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’

’ 

∈ Z+ := { , , ,…} δ >

∈ = =

( ) = [ ( ), ( )] , ( ) = [ ( ), ( )] = [ ( ), ( )] , = ,

ω ∈ Ω Ω

Ω Ω = {Ω ,Ω } = {Ω ,Ω } =
̂ω( ) ̂ω( )

ω ∀ω ∈ Ω

= ∪ Ω

γ ( ), ρ
, ′
( ) η

, ′
( )

γl
j(t) =

{
1 if vehicle j run in lane l at time step t

0 otherwise
, ∀j ∈ J, l ∈ L

ρl

j,j
′ (t) =

{
1 if vehicle j

′

is downstream to vehicle j in lane l at time step t

0 otherwise
, ∀j, j

′

∈ J, l ∈ L

ηl

j,j
′ (t) =

{
1 if vehicle j follows j

′

in lane l at time step t

0 otherwise
, ∀j, j

′

∈ J, l ∈ L

γ ( ) ρ
,
′ ( ) ′

η
,
′ ( ) ′ γ ( )

[
,
]

γl
j(t) =

[
yl < yj(t) ≤ yl

]
, ∀j, l ∈ L



γ ( ) ρ
,
′ ( ), ∀ ,

′
∈ ρ

,
′ ( ) = ′

γ ( ) = γ ′ ( ) = ′ < ′

∧ “ ”

ρl

j,j
′ (t) =

[
xj(t)< xj

′ (t)
]
∧ γl

j(t) ∧ γl

j
′ (t), ∀j, j

′

∈ J, l ∈ L

ρ
,
′ ( ) η

,
′ ( )

′ η
,
′ ( ) = ′

ρ
,
′ ( ) = [∼ ρ , ( )] ∧ [∼ ρ

,
′ ( )], ∀ ∕= ∕= ′ “∼” 

“ ” 

ηl

j,j
′ (t) = ρl

j,j
′ (t) ∧

⋂
k∈J/{j,j

′
}

{[
∼ ρl

j,k(t)
]
∧
[
∼ ρl

k,j
′ (t)

]}
,∀j, j

′

∈ J, l ∈ L

∈ Δ

Δ ≥ δ = … =

… f ( ) y ( )

− s ( ) + r ( ) −

δ

zi(t+ 1) = zi(t) + δvi(t) +
δ2

2
ui(t), ∀i ∈ I

vi(t+ 1) = vi(t) + δui(t), ∀i ∈ I

δ δ δ

+ ∈

a ≤ ui(t) ≤ a, ∀i ∈ I

v ≤ vi(t) ≤ v, ∀i ∈ I

’

xj(t) − xi(t) ≥ Li + τiv
x
i (t) −

[
vx

i (t) − vx

]2

2 ax

,∀i ∈ I

τ >

>



’

’

γ ( ) ρ , ( )

γ ( ) ρ , ( )

′

xi
′ (t) − xi(t) ≥ Li + τiv

x
i (t) −

[
vx

i (t) − vx

]2

2 ax

− M
[
3− γl

i(t) − γl

i
′ (t)− ρl

i,i
′ (t)

]
,∀i, i

′

∈ I, l ∈ L

x̂ϖ(t) − xi(t) ≥ Li + τiv
x
i (t) −

[
vx

i (t) − vx

]2

2 ax

− M
[
2− γl

i(t) − ρl
i,ϖ(t)

]
, ∀ϖ ∈ Ωl

h, l ∈ L, i ∈ I

̂ϖ( ) ϖ 

γ ( ) = γ ′ ( ) = ρ
, ′
( ) =

′ γ ( ) = ρ ,ϖ( ) = ϖ 
′ ϖ 

’

v̂ω(t+ k) =
δ

τω

sω,j(t) −
δdω

τω

∀ω ∈ Ωl
h, l ∈ L, j ∈ J

ω = ( ) − ̂ω( ), ∈ ω τω 

ω ϖ τω ω 

τω δ 

= τω

δ 

δ ≥ τω

δ
δ ≥ τω

’

ω′
ω = ( ) −

̂ω( ) ω ρω, ( ) = ω =

ω,ω′ ( ) = ̂
ω
′ ( )− ̂ω( ) ω ω′

ω ω′ =

sω,j(t) =

⎧
⎨
⎩

xj(t) − x̂ω(t) ρl
ω,j(t) = 1

M ρl
ω,j(t) = 0

, ∀ω ∈ Ωl
h, j ∈ I ∪ Ωl, l ∈ L

ρω, ρω, ( )

ρ
ω,ω′ ( ) ω′

ω ω ω ω ω 

sω,j(t) = min
{

sω,ω
′ (t), sω,1(t), sω,2(t)

}
∀ω ∈ Ωl

h, l ∈ L

’

’

ω

v̂ω(t+ k) = min

{
δ

τω

sω,j(t)−
δdω

τω

, vx

}
∀ω ∈ Ωl

h, l ∈ L



v̂ω(t+ k) = max

{
δ

τω

sω,j(t) −
δdω

τω

, vx

}
∀ω ∈ Ωl

h, l ∈ L

x̂ω(t+ k) = x̂ω(t) +
τω

δ
v̂ω(t), ∀ω ∈ Ωl

h, l ∈ L

̂ω ̂ω >

τω 

xi(t) − x̂ω(t) ≥ dω +
τω

δ
v̂ω(t) − M

(
1− ηl

ω,i(t)+ ηl
ω,i(t− 1)

)
∀ω ∈ Ωl

h, l ∈ L, i ∈ I

vi(t) − v̂ω(t) ≥ −M

(
1− ηl

ω,i(t)+ ηl
ω,i(t− 1)

)
∀ω ∈ Ωl

h, l ∈ L, i ∈ I

ηω, ( ) ω

ηω, ( ) = ηω, ( − ) = ω

ω + τω̂ω( ) ω

ω′

ω ω ω′

’

’

´

v̂ω(t+ 1) = v̂ω(t) + k1eω(t+ 1) + k2ėω(t+ 1) ∀ω ∈ Ωl
c, l ∈ L

ω − −
˙ω( )

’

δ

eω(t) = x̂j(t) − x̂ω(t) − td v̂ω(t) ∀ω ∈ Ωl
c, l ∈ L

ėω(t) = v̂j(t) − v̂ω(t) − tdaω(t) ∀ω ∈ Ωl
c, l ∈ L

ω ω

ω ω̂( + )− ω̂( )
Δ

ω ϖ ω

v̂ω(t+ 1) = Av̂ω(t) + Bv̂j(t+ 1) + Csω,j(t+ 1) ∀ω ∈ Ωl
c, l ∈ L, j ∈ J

ω ω′



= δ( − − )+
δ+ = δ

δ+ = δ
δ+

η
ω,ω′ ( ) ηω, ( ) ηω, ( )

η
ω,ω′ ( ) = ω ω′ η

ω,ω′ ( ) = ηω, ( ) =

ω ηω, ( ) =

v̂ω(t+ 1) = Av̂ω(t) + Bηl

ω,ω
′ (t)v̂ω

′ (t) + B
∑

i∈I

ηl
ω,iv

x
i (t) + Csω(t), ∀ω ∈ Ωl

c, l ∈ L

ω ω ∈ Ω ηω, ( )

vx
i (t) − v̂ω(t) ≥

ãi(t − 1)δ
(
B − 1

2

)

A
− M

(
1− ηl

ω,i(t)+ ηl
ω,i(t− 1)

)
∀ω ∈ Ωl

c, l ∈ L, i ∈ I

̃ ( − ) =
[

, , ( − )
]

, ( − ) =
− ( − )

δ
ηω, ( ) = ηω, ( − )

=

’ 

δ Δ

δ Δ ≥ δ

f l

c
(t+ 1) = f l

c
(t) + y l

c
(t) − y l

c+1(t), ∀c ∈ Cl, l ∈ L

y l
c
(t) = min

{
sl

c−1(t), r l
c(t)

}
, ∀c ∈ Cl, l ∈ L

sl
c(t) = min

{
f l

c
(t), ql,max

c

}
, ∀c ∈ Cl, l ∈ L

r l
c(t) = min

{
wl

c

(
kl,max

c − kl
c(t)

)
, ql,max

c

}
, ∀c ∈ Cl, l ∈ L

, , ( )

’ + f ( + )

’ f ( ) +

y ( ) y + ( )

−

− s − ( ) r ( )

s ( )

r ( ) ’ 

∈

ω ∈ Ω



∈ ω ∈ Ω

( ) r ( )

y ( )

f ( + )

Δ =

( , ) =
(

,
)

ϕ , ( )

ϕω, ( ) ω ̂ω( )

( )

ϕl
i,c(t) =

[
zi(t) ≥ zl

c
] ∧ [zi(t)< zl

c

]
, ∀ i ∈ I, c ∈ Cl, l ∈ L

ϕl
ω,c(t) =

[
x̂ω(t) ≥ xl

c

]
∧
[
x̂ω(t)< xl

c

]
, ∀ω ∈ Ωl, c ∈ Cl, l ∈ L

∑L

l=1

∑C

c=1

ϕl
j,c(t) = 1, ∀j ∈ J

kl
c(t) = f l

c(t) +
∑

j∈J

ϕl
j,c(t)

/
δΔL, ∀c ∈ Cl, l ∈ L

+

’ ’ 



∈ Z
+ ’ +

’ ’ 

J(ut) = min
∑T−1

t=0

1

2

⎡
⎢⎣uT

t Quut⏟̅̅̅ ⏞⏞̅̅̅ ⏟
Ju

+w
T
t Qwwt⏟̅̅̅̅⏞⏞̅̅̅̅⏟

Jw

− y
T
t Qyyt⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Jy

− ηT
t Qηηt⏟̅̅̅⏞⏞̅̅̅⏟

Jη

+ v
T
t Qvvt⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Jv

⎤
⎥⎦+ qzz

T

⏟⏞⏞⏟
Jz

∈ –

• =

• w = [Δ ( ),Δ ( )]T 
Δ =

• y η

• v 

• z = [Δ ( ) = ( ) − ( ) − ̃] =
̃

• w y η v × z w =
( − )

[
,w

,w

]

,w 

’ 

’

w ’ 

’ y 

y 

’ 

η 

η
, ′
( ) η

, ′
( )

′
v 

z 

w y η v z 

z

w y η 

z 

z ’

’ 

w w ’ 

y y

η η ’ 

v v

z z



η v z

η v z

Min Γ1(ut) =
∑T−1

t=0

1

2

⎡
⎢⎣u

T
t Quut⏟̅̅̅⏞⏞̅̅̅⏟

Ju

+w
T
t Qwwt⏟̅̅̅̅⏞⏞̅̅̅̅⏟

Jw

− y
T
t Qyyt⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Jy

− ηT
t Qηηt⏟̅̅̅⏞⏞̅̅̅⏟

Jη

⎤
⎥⎦

∈

η 

∑
∈

η
, ′
( ) =

Min Γ2(ut) =
∑T−1

t=0

1

2

⎡
⎢⎣u

T
t Quut⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Ju

+w
T
t Qwwt⏟̅̅̅̅⏞⏞̅̅̅̅⏟

Jw

− y
T
t Qyyt⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Jy

+ v
T
t Qvvt⏟̅̅̅ ⏞⏞̅̅̅ ⏟

Jv

⎤
⎥⎦+ qzz

T

⏟⏞⏞⏟
Jz

∈

s.t.
∑

l∈L

ηl

i,i
′ (t) = 1, ∀ i, i

′

∈ I, t ∈ T  

w y

w ’ η 

w η 

w η η 

w 

w η w 

z y v



w η w z 

w η w 

’ 

η 

w 

ΔJw,i(t) =
vxtδ − xi(t)

vxtδ
, t ∈ Z

+

δ 

Δ w, ( ) ’

w Δ w, ( )

w w

η 

ΔJη(t) =
|y1(t) − y2(t)|

yL − yL
, t ∈ Z

+

− −

η Δ η 

Δ η =

w 

η 

qη =
∑

i∈I

αiqi,w ξI
i,t, ξ

I
i,t =

ΔJη

ΔJw,i

,w η w η α ξ ,

η w

Δ η η ξ ,

Δ w, ( ) η 

w 

z 

’ 

z 

ΔJz (t) =
|x2(t) − x1(t) − d̃|

d̃

| ( )− ( )−̃| ’ ̃ Δ z ( )

z Δ z ( )

z z 

Δ w, Δ z 

qz =
∑

i∈I

αiqi,w ξII
i,t, ξII

i,t =
ΔJz

ΔJw,i

,w z w z α ξ ,

z w

Δ z z ξ ,

Δ w,

Δ w, =

ξ , ξ , ξ , ∈ [ , ξ ], ξ

ξ , ξ , ξ ,



Ω

P ( ( ), χ( )) P ( ( − ), χ( − ))

P ( ( ), β( )) , ∈ Z+

P (u(t), χ(t)) =
{

u(t) ∈ R
T|I|, χ(t) ∈ B

nt|gt(u(t), χ(t)) ≤ 0
}
,∀t ∈ Z+

B = { , } χ ≤ χ

’ χ

= γ ρ η ϕ

P ( ( ), χ( ))

χ

’ 

ϕ

P ( ( ), β( )) ∕= ∅ 

− P ( ( − ), χ( − )) ∕= ∅

̂ω( ) ∈
[

,
]
, ∀ω ∈ Ω ∪ Ω

τω ≤ τω ∀ω ∈ Ω

ω ( )− ̂ω( ) ≥
̃ ( − )δ( − )

, ∀ ω ∈ Ω

∀ ∈ ( ) ≥ ̂ω( )+
̃ ( − )δ( − )

=

δ = , = . , = . , ̃ ( − ) = = − /
̃ ( − )δ( − )

= −

. / −

P ( ( ), χ( )) P ( ( ), χ( )) ∕= ∅, ∀ ∈ Z+

P (u( − ),χ( − )) ∕= ∅ ∀ ∈ Z+

≤ ̂ω( ) ≤ ∀ ∈ Z+,ω ∈ Ω ∪ Ω

τω ≤ τω ∀ω ∈ Ω τω =
−( − )−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( − ) − ω

√

ω ∈ Ω

ω ( )− ̂ω( ) ≥
̃ ( − )δ( − ) ̃ ( ) =

[
, , ( )

]
, ( ) =

− ( )

δ

P ( ( ), χ( ))

P ( ( ),χ( )) = {P ( ( ),χ( )),P ( ( ),χ( ))}

P ( ( ), χ( ))



P (u1(t), χ(t)) = P u(u1(t)) ∩ P χ(u1(t), χ(t))

P ( ( ))

∈

P χ( ( ),χ( )) χ

∈

χ

∈ → ∀ ∈

– γ

η ρ χ P χ( ( ), χ( ))

→ P χ( ( )|χ )

χ1(u1(t)) =
{

γl∗

1 (t) = 1, γl∗

j (t)= 1, ηl∗

1,j(t) = 1, ρl∗

1,j(t)= 1
}
∪
{

γl
1(t) = 0, γl

j(t) = 0, ηl
1,j(t) = 0, ρl

1,j(t) = 0
}

l∈L\l∗
,∀j ∈ J, l∗ ∈ L

ω ∈ ω → ∀ω ∈ Ω

– 

P χ( ( ), χ( )) P χ( ( )|χ )

χ2(u1(t)) =
{

γl∗

ω(t) = 1, γl∗

1 (t)= 1, ηl∗

ω,1(t)= 1, ρl∗

ω,1(t)= 1
}
∪
{

γl
1(t) = 0, γl

ω(t) = 0, ηl
1,ω(t) = 0, ρl

1,ω(t) = 0
}

l∈L\l∗
, ∀ ω ∈ Ωh, l

∗ ∈ L

ω ∈ ω → ∀ω ∈

Ω ’ – P χ( ( )|χ )

P

χ3(u1(t)) =
{

γl∗

ω(t) = 1, γl∗

1 (t)= 1, ηl∗

ω,1(t)= 1, ρl∗

ω,1(t)= 1
}
∪
{

γl
1(t) = 0, γl

ω(t) = 0, ηl
1,ω(t) = 0, ρl

1,ω(t) = 0
}

l∈L\l∗
, ∀ω ∈ Ωc, l

∗ ∈ L

P χ 

P χ P χ( ( )|χ ) ∪ P χ( ( )|χ )

P χ(u1(t), χ(t)) = P χ(u1(t)|χ1) ∪ P χ(u1(t)|χ2) ∪ P χ(u1(t)|χ3)

P ( ( ))∩ P χ( ( )|χ ) = U ∕= ∅ U ∩ P χ( ( )|χ ) ∕= ∅ U∩

P χ( ( )|χ ) ∕= ∅ −

ω ∈

P χ( ( )|χ ) p̂ ,ω( ( ))

p̂
1,ω(u1(t)) := x̂ϖ(t) − x1(t) −

(
L1 + τ1vx

1(t)−

[
vx

1(t) − vx

]2

2ax

)
, ∀ ω ∈ Ωh

P ( ( )), ω ≤ ̂ω( ) ≤

P ( ( )) ∩ P χ( ( )|χ ) = U( ( )) –

U( ( )) ̂ω( ) ∈
[

,
]

u1(t) ∈ U(u1(t)) =
[
max

{
ax, a1,v(t)

}
,min

{
ax, a1,v(t), a1,d(t)

}]

a1,v(t) =
vx − vx

1(t)

δ
≤ 0

a1,v(t) =
vx − vx

1(t)

δ
≥ 0

a1,d(t) =
3

2
ax + a1,v −

ax

δ2

̅̅̅̅̅̅̅̅̅
B(t)

√



B(t) =

(
vx

1(t − 1) − vx

)2
δ2

ax
2

+
δ3
(
vx

1(t − 1) − vx

)

−ax

+
9

4
δ4 +

(
2δ2

−ax

)[(
v̂ω(t − 1) + v̂ω(t)

2
− vx

)
δ+ p̂ 1,ω(u1(t− 1))

]
≥ 0

U( ( )) ω ∀ω ∈ Ω

P χ( ( )|χ )

P ( ( )) ∩ P χ( ( )|χ ) = τω

δ
∈ Z+

ω ≥ ’

≤

ω + >

+ >

≤ >

v1(t+ k) = v1(t) + δku1(t)

x1(t+ k) = x1(t) + δkv1(t) +
(δk)2

2
u1(t)

v̂ω(t+ k) = max

{
vx,

δ

τω

(
sω,1(t) − dω

)}

v̂ω(t+ k) = min

{
vx,

δ

τω

(
sω,1(t) − dω

)}

x̂ω(t+ k) = x̂ω(t) + τω v̂ω(t)

sω,1(t+ k) = x1(t + k) − x̂ω(t + k)

( ) ∈ U( ( )) ω ≥ +

P χ( ( − )|χ ) ω − ≥

≤ ω, ( − ) < τω

δ
+ ω ̂ω( − + ) = ̂ω( − + ) = ≤ ( − +

) ω − + > ω − ≥

ω, ( − ) ≥ τω

δ
+ ω

τω

δ
+ ω ≤ ω, ( − ) < τω

δ
+ ω

≤ δ
τω
( ω, ( − ) − ω) ≤ ̂ω( − + ) = max

{
, δ

τω
( ω, ( − ) − ω)

}
= δ

τω
( ω, ( − ) − ω)

ω, ( − ) = ̂ω( − + ) τω

δ
+ ω ω, ( − ) ≥ τω

δ 
+

ω ≤ δ
τω
( ω, ( − ) − ω) ̂ω( − + ) =

{
, δ

τω
( ω, ( − ) − ω)

}
=

ω, ( − ) ≥ ̂ω( − + ) τω

δ
+ ω ω − ω, ( −

) ≥ ̂ω( − + ) τω

δ
+ ω

ω

sω,1(t+ nk) = sω,1(t+(n− 1)k) − sω,1(t+(n− 2)k) +
1

2
u1(t+(n− 1)k)δ2 + v1(t+(n− 1)k)δ + dω, ∀n ∈ Z+

+ ω +

+ ′ ∀ ′ = … ω, ( + )

> ,∀ ∈ Z+ + ′

U,∀
′
= , , …, U

ω, ( + ) = ̂ω( − + )τω + ω + τω τω ≤
−( − )−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( − ) − ω

√

ω + ≥ ω +

( ) ∈ U

ω ω

P ( ( ))∩ P χ( ( )|χ ) = U( ( )) ∕= ∅

( ) ∈ U( ( )) P ( ( )) ∩ P χ( ( )|χ ) ∕= ∅

γ
∗
( ) = ,γ

∗
( ) = ,η

∗

, ( ) = ,ρ
∗

, ( ) = P χ( ( )|χ )



( ) ∈
[

,
]

U( ( )) ∕= ∅

η
∗

ω, ( ) = η
∗

ω, ( − ) = ω −

“ ” ω ω, ( ) = ( ) − ̂ω( ) ≥
τω

δ
̂ω( )

+ ω ω

+ ≥ ( ) ∈ U( ( ))

∈

ω ∈ ( ) ∈ U( ( )) P ( ( )) ∩ P χ( ( )|χ ) ∕= ∅,

P ( ( − ), χ) ω − η
∗

ω, ( − ) =

P χ( ( )|χ )

= − = − = ≫ = =

≈

P ( ( )) ∩ P χ( ( )|χ ) –

v̂ω(t+ 1) = Av̂ω(t) + Bv1(t+ 1)

x̂ω(t+ 1) = x̂ω(t) + δv̂ω(t+ 1)

v1(t+ 1) = v1(t) + δu1(t)

x1(t+ 1) = x1(t) + δv1(t) +
δ2

2
u1(t)

sω,1(t) = x1(t) − x̂ω(t)

P ( ( )) ∩ P χ( ( )|χ ) ∕= ∅ ( − ) ∈ U( ( − ))

ω ≥ ( − ) − ̂ω( − ) ≥
̃ ( − )δ( − )

− ( )− ̂ω( ) ≥
̃ ( − )δ( − )

( ) − ̂ω( ) ω

v1(t) − v̂ω(t) = v1(t) − Av̂ω(t− 1) − Bv1(t) = A[v1(t− 1)− v̂ω(t− 1)] + Aδu1(t − 1)

( − ) − ̂ω( − ) −

̂ ( − ) =
( − )̃ ( − )

= = ̂ ( − )

= . ̃ ( − ) ≤ ̃ ( − ) ≤ ̃ ( − ) =
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