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Abstract—This paper considers the detection of change points
in parallel data streams, a problem widely encountered when
analyzing large-scale real-time streaming data. Each stream may
have its own change point, at which its data has a distributional
change. With sequentially observed data, a decision maker needs
to declare whether changes have already occurred to the streams
at each time point. Once a stream is declared to have changed, it
is deactivated permanently so that its future data will no longer
be collected. This is a compound decision problem in the sense
that the decision maker may want to optimize certain compound
performance metrics that concern all the streams as a whole.
Thus, the decisions are not independent for different streams. Qur
contribution is three-fold. First, we propose a general framework
for compound performance metrics that includes the ones con-
sidered in the existing works as special cases and introduces new
ones that connect closely with the performance metrics for single-
stream sequential change detection and large-scale hypothesis
testing. Second, data-driven decision procedures are developed
under this framework. Finally, optimality results are established
for the proposed decision procedures. The proposed methods and
theory are evaluated by simulation studies and a case study.

Index Terms—Large-scale inference, multiple change detection,
sequential analysis, multiple hypothesis testing

I. INTRODUCTION

Sequential change detection aims to detect distributional
changes in sequentially observed data. Classical methods
focusing on change detection in a single data stream have re-
ceived wide applications in various fields, including engineer-
ing, education, medical diagnostics and finance [1-4]. Several
metrics have been proposed for evaluating their performance,
under which optimality theory has been established [SH8]); see
[9-11] for a review.

The emergence of large-scale real-time streaming data has
motivated multi-stream sequential change detection. Different
settings have been considered in the literature, largely mo-
tivated by surveillance applications, where each data stream
corresponds to a sensor, and the change point is caused by a
failure in one or multiple sensors. For example, [12] consider
one change point which occurs to one and only one of multiple
streams. [13]] and [14]] consider a setting where all the streams
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change at the same time. More generally, [15H22] consider
settings where a common change occurs to all or a subset
of streams. There are also settings under which data streams
are gradually affected after some propagation time. For these
settings, a change can appear at a predetermined stream [23]]
or at any stream [24], but eventually all the streams will
change. A related problem, which has received much attention
recently and will be the focus of the current work, considers
a setting where each stream has its own change point [25-
28|, where the stream-specific change points have independent
causes. Real-world applications of such a setting will be
discussed in the sequel. A decision maker needs to declare
whether a change has already occurred for each stream at each
time point. Once a stream is declared to have changed, it is
deactivated permanently so that its data is no longer collected.
This problem will be referred to as a parallel sequential change
detection problem.

The parallel sequential change detection problem is widely
encountered in the real world. For example, [25| [29] consider
an application to a multichannel dynamic spectrum access
problem for cognitive radios. Each cognitive radio channel
corresponds to a data stream, and the change corresponds to
the time at which the primary user of the channel starts to
transmit signals. A false discovery rate (FDR) is proposed
to measure the proportion of false discoveries (i.e., unused
channels) among the ones detected as occupied by primary
users. [26L 27] consider monitoring an item pool for stan-
dardized educational testing. In this application, each stream
corresponds to a test item that is reused in multiple test
administrations, and the change point corresponds to the time
at which the item is leaked to the public. A certain false non-
discovery rate (FNR) is proposed to measure the proportion
of leaked items among the non-detections (i.e., items that are
not detected as having leaked). There are many other potential
applications, such as the detection of credit card fraud [30],
for which each stream corresponds to a credit card account,
and the change point corresponds to a fraud event.

We note that it is often not a good idea to run a single-
stream change detection procedure independently on individ-
ual streams. This is because the decision maker may want
to control a certain compound risk that concerns all the
streams as a whole, such as the FDR and FNR measures.
Consequently, each decision at one time point requires all
the up-to-date information from all the streams, making the
parallel sequential change detection a challenge.

Several methods have been proposed in [25H27]] to control
the above compound risk measures in parallel sequential
change detection problems. However, these methods, along
with their theoretical properties, are established under rel-



atively restrictive model assumptions and for specific risk
measures. Specifically, [25] proposes a method based on
the Benjamini-Hochberg method [31] for FDR control and
establishes its asymptotic results. However, no results are given
on the method’s optimality. Under a Bayesian setting, [26] and
[27] propose methods for controlling a certain FNR measure at
all time points. As shown in [26], under a geometric change
point model and assuming the same pre- and post- change
distribution for all the streams, this method maximizes the
expected number of remaining streams at all time points while
controlling the FNR to be no greater than a pre-specified
tolerance level. However, it is unclear whether this optimality
theory can be extended to more general models and other
sensible risk measures.

The parallel sequential change detection problem is also
closely related to the sequential multiple testing problem. The
latter can be viewed as a special case when a stream can
only change at the beginning of the process or never change.
Several methods have been proposed for the sequential multi-
ple testing problem, controlling compound risks. Specifically,
[32], [33]], and [34] consider controlling a familywise error
rate, an FDR/FNR, and a generalized familywise error rate,
respectively. While the risk measures may be relevant, their
methods and theoretical results can hardly be extended to the
current change detection problem.

Statistical methodology for sequential change detection can
generally be divided into Bayesian and non-Bayesian methods
(1O} 114131135, 136]. Bayesian methods assume a prior distribu-
tion for the change point/points, based on which performance
metrics are defined, such as average detection delay and
probability of false alarm. On the other hand, non-Bayesian
methods do not assume any knowledge on the change point
distribution, and typically aims to find the best-performing
procedure in the worst-case scenario (through a minimax
formulation). For these methods, performance metrics are
introduced to measure their performance in the worst-case
scenario, such as supremum average detection delay, average
run length to the false alarm, and worst-case probabilities of
missed detection and false alarm; see e.g., [[13} (16} 36, [37]].

The current work studies parallel sequential change detec-
tion under a Bayesian setting. It provides a unified decision
theory framework under general classes of change point mod-
els and performance measures. A computationally efficient
sequential method is developed under the proposed framework.
Two optimality criteria are introduced, for which the proposed
method is shown to be optimal under suitable conditions.

Our contributions are summarized below:

o We propose a general class of performance metrics to

evaluate the sequence procedures. This class of metrics
not only includes existing metrics as special cases (e.g.,
FDR [25] and the local FNR metric [26]) but also
introduces new metrics that are closely related to the
metrics for single-stream change detection and multiple
hypothesis testing. See Section [[I-E] and Section [V-C| for
more examples.

Thanks to the generality of these performance metrics,
the proposed method can also be used to solve problems
considered in [33] 34} [38]] for sequential multiple testing.

See Section for a discussion on the connections with
several recent works [32H34, 38, [39].

o We propose a sequential procedure (Algorithms that
is easy-to-implement and is data-driven. It automatically
adapts to various model settings when controlling the
risk measures to a pre-specified tolerance level, without
requiring additional Monte Carlo simulation or bisection
search commonly used in sequential problems to deter-
mine decision boundaries (see, e.g., [40]).

o We provide two optimality criteria for the parallel se-
quential change detection problem, including the local
and uniform optimalities. The local optimality criterion
concerns the maximization of a utility measure in the next
step, and the uniform optimality criterion refers to the
maximization of the utility measure at all time. We show
that the proposed method is locally optimal under very
mild conditions and uniformly optimal under stronger
conditions (Theorems [TH3).

We note that the precise characterization of the conditions
for uniform optimality requires the analysis of stochastic
processes on a special non-Euclidean space. To this end,
we develop new analytical tools for comparing vectors
and stochastic processes with different dimensions due to
early stopping. This analytical tool may be useful in the
theoretical analysis of other sequential decision problems.

The remainder of the paper is organized as follows. In

Section we describe the change point models, the class
of parallel sequential change detection methods, a general
class of performance metrics, and the optimality criteria. We
also provide examples of generalized performance metrics. In
Section we propose a parallel change detection method
(Algorithms [T] and [2)) and provide a simplified version of this
method under mild conditions on the performance measures
(Algorithms [3] and ). Section [IV] provides theoretical results
for the proposed methods including their optimality properties
and the connection with recent works. In Sections [V] and [V]]
we evaluate the performance of the proposed method through
simulation studies and a case study. Concluding remarks and
future directions are given in Section For space reasons,
part of the proofs of the theoretical and numerical results are
postponed to the Appendix in the supplementary material.

II. PROBLEM SETUP
A. Notation

The following notations are used throughout the paper. For
two real numbers, aVb = max(a, b) and aAb = min(a, b). For
two sets A and B, A\ B={z:2 € A,z ¢ B} denotes the
set minus operator. We abbreviate ‘almost surely’ as ‘a.s.” For
a set S, |S| denotes its cardinality. Z and Z, denote the set
of integers and positive integers, respectively. For a positive
integer n, (n) denotes the set {1,--- ;n}.

B. Model Assumptions

Consider the case where there are X > 2 data streams, and
let (K) denote the set {1,---,K}. At each time epoch ¢ €
Z, an observation X}, ; is obtained from the kth data stream,
for k € (K). Each data stream k is associated with a change



. Time t Timet+1
| Xie i
~E=y St ]{( E’S}' FASt+1 € Se | St =~
i t !
Active set at Collecting One-step Active set at
time t datain S; selection of timet+1
St+1

Fig. 1: A flowchart of a sequential decision in D

point 7, € {0} U {oc} UZ, for k € (K). Under a Bayesian
parallel change point model, the change points 74, - - - , T are
assumed to be independent and identically distributed (i.i.d.)
with

P(rp = 8) = s (1)

for s € {0} U {0} UZ; and k € (K). Given (71, - ,Tk),
{Xk,t}tez, are independent for k£ € (K), and have conditional
probability density

i if t < 7

. 2
Qic,t ift>m+1

Xt |75 { X Fr<s<e—1 ~ {
with respect to some baseline measure over a measurable space
(Q, F). That is, X}, are independent given the change points,
and follow pre- and post- change density functions py; and
gk, respectively. In particular, 7, = oo corresponds to the
case where the change point never occurs to the kth stream.
That is, X}, ; follows the pre-change density function py, ; for
all ¢ € Z,. Throughout the paper, all the probabilities and
expectations are taken under the model described above.

C. Parallel Sequential Change Detection Procedures

A decision maker sequentially observes data from the par-
allel data streams and determines whether change points have
already occurred to these data streams at each time. Once
a change point is declared, the corresponding data stream is
deactivated and its data are no longer collected. This decision
process is characterized by an index set process S; C (K)
for t € Z,, where k € S, if and only if the decision
maker has not declared a change in the kth stream at time
t yet (i.e., stream k is active at time t). Specifically, the
available information at time ¢ is contained in the historical
data Hy = {{Xk s}res, 1<s<t:{Ss}t1<s<+} and, equivalently,
the induced information o-field 7; = o(H;). At each time
t, the decision maker selects the index set S;y; C S; based
on the current information ;. That is, Sy is measurable
with respect to F;. Denote by D the set of all such compound
sequential decisions. A graphical illustration of the decision
process is given in Figure [I}

We make a few remarks on the information filtration and the
decision process. First, we require S; = (K'), meaning that all
the streams are initially active and data from all the streams
are collected at time 1. Second, {S;}1<s<: is measurable
with respect to F;, meaning that the decision history is
tracked in the current information. Third, { X}, s bres, 1<s<t 18
measurable with respect to F, indicating that X}, ; is observed
if and only if stream k is active at time s and s < ¢ (i.e.,
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Fig. 2: An example of a parallel sequential change detection
procedure where K = 3, stream 2 is deactivated at time ¢t = 2,
stream 3 is deactivated at time ¢ = 3, and no more stream is
deactivated before ¢ = 6. As a result, S; = So = {1,2,3},
S3 =84 = {1,2}, S5 = Sg = {1}. Correspondingly, T} = 2,
T5 =4, and T3 > 6.

k € Ss). Fourth, S;y; is required to be measurable with
respect to F;, meaning that the decision maker selects the
active streams for time ¢ + 1 based on all the information
available at time ¢. Lastly, S;y; is required to be a subset of
S; for all t € Z4, meaning that the deactivation of streams
is permanent. That is, no future data will be collected at a
stream, once a change is declared at that stream.

Remark 1. Although described in a different way, the class
of sequential decisions defined above is equivalent to that
in [25]. In [25)], a parallel sequential procedure is defined
through a sequence of stopping times {T,},>1 along with a
sequence of index sets {Dg}q>1. At each stopping time T,, a
decision maker declares change points for streams in D, and
exclude those streams from the future decision process. Then,
the sequences {T,}q>1 and {Dg}¢>1 can be represented using
the sequence { S }4>1 as Ty = min{t > Ty_1 : S;\S¢41 # @}
and Dy = St, \ St,41 where Ty = 0, ¢ = 1. An example
where K = 3 is given in Figure 2| for a graphical illustration.

Another way to understand a compound sequential change
detection procedure is to view it as a sequence of mappings
0 = (di,da, - ,di,---), where each d; determines S;;1
according to the historical information H;. That is, d; is a
measurable function with respect to F; and Syy1 = di(Hy)
satisfying that d,(H;) C S; for all t € Z.

D. Generalized Performance Measures and Optimality Crite-
ria

Ideally, a perfect sequential change detection procedure
collects all the pre-change streams in the set S; at each time
point (i.e., Sy = {k : 7 > t}). However, this is not achievable
by any sequential decision because 7s are unobserved. To
this end, we consider a general class of performance measures
to compare the performance of different sequential decisions.
We assume each sequential decision is associated with a risk
process, denoted by {R;};cz. , and a utility process, denoted
by {U;}tez, - The risk process is used to quantify the loss of
a sequential decision at time ¢ due to the false detections of
pre-change streams and/or the non-detection of post-change



streams, while the utility process is used to reward the correct
decisions. Our goal is to find a good sequential decision that
has a relatively small R; and a relatively large U, at every time
point. Below, we first give formal statements of the optimality
criteria, and then introduce several examples of R; and U; in
Section followed by additional discussions.

Let

Wk,t = ]P)(Tk <t | ]:t) (3)

be the posterior probability that the change point 75 has
already occurred at time ¢ for the k-th stream given the
information up to time ¢. Under the Bayesian setting, W, ;
is also the best estimator (under the squared error loss) of
1(m, < t), where 1(-) denotes the indicator function. A simple
iterative updating rule is derived to calculate W, ; at each time,
which will be discussed in Section [IIl

Throughout the paper, we consider risk and utility processes
that are functions of ({Wi ¢ }res,, St, St+1). That is, there are
pre-specified functions {r;};ez. and {u;};ez, such that

Ry = ri({Whi.t}res,, St, St+1), 4

and
Ur = ue({Wh,t }res,» St, St41)- @)

From @) and (3), R; and U, can be any processes that
are measurable with respect to {Wj,+}, S; and Si41. On the
other hand, only some choices of R; and U, lead to practically
meaningful performance measures. A partial list of practically
meaningful choices of r, and u; are given in Section

Let o € R denote a pre-specified tolerance level, and let

Do={0€D:R(0) <aas.,forall t=1,2,---},

where R;(0) denotes the risk process associated with the
sequential decision §, and D denotes the entire set of parallel
sequential detection procedures described in Section The
set D, collects all sequential decisions that control the risk
process to be no greater than the tolerance level « at all time
points.

We note that risk process { R, };cz, is an adaptive stochastic
process with respect to the information filtration {F; }sez R
is easy to verify that E[R;(d)] < « for § € D,. That is,
the expected risk is also controlled below or equal to the
same tolerance level. In addition, any weighted average of
R.(9) across different time points are also controlled. We
provide additional discussion and theoretical results regarding
this point in Section [V-C

The following regularity assumptions over the risk and
utility functions are imposed throughout the paper.

Assumption 1. For any {Wiitkes, and S,
mingeqp,s,3 "t ({Wh.t fres,, St,S) < . In addition, the
utility function u, is bounded at each time t.

The assumption on r; guarantees that the class of sequential
decisions controlling the risk process at a pre-specified level
is non-empty, i.e., D, # 0. The boundedness assumption on
u; is a mild condition to ensure the integrability of the utility
process.

Given a pre-specified tolerance level o and sequences of
functions {r¢}¢cz, and {u;}iecz,, we define two optimality
criteria for sequential decisions in D,,.

Definition 1 (Uniform Optimality). A sequential decision §* €
D., is called uniformly optimal if

E (U (6%)) = sup E (U(6)),
5€D,
for all t € Z,, where U(6*) and U(0) denote the utility
process associated with sequential decisions §* and 9, respec-
tively.

Definition 2 (Local Optimality). A sequential decision §* =
(dy,ds,--- ,dy,---) € Dy is called locally optimal at time t,
if

E(U:(67)) = E(U(6))

Sforany § = (dy,ds, -+ ,ds, - ) € D, satisfying ds = dZ, for
s=1,...,t—1

We make a few remarks on the above optimality criteria.
First, in most applications, there is a trade-off between mini-
mizing the risk and maximizing the utility. That is, a sequential
decision that has relatively small risk tends to have relatively
small utility at the same time. Thus, we define both uniform
and local optimality through constrained optimization prob-
lems, where the overall goal is to find a sequential decision so
that its corresponding risk process is controlled to be no greater
than the tolerance level while the expected utility is no less
than any other sequential decisions that control the risk process
at the same level. Second, a uniformly optimal sequential
decision has the largest expected utility among all decisions in
D, at every time point. In contrast, a locally optimal sequential
decision only has the largest expected utility at a given time
point t given the decisions at previous time points. Thus,
uniform optimality is a stronger notion than local optimality.
A sequential decision that is locally optimal at every time
point does not necessarily imply that it is also uniformly
optimal. See [26, Example 3] for a counterexample where a
locally optimal decision exists for Ry = LFNR; in and
Ui = |St+1] but there is no uniformly optimal decision. In later
sections, we show that locally optimal sequential decisions
exist under very weak assumptions on the risk and utility mea-
sures, while uniformly optimal sequential decisions only exist
under stronger assumptions of the change point model and the
performance measures. Third, we assume the same tolerance
level « for every time ¢ for ease of presentation. Our methods
and theory can be easily extended to the class of sequential
decisions whose risk is controlled at different levels at different
time points. That is, {6 € D : R(d) < a4 a.s., for all ¢} for
a sequence of constants o;. We can see this by redefining the
risk process as R; — a; and replacing o4 by 0.

E. Examples of Generalized Performance Measures

We start with several examples of performance measures
in the forms of and (3)), which are motivated by common
risk measures in the literature of multiple hypotheses testing
(311 41-43].



For the consistency of notation, the sum over an empty set
is defined to be O (i.e., Zieg a; = 0), and the product over an
empty set is defined to be 1 (i.e., Hie@ a; =1).

Example 1 (Local family-wise error rate (LFWER)). Consider
the event

Ey+ = {There exists k € (K) such that 7, < t,k € Si11},
(6)
which happens when at least one false non-detection occurs
at time t. Because F ; is not directly observed, we consider
the its posterior probability given the information up to time
t,

LFWER, :=P(Ey4|F) =1— ] (1—Wiy).
keSii1

)

Example 2 (Generalized local family-wise error rate
(GLFWER)). Given m > 1, we consider the event

Epm = {|{k € (K) such that 7, < t,k € Si11}| > m}.
®)
This event happens when false non-detections occur in at least
m data streams. Its posterior probability given information up
to time t is

GLFWER,, 4 := P(Ep, 4| F) ©)
m—1
=1— Z Z (H Wi,t) H (1 —=Wgy). (10)
j=0 ICSi+1 \i€l k€S y1\I

[1]=j
In addition, GLFWER,, + = 0 if Si11 = @.

Comparing (7) with (@), we can see that GLFWER extends
LFWER by allowing for more false non-detections. Under a
large-scale setting with many data streams, it may be more
sensible to use GLFWER with its m value chosen based on
the total number of streams K to achieve a balance between
false detections and false non-detections. Similar risk measures
have been proposed for sequential multiple testing [34].

Example 3 (Local false non-discovery rate (LFNR)). Local
false non-discovery rate (LFNR) is defined in [26]], which
extends the concept of LFNR in multiple testing to parallel
sequential change detection. It is defined as follows. First, the
false non-discovery proportion (FNP) is defined as

FNP, :— ZkESt+1 1 (Tk < t)
v |Seg1| V1

(11)

FNP describes the proportion of post-change streams among
the active omes. Then, the local false non-discovery rate
(LFNR) at time t is defined as the Bayes estimator (i.e.,
posterior mean) of FNP; given information up to time t. That

is,
ZkESt+1 Wk*t
|Se+1] V1
Compared with LFWER and GLFWER, LFNR depends on
Wj.+ in a linear rather than multivariate polynomial form. In
addition, LFNR is scalable under a large-scale setting in the
sense that the same tolerance level o € (0, 1) can be used as
K grows large.

Example 4 (Local False Discovery Rate (LFDR)). False
discovery proportion (FDP) and local false discovery rate
(LFDR) are defined by replacing 1, < t and Syy1 with T, > t
and Si \ Si41 respectively in (T1) and (12). That is,

D okes\Soq LTk = 1)

FDP, :— , 13
' 1S\ SealV 1 (13)
and
2 okes\Ses (1= W)
LFDR; := E(FDP = ALa ’ 14
¢ (FDP, | ) AL (14)

Similar to LFNR, LFDR also has the appealing feature of
scalability for large K. The difference between LFNR and
LFDR lies in whether focusing on false detections or false
non-detections.

In [25], an aggregated version of false discovery rate
(AFDR is considered, which can be viewed as the expec-
tation of a weighted average of LFDR at different time points.
More discussions on the connection between LFDR and AFDR
will be provided in Section

Next, we provide two examples of performance measures
motivated by single-stream sequential change detection. De-
note by Vi the detection time of the kth stream,

Ny =sup{t: ke S}. (15)

Note that Ny plays a similar role as the stopping time in the
standard single-stream sequential change detection problem.
Indeed, NV}, is a stopping time with respect to {F;}¢cz, for
all k € (K).

Example 5 (Incremental Average Run Length (IARL)). We
define the incremental run length (IRL) aggregated over dif-
ferent streams as

K K
IRL; : =Y {me AN A(t+1)} = {me A Np At}
k=1 k=1

. (16)

> A >t)

keSiy1

IRL indicates the total number of pre-change streams being
used at a given time. We refer to its posterior mean as the
incremental average run length (IARL), defined as

IARL; :=E(IRLy | F) = Y _ {1—g(Wia)},
k€Siy1

amn

where

g(Wie) =Py < t|F) =7, 'me + (1 — 77 ') Wit (18)
Tg = IP’(Tk. > s) = Too + Zlois m;, and the proof for equation
(I8) is given in Appendix D]

IRL and IARL are closely related to the average run length
to false alarm (ARL2FA) that is commonly used to measure
the propensity for making a false detection in a single-stream

'In [23), this risk measure is referred to as ‘false discovery rate (FDR)’.
Here, we name it as AFDR to distinguish it from LFDR.



sequential change detection problem. Specifically, taking sum-
mation of IRL; over ¢, we obtain

ZIRL _Z (76 A Nk A ),
k=1

which is the total run length from different data streams up to
the change point by time ¢. Moreover, we have

Z IARL,) Z IRL,)

Thus, the sum of the expected value of IARL across time leads
to the total averaged run length up to the change point.

19)

K

= E(rx ANk At). (20)
k=1

Example 6 (Incremental Average Detection Delay (IADD)).
We define the incremental detection delay (IDD) aggregated
over all the streams as

K

given that Ny,--- ,Ng < oo almost surely. In other words,
if we aggregate the expected value of IADD; over all the
time t, then it is the same as a weighted sum of ADD — 1
across different data streams, where the weight is determined
by the probability of the stopping time to be greater than the
corresponding change point. The proof of (23) is given in
Appendix D]

Remark 3. Note that if Siy1 = 0, then LFWER, in Ex-
ample [Ij GLFWER, in Example 2] LFNR, in Example [3|
IARL, in Example 3| and IADD; in Example [6] become zero,
regardless of the value of Sy and {Wy i }res,. Similarly, if
we take Sii 1 = Si then LFDR; in Example H| becomes
zero, regardless of the value of S, and {Wy ;}res,. Thus,
mingeqp,s,3 "t ({Wh.t fres,, St, S) = 0 and Assumption 1 is
satisfied for all o > 0. Thus, all of the risk measures discussed
in this section satisfy Assumption [I| for o > 0.

Among the above examples, LFWER, GLFWER, and

IDD, : = Z{ (NkAN(t+1) =71 —1)y — (NyAt—7, — 1) }LFNR are error rates for false non-detections, LFDR

k=1

= Y Am<t).

k€St
(21)

IDD counts the total number of post-change streams that are
active at a given time. We refer to its posterior mean as the
incremental average detection delay (IADD), defined as

IADD, :==E(IDD; | F;) = > Wi, (22)
k€St
By taking summation over ¢, we have

ZIDDgfz (N At —15 — 1) (23)

k=1

and

K

ZIADD Z (Ng At =1 —1)4). (24

=1

Remark 2. IDD and IADD are closely related to the concept
of average detection delay (ADD), which is commonly used
to measure false non-detection (i.e., the change point has
occurred but the sequential decision fails to detect it) in single
stream sequential change detection [44l]. We clarify that IDD
and IADD are random, and ADD for a single data stream is
a non-random number.

Next, we give a precise characterization of the relationship
between IDD, IADD, and ADD for parallel change detection.
In [44)], for a sequential detection rule with a stopping time
N and a change point T following some prior distribution, its
ADD is defined as

ADD(N,7) =E(N —7|N > 7).

It can be shown that IDD, IADD, and ADD have the following
relationship

) K
E(> IADD,) = > {ADD(Ny,7) — 1}P(Ny > 1) (25)
s=0

k=1

is an error rate for false detections, IARL estimates
the number of pre-change streams that are active, and
IADD estimates the number of post-change and ac-
tive streams. Because a small value of LFWER (or
GLFWER/LFNR/IADD) and a large value of IARL (or mi-
nus LFDR) is desired, we could choose the risk process

€ {LFWER;, GLFWER;, LFNR;,IADD;,} and the utility
process U; € {IARL;, —LFDR;}, or R; € {LFDR;, —IARL;}
and U; € {-LFWER;, —GLFWER;, —LFNR;, —IADD,}.
Note that in the above examples, there is a trade-off between
R; and U;. That is, if one declares detection at more data
streams, then the corresponding LFWER, GLFWER, LFNR,
and IADD tend to be smaller and IARL and minus LFDR
tend to be smaller as well. Thus, the optimality criteria (Defi-
nitions [I] and [2)) formulated through constrained optimization
are reasonable.

The choices of R; and U; should be application-driven.
In practice, we suggest to choose the risk process R; with
a known range so that the tolerance level is easy to specify.
For example, LFWER, GLFWER, LFNR, and LFDR represent
certain probability/expected proportions that are known to
be between [0,1]. Thus, they are sensible choices of R,
for which setting the tolerance level a € [0, 1] is relatively
straightforward.

III. PROPOSED SEQUENTIAL DECISION PROCEDURES

In this section, we first provide a formula for computing
the posterior probability Wy, ; = P(7;, < t|F;), which is a key
quantity in computing the risk and utility measures. Then, we
present our proposed sequential decisions for controlling the
risk process at a given level, followed by a simplified version
of the algorithm to reduce the computational complexity.

A. Recursive Formula for Wy,
Recall 73 = P(7, = s) and 775 = ]P)(Tk > s). Let

Qi =7p ZWS H ri ,r

with Qk,O =0.
s—0 re=st1 Pk,r ,7'

(26)



Given Q.+ and Xy 141, Qr+1 can be computed using the
recursive formula

Qi1 = 7y (FeQuyt + ) Loy, (27)

where we define Ly 11 = qrr1 (Xi+1) /D41 (X t41)-
Then, we obtain

Q¢
Qr:+1

We note that Qi calculates the odds of stream k having
changed given the up-to-date information . It is introduced
to obtain a recursive formula for calculating Wy,. The above
recursive equations and are extensions of classic
results in single-stream Bayesian sequential change detection
problems [45]]. Their rigorous justifications are given in Ap-

pendix

Remark 4. In many applications, the prior distribution and
pre- and post-change distributions may be unknown. To apply
the proposed method, one may combine it with a plug-
in estimator for these unknown distributions. In particular,
assuming that the prior distribution and the pre- and post-
distributions follow a parametric model (i.e., the distributions
only depend on a finite number of parameters), we could
take an empirical Bayes approach to estimate the unknown
parameters and use an Expectation-maximization (EM) algo-
rithm [46|] for its computation. Then, we apply the proposed
method by replacing m, T, Qk.t, Pkt in - with their
estimates. According to a simulation study in Appendix[A] this
approach seems to perform well in controlling a compound
risk. The theoretical properties of this approach are left for
future investigation.

Wk70 =0 and Wk-ﬂg = (28)

B. Proposed Sequential Decision for Unstructured Risk and
Utility

We first propose a one-step selection rule to select Sy 1,
given S; and {Wj ;}res, so that the risk R is controlled to
be no greater than «. This one-step selection rule goes over
all 215t! possible subsets of S;, and then select the one which
attains the highest utility U;. Algorithm|T|implements this idea.
According to Assumption [1} {S: vs < a and S C S;} # 0.

Algorithm 1 One-step selection rule at time ¢.

1: Input: Tolerance level «, the current index set S;,
and posterior probabilities {Wj ¢ }res,, where Wy, =
P (7, < t| Ft) is computed according to (28).

2: For all S C Sy, compute vs = r,({Wx t}res,, St, S) and
s = ut({Wh.t res, St, S).

3: Output:

Si41 = argmaxg pus  subject to yg < o and S C S;.!

Thus, S¢4+1 in line 3 of the above algorithm is well-defined.
The next proposition states that the above one-step selection
rule can control the risk process at any given level.

Proposition 1. Under Assumption E] the index set Siiq
selected by Algorithm [I] satisfies Ry < « a.s.

UIf the solution is not unique, Sy 1 can be any one of the solutions.

Proof. According to the second and third lines of Algorithm
Si4+1 output by Algorithm [1] belongs to the set {S : vs
aand S C Si}. Thus, R, = re({Whkt}kes,, S, Si+1)
VS S Q.

O IA

Note that Proposition [I] does not require any assumptions
on R, and U; except for Assumption [If which ensures the
existence of the set S, in the last line of Algorithm [I]

Next, we combine Algorithm [I] at different time points to
obtain a sequential decision in D,,. At each time ¢, this sequen-
tial decision selects Sy;1 using Algorithm [I] and deactivates
data streams that are not in the index set. Algorithm [2| below
implements this idea.

Algorithm 2 Proposed sequential decision Jp.

1: Input: Tolerance level .

2: Initialize: set ¢ = 1, Sy = (K) and compute W, for
k € S; using equations and (28).

3: Select: input «, S; and (W 1) to Algorithm [I] and
obtain S 1.

4: Update: deactivate streams in S; \ Si11. If Sip1 = &,
stop; otherwise, update {Wj, ;41}res, ., using equations
and (28).

5: Iterate: set t =t + 1 and return to line 2.

6: Output: {S;};>1.

keS;

Proposition 2. Under Assumption |l} ép € D,. That is, the
proposed sequential decision given by Algorithm 2] controls
the risk process at level o at every time point.

Proof. For each t, S;y1 is obtained through Algorithm
Thus, R;(dp) < ca.s. for all t € Z, according to Proposition
This implies dp € D,. O

C. Simplified Sequential Decision for ‘Monotone’ Risk

At each time ¢, directly applying Algorithm |I| requires eval-
uating and comparing the risk and utility associated with 2!5¢I
subsets, which is computationally intensive when |S;| is large.
In many cases where the risk and utility satisfy additional
monotonicity assumptions, this algorithm can be simplified,
reducing the computational complexity significantly. In this
section, we provide one such assumption, under which the
proposed sequential decision only requires evaluating and
comparing the risks associated with |.S;| + 1 subsets.

Assumption 2. For all non-empty Sp C (K), w =
(wy, -+ ,ws,)) € [0, 1]1%0l, S c Sp, i € S,5 € So\ S, and
w; > w;, we have ri(w, Sy, S) > r(w,So, (S\ {i}) U{j})
and ug(w, Sp, S) < ug(w,So, (S\ {i}) U{j})-

Under Assumption [2| R, tends to become larger and U,
tends to become smaller if we keep streams with relatively
smaller posterior probability active. Under this assumption,
Algorithm [T] can be simplified to the following Algorithm [3]
and it also controls R; to be below a pre-specified level «.
As will be discussed in Corollary |1} all the risk and utility
measures presented in Examples [T|—[6] satisfy this assumption.

The following Algorithm [3|selects Sy so that streams with
relatively large posterior probabilities are detected and those



with relatively small posterior probabilities are kept active. The
cut-off point for the detection is decided by maximizing the
utility while controlling the risk at time ¢. Because Algorithm
E] restricts S;y1 to be a subset of streams with relatively
small posterior probability, it only involves evaluating and
comparing the risk and utility functions associated with |.S|+1
subsets, and, thus, reduces the computational complexity from
the order O(2%t!) to the order O(|S;|log(]S;|)).

Algorithm 3 Simplified one-step selection rule.

1: Input: Tolerance level «, the current index set Sy, and
posterior probabilities {W}, ;}res, -
2: Arrange posterior probabilities in an ascending order?, i.e.

Wiyt < Wige <0 < Wig, ot

3: Forn=1,...,|5|, compute

Yn = Tt({Wk,t}kGSt ) St7 {k’t};lZI)

and
pn = Ut({Whttres,, Se, {kitiz1)-

For n = 07 Compute Y0 = Tt({Wk,t}kESmSh@) and

po = ut({Wh.t}res,, St, D).
4 Set n* € {0,---,|S;|} as the solution to the problem?

n* = arg max fi, subject to v, < a.
n

5. Output: S;y1 = {kq,..
if n* = 0.

.,I{in*} if n* > 1 and St+1 =

Note that under Assumption [} {n : v, < a} # 0. Thus,
the fourth line of the above Algorithm [3]is well-defined. The
following Algorithm 4] gives an overall sequential decision rule
ds by adopting Algorithm [3| at every time point.

Algorithm 4 Simplified decision procedure Js.

1: Input: Tolerance level «.

2: Initialize: set ¢ = 1. Sy = (K) and compute Wy, for
k € S; using equations and (28).

3: Select: input o, S; and (W) to Algorithm [3| and
obtain Siy;.

4: Update: deactivate streams in S; \ Sii1. If S;p1 = &,
stop; otherwise, update {Wj ;41}res, ., using equations
and (28).

5: Iterate: set ¢ = ¢ + 1 and return to Step 3.

6: Output: {S;};>1.

keS;

Proposition 3. Under Assumptions |l| the sequential decision
ds given by Algorithm {] satisfies dg € D,,.

Proof. Under Assumption [I] R, = r({Wi.+}res,, St, St+1),
where Sy is obtained by Algorithm [3| According to the
third and fourth lines of Algorithm [3] it satisfies R, =
Tt({Wk,t}kGSta St, St+1) S Q. Thus, (;S € Da. O]

21f Wit = ij,t for 1 <14 < j < n, we choose k; < k; to avoid
additional randomness because of ties.
31If the solution is not unique, we choose n* to be the largest solution.

IV. THEORETICAL PROPERTIES OF PROPOSED METHODS

In this section, we first show that the proposed sequential
decision dp is locally optimal under very weak assumptions
in Section Then, we show that the simplified sequential
decision dg is uniformly optimal under stronger model assump-
tions and additional monotonicity assumptions on risk and
utility measures in Section We also provide theoretical
results on aggregated risk and utility measures of the proposed
methods in Section

A. Local Optimality Results

The following two theorems show that the proposed sequen-
tial decision dp is locally optimal under Assumption |I| while
ds is locally optimal under Assumptions [T]and [2] That is, they
satisfy Definition

Theorem 1. Under Assumption [I} the sequential decision dp
described in Algorithm [2] is locally optimal.

Proof. First, we know that dp = (df,d5,--- ,df,---) € D,
according to Proposition [2| We compare it with an arbitrary
sequential decision § = (dy,ds, - ,di, -+ ) € D, satisfying
ds = dj, for s =1,--- ,t — 1. Let {S} };cz, be the index set
of active streams following Jp at all time points, and S;y1 be
the set selected by ¢ at time ¢ + 1. Note that both dp and ¢
select ST,---, 5] as the index sets at time 1, - - - , ¢, according
to the assumption that dy = d} for s=1,--- ¢t — 1.
According to the second and third line of
Algorithm tr1 satisfies uy({Wh i }resy, S, St1) =
maxscs; Ut({ Wi bresy, 5S¢, S) subject to 75 < a. Because
0 € D, and the index set selected by § and Jp at time ¢ are
both S}, we have R;(0) = vs,,, < « a.s. This further implies
ut({Wiitkesy, S 571) = wl{Whitresy, St Se1)-
That is, U;(dp) > Ui(d). The proof is completed by taking
expectation on both sides. O

Theorem 2. Under Assumptions [I| and [2} the sequential
decision &g described in Algorithm [ is locally optimal.

Proof. The proof is given in Appendix [B] O

The next corollary applies the above results to examples
given in Section [lI-E

Corollary 1. If « > 0 and Ry €
{LFWER;, GLFWER;, LFNR;,IADD, }, U €
{IARL;,—LFDR;}, or Ry = LFDR; and U; €
{—LFWER;, —GLFWER, —LFNR;, —IADD;},  then the
simplified sequential decision dy is locally optimal.

If «a < 0 and Ry = —IARL; and U; €
{—LFWER,, —GLFWER,, —LFNR,, —IADD;}, then the sim-
plified sequential decision &g is locally optimal.

Proof. The proof is given in Appendix O

B. Uniform Optimality Results

In this section, we show that the proposed sequential de-
cision rule ds defined in Algorithm [4] is uniformly optimal
under stronger assumptions. We note that the uniform opti-
mality results developed in the current work are non-trivial



extensions of those in [26]]. In particular, we consider a general
class of risk and utility measures while [26] only allows
the risk measure to be LFNR. Moreover, time-heterogeneous
pre/post- change distributions and non-geometric priors for
the change points are allowed in the current work. These
extensions require a delicate analysis of a special class of
monotone functions and stochastic processes defined over a
non-Euclidean space.

The assumptions for establishing the uniform optimality
results include monotonicity assumptions on the risk and
utility processes and assumptions on the pre- and post- change
distributions. We point out that the monotonicity assumptions
are made on functions over a special non-Euclidean space

K
So=|J{r, -+ o) : 0 <0y <o <1 U{@Y, (29)
k=1

which contains ordered vectors of different dimensions. Thus,
the definition of monotonicity is non-standard.

Specifically, for functions maps S, to R, we define two
types of monotonicity.

Definition 3 (Entrywise increasing functions). A function f :
S, — R is “entrywise increasing”, if f(u) < f(v) forall m €
<K>’ u = (ulv T ,’um),V = (1)1, e ,Um) € SO) satisfying
u; < wj for 1 < j < m. In addition, a function f is “entrywise
decreasing” if —f is “entrywise increasing”.

Definition 4 (Appending increasing functions). A function f :
S, — R is “appending increasing”, if for all m € (K), u =
(U1, um) € So, flur, -+ ,ux) < f(u), forall k <m. In
addition, f(@) < f(u1) for u; € [0,1].

For each vector v = (v1, -+ , v, ), denote its order statistic
by [v] = (v(1), -+ ,vm)). That is, [v] is a permutation of v
satisfying v(1) < -+ < v(y,). We can see that if v, € [0,1]
for all k& € (K), then [v] € S,.

Assumption 3. There exists a measurable function 1y : S, —
R such that r+({Wiy t}res,, St, St41) = ?t([{Wk,t}keSt+1])~
In addition, 7 is entrywise increasing and appending increas-
ing.

Assumption 4. There exists a measurable function u; : S, —
R such that wi({Wi t}res,, St, St+1) = ﬂt([{Wk,t}keSt+1])~
In addition, u; is entrywise decreasing and appending increas-
ing.

Assumption 5. The pre- and post-change distributions
{Prt}i>1 and {qii}e>1 are the same for different k € (K).
That is, p1t = ... =Dpr and g1 = ... = qi ¢ for all t.

Theorem 3. Under Assumptions and ] the sequential
decision 6g described in Algorithm H| is uniformly optimal.

Proof. The proof is involved that requires monotone coupling
for stochastic processes living on the space S,. It is given in
Appendix [C] O

We make several remarks on the above theorem. First, under
Assumptions [3] and [4] risk and utility measures are symmetric
functions (W, ¢)kes, 41+ These assumptions rule out the cases
(e.g., LFDR defined in Example ) where the risk also depends

on Wy, for k ¢ S;41, without which the uniform optimal
solution may not exist (see Counterexample E] below). Second,
under the monotonicity assumptions that 7,8 are entrywise
increasing, the risk process tends to be larger if the posterior
probability of the change points associated with the selected
streams is larger. It is also appending increasing, meaning that
the risk tends to be larger if more streams are kept active.
Similarly, the utility process tends to be larger if fewer streams
are kept active and the posterior probabilities associated with
the selected streams are smaller. Third, we require the pre-
and post- stream distributions pi; and g to be identical
for different streams. In this case, the process {Wj }iez N
has identical distribution for different k£ and contributed in a
symmetric way to the risk and utility processes.

For most of applications, it is easy to check Assumptions [I]
and E} In some cases, additional efforts are needed to verify
monotonicity assumptions described in Assumptions |3 and
Below we provide sufficient conditions for the monotonicity
conditions. Note that the risk and utility measures described
in Examples [T} 2L Bl [l and [f] are all symmetric multivariate
polynomials of the posterior probabilities. Thus, we restrict
the analysis to the polynomial case in the next proposition.

Proposition 4 (Polynomial case). Let 7 : S, — R be a

function in the following form

EE: ]%I Ui

i1 <ig<---<ip j=1
(30)

F(u) =Y 1(dim(u) =p) Y Cpi
p=0 k=1

Note that 7(@) = 0. If 7(-) satisfies
FaP < F(u PPN forall i € (p) and p > 1,
(€29)
where (p) = {1,--- ,p} and u>P~* denotes the p dimensional
vector whose first © elements are O and last p — 1 elements are
all 1, then 7 is entrywise increasing.
Moreover, if T satisfies and
P < F(atPY forall i € {0,--- ,p} and p > 0,
(32)
then 7 is also appending increasing.

Proof. The proof is given in Appendix [C] O

Remark 5. The inequalities and are equivalent to

p—i .
—i—1
Cp,k<pkzl >ZO; fOVl.:O,"',p*]., (33)
k=1 N
p—i p—i
(CP+1,]€ - prk) ( k ) Z 07 fOV i= 07 D (34)
k=1

and all p > 0. We leave the rigorous justification for the above
statements in Appendix [}

Proof. The proof is given in Appendix [C] O

Now we apply the uniform optimality result in Theorem [3|
to performance measures described in Examples [T} 2] 3] and

&



Corollary 2. If « > 0, R, €
{LFNR;, LFWER;, GLFWER,,IADD.}, and U; = IARL,, then
under Assumption [3] ds is uniformly optimal.

Proof. The proof is given in Appendix [C] O

We point out that LFDR; described in Example [ does not
satisfy the assumptions made in Theorem [3| Thus, we do not
have uniform optimality results for it. Indeed, if R; = LFDRy,
then the uniformly optimal sequential decision may not exist.
A counterexample is given below.

Counterexample 1. Let K = 3, p; ;(z) = (0.01)%(0.99)
Qr.c(x) = (0.99)%(0.01)' =2, and P(r, = 1) = 1/3 for k =
1,2,3, x = 0,1, [l = 0,1,2, and t > 1. That is, the pre-
and post- change distributions are Bernoulli distributions with
parameters 0.01 and 0.99, respectively, and s are uniformly
distributed over {0, 1,2}. We further assume that the tolerance
level o = 0.51, the risk process Ry = LFDR; (see Example
M) and the utility process Uy = —IADD; (see Example [6).

In this setting, there does not exist a sequential decision
achieving the maximum of the expected utility at both times
1 and 2. This implies that there is no uniformly optimal
sequential decision. We leave detailed calculation in Appendix

We make a connection between the current notion of
optimality and that under a non-Bayesian setting.

Remark 6. We remark that our utility and risk processes are
defined under a Bayesian setting, and so do the local and
uniform optimalities. Alternatively, one may study the current
problem under a non-Bayesian setting, without assuming a
prior distribution for the change points. The performance
metrics defined in Section|[[I-D|can be naturally extended to the
non-Bayesian setting. For example, one may replace LFDR,
by a supremum false discovery rate

sup
T1, Tk €24+ U{0}U{c0}

Er, ... or (FDP;)

which measures the false discovery rate in the worst-case
scenario with respect to the change points T. The other
performance metrics can be extended similarly. Taking one
worst-case metric as the risk, it is possible to come up
with sequential procedures that control the risk under a pre-
specified threshold at all time points. However, it is a challenge
to extend the current notion of optimality to the non-Bayesian
setting. A more sensible optimal criterion may be needed to
establish optimality results under the non-Bayesian setting. We
leave it for future investigation.

C. Implications on Aggregated Risk

Let {at}t21 be a sequence of non-negative random variables
satisfying >, a; = 1, and {b;};>1 be a sequence of non-
negative constants. Consider the following aggregated risk
(AR) and aggregated utility (AU),

AR =E() a;R;) and AU=E(Y b,U;). (39
t=1 t=1

The aggregated risk and utility metrics defined above provide
a summary of the performance across time. These types of
risk and utility measures are considered in many recent works
on multi-stream sequential change detection and hypothesis
testing, including [25| 133 134 [38]].

The next proposition shows that if the risk process is
controlled at the desired tolerance level at every time point,
then the aggregated risk is also controlled at the same level.

Proposition 5. Let 6 € D, and AR(J) be the corresponding
aggregated risk defined in (33). Then, AR(J) < .

Proof. According to the definition of D,, § € D, im-
plies R:(0) < «aas. for all ¢t € Z;. Thus, AR(S) =
E(Ztﬁl ath) < aIE(Zfil at) = a, where the last equation
isdue to ) ;2 ap = 1. O

Note that the reverse statement does not hold. That is, the
aggregated risk being controlled does not imply the risk at
each time ¢ being controlled.

The next proposition shows that a uniformly optimal se-
quential decision also maximizes the aggregated utility.

Proposition 6. Suppose that § is uniformly optimal in D,,.
Then, for the aggregated utility defined in (33)),

AU(8) = sup AU(¢'),

6'€Dq
where AU(9) and AU(S") denote the aggregated utility asso-
ciated with § and &', respectively.

Proof. For any &' € D,, AU(Y') = E(X;2, b,Ui(8")) =
S  bE(U(8) < 302, bE(U(8)) = AU(6), where the
second last inequality is due to the assumption that § is
uniformly optimal, and the last equation is obtained based on
the definition of aggregated risk. O

Next, we use Propositions E] and E] to make a connection
between the current results and recent works on the sequential
multiple testing and parallel sequential change detection [25}
26, 38]].

1) Controlling generalized error rates in multi-stream se-
quential hypothesis testing: Note that if 79 + 1, = 1 (i.e.,
change points either occur at the beginning or never occur),
the sequential change point detection problem reduces to a
sequential multiple hypotheses testing problem, where the goal
is to choose between HY and Hf for k =1,--- K,

Hé“ : Xg,t ~ pr, for all ¢ against Hf : Xgt ~ qi, for all t,

under a Bayesian setting, where P(HY holds) = m,, and
P(HY holds) = mp. In addition, we assume that X}, are
jointly independent.

Let m > 1. We define the generalized family-wise error rate
(GFWER) as

GFWER,, := P(Ep.1), (36)

where T is a stopping time and the event E,,, ; is defined in ().
GFWER,,, can be viewed as a generalized family-wise error
rate measuring type-II errors in sequential multiple hypotheses
testing, which takes a similar form as the generalized type-II



error rate in [32| |34} 38} [39]]. Specifically, if we reject H(’f at
time ¢ if and only if £ € S;41. Then,

K
Epi= {Z 1(HY holds and HY is chosen at time t) > m}
k=1
in the context of multiple hypotheses testing.
The next corollary of Proposition [5]shows that the proposed
method Js controls the GFWER in the perspective of the
hypothesis testing problem.

Corollary 3. Given the tolerance level a, consider the se-
quential decision s in Algorithm [3| with the risk process
Ry = GLFWER,,, ; defined in Example E] and any utility pro-
cess. Then, the generalized family-wise error rate GFWER,,
defined in (30) is also controlled to be no greater than o for
any stopping time T.

Proof. By comparing the definition of GFWER,,, with that of
GLFWER,,,; defined in (9), we have GFWER,,, = E(Ry) =
E(Y;2, 1(T = t)R;). The proof is completed by applying
Proposition [5| with a; = 1(T = t). O

Note that the above Corollary [3] holds for any stopping time
T. In particular, if we let T grow to infinity, then Corollary [3]
states that the GFWER accumulated over all the time points is
controlled to be no greater than «. If we let T' = T} as defined
in Remark |1} then different data streams are stopped at the
same detection time 77. In this case, the proposed sequential
procedure belongs to the class of sequential multiple testing
procedures described in [34].

2) Controlling aggregated false discovery rate: The aggre-
gated false discovery rate (AFDR) is considered in [25],

o1 S L(me >t Ny = 1)
N—-1—K
( t=1 Ek:1ﬂ(Nk :t)) V1

where N is a positive integer that is referred to as a ‘deadline’.
The next proposition states that any decision that controls
LFDR; at every time also controls AFDR asymptotically.

Proposition 7. Let R, = LFDR; and 6 € D,. Assume that
there exist a sequence of constants {C\};>1 and a sequence of
random variables {A¢}1>1 such thar K1 Zkl,(zl 1 (Ng =t)
converges to Cy in probability and FDP, converges to A,
in probability for all t > 1 as K grows to infinity. Then,
limg 00 AFDR(0) < «u. That is, AFDR is controlled to be no
greater than o asymptotically.

AFDR =E

, o (37

Proof. The proof is given in Appendix [C] O

3) Maximizing total average run length: Let the total
average run length (TARL) be
K
TARL = Z(Tk, AN, (38)
k=1
where Ny, is defined in (I3). TARL aggregates IRL; across
different time points, and can be viewed as an extension
of the classic ARL2FA to multi-stream problems. The next
corollary of Proposition [6] shows that the proposed method
also maximizes TARL under certain conditions.

Corollary 4. Under Assumptions [3]
{LFNR;, LFWER;, GLFWER,,IADD., },

and Ry €

E(TARL(6s)) = sup E(TARL(9)),
6€Dy
where dg is obtained from Algorithm[| by letting U, = IARL,,
and TARL(6s) and TARL(S) denote the the total average run
length (TARL) of the decision ds and 9, respectively.

Proof. According to the definition of IRL; in Exam-
ple Sl TARL = > 22 IRL,. This implies E(TARL) =
E(Y .2 E(IRLs|Fs)) = E(>-o2,IARL,). According to
Corollary 2] ds is uniformly optimal when U; = IARL;. We
complete the proof by letting b; = 1 for all ¢, U, = IARL,
and AU(6) = TARL(6) in Proposition [6] O

V. A SIMULATION STUDY

In this section, we study the performance of the proposed
sequential decision Jg defined in Algorithm [4] through three
simulation studies. Throughout the simulation studies, we let
the tolerance level a = 0.1.

A. Study I: Controlling LFDR

In this simulation study, we choose R, = LFDR, and U; =
—IADD; in Algorithm ] We compare the performance of the
proposed method with the MD-FDR method proposed in [25].

Let m = (1 - Too)O(1 — 0)t for t > 0, pzkﬂf(x) =
(21)~ /2= and Qrt(T) = (21)~ /2= forall k
and ¢t. We set moo = 0.2, 0 = 0.1, ug = 0 and 1 = 1. That is,
we set the pre- and post-change probability distributions to be
the Gaussian distributions A (0, 1) and A/(1, 1), respectively,
and set the prior distribution for the change point 74 to be a
mixture of a point mass at infinity and a geometric distribution.

We assess and compare the performance of two sequential
decisions. The first sequential decision is the the proposed
method ds described in Algorithm [ with R; = LFDR;
(defined in Example E[) and U; = —IADD; (defined in
Example[6). With this choice of R, and Uy, line 4 in Algorithm
[3] can be simplified as

n* = arg minls l{n Cn < ad
t

n=0,1

.....

The other sequential decision is the MD-FDR method devel-
oped in [25]). Following the MD-FDR method, the risk measure
AFDR defined in is guaranteed to be no greater than the
tolerance level a.

We first compare the proposed method with the MD-FDR
method in terms of their FDP,; (defined in (I3)) and IDD;
(defined in 1)) for fixed K = 500 with 1000 independent
Monte Carlo simulations. The averaged FDP; and IDD; across
the 1000 replications are plotted in Figures[3|and [d]as functions
of t. According to Figure [3| the averaged FDP; of both
methods are below 0.1 for all ¢ with a trend of first increasing
and then decreasing as ¢ increases. The FDP; of the proposed
method has a plateau near 0.1 for ¢ € [5,20]. In addition, the
FDP; of the proposed method is larger than that of the MD-
FDR method, which suggests that the proposed method is less
conservative while still controlled under the target tolerance
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level. Figure [4] compares the averaged IDD, of the proposed
method and the MD-FDR method for different ¢. It displays
that, for both methods, IDD; first increases and then decreases
as t increases. The proposed method has a lower averaged
IDD; than the MD-FDR method for all ¢, indicating a smaller
detection delay.

Next, we compare the two methods in terms of aggregated
performance measures. In particular, we consider the aggre-
gated risk AFDR defined in @), where we set the deadline
parameter N = 500. For aggregated utility, we consider the
the total average detection delay (TADD), defined as

N-1 N-1
TADD = IE( 3 IDDS) - ]E( 3 IADDS), (39)
s=0

s=

where IDD; is defined in (23). Then, we let the aggregated
utility be AU = —TADD. A higher utility, which corresponds
to a lower TADD, reflects a quicker detection of the changes.

Tables [] and [[] compare the two methods in terms of
their aggregated risk AFDR and the aggregated utility TADD,
respectively, which are estimated based on a Monte Carlo
simulation with 1000 replications. From Table [, we can see
that both the proposed method and MD-FDR method control
AFDR below the tolerance level o = 0.1, while the MD-FDR
method is more conservative. We also note that as K grows

larger, AFDR of the proposed method is approaching o = 0.1.
From Table we can see that the TADD of the proposed
method is significantly less than that of the MD-FDR method,
indicating that the proposed method detects changes faster than
the MD-FDR method, when the AFDR of both methods are
controlled at the same level. An interesting observation is that
TADD of both methods scale with K as K grows. That is,
TADD/ K seems to converge to a constant as X grows large.
Specifically, for the proposed method, TADD/ K is around 3.9.
For the MD-FDR method, TADD/K is around 6.5 for large
K.

Overall, these results suggests that the proposed method is
less conservative and adapts better to the tolerance level than
the MD-FDR method.

MD-FDR method
2.8 x 1072 (2 x 1073)
24 %1072 (5 x 107%)

K Proposed method
10 7.0x10"2 (3 x 1079)
100 86x 1072 (9 x 1074

200 92x1072(7Tx107%) 24x1072 (4 x107%)
500 9.6x1072(5x107%) 23x1072(2x107%)
1000 9.8x1072(3x107%) 24x1072(©2x107%

TABLE I: Estimated AFDR (standard deviation in parenthesis)

K Proposed method ~ MD-FDR method

10 458 (0.5) 614 (0.5)
100 413.8 (1.3) 650 (1.7)

200 799.8 (1.9) 1304.1 (2.4)
500 1964.9 (3.0) 3264 3.7)
1000 3891.4 (4.0) 6535.3 (5.2)

TABLE II: Estimated TADD (standard deviation in parenthe-
sis)

B. Study II: Time-heterogeneous distributions
We choose R; = LFDR; and2 U, = -—IADD;

and let pyi(x) = (2n0?)~'2%e > and qs(z) =
(=z=1)

(2mo2)~1/2¢ 2e7 for all k and t. That is, the pre- and
post- change distributions at the kth stream for time ¢ are
N(0,0%) and N(1,02), respectively. This simulation study has
a similar setting as Study I in Section except that the pre-
/post- change distribution have time-heterogeneous standard
deviation. We generate {0y };>1 independently from a uniform
distribution over {2/v/1,--- ,2/4/10}.

Figure [5] and [6] present the averaged FDP; and IDD; over
1000 Monte Carlo replications, respectively. As we can see in
Figure 3] the averaged FDP, is controlled at the level v = 0.1
and fluctuates for ¢ < 50. Figure [f] displays a first increasing
then decreasing trend as t increases, which is similar to the
trend in Figure [}

C. Study III: Controlling LFNR
22
In this simulation study, we let py, ¢ (7) = (2m)"Y/2e~ %

and qp(2) = (27)"Y/2e=“=" forall k and t and oo = 0.2,
and ™, = (t + 2)!/(2¢!) - 0.8 - (0.1)3(0.9)" for ¢ > 0. In
addition, we set K = 100 and consider the risk process R; =
LFNR; (see Example @) and the utility process U; = IRL;

(see Example [3).
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Fig. 5: FDP, averaged over 1000 Monte Carlo simulations at
K =500
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Fig. 6: IDD; averaged over 1000 Monte Carlo simulations at
K =500

We plot the averaged risk measure FNP; and the averaged
utility measure of the proposed method ds defined in Algo-
rithm [ in Figures [7] and [§ based on a Monte Carlo simulation
with 1000 replications. From Figure [/} we can see that the
averaged FNP; is below 0.1 with a peak at around ¢ = 27,
which is consistent with Proposition [3] From Figure [§] we
can see that IRL; gradually decreases to O as ¢ increases.

VI. A CASE STUDY: MULTI-CHANNEL SPECTRUM
SENSING IN COGNITIVE RADIOS

In this section, we conduct a case study on a multi-channel
spectrum sensing problem for cognitive radios, following the
settings described in [25]. Cognitive radios are radios that
can dynamically and automatically adjust their operational
parameters according to the environment so that the spectrum
is utilized more efficiently [47, 48]]. To make the most out of a
spectrum, a cognitive user is allowed to use the idle spectrum
band when the primary user is not transmitting. However,
when the primary user starts transmission, the cognitive user
should detect the change and vacate the spectrum band as soon
as possible. The detection of the transmission of the primary
user can be formulated as a sequential change detection prob-
lem, where the transmission time corresponds to the change
point [25 29].
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Fig. 7: FNP, averaged over 1000 Monte Carlo simulations at
K =100
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Fig. 8: IRL; averaged over 1000 Monte Carlo simulations at
K =100

We consider a multi-channel spectrum sensing problem for
cognitive radios, where there are K independent frequency
channels assigned to K independent primary users. The cog-
nitive users monitor the spectrum bands and collect signal sam-
ples sequentially. The distribution of the signals will change
when a primary user starts transmission. As soon as the change
is detected, the cognitive user vacates the spectrum band, so
that the primary user can use it without interference. Here,
each channel corresponds to a data stream, and the time that a
primary user starts transmission corresponds to a change point
in that data stream. Our goal is to have a sequential decision
that can detect the transmission of the primary user at each
channel quickly to reduce the interference, while controlling
the false discovery rate, which corresponds to the expected
proportion of unoccupied channels among the detected ones.

Specifically, we assume that X} ; is the signal collected
from the kth cognitive user at time ¢, 73 is the time when
the k-th primary user starts transmission, and X} ;s and 73s
follow the change point model described in (I) and (2). For
the change point 73, we further assume that

= (1 —7)0(1 — )"

with 7o« = 0.1 and # = 0.05. That is, 7, follows a
mixture distribution of a point mass at infinity and a geometric
distribution.



For the pre- and post- change distributions, we assume

Y; if ¢t <
Xk;,{; _ { k,ty > Tk

Yt + Zps, ift>1)

where Y ; denotes a Gaussian white noise and Zj; de-
notes the faded received primary radio signal at the cogni-
tive user’s end. We further assume that Yy, ~ CN(0,0?),
Zit ~ CN(0, \g), and Yy ;s and Zj, ;s are independent, where
CN(0,02) and CN(0,)\) denote the circularly-symmetric
complex Gaussian distributions with mean 0 and the com-
plex variance o and ), respectively. Note that a complex
random variable has a circularly-symmetric complex Gaussian
distribution with a variance o2 if its real and imaginary parts
are independent and identically distributed univariate Gaussian
random variables with the mean zero and the variance o2/2.
Under this model, X}, , has the distribution

CN(0, o2 if ¢t <
Xk,tN{N(’U>7 ift<my

CN(O,UQ—‘y-)\k), ift>7'k.

Notice that in this setting, the streams share the same pre-
change distribution, but have different post-change distribu-
tions characterized by their different variances. The above dis-
tribution assumptions are commonly adopted in the literature
[25] 29].

In this case study, we assume o2 = 2 and sample inde-
pendent s from a uniform distribution over [1,2]. We then
treat A; as known parameters. Here, we sample A; from an
interval to mimic the practical situation where the signals sent
by the primary users may experience channel attenuation at
the cognitive user’s end, which results in a range of variance-
distinct post-change signals.

Let the tolerance level o = 0.1. We compare the perfor-
mance of the proposed sequential decision following Algo-
rithm [3] (with R, = LFDR; and U; = —IADD;) and the
MD-FDR method proposed in [25]. We also consider the
aggregated risks AFDR (defined in (37)) and the aggregated
utility TADD (defined in (39)).

Figures [9] and [I0] show the averaged FDP; and IDD, for
different ¢ based on a Monte Carlo simulation with 1000
replications. We see that FNP; of both methods are below
0.1 with a peak at around ¢ = 12 and t = 42, respectively.
According to Figure [9] the averaged FNP, of the MD-FDR
method appears to be smaller than that of the proposed method
for time ¢t < 50, while both of them decline at a similar
rate after time ¢ = 50. For larger ¢, the averaged FNP; of
both methods are close to zero. According to Figure [I0} the
averaged IDD; of the MD-FDR method is larger than that
of the proposed method for all ¢, which suggests that the
proposed method detects changes more quickly than that of
the MD-FDR method.

Tables [l and [[V] show the AFDR and TADD for both
methods for K € {10, 100,200, 500, 1000}. According to the
tables, the AFDR of both methods are controlled to be less
than o = 0.1, with the AFDR of the MD-FDR method smaller
than that of the proposed method for all K. This indicates
that the proposed method is less conservative in controlling
FDR-type of risks, when compared with the MD-FDR method.
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Fig. 9: FDP, averaged over 1000 Monte Carlo simulations at
K =100 in Case Study
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Fig. 10: IDD, averaged over 1000 Monte Carlo simulations at
K =100 in Case Study

Moreover, the proposed method has a much smaller TADD
that that of the MD-FDR method for all K, indicating that the
proposed method has a smaller detection delay.

VII. CONCLUSIONS

The parallel sequential change detection problem is widely
encountered in the analysis of large-scale real-time streaming

MD-FDR method
32x1072 (2% 10°9)

K Proposed method
10 6.7x1072 (3 x10°9)

100 85x1072(9x10"%) 29x1072(6x10~%
200 9.0x1072(7x107% 29x1072 (4 x107%
500 95x1072(4x10"%) 28x1072(2x107%
1000 9.7x1072 (3 x10% 28x1072(2x10~%

TABLE III: Estimated AFDR in case study (standard deviation
in parenthesis)

K Proposed method ~ MD-FDR method

10 1221 (1.2) 162 (1.9)
100 11158 3.7) 1708.5 (4.6)
200 2178.2 (5.1) 3434.8 (6.6)
500 5293.4 (8.1) 8609.4 (10.4)
1000 10460.1 (11.3) 17246.7 (14.8)

TABLE IV: Estimated TADD in case study (standard deviation
in parenthesis)



data. This study introduces a general decision theory frame-
work for this problem, covering many compound performance
metrics. It further proposes a sequential procedure under this
general framework and proves its optimal properties under
reasonable conditions. Simulation and case studies evaluate
the performance of the proposed method and compare it
with the method proposed in [25]. The results support the
theoretical developments and also show that the proposed
method outperforms in our simulation studies and case study.

The current study can be extended in several directions.
First, the current parallel sequential change detection frame-
work may be extended to account for multiple types of
decisions, including alerting the changes without stopping the
streams and diagnosis of the post-change distribution upon
stopping, which is also known as the sequential change diag-
nosis [49, 50]. We may also consider transient changes (i.e.,
changes that can appear and then disappear; see [16, 136, 37])
and allow stream reactivation to be one possible decision.
Second, in many applications, the post-change distribution of
data is challenging to obtain. Also, it is sometimes difficult
to specify a prior distribution for the change points. In these
cases, it is desirable to formulate the problem in a non-
Bayesian decision theory framework, and develop a flexible
parallel sequential change detection method that is robust for
unknown post-change distributions under this framework. One
possible direction is to study the worst-case scenario, by de-
veloping a minimax formulation under a non-Bayesian setting.
Third, we assume that the change points are independent for
different data streams. For some applications, it is reasonable
to extend the methods to the case where the change points are
dependent. For example, the change points may be driven by
the same event [19] or propagated by each other [51].
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