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The effects of hyperfine structure on ultracold molecular collisions in external fields are largely
unexplored due to major computational challenges associated with rapidly proliferating hyperfine
and rotational channels coupled by highly anisotropic intermolecular interactions. We explore a new
basis set for incorporating the effects of hyperfine structure and external magnetic fields in quantum
scattering calculations on ultracold molecular collisions. The basis is composed of direct products
of the eigenfunctions of the total rotational angular momentum (TRAM) of the collision complex
Jr and the electron/nuclear spin basis functions of the collision partners. The separation of the
rotational and spin degrees of freedom ensures rigorous conservation of J,. even in the presence of
external magnetic fields and isotropic hyperfine interactions. The resulting block-diagonal structure
of the scattering Hamiltonian enables coupled-channel calculations on highly anisotropic atom-
molecule and molecule-molecule collisions to be performed independently for each value of J,., with
an added advantage of eliminating the unphysical states present in the total angular momentum
representation. We illustrate the efficiency of the TRAM basis by calculating state-to-state cross
sections for ultracold He + YDbF collisions in a magnetic field. The size of the TRAM basis required
to reach numerical convergence is 8 times smaller than that of the uncoupled basis used previously,
providing a computational gain of three orders of magnitude. The TRAM basis is therefore well
suited for rigorous quantum scattering calculations on ultracold molecular collisions in the presence

of hyperfine interactions and external magnetic fields.

I. INTRODUCTION

Ultracold molecular gases offer novel opportunities for
searches of new physics beyond the Standard Model [1, 2],
quantum information science [3-5], and quantum control
of chemical reaction dynamics [6-9]. Understanding the
quantum dynamics of ultracold molecular collisions is es-
sential to realizing these opportunities by enabling the
production of denser and cold molecular ensembles, and
to controlling intermolecular interactions within the en-
sembles. This is because collisional properties determine
the stability of ultracold molecular gases. In particular,
inelastic collisions and long-lived complex formation lead
to trap loss [10, 11], which limits the lifetime of trapped
molecules, whereas elastic collisions result in thermaliza-
tion, which is beneficial for evaporative and sympathetic
cooling [1, 2, 12-14].

The most detailed theoretical understanding of com-
plex molecular collisions is gained from rigorous quan-
tum coupled-channel (CC) calculations, which solve the
Schrédinger equation exactly for a given form of the inter-
action potential between the molecules [15, 16]. Because
they involve no approximations, these calculations can be
used to interpret experimental observations and to relate
them to the underlying microscopic interactions between
the molecules [17-26]. These calculations also serve as a
benchmark for approximate methods and can be used
to estimate inelastic collision rates [27] and the den-
sity of scattering resonances in ultracold atom-molecule
[12, 13, 28-30] and molecule-molecule [31] collisions.

However, acquiring such a detailed understanding of

ultracold molecular collisions has been a major challenge
due to the need to account for the numerous molecular
degrees of freedom, which include rotational, vibrational,
fine, and hyperfine structure, in addition to the inter-
action with external electromagnetic fields. In order to
obtain numerically converged solutions of CC equations,
one needs to use a very large number of molecular basis
functions, which grows rapidly with the size and mass of
the colliding molecules [32]. While efficient techniques
have been developed for reducing the size of rotational
basis sets in the absence [32, 33] and in the presence [34—
37] of external electromagnetic fields, there has been very
little work on hyperfine basis sets.

Molecular hyperfine structure arises due to nonzero
nuclear spins in one (or both) of the collision partners
interacting with unpaired electrons and/or with molec-
ular rotation [38]. These interactions result in energy
levels splittings on the order of a few tens of kHz to
MHz, which can easily exceed the energy scale of ul-
tracold molecular collisions (E < 100 kHz). Thus, hy-
perfine interactions are expected to profoundly affect ul-
tracold collision dynamics by shifting and splitting col-
lision thresholds and modifying zero-energy crossings of
molecular bound states, which give rise to magnetic Fes-
hbach resonances [39]. Indeed, with a few exceptions
(such as collisions of spin-polarized species in strong mag-
netic fields [12-14]), it is impossible to accurately de-
scribe the magnetic field dependence of scattering cross
sections at ultralow temperatures without taking into
account the hyperfine structure. The lifetimes of colli-
sion complexes may be affected by the hyperfine struc-
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ture [10, 40] and strong effects of hyperfine interactions
have been observed in product state distributions of the
ultracold chemical reaction KRb + KRb — Ky + Rby
[41, 42]. Many recent experimental studies of ultracold
atom-molecule [43-45] and molecule-molecule [9, 46, 47|
collisions involve alkali-metal dimer molecules with a pro-
nounced hyperfine structure.

These considerations strongly motivate including hy-
perfine interactions in rigorous CC calculations on molec-
ular collisions in external fields. However, most of the
previous calculations have neglected these interactions,
as their inclusion leads to formidable computational diffi-
culties associated with the rapid expansion of the Hilbert
space. A single magnetic nucleus with spin I gives rise to
a (21 + 1)-fold increase in the number of molecular basis
states, leading to a several-fold increase in the number
of scattering channels. For example, in the case of cold
He + YDF collisions considered in this work, nearly con-
verged results can be obtained with 1131 channels in the
fully uncoupled basis [48-50] in the absence of hyperfine
structure. Incorporating the hyperfine structure of YbF
rises this number by a factor of two, and the computa-
tional cost by a factor of 8. It is therefore not surprising
why so few CC calculations on ultracold atom-molecule
collisions have included hyperfine interactions. These cal-
culations are reviewed below.

Lara et al. included hyperfine structure in their scat-
tering calculations of ultracold Rb + OH collisions in the
absence of external fields [51, 52]. Our group has per-
formed quantum scattering calculations on He 4+ YbF
collisions in a magnetic field, which highlighted the im-
portance of including hyperfine structure in CC calcu-
lations of cold and ultracold atom-molecule scattering.
This work has been extended to collisions of 33 molecules
with atoms by Gonzélez-Martinez and Hutson [53]. Nu-
clear spin relaxation in weakly anisotropic He + '3CO
collisions has recently been explored in converged CC
calculations in the temperature range 0.1-10 K [54]. Hy-
perfine structure was included in model CC calculations
on ultracold collisions of RbCs molecules [55] and on
the chemical reactions Li + CaH — LiH + Ca [56] and
Na + NalLi — Nag + Li [57] in the presence of an ex-
ternal magnetic field. These calculations, however, used
restricted CC basis sets containing only the few lowest
rotational states, and did not produce converged results.

The vast majority of the previous CC calculations that
included molecular hyperfine structure used “uncoupled”
channel basis sets of the form |fme1) [lm;), where |fmor)
are the basis functions that depend on the molecular (in-
ternal) degrees of freedom and |lm;) are the partial wave
basis states, which are the eigenfunctions of the orbital
angular momentum squared of the collision complex 2
and of its space-fixed projection I.. Because these ba-
sis states are not the eigenfunctions of the total angu-
lar momentum of the collision complex, they could pro-
vide converged results only for moderately anisotropic
systems, such as He + YbF and Mg + NH, where only
a few rotational states and partial waves are necessary

to properly describe the anisotropy of the atom-molecule
interaction potential. However, with the exception of
collisions involving rare-gas and spin-polarized nitrogen
atoms [17-20], ultracold atom-molecule collisions stud-
ied experimentally thus far (such as Rb + CaF [58],
Na + NalLi [59, 60], K + NaK [43, 44], and Rb + KRb
[45]) are characterized by deep and strongly anisotropic
interactions, which couple hundreds of rotational states
at short range [13, 14].

Obtaining converged results for such collisions requires
the use of the total angular momentum (TAM) represen-
tation [33], which leverages the rotational invariance of
intermolecular interactions to block-diagonalize the scat-
tering Hamiltonian in the absence of external fields. The
TAM representation has been widely used to study ultra-
cold atom-molecule and molecule-molecule collisions and
chemical reactions under field-free conditions [7, 61, 62]
and in the presence of external electromagnetic fields
[12, 13, 29, 34-37]. However, the hyperfine effects are
yet to be included in TAM calculations in the presence
of external fields.

Here, we explore an alternative basis set that com-
bines the computational efficiency of the TAM basis with
the ease of evaluation of matrix elements pertinent to
the fully uncoupled basis. The basis is obtained by
coupling all rotational angular momenta in the Hamil-
tonian to form the total rotational angular momentum
(TRAM) of the collision complex. To our knowledge, the
TRAM basis was first used by Simoni and Launay [63] in
their model CC calculations of ultracold Na + Nas colli-
sions. More recently, similar treatments have been used
for ultracold three-atom recombination reactions [64—66].
However, the calculations of Ref. [63] were performed in
the absence of external fields and did not include the in-
tramolecular spin-rotation and anisotropic hyperfine in-
teractions, which are generally non-negligible in ultracold
atom-molecule collisions [50, 53]. In addition, the CC ba-
sis sets employed in Ref. [63] were too small to produce
converged results, leaving the question open of whether
the TRAM basis could be used for efficient CC computa-
tions on ultracold molecular collisions in magnetic fields.
Here, we address this question by systematically con-
sidering all intramolecular interactions in 2% molecules
and performing converged CC calculations on ultracold
He + YDbF collisions in an external magnetic field. Our
results show that the TRAM basis offers a computation-
ally efficient way of handling hyperfine interactions in
ultracold atom-molecule collisions mediated by strongly
anisotropic interactions. Additional advantages of the
TRAM basis include the low density of unphysical states
and its superior computational efficiency over the TAM
basis in situations, where ultracold scattering is dom-
inated by isotropic hyperfine and Zeeman interactions.
These results open up the possibility of rigorous quan-
tum scattering calculations on ultracold atom-molecule
collisions of current experimental interest [43, 45, 60].

The structure of this paper is as follows. In Sec. II
we define the TRAM basis set and highlight its compu-



tational advantages. In Sec. III we apply the theory to
calculate the cross sections for cold He + YbF collisions,
a system with a pronounced hyperfine structure, which
presented significant computational challenges in a pre-
vious theoretical study using an uncoupled space-fixed
basis set [50]. We show how these challenges can be ef-
ficiently overcome using the TRAM basis set, leading to
an order of magnitude reduction in the number of cou-
pled channels (from 1920 to 240), which translates to a
nearly three orders of magnitude reduction in computa-
tional effort. Section IV concludes and outlines several
possible directions for future work.

II. THEORY

In this section, we define the TRAM basis set and
present expressions for the matrix elements of the scatter-
ing Hamiltonian in the TRAM representation. We then
discuss several computational advantages of the TRAM
basis, which make it an attractive choice for quantum
scattering calculations on strongly anisotropic molecular
collisions in an external magnetic field in the presence
of hyperfine structure. We will consider two cases of in-
terest: collisions of 2% molecules with structuress atoms,
and collisions of 2% molecules with atoms in electronic
states of 2S symmetry. Open-shell 2% molecules such as
SrF, CaF, or YbF have recently been laser cooled and
trapped by a number of research groups [67-70]. Ul-
tracold atom-molecule collisions are relevant for sympa-
thetic cooling, in which molecules thermalize with an ul-
tracold gas of atoms [12-14, 71]. Recently, several ex-
perimental groups have measured the cross sections for
ultracold Rb + CaF [58] and Na + NalLi collisions [59]
and observed magnetic Feshbach resonances in ultracold
Na + NalLi [60] and K + NaK [43] mixtures.

A. Collisions of 2% molecules with 'Sy atoms

Before introducing the TRAM basis, we will briefly re-
view the key aspects of quantum scattering theory as they
apply to ultracold atom-molecule collisions in the pres-
ence of an external magnetic field. The reader is referred
to Refs. [8, 72] for a detailed account of the theory.

The Hamiltonian of a 23 diatomic molecule colliding
with a spherically symmetric 'Sy atom in a magnetic field
may be written as [34, 37, 48, 49, 72|
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where 0 is the angle between the Jacobi vectors R and r,
which span the configuration space of the atom-molecule
collision complex, p is the reduced mass of the triatomic
complex, and [2 = |1|2, where 1 is the orbital angular mo-
mentum for the collision. The atom-molecule interaction
potential V' is a scalar function of the atom-molecule cen-
ter of mass separation R = |R/|, the internuclear distance

H:

+V(rR,0) + Huyol, (1)

of the diatomic molecule r = |r|, and §. We will adopt
the rigid-rotor approximation by setting r = r., where
re is the equilibrium distance of the diatomic molecule.
The internal structure of the 2% molecule and its inter-
action with an external magnetic field are described by
the Hamiltonian

Hmol = BeNQ + 'Yer : s + thZ (2)

mol

where N is the rotational angular momentum of the
molecule, S is the electron spin (S = [S|=1/2 for 2%
molecules), B, is the rotational constant, and ~5N - S
is the electron spin-rotation interaction parametrized by
the coupling constant 7s.. Molecular hyperfine structure
and the interaction with external magnetic fields are de-
scribed by the hyperfine-Zeeman Hamiltonian (neglecting

the small nuclear Zeeman contribution)

HMZ = gspoSz + (b+¢/3)1- S
V6 [An /2 2 T o Q
Ty <?> > (=)o g0, )T @8I, (3)

q=-2

where the first term on the right-hand side is the Zeeman
Hamiltonian, g is the Bohr magneton, gg ~ 2.0 is the
electron spin g-factor, and B is the magnitude of the ex-
ternal magnetic field, which defines the quantization axis
of the space-fixed (SF) coordinate frame. The spherical
harmonics Y5, depend on the angles 6, and ¢,, which
determine the orientation of the molecular axis in the SF
frame.

Here, we focus on the simplest yet common example of
hyperfine structure, which arises in 23 molecules bear-
ing a single magnetic nucleus, such as laser-coolable SrF,
CaF, YbF, and YO molecules [67-69, 73-77]. The hy-
perfine Hamiltonian for these molecules is given by the
second and third terms in Eq. (3) [38], where a = b+¢/3
is the isotropic hyperfine constant expressed via the hy-
perfine constants b and ¢ introduced by Frosch and Foley
[38]. The strength of the anisotropic hyperfine interac-
tion is quantified by the anisotropic hyperfine constant c.
We neglect the nuclear spin-rotational interaction CT-N,
which for YDF is three orders of magnitude smaller than
the electron spin-rotation interaction in Eq. (2) [50].

It is convenient to separate the molecular Hamiltonian
(2) into three parts

Hiol = ﬁfr?cfl + ﬁ;gil + ﬁspin_mtv (4)

mol

where flﬁfgl = B.N? is the rotational part,

H™™ — g510BS; +1-8 (5)

mol

is the spin part, which only depends on the electron and
nuclear spin operators. The interaction Hamiltonian cou-
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FIG. 1. (a) Schematic representation of the total molecu-
lar Hilbert space as a direct product of two subspaces cor-
responding to molecular rotations (left diamond) and to the
electron and nuclear spin degrees of freedom (right diamond).
Vertical wavy lines represent the anisotropy of the electro-
static atom-molecule interaction potential (left diamond) and
the isotropic (Fermi contact) hyperfine interaction (right di-
amond). Matrix representation of molecular Hamiltonian in
the TRAM basis (b) and in the TAM basis (c¢). The color cod-
ing scheme is as follows: grey (rotational kinetic energy and
adiabatic interaction potential), blue (isotropic hyperfine and
Zeeman interactions), green and violet (electron spin-rotation
interaction and anisotropic hyperfine interactions).

ples the rotational and spin degrees of freedom:

Hspm rot N .S
mol 3 5
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q=-2

1)?Y2—q(0,, 6,)I® S|P, (6)

As illustrated in Fig. 1, the commuting operators fI rot,
and HP™ act in different subspaces of the total Hllbert
space of the molecule, which is a direct product of rota-
tional and spin subspaces (with the latter including both
the electron and nuclear spin subspaces).

Our goal is to solve the time-independent Schrodinger
equation H |¥) = F|¥) with the Hamiltonian given by
Eq. (1). To this end we expand the solution at fixed total
energy E in channel functions |®,,)

= LY RR)2,), ™)

where F,(R) are the radial functions, which satisfy the

standard coupled-channel (CC) equations.

l2
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[dﬁz + 20| Fu(R) = 20y (@4l V(R 0) +
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+ Hm01|(1)n’>Fn’ (R> (8)

The asymptotic behavior of the radial functions defines
the scattering S-matrix, from which all scattering observ-
ables can be obtained, including differential and integral
cross sections, transitions rates, and collision lifetimes.

1. Matriz elements the TRAM basis: Intramolecular
rotational, hyperfine, and Zeeman interactions

We expand the solution of the time-independent
Schrédinger equation (7) in a space-fixed TRAM basis

[©n) = [(NT)Jr My)|ns), (9)

where |(N1)J,M,) are the eigenstates of the total rota-
tional angular momentum (TRAM) of the collision com-
plex J, = N+l and its projection on the Z axis JTZ, and
|ns) are the basis functions for the electron and nuclear
spin degrees of freedom (see below).

The eigenstates of j,? and JATZ are obtained by coupling
the eigenstates of N2 and N, 7 and those of L? and L z
(78]

(NI M) = Y (N Myl J,M,)|[NMy)imy),
My ,my

(10)
where |lm;) are the eigenstates of L2 and Ly, |NMy)
are those of [N|2 and Nz, and (jimijams|jm) are the
Clebsch-Gordan coefficients. Note that jr =N —i—i is
different from the total angular momentum operator J =
N—l—i—l—é—i—i:jr—i—g—i—iunlessIzSzO.

Below we will evaluate the matrix elements of the scat-
tering Hamiltonian in the TRAM basis. We also dis-
cuss the structure of the coupling matrix elements, which
makes clear the unique advantages offered by this ba-
sis for incorporating hyperfine structure and magnetic
fields in quantum scattering calculations on molecular
collisions in external fields.

We begin with the Hamiltonian of the diatomic
molecule (4). Taking advantage of the structure of the
TRAM basis, which is a direct product of basis functions
for the rotational and spin degrees of freedom, we find

<(NZ)JTMT|<n5|ﬁmol|(N/ /)J/M’>|n/>
= 5nsn’s<(Nl)JrM |Hr°tl|(N l )J’M’>
+ ONNOWw O, 7100, M, (ns|HZP nl)

+ (N DT My | g Hop ™ [(N'U) T M) ). (11)

mol

We observe that the purely rotational part of the Hamil-
tonian H ot is diagonal in the spin degrees of freedom,



whereas the spin part ]?I:f;f (including the Zeeman inter-
action) is diagonal in the rotational degrees of freedom,
as expected. The spin-rotation interaction ﬁ;{’ Oii“'mt cou-
ples the rotational and spin degrees of freedom.

To proceed, we need to specify the basis ket vectors
|ns) for the spin degrees of freedom. Here, as in our
previous work [50], we use the fully uncoupled spin basis
set |ng) = [SMg) |IMy), although the coupled hyperfine
basis |ns) = |F'mp) could be used as well. The first term
on the right-hand side of Eq. (11) is diagonal since the

basis states |(N1)J,.M,.) are eigenstates of N?

((N1)J M, |(SMs|(IM;|Hioy | (N'V)J] M;)| S M) | IM7)

= 5M1M}5MSM’S5NN’6ll/6JTJ;5MTM;BeN(N =+ 1). (12)
The matrix element of ]?I;f’;f =al-S+ gspuoBSz in the
second term is straightforward to derive since our spin
basis states |SMg)|IMj) are eigenstates of Sz and Iz,
and thus (see, e.g., Eq. (7) of Ref. [50])

((ND)J M [(SMs (M| oy | (N'V) I M) [S M) [ IM})

mol

= ONN'Ow O, 5100, 010 [0 01, 01 Ongs na, M1 Ms

1
+§5M,,M;i15MS,M’S:F1Ci(IaM})CJF(SaMé)]a (13)

where Cy(J, M) = [J(J + 1) — M(M +1)]*/2. Note that
the spin Hamiltonian H*P" is diagonal in J, because the
isotropic hyperfine and Zeeman interactions do not act
on the rotational degrees of freedom. This is a key dif-
ference between the TRAM basis and the more familiar
total angular momentum basis, in which the Zeeman in-
teraction couples basis states with different .J [34, 37].

((ND)J My (S Mis (M| HE | (N'V) J] M) |S M) IM7) = dwe 3

X [(2N+1)(2N’+1)]1/2{ N J. 1

The anisotropic hyperfine interaction couples the states
with J, — J, = £2, and with N — N’ = £2 but conserves
the total angular momentum projection M. Thus, in
order to account for this interaction, it is necessary to
include at least three lowest J,. blocks (J, = 0—2 for the
initial N = 0 states).

The spectroscopic constants of YbF(?X) are (in units
of em™): ¢ = 2.84875 x 1073, v = 4.4778 x 1074,
b= 4.72983 x 1073, and B, = 0.24129. The anisotropic
hyperfine interaction is thus 6.4 times stronger than the
electron spin-rotation interaction, but two times weaker

J. N’ 2

e 2 J\(N 2N
~M, M,—M. M. )\ 00 0

Finally, the spin-rotation coupling matrix element [the
third term in Eq. (11)] is the sum of the matrix ele-

IA{CSI‘ —

ments of the electron spin-rotation interaction H | =

”Yer - S and of the anisotropic hyperfine interaction
Hitl = SR ()2 20y (= 1)"amg(Or, 6) 12857 [sce

mol —
Eq. (6)].

The matrix elements of the electron spin-rotation in-
teraction in the TRAM basis are given by (see Appendix

A)

((N1)J- M| (S M| (M| Higgg | (NU).J; M]) | S M) | TM)

o

= 61,0y S SN N Ysx3 (NP3 (S)[(2, + 1) (2] + 1))/

_ / _ N J. 1
XZ(_l)p(_l)JT M7~(_1)N+l+JT+1(_1)S Ms{
P
1 J

J. N 1
I S 1 S
X<—MrpMé)<—Ms —pM’s> 14

where p3(X) = [(2X + 1)X (X + 1)]*/2. Tt follows from
Eq. (14) that the electron spin-rotation interaction cou-
ples TRAM basis states with J,. — J. = 1. This interac-
tion conserves the value of M, + Mg as well as the total
angular momentum projection M = M, + Mg+ My. This
coupling is typically much weaker than either the rota-
tional energy scale or the Zeeman interaction at moderate
and high magnetic fields. Nevertheless, it plays an impor-
tant role in collisions of 2% molecules with structureless
atoms [17, 49]. In order to account for this interaction,
it is therefore necessary to include at least two J, blocks
(J. = 0—1 for the initial N = 0 states).

The matrix elements of the intramolecular anisotropic
hyperfine interaction take the form (see Appendix B)

V0 oMt T (1 () (2, + 1) (2 + )12

1 1 2
My — M} Mg — M} M, — M

I 1 I S 1 S\ as)
—M; My—M, M, )\ —Ms Ms— M, M}

than the isotropic (Fermi contact) hyperfine interaction
parametrized by a = b+ ¢/3 = 5.6794 x 1073 cm ™.

2.  Matrixz elements the TRAM basis: Orbital angular
momentum and interaction potential

To complete the parametrization of CC equations (8)
in the TRAM basis, we need to evaluate the matrix ele-
ments of the centrifugal kinetic energy and of the atom-
molecule interaction potential. As the TRAM basis func-

|



tions (9) are eigenfunctions of [2, the centrifugal kinetic
energy has only diagonal matrix elements

12
<(NZ)JTMT|<”5|WKN/Z/)J;MMWQ = ONN/Oud g, g1

I(1+1)

Sz (1)

X OM, M Onyn,

The adiabatic interaction potential between a 2%
molecule and a 'S atom is independent of the electron
and nuclear spins, so its matrix elements are diagonal
in ns. Expanding the potential in Legendre polynomials
as V(R,0) = >, Va(R)Px(cosf) and using the Wigner-
Eckart theorem, we find the matrix elements [79]

((N1)J M, |(ng|V (R, 0)|(N'I')J. M) n) = bnnr 6,51
><6MTM4(—1)JT+N+N’[(2N+1)(2N’+1)(2l+1)(2l’+1)]1/2

<Swe{Y 3 (50 0) (o)

The matrix elements are diagonal in J,.. Because the
couplings between the different .J,. blocks due to the
spin-rotation interactions are weak (see the previous
section), the scattering Hamiltonian is approximately
block-diagonal in the TRAM representation as shown in
Fig. 1(b). Thus, one might expect that numerical solu-
tions of CC equations may be efficiently obtained with
only the few lowest J,. blocks retained in the basis. As
shown in Sec. IIT below, this expectation turns out to be
true. This advantage of the TRAM basis is similar to
that provided by the total angular momentum represen-
tation [34, 36].

The matrix elements (17) have a simple form, which
does not increase in complexity as additional hyperfine
or electron spin degrees of freedom are added. The un-
derlying reason for this simplicity is that in the TRAM
representation, one only couples the rotational angular
momenta, on which the interaction potential actually de-
pends. By contrast, in the space-fixed TAM representa-
tion, one needs to couple all angular momenta regardless
of whether or not they are coupled by the interaction
potential, leading to a nested hierarchy of partially cou-
pled basis functions, whose complexity increases rapidly
as more angular momenta are added [36, 37].

B. Collisions of 2% molecules with 2S atoms

The Hamiltonian of the collision complex formed by a
2%} molecule and an %S, atom may be written as

2 72
- 2:R (9?R2 R+ 2/iR2 + ‘/int + Hmol + Hatom + ded7
(18)
where all the terms except for the interaction potential
operator Vi and the new terms Hapom and Viaa (see

H:

below) have the same meaning as in Eq. (1). The Hamil-
tonian (18) differs from Eq. (1) in three significant re-
spects.

First, the 28, /2 atomic collision partner (such as an
alkali-metal atom) has internal structure described by
the hyperfine-Zeeman Hamiltonian

I;[atom = gSMOBS’aZ + Aaia ' saa (19)

where éa and ia are the atomic electron and nuclear
spin operators, and A, is the atomic hyperfine con-
stant. For simplicity, we will neglect the dependence
of atomic and molecular hyperfine constants on R, r,
and 6 as well as tensor hyperfine couplings of the form
Top(R,0,7)54(1a)s, o, 8 = x,y,z. While these interac-
tions are typically weaker than those already included in
Egs. (2) and (19) (see, e.g., [80, 81]), they can become
substantial in the short-range collision complex region
[82]. These interactions can be handled by evaluating
their matrix elements in the TRAM basis, and will re-
sult in additional mixing between the states of different
J, similar in form to the couplings induced by the mag-
netic dipole-dipole interaction as described below.
Second, the interaction potential between a 2%
molecule and a 2S atom is no longer a single scalar
function of the internal coordinates R, r, and 0 as was
the case for interactions with structureless atoms (see
Sec. ITA), but depends on the value of the total spin

St = |St| = |S+ S| of the atom-molecule collision com-
plex [13]
Vie = Y V(R,7,0)[SrMs,)(SrMs,|  (20)

St,Msp.

where Vg, (R, 7, 6) are the adiabatic potential energy sur-
faces (PESs) for the singlet (St = 0) and triplet (S = 1)
electronic states. These PESs are typically very different
at short range, where strong exchange interactions lead
to large singlet-triplet energy gaps, as in the case of two
interacting hydrogen or alkali-metal atoms [39, 83].

Finally, the magnetic dipole-dipole interaction between
the electron spins of the open-shell collision partners
takes the form [13, 49, 84|

N 247 1/2 o? P
s == (37) 5 Lo (RS 05,16

q

(21)
where the spherical harmonic Y2 _,(R) depends on the
orientation of vector R = R/R in the space-fixed frame,

and [S ® ga],(f) is a second-rank tensor product of the
molecular and atomic electron spin operators.

The TRAM basis for collisions of 2% molecules with
2S atoms is a direct product of basis states for the struc-
tureless atom collision problem [Eq. (9)] with atomic spin

basis functions |n§“)>

@) = |(Nl)JTMT>|nS>|’rLga)>. (22)



As before, we choose the molecular and atomic spin basis
functions in the uncoupled angular momentum represen-
tation [48, 49]

Ins) = |SMg)|IM;) = |SMgIMy)
() = |Su Mg, )| IaMy,) = |SaMs, I,My5,).  (23)

Alternatively, one could use a coupled representation,
where |ns) = |(I8)FMg) and [n") = |(I,5,)Fa Mg, ).

The matrix elements of the molecular Hamiltonian
(2) and of the centrifugal kinetic energy are diagonal in
atomic spin quantum numbers nﬁ“). The expressions for
these matrix elements are identical to those already pre-
sented in Sec. ITA. We now proceed to evaluate the matrix
elements of the three remaining terms (19)—(21).

The matrix elements of the atomic Hamiltonian are
diagonal in all molecular quantum numbers

(N1)Jy My (] <nga) |ﬁat0m [(N'U')J, M) ) |nga)l>
= NN/ 6g,.1 00,007 Ongnr (NS | Hagorm [0l (24)

Choosing the fully uncoupled representation for the
atomic basis functions, the right-hand side evaluates to,
in close analogy with Eq. (13)

<SaMSa |<IaMIa |ﬁatom|SaMéa>|IaM}a> = 5M1aM}a 5MsaM’Sa

X gspoBMs, + Aq [0ry, m;, Onss, may, M1 Ms

1
+ §5M1a ,M}a:tl(SMsa,M’Sa:FlC:t(Iaa M;a)c$(sav Méa)} .
(25)

The interaction potential between a 2% molecule and a
2§ atom is expressed in terms of projectors on eigenstates
of the total electron spin |SpMr) of the atom-molecule
system (20). Its matrix elements in the TRAM basis
factorize into the rotational and electron spin parts

((N1)J My (S M TMy|(Sa M, To My, [Vins|(N'1).JL M) S METM7) S Mg, ToMy,) = Sag, at; 00y, 1,
XD AN M| VST (R, 7, 0)|(NU) M) (S M| (Sa Ms, |S7Msy (St M, |S'M)|SaMs,) - (26)

St,Msp,

The total spin eigenfunctions are expressed in terms
of the uncoupled spin functions as |SprMg,) =
ZMS<SMSaSaMSa|SMST>|SMS>|SaMSa> [49] Mul-
tiplying the Hermitian conjugate of this expres-
sion by [SMg)|S, Mg ) and integrating over the
spin  degrees of freedom, the spin overlaps in

Eq. (26) can be expressed in terms of the Clebsch-
Gordan coefficients, e.g., (SrMs,|S'Mg)|SaMg ) =
(SMg, So Mg |STMs,). Substituting the rotational ma-
trix elements of V¥(R, 6, r) from Eq. (17), we obtain the
final result

(N1 M [ (SMsTM;|(SaMs, T Mr, |Ving | (N'V)J; M) | SMET M) |Sa M, T M7,) = Sag, vy S0y, 11y,
X 85,580,000 (—1) T ENEN QN 4 1) (2N + 1)(20 + 1) (20 + 1)]/? 7 (1) St Mer) (987 4 1)

(S Su St S S, Sr
Ms Ms, —Ms, )\ M M} —Ms,

where the spin-dependent Legendre expan-
sion coefficients are defined by V97(R,0,r) =
S\ VIT (R, 7) Py (cos 6) for each Sy = [S—S,|, ..., S+S,.
The matrix of the electrostatic interaction potential
is diagonal in J., which is significant because the
anisotropic atom-molecule interactions can be block-

St,Msp,

Jywwa (Y 33T 64 8) e

diagonalized, enabling the scattering problem to be
solved independently for each J,. even in the presence of
the Zeeman and isotropic hyperfine interactions (since,
as shown above, these interactions are diagonal in .J,.).
The only interactions that couple the states of different
J, are the spin-rotation interactions (see above and
Fig. 1), which are weak for low N, so only a few values



of J, are sufficient to achieve numerical convergence of
scattering observables, as demonstrated below.

The interaction potential matrix is also diagonal in the
atomic and molecular nuclear spin projections, since the
potential does not depend on the nuclear spin operators.
The interaction potential couples the states with differ-
ent Mg and Mg, and the same Mg = Mg+ Mg, due to
the difference between the potentials with different St at
short range (this is analogous to the spin-exchange inter-
action in alkali-metal dimers). The only exception are the
states with the maximum possible Mg and Mg, , which
correspond to the fully stretched basis states |S, Mg = S)

and |S,, Mg, = S) with Sp =5 + S,. These states oc-
cur in collisions of fully spin-polarized molecules and/or
atoms, whose collision dynamics can often be adequately
described by a single, high-spin PES [13, 36].

Finally, the magnetic dipolar interaction is a contrac-
tion of tensor operators (21), which depend on the orien-
tation of the atom-molecule axis in the SF frame [via the
term Ya,_,(R)] and on the spin degrees of freedom [via
the term [S ® Sa]((f)]. The matrix element of Eq. (21) in
the TRAM basis then takes the form

042

R 24 1/2
(N1)J M [(SMsIM;|(SaMs, 1o Mr, |Vinad|(N'U") J. M) |SMgIM7)|Sq Mg IoM] ) = — <—) ﬁaMIM}(SMIaM}a

5

X D (D) UND T My Ya,—g(R)(N'V) J] M) (SMs|(SaMs, |[S © Sal(? |SM)|SaMg,)  (28)

Using the definition of the tensor product [78] to eval-

(N My [{SMgIM|(SqeMs,I,Mj, |ded|(N’l')J;MQ|SM§IM})|SQMQGIQM}Q> =

X (=1)2Ir M ANHH (9] 1 1) (2" + 1)]1/2{ l

J, N
JLU

uate the matrix element of [S ® Sa],(f) and then applying

the Wigner-Eckart theorem, one obtains

—/30a2

T On; M} OMy, M ONN'

 berener o2 (§ 8 0) msms)

y 1 1 2 (15 Mssems, (S 1 S Sa 1 Sa
Mg — M}, Mg, — M}, M, — M ~Ms Ms— My My )\ —Ms, Ms, — M} M},

The magnetic dipolar interaction is seen to be diagonal
in the nuclear spin quantum numbers and to couple the
TRAM basis states with values of J, differing by two.
The minimum TRAM basis for the magnetic dipolar in-
teraction should therefore contain at least three J,. blocks
(Jr = 0 — 2 for the initial N = 0 states) as in the case
of the anisotropic hyperfine interaction considered above.
Unlike the atom-molecule interaction potential, the mag-
netic dipolar interaction does not separately conserve the
rotational and spin angular momentum projections M,.,
Mg, and Mg, , but does conserve the sum Mg+Mg, + M,

We now summarize the key advantages of the TRAM
basis, which follow from the above discussion.

1. Most of the terms in the scattering Hamiltonian,
including the interaction potential (17), the inter-
action of the molecule and atom with an exter-
nal magnetic field (3), and the isotropic hyper-
fine interaction [Egs. (2) and (19)], are diagonal

(29)

in the TRAM quantum number J.. Thus, the
atom-molecule scattering Hamiltonian is strongly
diagonally dominant in the TRAM representation
as shown in Fig. 1(a). While this nearly block-
diagonal structure is superficially similar to the
one, which occurs in the TAM basis [34, 37|, there
are important differences. Specifically, the Zeeman
interaction is the only interaction, which is non-
diagonal in J [34, 37].

2. Couplings between the different values of J,. arise
only due to the interaction of molecular rotations
with the electron and/or nuclear spins. These in-
teractions can originate either from within the di-
atomic molecule, due to the spin-rotation interac-
tion (6) or from the intramolecular magnetic dipole-
dipole interaction. These couplings are typically
weak for low values of N such as those occurring



in cold collisions of molecules in their ground rota-
tional states.

3. Because of the nearly block-diagonal structure of
the Hamiltonian in the TRAM basis, one might ex-
pect that efficient numerical solutions of CC equa-
tions may be obtained with only the few lowest J,.
blocks retained in the basis. As shown in Sec. III
below, this expectation turns out to be true. This
is a key advantage of the TRAM basis, which al-
lows efficient handling of strongly anisotropic inter-
actions. This advantage is similar to that provided
by the total angular momentum basis [34, 36].

III. RESULTS

In this section, we apply the TRAM representation de-
veloped in the previous section to calculate the cross sec-
tions for ultracold collisions between YbF(?Y) molecules
and He atoms in the presence of an external magnetic
field. YDbF is of interest for precision searches for the
electric dipole moment of the electron [85], and it has
recently been laser cooled [70]. YbF has a pronounced
hyperfine structure, whose marked effect on cold and ul-
tracold He + YDbF collisions was studied in our previous
work using a fully uncoupled angular momentum basis
[50]. These calculations provide a convenient benchmark,
against which we will test our TRAM approach.

A. Hyperfine-Zeeman energy levels and unphysical
states

Figure 2 shows the lowest hyperfine-Zeeman energy
levels of YbF(?Y) as a function of magnetic field. The
physical energy levels shown by straight lines are ob-
tained by diagonalization of the isolated YbF Hamilto-
nian (2) in the single-molecule basis |N My )|SMg)|IMjy).
The eigenvalues of the same Hamiltonian in the TRAM
basis obtained by diagonalizing the matrix in Eq. (11)
are shown by symbols. We note that these sets of lev-
els are not necessarily identical because the spin-rotation
and anisotropic hyperfine interactions couple the states
of different J, (see Fig. 1). Since our TRAM basis is
truncated at a finite value of J**  the couplings be-
tween the J,.-th and (J,. 4+ 1)-th blocks are excluded from
consideration, leading to the appearance of unphysical
energy levels, just as in the case of the TAM representa-
tion [34, 35, 37].

In further analogy with the unphysical states that oc-
cur in the TAM representation [34, 35, 37], the eigen-
vectors of the unphysical states are dominated by con-
tributions from the highest value of J,. included in the
TRAM basis. Consider, e.g., the unphysical state with
the largest deviation from any physical hyperfine-Zeeman
state in the NV = 1 manifold. This state is marked by an
arrow in Fig. 2 and its eigenvector can be expanded in
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FIG. 2. Hyperfine-Zeeman energy levels in the ground (N =
0, top) and the first rotationally excited (N = 1, bottom)
manifolds of YbF(*%) plotted as a function of magnetic field.
Solid lines — physical hyperfine-Zeeman levels, circles — eigen-
values of the molecular Hamiltonian in the TRAM basis cal-
culated for N™** = 4, J"** = 2 and M = 1. The inset
shows a portion of the energy level spectra at higher fields.
For N = 0 the deviation of the eigenvalues of the asymptotic
Hamiltonian in the TRAM basis from the physical hyperfine-
Zeeman levels of YbF (< 0.01%) is much less than the size of
the symbols.

the TRAM basis states |J,., M., M;, Mg) at B=10"3T

11 11
=0.83[2,2,—=,—=) —0.31]2,0,=, =
[u) = 083[2,2, -3, —3) — 0.3112,0,5, )
11

+0225 |11, 5, =)+, (30)

where the quantum numbers that take fixed values (N =
1 and [ = 2) have been omitted from basis kets for clarity.
We see that by far the largest contribution to the unphys-
ical state is given by the states in the .J, = 2 block. This
suggests that, as shown in the next Section, the unphysi-
cal states do not affect the results of quantum scattering
calculations on ultracold molecular collisions, which are
determined by the lowest J, states in the TRAM basis.
As shown in the lower panel of Fig. 2, the N = 0 eigen-
states computed in the TRAM basis are nearly identical
to the physical hyperfine-Zeeman states of YbF, with the
relative deviations not exceeding 0.01%. This is because
the different J,. blocks are only coupled by the relatively
weak, field-independent spin-rotation and anisotropic hy-
perfine interactions. This is in contrast to the TAM rep-
resentation, where the different J blocks are coupled by
the external magnetic field, causing the appearance of
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FIG. 3. Magnetic field dependence of the integral cross sec-
tions for ultracold He + YbF collisions with YbF molecules
initially in the fully spin-polarized state |4) (see Fig. 2) and
the final states |3) (circles), |2) (squares), and |1) (triangles).
Solid lines — TRAM calculations with J:'** = 3, dashed lines
— TRAM calculations with J** = 2, symbols — benchmark
calculations using the fully uncoupled basis [50]. The collision
energy is 1 mK.

distinct unphysical Zeeman states in all N manifolds even
in the absence of hyperfine structure [34, 35, 37].

The N = 1 manifold has more unphysical states espe-
cially at smaller magnetic fields, where the couplings be-
tween the different .J, blocks are larger than the Zeeman
interaction. Even for these states, the relative deviation
between the physical and unphysical energies does not
exceed 0.07%. The largest deviation occurs for the state
closest to state |9) marked by an arrow in Fig. 2. In addi-
tion, the density of unphysical states in the TRAM basis
is significantly lower than in the total angular momentum
representation, where most of the N = 1 states are un-
physical [37]. The lower density of unphysical states rep-
resents an advantage of the TRAM basis over the TAM
basis [34, 35, 37].

B. Ultracold atom-molecule collision dynamics in
the TRAM basis

To gauge the accuracy and computational efficiency
of our TRAM basis, we have developed a new scatter-
ing code implementing CC equations in this basis for 23
molecule - 'S atom collisions as described in Sec. ITA.
The CC equations are parametrized by the matrix ele-
ments of the intramolecular Hamiltonian of YbF and of
the He-YDF interaction potential as described in Ref. [50]
and in Sec. ITA.

For comparison with previous quantum scattering cal-
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culations on He + YDbF [50] using the fully uncoupled
basis, we used the same cutoff parameter for the rota-
tional states N™® = 8, but varied the cutoff parameter
Jex =2 and 3. The CC equations are integrated using
the log-derivative propagator [86, 87] on a grid of R ex-
tending from 3.84 to 80 ag with the grid step of 0.04 ag.
At the end of the propagation, the log-derivative ma-
trix is transformed to the basis, in which the asymptotic
Hamiltonian is diagonal, and then matched to the asymp-
totic boundary conditions to produce the reactance (K)
and scattering (S) matrices, from which the integral cross
sections are obtained using the standard expressions

2m
=" = 72 Z |0y Bur — S’%'y’l’|27 (31)
YoM oL

where the index v = 1,2,... labels the eigenvalues of
the asymptotic Hamiltonian in the order of increasing
energy (see Fig. 2). The unphysical states are assigned
to the physical eigenstates that are closest in energy. The
calculated cross sections are converged to < 5%.

Figure 3 compares state-to-state cross sections for ul-
tracold He + YbF collisions calculated using the TRAM
basis set with reference calculations [50]. The cross sec-
tions calculated using these completely unrelated bases
are in excellent agreement with each other across the en-
tire range of magnetic fields, validating the accuracy of
our TRAM calculations. Taking the [4) — |1) transi-
tion as an example, the relative differences between the
TRAM cross sections and the reference data do not ex-
ceed 0.1% at magnetic fields below 0.04 T (for J™»* = 3).
The deviations increase to a few percent at higher mag-
netic fields, most likely due to incomplete convergence of
the reference results [50].

Using a minimal basis set including the three lowest J,
blocks (J™** = 2) is sufficient for magnetic fields below
0.1 T. Above this field value, a higher value of J:"* =3
is required for the hyperfine transitions [4) — |1) and
[4) — |2). As shown in Fig. 2, the final states |1) and
|2) are low field-seeking, whereas the initial state |4) is
high field-seeking. Thus, the transitions [4) — [1) and
[4) — |2) release an increasing amount of energy with
increasing magnetic field, leading to the population of
higher partial wave states in the outgoing collision chan-
nel, and necessitating the use of larger JM**.

The reference calculations employed the fully uncou-
pled basis set with N™2* = 8 and [™** = 9 [50], leading
to 2262 coupled channels for the total angular momen-
tum projection M = 0. By comparison, the TRAM basis
with the same number of rotational states and J"** = 2
includes 274 channels for the same value of M, a reduc-
tion in the number of coupled channels by the factor of
8.2. The computational cost of solving CC equations
scales as N2 with the number of channels. Thus, using
the TRAM basis leads to a 550-fold increase in compu-
tational efficiency compared to the fully uncoupled basis
used in the previous calculations [50].

Figure 4 shows the inelastic cross sections for YbF
molecules initially in the highest low-field seeking
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FIG. 4. Magnetic field dependence of the integral cross sec-
tions for ultracold He + YbF collisions with YbF molecules
initially in the rotationally excited state |16) and the final
Zeeman states |8) (circles), |4) (squares), |3) (triangles), |2)
(diamonds), and |1) (stars) [see Fig. 2]. TRAM calculations
with J7** = 3 (solid lines) are compared with benchmark cal-
culations (symbols) using the fully uncoupled basis [50]. The
collision energy is 1 mK.

hyperfine-Zeeman sublevel of the N = 1 rotational state
(state |16) in Fig. 2). Inelastic collisions with He atoms
can either conserve or change the rotational state of YbF.
All the state-to-state cross sections calculated using the
TRAM basis are in excellent agreement with the bench-
mark values, demonstrating the ability of the TRAM ba-
sis set to accurately describe ultracold collisions of rota-
tionally excited molecules. The unphysical states shown
in the upper panel of Fig. 2 do not affect the results of
CC calculations for reasons discussed in Sec. IITA.

IV. SUMMARY AND OUTLOOK

Hyperfine interactions play an essential role in ultra-
cold atomic and molecular collisions, being largely re-
sponsible, for, e.g., positions and widths of magnetic Fes-
hbach resonances in ultracold collisions of alkali-metal
atoms [39]. Quantum scattering calculations must there-
fore account for hyperfine structure in order to provide a
realistic picture of ultracold atom-molecule and molecule-
molecule collision dynamics in the presence of external
electromagnetic fields.

While it is possible to include the hyperfine structure
directly in the TAM representation, this approach is hin-
dered by two difficulties. First, unphysical states show up
in the spectrum of threshold energy levels in the presence
of external fields [34, 35, 37]. Even though these states
do not affect the dynamics of ultracold collisions, and
they can be eliminated by augmenting the basis set [37],
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they can pose a challenge for bound-state calculations
[37, 88]. Second, constructing the TAM basis functions
requires multiple angular momentum coupling operations
to form the eigenstates of J? and Jz. This leads to com-
plicated expressions for the matrix elements of the in-
teraction potential and/or the centrifugal kinetic energy
[34, 36]. These complex expressions can be challenging
to implement in actual numerical calculations.

Here, we have explored an alternative basis set com-
posed of products of eigenfunctions of the total rotational
angular momentum (TRAM) of the collision complex
J and the spin basis functions of its constituent atoms
and molecules. In the absence of spin-rotation interac-
tions, J, is conserved and the scattering problem can be
rigorously block-diagonalized and solved separately for
each value J,. even in the presence of external magnetic
field and isotropic hyperfine interactions. This makes the
TRAM basis particularly promising for molecules, whose
collision dynamics is dominated by the isotropic hyper-
fine and Zeeman interactions (in addition to the electro-
static interaction potential). By contrast, the scattering
Hamiltonian in the TAM representation [34, 35| is not
block-diagonalizable in the presence of external magnetic
fields.

We formulate the quantum scattering problem in the
TRAM basis for collisions of 2 molecules with 'S atoms
(Sec. ITA) and with 2S atoms (Sec. IIB). The gener-
alized spin-rotation interactions, which couple the dif-
ferent values of J,., include the electron spin-rotation
and anisotropic hyperfine, as well as the intermolecular
magnetic dipole-dipole interaction (see Fig. 1). When
these interactions are non-negligible, they can be incor-
porated in a straightforward manner by including several
J, states in the TRAM basis as discussed in Sec. II. This
is demonstrated by our CC calculations on ultracold s-
wave He + YbF(2X) collisions in the regime, where the
electron spin-rotation and anisotropic hyperfine interac-
tions in YbF are non-negligible (see Sec. IIT). With three
lowest J, blocks in the basis, we observe excellent agree-
ment of state-to-state scattering cross sections with prior
calculations [50] using 8 times fewer TRAM basis func-
tions, leading to a computational gain of about three
orders of magnitude over the fully uncoupled basis [50].

Despite mounting experimental studies of Feshbach
resonances in ultracold atom-molecule [43, 44, 60, 89, 90]
and molecule-molecule [9, 46, 47] collisions, accurate
quantum dynamics calculations on such collisions are cur-
rently beyond reach. As discussed above, this is partly
due to the difficulties associated with including the ef-
fects of atomic and molecular hyperfine structure and/or
external fields. It is our hope that the computationally ef-
ficient and easy-to-implement TRAM representation will
facilitate such calculations in the near future. It would
also be interesting to extend the TRAM approach to ul-
tracold molecule-molecule collisions and to other types
of CC basis sets, such as those defined in the body-fixed
coordinate frame [13, 34, 91].



ACKNOWLEDGMENTS

We thank Dr. Masato Morita for verifying Eq. (29).
The work at UNR was supported by the NSF through
the CAREER program (grant No. PHY-2045681). The
work at JILA was supported by the NSF (PHY-2012125)
and by NASA /JPL (1502690).

Appendix A: Matrix elements of the electron
spin-rotation interaction in the TRAM basis

Here, we derive the matrix elements of the intramolec-
ular electron spin-rotation interaction in the TRAM ba-
sis. Expanding the spin-rotation interaction in rank-1
spherical tensor operators

1
'Yer : S = Ysr Z (_1)(1]{7;51)5’(_1;37

p=-—1

(A1)

and using the direct-product structure of the TRAM ba-
sis gives (omitting the basis functions [T M) for clarity)

(N1, M, [ (S Ml - S|(N'1) 7102 S M)
1
= Ysr Z (_1)q<(Nl)JTMT|N;Sl)|(NIZI)J;M;>
p=—1

x (SMg|SU)|SME)  (A2)

Applying the Wigner-Eckart theorem to the rotational
matrix element on the right-hand side

7 (1 _ Jr—M,
((N1)J M |NSD|(N'V) T M) = (—1)

1 J

X (_{w p M;)<<NZ>JTIIN“>||<N’l’>J;>, (A3)

and simplifying the resulting double-bar matrix element
[78] we get

7 (1 Jr—M,
(NU)J. M INSD|(N'V) LML) = (—1)

1 J

Jy :
X < N p M > S ()N LA (2 7, 1) (270 4+1)]/2

x {]JV i i}[(QN—H)N(N—i—l)]l/Q(SNN/ (A4)

Using

~(1) o —Ms S 1S
(SMs|S=,|SMg) = (-1 M ( —Ms —p Mg )
x [(284+1)S(S+1)]/2 (A5)

in combination with Eqgs. (A4) and (A2), we obtain
Eq. (14) of the main text.
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Appendix B: Matrix elements of the anisotropic
hyperfine interaction in the TRAM basis

The anisotropic hyperfine interaction given by the last
term in Eq. (3) is composed of three tensor operators,
which depend on the rotational, electron spin, and nu-
clear spin variables

mol — 3 5 Z (_1)q§/2_q(9”¢7‘)[i®s]¢(12)’

q=-2

qans _ VB A\ S
(%) .

Taking the matrix elements of this expression in the
TRAM basis, we find

((N1)J- M| (S M| (M| Hg) | (NU) T M]) | S M) | TM)

c 122
= ?(%) > (=D)U(ND)J M| Yoo (N'1')J] M)

q=-2

x (SMs|(IM;|[L @ SIP|SMg)|IM;)  (B2)

The first matrix element on the right-hand side can be
evaluated using the Wigner-Eckart theorem [78]

((NOT M [Yag|(N'V)JiMy) = (=1)7 7

2 J

x <—‘f\}r —q M;) (NDT|[YPN(NT)T) - (B3)

with the double-bar matrix element given by [78]

(NDJ[Y (NI = G (—1) 1+
N J,
X [(2J, + 1)(2J] + 1)]*/? { G

X [(2N +1)(2N' +1)]/2 (
It remains the consider the spin matrix element

(SMs|(IM;|[L® 8P |SMg)|[IM7) = Y (~=1)1V5

11 2 o »
* (QI as —q> (IM| ISP 1M7) (S M| SY (S M)
(B5)

where we have used the definition of the tensor product
of two spherical tensor operators [78]. Using once again
the Wigner-Eckart theorem

5(1) N N= M I 1 1
<IMI|Iq1 |IMI>—( 1) <_MI qr M})

x [(2 + DI(I + 1))V (B6)



and the corresponding expression for the matrix elements
&(1) :
of Sy45’, we obtain

(SMs|{IM;|1 e S]P |SMg)|[IM7) = Y (~1)1V5

q1:9s

« 1 1 2 (_1)I—M1+S—Ms I 1 I
qr g9s —¢q —M; qr M}

X [RI+1)I(I+1)(25+1)S(S+1)]'/2 < _Jf@ qls 1‘2)
(B7)
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This expression, combined with Egs. (B4) and (B2), gives
Eq. (15) of the main text.
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