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Shape control of deformable charge-patterned nanoparticles
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Deformable nanoparticles (NPs) offer unprecedented opportunities as dynamic building blocks that can spon-
taneously reconfigure during assembly in response to environmental cues. Designing reconfigurable materials
based on deformable NPs hinges on an understanding of the shapes that can be engineered in these NPs. We solve
for the low-energy shapes of charge-patterned deformable NPs by using molecular dynamics-based simulated
annealing to minimize a coarse-grained model Hamiltonian characterized with NP elastic and electrostatic
energies subject to a volume constraint. We show that deformable spherical NPs of radius 50 nm whose surface
is tailored with octahedrally distributed charged patches and double-cap charged patches adapt their shape
differently in response to changes in surface charge coverage and ionic strength. We find shape transitions
to rounded octahedra, faceted octahedra, faceted bowls, oblate spheroids, spherocylinders, dented beans, and
dimpled rounded bowls. We demonstrate that similar shape transitions can be achieved in deformable NPs of
different sizes. The effects of counterion condensation on the free-energetic drive associated with the observed
deformations are examined via Manning model calculations that utilize simulation-derived estimates for the
NP Coulomb energy under salt-free conditions. The charge-pattern-based shape control of deformable NPs has
implications for the design of responsive nanocontainers and for assembling reconfigurable materials whose
functionality hinges on the shape-shifting properties of their nanoscale building blocks.
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I. INTRODUCTION

Understanding the generation and control of particle
shape at the nanoscale is important in designing materi-
als via assembly engineering strategies. There is a keen
interest in how self-assembly is affected by nanoscale build-
ing blocks that spontaneously reconfigure during assembly
in response to environmental cues [1–8]. This dynamic
dimension enables unique structural organizations via other-
wise inaccessible assembly pathways, broadening assembly
engineering approaches aimed at designing reconfigurable
materials.

Deformable nanoparticles (NPs) fabricated using poly-
meric materials are important examples of dynamic nanoscale
building blocks [9–12]. These NPs are also being in-
vestigated for designing stimuli-responsive nanocontainers
in therapeutic applications [13–15], where studies demon-
strate that the cellular uptake of nanocarriers is affected
by their shape, size, charge, and deformability [16–19].
Many techniques have been developed to synthesize de-
formable NPs, including methods where electrostatic in-
teractions play a key role in inducing shape changes
via pH or ionic strength modulation [9,20–24]. Advances
in nanotechnology have enabled the synthesis of charge-
patterned NPs [12,25–28] and expanded the use of electro-
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static control to induce changes in NP assembly behavior
[29–31].

Designing reconfigurable materials based on deformable
NPs hinges on an understanding of the energetically favored
shapes these NPs can adopt. Theoretical efforts have focused
on understanding shape transitions in uncharged elastic shells,
whose deformation is driven by topological defects, compres-
sion, or magnetic forces [32–35]. Shapes of homogeneously
charged nanostructures have also been investigated [36–39].
Recently, we considered a specific class of deformable NPs,
those whose surface is tailored with charged patches [40].
Computational studies of deformations of patchy, flexible
NPs have been largely limited to the use of elastic inhomo-
geneities to drive shape transitions, for example, into regular
polyhedra, buckled conformations, and collapsed bowl-like
structures [41–46]. In Ref. [40], we demonstrated the capacity
to electrostatically control the shape of deformable NPs in
aqueous solutions over a broad range of salt concentrations via
the synthesis of surface charge patterns. Using simulations,
we showed that hollow, deformable spherical NPs of radius
R = 20 nm tailored with surface charge patterns such as Janus
patches, stripes, and polyhedrally distributed patches adapt
their shape differently in response to changes in patterns and
salt concentration over 0.05–20 mM. Driven by the lowering
of the NP electrostatic energy, we found volume-preserving
shape transitions to hemispheres, spinning tops, capsules, flat-
tened bowls, disks, and tetrahedrally shaped particles.

Here we extend the investigation to probe the low-energy
shapes of deformable NPs of larger sizes that are designed
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with two new types of surface charge patterns: octahedrally
distributed patches and double-cap patterns, the latter repre-
senting two identical charged spherical caps at the opposite
poles of a spherical NP. Using molecular dynamics (MD)
based simulated annealing, we solve for the low-energy
shapes of these charge-patterned deformable NPs by min-
imizing a coarse-grained model Hamiltonian characterized
with elastic and electrostatic energies subject to a volume
constraint. Our simulations show that spherical NPs of radius
R = 50 nm, bending modulus κb = 15kBT , and stretching
modulus κs = 1500kBT whose surface is tailored with octa-
hedrally distributed patches characterized with charge density
σ ≈ 0.08e/nm2 deform into rounded and faceted octahedra,
faceted bowls, and rounded bowls in response to changes in
surface charge coverage and salt concentration over 0.01–10
mM. The same NPs when designed with double-cap patches
deform into oblate spheroids, spherocylinders, dented bean-
shaped structures, and rounded bowls in response to similar
changes in charge coverage and salt concentration. The elastic
moduli of NPs are 3× more rigid compared to those con-
sidered previously [40], and correspond to three-dimensional
(3D) Young’s modulus in the 10–100 kPa range, which is
central to the experimental studies of flexible NPs made using
polymeric gels [10,11]. We show that by tuning the NP design
attributes and solution conditions, similar shape transitions
can be achieved in deformable NPs of different sizes char-
acterized with R = 30 and 75 nm.

All shape transitions are driven by the competition between
the electrostatic and elastic energies characterizing the NP,
which is tuned by changing the NP attributes and solution con-
ditions. The deformations preserve the NP volume and exhibit
an overall reduction in the NP total energy and an increase
in the NP surface area. The elastic and electrostatic energy
densities on the surface of the deformed charge-patterned NPs
are coupled to the NP shape. The effects of counterion con-
densation are examined by assessing the free-energetic drive
for fully charged spherical NPs, which experience the highest
ion condensation, to deform into rounded bowl-shaped NPs
for low salt concentrations. We introduce a Manning model
that utilizes simulation-derived estimates for the NP Coulomb
energy to enable the extraction of effective charge and free
energy for NPs of arbitrary shapes under salt-free condi-
tions. Manning model calculations show that the deformation
into bowl-shaped NPs is free-energetically favorable in many
cases for a wide range of NP concentration or volume pack-
ing fraction η in the range 10−13 < η < 10−2, despite high
counterion condensation at larger η. In some cases involving
higher η, where significant counterion condensation inhibits
deformation, we show that the free-energetic drive to deform
can be restored by synthesizing softer NPs and modulating the
total surface charge.

II. MODELS AND SIMULATION METHODS

The model NPs are initialized as hollow spheres of radius
R. Following our earlier work, the NP surface is modeled
with a set of discrete points forming a mesh of Nv vertices,
constituting Ne edges and Nf triangular faces. Bending mod-
ulus κb and stretching constant κs = ksR2, where ks is the
spring constant, are introduced to effectively account for the

intermolecular short-range elastic interactions that resist de-
formation. Bending energy depends on the normals �nl1 and �nl2
to the faces opposite each edge l and is measured relative to
the planar conformation, which is assigned the lowest (zero)
bending energy. Stretching energy between neighboring pair
of vertices is measured relative to the initial spherical con-
formation which has the lowest (zero) stretching energy. The
two-dimensional (2D) elastic parameters κb and κs are chosen
in a regime where the uncharged NP is spherical at equilib-
rium. The parameter values are inspired by experiments that
demonstrate significant deformation in hydrogel NPs charac-
terized with 3D Young’s modulus in the 10–100 kPa range
[10,11,47–49]. We only consider deformations that preserve
the NP’s total volume, which is constrained to that of the ini-
tial spherical NP. The volume constraint can be representative
of closed vesicles that do not exchange significant matter with
their environment and is motivated by experimental studies
where the preservation of the amount of cargo encapsulated
within the NP is desired across different shapes [14,50].

The surface charge patterns are restricted to designed
patches exhibiting charges of only one sign. The process of
designing the surface of a spherical NP with charged patches
begins by assigning each vertex associated with the charged
patch a charge proportional to its area. Because a sphere
cannot be uniformly triangulated, the mesh of Nv vertices has
some vertices with different areas (defects). To ensure that
the NP deformation is not resulting from these defects, the
charges on the vertices associated with the charged patches
are randomly shuffled. This process produces small variations
in the vertex charges associated with the patchy regions, and
generates approximately the same surface charge per patch.
The nonuniform distribution of vertex charges associated with
a patch does not play any significant role in determining the
low-energy shapes. The charged patches on the surface of
the spherical NPs designed via the above process exhibit an
approximately uniform surface charge density σ . During the
deformation of NPs, σ changes, often decreasing due to the
increase in the area associated with the patchy regions. Both
undeformed and deformed NPs exhibit the same vertex charge
distribution and total surface charge.

Two sets of charge patterns are considered: octahedrally
distributed patches and double-cap patches. Electrostatic
interactions between charged vertices are included via a
screened Coulomb potential with screening length λ =
1/

√
8π lBI representing the effects of mobile ions in the so-

lution inhabiting the NP, where lB is Bjerrum length and
I is the ionic strength of the solution. For the monova-
lent electrolyte in an aqueous environment considered in
this work, lB ≈ 0.7 nm and I = cs, where cs is the salt
concentration.

Following Ref. [40], we write the Hamiltonian H describ-
ing the model NP system in units of kBT as:

H = κb

2

Ne∑
l=1

|�nl1 − �nl2 |2 + κs

2R2

Ne∑
l=1

(|�rl1 − �rl2 | − al )
2

+ lB
2

i=Nv∑
i=1

j=Nv∑
j �=i

qiq je
−|�ri−�r j |/λ/|�ri − �r j |, (1)
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where the first, second, and third terms are the total bending,
stretching, and electrostatic energy, respectively. �rl1 and �rl2
are the position vectors of the vertices corresponding to edge
l with equilibrium length al , �ri denotes the position vector
of vertex i, and qi is the charge associated with this vertex.
H is extended to include a global volume constraint term to
preserve the entire volume of the initial spherical NP during
the deformation process. The volume constraint is imposed
as a linear term:

∑
k∈Nf

(Vk −Vk0 ), where Vk is the volume
subtended by the kth face of the discretized NP surface and
Vk0 is its initial volume. In the limit of large total number of
faces Nf , the NP volume becomes (4/3)πR3.

The Hamiltonian H is a function of the position vec-
tors of the vertices, which parametrize the shape of the NP.
The low-energy shapes correspond to the minimum of H
subject to the volume constraint. The constrained minimiza-
tion is performed using an MD-based simulated annealing
procedure [51] described in our earlier work [36,38,40]. To
summarize, we assign the vertices a kinetic energy K =∑

i(1/2)μ|�̇ri|2 and write the Lagrangian L = K − H . μ is
a mass term associated with the vertices that determines the
simulation timestep, and �̇ri denotes the velocity of vertex i.
The vertex positions are evolved using the equations of motion
derived from L, which are appropriately augmented via the
SHAKE-RATTLE algorithm to preserve the NP volume at
each simulation step [52]. The simulation begins at a high
fictitious temperature to enable the NP surface to deform by
exploring the energy landscape, after which kinetic energy is
slowly removed from the system regulated via a Nosé-Hoover
thermostat. This allows a gradual convergence on the fluctu-
ating shapes of low energy. The NP shape evolution can get
trapped in a metastable state in simulations. As a result, the
low-energy shapes found in simulations are not necessarily
the true ground states of H but modes that describe the
characteristic NP behavior as it approaches the true ground
state.

The low-energy NP shapes are determined by the charge
pattern, salt concentration, elastic moduli, and NP size. The
NPs considered in this work are larger and more rigid com-
pared to our previous paper [40]. Converged results were
obtained with a constant mesh size of Nv = 9992 vertices.
Larger mesh sizes (e.g., Nv = 13 392, 17 292) produced sim-
ilar shapes, areas, and energies as those obtained with Nv =
9992 vertices. Over 500 simulations, each taking ≈ 20 hours
to finish using 4 nodes and 24 processors per node, were run to
obtain the data necessary to establish the pattern-shape links
shown in Sec. III.

III. RESULTS AND DISCUSSION

A. Shape transitions

We first show the results for the low-energy conforma-
tions of NPs of volume ≈ (4/3)π503 nm3 whose surface is
tailored with octahedrally distributed charged patches, i.e.,
six identical charged patches centered around the vertices of
an inscribed octahedron. All NPs are initialized as spheres
designed with these six charged patches, the vertices asso-
ciated with each patch have approximately the same surface
charge density σ ≈ 0.08e/nm2. The surface charge pattern

is characterized by the fractional surface charge coverage
parameter p defined as the fraction of the total area of the
spherical NP that is charged. Increasing p produces NPs of
larger charge per patch and larger total surface charge, which
scales as pQ, where Q ≈ 4πR2σ ≈ 2513e is the total surface
charge associated with a fully charged NP. The NPs have a
bending modulus κb = 15kBT and a stretching modulus κs =
1500kBT , which correspond to a Föppl von Kármán number
γ = 100. For these elastic parameters, the low-energy shape
of an uncharged NP (p = 0) is a sphere. All NPs are in an
aqueous solution.

Figure 1 shows the low-energy NP shape for dif-
ferent charge coverage parameters p and salt concentra-
tions cs, with p increasing from bottom to top as p =
0.25, 0.5, 0.75, 1 and cs increasing from left to right as cs =
0.01, 0.05, 0.1, 0.5, 1, 5 mM. The nonuniform color on the
surface of the patchy regions indicates the small variations
in the charge per vertex resulting from the mesh used to
triangulate the NP surface. For cs = 5 mM, NPs assume a
similar spherelike shape for different p. However, for cs � 5
mM, NPs patterned with octahedrally distributed patches of
different charge coverage parameters adapt their shape differ-
ently in response to the reduction in salt concentration. For
p = 0.25, shape transitions to rounded octahedra are observed
as cs is decreased from 1 to 0.01 mM. The octahedra become
less round, and increasingly more faceted, with decreasing
cs. For p = 0.5, transitions to rounded, faceted, and concave
octahedral particles are observed within the same range of cs.
For p = 0.75, the NP exhibits shape transitions from sphere to
rounded octahedra to faceted bowls, which are characterized
by the inward buckling of the uncharged region between the
two charged patches. As the fully charged limit is approached
with p = 1, transitions to rounded bowls of varying depth
are observed, which have been reported in our earlier work
[36,38,40]. Further, for a fixed cs � 1 mM, NP shape can be
modulated by increasing p. For example, at cs = 0.5 mM, the
NP deforms from rounded octahedron to faceted octahedron
to faceted and rounded bowls as p is increased from 0.25 to 1.

We next discuss the low-energy shapes of NPs whose sur-
face is tailored with two identical charged patches placed at
diametrically opposite ends of the sphere. Both charged caps
have the same area and charge density σ ≈ 0.08e/nm2. These
double-cap patterns are also characterized by the fractional
surface charge coverage parameter p. Other parameters such
as the NP size, elastic moduli, and solution conditions are the
same as those for NPs designed with octahedrally distributed
patches.

Figure 2 shows the low-energy NP shape for different
p and cs, with p increasing from bottom to top as p =
0.25, 0.40, 0.50, 0.75, and cs increasing from left to right
as cs = 0.01, 0.05, 0.1, 0.5, 1, 5 mM. For cs = 5 mM, NPs
assume a similar spherelike shape for all p. However, for
cs � 5 mM, NPs patterned with double-cap patterns of dif-
ferent p values adapt their shape differently in response to
the reduction in cs. For p = 0.25, transitions to a variety of
oblate spheroidal structures are observed as cs is decreased
from 1 to 0.01 mM. For p = 0.4, the NP exhibits transitions to
oblate spheroids and spherocylinders. The spherocylinders are
characterized with an uncharged cylindrically shaped region
and two charged spherical end-caps. For p = 0.5, transitions

014502-3



SUN, BRUNK, AND JADHAO PHYSICAL REVIEW E 107, 014502 (2023)

FIG. 1. Snapshots of low-energy shapes of deformable NPs patterned with octahedrally distributed charged patches (colored in orange).
The fractional surface charge coverage p increases from bottom to top as 0.25, 0.50, 0.75, 1.0 and the salt concentration cs increases from left
to right as 0.01, 0.05, 0.1, 0.5, 1, 5 mM. All NPs have the same volume ≈ (4/3)π503 nm3 and elastic moduli κb = 15kBT , κs = 1500kBT .
NPs are characterized with a surface charge of pQ, where Q ≈ 2513e is the total surface charge associated with a fully charged NP. The color
bar indicates the charge in units of e associated with the vertices discretizing the NP surface. Shifting the pattern changes the sequence of
low-energy shapes as a function of cs. NPs characterized with p = 0.25 and 0.5 deform into rounded and faceted octahedra. NPs characterized
with p = 0.75 and p = 1 deform into faceted and rounded bowls.

from sphere to spherocylinders to dented beanlike structures
are observed. The depth of the dents changes with cs. For
p = 0.75, the NP transitions from spherelike shapes to more

flattened beanlike structures, the flattening increasing with de-
creasing cs. In the uniformly charged limit (p = 1), transitions
to bowl conformations shown in Fig. 1 are recovered. For a

FIG. 2. Snapshots of low-energy shapes of deformable NPs patterned with double-cap charged patches (colored in orange). The charge cov-
erage p increases from bottom to top as 0.25, 0.40, 0.5, 0.75 and the salt concentration cs increases from left to right as 0.01, 0.05, 0.1, 0.5, 1, 5
mM. All NPs have the same volume ≈ (4/3)π503 nm3 and elastic moduli κb = 15kBT , κs = 1500kBT . NPs are characterized with a surface
charge of pQ, where Q ≈ 2513e is the total surface charge associated with a fully charged NP. The color bar indicates the charge in units of
e associated with the vertices discretizing the NP surface. Shifting the pattern changes the low-energy shapes as a function of cs. NPs deform
into oblate spheroids, spherocylinders, and dented bean-shaped structures.
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FIG. 3. Similar shapes can be realized in NPs of different sizes
by tuning the NP design attributes and solution conditions. Spherical
NPs of radius R = 30, 50, and 75 nm designed with octahedrally
distributed (top row) and double-cap (bottom row) charged patches
characterized by coverage parameter p = 0.5 transform into differ-
ently sized octahedra and spherocylinders. The smallest NPs have
elastic moduli κb = 10kBT , κs = 1000kBT , while the two larger sets
of NPs have κb = 15kBT , κs = 1500kBT . The total surface charge Q
and salt concentration cs of the solution increase with size as Q =
453, 1256, 2827e and cs = 0.01, 0.2, 1 mM. The color bar indicates
the charge in units of e associated with the vertices discretizing the
NP surface.

fixed cs � 1 mM, NP shape can be modulated by increasing
p. For example, at cs = 0.1 mM, the NP deforms from oblate
spheroid to spherocylinder to rounded and flattened beans as
p is increased from 0.25 to 0.75.

Changing NP elasticity can alter the gallery of low-energy
shapes of charge-patterned deformable NPs. For example,
when the stretching modulus is decreased from κs = 1500kBT
to 375kBT (keeping all other NP features the same as above),
NPs tailored with octahedrally distributed charged patches
exhibit different shape transitions. At a salt concentration
of cs = 1 mM, these softer NPs exhibit shape transitions to
rounded cubes, faceted plates, and flattened bowls as the
charge coverage p is increased from 0.25 to 1 (Fig. 8 in the
Appendix).

The low-energy shapes shown in Figs. 1 and 2 can be
realized in NPs of different sizes by moderately tuning the
NP design attributes and solution conditions. For example,
Fig. 3 illustrates that spherical NPs of radius R = 30, 50,
and 75 nm designed with octahedrally distributed patches
and double-cap patterns characterized by charge coverage
p = 0.5 transform into differently sized octahedra (top row)
and spherocylinders (bottom row), respectively. The shapes
for NPs characterized with R = 50 nm are realized for the
same NPs considered above at cs = 0.2 mM. Larger NPs
characterized with R = 75 nm exhibit similar shapes at the
same elastic moduli for the total surface charge Q = 2827e
and cs = 1 mM. NPs characterized with R = 30 nm exhibit
similar shapes at cs = 0.01 mM when their elastic moduli are

reduced to κb = 10kBT and κs = 1000kBT , andQ is decreased
to 453e.

B. Quantifying shape transitions

The links between the surface charge patterns and the
low-energy NP shapes can be quantified by analyzing the
changes in the energy and the area of the NPs relative to
the initial spherical conformation. Figure 4 shows the to-
tal energy difference �H = H − Hs and normalized area
A/As (inset) vs salt concentration cs associated with deformed
NPs patterned with octahedrally distributed patches (a) and
double-cap patches (c). H and A denote, respectively, the
total energy and area of the deformed NP. Hs and As denote,
respectively, the total energy and area of the associated initial
spherical NP of radius R = 50 nm. For both sets of surface
charge patterns, �H ≈ 0 and A/As ≈ 1 at cs = 5 mM for
different charge coverage parameters p. Corresponding low-
energy NP shapes (rightmost column in Figs. 1 and 2) are
indeed nearly spherical. As cs is lowered, �H becomes more
negative and A/As increases for all p. These trends signal that
the shape transitions seen in Figs. 1 and 2 are accompanied by
a decrease in the total energy and an increase in the NP area
relative to the initial, undeformed spherical NP.

It is informative to examine the electrostatic and elastic
energy components of the total HamiltonianH describing the
deformed NPs. The elastic energy is defined as the sum of the
NP bending and stretching energy terms in Eq. (1). Figure 4
shows the electrostatic energy difference �U = U − Us and
the elastic energy difference �H elastic = H elastic − H elastic

s
(inset) vs cs for deformed NPs patterned with octahedrally
distributed patches (b) and double-cap patches (d). U and
H elastic denote, respectively, the electrostatic energy and
elastic energy of the deformed NP. Us and H elastic

s denote,
respectively, the electrostatic energy and elastic energy of the
initial spherical NP of radius R = 50 nm. In all cases, �U <

0 and �H elastic
s > 0, indicating that the deformation is driven

by the lowering of the electrostatic energy and is associated
with a rise in the elastic energy. This competition between
the electrostatic and elastic energies sets an effective area
for the NP, which in conjunction with the volume constraint,
determines the resulting NP shape.

Figure 5 shows the distribution of local elastic energy den-
sity on the NP surface for a representative set of deformed
NPs. The elastic energy density is computed as the sum of the
bending and stretching energies associated with the finite ele-
ments discretizing the NP surface. The elastic energy density
distribution is inhomogeneous and exhibits a coupling to the
NP shape. Similarly, the electrostatic energy density on the NP
surface is inhomogeneous and couples strongly to the surface
charge pattern (see Fig. 9 in the Appendix). NPs tailored
with octahedrally distributed charged patches characterized by
p = 0.25 (a) and p = 0.5 (b) deform into faceted octahedral
shapes that exhibit larger elastic energy density at the sites of
the charged patches compared to the uncharged regions. When
these charge-patterned NPs are characterized by p = 0.75 (c),
they deform into faceted bowls and we observe higher elastic
energy density along the rim of the bowl. NPs tailored with
double-cap charged patches characterized by p = 0.25 (d)
deform into oblate spheroidal shells and show higher elastic
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FIG. 4. Total energy �H and surface area A/As (inset) of deformed NPs relative to that of the initial spherical NPs of radius R = 50 nm vs
salt concentration cs for NPs patterned with octahedrally distributed patches (a) and double-cap patches (c) characterized by charge coverage p
noted in the legend. Associated electrostatic energy �U and elastic energy �H elastic (inset) in units of kBT of deformed NPs relative to that of
the initial spherical NPs are shown for NPs patterned with octahedrally distributed patches (b) and double-cap patches (d). Results correspond
to NP shapes shown in Figs. 1 and 2. Shape transitions are accompanied by a decrease in the total energy and electrostatic energy, and an
increase in the area and elastic energy relative to the spherical NP.

energy within the two deformed end-caps compared to the
undeformed, central region. When these charge-patterned NPs
are characterized by p = 0.4 (e) and p = 0.5 (f), they deform
into spherocylinders and beans, respectively, and accordingly
we observe higher elastic energy within the end caps as well
as the stretched central region of the NP surface.

C. Ion condensation effects

In the charge-patterned deformable NP model described
by the Hamiltonian H , all charged patches have the same
surface charge density σ . However, the NP surface charge
varies with the pattern and is largest for the fully charged
NP. Under dilute conditions, i.e., small NP packing fraction
η, we can utilize the net surface charge and the associated
total energy difference �H to assess the feasibility of shape
transitions. As η increases, counterion condensation on the NP
surface can become significant and the free-energy difference
between the deformed and undeformed NPs becomes a more
appropriate metric to assess the stability of shape transitions.

In our earlier work, we used MD simulations of mono-
valent counterions near undeformed and deformed NPs to
evaluate the fraction of counterions that condense on the NP
surface under no salt conditions (cs → 0) for NPs charac-
terized with R = 20 nm, σ = 0.12e/nm2, and elastic moduli
κb = 5kBT , κs = 125kBT [38,40]. For high η = 10−3 and
10−2, simulations showed that among all patchy NPs, ion
condensation is most severe for NPs whose surfaces are fully
charged (p → 1). In this limit, simulated annealing proce-
dure predicted disklike conformations as low-energy shapes
of NPs for low cs ∼ 1 mM. By approximating these structures
as uniformly charged oblate spheroidal shells, we evaluated
the NP Coulomb energy analytically and performed mean-
field calculations under salt-free conditions using a two-state
Manning model to calculate the NP effective charge and free
energy. Manning model calculations reproduced the effective
charge estimated by the MD simulations and showed that the
difference between the free energy of the disklike NP and
the initial undeformed sphere is negative by over 80kBT for
10−12 < η < 10−2, implying sphere-to-disk transitions were
free-energetically favorable in the event of ion condensation.
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FIG. 5. The elastic energy density helastic in units of kBT for a representative set of deformed NPs of volume (4/3)π503 nm3 tailored with
octahedrally distributed charged patches characterized by charge coverage p = 0.25 (a), p = 0.5 (b), and p = 0.75 (c), and double-cap patterns
characterized by p = 0.25 (d), p = 0.4 (e), and p = 0.5 (f). The top left image in each case shows the associated surface charge pattern. The
elastic energy density is inhomogeneous and exhibits a coupling to the shape of the charge-patterned NP.

Motivated by these studies, we examine the effects of
counterion condensation on the deformation of fully charged
spherical NPs characterized with R = 50 nm, κb = 15kBT ,
κs = 1500kBT , and σ = 0.08e/nm2, which corresponds to a
total surface charge Q = 2513e. For these larger NPs, MD
simulations are computationally expensive due to the associ-
ated larger number of mesh points needed to ensure stable
ion-NP steric interactions and because of the prohibitively
long equilibration timescales for counterion dynamics within
the large volume corresponding to the bulk region. The fully
charged limit p → 1 yields bowls as low-energy shapes of
these NPs for cs � 1 mM (top row in Fig. 1). An analytical
expression for the Coulomb energy of a bowl-shaped shell is
not available. However, we show that by utilizing simulation-
based estimates for the Coulomb energy of the bowl-shaped
NPs in a Manning model, the free-energetic drive for sphere-
to-bowl shape transitions can be examined under salt-free
conditions.

We consider a single NP in the center of a spherical
Wigner-Seitz (WS) cell of volumeVWS. The NP is represented
as a mesh of M vertices, where the ith vertex is associated
with a surface charge qi, position vector �ri, and area ele-
ment Ai. The total surface charge of the discretized NP is
Q = ∑M

i qi. TheWS cell contains N monovalent counterions,
which are present both inside and outside the NP. Assuming
electroneutrality, we have Q = eN , where e is the electronic
charge. Following the two-state Manning model approxima-
tion, we separate the counterions into αN condensed ions and
(1 − α)N free ions, where α represents the fraction of the

counterions that condense on the NP surface. The condensed
ions are restricted to have translational motion in a thin shell
surrounding the NP, while the free ions occupy the entire WS
cell.

We archive the set of charges {qi}, area elements {Ai}, and
position vectors {�ri} associated with theM vertices specifying
the shape of the NP produced at the end of the simulation.
Using this data, we numerically extract the Coulomb energy
U of the discretized NP:

U = lB
2

M∑
i j,i �= j

qiq j

|�ri − �r j | +
M∑
i

U self
i , (2)

where U self
i = lBq2i

√
π/Ai is the Coulomb self-energy as-

sociated with the ith vertex, and U is in units of kBT . For
large M, the simulation-derived estimate Us for a uniformly
charged spherical NP of charge Q and radius R approaches
the exact resultUs = lBQ2/2R.

When the NP undergoes a deformation away from the
initial spherical conformation, the vertex charges {qi} remain
the same as that of the undeformed sphere. We assume that
condensed counterions reduce the charge of all vertices by the
same factor, resulting in the renormalized NP total charge of∑M

i (1 − α)qi = (1 − α)Q. Following Eq. (2), the associated
renormalized Coulomb energy becomes (1 − α)2U . Using
this result in the standard Manning model, we write the free
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energy of the NP-counterion system in units of kBT as

F = (1 − α)2U + H elastic + αN ln

(
αN
3

A b

)
− αN

+ (1 − α)N ln

[
(1 − α)N
3

VWS

]
− (1 − α)N. (3)

The first and second terms are, respectively, the renormalized
Coulomb energy and the elastic energy of the discretized NP
of a given shape, area A = ∑M

i Ai, and volume V . The next
two terms represent the entropy of the αN condensed ions that
move in a thin layer of volume A b surrounding the NP, where
b is the layer thickness. Following our earlier work [37,40],
we assume a uniformly thick layer and approximate b as the
Gouy-Chapman length A /(2π lBQ). The last two terms corre-
spond to the entropy of the (1 − α)N free ions that occupy the
WS cell of volume VWS which is set by choosing the NP vol-
ume packing fraction η = V /VWS.
 is the thermal de Broglie
wavelength. Note that H elastic is extracted numerically, and it
does not depend on α. Further, the volume constraint enforces
V ≈ Vs, where Vs is the volume of the initial, spherical NP.
We note that replacing the simulation-derived quantities U ,
A , and V by the analytical expressions for the Coulomb
energy, area, and volume of the NP, respectively, the free
energy F reduces to the free energy employed in our earlier
Manning model [40].

The minimization of the free energy F with respect to α

yields the extremum condition:

−2(1 − α)U + N ln

(
α

1 − α

1

η

2π lBQV

A 2

)
= 0. (4)

We solve Eq. (4) using the built-in FindRoot function in Math-
ematica [53] to obtain the condensate fraction α as a function
of η for a discretized NP of a given shape, U , A , V , and Q.
Using α, we evaluate the reduced effective charge

Qeff = (1 − α)Q (5)

and the free energy of the NP following Eq. (3). The difference
�F = F − Fs between the free energyF of a deformed NP
and the free energyFs of the associated undeformed spherical
NP is given by

�F = (1 − α2)U − (
1 − α2

s

)
Us + N ln

(
1 − α

1 − αs

)

+ �H elastic, (6)

where α is the fraction of condensed ions on the surface of
the deformed NP, αs is the corresponding condensate frac-
tion for the initial, undeformed spherical NP, and U and Us

are respectively the Coulomb energies of the deformed NP
and the spherical NP computed using Eq. (2). The last term
�H elastic = H elastic − H elastic

s is the difference between the
elastic energies of the deformed NP and the spherical NP.

It is instructive to compare the predictions of the
simulation-based approach with the results derived using the
analytical Manning model calculations for cases where ex-
act analytical expressions for the Coulomb energy of the
deformed NPs are available. We consider a fully charged
spherical NP characterized with R = 20 nm, Q ≈ 600e,
κb = 5kBT , and κs = 125kBT , and the associated deformed,

FIG. 6. Manning model results for the free-energy difference
�F between a bowl-shaped NP realized in simulations (Fig. 1,
top row, third snapshot from the left) and the undeformed spherical
NP of radius R = 50 nm. Both NPs have the same elastic moduli
and surface charge Q = 2513e in the dilute limit (packing fraction
η → 0). Inset shows that the effective surface charges Qeff in units
of e on the bowl (long yellow dashes) and sphere (small blue dashes)
decrease with increasing η. The sphere-to-bowl shape transition is
free-energetically favored (�F < 0) for η up to 10−2.

disk-shaped NP (see the Appendix). We compute Qeff and
�F associated with this sphere-to-disk transition using the
simulation-informed Manning model via Eqs. (5) and (6),
respectively. In our previous paper [40], we approximated
the disk-shaped NP as a uniformly charged oblate spheroid
of aspect ratio λ ≈ 0.28, and used its analytically available
Coulomb energy in a Manning model to evaluate the effective
charges and the free energies of the sphere and the oblate
spheroid. Figure 10 in the Appendix shows that Qeff and �F
are in good agreement with the results obtained using the
analytical approach for 10−13 < η < 10−2.

We now extract the effective charges and free-energy
changes associated with the sphere-to-bowl shape transitions
shown in Fig. 1 (top row). Transitions to two fully charged
bowl-shaped NPs are considered to illustrate different scenar-
ios. We first examine the free-energetic drive for a spherical
NP of radius R = 50 nm to deform into a bowl-shaped NP
realized at cs = 0.1 mM (Fig. 1, top row, third snapshot from
the left). Condensate fractions α and αs for the bowl-shaped
NP and the spherical NP respectively are extracted by solving
Eq. (4) for packing fraction η ∈ (10−13, 10−2). Figure 6 (in-
set) shows the corresponding effective surface charges Qeff =
(1 − α)Q and Qeff

s = (1 − αs)Q [computed using Eq. (5)] on
the bowl-shaped and spherical NPs, respectively. Deformed
NP has a higher effective charge compared to the spherical
NP for all η. Qeff and Qeff

s decrease with increasing η and
large counterion condensation is observed at high η (e.g., for
η = 10−2, Qeff ≈ 539e and Qeff

s ≈ 538e). Figure 6 shows the
difference �F [extracted using Eq. (6)] between the free
energy of the deformed bowl-shaped NP and that of the un-
deformed spherical NP as a function of η. �F < 0 for η up
to 10−2, implying that the deformation to the bowl-shaped NP
remains energetically favorable despite significant counterion
condensation.
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FIG. 7. Manning model results (solid blue line) for the free-
energy difference �F associated with the deformation of a spherical
NP of elastic moduli κb = 15kBT , κs = 1500kBT , and surface charge
Q = 2513e into a bowl-shaped NP (right snapshot in the inset). The
deformation is free-energetically unfavorable (�F > 0) for large
packing fraction η > 10−4. However, the deformation of a softer
spherical NP (κb = 5kBT , κs = 500kBT , Q = 1256e) into a similar
bowl shape (left snapshot in the inset) under the same solution condi-
tions is free-energetically favored (dashed green line) for η < 10−2.
The color bar indicates the charge in units of e associated with the
vertices discretizing the NP surface.

We next examine the sphere-to-bowl shape transition real-
ized at cs = 0.05 mM (Fig. 1, top row, second snapshot from
the left). We find significant counterion condensation for both
deformed and undeformed NPs at high η (e.g., for η = 10−2,
Qeff ≈ 542e and Qeff

s ≈ 538e). The solid blue line in Fig. 7
shows the difference �F between the free energy of the de-
formed bowl-shaped NP and that of the undeformed spherical
NP as a function of the packing fraction η. The deformation to
this bowl-shaped NP becomes free-energetically unfavorable
(�F > 0) for η � 10−4. The free-energetic drive for spher-
ical NPs to deform into bowl shaped NPs can be reinstated
at larger η by synthesizing softer NPs and tuning the total
surface charge Q. For example, by reducing the NP elastic
moduli to κb = 5kBT , κs = 500kBT and lowering the surface
charge to Q = 1256e (charge density σ = 0.04e/nm2), sim-
ulations reveal a transition to a bowl-shaped NP of similar
area (left snapshot in the inset of Fig. 7). The difference
between the free energy of this bowl-shaped NP and that of
the associated spherical NP (dashed green line) is negative for
all η ∈ (10−13, 10−2). Figure 11 in the Appendix shows that
these softer NPs also deform as a result of changes in charge
coverage, yielding shapes similar to those observed in Fig. 1
(second column from the left).

Our Manning model-based analysis employs many approx-
imations. The counterion distribution around the deformed
NP surface is assumed isotropic, which is an oversimplifica-
tion for shapes that deviate significantly from the spherical
conformation. The free energy does not include the energy
associated with counterion-counterion Coulomb interactions.
Further, the deformed NP is placed in a counterion-only
environment that is free of salt ions. More quantitative
results that address some of these simplifications can be
obtained by adopting a more rigorous approach such as

the Poisson-Boltzmann (PB) theory. However, solutions of
the PB differential equation for the nonspherical conforma-
tions characterizing the deformed NPs are difficult to obtain
without making simplified approximations such as treating
the NPs as ideal spheroids or concave bowls. Adopting a
more phenomenological model such as the Manning two-state
model enables us to incorporate information (e.g., Coulomb
energy, area) directly related to the deformed NPs realized
in simulations for extracting the NP effective charge and
free energy.

We note that the effects arising from explicit counterion-
NP interactions during the shape change process are neglected
in our deformable NP model system, but can become impor-
tant. For example, a significant release of counterions into the
bulk as the NP deforms may increase the net free energy of the
released ions and stabilize the spherical NP [54]. These effects
may affect the parameter regimes to realize shape transitions,
in particular, for higher NP packing fractions.

IV. CONCLUSION

We have studied the deformations that can be engineered
in spherical NPs of radius R = 50 nm, bending modulus
κb = 15kBT , and stretching modulus κs = 1500kBT by de-
signing the NP surface with octahedrally distributed charged
patches and double-cap charged patches characterized with
surface charge density σ ≈ 0.08e/nm2. We find the low-
energy shapes of these deformable charge-patterned NPs by
minimizing a coarse-grained model Hamiltonian that captures
the NP elastic and electrostatic energies. The minimization
is performed subject to a volume constraint using an MD-
based simulated annealing method. The low-energy NP shape
changes with the type of charge pattern, fractional surface
charge coverage, and salt concentration.

Spherical NPs designed with octahedrally distributed
charged patches deform into rounded octahedra, faceted
octahedra, faceted bowls, and rounded bowls of different
depths in response to changes in charge coverage and salt
concentration over 0.01–10 mM. The same NPs when de-
signed with double-cap charged patches deform into oblate
spheroids, spherocylinders, and dented beans in response to
similar changes in charge coverage and salt concentration. We
demonstrate that similar shape transitions can be realized in
deformable NPs of different sizes characterized with R = 30
and 75 nm by tuning the NP design attributes and solution
conditions. The deformations, controlled by pattern type and
screening length, can change the directional specificity of
interactions between NPs, which may hinder or promote re-
configuration in assembled materials.

All shape transitions are accompanied by a rise in the NP
surface area, which is driven by the electrostatic repulsion
between charged moieties. Deformed NPs have lower electro-
static and total energy compared to the associated spherical
NPs. Further, the elastic and electrostatic energy densities
on the surface of the deformed NPs are inhomogeneous and
coupled to the NP shape.

We note the similarities between some of the low-energy
NP shapes shown in Figs. 1 and 2, and the low-energy
shapes of larger, micron-size fluid membrane vesicles [55]
described via a “minimal model” Hamiltonian characterized
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with only the bending energy term in Eq. (1). By min-
imizing the bending energy under both area and volume
constraints, transitions to oblate and prolate spheroids, bicon-
cave discocytes, dumbbell-type structures, and bowl-shaped
stomatocytes were observed with decreasing vesicle volume
V [55]. Vesicles of these different shapes have the same area
A and are characterized with a single dimensionless parame-
ter: the reduced volume v = V/[(4π/3)R3], where R is the
radius of the spherical vesicle of area A.

The similarities between some shapes of vesicles and NPs
can be understood in a qualitative way by interpreting the
competition between the electrostatic and stretching energies
as setting up an effective area constraint. This constraint yields
an NP area A which depends on the charge pattern type,
the extent of the surface charge coverage p, and the salt
concentration cs. For p > 0, the deformed NP has an area
A greater than the area As of the spherical NP of radius R
(Fig. 3), but shares the same volume V = (4π/3)R3 due to
the imposed volume constraint. This yields a reduced volume
v = V/[(4π/3)R3] < 1, where R > R is the radius of the
sphere of area A. Larger NP areas resulting from lower cs
or higher p yield smaller v. Thus, the problem of finding
the volume-preserving, energetically favorable deformations
of charged NPs described by the Hamiltonian in Eq. (1) can be
transformed into a problem of minimizing the bending energy
of uncharged NPs for different reduced volumes v ∈ (0, 1),
subject to an effective area constraint and a volume constraint.
In the uncharged limit of p → 0, the stretching energy con-
strains the NP area to As, yielding v ≈ 1 for which the shape
that minimizes the bending energy is a sphere, in agreement
with our observations. As v decreases, the NP shape that min-
imizes the bending energy shifts, yielding shapes similar to
those observed in the studies of the large, uncharged vesicles
[55].

Despite the similarities in the shapes, the control mech-
anisms underlying the shape transitions in these uncharged
vesicles are different from those associated with the
electrostatics-based shape control of the flexible charge-
patterned NPs. There are also differences in the implemen-
tation of the geometric constraints, e.g., only the volume
constraint is enforced during the NP deformation. Further, the
effects of the coupling between surface charge patterns and the
low-energy NP shapes, as evidenced by the inhomogeneous
elastic and electrostatic energy densities on the NP surface
(Figs. 5 and 9), are entirely absent in the homogeneous vesi-
cles.

To assess the stability of shape transitions for nondilute
conditions where counterion condensation effects may be-
come important, we develop a Manning model that utilizes
simulation-derived estimates for the NP Coulomb energy to
extract the free energy associated with the deformation of
fully charged spherical NPs into bowl-shaped NPs. Transi-
tions are found to be free-energetically favorable for many
bowl-shaped NPs over a wide range of NP packing frac-
tion η ∈ (10−13, 10−2). In some cases involving high η >

10−4, where counterion condensation is significant to in-
hibit deformation, the free-energetic drive to deform can
be restored by synthesizing softer NPs. The simulation-
informed Manning model can be used to evaluate ion
condensation effects for NPs characterized with complex

shapes for which the electrostatic energy is not available
analytically.

During the assembly of many flexible NPs, the interac-
tions between NPs can generate perturbations around the
low-energy shapes observed here, which in turn can alter
the assembly kinetics. The shape fluctuations of a NP in
response to its local environment will depend on the NP pack-
ing fraction, NP flexibility, and the shape-switching protocol
followed. Similar to the previous simulation-based studies
of shape-changing nanorods [6] and deformable colloids [2],
we expect the assembly of multiple deformable patchy NPs
to exhibit effects of shape and size polydispersity. As these
studies show, the assembly pathways to ordered structures
can be tailored to be robust in the presence of such shape
fluctuations, yielding transitions to new ordered structures
with stable long-range order nucleated by a shift in the average
shape of the building blocks [2].

We realize that a key experimental challenge will be to syn-
thesize deformable NPs with tailored charge patterns. Phase
separation and masking techniques are established methods
for synthesizing polymer-based patchy particles [28], which
may be utilized with pH-responsive polymers to form charge-
patterned NPs [9,28]. The deformation can be facilitated
by controlling the extent of crosslinking in polymeric NPs
[10,11], which can tune the NP elasticities to values within the
range of elastic moduli explored in this work. For example,
hydrogel NPs with Young’s modulus in the range of 18–
211 kPa have been synthesized by changing the crosslinker
polymer concentration [11]. Further, recent experiments show
that nanogel particles of radius 50–150 nm characterized with
elastic moduli within 30–71 kPa deform significantly away
from the spherical shape [10,49].
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APPENDIX: SUPPLEMENTARY RESULTS

Figure 8 shows that tuning NP elasticity has a signif-
icant effect on the low-energy shapes of charge-patterned
deformable NPs. The bottom row reproduces the low-energy
shapes shown in Fig. 1 (second column from the right) for NPs
patterned with octahedrally distributed charged patches that
have bending modulus κb = 15kBT and stretching modulus
κs = 1500kBT . At a salt concentration of cs = 1 mM, these
NPs deform into rounded octahedra and bowls as the charge
coverage p is increased from 0.25 to 1. The top row shows
the low-energy shapes observed for the same NPs when their
stretching modulus is lowered to κs = 375kBT (all other NP
features and solution conditions are kept the same). As the
charge coverage p is increased from 0.25 to 1, these softer
NPs deform into rounded cubes, faceted plates, and flattened
round bowls.

In the main text, we introduce a Manning model that
utilizes simulation-informed estimates for the energy and ge-
ometrical properties of the deformed NP to extract the free
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FIG. 8. Low-energy shapes of deformable NPs of stretching modulus κs = 375kBT (top row) and κs = 1500kBT (bottom row). NPs are
patterned with octahedrally distributed charged patches (colored in orange) and have a surface charge of pQ, where Q ≈ 2513e is the total
charge associated with a fully charged NP and p is the fractional charge coverage parameter increasing from left to right as 0.25, 0.50, 0.75, 1.0.
The color bar indicates the charge in units of e associated with the vertices discretizing the NP surface. All NPs have the same bending modulus
κb = 15kBT , volume ≈ (4/3)π503 nm3 and are in a salt solution of concentration cs = 1 mM. Tuning NP elasticity has a significant effect on
the shape transitions exhibited by these charge-patterned deformable NPs.

energy associated with the NP deformation in the presence of
counterions. Here we test this simulation-informed approach
by comparing its predictions with the analytical Manning
model calculations performed in our earlier work for the
sphere-to-disk shape transition observed for a fully charged
spherical NP characterized with R = 20 nm, Q ≈ 600e, κb =
5kBT , and κs = 125kBT [40]. The analytical Manning model

was validated using explicit-ion MD simulations at pack-
ing fractions η = 10−3, 10−2. Following our previous paper,
we approximate the disk-shaped NP as a uniformly charged
oblate spheroid of aspect ratio λ ≈ 0.28 and use an exact
analytical expression for its Coulomb energy and area to
write the free energy of the NP-counterion system [37,40].
Figure 10 shows that the effective charges (inset) and the

FIG. 9. The electrostatic energy density u in units of kBT for the representative set of deformed NPs shown in Fig. 5. NPs are tailored with
octahedrally distributed charged patches characterized by charge coverage p = 0.25 (a), p = 0.5 (b), p = 0.75 (c), and double-cap patterns
characterized by p = 0.25 (d), p = 0.4 (e), and p = 0.5 (f). The top left image in each case shows the associated surface charge pattern. The
electrostatic energy density is inhomogeneous and exhibits a strong coupling to the surface charge pattern.

014502-11



SUN, BRUNK, AND JADHAO PHYSICAL REVIEW E 107, 014502 (2023)

FIG. 10. Free-energy difference between a fully charged disk-shaped NP and a spherical NP of radius R = 20 nm, surface charge Q ≈
600e, and elastic moduli κb = 5kBT , κs = 125kBT obtained using simulation-informed (small blue dashes) and analytical Manning model
calculations (large yellow dashes). Inset shows the effective surface charges Qeff in units of e on the disk-shaped NP extracted using the two
approaches. The simulation-informed Manning model results are in good agreement with the analytical Manning model results, and both show
that sphere-to-disk shape transition is free-energetically favored for packing fraction η up to 10−2.

free-energy differences extracted via the simulation-informed
Manning model using Eqs. (5) and (6) are in good agreement
with the results obtained using the analytical approach for
10−13 < η < 10−2.

In the main text, we showed that softer NPs charac-
terized with κb = 5kBT , κs = 500kBT and σ = 0.04e/nm2

exhibit a free-energetically favorable drive to deform into

bowl-shaped NPs when fully charged (Fig. 7). Figure 11
shows that these NPs also deform in response to changing
charge coverage of octahedrally distributed charged patches
at salt concentration cs = 0.05 mM, yielding shapes similar
to those shown in Fig. 1 (second column from the left),
including rounded octahedra, faceted octahedra, and faceted
bowls.

FIG. 11. NPs designed with octahedrally distributed patches and characterized with elastic moduli κb = 5kBT , κs = 500kBT yield
low-energy shapes similar to those shown in Fig. 1 (second column from the left) at salt concentration 0.01 mM. NPs have a surface
charge of pQ, where Q ≈ 1256e is the total charge associated with a fully charged NP. Charge coverage increases from left to right as
p = 0.25, 0.50, 0.75, 1.0. The color bar indicates the charge in units of e associated with the vertices discretizing the NP surface.
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