This is trivially true for t = 0, since fε(0, x) = 0 for all x . Using (1.2), one can then
deduce by a crude inductive argument that this continues to hold as long as t does not
exceed a threshold determined by ε. But for Theorem 1.2 to be true, we need that fε(t, x)

and fε(t, y) continue to be close to each other for neighboring x and y even if t is allowed
to vary arbitrarily as ε → 0. This is encapsulated by the following result, which is the
key step in proving Theorem 1.2. Recall the OP notation defined above Definition 1.1.

3 Note that the Edwards–Wilkinson model itself does not satisfy the nondegeneracy condition stated above,
nor the condition of strict Edwards–Wilkinson domination. Therefore, it does not fit into our framework. But
that is all right, since the KPZ equation is not the scaling limit of this model.
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Theorem 1.3. Let tε ∈ Z≥1 and xε ∈ Z
d vary arbitrarily with ε. Then, as ε → 0,

fε(tε, xε) − fε(tε, xε + a) = OP (
√

ε) for each a ∈ A.

We will see later that the proof of Theorem 1.3 does not provide much intuition
for why the result is true. An intuitive explanation is indicated by the next result. For
a function f : Z

d → R, let δi f (x) := f (x + ei ) − f (x) for i = 1, . . . , d. Let
δ f := (δ1 f, . . . , δd f ) be the ‘gradient’ of f . Heuristically, it is possible that for fixed ε,
the ‘gradient field’ δ fε(t, ·) converges in law to a stationary process as t → ∞. It is not
clear whether this is true, but the following result gives strong evidence in favor, under
one extra assumption.

Theorem 1.4. Suppose that in addition to the hypotheses of Theorem 1.2, the following
holds: Whenever |un − un1| → ∞, we have φ(un) − un → ∞. Then for any fixed
ε > 0, the sequence of gradient fields {δ fε(t, ·)}t∈Z≥0 is a time-homogeneous Markov

chain on the state space (Rd)Z
d

(endowed with the product topology, which makes it a
Polish space), with at least one translation-invariant stationary probability distribution.
Moreover, it is a tight family.

In this context, it is worth noting that there has been an enormous amount of effort in
the last two years on understanding stationary KPZ growth. Stationary solutions of the
stochastic Burgers equation—which is supposed to be the equation for the gradient field
of the solution of the KPZ equation — have been constructed in dimension one [43,44]
and also in dimensions two and three [45]. Stationary solutions of the 1D ‘open KPZ’
equation were recently constructed in [46] and further developed and analyzed in [47–
49]. Convergence to stationarity has been studied in [50–53]. It would be interesting if
similar results can be proved in the general setting of Theorem 1.4.

Incidentally, the reason why the existence results in [43–45] are restricted to d ≤ 3,
while Theorem 1.4 holds in any dimension, is that the discreteness of both space and
time in Theorem 1.4 makes it easy to overcome the problems of ill-posedness inherent in
continuous-time differential equations. Although the white noise is smoothed in space
in [43–45], which makes the space effectively discrete, it remains unsmoothed in time,
giving rise to genuine technical limitations. This is the same reasonwhy ε can be arbitrary
in Theorem 1.4, while it needs to be small enough for the results of [43–45].

Another large number of recent results related to the above theorems are about local
behaviors of solutions of the 1D KPZ equation and related processes, such as the Airy
sheet, the KPZ line ensemble, the Brownian landscape, and the KPZ fixed point [50–
52,54–58]. These results contain much more information than Theorem 1.2, but for
one-dimensional processes. Again, it would be interesting if some analogous refined
results can be proved in the general setting considered above.

Theorem 1.2 can be viewed as a KPZ universality result. Roughly speaking, KPZ
universality is the notion that the KPZ equation arises as the scaling limit of a large
and varied class of growing random surfaces for which exact formulas are not available.
Significant progress on 1D KPZ universality has been made in recent years [16,53,59–
63], although much remains to be understood. In dimensions higher than one, almost
nothing is known. Theorem1.2 is a small step towards understanding the universal nature
of KPZ growth in general dimensions in the absence of integrability.

As a final remark, suppose that d = 1, and we want the coefficients ν(ε), λ(ε)

and D(ε) to not depend on ε. Then by the formulas from Theorem 1.2, we need that
β(ε)2 ∝ α(ε), β(ε)2 ∝ α(ε)γ (ε), and α(ε) ∝ ε2β(ε)γ (ε), where the proportionality
constants may depend on d and the law of the noise variables. The first two conditions
show that γ (ε) must be a constant, and then plugging this into the third condition and
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using the first condition again, we get α(ε) ∝ ε4. Then using the first condition one final
time, we have β(ε) ∝ ε2. So, when d = 1, the only way to ensure that ν(ε), λ(ε) and
D(ε) do not vary with ε is to have α(ε) ∝ ε4, β(ε) ∝ ε2 and γ (ε) = constant. We will
see later that for directed polymers in random environment, this gives the ‘intermediate
disorder’ scaling limit constructed in [12]. In forthcoming work with Arka Adhikari, it
will be shown that a class of 1D surfaces (of the type considered in this paper) converge
in law to this universal scaling limit (known as the Cole–Hopf solution of the 1D KPZ
equation) under the above scaling of space and time.

Intriguingly, for d ≥ 2, the same logic shows that there is no way to get constant
coefficients as ε → 0, if we insist on α → 0 and β → 0 as ε → 0. This suggests
that at least one of the coefficients ν, λ and D must tend to zero as ε → 0 for a KPZ
scaling limit in d ≥ 2. Indeed, numerical simulations (such as in [35–37]) suggest that
for d = 2, it may be possible to obtain a function-valued scaling limit by taking (in
what is known in physics as the Family–Vicsek scaling [34]) ν ∼ β2−z , λ ∼ β2−z−a ,
and D ∼ β2+2a−z for certain exponents a and z. Scaling arguments based on Galilean
invariance [64] suggest that these exponents should satisfy a + z = 2. If we assume this,
then we obtain the scaling ν ∼ βa , λ ∼ 1, and D ∼ β3a . Theorem 1.2 has something
interesting to say here: Let d = 2. Suppose we take some β = β(ε) → 0 as ε → 0,
and let α = βz for some exponent z. Suppose that in this setting, we want to have
λ ∼ 1 in Theorem 1.2. Then the formula for λ implies that γ ∼ β2−z . Plugging this
into the formulas for ν and D, we get ν ∼ β2−z and D ∼ ε2β3(2−z), exactly matching
the Family–Vicsek scaling except for the ε2. However, this may not be an issue, since
ε is often taken to scale like | logβ|−1/2 in 2D (as in [24,25,33,65]), and therefore has
no role to play in the exponents. Thus, it is possible that Theorem 1.2 may provide a
launchpad to an eventual rigorous proof of the Family–Vicsek scaling relation.

In this context, it should also be noted that the numerical works are exclusively
for discrete models. There does not seem to be any numerical work for the continuum
KPZ equation, although there is a considerable body of theoretical physics results (see,
e.g., [66]).

1.5. Application to directed polymers. Fix some d ≥ 1, and let

φ(u) := log

(
1

2d + 1

∑

a∈A

eua

)
, (1.3)

where A = {0,±e1, . . . ,±ed}, as before. It is straightforward to verify thatφ is equivari-
ant under constant shifts, zero at the origin, monotone, symmetric, twice continuously
differentiable, and has a nonzero Hessian matrix at the origin. Moreover, its Hessian
matrix is positive semidefinite everywhere, which shows that φ is convex. Thus, the
following lemma shows that φ strictly dominates Edwards–Wilkinson growth.

Lemma 1.5. If a driving function φ : RA → R is equivariant under constant shifts,
zero at the origin, monotone, symmetric, C2 in a neighborhood of the origin, has a
nonzero Hessian matrix at the origin, and is also convex, then φ satisfies the strict
Edwards–Wilkinson domination condition. Moreover, it satisfies the additional condition
of Theorem 1.4.

Let z = {zt,x }t∈Z>0,x∈Zd be a collection of i.i.d. random variables (called ‘noise
variables’ below), and for each ε > 0, let fε be the discrete random surface generated
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according to (1.2) with zero initial condition, using the driving function φ displayed in
(1.3). A simple induction shows that

fε(t, x) = log

[
1

(2d + 1)t−1

∑

P∈Pt

exp

(
ε

t−1∑

i=0

zt−i,x+pi

)]
,

where Pt is the set of all lazy random walk paths of length t starting at the origin — that
is, the set of all P = (p0, . . . , pt−1) ∈ (Zd)t such that p0 = 0 and |pi − pi−1| ≤ 1 for
each i , where | · | is the Euclidean norm. This is the log-partition function of the (d + 1)-
dimensional directed polymer model [67] on lazy random walk paths4 of length t − 1
at inverse temperature ε, in the random environment z. By Lemma 1.5, Theorem 1.2,
Theorem 1.4, and the above observations about φ, we get the following result.

Theorem 1.6. Suppose that the noise variables are continuous, bounded, and have mean
zero. Then fε has local KPZ growth under any scaling limit, in the sense of Theorem 1.2.
Moreover, the gradient fields {δ fε(t, ·)}t∈Z≥0 satisfy the conclusions of Theorem 1.4.

Recall that for d = 1, the only way to get the coefficients of the local KPZ equation
in Theorem 1.2 to not depend on ε is to have α(ε) ∝ ε4, β(ε) ∝ ε2 and γ (ε) =
constant. Translating this to polymer language, note that for a fixed (t, x), f (ε)(t, x) is
the log-partition function for polymers of length α(ε)−1 at inverse temperature ε. Thus,
α(ε) ∝ ε4 means that for polymers of length n, the inverse temperature needs to be
proportional to n−1/4. This is the ‘intermediate disorder regime’ considered in [12]. It is
interesting that this is the only possible way to scale so that we get constant coefficient
in the local KPZ equation of Theorem 1.2. It is also intriguing that for d ≥ 2, there is no
way to scale so that the coefficients in the local KPZ equation do not vary with n while
the inverse temperature goes to zero as n → ∞.

In this context, it is worth noting (as pointed out by one of the referees) that in the
case of the continuous polymer model (Brownian motion paths in a regularized in space
white noise environment, as in [68]), it is actually straightforward that under any arbitrary
scaling, the rescaled log-partition function is the solution of a regularized KPZ equation
which features similar scaling-dependent coefficients and a noise that converges to the
white noise. One can see that thanks to the Feynman–Kac and Itô formulas and the
Brownian/white noise scaling properties (see, e.g., [68, Sect. 2.3], where it is done for
the diffusive scaling, but any other scaling also works).

In d = 2, there are very few results about scaling limits of the directed polymer
model. A scaling limit for the partition function (rather than the log-partition function
considered here) of the (2 + 1)-dimensional model has been obtained in [65], and the
convergence of polymer paths to Brownian motion in the subcritical regime has been
recently proved in [69]. There are a number of closely related results about ‘continuum
polymers’, which have been used to construct distribution-valued solutions of the KPZ
equation. Rough calculations indicate that one might be able to obtain scaling limits
of discrete directed polymers using similar arguments. For example, the results from
[24,25,30] indicate that for d = 2, a distribution-valued solution of the KPZ equation
may be obtained, in the language of this paper, by taking α(ε) ∝ e−Cε−2

for sufficiently

4 The usual version of the model considers non-lazy random walk paths with |pi − pi−1| = 1 for each i ,
but we change it to the lazy version to fit our framework. One can work with the usual version to arrive at a
similar result, but that will require a slightly different — and less pleasant — definition of local KPZ growth,
due to parity issues. Since the essential features of the model can be expected to remain the same for lazy
paths, we work with the lazy version.
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large C , β(ε) ∝ √
α(ε), and γ (ε) ∝ ε−1, as ε → 0. One might argue, though, that

these constructions are not really solutions of the 2D KPZ equation, because it has been
shown that they reduce to solutions to the stochastic heat equation with additive noise.
The recent work [33], which gives a non-Gaussian construction ‘at criticality’, offers a
more promising avenue to the construction of a ‘true’ distribution-valued solution of the
2D KPZ equation.

For d ≥ 3, similar rough calculations indicate that the constructions in [26,27,29,
31,32,70] correspond to taking the scaling limit of discrete directed polymers keeping
the inverse temperature fixed (and small) while sending the spatial and temporal lattice
spacings to zero in a certain way. This approach does not fit into our framework.

A final remark about phase transitions for 2D polymers, proved in [65]: One may
wonder why a phase transition in the temperature parameter, as proved in [65] for the
2D polymer model, does not manifest itself in Theorem 1.6. The possible reason is that
Theorem 1.6 is about the relation between local spatial and temporal derivatives of the
height function, and not the height function itself. So, although the height may behave
differently in different regimes, the behavior of its infinitesimal growth will exhibit no
such transition, according to Theorem 1.6.

1.6. Generalized discrete KPZ. In this subsectionwe consider a class of exampleswhere
φ is not necessarily convex, but the condition of strict Edwards–Wilkinson domination
holds. These examples are natural discretizations of KPZ-like equations.

Suppose that ψ : R → [0,∞) is a function with the following properties: (a) it is C1

everywhere, (b) it is C2 in a neighborhood of the origin, (c) |ψ ′| is uniformly bounded,
(d) ψ(0) = 0, (e) ψ ′′(0) �= 0, (f) ψ(x) �= 0 for all x �= 0, and (g) ψ(x) bounded away
from zero as |x | → ∞. An example is:

ψ(x) =
{

x2 if |x | ≤ 1,
2|x | − 1 if |x | > 1.

(1.4)

Let c be a strictly positive real number, and define

φ(u) := u + c
∑

a∈A

ψ(ua − u).

Let z = {zt,x }t∈Z>0,x∈Zd be a collection of i.i.d. random variables, and let fε be defined
by (1.2) with zero initial condition, which can be rewritten as

fε(t + 1, x) − fε(t, x)

= f ε(t, x) − fε(t, x) + c
∑

a∈A

ψ( fε(t, x + a) − f ε(t, x)) + εzt+1,x ,

where f ε is the local average

f ε(t, x) := 1

2d + 1

∑

a∈A

fε(t, x + a). (1.5)

In other words, the discrete time derivative of fε equals the sum of the discrete Laplacian,
a noise term, and functions of discrete spatial derivatives. We may refer to this as a
‘generalized discrete KPZ equation’. Choosing ψ(x) = x2 would make it exactly like
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a discrete KPZ equation, but that ψ does not satisfy the bounded derivative condition
required for the result stated below (which prevents φ from satisfying the monotonicity
assumption). The ψ displayed in equation (1.4) is a close alternative. The following
result shows that fε has local KPZ growth under arbitrary scaling limits if c is small
enough (and the noise variables satisfy the three required conditions).

Theorem 1.7. Let fε be defined as above, with ψ satisfying the listed conditions. Let
|ψ ′|∞ denote the supremum norm of ψ ′. If c ≤ (4d|ψ ′|∞)−1, and the noise variables are
continuous, bounded, and have mean zero, then fε has local KPZ growth under arbitrary
scaling limits, in the sense of Theorem 1.2. Moreover, if ψ(x) → ∞ as |x | → ∞, then
the conclusions of Theorem 1.4 hold.

This concludes the statements of results. The rest of the paper is organized as follows.
A list of open problems is given in the next subsection. A sketch of the proof of Theorem
1.2 is in Section 2. Section 3 contains a discussion of space-time white noise. All proofs
are in Sect. 4.

1.7. Open questions. The main open question is to construct nontrivial solutions of the
KPZ equation in d ≥ 2, and then show that discrete processes such as directed polymers
converge to these nontrivial solutions under appropriate scaling limits. This is a very
hard problem, completely out of the reach of existing technology. Theorem 1.2 gives
hope that something like this can eventually be proved, because it shows that local KPZ
behavior holds for any scaling limit — and so, once an appropriate scaling is identified,
convergencewould probably hold, and the challengewould only be to prove nontriviality
of the limit.

Another class of open problems is to understand the stationary probability measures
of the gradients fields, which are guaranteed to exist by Theorem 1.4. Is the stationary
measure unique? If not, what is the set of all stationarymeasures?What initial conditions
lead to which stationary limits? What can be said about rates of convergence?

The C2 assumption on the driving function φ is restrictive, but is crucial for the
notion of local KPZ universality considered in this paper. Is it possible to have a different
formulation that allows driving functions that are notC2? Such driving functions arise in
many important models, such as last-passage percolation, ballistic deposition, etc. (e.g.,
see [39,40]). For the same reason, it would be nice to be able to extend the framework
of this paper to asynchronous updates, where each site is given an independent Poisson
clock and the height is updated whenever the clock rings (such as in [71]).

Removing the boundedness assumption on the noise variables is also a worthy goal.
It is not clear how the proof technique of this paper can be extended to unbounded noise
variables without introducing some constraints on how α(ε), β(ε) and γ (ε) can vary
with ε.

Finally, in the setup of Subsect. 1.6, itwould be interesting to see if localKPZbehavior
under arbitrary scaling limits hold when ψ(x) = cx2 for some constant c, which is the
‘true’ discretization of the KPZ equation. One can make c vary with ε if that helps in
reaching a nontrivial scaling limit.

2. Sketch of the proof of theorem 1.2

First, note that by the equivariance property of φ,

fε(t + 1, x) − fε(t, x) = f ε(t, x) − fε(t, x) + φ(qε(t, x)) + εzt+1,x ,
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where f ε is the local average of fε defined in equation (1.5), and

qε(t, x) := ( fε(t, x + a) − f ε(t, x))a∈A.

Now, if for some x (possibly depending on ε and the noise variables), fε(t, x) ≈ fε(t, x+
a) for all a ∈ A, then by Taylor expansion and using the facts that φ(0) = 0, ∇φ(0) has
all coordinates equal (by symmetry), and the Hessφ(0) has all diagonal elements equal
and all off-diagonal elements equal (again, by symmetry), it follows that

φ(qε(t, x)) = φ(0) + ∇φ(0) · qε(t, x)

+
1

2
qε(t, x) · Hessφ(0)qε(t, x) + a remainder term,

= K
∑

a∈A

( fε(t, x + a) − f ε(t, x))2 + a remainder term,

where K is a constant depending on φ, and the remainder term is negligible compared
to the first term on the right. Together with the preceding display, this gives

fε(t + 1, x) − fε(t, x)︸ ︷︷ ︸
Time derivative

= f ε(t, x) − fε(t, x)︸ ︷︷ ︸
Laplacian term

+ K
∑

a∈A

( fε(t, x + a) − f ε(t, x))2

︸ ︷︷ ︸
Gradient squared term

+ εzt+1,x︸ ︷︷ ︸
Noise

+ a remainder term, (2.1)

which is local KPZ behavior, except that it holds only under the crucial assumption that
fε(t, x +a) ≈ fε(t, x) for all a ∈ A. (We also need that the remainder term is negligible
compared to the Laplacian term, the noise, and the sum of the Laplacian, noise and
gradient squared terms, but let us ignore that for the time being.) This condition holds
trivially at time t = 0, since fε(0, x) = 0 for all x . If ε is small, it continues to hold for
t = 1, and inductively, for all t up to a threshold depending on ε. But to get local KPZ
behavior under arbitrary scaling limits, we need to have fε(t, x + a) ≈ fε(t, x) for all
a ∈ A even if t and x are allowed to vary arbitrarily as ε → 0. The argument for this is
outlined below.

The first step is to show, using a random walk representation introduced in [39], that
for any x ∈ Z

d and 1 ≤ s ≤ t ,

∑

y∈Zd

∣∣∣∣
∂

∂zs,y
fε(t, x)

∣∣∣∣ = ε.

As a straightforward consequence of this identity, it follows that if z1,y is replaced by
0 for each y, then the value of fε(t, x) changes by at most Bε, where B is a constant
upper bound on the magnitude of the noise variables. (Here we use the assumption that
the noise variables are bounded.) Note that this bound has no dependence on t and x .

For each t and x , let gε(t, x) be the value of fε(t, x) after replacing all z1,y by zero.
Note that gε(1, x) = 0 for each x . Thus, gε is just like fε, except that instead of starting
with an all zero initial condition at time 0, we start with an all zero initial condition at
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time 1. Thus, gε(t +1, x) has the same law as fε(t, x). By the conclusion of the previous
paragraph, this implies that

E( fε(t + 1, x) − fε(t, x)) = E( fε(t + 1, x) − gε(t + 1, x)) ≤ Bε.

The above deduction is the firstmain trick in the proof.5 The second trick is the following.
Since the law of fε(t, x) is the same for all x , the above inequality gives

E( fε(t + 1, x) − f ε(t, x)) = E( fε(t + 1, x) − fε(t, x)) ≤ Bε.

Since the noise variables have mean zero,

E( fε(t + 1, x)) = E(φ(( fε(t, x + a))a∈A) + εzt+1,x )

= E(φ(( fε(t, x + a))a∈A)).

Combining, and using equivariance of φ under constant shifts, we get

E(φ(qε(t, x))) ≤ Bε,

where recall that qε(t, x) = ( fε(t, x + a) − f ε(t, x))a∈A. Note that the vector qε(t, x)

belongs to the hyperplane H := {u ∈ R
A : u = 0}. By Edwards–Wilkinson domination,

φ is nonnegative everywhere on this hyperplane. Thus, for any η > 0,

P(φ(qε(t, x)) > η) ≤ E(φ(qε(t, x)))

η
≤ Bε

η
.

By strict Edwards–Wilkinson domination, φ(un) → 0 implies un → 0 on H . This is
equivalent to saying that for any δ > 0, there exists η(δ) > 0 such that if u ∈ H and
φ(u) ≤ η(δ), then |u| ≤ δ. Thus,

P(|qε(t, x)| > δ) ≤ P(φ(qε(t, x)) > η(δ)) ≤ Bε

η(δ)
.

Note that this bound has no dependence on t and x . Thus, if ε → 0 and tε, xε vary
arbitrarily with ε, we have |qε(tε, xε)| → 0 in probability. This allows us to apply
Taylor expansion and deduce (2.1), even if t and x vary arbitrarily as ε → 0. Some
more work is needed to establish that the remainder term is negligible compared to the
other terms (this requires the assumption that Hessφ(0) �= 0) and that the noise term
converges to white noise.

3. Space-Time White Noise

In this section, we recall the definition of space-time white noise and construct the field
ξ (ε) that converges in law to space-time white noise in Theorem 1.2. For the construction
of space-time white noise, we follow the prescription outlined in [72, Chapter 1].

Take any n ≥ 1. For α = (α1, . . . , αn) ∈ Z
n≥0, define |α| := α1 + · · · + αn , and let

Dα be the differential operator

Dα := ∂ |α|

∂xα1
1 ∂xα2

2 · · · ∂xαn
n

,

5 I thank Alex Dunlap for pointing out that this step bears similarity with [45, Proposition 3.1] and [44,
Proposition 5.2], where it is used to control the squared gradient of solutions to the KPZ equation, which leads
to stationary solutions of the stochastic Burgers equation.
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acting on C∞(Rn). Moreover, for any x = (x1, . . . , xn) ∈ R
n , let

xα := xα1
1 xα2

2 · · · xαn
n .

For α, β ∈ Z
n≥0 and f ∈ C∞(Rn), define the semi-norm

pα,β( f ) := sup
x∈Rn

|xα Dβ f (x)|.

A function f ∈ C∞(Rn) is called a Schwartz function if pα,β( f ) < ∞ for every α, β ∈
Z

n≥0. In other words, f and all its derivatives are decaying faster than any polynomial at
infinity. The space of Schwartz functions is denoted by S(Rn). The standard topology on
S(Rn) is the topology generated by the countable family of semi-norms {pα,β : α, β ∈
Z

n≥0}. This space is metrizable, for example by the metric

d( f, g) :=
∑

α,β

2−|α|−|β| pα,β( f − g)

1 + pα,β( f − g)
.

It is well known that under the above topology, S(Rn) is Fréchet space. A continuous
linear of functional on S(Rn) is called a tempered distribution. The space of tempered
distributions on R

n is denoted by S ′(Rn).
Let 〈φ, f 〉 denote the action of φ ∈ S ′(Rn) on f ∈ S(Rn). When φ is a bounded

measurable function onRn and f ∈ S(Rn), let 〈φ, f 〉 denote the usual L2 inner product
of φ and f . It is easy to check that this defines a continuous linear functional on S(Rn).
Thus, bounded measurable functions may be viewed as tempered distributions.

There is a natural topology on S ′(Rn), called the ‘strong dual topology’, defined as
follows. Recall that a subset B of a topological vector space is said to be bounded if for
any open neighborhood V of the origin, there is some λ > 0 such that B ⊆ λV . The
strong dual topology on S ′(Rn) is generated by the family of seminorms

qB(φ) := sup
f ∈B

|〈φ, f 〉|, B ⊆ S(Rn) bounded.

It turns out thatS ′(Rn) is a countable union of Polish spaces under this topology. On such
spaces, the usual notion of convergence of probability measures remains unchanged —
a sequence {μn}n≥1 of probability measures on the Borel σ -algebra of S ′(Rn) is said to
converge to a probabilitymeasureμ if

∫
Fdμn → ∫

Fdμ for every bounded continuous
function F : S ′(Rn) → R.

An important fact about the weak convergence of S ′(Rn)-valued random variables
(called ‘random distributions’) is that a sequence {�n}n≥1 of random distributions con-
verges in law to a random distribution� if and only if 〈�n, f 〉 converges in law to 〈�, f 〉
for every Schwartz function f . This is a nontrivial result, due to Fernique [73,74]. For
a simplified proof, see [75]. We will use this fact below.6

It is a consequence of theMinlos–Bochner theorem (see [75]) that if E is a continuous,
symmetric, positive semidefinite bilinear form on S(Rn)×S(Rn), then there is a unique
centered Gaussian measure ν on S ′(Rn) whose covariance kernel is E . This means that
for any φ ∈ S ′(Rn) and f ∈ S(Rn), 〈φ, f 〉 is a centered Gaussian random variable, and
the covariance of 〈φ, f 〉 and 〈φ, g〉 is E( f, g).

6 I thank Abdelmalek Abdesselam for telling me about this result, and also about the strong dual topology
on S ′(Rn), which I was unaware of.
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In our context, we wish to define space-time white noise onR>0 ×R
d . So let us take

n = d + 1 and consider R>0 × R
d as a subset of Rn . Define the bilinear form

E( f, g) :=
∫

R>0×Rd
f (t, x)g(t, x)dtdx (3.1)

on S(Rn) × S(Rn). It is easy to verify that this is a continuous, symmetric, positive
semidefinite bilinear form. Thus, there is a unique centered Gaussian measure ν on
S ′(Rn) whose covariance kernel is given by E . This is the law of space-time white noise
on R>0 × R

d .
Let us now construct the field ξ (ε) needed for Theorem 1.2. With all notation as in

Theorem 1.2, define, for (t, x) ∈ R>0 × R
d and ε > 0,

ξ (ε)(t, x) := σ−1α(ε)−1/2β(ε)−d/2z�α(ε)−1t	+1,�β(ε)−1x	, (3.2)

where σ is the standard deviation of the noise variables. Since any realization of ξ (ε)

is a bounded measurable function, we can view ξ (ε) as a random tempered distribution.
The following proposition shows that it converges in law to white noise as ε → 0.

Proposition 3.1. As ε → 0, the field ξ (ε) converges in law to white noise on R>0 ×R
d ,

in the sense defined above.

Proof. Take any f ∈ S(R×R
d). By the discussion above, we have to show that 〈ξ (ε), f 〉

converges in law to a Gaussian random variable with mean zero and variance E( f, f )

as ε → 0, where E is defined as in (3.1). Fix ε > 0. For m ∈ Z>0 and v ∈ Z
d , let Bm,v

denote the cuboid in R>0 × R
d consisting of all (t, x) such that �α(ε)−1t	 = m and

�β(ε)−1x	 = v. Note that these cuboids form a partition of R>0 × R
d . Let

f m,v := 1

Vol(Bm,v)

∫

Bm,v

f (t, x)dtdx = 1

α(ε)β(ε)d

∫

Bm,v

f (t, x)dtdx

denote the average value of f in Bn,v . Then by the decay properties of f , it is not hard
to justify that

〈ξ (ε), f 〉 =
∑

m,v

∫

Bm,v

ξ (ε)(t, x) f (t, x)dtdx

= σ−1α(ε)−1/2β(ε)−d/2
∑

m,v

zm+1,v

∫

Bm,v

f (t, x)dtdx

= σ−1α(ε)1/2β(ε)d/2
∑

m,v

zm+1,v f m,v.

Thus, 〈ξ (ε), f 〉 is a linear combination of i.i.d. random variables. The required central
limit theorem for 〈ξ (ε), f 〉 now follows by standard methods (e.g., using characteristic
functions) and the decay properties of f . The details are omitted. ��
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4. Proofs

First, we prove Theorem 1.2 and Theorem 1.3. Throughout, we will assume that the
conditions on φ and the noise variables stated in Section 1.3 hold. Fix a realization of
fε. Then, for any t ∈ Z≥0 and x ∈ Z

d , define a random walk on Z
d as follows. The

walk starts at x at time t , and goes backwards in time, until reaching time 0. If the
walk is at location y ∈ Z

d at time s ≥ 1, then at time s − 1 it moves to y + a with
probability ∂aφ(( fε(s − 1, y + a))a∈A), for a ∈ A, where ∂aφ is the derivative of φ

in coordinate a (which exists, by our assumption that φ is differentiable everywhere).
By [39, Lemma 3.1], these numbers are nonnegative and sum to 1 when summed over
a ∈ A. Therefore, this describes a legitimate random walk on Z

d , moving backwards
in time. (Incidentally, when φ corresponds to the polymer model, then the law of the
above random walk, conditional on the noise variables, is given by the classical polymer
measure. Therefore, this randomwalk generalizes the polymer randomwalk to a general
class of growth models.)

The following result is a special case of [39, Proposition 3.2].

Proposition 4.1. Fix a realization of fε. Take any 1 ≤ s ≤ t and x, y ∈ Z
d . Let

{Sr }0≤r≤t be the backwards random walk defined above, started at x at time t. Then

∂

∂zs,y
fε(t, x) = εP(Ss = y).

This yields the following corollary.

Corollary 4.2. If z1,y is replaced by 0 for each y, then the value of fε(t, x) changes by
at most εmax{|z1,y | : |x − y|1 < t}, where | · |1 denotes �1 norm.

Proof. This is a consequence of Proposition 4.1 and the fact that if f is a differentiable
real-valued function onRn for some n, and |∇ f (x)|1 ≤ ε for all x , then | f (x)− f (0)| ≤
ε|x |∞, where |·|∞ denotes �∞ norm. This holds because, by themultivariatemean-value
theorem f (x) − f (0) = x · ∇ f (y) for some y on the line joining x and 0.

The above corollary allows us to prove the following lemma.

Lemma 4.3. For any t ∈ Z≥0 and x ∈ Z
d ,

E( fε(t + 1, x) − fε(t, x)) ≤ Bε,

where B is a constant upper bound on the magnitude of the noise variables.

Proof. Let gε(t, x) be the value of fε(t, x) after replacing all z1,y by 0. Note that
gε(1, x) = 0 for each x . Thus, gε is just like fε, except that instead of starting with an
all zero initial condition at time 0, we start with an all zero initial condition at time 1.
This implies that gε(t + 1, x) has the same law as fε(t, x), which gives

E( fε(t + 1, x) − fε(t, x)) = E( fε(t + 1, x) − gε(t + 1, x)).

By Corollary 4.2, the quantity on the right is bounded by Bε. ��
As a corollary, we obtain the following important bound.

Corollary 4.4. For any t ∈ Z≥0 and x ∈ R
d ,

E(φ(( fε(t, x + a))a∈A) − f ε(t, x)) ≤ Bε,

where f ε is the local average defined in equation (1.5).
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Proof. Since fε starts from an all zero initial condition, it follows that E( fε(t, y)) does
not depend on y. Thus,

E( fε(t, x)) = E( f ε(t, x)).

Since the noise variables have mean zero,

E( fε(t + 1, x)) = E(φ(( fε(t, x + a))a∈A) + εzt+1,x )

= E(φ(( fε(t, x + a))a∈A)).

Using the above two displays and Lemma 4.3, we get the desired inequality. ��
Our next goal is to show that φ(u) − u grows at least quadratically in the distance of

u from u1 when φ(u) − u is small enough. We need two technical lemmas.

Lemma 4.5. Under the assumptions onφ from Section 1.3 (specifically, symmetry, equiv-
ariance under constant shifts, and differentiability), it follows that ∇φ(0) = (2d+1)−11.

Proof. It follows from [39, Lemma 3.1] that the coordinates of ∇φ(0) sum to 1. By
symmetry, the coordinates are equal. This proves the result. ��
Lemma 4.6. Let Hessφ(0) denote the Hessian matrix of φ at the origin. Then the diag-
onal entries of Hessφ(0) are all equal, and the off-diagonal entries are also all equal.
If q denotes the common value of the diagonal entries, and r denotes the common value
of the off-diagonal entries, then q + 2dr = 0. Moreover, q, r , and q − r are nonzero.

Proof. The symmetry of φ ensures the equality of all diagonal entries of Hessφ(0),
and also the equality of all off-diagonal entries. Next, for t ∈ R, let g(t) := φ(t1). By
the equivariance property, g(t) = φ(0) + t = t , and hence g′′(t) ≡ 0. On the other
hand, simple calculation using solely the identity g(t) = φ(t1) shows that g′′(0) =
1 ·Hessφ(0)1. Therefore, we get 1 ·Hessφ(0)1 = 0, which is the same as q + 2dr = 0.
By the nondegeneracy assumption, at least one of q and r is nonzero. But then, the
identity q + 2dr = 0 implies that both of them must be nonzero. Consequently, q − r =
2dr − r = (2d − 1)r is also nonzero. ��

Armed with the above lemmas, we are now ready to prove the following key fact.
The proof uses the assumption of strict Edwards–Wilkinson domination.

Lemma 4.7. There exist M > 0 and c > 0 such that if φ(u) − u ≤ M, then

φ(u) − u ≥ c|u − u1|2.
Proof. Suppose that the claim is not true. Then for any positive M and c, there is some
u such that φ(u) − u ≤ M , but φ(u) − u < c|u − u1|2. For each n, find such a point un
for M = c = 1/n. Since φ(un) ≥ un (by Edwards–Wilkinson domination), this implies
that φ(un) − un → 0 and

|un − un1|2
n

> φ(un) − un ≥ 0.

Thus, we can divide throughout by |un − un1|2, and get

φ(un) − un

|un − un1|2 → 0. (4.1)
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Let yn := un −un1. Since φ(un)−un → 0, strict Edwards–Wilkinson domination gives
us yn → 0. Also, note that yn = 0, φ(0) = 0, and by Lemma 4.5,∇φ(0) = (2d +1)−11.
So, by the equivariance property of φ and Taylor expansion (recalling that yn → 0),

φ(un) − un = φ(yn) = φ(yn) − yn

= φ(yn) − φ(0) − ∇φ(0) · yn

= 1

2
yn · Hessφ(0)yn + o(|yn|2)

as n → ∞. Dividing both sides by |yn|2, and letting zn := yn/|yn|, we get
1

2
zn · Hessφ(0)zn = φ(un) − un

|un − un1|2 + o(1),

which, by (4.1), implies that zn · Hessφ(0)zn → 0. But |zn| = 1 for each n, and so,
passing to a subsequence if necessary, we may assume that zn → z for some z with
|z| = 1. Then z · Hessφ(0)z = 0. By Lemma 4.6, this is the same as

(q − r)|z|2 + r z2 = 0,

where q and r are as in Lemma 4.6. But zn = 0 for each n, and so z = 0. Also, by
Lemma 4.6, q −r �= 0. Thus, the above display shows that z = 0, giving a contradiction
to the prior observation that |z| = 1. This completes the proof. ��

Henceforth, let us fix two collections {tε}ε>0 and {xε}ε>0 inZ>0 andZd , respectively.
We make no assumptions about these collections; they can be completely arbitrary. Let
us define some quantities whose behaviors, as ε → 0, will be of interest to us. Let

Aε := f ε(tε, xε) − fε(tε, xε),

Bε := 1

2
(q − r)

∑

a∈A

( fε(tε, xε + a) − f ε(tε, xε))
2,

Cε := εztε+1,xε ,

Dε := fε(tε + 1, xε) − fε(tε, xε) − Aε − Bε − Cε.

We now prove a series of lemmas about these quantities. A general fact that we will use
a number of times is the following.

Lemma 4.8. Let {Xε}ε>0 and {Yε}ε>0 be two collections of random variables defined
on the same probability space and {cε}ε>0 and {dε}ε>0 be two collections of positive
real numbers. If Xε = oP (cε) and Yε = OP (dε), then XεYε = oP (cεdε).

Proof. Take any δ, η > 0. Since Yε = OP (dε), there exists K so large that

lim sup
ε→0

P(|Yε| > K dε) ≤ η.

Then

P(|XεYε| > δcεdε) ≤ P(|Xε| > K −1δcε) + P(|Yε| > K dε).
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This shows that

lim sup
ε→0

P(|XεYε| > δcεdε)

≤ lim sup
ε→0

P(|Xε| > K −1δcε) + lim sup
ε→0

P(|Yε| > K dε) ≤ η.

Since η is arbitrary, the left side must be equal to zero. Since δ is arbitrary, this proves
that XεYε = oP (cεdε). ��
Lemma 4.9. As ε → 0, Bε = OP (ε).

Proof. By Corollary 4.4 and Edwards–Wilkinson domination,

�ε := φ(( fε(tε, xε + a))a∈A) − f ε(tε, xε) = OP (ε) (4.2)

as ε → 0. Take any δ > 0. By (4.2), there is exist K > 0 and ε0 > 0 such that for any
ε ∈ (0, ε0),

P(�ε > K ε) ≤ δ. (4.3)

Let M and c be as in Lemma 4.7. Take any ε ≤ M/K . Then if �ε ≤ K ε ≤ M , Lemma
4.7 gives

|Bε| ≤ |q − r |
2c

�ε ≤ |q − r |
2c

K ε.

Thus, by (4.3), for ε < min{M/K , ε0}, we have

P

(
|Bε| >

|q − r |
2c

K ε

)
≤ P(�ε > K ε) ≤ δ,

which shows that the lim sup of the left side as ε → 0 is also bounded by δ. Thus,
Bε = OP (ε) as ε → 0, according to the above definition of the OP notation. ��
Lemma 4.10. As ε → 0, Dε = oP (Bε).

Proof. First, note that by the equivariance property of φ,

fε(tε + 1, xε) − fε(tε, xε) = φ(( fε(tε, xε + a))a∈A) + Cε − fε(tε, xε)

= φ(( fε(tε, xε + a))a∈A) + Cε + Aε − f ε(tε, xε)

= φ(Qε) + Cε + Aε, (4.4)

where

Qε := ( fε(tε, xε + a) − f ε(tε, xε))a∈A.

Using Taylor expansion, the assumption that φ(0) = 0, the observation that 1 · Qε = 0,
and the formulas for ∇φ(0) and Hessφ(0) from Lemma 4.5 and Lemma 4.6, we get

|φ(Qε) − Bε| =
∣∣∣∣φ(Qε) − φ(0) − ∇φ(0) · Qε − 1

2
Qε · Hessφ(0)Qε

∣∣∣∣

≤ |Qε|2h(|Qε|),



1296 S. Chatterjee

where h : [0,∞) → [0,∞) is a function such that h(x) → 0 as x → 0. Since q �= r
and Bε = 1

2 (q − r)|Qε|2, the above inequality and the fact that h(x) → 0 as x → 0
show that for any η > 0 there is some δ > 0 such that for any ε,

P(|φ(Qε) − Bε| > η|Bε|) ≤ P(h(|Qε|) > η|q − r |/2)
≤ P(|Qε| > δ).

But by Lemma 4.9, |Qε| → 0 in probability as ε → 0. Thus, the last expression in the
above display tends to zero as ε → 0. This shows that φ(Qε) = Bε + oP (Bε). By (4.4),
this completes the proof of the lemma. ��

As a corollary of the three lemmas above, we immediately get the following. This
will be useful later.

Corollary 4.11. As ε → 0, Dε = oP (ε).

Next, we prove ‘lower bounds in probability’ for Aε, Cε, and Aε + Bε + Cε. In the
following, z denotes a random variable following the law of the noise variables.

Lemma 4.12. As ε → 0, C−1
ε = OP (ε−1).

Proof. Take any K > 0. Then

P(|εC−1
ε | > K ) = P(|ztε+1,xε |−1 > K )

= P(|z| < K −1),

which tends to zero as K → ∞, since the law of z is absolutely continuous with respect
to Lebesgue measure. ��
Lemma 4.13. As ε → 0, A−1

ε = OP (ε−1).

Proof. Note that ε−1Aε can be written as bztε,xε + Rε, where Rε and ztε,xε are indepen-
dent, and b = −2d/(2d + 1). Since the law of z is absolutely continuous with respect to
Lebesgue measure, it is a standard fact that for any δ > 0 there is some η > 0 such that
P(z ∈ S) < δ for any Borel set S with Lebesgue measure less than η. This shows that
for any K > 0 and r ∈ R,

P(|εA−1
ε | > K | Rε = r) = P(|bztε,xε + Rε| < K −1 | Rε = r)

= P(|bztε,xε + r | < K −1 | Rε = r)

= P(|bz + r | < K −1) ≤ f (K ),

where f (K ) is a function only of K , with no dependence on r , that tends to zero as
K → ∞. Since f (K ) has no dependence on r and ε, we can take expectation over r on
the left side and arrive at the desired result. ��
Lemma 4.14. As ε → 0, (Aε + Bε + Cε)

−1 = OP (ε−1).

Proof. Note that ε−1(Aε +Bε +Cε) can be written as ztε+1,xε +Qε, where Qε and ztε+1,xε

are independent. The rest of the proof proceeds exactly as in the proof of Lemma 4.13.

Combining Corollary 4.11, and Lemmas 4.8, 4.12, 4.13, and 4.14, we obtain the
following result.

Corollary 4.15. As ε → 0, Dε is oP of Aε, Cε, and Aε + Bε + Cε.
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We now have all the ingredients for the proofs of Theorem 1.2 and Theorem 1.3.

Proof of Theorem 1.2. Fixing (t, x) ∈ R>0 × R
d , define tε := �α(ε)−1t	 and xε :=

�β(ε)−1x	. Note that since t > 0 and α(ε) > 0, we have that tε ≥ 1 for any ε (this is
why we use ceiling instead of floor). Now, observe that

�α(ε)−1(t + α(ε))	 = �α(ε)−1t + 1	 = �α(ε)−1t	 + 1 = tε + 1.

Similarly, for any a ∈ A,

�β(ε)−1(x + β(ε)a)	 = xε + a.

This implies that

∂̃t f (ε)(t, x) = γ (ε)

α(ε)
( fε(tε + 1, xε) − f (tε, xε)).

Similarly, note that

�̃ f (ε)(t, x) = (2d + 1)γ (ε)

β(ε)2
( f ε(tε, xε) − fε(tε, xε))

= (2d + 1)γ (ε)

β(ε)2
Aε,

and

|∇̃ f (ε)(t, x)|2 = γ (ε)2

2β(ε)2

∑

a∈A

( fε(tε, xε + a) − f ε(tε, xε))
2

= γ (ε)2

(q − r)β(ε)2
Bε.

Let ξ (ε) be defined as in equation (3.2). Then note that

ξ (ε)(t, x) = σ−1α(ε)−1/2β(ε)−d/2ε−1Cε.

Finally, let

R(ε)(t, x) := γ (ε)

α(ε)
Dε.

Using all of the above, and the definition of Dε, we get

∂̃t f (ε)(t, x) = γ (ε)

α(ε)
(Aε + Bε + Cε + Dε)

= β(ε)2

(2d + 1)α(ε)
�̃ f (ε)(t, x) +

(q − r)β(ε)2

α(ε)γ (ε)
|∇̃ f (ε)(t, x)|2

+
σεβ(ε)d/2γ (ε)

α(ε)1/2
ξ (ε)(t, x) + R(ε)(t, x).

By Lemma 4.10 and Corollary 4.15, Dε is oP of Aε, Bε, Cε, and Aε + Bε + Cε. By
Proposition 3.1, ξ (ε) converges in law to white noise as ε → 0. This completes the
proof. ��
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Proof of Theorem 1.3. Note that for any a ∈ A,

∑

b∈A

( fε(tε, xε + b) − f ε(tε, xε))
2

= 1

4d + 2

∑

b,c∈A

( fε(tε, xε + b) − fε(tε, xε + c))2

≥ 1

4d + 2
( fε(tε, xε + a) − fε(tε, xε))

2,

and apply Lemma 4.9 and the fact that q �= r . ��
Next, let us prove Theorem 1.4. The proof requires the following lemmas.

Lemma 4.16. A sequence of (Rd)Z
d
-valued random variables { fn}n≥1 is tight if and

only if { fn(x)}n≥1 is a tight family of Rd-valued random variables for every x ∈ Z
d .

Proof. If { fn}n≥1 is a tight family, then the continuity of the projection f �→ f (x)

shows that for any x , { fn(x)}n≥1 is a tight family. Conversely, suppose that { fn(x)}n≥1
is a tight family for each x . Fix some δ > 0. Then for every x , there is a compact set
Kx ⊆ R

d such that P( fn(x) /∈ Kx ) ≤ 2−|x |δ for all n. Let K := ∏
x∈Zd Kx . Then K is

a compact set under the product topology, and for any n,

P( fn /∈ K ) ≤
∑

x∈Zd

P( fn(x) /∈ Kx ) ≤ Cδ,

where C does not depend on n. This completes the proof. ��
Lemma 4.17. Under the hypotheses of Theorem 1.4, the sequence {δ fε(t, ·)}t∈Z≥0 is a
tight family.

Proof. ByLemma 4.16, it suffices to prove that for each x , {δ fε(t, x)}t∈Z≥0 is a tight fam-
ily of random vectors. For this, it is necessary and sufficient to have that {δi fε(t, x)}t∈Z≥0

is a tight family of real-valued random variables. Fix some x and i . By Corollary 4.4,
E(φ(qε(t, x))) ≤ Bε, where

qε(t, x) := ( fε(t, x + a) − f ε(t, x))a∈A.

Note that qε(t, x) ∈ H , where H := {u ∈ R
A : u = 0}. By Edwards–Wilkinson

domination, φ(u) ≥ 0 for all u ∈ H . Moreover, by the additional condition of Theorem
1.4, we have that for any K > 0, there is some L > 0 such that if u ∈ H and |u| > L ,
then φ(u) > K . Thus,

P(|qε(t, x)| > L) ≤ P(φ(qε(t, x)) > K ) ≤ E(φ(qε(t, x)))

K
≤ Bε

K
.

By the inequality displayed in the proof of Theorem 1.3, this proves the tightness of
{δi fε(t, x)}t∈Z≥0 . ��
Lemma 4.18. The sequence {δ fε(t, ·)}t∈Z≥0 is a time-homogeneous Markov chain.



Local KPZ Behavior Under Arbitrary Scaling Limits 1299

Proof. Note that by the equivariance property of φ,

fε(t + 1, x + ei ) − fε(t + 1, x)

= φ(( fε(t, x + ei + a))a∈A) + εzt+1,x+ei

− φ(( fε(t, x + a))a∈A) − εzt+1,x

= φ(( fε(t, x + ei + a) − fε(t, x + ei ))a∈A) − φ(( fε(t, x + a) − fε(t, x))a∈A)

fε(t, x + ei ) − fε(t, x) + εzt+1,x+ei − εzt+1,x .

This shows that δ fε(t + 1, ·) is a function of δ fε(t, ·) and {zt+1,x }x∈Zd , from which it is
clear that {δ fε(t, ·)}t∈Z≥0 is a time-homogeneous Markov chain. ��

Let T denote the transition kernel of the Markov chain from Lemma 4.18. That is,
for a probability measure μ on (Rd)Z

d
, T μ denotes the probability law after taking one

step from the chain if the initial state has law μ.

Lemma 4.19. The map T defined above is continuous on the space of probability mea-
sures on (Rd)Z

d
under the topology of weak convergence.

Proof. Let � be a bounded continuous function from (Rd)Z
d
into R. Let {μn}n≥1 be a

sequence of probability measures on (Rd)Z
d
convergingweakly to a probabilitymeasure

μ. Let νn := T μn and ν := T μ. For each n, let fn be a (Rd)Z
d
-valued random variable

with law μn . Let z := {zx }x∈Zd be a collection of i.i.d. random variables having the
same law as our noise variables, independent of the fn’s. Then, since φ is differentiable
everywhere — and hence, continuous — it is not hard to see that there is a continuous
function � : (Rd)Z

d × R
d → (Rd)Z

d
such that �( fn, z) has law νn .

Now, note that ( fn, z) converges in law to ( f, z),where f has lawμ and is independent
of z. Since � ◦ � is a bounded continuous function, this implies that

∫
�dνn = E(�(�( fn, z))) → E(�(�( f, z)) =

∫
�dν,

Thus, νn → ν weakly, which completes the proof. ��
We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let γt be the law of δ fε(t, ·). Define

μt := 1

t

t−1∑

s=0

γs .

By Lemma 4.17, {γt }t∈Z≥0 is a tight family. From this, it follows that {μt }t∈Z≥0 is also a
tight family. Therefore, byProkhorov’s theorem, it has aweakly convergent subsequence.
Passing to this subsequence if necessary, let us assume thatμt converges weakly to some
μ. We claim that μ is an invariant probability measure for the Markov kernel T . To see
this, let νt := T μt and λt := T γt . Let � : (Rd)Z

d → R be a bounded continuous
function. Then by the linearity of T ,

∫
�dνt = 1

t

t−1∑

s=0

∫
�dλs .
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But for each t , λt = γt+1. Thus,

∫
�dνt = 1

t

t−1∑

s=0

∫
�dγs+1

= 1

t

t−1∑

s=0

∫
�dγs +

1

t

(∫
�dγt −

∫
�dγ0

)

=
∫

�dμt +
1

t

(∫
�dγt −

∫
�dγ0

)
.

By the boundedness of �, the second term on the right goes to zero as t → ∞. By
assumption, μt → μ, and so by Lemma 4.19, νt → ν := T μ. Combining, we get that∫

�dν = ∫
�dμ. Since � is an arbitrary bounded continuous function, this shows that

ν = μ. Thus, μ is an invariant probability measure for the kernel T . The translation
invariance of μ follows from the translation invariance of each γt . ��

Next, let us prove Lemma 1.5. We need the following lemma.

Lemma 4.20. Suppose that the hypotheses of Lemma 1.5 hold. Then there exists δ > 0,
depending only φ, such that for any u ∈ R

A with u = 0, we have

φ(u) ≥ 1

4
(q − r)|u|min{δ, |u|},

where q and r are as in Lemma 4.6. Moreover, we have that q > r .

Proof. By Lemma 4.6 (whose proof does not use Edwards–Wilkinson domination), we
have that for any u with u = 0,

u · Hessφ(0)u = (q − r)|u|2. (4.5)

Since Hessφ(0) is positive semidefinite due to the convexity of φ, this immediately
shows that q ≥ r . By Lemma 4.6, q �= r . Thus, q > r .

In the following, |M | denotes the Euclidean norm of amatrix M —that is, the square-
root of the sum of squares of the entries. Since φ is C2 in a neighborhood of the origin
and q > r , there exists δ small enough such that φ is C2 in the open ball of radius 2δ
centered at the origin, and |Hessφ(u) − Hessφ(0)| < (q − r)/2 for all u in this ball.

Take any u ∈ R
A such that u = 0 and |u| ≤ δ. For t ∈ [0, 1], let g(t) := φ(tu). Then

φ(u) = g(1) = g(0) + g′(0) +
∫ 1

0
(1 − t)g′′(t)dt.

Now, g(0) = φ(0) = 0, and by Lemma 4.5, g′(0) = ∇φ(0) · u = u = 0. By definition
of g, g′′(t) = u · Hessφ(tu)u. Inserting these into the above expression, we get

φ(u) =
∫ 1

0
(1 − t)(u · Hessφ(tu)u)dt. (4.6)

Now, for all t ∈ [0, 1], an application of the Cauchy–Schwarz inequality gives

|u · Hessφ(tu)u − u · Hessφ(0)u| ≤ |Hessφ(tu) − Hessφ(0)||u|2

≤ 1

2
(q − r)|u|2.
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By (4.5) and the above inequality, we have that for all t ∈ [0, 1],

u · Hessφ(tu)u ≥ 1

2
(q − r)|u|2. (4.7)

By (4.6), this gives

φ(u) ≥ 1

4
(q − r)|u|2. (4.8)

Next, suppose that |u| > δ. Let v := αu, where α := δ/|u|. Then v = 0 and |v| = δ.
Thus, by (4.8),

φ(v) ≥ 1

4
(q − r)|v|2 = 1

4
(q − r)δ2. (4.9)

But, by the convexity of φ,

φ(v) = φ(αu) ≤ αφ(u) + (1 − α)φ(0) = αφ(u).

Thus, by (4.9),

φ(u) ≥ α−1φ(v) ≥ 1

4
(q − r)δ|u|. (4.10)

Combining (4.8) and (4.10) completes the proof of the lemma. ��
We are now ready to complete the proof of Lemma 1.5.

Proof of Lemma 1.5. By convexity, φ(u)−φ(0)−∇φ(0)·u ≥ 0 for all u. Butφ(0) = 0,
and by Lemma 4.5 (which uses only equivariance, monotonicity, and symmetry in its
proof), ∇φ(0) = (2d + 1)−11. Thus, φ(u) − u ≥ 0 for all u. This proves Edwards–
Wilkinson domination. To prove strict domination, let {un}n≥1 be a sequence such that
φ(un) − un → 0. Let vn := un − un1, so that vn = 0 for all n and φ(vn) → 0. Then
by Lemma 4.20, we have that vn → 0, which means that un − un1 → 0. Finally, by
Lemma 4.20, we see immediately that the extra condition of Theorem 1.4 is satisfied. ��

Finally, let us prove Theorem 1.7.

Proof of Theorem 1.7. The claims follow from Theorem 1.2 and Theorem 1.4, if we can
just verify that φ satisfies the necessary conditions. It is easy to see that φ is equivariant
under constant shifts, symmetric, and zero at the origin. A simple calculation shows that
any mixed partial derivative of φ at the origin is equal to C(d)cψ ′′(0), where C(d) is a
nonzero constant depending only on d. Since c > 0 and ψ ′′(0) �= 0, this shows that φ

satisfies the nondegeneracy condition. Next, note that

∂φ

∂ua
= 1

2d + 1
+ cψ ′(ua − u) − c

2d + 1

∑

b∈A

ψ ′(ub − u).

By the uniform boundedness of |ψ ′|, the above expression shows that φ is monotone if
we choose c small enough — specifically, if c ≤ (4d|ψ ′|∞)−1. Next, let us show that
φ satisfies the strict Edwards–Wilkinson domination condition. Since c > 0 and ψ ≥ 0
everywhere, we have that φ(u) ≥ u for all u. Next, take any sequence {un}n≥1 such
that φ(un) − un → 0. Suppose that {un − un1}n≥1 is an unbounded sequence. Since
ψ(x) is bounded away from zero as |x | → ∞ and ψ ≥ 0 everywhere, this implies that
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φ(un)− un cannot converge to zero, contradicting our hypothesis. Thus, {un − un1}n≥1
must be a bounded sequence. Since ψ is continuous and nonnegative, and the only
point where it is zero is the origin, we conclude that any convergent subsequence of
{un − un1}n≥1 must converge to zero. Thus, un − un1 → 0. This proves that φ satisfies
the strict Edwards–Wilkinson domination condition. Finally, ifψ(x) → ∞ as |x | → ∞,
then it is clear, by the nonnegativity of ψ , the function φ satisfies the extra condition of
Theorem 1.4. ��
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