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Abstract. The discovery of laser-driven rescattering and high harmonic radiation out to a
maximum photon energy of 3.17 times the ponderomotive energy (Up) laid the groundwork for
attosecond pulse generation and coherent X-rays. As the laser field drives the interaction to
higher energies, relativity and the Lorentz force from the laser magnetic field enter into the
dynamics. We present the results of recent studies of laser rescattering, including these effects,
to give a quantitative description of rescattering dynamics in the high-energy limit, ie, recollision
energies of order 1,000 hartree (27 keV). The processes investigated include inner K- and L-shell
excitation and the ultimate limit of high harmonic generation via rescattering bremsstrahlung.
The results indicate the path to the frontier area of x-ray strong field processes.

1. Introduction

Strong field rescattering interactions historically were treated in the dipole approximation,
neglecting the laser magnetic field [1]. As laser technology [2] continued to advance, the force
from the laser magnetic field affected the dynamics [3]. A Lorentz rescattering parameter [4]
was able to differentiate traditional dipole strong-field atomic and molecular interactions and the
ultrastrong field regime, where the full laser electric and magnetic field is required to describe
the rescattering physics. Recently, an ultimate energy limit of rescattering [5] was discovered.
This energy maximum for laser-driven rescattering is approximately one-thousand Hartree (27
keV), which means laser-driven rescattering can excite atomic systems across the periodic table
from hydrogen to uranium [6, 7].

We describe here laser-driven rescattering processes at the strong field and ultrastrong
field ultimate energy limit boundary [4]. Specifically, we address the ability of laser-driven
rescattering to excite all the bound states in naturally occurring atomic species. In addition,
we show rescattering using relativistic dynamics can give laser-driven high harmonic generation
with yields out to one-thousand Hartree that are higher than the traditional, strong field high
harmonic generation (HHG) in neon. These two processes are described in Fig. 1 for the
rescattering inner shell excitation with the L- and K-shells for atoms and in Fig. 2 for rescattering
driven high harmonic radiation in the high energy, bremsstrahlung limit. In these two figures,
the common foundation is clear. Tunneling field ionization of a state with an ionization energy
of Erp (step ‘1’ in the figures) by a strong laser field (electric field magnitude Ej, wavelength A,
and frequency w) creates electron density in the continuum. These electrons are then accelerated
by the laser field (step ‘2’) and can re-interact with the parent ion (step ‘3’ in the figures) by
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Figure 1. Sequence of (1) tun-
neling ionization (red) of the outer-
most electron, (2) laser acceleration
of the photoelectron over length
scale of Ey A2, (3) electron return
on a time scale of 1/w to the par-
ent ion where recollision creates K-
(green) and L-shell RSI (blue).

Figure 2. Visual representation
of sequence from tunneling ioniza-
tion (red) for the outermost elec-
tron, acceleration in the external
laser field, and rescattering with
the parent ion potential by the
bremsstrahlung process with deflec-
tion of the rescattering.

either collisionally exciting the inner-most electrons in atoms (Fig. 1) or inelastically scatter off
the nucleus with an atomic number Z (Fig. 2) to give laser-driven bremsstrahlung. Though
the initial laser-driven rescattering steps in Fig. 1 and Fig. 2 are mechanistically the same,
the optimum laser parameters differ. We present here the optimum laser conditions to achieve
laser-driven rescattering inner shell excitation and rescattering high harmonic generation. The
comparison by looking at these together shows that rescattering physics is generally possible for
all atoms and ions across the periodic table. Furthermore, we show strong field x-ray interactions
are key to realizing these new high-energy rescattering processes.

2. Rescattering Inner Shell Excitation

In this work, we use the semiclassical trajectory ensemble method [8, 9]. Briefly, bound state
ionization is calculated by tunneling [10] and the space-time relativistic photoelectron is modeled
semiclassically with a 10* trajectory Monte-Carlo ensemble having a position and momentum
spread matched to the tunneling wave function probability as it appears in the continuum.
Trajectories that return to the parent ion are counted as the rescattering fluence, F' (dimension
of charge/area) with the tunneling rate and the energy-resolved probability of return calculated
from the trajectories [4] comprising the energy-resolved rescattering electron fluence, dF'/dE,
(charge/(area energy)). Connecting back to Fig. 1 and Fig. 2, the rescattering fluence dF'/dFE is
indicated in red as the electron probability after ionization. For the recollision interaction with
the parent ion (step 3) to create inner shell holes or bremsstrahlung, dF/dE is evaluated when
it returns, i.e. at the spatial coordinate of the parent ion.

The energy resolved rescattering electron fluence, dF'/dFE, and field free K- and Lz-shell cross
sections [11] are used to calculate rescattering shell ionization. Figure 3 displays an example of
the energy-resolved rescattering fluence dF/dE and K-shell cross section o. The overlap (i.e.
the o dF'/dE product) gives the yield for the ejected inner shell electron as well as the excess
energy shared between the outgoing electrons. The figure typifies results at the edge of the
non-relativistic strong field (I'r = 1) with a 3.17 U, cutoff of 110 hartree (3 keV). This energy
is sufficient to ionize the carbon K-shell with a cross section threshold at ~ 10 hartree (284 eV).
The created photoelectron yield o(dF/dFE) ranges from 10712 electrons/hartree near threshold
(~ 0 eV) to 107 electrons/hartree for photoemission with kinetic energies near 100 hartree.

Rescattering shell ionization (RSI) across the periodic table is a complex process. For this
reason, we calculated K- and Lj-shell excitation for different ion species interacting with many
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laser conditions. Using this exhaustive approach we were able to find maximum yields for atoms
at different intensities, wavelengths, and ionization state. To maintain the integrity of the inner
shell state and cross sections, we impose a limit on the ionization progression. Generally, the
species chosen for this analysis favor final ion states with configurations in the upper p sub-shell
of the next full shell, e.g. a principle quantum number n=3 for the L-shell.

RSI is limited from a low energy side whenever the energy is insufficient to reach the minimum
required by the cross-section threshold, e.g. 284 eV (10 hartree) in Fig. 3 to remove the
1s electron for the carbon K-shell. On the high energy side, production is limited by the
relativistic rescattering deflection (I'r > 1). The K-shell for xenon (kq2 = 29,458eV) is at the
approximately one-thousand hartree limit beyond which rescattering yields drop when I' > 1.
For heavier nuclei (54 < Z < 92) it is still possible to extend the rescattering energy by a factor
of a few (e.g. from 1,000 hartree to 3,500 hartree) to reach uranium (ko2 = 94,665eV) by a
careful choice of the laser wavelength and intensity.

Figure 3. Energy resolved recol-
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From our analysis of atoms and ions across the periodic table we have determined the laser
fields that give a maximum in the K- and Lj-shell yields, shown for specific K-shell examples
in Table I. As the atomic species studied cross the I'r > 1 boundary, the RSI yields continue
to trend similar to the nonrelativistic interaction. This results from the optimal field solutions
emphasizing the yield and trading off other physical options (such as w, @, Erp) to limit high
I'r solutions. At these ideal laser conditions for RSI, one can observe the yields equal the peak
inner shell cross section times a fluence that is independent of Z. The yield for the K- and
L;-shell is 107 ¢ and 1072 o, respectively.

Table 1. Optimal laser parameters for rescattering driven K-shell ionization

Parent | I (W/em?) | A(nm) | Efoles |y | Ty
sLit 7x10™ ]10,400 | 8.1 x 10~ [ 0.01 | 0.21
cC3T 2 x 10%° 1,200 | 54 x 1075 | 0.04 | 0.29

1woNe*t | 2x10'6 640 | 3.3x 1077 | 0.18 | 0.24
145t | 1.3x 10 | 390 | 4.6 x 1078 | 0.22 | 0.42

AT | 1.9x 10" | 133 | 2.8 x107® | 0.55 | 0.26

20Cu?t | 1.4x10%° | 253 | 7.0x 107 | 0.88 | 0.32

K2t | 7 x 1020 138 | 3.4x107Y | 1.1 | 0.35

5aXe®T | 1.3x10%2% | 469 | 49x10719 | 2.1 | 0.37

Wt | 15%x10% | 1.83 | 1.3x1071°| 2.9 | 0.43

90Ut | 46x10% | 1.33 | 1.9x107" | 49 | 041
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A simple physical picture emerges in the high energy, strong field rescattering optimization.
First, are the ionization energy and charge for a parent ion (with an overall ion charge @ — 1
and ion core @ binding the ionizing electron charge). Together these largely determine the peak
laser field interacting with the atom or ion. For the sake of simplicity, the peak interacting

laser field can be estimated using classical barrier suppression ionization, Ejps = Zip_ A second
insight is a matching of the rescattering energy to the maximum in the atomic cross-section. The
rescattering fluence peaks at the maximum return energy (see Fig. 3), which for I'p <1 is ~3.2
times the quiver, or ponderomotive, energy, U, = Egsi /(4w?). Coincidentally, the characteristic
inner shell cross-section peaks at ~3 times the cross-section threshold for energies below the pair
creation energy. The maximum yield occurs when the fluence and cross-section peaks overlap;
the greatest rescattering inner-shell ionization occurs when U, is approximately equal to the
threshold for the inner shell predicted by Moseley’s law as 1/2(Z — 1)2. Therefore, the ideal
laser frequency is w = Erp/(v/32 Q (Z — 1)). Finally, optimal RSI occurs for 'y < 1. The
criteria described above combine to give a way to determine the ideal laser conditions for high-
energy rescattering. With an adjustment in the second step, the analysis can be extended to
any physical process to find the optimized conditions for laser rescattering. The scaling of RSI
with Z and the laser wavelength A\ can also be explained [6] by analyzing the atomic inner shell
cross-section Z dependence [11] and rescattering laser physics.

Figure 4. Bremsstrahlung yields
between classical non-relativistic
(blue, empty square), relativistic-
numerical (red, triangle), and
T Ty Bethe-Heitler (black, square) for-
Photon Energy (hartrec) mulations for a 1000 hartree elec-
tron flux incident on uranium.
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3. Ultimate Limit of Rescattering Bremsstrahlung, High Harmonic Generation
Recollision as a process extends up to an ultimate limit for the acceleration and rescattering
energy [4, 5] of order one-thousand hartree. Electrons at one-thousand hartree have a DeBroglie
wavelength (AgeBrogiie = h/p) of 0.14 bohr, where a classical approach [12] can be considered
valid for many atomic and molecular interactions. Viewing recollision in the classical regime is
also consistent with the large ~ e|FEy|/(mow?) excursion distance for the photoelectron (charge
e, mass mg) as it is driven by the laser field. Inelastic rescattering with the parent ion can create
(e,ne) [13, 14, 15] secondary electrons, or HHG radiation.

We model the HHG radiation process as a bremsstrahlung mechanism with the recollision
occurring as the returning electron is accelerated by the parent ion potential. All presented
results are in the single atom response limit and use plane wave radiation for the laser field.
We consider both the bare nucleus, where the interaction is between the incoming electron and
the full nuclear charge, and scattering from the ion core shielded nucleus in the approximation
of a center-symmetric representation for the bound electrons [16]. The scattering process is
calculated using classical, numerical-relativistic, and relativistic quantum [17] treatments for
bremsstrahlung.

Calculations of rescattering bremsstrahlung yields as a function of the bremsstrahlung photon
energy (hartree/hartree dimension for a single atom or ion) use a general formulation given by,

d*x(Er, Ey)

Ebrem(E'y) = /FR(ET) dEfy

dF, (1)
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Figure 5. Numerical rescattering
flux (a) and bremsstrahlung yields
(b) given by Eq. 1 with T'p =1
for U (square, blue) at 304nm

at 5 108\‘... and 3.9 x 107 W/em?, Kr®t

L0 s |3 .

£ 2100 . (open circle, black) at 409nm and

2 . |5 %%‘% 2.2 x 107 W/em?, and Neot

g1 15899°0% 4" Elo M“% (triangle, red) at 409nm and 2.2 x

€ [“admgasdaag = .

2 ™ Simf < 107 W/cm?. Reference lines are

“10% . 7 s = projected onto (b) to indicate Z?2
10 TR T B TR scaled yields for U and Kr based on

Er (partree) E, (hartree) the relative yield from Ne.

where Fgr(E,) is a generalized rescattering flux (electron/(energy-area) dimension) as a
function of the rescattering energy FE,. This is the same energy-resolved rescattering fluence
indicated in Fig. 1, Fig. 2, shown by way of example in Fig. 3, and used in the calculations
of rescattering inner shell ionization of the previous section. The bremsstrahlung generation
is sourced in x(E, E,), which represents the generalized energy cross-section ((energy-
area)/electron dimension) as a function of E, (again, the energy of the rescattering electron) and
photon energy E,. Integrating Eq. 1 over I, gives the radiated energy per photon interval. The
functions for x(E,, E,) are well known for each of the approximations used in the calculations,
i.e. classical, numerical relativistic classical scattering, and relativistic quantum. For brevity,
we will refer the reader to [7] for the full derivations and focus here on two essential findings.

First is addressing the ability of classical, non-relativistic calculations to model the
rescattering bremsstrahlung process near the ultimate energy limit. The accuracy of the classical,
non-relativistic approach might not be expected to be as high as classical relativistic scattering
carried out numerically or a quantum, relativistic treatment. Fig. 4 compares these three
treatments in the most extreme case, which is scattering off a uranium nucleus with 1000 hartree
rescattering electrons. From the figure, one can see the yields differ at most by an order of
magnitude and are within a factor of approximately three over much of the energy range. For
lower Z species or rescattering energies less than 1000 hartree, the agreement between these
three treatments will only improve. To be clear, for all calculations going forward in this study
we will present the results using the relativistic quantum case. We show the comparison in Fig. 4
so the physics may be clear and to connect to classical models, which have been very successful
in strong field interactions.

The second general finding addresses the overall yield of HHG near the ultimate energy limit
across species of various atomic numbers, Z. While one could construct artificial fluences Fr, we
present results consistent with the physics in Fig. 1 and Fig. 2. Thus, tunneling ionization serves
as the electron source and relativistic propagation of the sourced electron probability gives rise
to the fluence F'r used in the calculation of the scattering radiation. Even though very different
species are ionizing, by adjusting the laser frequency and magnitude one can create very similar
rescattering fluences (Fr) with tunneling ionization as the source for the rescattering electron.

Fig. 5 is a plot for uranium, krypton, and neon having tunneling ionization sourced
rescattering fluences (see Fig. 5 caption for the laser conditions in each case). Fig. 5(a) gives
the fluences for each case with a comparable Fr magnitude and cutoff energy at 500 hartree.
Fig. 5(b) gives the energy-resolved bremsstrahlung radiation in each case. For all three atoms,
the maximum HHG photon energy observed is the same. However, the bremsstrahlung yields
differ by orders of magnitude between the three species. One can see in the figure the neon yield
is a percent or so of that seen with uranium. Independent of the ion charge, the yield follows
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closely to what is expected with a Z?2 scaling. This result is consistent with our understanding
that interactions between the rescattering fluence and the nucleus are a close range, i.e. having
impact parameters comparable to or smaller than the Bohr radius for the n=1 state for the ions.

Fig. 6 compares the current state of the art in HHG and the possible yields for rescattering
with uranium with x-ray free electron laser sources. While normal optical and mid-IR lasers
give maximum HHG energies of order 0.5 keV to 2 keV, one expects for uranium ionized by
strong field, 38 nm wavelength radiation that HHG will extend out to 25 keV and have a yield
fifty times higher (see Fig. 6(b)),

Figure 6. Numerical rescattering
flux and resulting bremsstrahlung
yields (Eq. 1) at ['g = 1 for U40*

<
<

~ N L (triangle, blue) at 5 x 10 W/em?,
NEW’AAA 23 lo,gwn A = 38nm, and Ne™ (empty circle,
R TR VA S 1 red) at 5 x 1014 W/em?2, X = 5um.
o /i gglo"‘-\ For clarity, symbols in the figure
Sy e N are for a reduced number of points.
31079 | © N - Lines in the graph are a linear
Ey Garree) ot et connection of the full calculated

result.

4. Conclusion

In conclusion, we show laser rescattering can access high energy, K- Ly-shell excitation across the
periodic table from lithium to uranium. The optimized laser conditions for RSI follow a simple
scaling as a function of the laser wavelength and atomic number. The result is promising in that
laser rescattering across the periodic table may follow a predictable scaling for the ideal drive
laser parameters. For the bremsstrahlung yields from laser-driven rescattering near the ultimate
cutoff of HHG our findings show this regime can be accurately described as a semi-classical
process where relativity must be included for the acceleration of the rescattering photoelectron
but can be neglected when calculating the radiation from the collision. The radiation yield scales
with the square of the nuclear charge, Z2?. Optimization of the rescattering fluence near the cutoff
by using short laser drive wavelengths and high Z species like uranium gives a radiation yield
with a photon cutoff out to the region of the one-thousand hartree ultimate cutoff with a yield
103 higher than from neon interacting with a strong field, mid-IR laser field. Taken together,
it is clear that strong field rescattering processes are possible for all naturally occurring atoms.
As a trend toward atoms with higher Z, the increase in energy scale pushes the ideal laser drive
to shorter wavelengths. While traditional thought would consider long wavelength lasers in the
mid-IR as better drivers of recattering, our study shows x-rays and modern free electron lasers
are poised to extend strong field rescattering into new, heavy nuclei. In this new regime, deep
inner shell excitations and high harmonic generation out to 30 keV are possible with yields
orders of magnitude greater than possible with conventional optical or infra-red lasers.
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