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The Kramers—Kronig relation (KKR) has a wide range of applications in extreme ultraviolet (XUV) and x-ray spectros-
copy. However, the validity of KKR for many of these applications has not been systematically studied, while it is known
to require careful attention in nonlinear and pump—probe experiments in optical domain spectroscopy. Here, we study
the validity of KKR in XUV attosecond transient absorption spectroscopy pump—probe measurements both experi-
mentally and theoretically using argon Fano resonances as a case study. Experiments are enabled by a phase-resolved
method dubbed Complex Attosecond Transient-absorption Spectroscopy (CATS). Although the estimations based on
the rotating-wave approximation suggest that KKR violation could be expected in the studied case, our results validate

KKR and provide a solid basis for its application in a broad range of attosecond spectroscopy experiments. © 2023
Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement
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1. INTRODUCTION

The Kramers—Kronig relation (KKR) is a powerful tool to study
properties of materials in different fields of research and applica-
tions. Originally derived for linear electric susceptibility [1,2],
it has been shown to be widely applicable to nonlinear optics
[3]. However, in nonlinear and pump—probe experiments, KKR
needs careful consideration since it is known to fail in some cases
[3-5], typically due to the cross-phase modulation effect in the
four-wave mixing nonlinear interaction. While KKR validity
in nonlinear optics has been discussed for a few decades [3-5],
it has not been addressed in attosecond physics in general or for
pump—probe experiments involving extreme ultraviolet (XUV)
pulses in particular. Nonetheless, KKR is often used in XUV
and x-ray absorption and reflection spectroscopy [6,7] including
pump—probe experiments [8] to reconstruct the real part of the
electric susceptibility (refractive index) from its imaginary part
(absorption), which is experimentally much more accessible in
the XUV spectral range. In this paper, we systematically study
the applicability of KKR to pump—probe attosecond transient
absorption spectroscopy (ATAS) experiments both theoretically
and experimentally.

In a standard pump-probe ATAS experiment [9-12] the
validity of KKR can be fundamentally questioned based on the
details of experiments, as the change of the spectral transmit-
tance/absorbance of the XUV attosecond pulse or pulse train is
measured as a function of the delay to the dressing optical pulse. In
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the case of ultrashort pulses, the transmittance of the XUV pulse
can be modified by an optical pulse interacting with the medium
outside of the temporal overlap with the XUV pulse. This can be
interpreted as a violation of causality, the foundation of KKR, since
the XUV absorbance is modified by an optical pulse at a later time.
However, it is important to note that there is no global causality
violation after taking into consideration the lifetime of excited
states. Thus, the validity of the standard KKR in this type of exper-
iment is a nontrivial question that requires careful considerations.
Moreover, it has been experimentally demonstrated that KKR fails
under some conditions in pump—probe TAS experiments in the
optical domain [4,5].

In a three-level system composed of a ground state radia-
tively coupled to a bright state by XUV, and a dark state coupled
to the bright state by IR (see Supplement 1 for details), in the
rotating-wave approximation (RWA), the pump-induced part of
susceptibility (x) is diagonal: fi(w) « X (w) Exuv(o). Exuv(w)
and [t (w) are the Fourier transforms of the electric field Exyy (¢) of
the XUV pulse and of the expectation value of the dipole moment
1(2) = (W ()| 2.V (2)), respectively. Therefore, the electric sus-
ceptibility is analytical in the upper complex plane, and the KKR
is satisfied [3]. Thus, when the effect of the dressing laser is just to
couple one bright and one dark state, the KKR is expected to be
satisfied.

However, as can be identified in the level diagram of argon in
Fig. 1(c), the situation is more complicated when it is dressed at
1350 nm, as in our experiments, since multiple bright and dark
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states are resonantly coupled. As can be shown in a relatively sim-
ple analysis of a four-level system based on RWA, presented in
Supplement 1 (with the following levels: ground; bright_1; dark;
bright_2; the last three are spaced with the optical pulse photon
energy), the susceptibility is non-diagonal, i.c., the system does
not respond only at the same frequency as the excitation, but also
at frequencies given by the difference in energy between excited
states:

X () = %: Xjk(@ — wjp) —Exgzs(:;]k) ; (1)
where wj is the frequency (energy) spacing between states. All the
Xjk(w) are analytical in the upper complex semi-plane. However,
X (w) depends on the ratio EXUV(w—a)j/e)/ Exuv(®), which,
in general, cannot be assumed to be analytical in the upper
semi-plane. Therefore, KKR is not expected to be satisfied for
such a system, which is a simplified model of the sample in the
experiment.

In this work, we study the validity of KKR in XUV ATAS
pump—probe measurements both experimentally and theoreti-
cally using argon Fano resonances as a case study. Experiments
are enabled by a new phase-resolved method dubbed complex
attosecond transient-absorption spectroscopy (CATS). Although
the estimations based on the RWA suggest that KKR violation
could be expected in the studied case, our results validate KKR
and provide a solid basis for its application in a broad range of
attosecond spectroscopy experiments.

2. EXPERIMENTAL SETUP

KKR cannot be tested in the standard ATAS setup, as it pro-
vides direct experimental access only to absorbance (B(w) x
Smlji(w)/ E(w)]), which is proportional to the imaginary part of
the dipole moment and the corresponding electric susceptibility.
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To access the real part of the electric susceptibility; it is necessary to
measure the real part of the refractive index.

We have developed a modified ATAS setup (Fig. 1) that provides
access to both real and imaginary parts of the electric susceptibil-
ity by measuring the complex refractive index, which directly
tests KKR. We dubbed the technique as Complex Attosecond
Transient-absorption Spectroscopy (CATS), which can simulta-
neously measure both parts of the complex electric susceptibility
of a sample. The most straightforward and reliable way to measure
the phase of an electromagnetic wave is an interferometer. The
standard Mach—Zehnder scheme, which naively might be con-
sidered as an option, is not applicable in the XUV spectral range
due to the absence of XUV beam splitters. Thus, an alternative
scheme without transmissive optics is required. The alternative to
the Mach—Zehnder interferometer is the Young’s interferometer
[Fig. 1(b)], which can be realized in a full-reflection approach
[Fig. 1(a)]. The key step towards its realization is the generation
of two phase-locked spatially separated sources, which in our
experiment is realized with a two-source high harmonic generation
(HHG) [13,14] based on a two-focus driving beam generated with
a binary 0—m phase grating [13]. It is a more reliable modification
of the birefringent scheme introduced a few decades ago [14].

The experimental setup is schematically shown in Fig. 1.
1350 nm (0.91 eV) pulses with 50 fs duration and 3 m]J energy
at 1 kHz repetition rate are generated in an optical parametric
amplifier (OPA) HE-TOPAS Prime (Light-Conversion) pumped
with a Ti:sapphire laser system (Spitfire Ace, Spectra-Physics). The
OPA outputis splitinto two parts: 92% of power is used for HHG,
and 8% is used for the dressing beam. The two foci are generated by
a 0—r phase grating [13] with a 2.5 mm period, which results in
focus separation of 430 pm for a 40 mm focal length lens. HHG is
generated in an argon gas jet created by a pulsed valve with a conical
nozzle (Even-Lavie [15]). The residual near-IR (NIR) radiation is
filtered with a 200 nm thick aluminum filter. The generated XUV
radiation is refocused on a sample with an ellipsoidal mirror with
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(a) Scheme of the experimental setup of complex attosecond transient-absorption spectroscopy (CATS). PG, phase grating; HM, hole mirror;

GC, gas cell; HHG, high harmonic generation. The measurement of both imaginary and real parts of the electric susceptibility is realized through the inter-
ference of two phase-locked XUV HHG beams (an example of measured spectrally resolved interference is shown in the bottom-right inset). The dressing-
(IR) beam-induced change in the real part of the susceptibility is measured from the shift of the interference fringes; the dressing-induced modification of
the imaginary part of susceptibility is determined from the visibility change. Two HHG beams are generated with a two-focus IR beam, which is accom-
plished by a 0—m phase grating [13]. The dressing beam is overlapped with one of the XUV beams using a hole mirror. The XUV spectrum after the sample
is measured with a flat-field spectrometer. (b) Principle of XUV Young’s interferometer to measure complex sample electric susceptibility. (c) Argon energy
level diagram and dressing-induced coupling for the experimental wavelength of 1350 nm.
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3x demagnification, so the separation between the XUV foci in
the sample plane is about 140 pm. Both XUV foci have diameters
of 12 pm as measured with a knife-edge method. The XUV spec-
trum after the sample is measured with a spectrometer based on a
curved variable line space grating from Hitachi (1200 /mm) and a
microchannel plate chevron with a phosphor screen. The phosphor
screen is imaged onto an Andor Neo 5.5 CMOS camera.

The dressing beam is focused with a lens located outside of
the vacuum chamber, coupled in the chamber through a CaF,
window and overlapped with one of the XUV beams using a hole
mirror (Fig. 1). The power and polarization of the dressing beam
are controlled with a combination of two polarizers and a half-wave
plate. The delay between the HHG pulses and the dressing beam is
controlled with a motorized pair of wedges in the dressingarm. The
dressing beam has a full width half maximum (FWHM) diameter
of 34 um, which is significantly smaller than the separation of the
XUV sources and enables reliable dressing of only one XUV beam.
The dressing intensity was characterized by measuring spatial and
temporal pulse profiles. Pulse duration was characterized with
a home-built second-harmonic generation frequency-resolved
optical gating (SHG-FROG) setup. The spatial distribution at
the position of the gas cell was characterized by imaging the beam
onto a camera (Goldeye SWIR InGaAs) with an infinity corrected
microscopic objective with 20X magnification (20X EO M Plan
Apo).

The sample is a 2 mm long gas cell with 750 pm x 250 pm
aperture (height x width), which is backed with 60 Torr of argon.
The aperture of the gas cell allows both XUV sources to pass
through the gas medium without being clipped.

3. RESULTS AND DISCUSSION

In our experiments, one of the harmonic orders generated by
the 1350 nm pulses is centered at the 3s™'4p Ar Fano resonance
(26.6 eV) and excites it. At the same time, the 1350 nm dressing
pulse provides resonant coupling between 3s~'4p bright state and
35713d, 35755 dark states, and 3s~!6p bright state [Fig. 1(c)]. It
is a nontrivial case with simultaneous coupling of multiple bright
and dark states [12], which is a very interesting scenario for the test
of KKR.

The measured dependence of XUV absorbance AOD =
log, o (fxuv/Ixuv4ir) (change of optical density) and phase
AD = dxyy — Pxyviir (change of phase corresponding to the
change of the refractive index) on the dressing pulse intensity is
shown in Fig. 2. The data are taken at the temporal overlap between
XUV and dressing pulses.

For a better understanding of the underlying physics, the exper-
imental results are compared to ab initio theoretical calculations,
which are also presented in Fig. 2 (see Supplement 1 for more
details). The theoretical calculations are based on the NewStock
suite of codes [16,17]. In the simulations, localized orbitals
are computed using the multi-configurational Hartree—Fock
algorithm, with the assistance of the ATSP2K atomic structure
package, optimized on the 35 7! and 3p~! parent ion configura-
tions. The basis for neutral argon is composed of configurations of
localized orbitals augmented by close-coupling channels, where
parent ion state configurations are coupled to a spherical har-
monic and radial B-splines that represent the residual electron.
The evolution of the system W (#) under the influence of external
fields is computed by numerically solving the time-dependent
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Fig. 2.  Experimentally measured change in XUV phase (a) and
absorbance (c) and the corresponding simulation results for phase (b) and
absorbance (d). Results are obtained at 1350 nm optical wavelength with
parallel linear polarizations of both pump and probe. The break in the
photon energy (y) axis between 27.2 and 28 €V is caused by the spectral
region between the HHG harmonics with no signal above the noise level
[see the HHG spectrum in Fig. 3(c)]. The simulation intensity range
is chosen to best fit the features in the measurement, which results in a
slightly different intensity scale.

Schrédinger equation (TDSE) using a split-exponential propa-
gator, within the dipole approximation and in the velocity gauge.
For optically thin samples, the absorption spectrum is then cal-
culated as 0 (w) = 2 3m[ P (w)/ A(w)], where P(w) and A(w)
are the Fourier transform of the expectation value of the canonical
momentum P(z) = (‘ll(t)|13Z|\If(t)) and of the vector potential
A.(¢) of the XUV pulse, respectively. The simulations are per-
formed for a fixed optical peak intensity, which corresponds to one
point in the focal volume in the experiment. To account for the
focal volume intensity distribution in experiments, an averaging
over the focal volume distribution was applied to theoretical data
in the presented results (Fig. 2). The experimental focal intensity
distribution was measured by recording a number of images of the
dressing beam ata set of distances from the focus.
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The results in Fig. 2 show that there is a good agreement
between experiments and simulations in both phase and optical
density, as most of the main features at Fano resonances are repro-
duced (3s7'4p resonance at around 26.6 eV; 3s16p at around
28.4¢V; 35717p ataround 28.65 eV), although there is a small dis-
agreement in absolute dressing intensity, e.g., the increases of the
amplitude, spectral broadening, and shift of these features are well
reproduced. The mentioned minor discrepancy between experi-
ments and simulations in the absolute intensity values is attributed
to the uncertainties in the measurement of the experimental focal
volume intensity distribution and in applying it to simulations
with discrete intensity steps. Details on the nature of the shape
and fine structures in the argon Fano resonances can be found
elsewhere [18].

KKR validity is tested by taking slices at fixed intensities and
computing the real part of the electric susceptibility from the
imaginary one. The resultat 0.25 TW/cm? is shown in Fig. 3 asan
example. Both experiment and simulation show perfect agreement
between the measured phase and the signal reconstructed from
absorbance using KKR, which is observed in the full intensity
range available in the experiment. It is also the case for all nonzero
delays between XUV and optical pulses, as can be seen in the delay
scan presented in Supplement 1. Note that the presented spectral
range is large enough for the reliable application of KKR to the
resonances, namely, it was tested that the extension or slight reduc-
tion of the AOD range used in the KKR reconstruction causes no
significant change of the reconstructed phase.

The obtained confirmation of the fact that KKR is satisfied even
in a quite complex system is an important and nontrivial result,
which is discussed in the following.

If we analyze Eq. (1) describing the susceptibility in a four-level
system in RWA, the electric susceptibility becomes an average of
analytic functions () for a short enough XUV pulse Exyy (#), as

the XUV spectral intensity Exyy(w) is essentially constant across
the resonance (Fano resonance here). In this case, X is analytical,
and KKR is satisfied. This condition can be formulated as

Wldth[gXUV(w)] > Width[iresonance ((,())] (2)

The condition in Eq. (2) is always satisfied for isolated attosec-
ond pulses (IAPs) for all processes on femtosecond and longer
time scales. This conclusion validates applicability of KKR in
linear ATAS (when nonlinear XUV effects can be neglected)
with IAP, which presently covers a significant portion of all ATAS
studies; thus, it has a very high general importance for the ATAS
field. In addition, it is an alternative explanation of the successful
time-dependent dipole reconstruction results in Ref. [8].

However, here, we have an attosecond pulse train instead of
IAP due to a multi-cycle duration of the optical pulse driving
HHG. Nonetheless, the width of XUV harmonics is about three
to four times larger than the argon Fano resonances’ widths. In
addition, harmonics in the range of the resonances are from the
HHG plateau with almost identical shape and width. Thus,
Fro(w — a)6p,4[,)/b:31 (w) & constant, where harmonics 29 and
31 overlap with the 4p and 6p resonances, respectively. Therefore,
the electric susceptibility can be expressed as an average of analytic
functions ¥ (w) ~ Y i Xjk(@ — wj) in the considered case as well,
and KKR is satisfied.

It is worth mentioning that the developed experimental tech-
nique will be highly valuable for XUV-XUV and x-ray—x-ray

pump—probe studies where KKR is expected to fail in some cases,
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Fig. 3. Comparison between direct measurement of the real dipole

response and the KK reconstruction for experiment (a) and simulation
(b). (¢), (d) Corresponding imaginary parts used in KK reconstruction.
The light blue area around the main curve represents the uncertainty
(standard deviation) of the experimental data. The dashed gray line in
(c) is the HHG intensity spectral distribution. Results are obtained at
1350 nm optical wavelength with parallel linear polarization of both
pump and probe.

e.g., when four-wave-mixing is involved, as it was demonstrated in
the optical domain [3-5]. In addition, the presented approach of
the direct measurement of complex susceptibility will be valuable
for experiments with more complicated systems where the KKR
applicability is limited by, e.g., the experimentally accessible spec-
tral range, whereas the phase is measured directly in CATS, and
the spectral range is not crucial. Another promising application
of the CATS technique is the single-shot reconstruction of a full
(complex) temporal dipole [8], which can be realized in laser sys-
tems with low repetition rates, e.g., sources driven by ~PW laser
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systems, or with an unstable pulse spectrum and/or arrival time,
e.g., free electron lasers. One more useful advantage of CATS com-
pared to the standard ATAS is the possibility to improve the signal
to noise ratio when it is limited by the intensity instability of the
XUV source, as CATS is a two-beam self-normalizing technique
where the identical intensity fluctuations in both beams do not
affect the measurement (when XUV intensity is below the onset of
nonlinear effects).

4. SUMMARY

In conclusion, the validity of the KKR in XUV ATAS pump—probe
experiments is studied both experimentally and theoretically. The
experimental study is enabled by the CATS technique introduced
here. Although a gas-phase absorption spectroscopy is realized
here, the technique can be easily extended to any sample type
in both absorption and reflection configurations. The results
presented in the paper validate KKR for a nontrivial case, with
multiple bright and dark states being coupled. It provides a solid
basis for KKR application in a broad range of attosecond spectros-
copy experiments, e.g., XUV transient absorption and reflection
studies. In addition, we believe that the developed and presented
CATS experimental technique could enable and/or advance a
broad range of applications in XUV and x-ray spectroscopy.
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