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Abstract   The  theory  of  Mean  Field  Game  of  Controls  considers  a  class  of  mean  field
games where the interaction is through the joint distribution of the state and control. It
is  well  known that,  for  standard  mean  field  games,  certain  monotonicity  conditions  are
crucial  to  guarantee  the  uniqueness  of  mean  field  equilibria  and  then  the  global
wellposedness for master equations. In the literature the monotonicity condition could be
the  Lasry–Lions  monotonicity,  the  displacement  monotonicity,  or  the  anti-monotonicity
conditions. In this paper, we investigate these three types of monotonicity conditions for
Mean  Field  Games  of  Controls  and  show  their  propagation  along  the  solutions  to  the
master  equations  with  common  noises.  In  particular,  we  extend  the  displacement
monotonicity  to  semi-monotonicity,  whose  propagation  result  is  new  even  for  standard
mean  field  games.  This  is  the  first  step  towards  the  global  wellposedness  theory  for
master equations of Mean Field Games of Controls.

Keywords   Mean  field  game  of  controls,  Master  equation,  Lasry–Lions  monotonicity,
Displacement semi-monotonicity, Anti-monotonicity
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 1.  Introduction

The theory of  Mean Field  Games (MFGs) was introduced independently  by Huang–Caines–
Malhamé [9] and Lasry–Lions [32]. Since then, its literature has witnessed an increase in many
directions  and  the  theory  is  extremely  rich  in  applications,  including  economics  [1,  33],
engineering [10, 11], finance [30, 31], social science [4, 22], and many others. We refer to Lions [34],
Cardaliaguet [12] and Bensoussan–Frehse–Yam [5] for the an introduction to the subject in its
early  stages  and  Camona–Delarue  [16,  17]  and  Cardaliaguet–Porretta  [14]  for  more  recent
developments.  Such  problems  consider  the  limit  behavior  of  large  systems  where  the  agents
interact  with  each  other  in  some  symmetric  way,  with  systemic  risk  as  a  notable  application.
The  master  equation,  introduced  by  Lions  [34],  characterizes  the  value  of  the  MFG provided
there  is  a  unique  mean  field  equilibrium.  This  plays  the  role  of  the  PDE  in  the  standard 
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µ

literature  of  controls/games,  and  is  a  powerful  tool  in  the  mean  field  framework.  The  main
feature  of  the  master  equation  is  that  its  state  variables  include  a  probability  measure   ,
representing the distribution of the population, so it can be viewed as a PDE on the Wasserstein
space of probability measures.

B B0

FB0 {ν·} = {νt}t∈[0,T ] ⊂ P2(R2d)

µt := π1#νt ∈ P2(Rd) π1(x, a) = x (x, a) ∈ Rd × Rd

{ν·}
α : [0, T ]× Rd × C([0, T ];Rd) → Rd ξ ∈ L2(F0,Rd)

In a standard MFG, the interaction is only through the law of the state. In many applications,
however,  the  interaction  could  be  through  the  joint  law  of  the  state  and  the  control.  Such  a
game is called a Mean Field Game of Controls (MFGCs), which was also called extended MFGs
in the early stages. To be precise, let    and    stand for the idiosyncratic and common noises,
respectively.  Given  an     -adapted  stochastic  measure  flow   ,  we

denote its first marginal by   , where     for any   

is  a  projection.  Given  the  above   ,  we  minimize  the  following  cost  functional  over  all
admissible controls  : for any  ,

J(ξ, {ν·};α) := E
[
G(X

ξ,{ν·},α
T , µT ) +

∫ T

0

f(X
ξ,{ν·},α
t , α(t,X

ξ,{ν·},α
t , B0

[0,t]), νt)dt
]
, (1.1)

β ≥ 0where, for a constant  ,

X
ξ,{ν·},α
t = ξ +

∫ t

0

b(Xξ,{ν·},α
s , α(s,Xξ,{ν·},α

s , B0
[0,s]), νs)ds+Bt + βB0

t . (1.2)

b, f

G (α∗, {ν∗· })
Here the running drift and cost    depend on the joint law of the state and control, while the
terminal cost    depends on the law of the state only. We call    a Nash equilibrium if

α∗ ∈ argmin
α
J(ξ, {ν∗· };α), and ν∗t = L

(X
ξ,{ν∗

· },α∗
t ,α∗

t )|FB0
t

.

HIntroduce the Hamiltonian    as

H(x, p, ν) := inf
a∈Rd

[
p · b(x, a, ν) + f(x, a, ν)

]
, with an optimal argument a∗ = ϕ(x, p, ν). (1.3)

({µ·}, {ν·}, u, v)
The  above  problem  leads  to  the  following  MFGC  system  of  forward-backward  stochastic

partial differential equations (FBSPDEs) with a solution  :

dµt(x) =

[
β̂2

2
tr(∂xxµt(x))− div

(
µt(x)∂pH(x, ∂xu(t, x), νt)

)]
dt− β∂xµt(x) · dB0

t ;

du(t, x) = v(t, x) · dB0
t −

[
β̂2

2
tr(∂xxu(t, x)) + βtr(∂xv⊤(t, x)) +H(x, ∂xu(t, x), νt)

]
dt;

νt = (id, ϕ(·, ∂xu(t, ·), νt))#µt; β̂2 = 1 + β2;

µ0 = Lξ, u(T, x) = G(x, µT ).

(1.4)

β = 0 b(x, a, ν) = a

N

V

The wellposedness of the above MFGC system has been investigated by many authors in recent
years, essentially in the case     and   . For example, Gomes–Patrizi–Voskanyan
[24],  Kobeissi  [29],  and  Graber–Mayorga  [27]  investigated  the  system  under  some  smallness
conditions.  The  global  wellposedness  (especially  the  uniqueness)  was  studied  by  Gomes–
Voskanyan [25, 26], Carmona–Lacker [18], Carmona–Delarue [16], Cardaliaguet–Lehalle [13], and
Kobeissi [28], under the crucial Lasry–Lions monotonicity condition. We also refer to Djete [20]
for  some  convergence  analysis  from     -player  games  to  MFGCs  and  Achdou–Kobeissi  [2]  for
some numerical studies of MFGCs, without requiring the uniqueness of the equilibria. However,
to  the  best  of  our  knowledge,  the  wellposedness  of  master  equations  for  MFGCs  remains
completely  open.  We  recall  that  the  master  equation  is  the  PDE  to  characterize  the  value
function      of  the  MFGC,  provided  the  equilibrium  is  unique,  and  it  also  serves  as  the
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Vdecoupling function    of the MFGC system (1.4):

u(t, x) = V (t, x, µt).

ξ, η ∈ L2(F1
T ;Rd) ξ̃, η̃

(Ω̃, F̃, P̃)

The monotonicity condition is used to guarantee the uniqueness of the mean field equilibria,
and  then  the  global  wellposedness  of  MFG  master  equations.  There  are  three  types  of
monotonicity  conditions  in  the  literature  for  master  equations  of  standard  MFGs:  the
Lasry–Lions  monotonicity,  the  displacement  monotonicity,  and  the  anti-monotonicity.  The
Lasry–Lions monotonicity,  introduced by Lions [34] and used extensively in the literature,  can
be  formulated  as  follows:  for  any      and  their  independent  copies      in  the

probability space    (see their definitions in section 2),

Ẽ
[
⟨∂xµG(ξ,Lξ, ξ̃)η̃, η⟩

]
≥ 0. (1.5)

The displacement monotonicity, originating in Ahuja [3], is

Ẽ
[
⟨∂xµG(ξ,Lξ, ξ̃)η̃, η⟩+ ⟨∂xxG(ξ,Lξ)η, η⟩

]
≥ 0, (1.6)

λ ≥ 0which can be further weakened to the displacement semi-monotonicity: for some constant  ,

Ẽ
[
⟨∂xµG(ξ,Lξ, ξ̃)η̃, η⟩+ ⟨∂xxG(ξ,Lξ)η, η⟩+ λ|η|2

]
≥ 0. (1.7)

G

∂xxG G

See,  e.g.,  Bensoussan–Graber–Yam [6]  and Gangbo–Meszaros–Mou–Zhang [21].  Note that if   

is Lasry–Lions monotone and    is bounded, then    is displacement semi-monotone. The anti-
monotonicity, recently introduced by the authors [35], takes the following form:

Ẽ
[
λ0⟨∂xxG(ξ,Lξ)η, η⟩+ λ1⟨∂xµG(ξ,Lξ, ξ̃)η̃, η⟩

+ |∂xxG(ξ,Lξ)η|2 + λ2

∣∣∣Ẽ[∂xµG(ξ,Lξ, ξ̃)η̃]
∣∣∣2 − λ3|η|2

]
≤ 0, (1.8)

λ0 > 0 λ1 ∈ R λ2 > 0 λ3 ≥ 0for some appropriate constants  ,  ,  , and  .

G

V

t

N

H b f G

V (t, ·, ·) V

N

In  [21,  35]  we  made  a  simple  but  crucial  observation:  the  propagation  of  a  monotonicity  is
crucial for the global wellposedness of the (standard) MFG master equations. That is, provided
the  terminal  condition      satisfies  one  of  the  above  three  types  of  monotonicity  conditions,  if
one can show a priori  that  any classical  solution     of  the  master  equation satisfies  the same
type  of  monotonicity  for  all  time   ,  then  one  can  establish  the  global  wellposedness  of  the
master  equation,  which  in  turn  will  imply  the  uniqueness  of  mean  field  equilibria  and  the
convergence from the     -player game to the MFG. Our goal is to extend all of these results to
MFGCs,  however,  in  this  paper  we  focus  only  on  the  propagation  of  these  three  types  of
monotonicities.  That is,  we follow the approach in [21, 35]  to find sufficient conditions on the
Hamiltonian    (or alternatively on    and   ) so that the monotonicity of    can be propagated
along   ,  provided  the  master  equation  has  a  classical  solution   .  We  leave  the  global
wellposedness  of  the  master  equations  and  the  convergence  of  the     -player  games  to  an
accompanying paper.

f

f

The Lasry–Lions monotonicity condition has been used to study the MFGC system (1.4), as
mentioned  earlier.  It  is  observed  in  [21]  that,  for  standard  MFGs  with  non-separable   ,  the
Lasry–Lions  monotonicity  can  hardly  be  propagated.  The  extra  dependence  on  the  law of  the
control  actually  helps  for  propagating  the  Lasry–Lions  monotonicity,  in  particular,  the
separability of    is not required anymore.
The  displacement  semi-monotonicity  condition  was  introduced  in  [21],  however,  only  the

propagation  of  displacement  monotonicity  is  established  there.  In  this  paper,  we  manage  to

Probability, Uncertainty and Quantitative Risk 249



∂xxV

propagate the displacement semi-monotonicity for MFGCs, so it improves the result of [21] even
for standard MFGs. In particular, by combining with the arguments in [21], we easily obtain the
global  wellposedness  result  of  standard  MFG  master  equations  under  displacement  semi-
monotonicity  conditions.  We remark  again  that  the  displacement  semi-monotonicity  is  weaker
than both displacement monotonicity and Lasry–Lions monotonicity (provided    is bounded,
which  is  typically  the  case),  so  in  this  sense  our  result  provides  a  unified  framework  for  the
wellposedness  theory  of  master  equations  under  Lasry–Lions  monotonicity  and  displacement
monotonicity conditions.

b

b(·, a, ·) = a

f

b b

f b

H

b f

Another feature of our results is that we allow for a general form of the drift  . In the literature,
one typically sets    (or slightly more general forms), and then focuses on appropriate
monotonicity conditions of     to ensure the uniqueness of the mean field equilibria and/or the
wellposedness of the master equations. However, for a general   , especially when     depends on
the  law  (of  the  state  and/or  the  control),  it  does  not  make  sense  to  propose  monotonicity
condition on    alone. A conceivable notion of monotonicity on the general    has never been studied,
to  our  best  knowledge.  Our  approach  works  on  the  Hamiltonian      directly,  which  has  the
mixed impacts of    and    together. Again, our results are new in this aspect even for standard
MFGs.
The rest of the paper is organized as follows. In section 2, we introduce MFGCs. In section 3,

we introduce the master equation and the notions of monotonicities. In sections 4, 5, and 6, we
propagate each of the three types of monotonicities in each section, respectively. In particular, in
subsection  5.1,  we  also  establish  the  global  wellposedness  of  standard  MFG  master  equations
under displacement semi-monotonicity conditions. Finally, some technical proofs are included in
the appendix.

 2.  Mean field games of controls

d [0, T ]

(Ω0,F0,P0) (Ω1,F1,P1) d

B0 B Fi = {F i
t}0≤t≤T i = 0, 1

F0
t = FB0

t F1
t = F1

0 ∨ FB
t P1 F1

0

Rd

We consider the setting in [21]. Let     be a dimension and     a fixed finite-time horizon.
Let      and      be  two  filtered  probability  spaces,  on  which  are  defined     -
dimensional  Brownian  motions      and   ,  respectively.  For   ,   ,  we

assume   ,   , and     has no atom in     so it can support any measure

on    with finite second-order moment. Consider the product spaces

Ω := Ω0 × Ω1, F = {Ft}0≤t≤T := {F0
t ⊗F1

t }0≤t≤T , P := P0 ⊗ P1, E := EP. (2.1)

Ft := σ(A0 ×A1 : A0 ∈ F0
t , A1 ∈ F1

t } P(A0 ×A1) = P0(A0)P1(A1)

B0, B, F0, F1

B0 B1 P F0

In  particular,      and   .  We
automatically extend    to the product space in the obvious sense, but use the same
notation. Note that    and    are independent    -Brownian motions and are independent of  .

(Ω̃1, F̃1, B̃, P̃1)

(Ω1,F1, B,P1)

For convenience,  we introduce another  filtered probability space      in  the same

manner as  , and consider the larger filtered probability space given by

Ω̃ := Ω× Ω̃1, F̃ = {F̃t}0≤t≤T := {Ft ⊗ F̃1
t }0≤t≤T , P̃ := P⊗ P̃1, Ẽ := EP̃. (2.2)

Ft ξ = ξ(ω0, ω1) ξ̃ = ξ̃(ω0, ω̃1)

ξ ω0 P1 ξ(ω0, ·) P̃1

ξ̃(ω0, ·) F0
t Ω̃ ξ

ξ̃ P̃
φ

Given an    -measurable random variable  , we say    is a conditionally

independent  copy  of      if,  for  each   ,  the     -distribution  of      is  equal  to  the     -
distribution of   . That is, conditional on   , by extending to     the random variables   

and    are conditionally independent and have the same conditional distribution under  . Note

that, for any appropriate deterministic function  ,
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ẼF0
t

[
φ(ξ, ξ̃)

]
(ω0) = EP1⊗P̃1

[
φ
(
ξ(ω0, ·), ξ̃(ω0, ·̃)

)]
, P0-a.e. ω0;

ẼFt

[
φ(ξ, ξ̃)

]
(ω0, ω1) = EP̃1

[
φ
(
ξ(ω0, ω1), ξ̃(ω0, ·̃)

)]
, P-a.e. (ω0, ω1).

(2.3)

EP̃1 ω̃1 EP1×P̃1 (ω1, ω̃1)

(Ω,F,P)
(Ω̃, F̃, P̃)

Here,     is the expectation on   , and     is on   . Throughout this paper, we use
the  probability  space   .  However,  when  conditionally  independent  copies  of  random
variables or processes are needed, we implicitly use the extension to the larger space  .

(Ω̄1, F̄1, B̄, P̄1)

(Ω̄, F̄, P̄, Ē)
When we need two conditionally independent copies, we further introduce    and

the product space    as in (2.2), and set the joint product space

¯̃Ω := Ω× Ω̃1 × Ω̄1,
¯̃F = { ¯̃Ft}0≤t≤T := {Ft ⊗ F̃1

t ⊗ F̄1
t }0≤t≤T ,

¯̃P := P⊗ P̃1 ⊗ P̄1,
¯̃E := E

¯̃P. (2.4)

k p ≥ 1 P(Rk)

Rk Pp(Rk) µ ∈ P(Rk) p

p Wp σ G ⊂ FT Lp(G)
Rk G p µ ∈ Pp(Rk)

Lp(G;µ) ξ ∈ Lp(G) Lξ = µ G ⊂ F
L(G;Rk) G Rk

For  any  dimension      and  any  constant   ,  let      denote  the  set  of  probability
measures on  , and    the subset of    with finite    -th moment, equipped with

the     -Wasserstein  distance   .  Moreover,  for  any  sub-    -algebra   ,      denotes  the
set  of     -valued,     -measurable,  and     -integrable  random variables;  and  for  any   ,

  denotes the set of    with law  . Similarly, for any sub-filtration  ,
  denotes the set of    -progressively measurable    -valued processes.

U : P2(Rk) → R δU
δµ :

P2(Rk)× Rk → R ∂µU : P2(Rk)× Rk → Rk U ∈ C1(P2(Rk))

∂µU P2(Rk)× Rk ∂µU(µ, x̃) = ∂x̃
δU
δµ (µ, x̃)

∂µµU(µ, x̃, x̄) U ∈ C2(P2(Rk)) ∂µU ∂x̃µU

∂µµU

For  a  continuous  function   ,  we  recall  its  linear  functional  derivative   

   and  Lions  derivative   .  We  say      if

  exists and is continuous on  , and we note that  . Similarly,

we define the second-order derivative  , and we say    if  ,  
and    exist and are continuous. We refer to [16, Chapter 5] or [23] for further details.
Our mean field game of controls (MFGC) depend on the following data:

b : R2d × P2(R2d) → Rd; f : R2d × P2(R2d) → R; G : Rd × P2(Rd) → R; and β ∈ [0,∞).

t0 ∈ [0, T ]

Bt0
t := Bt −Bt0 B0,t0

t := B0
t −B0

t0 t ∈ [t0, T ] At0

α : [t0, T ]× Rd × C([t0, T ];Rd) → Rd

L2(FB0,t0
;P2(R2d)) FB0,t0

{ν·} = {νt}t∈[t0,T ] ⊂ P2(R2d)

Rd b f

We always assume appropriate technical  conditions so that all  of  the equations in this  section
are well posed and all of the involved random variables are integrable. Given  , denote

,   ,   .  Let      denote  the  set  of  admissible  controls

   which  are  progressively  measurable  and  adapted  in  the
path  variable  and  square  integrable;  and      the  set  of     -progressively

measurable stochastic measure flows  . Here, for notational simplicity,

we assume that the controls also take values in   , and     and     do not depend on time, but
one can remove these constraints without any difficulty.

t0 ∈ [0, T ] x ∈ Rd α ∈ At0 {ν·} ∈ L2(FB0,t0
;P2(R2d))

[t0, T ]

Given   ,   ,   ,  and   ,  the  state  of  the  agent

satisfies the following controlled SDE on  :

X
{ν·},α
t = x+

∫ t

t0

b(X{ν·},α
s , αs, νs)ds+Bt0

t + βB0,t0
t ;

where X{ν·},α = Xt0,{ν·};x,α, αs := α(s,X
{ν·},α
s , B0,t0

[t0,s]
).

(2.5)

π1#νt νtConsider the expected cost for the MFGC: denoting by    the first component of  ,

J(t0, x; {ν·}, α) := inf
α∈At0

E
[
G(X

{ν·},α
T , π1#νT ) +

∫ T

t0

f(X
{ν·},α
t , αt, νt)dt

]
. (2.6)

(t, µ) ∈ [0, T ]× P2(Rd) (α∗, {ν∗· }) ∈ At × L2(FB0,t0
;P2(R2d))

(t, µ)

Definition  2.1  For  any  ,  we  say  

is a mean field equilibrium (MFE) at    if

Probability, Uncertainty and Quantitative Risk 251



J(t, x; {ν∗· }, α∗) = inf
α∈At

J(t, x; {ν∗· }, α), for µ-a.e. x ∈ Rd;

π1#ν
∗
t = µ, ν∗s := L

(X∗
s ,α

∗(s,X∗
s ,B

0,t0
[t0,s]

))|F0
s
, where

X∗
t = ξ +

∫ t

t0

b(X∗
s , α

∗(s,X∗
s , B

0,t0
[t0,s]

), ν∗s )ds+Bt0
t + βB0,t0

t , ξ ∈ L2(F1
t , µ).

(2.7)

(t, µ) ∈ [0, T ]× P2(Rd) (α∗(t, µ; ·), {ν∗· (t, µ)})When there is a unique MFE for each  , denoted as  ,
then the game problem leads to the following value function for the agent:

V (t, x, µ) := J(t, x; {ν∗· (t, µ)}, α∗(t, µ; ·)) for any x ∈ Rd. (2.8)

V µ x t

Rd × P2(Rd)

V (t, x, µ)

We note that, by (2.7), the above    is well defined only for    -a.e.  . However, for each  , its
continuous extension to    is unique, and we always consider this continuous extension.
Our goal is to study the master equation for the value function  .

(x, p, ν) ∈ Rd × Rd × P2(R2d)For this purpose, we introduce the Hamiltonian: for  ,

H(x, p, ν) := inf
a∈Rd

h(x, p, ν, a), h(x, p, ν, a) := p · b(x, a, ν) + f(x, a, ν). (2.9)

H ν V µ = π1#ν

−H
Note  that      depends  on   ,  while      depends  only  on   .  We  also  remark  that  the
Hamiltonian in [21, 35] is  . To introduce the master equation, which we do in the next section,
we need the following fixed point.

H a∗ = ϕ(x, p, ν)Assumption 2.2  (i) The Hamiltonian    has a unique minimizer  , namely,

H(x, p, ν) = h(x, p, ν, ϕ(x, p, ν)). (2.10)

ξ ∈ L2(F) η ∈ L2(σ(ξ)) P2(R2d)(ii) For any    and  , the following mapping on  :

Iξ,η(ν) := L(ξ,ϕ(ξ,η,ν)) (2.11)

ν∗ Iξ,η(ν∗) = ν∗ Φ(L(ξ,η))has a unique fixed point  :  , denoted as  .

ΦWe refer to [16, Lemma 4.60] for some sufficient conditions on the existence of   . By (2.10),
one can easily check that

b(x, ϕ(x, p, ν), ν) = ∂pH(x, p, ν), f(x, ϕ(x, p, ν), ν) = H(x, p, ν)− p·∂pH(x, p, ν). (2.12)

V p ∂xV (t, x, µ)

(t, µ) ξ ∈ L2(F1
t , µ)

As  in  the  standard  MFG  theory,  provided      is  smooth,      corresponds  to   .
Consequently, later on the above fixed point is applied as follows: given    and  ,

η = ∂xV (t, ξ, µ), ν∗ := Φ(Lξ,∂xV (t,ξ,µ)), α∗ := ϕ(ξ, ∂xV (t, ξ, µ),Φ(Lξ,∂xV (t,ξ,µ))). (2.13)

Pluging these into (2.7),  we obtain the following McKean–Vlasov SDE (Stochastic  Differential
Equation): recalling (2.12),

X∗
t = ξ +

∫ t

t0
∂pH

(
X∗

s , ∂xV (s,X∗
s , µ

∗
s

)
, ν∗s )ds+Bt0

t + βB0,t0
t ,

where µ∗
s := LX∗

s |F0
s
, ν∗s := Φ

(
L(X∗

s ,∂xV (s,X∗
s ,µ

∗
s))|F0

s

)
.

(2.14)

V α∗

α∗ (t0, µ) ξ ∈ L2(F1
t0 , µ)

That  is,  if      is  smooth,  then  under  Assumption  2.2  we  may  obtain  the  unique  MFE   

through (2.13) and (2.14) (by abusing the notation   ): given    and  ,

α∗(s, x,B0,t0
[t0,s]

) = ϕ(x, ∂xV (s, x, µ∗
s), ν

∗
s ). (2.15)

µ∗
s, ν

∗
s B0,t0Here we used the fact that    are actually adapted to the shifted filtration generated by  .

h

a b(x, a, ν) = a ϕ = ∂pH

Assumption  2.2  (i)  is  generally  standard  in  the  literature,  for  example,  when      in  (2.9)  is
convex in   . In particular, when   , which is often the case, we have   . We
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now provide two examples for Assumption 2.2 (ii).

b, fExample 2.3  Assume    are separable in the following sense:

b(x, a, ν) = b0(x, a, π1#ν) + b1(x, ν), f(x, a, ν) = f0(x, a, π1#ν) + f1(x, ν). (2.16)

In this case, (2.9) becomes

H(x, p, ν) = H0(x, p, π1#ν) +H1(x, p, ν),

where H0(x, p, µ) := inf
a∈Rd

[
p · b0(x, a, µ) + f0(x, a, µ)

]
, H1(x, p, ν) := p·b1(x, ν) + f1(x, ν).

a∗ = ϕ(x, p, µ)

ν µ = π1#ν Iξ,η(ν) := L(ξ,ϕ(ξ,η,π1#ν))

π1#ν
∗ = Lξ

Φ(L(ξ,η)) = L(ξ,ϕ(ξ,η,Lξ))

Assume  Assumption  2.2  (i)  holds,  and  clearly  in  this  case  we  have  ,  with  the
dependence  on    only  through  its  first  component  .  Then  .

Further  note  that  the  fixed  point  requires  .  Now,  Assumption  2.2  (ii)  holds  with
.

f bWe note that the above     satisfies the conditions in [16, Lemma 4.60], while the drift      is
more general. The next example, however, is out of the scope of [16, Lemma 4.60].

d = 1 Eν [α] Lα = π2#νExample 2.4  Assume    and, by writing    to indicate expectation under law  ,

b(x, a, ν) = −b0(x, π1#ν)a+ b1(x, ν), f(x, a, ν) =
|a|2

2
− af0(x, π1#ν,Eν [α]) + f1(x, ν). (2.17)

ϕ(x, p, ν) = f0(x, π1#ν,Eν [α]) + pb0(x, π1#ν)One sees that    and thus

Iξ,η(ν) := L(ξ, f0(ξ,π1#ν,Eν [α])+b0(ξ,π1#ν)η).

Iξ,ηThen,    has a fixed point if and only if the following mapping has a fixed point:

m ∈ R → ψξ,η(m) := E
[
f0(ξ,Lξ,m) + b0(ξ,Lξ)η

]
. (2.18)

∂mf0 ≤ 1− ε ε > 0 f0 m ∂mψ
ξ,η ≤ 1− ε

ψξ,η m∗ = φ(L(ξ,η)) Iξ,η

Assume    for some  , in particular, if    is decreasing in  , then  
and thus    has a unique fixed point  . Therefore,    has a unique fixed point:

Φ(L(ξ,η)) = L(ξ, f0(ξ,Lξ,φ(L(ξ,η)))+b0(ξ,Lξ)η). (2.19)

 2.1  Derivatives of measure valued functions

Φ P2(R2d) P2(R2d) k

P2(Rk)

P2(Rk)

P2(Rk) R S(Rk)

u ∈ C∞(Rk;R) u

|x| → ∞ S ′(Rk)

Note that     is a mapping from     to   . Consider an arbitrary dimension   . In
this subsection we introduce the linear functional derivative of functions mapping from   
to   , which is interesting in its own right. We refer to [16, equation (5.52)] for the linear
functional derivative of functions mapping from     to   . Let     denote the Schwartz
space,  namely,  the set of  smooth functions     such that     and all  its  derivatives
decrease  rapidly  when   ;  and  let      denote  its  dual  space,  namely,  the  space  of
tempered distributions.

Φ : P2(Rk) → P2(Rk) δΦ
δρ : P2(Rk)× Rk → S ′(Rk)

Φ ψ ∈ S(Rk)

Definition 2.5  Consider a mapping  . We say  

is the linear functional derivative of    if, for any  ,

δΨ

δρ
(ρ, x) =

⟨δΦ
δρ

(ρ, x), ψ
⟩
, where Ψ(ρ) :=

∫
Rk

ψ(x)Φ(ρ; dx). (2.20)

δΦ
δρ (ρ, x) ρ xWe note that    is well defined for    -a.e.  .

δΦ
δρ

SM2(Rk) Rk

For  later  applications  we  require      to  have  stronger  properties.  For  this  purpose,  let

  denote the set of the square integrable signed measures of bounded variation on   .
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m m = m1 −m2

∫
Rk(1 + |y|2)|m|(dy) <∞

m1,m2 Rk |m|(dy) := m1(dy) +m2(dy)
n ≥ 0 DSMn

2 (Rk) ⊂ S ′(Rk)

SM2(Rk) n

∂j1y1
· · · ∂jkyk

m m ∈ SM2(Rk)
∑k

i=1 ji ≤ n

Cn
2 (Rk) ψ : Rk → R ψ

n

That is,     has the unique decomposition     and   , where
  are mutually singular non-negative measures on  , and  , see,

e.g., [7] for details. Moreover, for any  , let    denote the linear span of
generalized  derivatives  of  signed  measures  in      up  to  order   ,  namely,  the  span  of

terms  taking  the  form   ,  where      and   .  Alternatively,  let

  denote the set of functions     such that     has continuous derivatives up to
order    and

∥ψ∥n := sup
y∈Rk

∑
j1+···+jk≤n

|∂j1y1
· · · ∂jkyk

ψ(y)|
1 + |y|2

<∞. (2.21)

DSMn
2 (Rk) Cn

2 (Rk)Then, clearly    is in the dual space of    in the sense that⟨
∂j1x1

· · · ∂jkxk
m, ψ

⟩
= (−1)

∑k
i=1 ji

∫
Rk

∂j1y1
· · · ∂jkyk

ψ(y)m(dy). (2.22)

δΦ
δρ (ρ, x) ∈ DSMn

2 (Rk) ψ ∈ Cn
2 (Rk)Now, if  , then we extend (2.20) to all  , and we write∫

Rk

ψ(y)
δΦ

δρ
(ρ, x; dy) :=

⟨δΦ
δρ

(ρ, x), ψ
⟩
, ∀ψ ∈ Cn

2 (Rk),

where the right side is in the sense of (2.22).
We now show two examples.

Φ(ρ) = ρ ρ ∈ P2(Rk) δΦ
δρ (ρ, x; dy) = δx(dy) δΦ

δρ (ρ, x) ∈
SM2(Rk) = DSM0

2(Rk) ρ ∈ P2(Rd) x ∈ Rk

Example 2.6  Let    for any  . Then  , namely,  

  for all    and  .

ψ ∈ S(Rk) Ψ(ρ) =
∫
Rd ψ(x)ρ(dx) δΨ

δρ (ρ, x) = ψ(x) =∫
Rk ψ(y)δx(dy), δΦ

δρ (ρ, x) = δx ∈ SM2(Rk)

Proof  For any   , by (2.20) we have   . Then   

  and thus  . □

Φ(L(ξ,η)) := L(ξ,η+cE[η]) ∀ξ, η ∈ L2(F ;Rd) c ∈ R
δΦ
δρ (ρ, x, p) ∈ DSM1

2(R2d) Eρ ρ = L(ξ,η)

Example 2.7  Set  ,  ,  for  some constant  .  Then

. More precisely, letting    denote expectation under law  ,

δΦ

δρ
(ρ, x, p; dx̃, dp̃) = δx(dx̃)δp+cEρ[η](dp̃)− c ∂p̃Φ(ρ)(dx̃, dp̃) · p. (2.23)

ψ ∈ S(R2d) Ψ(ρ) = Eρ

[
ψ(ξ, η + cEρ[η])

]
Proof  For any  , we have  . Then

δΨ

δρ
(ρ, x, p) = ψ

(
x, p+ cEρ[η]

)
+ cEρ

[
∂pψ(ξ, η + cEρ[η])

]
· p

= ψ
(
x, p+ cEρ[η]

)
+ cp ·

∫
Rk

∂p̃ψ(x̃, p̃)Φ(ρ)(dx̃, dp̃).

Compare this with (2.20), we obtain (2.23) immediately. □

ν = Φ(ρ)Our main result of this part is the following chain rule. We use the notation  .

Φ : P2(Rk) → P2(Rk) U : P2(Rk) → RProposition 2.8  Let  ,  . Assume

Φ δΦ
δρ (ρ, x) ∈ DSMn

2 (Rk) (ρ, x) ∈ P2(Rk)× Rk

δΦ
δρ (ρ, x) (ρ, x) ψ ∈ Cn

2 (Rk)

(ρ, x) →
⟨
δΦ
δρ (ρ, x), ψ

⟩
W2 ρ

K ⊂ P2(Rk) CK > 0

(i)     has  a  linear  functional  derivative    for  all  ;

  is  continuous  in    under  the  weak  topology,  that  is,  for  any  ,  the

mapping    is  continuous  (under    for   );  and,  for  any  compact  set

, there exists a constant    such that
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sup
ρ∈K

∣∣∣⟨δΦ
δρ

(ρ, x), ψ
⟩∣∣∣ ≤ CK∥ψ∥n[1 + |x|2], ∀ψ ∈ Cn

2 (Rk). (2.24)

U δU
δν ν ∈ P2(Rk) δU

δν (ν, ·) ∈ Cn
2 (Rk)

Cn
2 (Rk) ∥·∥n ν → δU

δν (ν, ·)
(ii)     has a linear functional derivative  ; for each  ,  ; and, by

equipping    with the norm    in (2.21), the mapping    is continuous.
Û := U ◦ Φ : P2(Rk) → RThen the composite function    has a linear functional derivative:

δÛ

δρ
(ρ, x) =

∫
Rk

δU

δν
(Φ(ρ), y)

δΦ

δρ
(ρ, x; dy). (2.25)

ρ, ρ′ ∈ P2(Rk) 0 < ε < 1 ρε := ρ+ ε(ρ′ − ρ) δU
δνProof  Fix   .  For   ,  denote   .  By the definition of   

we have

Û(ρε)− Û(ρ) = U(Φ(ρε))− U(Φ(ρ)) =

∫ 1

0

[
Ψθ(ρε)−Ψθ(ρ)

]
dθ,

where ψθ(x) :=
δU

δν

(
θΦ(ρε) + (1− θ)Φ(ρ), x

)
, Ψθ(ρ̃) :=

∫
Rk

ψθ(x)Φ(ρ̃; dx), ∀ρ̃ ∈ P2(Rk).

Then, by (2.20), we have
δΨθ

δρ
(ρ̃, x) =

∫
Rk

ψθ(y)
δΦ

δρ
(ρ̃, x; dy) =

∫
Rk

δU

δν

(
θΦ(ρε) + (1− θ)Φ(ρ), y

)δΦ
δρ

(ρ̃, x; dy).

ρ+ θ̃(ρε − ρ) = ρθ̃εNote that  , then

1

ε

[
Û(ρε)− Û(ρ)

]
=

1

ε

∫ 1

0

∫ 1

0

∫
Rk

δΨθ

δρ
(ρθ̃ε, x)(ρε − ρ)(dx)dθ̃dθ

=

∫ 1

0

∫ 1

0

∫
Rk

∫
Rk

δU

δν

(
θΦ(ρε) + (1− θ)Φ(ρ), y

)δΦ
δρ

(ρθ̃ε, x; dy)(ρ
′ − ρ)(dx)dθ̃dθ

= I1(ε) + I2(ε),

where

I1(ε) :=

∫ 1

0

∫
Rk

∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρθ̃ε, x; dy)(ρ
′ − ρ)(dx)dθ̃;

I2(ε) :=

∫ 1

0

∫ 1

0

∫
Rk

∫
Rk

[δU
δν

(
θΦ(ρε) + (1− θ)Φ(ρ), y

)
− δU

δν

(
Φ(ρ), y

)]
× δΦ

δρ
(ρθ̃ε, x; dy)(ρ

′ − ρ)(dx)dθ̃dθ.

limε→0W2(ρθ̃ε, ρ) = 0 δΦ
δρClearly,  . By the continuity of  , we have

lim
ε→0

∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρθ̃ε, x; dy) =
∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρ, x; dy), ∀θ̃, x.

K := {ρε : 0 ≤ ε ≤ 1} ⊂ P2(Rk)Moreover, note that    is compact. Then, by (2.24), we have∣∣∣ ∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρθ̃ε, x; dy)
∣∣∣ ≤ C∥δU

δν

(
Φ(ρ), ·

)
∥n[1 + |x|2].

Now it follows from the dominated convergence theorem that

lim
ε→0

I1(ε) =

∫
Rk

∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρ, x; dy)(ρ′ − ρ)(dx). (2.26)

Moreover, by (2.24), we again have
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∣∣∣ ∫
Rk

[δU
δν

(
θΦ(ρε) + (1− θ)Φ(ρ), y

)
− δU

δν

(
Φ(ρ), y

)]δΦ
δρ

(ρθ̃ε, x; dy)
∣∣∣

≤ C∥δU
δν

(
θΦ(ρε) + (1− θ)Φ(ρ), ·

)
− δU

δν

(
Φ(ρ), ·

)
∥n[1 + |x|2].

Then

|I2(ε)| ≤ C

∫ 1

0

∫
Rk

∥δU
δν

(
θΦ(ρε) + (1− θ)Φ(ρ), ·

)
− δU

δν

(
Φ(ρ), ·

)
∥n[1 + |x|2](ρ′ + ρ)(dx)dθ

≤ C

∫ 1

0

∥δU
δν

(
θΦ(ρε) + (1− θ)Φ(ρ), ·

)
− δU

δν

(
Φ(ρ), ·

)
∥ndθ → 0, as ε→ 0,

δU
δν ν ∥·∥nthanks to the continuity of    in    under  . This, together with (2.26), leads to

lim
ε→0

1

ε

[
Û(ρε)− Û(ρ)

]
=

∫
Rk

∫
Rk

δU

δν

(
Φ(ρ), y

)δΦ
δρ

(ρ, x; dy)(ρ′ − ρ)(dx),

which implies (2.25) immediately. □

Φ ∂ρΦ(ρ, x) := ∂x
δΦ
δρ (ρ, x)

Û

Remark 2.9  By considering  generalized  derivatives  in  appropriate  dual  space,  we can define

higher-order derivatives of  , including the Lions derivative  . Alternatively,

because we later always consider the composite function  , we can define higher-order derivatives

through the left side of (2.25).

 3.  The master equation and the monotonicities

Throughout the paper, Assumption 2.2 is always in force. Denote

Ĥ(x, p, ρ) := H(x, p,Φ(ρ)), (x, p, ρ) ∈ Rd × Rd × P2(R2d). (3.1)

Ĥ ρThe derivatives of     with respect to     are understood as in Proposition 2.8 and Remark 2.9.

Then (2.14) becomes

X∗
t = ξ +

∫ t

t0

∂pĤ
(
X∗

s , ∂xV (s,X∗
s , µ

∗
s), ρ

∗
s

)
ds+Bt0

t + βB0,t0
t ,

where µ∗
s := LX∗

s |F0
s
, ρ∗s := L(X∗

s ,∂xV (s,X∗
s ,µ

∗
s))|F0

s
.

(3.2)

t0, µOn the other hand, it follows from the standard stochastic control theory that, for given   ,
the optimization (2.7) is associated with the following backward SDE: recalling (2.12),

Y ∗
t = G(X∗

T , µ
∗
T )−

∫ T

t

Z∗
sdBs −

∫ T

t

Z0,∗
s dB0

s

+

∫ T

t

[
Ĥ(·)− ∂xV (s,X∗

s , µ
∗
s)·∂pĤ(·)

](
X∗

s , ∂xV (s,X∗
s , µ

∗
s), ρ

∗
s

)
ds, (3.3)

which, together with (3.2), form the MFGC system. We note that this is the SDE counterpart of
the MFGC system (1.4). In particular, we have

Y ∗
t = V

(
t,X∗

t , µ
∗
t

)
. (3.4)

Then, by applying Itô’s formula (see [17, Theorem 4.17], [8, 19]), we obtain
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dV (t,X∗
t , µ

∗
t ) =

[
∂tV + ∂xV · ∂pĤ(X∗

t , ∂xV, ρ
∗
t ) +

1 + β2

2
tr
(
∂xxV

)]
(t,X∗

t , µ
∗
t )dt

+ ∂xV (t,X∗
t , µ

∗
t )·dBt + β

[
∂xV (t,X∗

t , µ
∗
t ) + ẼFt

[
∂µV (t,X∗

t , µ
∗
t , X̃

∗
t )
]]
·dB0

t

+ tr
(
ẼFt

[
∂µV (t,X∗

t , µ
∗
t , X̃

∗
t )(∂pĤ(t, X̃∗

t , ∂xV (t, X̃t, µ
∗
t ), ρ

∗
t ))

⊤])dt
+ tr

(
β2ẼFt

[
∂x∂µV (t,X∗

t , µ
∗
t , X̃

∗
t ) +

1 + β2

2
∂x̃∂µV (t,X∗

t , µ
∗
t , X̃

∗
t )
]

+
β2

2
¯̃EFt

[
∂µµV (t,X∗

t , µ
∗
t , X̃

∗
t , X̄

∗
t )
])

dt. (3.5)

X̃∗, X̄∗ X∗ F0

ξ, ξ̃, ξ̄ µ

Here, as usual,    are conditionally independent copies of  , conditional on  . Comparing
this with (3.3), we derive the master equation: for independent copies    with law  ,

LV (t, x, µ) := ∂tV +
β̂2

2
tr(∂xxV ) + Ĥ(x, ∂xV,L(ξ,∂xV (t,ξ,µ))) +MV = 0,

V (T, x, µ) = G(x, µ), where

MV (t, x, µ) := tr
(
¯̃E
[ β̂2

2
∂x̃∂µV (t, x, µ, ξ̃) + β2∂x∂µV (t, x, µ, ξ̃) +

β2

2
∂µµV (t, x, µ, ξ̄, ξ̃)

+∂µV (t, x, µ, ξ̃)(∂pĤ)⊤(ξ̃, ∂xV (t, ξ̃, µ),L(ξ,∂xV (t,ξ,µ)))
])
, and β̂2 := 1 + β2.

(3.6)

In addition to Assumption 2.2, we assume the following.

Ĥ ∈ C2(R2d × P2(R2d)) ∂xpĤ, ∂xxĤ, ∂ppĤ, ∂xµĤ, ∂pµĤAssumption 3.1     with bounded  .

Ĥ

b, f b f

Since we work on the master equation, here we impose our conditions directly on   , rather
than on  . It is straightforward to find some sufficient conditions on    and    to ensure these.

 3.1  The monotonicities

In  this  subsection,   we  introduce  three  types  of  monotonicity  conditions:  Lasry−Lions
monotonicity, displacement semi-monotonicity, and anti-monotonicity.

U ∈ C1(Rd × P2(Rd)) ∂µU(·, µ, x̃) ∈ C1(Rd) (µ, x̃) ∈ P2(Rd)×
Rd U

Definition 3.2  Assume    and      for all  
. We say    is Lasry–Lions monotone if

MONLLU(ξ, η) := Ẽ
[⟨
∂xµU(ξ,Lξ, ξ̃)η̃, η

⟩]
≥ 0, ∀ξ, η ∈ L2(F1

T ). (3.7)

(ξ, η) F1
T (ξ̃, η̃)We note that, since    is    -measurable, here    is an independent copy (instead of a

conditionally independent copy).

U, ∂xU ∈ C1(Rd × P2(Rd)) λ ≥ 0 U

λ ξ, η ∈ L2(F1
T )

Definition 3.3  Assume  . For any  , we say    is displacement
  -monotone if, for all  ,

MONdisp
λ U(ξ, η) := Ẽ

[⟨
∂xµU(ξ,Lξ, ξ̃)η̃, η

⟩
+
⟨
∂xxU(ξ,Lξ)η, η

⟩
+ λ|η|2

]
≥ 0. (3.8)

U λ = 0

λ λ > 0

In  particular,  we  say    is  displacement  monotone  when  ,  and  displacement  semi-
monotone if it is displacement    -monotone for some  .

Moreover, denote

D4 :=
{
λ⃗ = (λ0, λ1, λ2, λ3) : λ0 > 0, λ1 ∈ R, λ2 > 0, λ3 ≥ 0

}
. (3.9)

Probability, Uncertainty and Quantitative Risk 257



U ∈ C2(Rd × P2(Rd)) λ⃗ ∈ D4 U λ⃗Definition 3.4  Let    and  . We say    is    -anti-monotone if

MONanti
λ⃗

U(ξ, η) := Ẽ
[
λ0⟨∂xxU(ξ,Lξ)η, η⟩+ λ1⟨∂xµU(ξ,Lξ, ξ̃)η̃, η⟩+ |∂xxU(ξ,Lξ)η|2

+ λ2
∣∣ẼF [∂xµU(ξ,Lξ, ξ̃)η̃]

∣∣2 − λ3|η|2
]
≤ 0, ∀ξ, η ∈ L2(F1

T ). (3.10)

Remark 3.5  (i) By [21, Remark 2.4], Lasry–Lions monotonicity and displacement monotonicity
are, respectively, equivalent to the following forms which are commonly seen in the literature:

E
[
U(ξ1,Lξ1) + U(ξ2,Lξ2)− U(ξ1,Lξ2)− U(ξ2,Lξ1)

]
≥ 0, ∀ξ1, ξ2 ∈ L2(F1

T );

E
[⟨
∂xU(ξ1,Lξ1)− ∂xU(ξ2,Lξ2), ξ1 − ξ2

⟩]
≥ 0, ∀ξ1, ξ2 ∈ L2(F1

T ).

∂xU(x, µ) = ∂µU(µ, x) U ∈ C2(P2(Rd))

U µ ∈ P2(Rd) 7→ U(µ)
U ξ ∈ L2(F1

T ) 7→
U(Lξ)

(ii) Consider the case that    for some  . Then the Lasry–
Lions monotonicity of    is equivalent to the convexity of the mapping  , and
the displacement monotonicity of    is equivalent to the convexity of the mapping    

  (see, e.g., [15, 16]).

∂xxU(iii) Both  the  Lasry–Lions  monotonicity  (provided    is  bounded)  and  the  displacement
monotonicity  imply  displacement  semi-monotonicity.  However,  Lasry–Lions  monotonicity  and
displacement monotonicity do not imply each other, see [21, Remark 2.5].

λ0 = λ1 = λ2 = 1 λ3 = 0(iv) By setting    and  , (3.10) implies

Ẽ
[
⟨∂xxU(ξ,Lξ)η, η⟩+ ⟨∂xµU(ξ,Lξ, ξ̃)η̃, η⟩

]
≤ 0,

λ = 0 ∂xxUwhich is in the opposite direction of (3.8) with  . Moreover, if    is non-negative definite,
we then further have

Ẽ
[
⟨∂xµU(ξ,Lξ, ξ̃)η̃, η⟩

]
≤ 0,

which is in the opposite direction of (3.7). That is why we call (3.10) anti-monotonicity.

U λ ≥ 0 ∂xxU + λI(v)  If    satisfies  (3.8)  for  some  ,  then    is  non-negative  definite,  see  [21,
Lemma 2.6].

 3.2  A road map towards the global wellposedness

Our  ultimate  goal  is  to  establish  the  global  wellposedness  of  the  master  equation  (3.6).  We
adopt the strategy in [21, 35], which consists of three steps:

Step  1  Introduce  an  appropriate  monotonicity  condition  on  the  data  which  ensures  the
propagation of a monotonicity of one of the three types introduced in the previous subsection,
along any classical solution to the master equation.

V (t, ·, ·)
V µ

Step  2  Show  that  the  monotonicity  of      implies  an  (a  priori)  uniform  Lipschitz
continuity of    in the measure variable  .

Step 3 Combine the local wellposedness of classical solutions and the above uniform Lipschitz
continuity to obtain the global wellposedness of classical solutions.

Moreover, following [15], we continue to investigate the convergence problem:

V NStep 4 Use the classical solution    to prove the convergence of the related    -player game.
In this paper, we focus on Step 1 only, and we leave the remaining three steps to future research.
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We emphasize that Step 1 (and Step 2) considers prior estimates, and thus also we assume the
following.

V ∈ C1,2,2([0, T ]× Rd × P2(Rd))

∂xxV (t, ·, ·) ∈ C2(Rd × P2(Rd)) ∂xµV (t, ·, ·, ·) ∈ C2(Rd × P2(Rd)× Rd)

V

t

Assumption 3.6     is a classical solution of the master equation
(3.6) such that  ,  , and all of

the  second-  and  higher-order  derivatives  of    involved  above  are  uniformly  bounded  and
continuous in  .

V

G = V (T, ·, ·) G

Note that we do not require     or its first-order derivatives to be bounded. Moreover, since
,  the  above  assumption  also  ensures  the  regularity  of   .  We  also  remark  that

Assumption 3.6 considers the existence of classical solutions of the master equation (3.6), which
implies the uniqueness of the mean field equilibrium (see [21, Remark 2.10 (ii)]). The uniqueness
of  classical  solutions  satisfying  the  desired  Lipschitz  continuity  is  standard,  see,  e.g.,  the
arguments in [21, Theorem 6.3].

 4.  Propagation of Lasry–Lions monotonicity

V ĤTo propagate the Lasry–Lions monotonicity of  , we impose the following assumption on  .

ξ, η, γ, ζ ∈ L2(F1
T ) φ : Rd → RdAssumption 4.1  For any    and    Lipschitz continuous,

Ẽ
[⟨
ζ, Ĥpp(ξ)ζ

⟩
−
⟨
η, Ĥxρ1

(ξ, ξ̃)η̃ + Ĥxρ2
(ξ, ξ̃)[γ̃ + ζ̃]

⟩
−
⟨
γ − ζ, Ĥpρ1(ξ, ξ̃)η̃ + Ĥpρ2(Xt, X̃t)[γ̃ + ζ̃]

⟩]
≤ 0, (4.1)

Ĥpp(x) := ∂ppĤ
(
x, φ(x),L(ξ,φ(ξ))

)
Ĥxρ(x, x̃) := ∂xρĤ

(
x, φ(x),L(ξ,φ(ξ)), x̃, φ(x̃)

)
Ĥpρ(x, x̃)

where  ,  ,  and

similarly for  .

The main result of this section follows.

G

V (t, ·, ·) t ∈ [0, T ]

Theorem  4.2  Let  Assumptions  2.2,  3.1,  3.6,  and  4.1  hold.  If    satisfies  the  Lasry–Lions
monotonicity (3.7), then    satisfies (3.7) for all  .

t = 0Proof  Without loss of generality, we prove the theorem only for  .
ξ, η ∈ L2(F0)

(X, δX)

For any  , inspired by (3.2), we consider the following system of McKean–Vlasov
SDEs, which clearly has a unique solution    under Assumptions 3.1 and 3.6:

Xt = ξ +

∫ t

0

Ĥp(Xs, ∂xV (s,Xs, µs), ρs)ds+Bt + βB0
t ;

δXt = η +

∫ t

0

[
Ĥpx(Xs)δXs + Ĥpp(Xs)[Γs +Υs] +Ns

]
ds; where

µt := LXt|F0
t
, ρt := L(Xt,∂xV (t,Xt,µt))|F0

t
;

Γt := ∂xxV (Xt)δXt, Υt := ẼFt [∂xµV (Xt, X̃t)δX̃t];

Nt := ẼFt

[
Ĥpρ1

(Xt, X̃t)δX̃t + Ĥpρ2
(Xt, X̃t)

[
Γ̃t + Υ̃t

]]
.

(4.2)

(X̃, δX̃, Γ̃, Υ̃) (X, δX,Γ,Υ) F0

(t, µt)

Here,      is  a  conditionally  independent  copy  of   ,  conditional  on   .
Moreover,  here  and  in  what  follows,  for  simplicity  of  notation,  we  omit  the  variables   
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V ρt ∂xV Ĥinside    and its derivatives, and omit    and    inside    and its derivatives, for example,

∂xµV (Xt, X̃t) = ∂xµV (t,Xt, µt, X̃t), Ĥp(Xt) := ∂pĤ(Xt, ∂xV (t,Xt, µt), ρt),

Ĥpρ(Xt, X̃t) := (Ĥpρ1 , Ĥpρ2)(Xt, X̃t) := ∂pρĤ(Xt, ∂xV (t,Xt, µt), ρt, X̃t, ∂xV (t, X̃t, µt)).
(4.3)

Introduce,

I(t) := E[⟨Υt, δXt⟩] =MONLLV (t, ·, ·)(Xt, δXt). (4.4)

VBy applying Itô’s formula (3.5) and since    satisfies the master equation (3.6), we get

d
dt
I(t) = Ẽ

[⟨
Υt, Ĥpp(Xt)Υt

⟩
−
⟨
δXt, Ĥxρ1

(Xt, X̃t)δX̃t + Ĥxρ2
(Xt, X̃t)[Γ̃t + Υ̃t]

⟩
−
⟨
Γt −Υt, Ĥpρ1(Xt, X̃t)δX̃t + Ĥpρ2(Xt, X̃t)

[
Γ̃t + Υ̃t]

⟩]
. (4.5)

F0
t

The calculation is  lengthy but quite straightforward,  we postpone the details  to the appendix.
Taking the conditional expectation on    and then by the desired conditional independence, we
apply (4.1) to obtain:

d
dt
I(t) ≤ 0. (4.6)

G = V (T, ·, ·) I(T ) ≥ 0

I(0) ≥ 0 V (0, ·, ·)
Note that, by the Lasry–Lions monotonicity of   ,  we have   .  Then (4.6)

clearly implies  , and hence    satisfies the Lasry–Lions monotonicity (3.7). □

X

δX X ξ η

Remark 4.3  In (4.2),    is the agent’s state process along the (unique) mean field equilibrium,
and    is the gradient of    when its initial condition    is perturbed along the direction  .

b(·, a, ·) = a

f ξi, αi ∈ L2(F)

i = 1, 2

Remark 4.4  Note that (4.5)  is an equality, so our condition (4.1)  is essentially sharp for the
propagation of Lasry–Lions monotonicity, in particular, for (4.6). In [13, 16, 28] the uniqueness
of the mean field game system is obtained when    (or a slightly more general form),
and    satisfies  the  Lasry–Lions  monotonicity  in  the  following  sense:  for  any  ,

,

E
[
f(ξ1, α1,L(ξ1,α1)) + f(ξ2, α2,L(ξ2,α2))− f(ξ1, α1,L(ξ2,α2))− f(ξ2, α2,L(ξ1,α1))

]
≥ 0. (4.7)

We claim that in this case (4.6) holds true, and hence the Lasry–Lions monotonicity propagates.
We postpone its proof to the appendix.

b(x, a, ν) = a f = f(x, a, µ)

f f(x, a, µ) =

f0(x, a) + f1(x, µ) α

f

Remark 4.5  For the standard MFG with    (and   ), it is observed in
[21]  that  it  is  hard  to  propagate  Lasry–Lions  monotonicity  unless    is  separable:  

. Dependence on the law of    in MFGC actually helps for the propagation of
the Lasry–Lions monotonicity. In particular, in this case we do not require    to be separable.

bWe now provide an example with a more general  , which does not seem to be covered by the
analysis of mean field game systems (or master equations) in the literature.

d = 1Example 4.6  We consider a special case of (2.17) with  :

b(x, a,L(ξ,α)) = −a+ b1(E[ξ],E[α]) + b2(x),

f(x, a,L(ξ,α)) =
|a|2
2 − c1aE[α] + c2xE[ξ] + c3xE[α] + f1(x),

(4.8)

0 < c1 < 1 c2, c3 > 0where    and    are constants. Assume the matrix
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
1− [c̄1∂m2

b1 − ĉ1] 0
1

2
[ĉ3 − ∂m1

b1]

0 [c̄1∂m2
b1 − ĉ1]

1

2
[ĉ3 + ∂m1

b1]

1

2
[ĉ3 − ∂m1b1]

1

2
[ĉ3 + ∂m1b1] c2

 ≥ 0, (4.9)

ĉ1 :=
c1

1− c1
c̄1 :=

1

1− c1
ĉ3 :=

c3
1− c1

m1,m2 E[ξ],E[α]where  ,  ,  ,  and    stand  for  .  Then  (4.1)

holds true.

Proof  By Example 2.4, we see that

Φ(L(ξ,η)) = L(ξ, ĉ1E[η]+η),

H(x, p,L(ξ,α)) = −1

2

∣∣c1E[α] + p
∣∣2 + p

[
b1(E[ξ],E[α]) + b2(x)

]
+ c2xE[ξ] + c3xE[α] + f1(x).

E[α] = [1 + ĉ1]E[η] = c̄1E[η]Note that  . Then

Ĥ(x, p,L(ξ,η)) = −1

2

∣∣ĉ1E[η] + p
∣∣2 + p

[
b1(E[ξ], c̄1E[η]) + b2(x)

]
+ c2xE[ξ] + ĉ3xE[η] + f1(x).

One may compute that

Ĥpp = −1, Ĥxρ1
= c2, Ĥxρ2

= ĉ3, Ĥpρ1
= ∂m1

b1, Ĥpρ2
= c̄1∂m2

b1 − ĉ1. (4.10)

∂m1b1 ∂m1b2Then, noting that    and    are deterministic,

Ẽ
[
− Ĥpp(ξ)|ζ|2 + η

[
Ĥxρ1

(ξ, ξ̃)η̃ + Ĥxρ2
(ξ, ξ̃)[γ̃ + ζ̃]

]
+ [γ − ζ]

[
Ĥpρ1

(ξ, ξ̃)η̃ + Ĥpρ2
(Xt, X̃t)[γ̃ + ζ̃]

]]
= Ẽ

[
|ζ|2 + c2ηη̃ + ĉ3η[γ̃ + ζ̃]

]
+ [γ − ζ]

[
∂m1

b1η̃ + [c̄1∂m2
b1 − ĉ1][γ̃ + ζ̃]

]]
= E[|ζ|2] + c2

∣∣E[η]∣∣2 + ĉ3E[η]
[
E[γ] + E[ζ]

]
+ ∂m1b1E[η]

[
E[γ]− E[ζ]

]
+ [c̄1∂m2b1 − ĉ1]

[
|E[γ]|2 − |E[ζ]|2

]
≥

[
1− [c̄1∂m2

b1 − ĉ1]
]∣∣E[ζ]∣∣2 + [c̄1∂m2

b1 − ĉ1]
∣∣E[γ]∣∣2 + c2

∣∣E[η]∣∣2
+
[
ĉ3 + ∂m1b1

]
E[η]E[γ] +

[
ĉ3 − ∂m1b1

]
E[η]E[ζ].

This, together with (4.9), clearly implies (4.1). □

λ 5.  Propagation of displacement    -monotonicity

λ ≥ 0In this section we fix a constant  .

ξ, η, γ, ζ ∈ L2(F1
T ) φ : Rd → RdAssumption 5.1  For any    and    Lipschitz continuous,

Ẽ
[⟨
γ + ζ, Ĥpp(ξ)[γ + ζ]

⟩
−
⟨
η, [Ĥxx(ξ)− 2λĤpx(ξ)]η

⟩
+

⟨
γ + ζ,

[
Ĥpρ1

(ξ, ξ̃) + Ĥρ2x(ξ̃, ξ) + 2λĤρ2p(ξ̃, ξ)
]
η̃ + 2λĤpp(ξ)η

⟩
+

⟨
γ + ζ, Ĥpρ2(ξ, ξ̃)[γ̃ + ζ̃]

]⟩
−
⟨
η, [Ĥxρ1(ξ, ξ̃)− 2λĤpρ1(ξ, ξ̃)]η̃

⟩]
≤ 0, (5.1)
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Ĥpp, Ĥxρ, Ĥpρwhere    are as in Assumption 4.1.

G λ

V (t, ·, ·) t ∈ [0, T ]

Theorem 5.2  Let Assumptions 2.2, 3.1, 3.6, and 5.1 hold. If    satisfies the displacement    -
monotonicity (3.8), then    satisfies (3.8) for all  .

t = 0Proof  Without loss of  generality,  we prove the theorem only for   .  We continue to use
the notation in the proof of Theorem 4.2.
Introduce

Ī(t) := E[⟨Γt, δXt⟩], and thus I(t) + Ī(t) + λE[|δXt|2] =MONdisp
λ V (t, ·, ·)(Xt, δXt). (5.2)

Similarly to (4.5), we show that (see the appendix for more details),

d
dt
Ī(t) = Ẽ

[⟨
Ĥpp(Xt)Γt,Γt

⟩
+ 2

⟨
Ĥpp(Xt)Γt,Υt

]⟩
+ 2

⟨
Γt, Ĥpρ1(Xt, X̃t)δX̃t + Ĥpρ2(Xt, X̃t)[Γ̃t + Υ̃t]

⟩
−
⟨
Ĥxx(Xt)δXt, δXt

⟩]
. (5.3)

Moreover, by (4.2), we have
d
dt

E
[
|δXt|2

]
= 2E

[⟨
Ĥpx(Xt)δXt + Ĥpp(Xt)[Υt + Γt] +Nt, δXt

⟩]
. (5.4)

NCombining (4.5), (5.3), and (5.4) and recalling the    in (4.2), we deduce that

d
dt

[
MONdisp

λ V (t, ·, ·)(Xt, δXt)
]
=

d
dt

[
I(t) + Ī(t) + λE[|δXt|2]

]
= Ẽ

[⟨
Υt + Γt, Ĥpp(Xt)[Υt + Γt] + Ĥpρ2(Xt, X̃t)[Γ̃t + Υ̃t]

⟩
+
⟨
Υt + Γt, [Ĥpρ1

(Xt, X̃t) + Ĥρ2x(X̃t, Xt) + 2λĤρ2p(X̃t, Xt)]δX̃t + 2λĤpp(Xt)δXt

⟩
−
⟨
δXt, [Ĥxρ1

(Xt, X̃t)− 2λĤpρ1
(Xt, X̃t)]δX̃t + [Ĥxx(Xt)− 2λĤpx(Xt)]δXt

⟩]
. (5.5)

F0
t

Then,  by the desired conditional  independence of  the involved processes  above,  conditional  on
, we have

d
dt

[
MONdisp

λ V (t, ·, ·)(Xt, δXt)
]
≤ 0. (5.6)

V (T, ·, ·) = G V (0, ·, ·)Note that    satisfies (3.8), then clearly    also satisfies (3.8). □

A ∈ Rd×dWe next provide a sufficient condition for Assumption 5.1. Denote, for any  ,

|A| := sup
|x|=|y|=1

⟨Ax, y⟩, κ(A) := inf
|x|=1

⟨Ax, x⟩ = the smallest eigenvalue of 1
2 [A+A⊤],

κ(A) := sup
|x|=1

⟨Ax, x⟩ = −κ(−A). (5.7)

c0 ≥ 0 |∂pρ2Ĥ| ≤ c0 Ĥpp <

−c0Id Id d× d

Proposition  5.3  Assume  there  exists  a  constant    such  that  ,  and  

, where    denotes the    identity matrix. Then the following condition implies (5.1):

Ẽ
[⟨
η, [Ĥxx(ξ)− 2λĤpx(ξ)]η

⟩
+
⟨
η, [Ĥxρ1

(ξ, ξ̃)− 2λĤpρ1
(ξ, ξ̃)]η̃

⟩
− |Λ(ξ,η)|2

4

]
≥ 0,

where Λ(ξ, η) := (−Ĥpp(ξ)− c0Id)
− 1

2

×
[
ẼF1

T

[
[Ĥpρ1

(ξ, ξ̃) + Ĥρ2x(ξ̃, ξ) + 2λĤρ2p(ξ̃, ξ)]η̃
]
+ 2λĤpp(ξ)η

]
,

(5.8)
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ξ, η ∈ L2(F1
T ) λ = 0for all  . In particular, when  , the above reduces to

Ẽ
[⟨
η, Ĥxx(ξ)η

⟩
+
⟨
η, Ĥxρ1

(ξ, ξ̃)η̃
⟩
− |Λ(ξ,η)|2

4

]
≥ 0,

where Λ(ξ, η) := (−Ĥpp(ξ)− c0Id)
− 1

2 ẼF1
T

[
[Ĥpρ1

(ξ, ξ̃) + Ĥρ2x(ξ̃, ξ)]η̃
]
.

(5.9)

Ξ :=
[
Ĥpρ1(ξ, ξ̃) + Ĥρ2x(ξ̃, ξ) + 2λĤρ2p(ξ̃, ξ)

]
η̃Proof  Denote  . Note that

Ẽ
[⟨
γ + ζ, Ĥpp(ξ)[γ + ζ]

⟩
+
⟨
γ + ζ,Ξ + 2λĤpp(ξ)η

⟩
+
⟨
γ + ζ, Ĥpρ2

(ξ, ξ̃)[γ̃ + ζ̃]
]⟩]

≤ Ẽ
[⟨
γ + ζ, Ĥpp(ξ)[γ + ζ]

⟩
+
⟨
γ + ζ,Ξ + 2λĤpp(ξ)η

⟩
+
c0
2
[|γ + ζ|2 + |γ̃ + ζ̃|2]

]]
= E

[⟨
γ + ζ, [Ĥpp(ξ) + c0Id][γ + ζ]

⟩
+
⟨
γ + ζ, ẼF1

T
[Ξ] + 2λĤpp(ξ)η

⟩]
= E

[
−
∣∣∣[(−Ĥpp(ξ)− c0Id)

1
2 [γ + ζ]− 1

2
Λ(ξ, η)

∣∣∣2 + 1

4
|Λ(ξ, η)|2

]]
≤ 1

4
E
[
|Λ(ξ, η)|2

]
.

Then, clearly (5.8) implies (5.1). □

b, f α

Ĥ(x, p, ρ) = H(x, p, µ) µ = π1#ρ ∂ρ1Ĥ = ∂µH ∂ρ2Ĥ = 0 c0 = 0 H

p Hpp < 0

Remark  5.4  For  standard  MFGs  where    do  not  depend  on  the  law  of  ,  we  have

  where  , and thus  ,  ,  . Note that  

is concave in  . We assume it is strictly concave and thus  . Then, (5.8) reduces to

Ẽ
[⟨
η, [Hxx(ξ)− 2λHpx(ξ)]η

⟩
+
⟨
η, [Hxµ(ξ, ξ̃)− 2λHpµ(ξ, ξ̃)]η̃

⟩
− 1

4

∣∣∣(−Hpp(ξ))
− 1

2

[
ẼF1

T
[Hpµ(ξ, ξ̃)η̃] + 2λHpp(ξ)η

]∣∣∣2] ≥ 0. (5.10)

λ = 0Moreover, when  , (5.10) (and (5.9)) further reduces to

Ẽ
[⟨
η,Hxx(ξ)η

⟩
+

⟨
η, Hxµ(ξ, ξ̃)η̃

⟩
− 1

4

∣∣∣(−Hpp(ξ))
− 1

2 ẼF1
T
[Hpµ(ξ, ξ̃)η̃]

∣∣∣2] ≥ 0. (5.11)

−H HThis is exactly the condition in [21, Definition 3.4], except that [21] uses    instead of  .

λ = 0We now present an example which satisfies (5.9), and hence (5.1) with  .

d = 1 0 < c < 1Example 5.5  We consider a special case of (2.17) with  : for some constant  ,

b(x, a,L(ξ,α)) = −a+ b1(Lξ,E[α]), f(x, a,L(ξ,α)) =
|a|2

2
− caE[α] + f1(x,L(ξ,α)). (5.12)

0 ≤ c0 < 1 κ > 0Assume there exist constants    and    such that

|c̄∂m2b1 − ĉ| ≤ c0, ∂xxf1 ≥ κ ≥ ∥∂xν1f1∥+
1

4(1− c0)

(
∥∂m1b1∥+ [1 + ĉ]∥∂xν2f1∥

)2

, (5.13)

ĉ :=
c

1− c
c̄ :=

1

1− c
m1,m2 E[ξ] E[α] ∥·∥where  ,  ,    stand for    and  , respectively, and    denotes the

Probability, Uncertainty and Quantitative Risk 263



supremum norm of the function over all variables. Then (5.9) holds true.

Proof  By Example 2.4, we see that
Φ(L(ξ,η)) = L(ξ, ĉE[η]+η),

H(x, p,L(ξ,α)) = −1

2

∣∣∣cE[α] + p
∣∣∣2 + pb1(Lξ,E[α]) + f1(x,L(ξ,α)),

Ĥ(x, p,L(ξ,η)) = −1

2

∣∣∣ĉE[η] + p
∣∣∣2 + pb1(Lξ, c̄E[η]) + f1(x,L(ξ, ĉE[η]+η)).

f̂1(x, ρ) := f1(x,Φ(ρ))

ρ = L(ξ,η)

By  applying  Proposition  2.8  and  Example  2.7,  we  have,  for      where
  ,

∂ρ1 f̂1(x, ρ, x̃, p̃) = ∂ν1f1(x,Φ(ρ), x̃, p̃+ ĉEρ[η]),

∂ρ2
f̂1(x, ρ, x̃, p̃) = ∂ν2

f1(x,Φ(ρ), x̃, p̃+ ĉEρ[η]) + ĉEρ

[
∂ν2

f1(x,Φ(ρ), ξ, η + ĉEρ[η])
]
.

Then, one may compute that

Ĥpp = −1, Ĥxx = ∂xxf1, Ĥxρ1
= ∂xν1

f1, Ĥpρ1
= ∂m1

b1,

Ĥxρ2
= ∂xν2

f1 + ĉEρ[∂xν2
f1], Ĥpρ2

= c̄∂m2
b1 − ĉ.

|Ĥpρ2 | ≤ c0Then  , and (5.9) becomes

Ẽρ

[
∂xxf1|η|2 + ∂xν1f1ηη̃ −

|Λ(ξ)|2

4(1− c0)

]
≥ 0,

where Λ(x) := ¯̃Eρ

[
η̃
[
∂m1

b1
(
Lξ, ξ̃, c̄Eρ[η]

)
+ ∂xν2

f1
(
ξ̃,Φ(ρ), x, φ(x) + ĉEρ[φ(ξ)]

)
+ĉ∂xν2f1(ξ̃,Φ(ρ), ξ̄, φ(ξ̄) + ĉEρ[φ(ξ)])

]]
.

(5.14)

Clearly, (5.13) implies (5.14), and hence (5.9). □

 5.1  Global wellposedness for master equations of standard MFGs

For standard MFGs, by combining Proposition 5.3 and the strategy in [21], see also subsection
3.2,  one  establishes  the  following  global  wellposedness  result  for  the  master  equation  under
displacement semi-monotonicity, which generalizes [21, Theorem 6.3]. We remark again that, for
MFGC master equations, we shall investigate their global wellposedness in future research.

λ ≥ 0 b(x, a, ν) = a f(x, a, ν) = f(x, a, µ)Theorem 5.6  Assume  ,    and  . Further assume:

H G(i)    and    have the regularity:

H, ∂xxH, ∂xpH, ∂ppH, ∂xxpH, ∂xppH, ∂pppH ∈ C2(R2d × P2(Rd)),

∂xµH, ∂pµH, ∂xpµH, ∂ppµH ∈ C2(R2d × P2(Rd)× Rd),

G, ∂xxG ∈ C2(Rd × P2(Rd)), ∂xµG ∈ C2Rd × P2(Rd)× Rd,

H Gand all  of  the second- and higher-order derivatives  of    and    involved above are uniformly
bounded.

H p ∂ppH ≤ −c0Id c0 > 0(ii)    is uniformly concave in  :    for some constant  .

H G(iii) (5.10) holds for    and (3.8) holds for  .

[0, T ] V

∂xxV ∂xµV

Then  the  master  equation  (3.6)  on    admits  a  unique  classical  solution    with  bounded
  and  .
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Proof  We follow the road map given in  section 3.2  to  show the global  wellposedness.  Since
the arguments are very similar to those in [21, 35], we only outline a proof below.

V

V V λ

V (t, ·, ·) t ∈ [0, T ]

Step  1  We  apply  Theorem  5.2  to  show  that,  if      is  a  classical  solutions  of  the  master
equation  (3.6)  and      satisfies  Assumptions  3.6,  then      propagates  the  displacement     -
monotonicity, i.e.,    satisfies (3.8) for all  .

W2

∂xV µ (t, x) ∈ [0, T ]× Rd V

W2 µ

∂xxV

H G

V (t, ·, ·) t ∈ [0, T ]

∂xxV x (t, µ) ∈ [0, T ]× P2(Rd)

V x

H G

∂xxV W2 V µ

Step 2 We follow the  same proof  as  in  [21,  Theorem 5.1]  to  show an a  priori  uniform     -
Lipschitz continuity of     in   , uniformly in   . We note that     might not
be uniformly    -Lipschitz continuous in    under our (weaker) assumptions. The key assumption
used from [21, Theorem 5.1] is the boundedness of  , which was proved using the first-order
derivatives of    and    in [21, Proposition 6.1]. This is no longer the case here. To show this,
we first  apply  Theorem 5.2  to  prove  that      satisfies  (3.8)  for  all   .  By Remark
3.5(iv),    is uniformly semi-convex in  , uniformly in  . It is standard
to  obtain  the  uniform  semi-concavity  of      in      from  the  boundedness  of  the  second-order
derivatives  of      and      by  the  classical  control  theory.  Thus,  we  obtain  the  a  priori
boundedness of  . Then we obtain the uniform    -Lipschitz continuity of    in  .

W2

W1 ∂xV µ

By [21, Proposition 6.2], we further strengthen the above a priori     -Lipschitz continuity to
an a priori    -Lipschitz continuity for    in  .

V

V x µ

∂xV

U⃗ := ∂xV

Step  3  We  follow  the  same  proof  as  the  one  in  [35,  Theorem  7.1]  to  show  the  global
wellposedness of the master equation (3.6). The desired regularity of solution    is a byproduct
of Step 2. However, we cannot directly show the wellposedness of the master equation due to the
lack of the a priori Lipschitz continuity of    in    and  , we thus use the approach in [35, section
7]. That is, we first use the a priori Lipschitz estimate of    constructed in Step 2 to show the
wellposedness of the vectorial master equation for  . We then utilize the solution to the
vectorial master equation to establish the wellposedness of the master equation (3.6). □

G ∂xxG λ G

H G

H G

[0, T ]

Remark 5.7  If    satisfies the Lasry–Lions monotonicity and    is bounded by  , then  

is displacement semi-monotone. Therefore, we obtain that, if    and    satisfy the assumptions
(i)  and  (ii)  in  Theorem  5.6,    satisfies  (5.10)  and    is  Lasry–Lions  monotone,  then  the
master  equation  is  well  posed  on  .  In  this  sense,  Theorem  5.6  unifies  the  wellposedness
results under the Lasry–Lions monotonicity and the displacement monotonicity.

G V

f

We remark though, even when    is Lasry–Lions monotone,    propagates the displacement semi-
monotonicity, not necessarily the Lasry–Lions monotonicity (when    is non-separable).

 6.  Propagation of anti-monotonicity

λ⃗ ∈ D4In this section we fix  . Recall (5.7).

Ĥ ∈ C2(Rd × Rd × P2(R2d)) L,L0 > 0

γ > γ > 0

Assumption  6.1  (i)     and  there  exist  constants    and

  such that

|∂xpĤ| ≤ γL0, |∂xxĤ| ≤ γL0, |∂ppĤ|, |∂xρ1Ĥ|, |∂xρ2Ĥ|, |∂pρ1Ĥ|, |∂pρ2Ĥ| ≤ L; (6.1)

κ(−∂xpĤ) ≥ L0, κ(−∂xxĤ) ≥ γL0. (6.2)

Lu
xx > 0(ii) There exists a constant    such that

θ1 :=
γ[1 + Lu

xx]√
4(γλ0 + 2λ3)

< 1, and Lκ(A−1
1 A2) ≤ L0, (6.3)

where
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A1 :=

 4[1− θ1] 0 0
0 2λ2 0
0 0 [1− θ1][λ0γ + 2λ3]

 ,
A2 := B1L

u
xx +B2 :=

 2 2 + λ2 1
2 + λ2 4λ2 λ2

1 λ2 0

Lu
xx

+


λ0 + 2|λ0 − λ1| λ0 + |λ0 −

1

2
λ1|+

1

2
|λ1|+ λ2 |λ0 −

1

2
λ1|+

1

2
|λ1|+ 2λ3

λ0 + |λ0 −
1

2
λ1|+

1

2
|λ1|+ λ2 2|λ1|+ 2λ2 |λ1|+ λ2 + 2λ3

|λ0 −
1

2
λ1|+

1

2
|λ1|+ 2λ3 |λ1|+ λ2 + 2λ3 |λ1|+ 2λ3

 .
(6.4)

Lu
xx

Theorem  6.2  Let  Assumptions  2.2,  3.1,  3.6,  and  6.1  hold.  Assume  further  that,  for  the
constant    in Assumption 6.1(ii),

|∂xxV | ≤ Lu
xx. (6.5)

G λ⃗ V (t, ·, ·) t ∈ [0, T ]If    satisfies the    -anti-monotonicity (3.10), then    satisfies (3.10) for all  .

Lu
xx ∂xxVWe  remark  that  the  bound      of      can  be  estimated  a  priori  by  using  the

Hamilton–Jacobi–Bellman equation or the backward SDE in the mean field game system, see [35,
section 6] for more details.

t = 0Proof  Without loss of  generality,  we prove the theorem only for   .  We continue to use
the notation as in the proofs of Theorem 4.2 and 5.2. Introduce

Ξt := λ0Ī(t) + λ1I(t) + E
[
|Γt|2 + λ2|Υt|2 − λ3|δXt|2

]
=MONanti

λ⃗
V (t, ·, ·)(Xt, δXt).

Then it is sufficient to show that
d
dt

Ξt ≥ 0. (6.6)

Following the calculation in [35, Theorem 4.1], we have

dΥt =
[
−K1(t)Υt −K2(t)

]
dt+ (dBt)

⊤K3(t) + β(dB0
t )

⊤K4(t);

dΓt =
[
− 2Ĥxp(Xt)Γt + ∂xxV (Xt)Ĥpp(Xt)Υt − K̄1(t)

]
dt+ (dBt)

⊤K̄2(t) + β(dB0
t )

⊤K̄3(t),
(6.7)

where

K1(t) := Ĥxp(Xt) + ∂xxV (Xt)Ĥpp(Xt),

K2(t) := ẼFt

[[
Ĥxρ1

(Xt, X̃t)δX̃t + Ĥxρ2
(Xt, X̃t)[Γ̃t + Υ̃t]

]
+ ∂xxV (Xt)

[
Ĥpρ1

(Xt, X̃t)δX̃t + Ĥpρ2
(Xt, X̃t)[Γ̃t + Υ̃t]

]]
,

K3(t) := ẼFt

[
∂xxµV (Xt, X̃t)δX̃t

]
,

K4(t) := K3(t) +
¯̃EFt

[[
(∂µxµV )(Xt, X̄t, X̃t) + ∂x̃xµV (Xt, X̃t)

]
δX̃t

]
,

K̄1(t) := [Ĥxx(Xt)− ∂xxV (Xt)Ĥpx(Xt)]δXt

− ∂xxV (Xt)ẼFt

[
Ĥpρ1

(Xt, X̃t)δX̃t + Ĥpρ2
(Xt, X̃t)[Γ̃t + Υ̃t]

]
,

K̄2(t) := ∂xxxV (Xt)δXt,

K̄3(t) := K̄2(t) + ẼFt

[
(∂µxxV )(Xt, X̃t)δX̃t

]
.

(6.8)
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In particular, this implies that

d
dt

E[|Υt|2] ≥ 2E
[⟨
Υt, −K1(t)Υt −K2(t)

⟩]
;

d
dt

E[|Γt|2] ≥ 2E
[⟨
Γt, −2Ĥxp(Xt)Γt + ∂xxV (Xt)Ĥpp(Xt)Υt − K̄1(t)

⟩]
.

(6.9)

NThus, combining (4.5), (5.3), and (5.4) and recalling    in (4.2), we have

d
dt

Ξt ≥ λ0Ẽ
[⟨
Ĥpp(Xt)Γt,Γt

⟩
+ 2

⟨
Ĥpp(Xt)Γt,Υt

⟩
+ 2

⟨
Γt, Ĥpρ1

(Xt, X̃t)δX̃t + Ĥpρ2
(Xt, X̃t)[Γ̃t + Υ̃t]

⟩
−

⟨
Ĥxx(Xt)δXt, δXt

⟩]
+ λ1Ẽ

[⟨
Ĥpp(Xt)Υt, Υt

⟩
−
⟨
Ĥxρ1

(Xt, X̃t)δX̃t + Ĥxρ2
(Xt, X̃t)[Γ̃t + Υ̃t], δXt

⟩
−
⟨
Ĥpρ1

(Xt, X̃t)δX̃t + Ĥpρ2
(Xt, X̃t)[Γ̃t + Υ̃t],Γt −Υt

⟩]
+ 2Ẽ

[⟨
Γt,

[
− 2Ĥxp(Xt)Γt + ∂xxV (Xt)Ĥpp(Xt)Υt − K̄1(t)

]⟩
+ λ2

⟨
Υt,

[
−K1(t)Υt −K2(t)

]⟩]
− 2λ3Ẽ

[⟨
Ĥpx(Xt)δXt + Ĥpρ1(Xt, X̃t)δX̃t + Ĥpρ2(Xt, X̃t)[Γ̃t + Υ̃t] + Ĥpp(Xt)[Υt + Γt], δXt

⟩]
= Ẽ

[⟨[
λ0Ĥpp(Xt)− 4Ĥxp(Xt)

]
Γt, Γt

⟩
+
⟨[
λ1Ĥpp(Xt)− 2λ2K1(t)]Υt,Υt

⟩
+
⟨[

− λ0Ĥxx(Xt)− 2λ3Ĥpx(Xt)
]
δXt, δXt

⟩
+

⟨[
2λ0 − λ1 + 2∂xxV (Xt)

]
Ĥpρ2

(Xt, X̃t)Γ̃t,Γt

⟩
+
⟨[

[λ1 − 2λ2∂xxV (Xt)]Ĥpρ2(Xt, X̃t)− 2λ2Ĥxρ2(Xt, X̃t)
]
Υ̃t,Υt

⟩
−
⟨[
λ1Ĥxρ1

(Xt, X̃t) + 2λ3Ĥpρ1
(Xt, X̃t)

]
δX̃t, δXt

⟩
+
⟨
2[λ0Ĥpp(Xt) + ∂xxV (Xt)Ĥpp(Xt)]Υt + [2λ0 − λ1 + 2∂xxV (Xt)]Ĥpρ2

(Xt, X̃t)Υ̃t,Γt

⟩
+
⟨[

[λ1 − 2λ2∂xxV (Xt)]Ĥpρ2
(Xt, X̃t)− 2λ2Ĥxρ2

(Xt, X̃t)
]
Γ̃t,Υt

⟩
+
⟨[

[2λ0 − λ1 + 2∂xxV (Xt)]Ĥpρ1
(Xt, X̃t)− λ1Ĥρ2x(X̃t, Xt)− 2λ3Ĥρ2p(X̃t, Xt)

]
δX̃t

+ 2
[
− Ĥxx(Xt) + ∂xxV (Xt)Ĥpx(Xt)− λ3Ĥpp(Xt)

]
δXt,Γt

⟩
+
⟨[

[λ1 − 2λ2∂xxV (Xt)]Ĥpρ1
(Xt, X̃t)− λ1Ĥρ2x(X̃t, Xt)

− 2λ2Ĥxρ1
(Xt, X̃t)− 2λ3Ĥρ2p(X̃t, Xt)

]
δX̃t − 2λ3Ĥpp(Xt)δXt,Υt

⟩]
.

Recall (3.9), (5.7), and (6.8), by (6.1) and (6.2) we have
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d
dt

Ξt ≥
[
4L0 − λ0L

]
E[|Γt|2] +

[
2λ2L0 − |λ1|L− 2λ2L

u
xxL

]
E[|Υt|2]

+
[
λ0γL0 + 2λ3L0

]
E[|δXt|2]−

[
|2λ0 − λ1|+ 2Lu

xx

]
L
(
E[|Γt|]

)2
−
[
|λ1|+ 2λ2L

u
xx + 2λ2

]
L
(
E[|Υt|]

)2 − [
|λ1|+ 2λ3

]
L
(
E[|δXt|]

)2
−
[
2[λ0 + Lu

xx] + |2λ0 − λ1|+ 2Lu
xx + |λ1|+ 2λ2L

u
xx + 2λ2

]
LE[|Γt|]E[|Υt|]

−
[
[|2λ0 − λ1|+ 2Lu

xx + |λ1|+ 2λ3]L+ 2[γL0 + Lu
xxγL0 + λ3L]

]
E[|δXt|]E[|Γt|]

−
[
[|λ1|+ 2λ2L

u
xx + |λ1|+ 2λ2 + 2λ3 + 2λ3]LE[|δXt|]E[|Υt|]

≥
[
4L0 −

[
λ0 + |2λ0 − λ1|+ 2Lu

xx

]
L
](
E[|Γt|]

)2
+
[
2λ2L0 −

[
2|λ1|+ 4λ2L

u
xx + 2λ2

]
L
](
E[|Υt|]

)2
+
[
[λ0γ + 2λ3]L0 −

[
|λ1|+ 2λ3

]
L
](
E[|δXt|]

)2
− 2

[
λ0 + |λ0 −

λ1
2
|+ |λ1|

2
+ λ2 + [2 + λ2]L

u
xx

]
LE[|Γt|]E[|Υt|]

− 2
[
γ[1 + Lu

xx]L0 +
[
|λ0 −

λ1
2
|+ |λ1|

2
+ 2λ3 + Lu

xx]L
]
E[|δXt|]E[|Γt|]

− 2
[
|λ1|+ λ2 + λ2L

u
xx + 2λ3

]
LE[|δXt|]E[|Υt|]

≥
[
4[1− θ1]L0 −

[
λ0 + |2λ0 − λ1|+ 2Lu

xx

]
L
](
E[|Γt|]

)2
+
[
2λ2L0 −

[
2|λ1|+ 4λ2L

u
xx + 2λ2

]
L
](
E[|Υt|]

)2
+
[
(1− θ1)[λ0γ + 2λ3]L0 −

[
|λ1|+ 2λ3

]
L
](
E[|δXt|]

)2
− 2

[
λ0 + |λ0 −

λ1
2
|+ |λ1|

2
+ λ2 + [2 + λ2]L

u
xx

]
LE[|Γt|]E[|Υt|]

− 2
[[
|λ0 −

λ1
2
|+ |λ1|

2
+ 2λ3 + Lu

xx]L
]
E[|δXt|]E[|Γt|]

− 2
[
|λ1|+ λ2 + λ2L

u
xx + 2λ3

]
LE[|δXt|]E[|Υt|],

θ1where in the last step we use the fact that: recalling the    in (6.3),

2γ[1 + Lu
xx]E[|δXt|]E[|Γt|] ≤ 4θ1

(
E[|Γt|]

)2
+ θ1[λ0γ + 2λ3]

(
E[|δXt|]

)2
,

e :=
(
E[|Γt|], E[|Υt|], E[|δXt|]

)
Then, recalling (6.4) and denoting  , we have

d
dt

Ξt ≥ e
[
A1L0 −A2L

]
e⊤ ≥ 0,
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A1 > 0thanks to (6.3) and the fact that  . □

d = 1Example 6.3  Again, we consider a special case of (2.17) with  :

b(x, a,L(ξ,α)) = −a− L0x+ b1(Lξ,E[α]),

f(x, a,L(ξ,α)) =
|a|2

2
− caE[α]− γL0

2
x2 + f1(x,L(ξ,α)),

0 < c < 1 γ > 0 L0 > 0 Lu
xx > 0 L0

L > 0 γ > γ > 0 λ⃗ ∈ D4

for some constants  ,  , and  . For any  , when    is large enough,
there exist appropriate  ,  , and    such that Assumption 6.1 holds true.

ĉ, c̄Proof  By Example 2.4 and recalling the notations    in Example 5.5, we find that

Φ(L(ξ,η)) = L(ξ, ĉE[η]+η),

H(x, p,L(ξ,α)) = −1

2

∣∣∣cE[α] + p
∣∣∣2 − L0xp+ pb1(Lξ,E[α])−

γL0

2
x2 + f1(x,L(ξ,α)),

Ĥ(x, p,L(ξ,η)) = −1

2

∣∣∣ĉE[η] + p
∣∣∣2 − L0xp+ pb1(Lξ, c̄E[η])−

γL0

2
x2 + f1(x,L(ξ, ĉE[η]+η)).

Following the same calculation as in Example 5.5,

Ĥpp = −1, Ĥxp = −L0, Ĥxx = −γL0 + ∂xxf1, Ĥxρ1
= ∂xν1

f1,

Ĥxρ2
= ∂xν2

f1 + ĉE[∂xν2
f1], Ĥpρ1

= ∂m1
b1, Ĥpρ2

= c̄∂m2
b1 − ĉ.

f1, b1 L > 0For given functions  , clearly there exists a fixed constant    such that

|∂ppĤ|, |∂xρ1Ĥ|, |∂xρ2Ĥ|, |∂pρ1Ĥ|, |∂pρ2Ĥ| ≤ L.

γ := γ
2 γ := γ + 1 L0Set  ,  , for    sufficiently large, we have

κ(−Ĥxp) = L0, |Ĥxp)| = L0 ≤ κL0;

|∂xxĤ| − γL0 ≤ γL0 + L− γL0 = L− L0 ≤ 0;

κ(−∂xxĤ)− γL0 ≥ γL0 − L− γL0 = γ
2L0 − L ≥ 0.

That is, (6.1) and (6.2) hold true.
λ0, λ2 > 0 λ1 ∈ R λ3 > 0

θ1 ≤ 1
2 L0 L0 ≥ Lκ(A−1

1 A2)

We  now  fix  arbitrary      and   .  Choosing      sufficiently  large,  we  have
that  . Finally, set    sufficiently large such that  , we verify (6.3) as well.

□

Lu
xx L0

∂xxV

We point out though, by (6.5),     may in turn depend on   , so extra effort is needed to
ensure  full  compatibility  of  our  conditions.  This,  however,  requires  the  a  priori  estimate  for

  which is  not  carried out in this  paper.  We thus leave it  to  our accompanying paper on
global wellposedness of MFGC master equations. We remark that we have a complete result in
[35] for standard MFG master equations.

 7.  Appendix

∂xµV (t,Xt,LXt|F0
t
, X̃t)Proof of  (4.5) We first apply the Itô’s formula (3.5) on    to obtain

d
dt
I(t) = I1 + I2 + I3, (7.1)
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X̂where, by using    to denote another conditionally independent copy,

I1 := ¯̃E
[⟨{

∂txµV (Xt, X̃t) +
β̂2

2
((tr∂xx)∂xµV )(Xt, X̃t) + Ĥp(Xt)

⊤∂xxµV (Xt, X̃t)

+ β2(tr(∂xµ)∂xµV )(Xt, X̄t, X̃t) + β2(tr(∂x̃µ)∂xµV )(Xt, X̄t, X̃t)

+ β2(tr(∂x̃x)∂xµV )(Xt, X̃t) +
β2

2
(tr(∂µµ)∂xµV )(Xt, X̂t, X̄t, X̃t)

+
β̂2

2
(tr(∂x̄µ)∂xµV )(Xt, X̄t, X̃t) + Ĥp(X̄t)

⊤∂µxµV (Xt, X̄t, X̃t)

+
β̂2

2
(tr(∂x̃x̃)∂xµV )(Xt, X̃t) + Ĥp(X̃t)

⊤∂x̃xµV (Xt, X̃t)
}
δX̃t, δXt

⟩]
;

I2 := − ˆ̃̄E
[⟨
∂µxV (Xt, X̃t)

{[
Ĥpx(Xt) + Ĥpp(Xt)∂xxV (Xt)

]
δXt

+
[
Ĥpρ1

(Xt, X̄t) + Ĥpρ2
(Xt, X̄t)∂xxV (X̄t) + Ĥpp(Xt)∂xµV (Xt, X̄t)

]
δX̄t

+ Ĥpρ2
(Xt, X̄t)∂xµV (X̄t, X̂t)δX̂t

}
, δX̃t

⟩]
;

I3 := − ˆ̃̄E
[⟨
∂xµV (Xt, X̃t)

{[
Ĥpx(X̃t) + Ĥpp(X̃t)∂xxV (X̃t)

]
δX̃t

+
[
Ĥpρ1(X̃t, X̄t) + Ĥpρ2(X̃t, X̄t)∂xxV (X̄t) + Ĥpp(X̃t)∂xµV (X̃t, X̄t)

]
δX̄t

+ Ĥpρ2
(X̃t, X̄t)∂xµV (X̄t, X̂t)δX̂t

}
, δXt

⟩]
.

∂xµOn the other hand, applying    to (3.6) we obtain

0 = (∂xµL V )(t, x, µ, x̃) = J1 + J2 + J3, (7.2)

where

J1 := ∂txµV (x, x̃) +
β̂2

2
(tr(∂xx)∂xµV )(x, x̃) + Ĥxρ1

(x, x̃)

+ Ĥxρ2
(x, x̃)∂xxV (x̃) + Ē[Ĥxρ2

(x, ξ̄)∂xµV (ξ̄, x̃)]

+ ∂xxV (x)
[
Ĥpρ1

(x, x̃) + Ĥpρ2
(x, x̃)∂xxV (x̃) + Ē[Ĥpρ2

(x, ξ̄)∂xµV (ξ̄, x̃)]
]

+
[
Ĥxp(x) + ∂xxV (x)Ĥpp(x)

]
∂xµV (x, x̃) + Ĥp(x)

⊤∂xxµV (x, x̃);

J2 :=
β̂2

2
(∂xx̃tr(∂x̃µ)V )(x, x̃) + ∂xµV (x, x̃)

[
Ĥpx(x̃) + Ĥpp(x̃)∂xxV (x̃)

]
+ Ĥp(x̃)

⊤∂x̃xµV (x, x̃) + β2(∂xx̃tr(∂xµ)V )(x, x̃) + β2Ē
[
(∂xx̃tr(∂µµ)V )(x, ξ̄, x̃)

]
;

J3 := ˆ̄E
[
β̂2

2
(tr(∂x̄µ)∂xµV )(x, x̃, ξ̄) + Ĥp(ξ̄)

⊤∂µxµV (x, x̃, ξ̄)

+ ∂xµV (x, ξ̄)
[
Ĥpρ1(ξ̄, x̃) + Ĥpρ2(ξ̄, x̃)∂xxV (x̃) + Ĥpρ2(ξ̄, ξ̂)∂xµV (ξ̂, x̃) + Ĥpp(ξ̄)∂xµV (ξ̄, x̃)

]
+ β2(tr(∂xµ)∂xµV )(x, x̃, ξ̄) +

β2

2
(tr(∂µµ)∂xµV )(x, x̃, ξ̂, ξ̄)

]
.

(Xt, µt, X̃t)Then, evaluate (7.2) along     and plug into (7.1). As in [21, Theorem 4.1], we obtain

(4.5). □
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ξi ∈ L2(F0) i = 1, 2 XiProof of Remark 4.4  Given  ,  , let    solve the McKean–Vlasov SDE:

Xi
t = ξi +

∫ t

0

∂pĤ(Xi
s, ∂xV (s,Xi

s, µ
i
s), ρ

i
s)ds+Bt + βB0

t ,

where µi
t := LXi

t |F0
t
, ρit := L(Xi

t ,∂xV (t,Xi
t ,µ

i
t))|F0

t
.

(7.3)

αi
s := ∂pĤ(Xi

s, ∂xV (s,Xi
s, µ

i
s), ρ

i
s),It is standard that the optimal control is    and thus

E[V (t,Xi
t , µ

i
t)] = E

[
V (tδ, X

i
tδ
, µi

tδ
) +

∫ tδ

t

f(Xi
s, α

i
s, ρ

i
s)ds

]
, (7.4)

tδ := t+ δ αδ Atδwhere  . Let    be any admissible control in  . Consider

αi,δ(s, x) :=

{
∂pĤ(x, ∂xV (s, x, µi

s), ρ
i
s), s ∈ [t, tδ);

αδ(s, x), s ∈ [tδ, T ].

Xi,δ
s = Xi

t +

∫ s

t

αi,δ(s,Xi,δ
s )ds+Bt

s + βB0,t
s , s ∈ [t, T ].

b(·, a, ·) = a Xi,δ
s = Xi

s αi
s = αi,δ(s,Xi,δ

s ) s ∈ [t, tδ]Since  , we have    and    for any  . Moreover,

Xi,δ
s = Xi

tδ
+

∫ s

tδ

αδ(s,Xi,δ
s )ds+Btδ

s + βB0,tδ
s , s ∈ [tδ, T ].

i, j = 1, 2 i ̸= jThus, for    with  ,

E[V (t,Xj
t , µ

i
t)] ≤ E

[
G(Xj,δ

T , µi
T ) +

∫ T

t

f(Xj,δ
s , αj,δ(s,Xj,δ

s ), ρis)ds
]

= E
[
G(Xj,δ

T , µi
T ) +

∫ T

tδ

f(Xj,δ
s , αδ(s,Xj,δ

s ), ρis)ds+
∫ tδ

t

f(Xj
s , α

j
s, ρ

i
s)ds

]
.

αδ AtδTaking infimum over all admissible controls    in    above, we have

E[V (t,Xj
t , µ

i
t)] ≤ E

[
V (tδ, X

j
tδ
, µi

tδ
) +

∫ tδ

t

f(Xj
s , α

j
s, ρ

i
s)ds

]
. (7.5)

Therefore, by (7.4), (7.5), and (4.7),

E
[
V (tδ, X

1
tδ
, µ1

tδ
) + V (tδ, X

2
tδ
, µ2

tδ
)− V (tδ, X

1
tδ
, µ2

tδ
)− V (tδ, X

2
tδ
, µ1

tδ
)
]

− E
[
V (t,X1

t , µ
1
t ) + V (t,X2

t , µ
2
t )− V (t,X1

t , µ
2
t )− V (t,X2

t , µ
1
t )
]

≤ − E
[ ∫ t+δ

t

[
f(X1

s , α
1
s, ρ

1
s) + f(X2

s , α
2
s, ρ

2
s)− f(X1

s , α
1
s, ρ

2
s)− f(X2

s , α
2
s, ρ

1
s)
]
ds

]
≤ 0.

δ δ → 0Dividing both sides by    and then sending  , we obtain

d
dt

E
[
V (t,X1

t , µ
1
t ) + V (t,X2

t , µ
2
t )− V (t,X1

t , µ
2
t )− V (t,X2

t , µ
1
t )
]
≤ 0,

∆Xt := X2
t −X1

twhich implies that, denoting  ,

d
dt

Ẽ
[ ∫ 1

0

⟨
∂xµV (t,X1

t + θ∆Xt,L(X1
t +θ∆Xt)|F0

t
, X̃1

t + θ∆X̃t)∆X̃t, ∆Xt

⟩]
dθ ≤ 0. (7.6)

ξ, η ∈ L2(F0) ξ1 := ξ ξ2 := ξ + εη X1 X

Xε = X2 limε→0
1
ε [X

ε
t −Xt] = δXt L2

δX ε2 ε→ 0

V

Now fix    and set  ,  . Then    identifies the    in (4.2), and by

denoting   , one can verify that   , where the limit is in the   

sense and    is defined in (4.2). Then, by dividing (7.6) with    and sending  , it follows

from the regularity of    that
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d
dt

Ẽ
[⟨
∂xµV (t,Xt,LXt|F0

t
, X̃t)δ̃Xt, δXt

⟩]
≤ 0.

This is exactly (4.6). □

Proof of  (5.3) We first apply the Itô formula (3.5) to obtain
d
dt
Ī(t) = Ī1 + Ī2 + Ī3, (7.7)

where

Ī1 := Ẽ
[⟨{

∂txxV (Xt) +
β̂2

2
(tr(∂xx)∂xxV )(Xt) + Ĥp(Xt)

⊤∂xxxV (Xt)

+ β2(tr(∂xµ)∂xxV )(Xt, X̃t)
}
δXt, δXt

⟩]
,

I2 := ¯̃E
[⟨{β2

2
(tr(∂µµ)∂xxV )(Xt, X̃t, X̄t)

+
β̂2

2
(tr(∂x̃µ)∂xxV )(Xt, X̃t) + Ĥp(X̃t)

⊤∂µxxV (Xt, X̃t)
}
δXt, δXt

⟩]
,

I3 := 2¯̃E
[⟨
∂xxV (Xt)

{[
Ĥpx(Xt) + Ĥpp(Xt)∂xxV (Xt)

]
δXt[

Ĥpρ1(Xt, X̃t) + Ĥpρ2(Xt, X̃t)∂xxV (X̃t) + Ĥpp(Xt)∂xµV (Xt, X̃t)
]
δX̃t

+ Ĥpρ2(Xt, X̃t)∂xµV (X̃t, X̄t)δX̄t

}
, δXt

⟩]
.

∂xxOn the other hand, applying    to (3.6), we obtain

0 = (∂xxL V )(t, x, µ) = J̄1 + J̄2, (7.8)

where

J̄1 := ∂txxV +
β̂2

2
(tr(∂xx)∂xxV ) + Ĥxx(x) + 2Ĥxp(x)∂xxV (x)

+ ∂xxV (x)Ĥpp(x)∂xxV (x) + Ĥp(x)
⊤∂xxxV (x),

J̄2 := ¯̃E
[ β̂2

2
(tr(∂x̃µ)∂xxV )(x, ξ̃) + Ĥp(ξ̃)

⊤∂µxxV (x, ξ̃)

+ β2(tr(∂xµ)∂xxV )(x, ξ̃) +
β2

2
(tr(∂µµ)∂xxV )(x, ξ̄, ξ̃)

]
.

(Xt, µt)Evaluating (7.8) along    and then plugging into (7.7), we obtain (5.3). □
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