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Abstract

In this paper, we prove one divisibility of the Iwasawa—Greenberg main conjecture for the Rankin—Selberg product of
a weight two cusp form and an ordinary complex multiplication form of higher weight, using congruences between
Klingen Eisenstein series and cusp forms on GU(3, 1), generalizing an earlier result of the third-named author to
allow nonordinary cusp forms. The main result is a key input in the third-named author’s proof of Kobayashi’s
+-main conjecture for supersingular elliptic curves. The new ingredient here is developing a semiordinary Hida
theory along an appropriate smaller weight space and a study of the semiordinary Eisenstein family.
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1. Introduction

Let p be an odd prime number. In this paper, under some assumptions, we prove one divisibility of
a two-variable Greenberg-type main conjecture for a weight 2 newform unramified at p. The result is
a key ingredient in the third author’s proof [Wan21] of the Iwasawa main conjecture, formulated by
Kobayashi [Kob03], for elliptic curves with supersingular reduction at p and a, = 0, as well as in the
proof of its extension to the case a, # 0 by Sprung [Spr16]. Another application of our main result is
in the proof by the first and third authors [CW 16] of a p-converse to the theorem of Gross—Zagier and
Kolyvagin for supersingular primes.

Let 7 be an irreducible cuspidal automorphic representation of GL,(Ag) generated by a newform of
weight 2. Associated to 7 is a continuous two-dimensional p-adic Galois representation p , of Gal (@ /Q)
over L, a finite extension of Q,. (We use the geometric convention for Galois representations. The

determinant of p  is ec‘ylc.) For the representation p, over L, we can fix a Gal(Q/Q)-stable Oy -lattice Ty.
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Take /C to be an imaginary quadratic field in which p splits as pp. Denote by K, the maximal abelian
pro-p extension of }C unramified outside p. Then the Galois group Gal(K/K) is isomorphic to Z% and
we denote it by I'x.. We have the tautological character

i : Gal(Q/K) — T = Z,[[Tx]*.

Let & : KX\AX — C* be an algebraic Hecke character. We can associate to it a p-adic character
Gal(Q/K) — O, which we denote also by .
We consider the Gal(Q/K)-module

Tﬂ',IC,g = Tn(fczyc) |Gal(@/)€) (é:il) ® Zp ([Txl (\P;Cl)
Define the Selmer group

H' (K, Trxc,e ®0, ey OLlTk]’)

Selr.e =ker) [ [H! (1o T k.6 @0, ey OLITEN) [ (1.0.1)
hESY

with O [Tk ]I* = Homz, (OL[[Tx1l.Qp/Zp). the Pontryagin dual of Op [[['k]]. (This Selmer group
has relaxed condition at p and unramified condition at p.) Let

Xﬂ,lC,.f = HOI’I’]ZP (Seln,IC,§5 Qp/Zp), (1.0.2)

which is well known to be a finitely generated Op [[T'k]]-module. We recall the following definition of
characteristic ideals.

Definition 1.0.1. For a Noetherian normal domain A and a finitely generated A-module M, we define
the characteristic ideal of M as

chary (M) = {x €A

ordp(x) > length, , (Mp) for all
height one prime ideals P c A

The Iwasawa—Greenberg main conjecture [Gre94] predicts that the characteristic ideal of X x ¢ is
generated by the following p-adic L-function.

Denote by @f the completion of the maximal unramified extension of O . By using the construction
in [Hid91], it is proved in Proposition 8.2.2 that there is a p-adic L-function

Loy € Meas(F;C, OL) = OU[[Tc]]

satisfying the interpolation property: For all algebraic Hecke characters 7 : *\A¥. — C* with p-adic
avatars Tp_adic factoring through I'c and é7 of co-type (k1, k») with ki1, k> € Z, k1 <0, kp > 2 — ky,

Q, T D (k)T (ks = 1) 3—(ki+ky) B
ﬁﬂ,lC,-f(TP—adic) = (Q_oo) (27Ti)2k2_1 . p( 3 > TTp X (‘fOTO)ﬁ 103
ki+ky—1 e
x L{“’P}(%,BCM) XfoTo),
kg
where &19 = &7 - | A 2 and BC(r) denotes the unitary automorphic representation of GL;(Ax)

obtained as the base change of .
We are interested in the following (two-variable) Greenberg-type main conjecture.
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Conjecture 1.0.2.

char@quuF)C” (XK,IC,E) = (ﬁn,)C,f)'

The main result of this paper is Theorem 8.2.3, which is a partial result towards this conjecture.
Like the previous works [UrbO1, Urb06, SU14, Wan20] on proving Greenberg-type main conjectures
for modular forms, the proof uses the congruences between Klingen Eisenstein series and cuspidal
automorphic forms. The L-values in our case here are of the same type as those in [Wan20], and we also
use Klingen Eisenstein series on GU(3, 1) as in loc.cit. The main difference is that the modular form
here is not assumed to be ordinary at p, so the standard Hida theory is not applicable.

The key idea is to introduce the notion of semiordinary automorphic forms on GU(3,1). In
§§2-4, we develop a Hida theory for p-adic families of (cuspidal and noncuspidal) semiordinary forms
on GU(3, 1) along an appropriate two-dimensional subspace of the usual three-dimensional weight
space for GU(3, 1). The main results are stated in Theorem 2.9.1. In §5, by using the doubling method,
we construct a Klingen Eisenstein family E I;hng and prove its semiordinarity. In §6, we study the degen-

erate Fourier—Jacobi coefficients of E I;lmg. The analogous computations in [Wan20] assume a sufficient
ramification condition (see Definition 6.30 in op.cif) which is not available in our case here, so we need
a better way to do the computation at p by using the functional equations for local doubling zeta inte-
grals. In §7, we study the nondegenerate Fourier—Jacobi coefficients of E I;lmg. This part is very similar
to [Wan20], and we cite many results there, but the presentation is slightly rearranged. For example, the
auxiliary data for constructing the Klingen Eisenstein family are chosen at the beginning of the construc-
tion (§5.6) instead of at the end of the analysis of the nondegenerate Fourier—Jacobi coefficients, and an
explanation of the strategy for analyzing the nondegenerate Fourier—Jacobi coeflicients is included in
§7.5.1In §8, combining the results in §6 and §7, we deduce a result on the Klingen Eisenstein congruence
ideal and use it as an input for the lattice construction to deduce the results on Selmer groups.

Notation. We fix a prime p > 3 and an imaginary quadratic field /I in which p splits in XC as pp. Denote
by D q the discriminant of X/Q and by dx/q the different ideal of KC/Q. Denote by 17x/q the quadratic
character of QX\Aa associated to C/Q. Denote by ¢ the nontrivial element in Gal(X/Q). For x € K,
denote by ¥ its image under c. For a finite place v of Q, we put £, = K ®q Q, and Ok, = Ok ®z Z,.

Fix embeddings
lo 1 K=—C, 1,:K—Q, (1.0.4)

such that the valuation of Q,, and ¢,, induce the valuation of K given by p. The embedding ¢, : £ — Q,,
induces a homomorphism g, : K, = K ®y Q, — Q,. We denote by o5 : K ® Q, — Q, the
composition of ¢, and the nontrivial element ¢ € Gal(X'/Q). We have the isomorphism

(QU’ Qﬁ) : ’C ®Q Q[) — Q[) X Qp7 ar— (Qp((l), Qﬁ(a))

We also fix a totally imaginary element 6 € K such that Nm(§) = 6 is a p-adic unit.
Fix the standard additive character ex, = ®V e, : Q\A — C* with

6727ri {x}v

€y (x) = {627rix

’V¢OO7
V:OO’

(1.0.5)

s

where {x}, is the fractional part of x.

2. Hida theory for semiordinary forms on GU(3, 1)

In this section, we define semiordinary forms on GU(3, 1) and state the control theorem for semiordinary
families (Theorem 2.9.1). The proof of Theorem 2.9.1 is given in the following sections: 3 and 4.
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2.1. Some notation

Let Ly be a free Ox-module of rank 2 with basis wy, wy, and we equip Lo ®z Q with a skew-Hermitian
form (, ), whose matrix with respect to the basis wy, w, is given by a matrix {o € skew- Hery(Ox)
with 6y positive definite. Let X, Y be free Oxc-modules of rank 1 with bases x1,y;. Let X¥ = b,‘CI/Q - X1
and L = XV & Ly ® Y. Equip L ®z Q with the skew-Hermitian form (, ); whose matrix with respect to

1
the basis x1, w, wp, y; is given by { = o
-1
Define the similitude unitary groups G’ = GU(2) and G = GU(3, 1) (over Z) as: for all Z-algebra R

GU(2)(R) = {(g.v) € GLo,g,r(Lo ®2 R) X R* : {gv1,gva)r, = v{vi,v2) 1, }>

2.1.1
GUG3, 1)(R) ={(g,v) € GLo,a,r(L ®2 R) X R : (gvi,gv2)p =v{vi,v2)L}, @D

and the unitary groups U(2) (resp. U(3, 1)) as the subgroup of GU(2) (resp. GU(3, 1)) consisting of
elements with v = 1.

2.2. Shimura variety

We fix an open compact subgroup K? C G(Ag f), assumed throughout to be neat. Let 2mi(, ) :
L x L — Z(1) be the alternating pairing 27i - Tricigo(, )p and i : C — Endo, g,r(L ®z R) be the
homomorphism given by

1Qu -1®v

) 1®u+6®#
h(u+iv) : (X1, Wi, W, ¥1) — (X1, Wi, W2, Y1) 99 l@u+s® L
V&5

1®v 1Qu

Then the tuple (O, ¢, L, 2mi{, ), h) defines a Shimura datum of polarization, endomorphism and level
structure (PEL) type with reflex field K.

Consider the moduli problem sending every locally Noetherian connected Ok (,,)-scheme S to the
set of isomorphism classes of tuples (A, 4, i, a?) with:

o A an abelian scheme of relative dimension 4 over S;

od:A—> AV a Z(Xp)—polarization;

o i: Ok — EndsA an embedding such that the induced O-action on Lie A /g satisfies the
determinant condition, that is,

det(X —i(b)|Lie Ass) = (X - b)* (X - b)
for all b € Ox;
o a” an (integral) K}’—level structure on (A, 4, 1) of type (L ® Z(P),Tr,C/Q o(, )L); that is, a

71(S, §)-invariant K}’—orbit of Ox-module isomorphisms L ® Z(P) — T(P) A;, where 5 is a
geometric point of S and 7(P) A is the prime-to-p Tate module of A, together with an isomorphism
ZP) (1) = G,, s making the following diagram commute:

—~ —~ T o,V —~
(LeZP) x (LeZP) —~20"0 70 (1)

| |

TP A; x TP A; — G, <

(See [Lan13, Def. 1.4.1.4].)
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Since K ;’ is neat, the above moduli problem is represented by a smooth quasi-projective scheme &
over OK,(pA) (see [Lan13, Thm. 1.4.1.2, Cor. 7.2.3.10]).

Denote by &' the toroidal compactification of &, which is a proper smooth scheme over Oy ()
containing & as an open dense subscheme with complement being a relative Cartier divisor with
normal crossings. (In our special case GU(3, 1) here, there is a unique choice of the polyhedral cone
decomposition for the toroidal compactification.) We denote by Zgwr the ideal sheaf of the boundary
of &', By [Lan13, Thm. 6.4.1.1], the universal family (&, A,i, @”) over & extends to a degenerating
family (&, A,i, a”) over . Moreover, the base change of & (resp. $*) to K agrees with the Shimura
variety over /C (resp. its toroidal compactification) representing the moduli problem with full level
structure at p (see [Lanl5, (A.4.17), (A.4.18)]).

2.3. Hasse invariant

Set w = e*ng Jtor> where e : ' — € is the zero section of the semiabelian scheme € over $''. Let

w be the line bundle det w = A™Pw. The minimal compactification of & is defined as

Smn = Proj(@ HO(S, a)k)).

k>0

Let 7 : S — &™" be the canonical projection. The push-forward 7, is an ample line bundle, and
mr.w = w (see [Lanl3, Thm. 7.2.4.1]).

In the following, with a slight abuse of notation, we also denote by §'°" and $™P™ their base change
to Z,, via the map Ok () — Z, induced by our fixed embedding ¢,,, and let é’/‘%r and cS’/“ﬂ}i“ be their

P P

corresponding special fibers.

Let Ha € HO (6’;‘1’; s wp‘l) be the Hasse invariant defined as in [Lanl18, §6.3.1]. In particular, for

P
each geometric point 5 of é’;%r , the Hasse invariant of the corresponding semiabelian scheme & is
r

nonzero if and only if the abelian part of &5 is ordinary. Because m.w is ample, for some tg > O,
there exists an element in Ho(é’mi“, (mow)'E (’””) lifting the 7g-th power of the push-forward of Ha;
we denote by E the pullback under 7 of any such lift, which (because 7*7.w = w) defines an element
E € HO((§>t0r’th(p—l))_

2.4. Some groups

Before moving on, we need to introduce some more group-theoretic notations. Given a matrix a €
GL4(K ®g Qp), we define a*,a™ € GL4(Q),) as

a* =pyp(a), a =op(a),

where (op, 05) : K®g Q, — Q) X Q,, are defined as in Notation, and we view an element g € G(Q,,)
as a matrix inside GL4(K ®g Qp) via the basis (%, w,ws,y1). Then the corresponding matrices
g+, 8~ € GL4(Q)) satisfy

g op(0) g =v(g) - (0.
In the following, we will often write ¢ € G(Q,) as (g*, g7). Note that the map

G(Qp) - GL4(Q,,) X Q;

. (2.4.1)
g (g7,v(2)

is an isomorphism.
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There is a filtration D = {D'}; of L ®z Z,, given by
D'=0 c DO:X;GBLap@X; c D'=L®;Z, (2.4.2)

where X}, C XV ®2Zp =X ®zZ, (resp. X, c XV @z Zp, Lgp C Lo ®z Zp) is the subspace on which
b € Ok acts by 1,,(b) (resp. ¢,,(b), t,,(b)). Note that DY is isotropic with respect to Tricg o (, ). For
R =12, orQ,, we put

Pp(R)={g € G(R) : g(0") =D};

that is, Pp(R) is the subgroup of G(R) stabilizing the filtration D in (2.4.2). We see that P (R) :=
{g*: g € Pp(R)} are the subgroups of GL4(R) given by

EE R EREIE S

+ * sk ok ok - _ % ko
PD_ ® koK ok ) PD_ EE Y .

* * ok ok

Because Pp preserves both X; &L » and X, there is a natural projection Pp(R) — GL3(R) X GL(R)
which in terms of matrices is given by

ay ap apz ay b1t bz b3 bis ay an an
+ - ajz) ap azz az b22 b23 b24 2
— — a a a
g=1(g".¢) (a31 as a3 au )’ by by by || T a%} aﬁ a? bu)
44 by a3 bas

We will consider the p-level subgroups given by

K},’n::{geG(Zp):g’“z("**T:) modp"},
1
K= e 26 6= (P* ) moa )

where 7 is a positive integer.

2.5. Igusa towers

Let 9, be the ordinary locus of level K },’n attached to the PEL-type Shimura data introduced in §2.2
and the filtration D in (2.4.2), as constructed in [Lan 18, Theorem 3.4.2.5]. By [Lan18, Prop. 3.4.6.3], 7,
is a smooth quasi-projective scheme over Z, representing a moduli problem for tuples (A, 4, i, &”, ap),
where (A, A,i,@”) is asin §2.2, and &, is an ordinary K‘L',,n—level structure of A, that is, a K}J’n—orbit of
group scheme embeddings ppn ® DY — A[p"] with image isotropic for the 1-Weil pairing, compatible
with the O-actions on D° and A[p"] through i, as described in [HLTT16, §3.1.1].

Remark 2.5.1. In [Lan18, Chapter 3], the ordinary locus is defined as a normalization of the naive
moduli problem introduced in [loc.cit., Def. 3.4.1.1]. In our case, because p is a good prime in the
sense of [Lanl8, Def. 1.1.1.6] and v(K 1‘,’”) = ZIX,, this construction of the ordinary locus agrees with
the moduli problem. (See [HLTT16, B.10] for more details.)

Let ,!°" be the partial toroidal compactification of the ordinary locus 7, ([Lan18, Thm. 5.2.1.1]); it
is obtained by gluing to 7, the toroidal boundary charts parameterizing degenerating families defined
in [Lan18, Def. 3.4.2.0] (including an extensibility condition on the ordinary level structure). We note

that, even though the generic fiber of 7, agrees with the Shimura variety of level K ;’ K ll,’n over Q,, the

generic fiber of 7,'" is in general just an open subscheme of a toroidal compactiﬁcaﬁon of the Shimura

variety of level K ? K 110 nover Qp,.
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Let 7,9, (resp. Siv") be the base change of 7,/ (resp. ') to Z/p™Z. By [Lanl8, Lem. 6.3.2.7],
S'r[1/E] agrees with the ordinary locus in [Lan18, Thm. 5.2.1.1] for full level at p, and by [Lanl8,
Cor. 5.2.2.3] the map F,'% — S9[1/E] that forgets the ordinary K Ilj’n-level structure is finite étale.

n,m
Concretely, we can describe 7% as

ISOIHC%,,[I/E] (llp" ®D°, ?[pn]mun) /K},n N Pp(Zp), 2.5.1D)

where Pp(Z ) acts on an element a, € Isomé,m,[l/E] (pn ® Do, ?[p”]m“h) by (g-ap)(v) =ap (g™v)
for v € D'. The fiber at a geometric point 5 € S

", parameterizes tuples (F*, 63,67, F][p]), where F*
are filtrations

1’71

F*:0=F} C F} C F} = G[p"]™™

(25.2)
F~:0=F, C F] = [p"|™""

compatible with the Weil pairing; 63 and 6] are isomorphisms
5% pupn = Grh 67t ppn = Gr
and 0 C F{[p] c FJ[p] is a two-step filtration of FJ[p].

2.6. p-adic forms

Define the space of mod p™ automorphic forms on G of level n by
Vn,m = HO (LO/\nt’O;,[, O%o:n)

Letting Zgwr = (T2 = SW[1/E]) Lgwr, we similarly define the space of mod p™ cuspidal auto-
morphic forms on G of level n by

n,m?

VO = HO(F/‘“” Ig)

Passing to the limit, we obtain corresponding spaces of p-adic automorphic forms (with p-power
torsion coeflicients) by

e 1 . 0 ._ 1: . 0
fl/.—h_n}h_) Vams VY —11_11)111_> Vi
m n m n

-1

)and v(g) =1

identifies Ty, (Z/p") = (Z/p"Z)* x (Z/ p"Z)* with KIO,’H/K},’”. Hence, the group Ty, (Z ) naturally acts
on V. m, V,?’m, 7, 9° making these spaces into Zp[Tso(Zp)]]-modules.

1
Let Tso(Z)p) = Z, X Z},. The map sending (a1,a2) to g € G(Z)) with g* = ( ! a
a

By a p-adic weight (for a semiordinary form) we mean a @p-valued character of Ts,(Z),), that is,

a pair (t%,77), where 7* : Zf, — @; are continuous characters, and we say that a p-adic weight is
arithmetic if it is of the form (x,y) — e*(x)x’" - € (y)y' , where €* is of finite order and r* € Z. If
(%, 77) is arithmetic, we put 7;° := €* and Tig = t*. Given a p-adic weight (7%, 77), we denote by
Va.m[7F, 77] the subspace of V,, ®z, Oq, (++,7-) on which T, (Z,) acts by the inverse of the character
(7%, 77). Similarly, we define the spaces V,?’m [z, 7], V[t*, 7], VO[r*, 7 7].
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2.7. Classical automorphic forms

The weights of classical holomorphic automorphic forms on G are indexed by tuples of integers
t = (tf,6,15;1)) with 1 > £ > 7. (When #] > —f] + 4, the Archimedean component of the
corresponding automorphic representation is isomorphic to a holomorphic discrete series.)

Let W; be the algebraic representation of GL3 X GL| given by

WL = W(,r,,;’,;) X th—.

Here, for any algebra R, letting R[x, detx™!] be the polynomial ring in the variables x;; (1 < i,j < 3)
and (det(.xl‘j)lgi’jgg)_l, Wi+ 11.1+) (R) is the R-submodule of R|x, (detx)~'] spanned by

t+
by by b3 X1 X12 X13\°
X1 xlz) det(x” x13) det(xn x13)

X[ X5 det det| x21 x22 x23 | ,
X21 X2 X21 X23 X22 X23

X31 X32 X33

where a;,b; > 0, a1 +ay+az =t] =13, by + by + b3 = 1 — 1, and W= (R) is the R-submodule of
R[x,x~'] spanned by x'1 .

The groups GL3 and GL; act on W; by right translation. One can check that the left translation
s
representation of GL3(C) of highest weight (¢},7,13). Let ecan : Wy — A be the linear functional
defined by the evaluation at (13, 1;).

Let w* (resp. w™) be the subsheaf of w on which i(b) acts by b (resp. b) for all b € Ox. Because p
is unramified in &, w* (resp. w™) is locally free of rank 3 (resp. rank 1) and w = w* ® w™.

of (af @ )on W(tr’t;,,;r) is by the scalar a when R = C, it is the irreducible algebraic

Set
+ — ®3 +y GL
e age5) = 10M g0 (O i, @7) X7 Wi g ).
w;'l_ = Isom g (O gtor, w") x Gl W, = (w™)®,
— -
and put w; = Wit a2.17) ® W

Letting F//Q,, be a finite extension containing the values of the finite-order character €* of Z5, and

Stor
K7 Kpon

have

be the toroidal compactification of the Shimura variety of level K J’,’ K Ilj’n defined over K, we

M(O,O,t+;t_) (K}’K[l),ru €+7 6_; F) = (HO (S;;’}?Klg.n’g(o,o,t'*;t_)) ®x F) [€+a E_]’

the space of classical automorphic forms on G of weight (0,0,7*;¢7), level K ]’Z K },’n, and nebentypus

(€%, €") for the action of K9 /K], ,. Here, F is viewed as a K-algebra via K A Qp — F. Similarly,
we have the space of classical cuspidal automorphic forms

M?O,O,t*’;t’) (K})Kll),n’ E+, € F) = (HO (St;;;pKII) W Q(0,0;t*’;t_) ® I&tor) ®x F) [6+7 6_] .

There are classical embeddings

—

HO(&tor’ Q(0,0,t*—;t*)) — limli Vn,m [t+’t_]9

—

3

2.7.1)

m
m
m

=

— —
m n

HO(&tor’ @0,0,¢+;-) ® Ié""r) > limlim Vr(t),m [,17],
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10 F. Castella, Z. Liu and X. Wan

induced by the trivialization of w over the Igusa tower and the canonical functional e.,,. More precisely,
the trivialization of w arises from the Hodge—Tate map (G/s [p"™IHD g, Og — e*ng /s ©z Z/p"Z,
where Gs is an ordinary semiabelian variety over S, the superscript 2 denotes the Cartier dual, and

e : S — G is the zero section.
Similarly, we have embeddings

fopmw —

n

M(o,o,z+;r)(KpKl €+,€_;F) — ( lim Vyy,m ®z, F)[(t+,€+), (t", e,

5

(2.7.2)
[(r7,€), (7, e)].

=

(o,o,z+;t->( FRpno € fm
n

MO KPK! et e_;F) s (n limV?,, @, F

*

2.8. The U,-operator

Given a tuple (A, 1,i,a”,a,) parameterized by 7, n, where a, : ppn ® D' — A[p"]™I is an
isomorphism up to K },,n N Pp(Z,,), the corresponding filtration F* of A[p"]™ ™ js

Ft: 0= Fg C F; = {eT,e*z'} c F;’ = {eT’ e;,e;“} — A[p"]m‘ﬂ“"

F7: 0=Fy CcF ={e;} = Alp"] ™

+ ot Lt - — + oot ot o—
where(el,ez,e3,el)—a/p(xl,wl,wz,xl).

+ +
Now, we define three U ,-operators Up,z’ Up,3’

U;;,l'
2.8.1. U,-operatorsonV, ,,
For j = 2,3, let %;’nm denote the solution to the moduli problem classifying tuples (4, 4,1, a”, a,, C)

with C ¢ A[p?] a Lagrangian subgroup, (that is, maximal isotropic for the 1-Weil pairing) stable
under the O-action through i such that A[p] = C[p] & F;T [p]. With e7, €3, €5, e a basis of A[p"]

+

corresponding to @), such a C is spanned by (e7, 3, €3, e;) - p" V¢ » Where for j =2

1 up * 1
1 uy = 1
Yoo = N |
P
1 1
P
1 2.8.1)
1 ! I NP 1
— — Z\—1 p2 =
Yc.p L,n(g()) —uy 1 uy % Lp(éVO) |
1 L
p2
with uy,uz, * € Zp,, and for j = 3,
1
1 %\ /1 1 \[ P
1 = 1 1 = L2
YEP = 1 = 1 » Yep T 1 = 3 L (28.2)
1 1 1 P

with * € Z,,.
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Similarly, let ‘6" ,, be the moduli space classifying tuples (A, 4,7, a”,ap, C) with C C A[p ’la
Lagrange subgroup stable under the Oc-action through i such that A[p] = C[p] & F][p]. Then such a
C is spanned by (ef, €3, €3, e) - p"VE » with

1 * % 1 #\[1
T . 1
Yo = Y A A 7 N (2.8.3)
p p
1 L 1 1
P’ p
For (e, j) = (+,2), (+,3), (-, 1), we consider the diagram

(2.8.4)

] n,m
with p1, ps the projections given by

1: (A 40,07, ap,,C) — (A 4,007, ap),
21 (A 40,0, @y, C) — (A", 2,1, (o), a},),

where A’ = A/C, A’ is such that 7¥ o 1 o m = p?A with 7 : A — A’ the natural projection, i’ is the
Ox-action i on A descended to A’, (a”)’ = w o aP, and a given by (e1 ,82 ,63 ; ") defined as

1 ujp 1 1
n (eir,eg,e;;ef)( ! 2 ) P! , o=+, j=2,
1 p'1
! 1
(61,651,63 yer =97 (eT’e;’e;—;el_) 1 Ik o=+, j=3,
p! ’
—-1 .
mlel,e5,e3;e 1)( P )) o=— j=1.
P
1
One can check that if (e], €3, eg; e)isupto K, , N Pp(Zy), then (e]’, e}, 3’, e]’) is well-defined up
o K}, , N Pp(Zp).
Define

-J
U HY (T Og,,) 5 HAEY 1 Ogi) s HO (T, Og)s (=2,3) (285)

]nm’

pTrp
_—

U,y HY(Tpms O3,,,) —> (%5, o OF ) H(Ty.m» 03,,,)- (2.8.6)

The normalization factors p~/ and p~ are the inverse of the pure inseparability degree of the corre-
sponding projection p; they are the optimal normalization to preserve integrality [Hid02, p.71]. By
computing the effect of equations (2.8.5) and (2.8.6) on Fourier—Jacobi expansions, one can check that
the operators preserve V,, ,,, and V,?, m-
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12 F. Castella, Z. Liu and X. Wan

2.8.2. U,-operators on HO(G“"O,E”, w,)

Let 7,05 be the quotient of 7,1 by K 5 > Which can be described as
0 nymult 0
Isoms}ﬁrll/EJ(ypn@D . Z[p"] )/K

o7 tor

Compared to J,,9,,, the level structure at p for 7 0”0 \r forgets ot 6, and parameterizes (F*,F{[p]). We

can define U ,-operators on HO(G”,,O,;M, w,) In order to see that they increase the level, we need to

introduce Igusa towers of more general level structure at p.
Given | < ny,ny < n3 < ny + ny, define the level group

* * * *
0 _ o p* * P
Kpsnlsnz»ns - {g €G(Zp):g" = (p"l* plix ok *)}
%

pBx p'3x pM2x

Define ./nl ny.ny.m a8 the quotient of Fy y, n > ny,n,n3, by Kp mm.my N Pp(Zp), that is, the

corresponding level structure at p parameterizes isomorphism @, : upn ® D% — A[p"]™ up to
0

Ky nymyns N Po(Zp).

Like above, for (e, j) = (+,2), (+,3), (-, 1), let €%*

Jsni,nz,n3,m
tuples (A, A,i, @P, ap, C) with C C A[p?] a Lagrangian subgroup stable under the Oyc-action through
isuch that A[p] =C[p] ® F;.

Consider the diagrams

be the moduli space parameterizing

2 LN ,17,03,Mm

N

g0
ni,ny,n3,m n1+1 ny,n3+l,m
’5 ,n1,N2,n3,m
g0
np,ny,n3,m n] ny+l,n3+l,m
0 —
1 ,1y,1,n3,m
a0
J 9
ni,ny,n3,m n1 ny+1,n3+1,m

where p1, p, are defined in the same way as in the diagram (2.8.4). This time, for (e7, €3, e;’; ,ey) up
to K N Pp(Zp), the (et’, e}, e¥;, e”) is well defined up to K° N Pp(Z,) in case

p,ni,na,n3 p.ni+l,na, n3+]
‘60 *  and well defined up to KO i N Pp(Z,) in case % and case €~
h+1,n3+1 P 1,n1,np,n3,m"
In order to define the U -operators on the global sections of Vector bundles we also need maps

HO(%O N m+1,m’p;0‘)£) - HO(%O

«
Lni+1,nz, 1 nl,nzsn%m’plwt*)

0 0 0,—
tH ((gl ny,np+1,n3+1, m’pzwt) H ((‘g JA1,N2,13, m’plwt)
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Suppose that £, (resp. gA/C) is a basis of w , (resp. QA/C) compatible with ), (resp. a},). We have

g4 = (ﬂ*gA/C)g with

Wl W e=4 =2,
1 Pil
g=1h b | n, o=+ j=3,
P
p—l
h ”71’,4 B, e=- j=1,
1

* p'e pTtx

* % px
*

for some A, h' = (* : ) € GL4(Z}). In all the cases, g~! belongs to the semigroup

*

A= {(n(" @ J0ad) s ho = (20 5Y) € GLa(Z,), a7 @5 s € Z, ).

We make A, act on W; by

ai
hl axy  |W,a4l q(x,y)
a
’ 2.87)

p_vp ((l]) ai
V(@) | a
p_Vp (as) as

=q h',p—vp(a4)ya4 ,

and define 7 as
ﬂ*f(A,/l, i7 ap’a,])9c’§A) = f_)(Aa /l’ i’ a,p5ap’ C7§A’ (ﬂ*QA/C)g)
= g_l : .]?(Aa/L i’ a]?’ apa C7§A/C)'

The U ,-operators are defined as

p
+ . g0[g0 2 150 0,+ "
p2 H (J”1+1,nz,n3+l,m’w£) " (%2,”1,n2,n3,m’p2w£
n* 0 0,+ * p2Trpy 0/ -0
— H (‘62’ ,piwt) — H (9
sNny,n2,n3,m -

ni,na,n3,m’ wL)’

p
+ . 00 2 0 0,+ *
Ups: H (‘jnl,nz+1,n3+1,m’w£) H (%3,n1,nz,n3,m’p2w£
-3
p T py Ho(go

ni,na,n3,m> wi)’

Pl
- . 0 O‘O 2 0 0,— *
Up,l tH (‘/nl,n2+1,n3+l,m’w£) H (%l,nl,nz,m,m’prL
-2
% p~Trp; 0,60
1,n1,n2,n3,m’plw£) > H' () nyngam> @)

N HO(%O’*

Similarly as V, ,,, one can check that these U,-operators preserve the spaces H° (%?;ﬁfr,wz)
d HO o~0,tor T It i 1 hat Ut .U* .U" HO g0, tor
an Tnm Wt @ g 0or |- t 18 also easy to see that p2Yp 3y, maps Inom » Wt (resp.
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HO (%?;ffr, (L)L®I%O"t:l)r)) into HO (.670’“” ‘”L) (resp. H® (.670’“” Wt ® Lo.or )), that is, the operator

n-1,m’ n-1,m’
n-1l,m

U* UT , U~ , increases the level.
P27 p,37 p,1

2.8.3. Adelic U,,-operators

If we identify G(Q),) with GL4(Q,) X GL{(Q,) via equation (2.4.1), the U ,-operators defined above
acting on classical automorphic forms on G of weight (¢}, #3.13;¢]) correspond to the following adelic
operators (up to the action of the center of G(Q,)):

p
Ut p<(t1+,t£',t;;ftl’)+2pc,(1,],0;0)) R(u( P | ) 1) du:
P N(Zp) 1
Ut (@525 15=17)+2p¢,(1,1,1,0)) R pp 1) qu:
p3+ P u p | u; (2.8.8)
N(Zp) 1
1
1

U,;,11 p((z;,z;,t;;—z;)ﬂpc,(0,0,0;—1>) Rlu | 1| du,
N(Zp) p!

1 % % %
where N(Z,) = 1 :) € GL4(ZP)}, R(-) denotes the right translation, and 2p. = (2,0, -2;0) is

*
i 1
the sum of the compact positive roots of G.

2.9. Statement of main theorem

Let Tso(Z),)° be the connected component of Ty, (Z,) containing 1, that is, Ty, (1 + pZ,), and put
Aso = Zp [[Tso(Zp)o]]-

Theorem 2.9.1. The following hold:
(1) Let U, = U; ZU; 3U; |+ Then for each f € ¥, lim (Up)r!f converges, and we can define the

semiordinary projector as eg, = lim (U,,)”. The Zp, ([Tso(Z ) ]]-modules
r—o0
V" = Homz, (€07, Qp/Z, ), 7 = Home, (7. Qp/Z,)

are both free of finite rank over Aso,.
(2) The spaces of Ago-families of tame level K}’ are defined as

Mgo = Homy,, ({Vs%*’ ASO)’ Mo = Homp, (‘V:;, ASO)'

For a given weight (t+,77) € Homeon(Tso(Zp), FX), let Pr+ - be the ideal in Of [[Tso(Z)]]
generated by {(x,y) — T (x)77(y): (x,y) € Tso(Z})}. We have

M2, 8z, 1110z 1) OF [Tso(Zp) 1/ Prt - — (lith'_r)nesoVr?,m ®z, OF) [t%, 771,
m n

9.1
Mo ®Z, ([Tw(Zp) 1] Or [[Tso(Zp)]]/P‘r*,‘r‘ — (lim limego Vi m ®z, OF) [75,77].

——
m n
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The semiordinary projector preserves the spaces of classical forms, and by combining equation
(2.9.1) with equation (2.7.2), we have the embeddings

oMy g vy (KD KD o €, F) = (MS, €2, 11,2, OF [T(Zp)/Pesr ) [1/p),
esoM(O,O,t+;t‘) (K})K[l;,m E+7 € F) — (MSO ®Zp [[T50(Zp) 1] OF [[TSO(Z[))]] /PT*,T’) [1/P] >

where t* = Tig with (0,0,t%;¢7) dominant and €* = Tfi.
(3) Given 0 > t*, there exists A > —t* + 4 such that the above embedding for the cuspidal forms is
surjective if t~ > A.
(4) There is the following so-called fundamental exact sequence (in the study of Klingen Eisenstein
congruences),

0 ey ;o
0 — MY — Mo — P M0.0) (K} 3 Zp) @2, Zp[[Teo(Z)] — 0,
8

with g runs over (G}(Q) = P (Ag’f))\G(A&f)/Kj’} and @, the Siegel operator obtained by
restriction to the boundary stratum indexed by g. The level group K } ¢ = K}p gK pe C G’(Ag f) is
defined in equation (4.4.1), and Mo o) (K ,/‘ & Z,) denotes the space of classical automorphic forms

on G’ of weight (0,0) and level K}’g

Remark 2.9.2. In general, one can consider semiordinary families whose members have weight ¢ =
(17,13, t;; t7) with 17, ¢; fixed and t;’, t varying in the family. We only consider the case 17 = 7 = 0
because it suffices for proving Theorem 8.2.3, and we want to avoid having the main idea obscured by
the extra complications of working with vector bundles. For the general case, instead of considering the
global sections of the structure sheaf over the Igusa tower, one considers the global sections of a vector
bundle w;. For defining VP (cf. §4.3) such that the quotient 9/ 7" has a nice structure, besides the

requirement of vanishing outside the strata labeled by cusp labels in C (K}’ K ‘L',’n)gr 4> one also requires

that the elements are global sections of wg C w; with “’Z a subsheaf defined as in [Hsil4a, Section 4.1].

3. The proof of Theorem 2.9.1 for the cuspidal part

In this section, we prove Theorem 2.9.1 for cuspidal families. The results for cuspidal families will be
used to deduce the results for noncuspidal families in §4.

Proposition 3.0.1 (Base change property). Let 7,2 [1/E] be the open subscheme of T,>"°" where E,
our fixed lift of Hasse invariant viewed as a section over %O’tor, is nonvanishing. For any classical
dominant weight t, the natural map

HO (z?»mf [1/E],w, ® Izo,m,) ®7/p"Z < H° (9‘0"“ w; ® Igm)

n,m >

is an isomorphism.

Proof. Over J,1°", we have the exact sequence of sheaves
pm
0— Wy ®Ic‘lor — Wy ® Lortor —> (oF ®Io‘tor — 0.
= In . In = Jn,m

By [Lan18, Thm. 8.2.1.1], R}rn’*(wL ® Ig;llor) = 0 (where m, is the projection m,, : J,'°" — F/“nmi“), SO
we have the exact sequence of sheaves

m
0 — 7y (W ® Lgtor) 2 T (Wr ® Lgtor) = 7y u(wy ® Lgor ) — 0

over 7,M", Since 7,M"[1/E] is affine by definition, taking global sections gives the result. O
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Proposition 3.0.2. Let Uy, = U* ,U% U~ . Let f € V° and f € HO(%‘{;?, w ® Igo.mr). Then both

limits lim (U,,)”f and lim (U,,)”f converge.
r—o0 r—oo

Proof. Consider J,,, the ordinary locus of level
- 1 % % %
Kz’lz{gCG(Zp)ng'E( 1’{?) modp"}.

Let 7,1 be the partial toroidal compactification of 7,, and put V2, = H(F,%,, w; ® I ), which
contains V,?’m as a subspace. The definition of the U,-operators in §2.8 can be naturally extended to

V90 .. so it suffices to show that lim (U,)"" f converges for every f € V0, . As explained in [Hid02],
’ r—oo ’

limlim V7, is p-torsion free and there is an embedding
—— "

m n

HO($", w, ® Tsw) ©Q (h;nh_rgV,?,m [1/p].

m n

t dominant

The Z,,-modules HO(oS"Or, w,® I(gmr) are free of finite rank and stable under the action of U, so the

limit lim (Up)" ' exists on them. Since
r—oo

0 S0
- (Smr’gl ® IS) ®Q|nlimlimV?,, (3.0.1)
¢ dominant m n

is dense in lim lim Vp . by [Hid02], the convergence of lim (Up,)"" f for every f € V), follows.

m n

On the other hand, let f € H° (%?;i,or, w; ® Ig.y?‘.::l)r). By Proposition 3.0.1, £ lifts to
fen (9;0"“[1/15], w, ® Igo,m).

For [ > 0, we have 7f)E L'e HO (F],,O’tor, W ® IgO,Ior), which by the Koecher principle can be viewed as

an element in the finite-dimensional space MtOmE (p-1) (KJ’ZK?,’”; Qp). Thus, the limit }LIEO(Up)r!(sz)

converges. Since £ = 1 mod p, we have fEl = f mod p™, and the convergence of lim (U p)” f

follows. O

Thanks to the convergence of lim (Up,)" "on 70 and H° (,%,Ontfr wr ® Igo,mr), we can define the
r—oo - n,m

. . . . !
semiordinary projector on them as ey, = lim (Up)"".
r—oo

Proposition 3.0.3. For n > m and a dominant weight (0,0,t*;t7), the map
0( o~0,tor 0 + -
esoH (Jn,m > W(0,0,1%317) ®Iﬂ?;1> — esoVy lt,17]
induced by equation (2.7.1) is an isomorphism.
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Proof. Given f , we have
(sz)(A’ /17 i7 a,P’ ap? §ap)

p" -
=p Z(tucl ( " ),pz") FAICA T (@P) g, ).

C

(3.0.2)

Here, C runs over the subgroups of A[p**] which can be spanned as

-n

1wy * p n
+ 4+ + _+ n 1 uy * p
(31362,93»34)'17 ( ]2 *) p—2" )
1 p74n

1 % % % p n
- = L, n 1 P
(61’62’63’64).]) ( —uzl—ul) p74n s
1

1 up
with e7, €3, €3, e} abasis of A[p"] compatible with ),. For sucha C, uc = ( 1wy ) By our definition
1

of the A, -action on W; (in equation (2.8.7)), we know that if w € W(g o s+,-) is a vector of nonhighest
weight, then

p" »
" , 07" -w=0 mod p".
p2n

Therefore, from equation (3.0.2) we see that U}, f is actually determined by the projection of its values
to the highest weight space.

On one hand, this shows that the map in the statement is injective. On the other hand, given
fe eSOV,?’m[tJr, t~], we can define fby the rule

FA i a? ap g, ) =p 30N (W 1) w0 FAIC X1, (@) ap),  (3.03)
C

where C runs over the same range as above. One can check that f satisfies

> . * Pk -1 - .
f(A’/l’l’ap’aP Og,§abog) - ((;1 1:2 aj ),612) ’ f(A’/l’l’a,p7ap’§‘Yp)
k% Uk
prxuy . .
for gt = ( ap ) mod p”, so equation (3.0.3) defines an element in
-1
4

O (%?;;or’w(o’o,ﬁ;,-) ®I%15‘;n), and it is easy to check its semiordinarity from the semiordinarity

of f. The composition of equation (3.0.3) and the map in the statement is U};. Hence, the map is a
bijection. O

it 0( g-0.tor _ 0( g-0,tor
Proposition 3.0.4. e, H (%,m ,w£®1'gy:%) =esoH (‘671m ,(I.)L@Ig*ll’(;:!).

n,m »

Proof. This follows immediately from the fact that U, maps the space H° (9’ O-tor W ® I%m;n) into

HO(T04, w01 @ T, ). (See §2.8.2) o

n—1,m’
Proposition 3.0.5. For a fixed tame level Kj: and a fixed integer B > 0, the dimension of

eSOMS(KJIZKgJ;Qp) is uniformly bounded for all t] > 15 > t] > —t] +4 witht{ — 1 < B.
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Proof. Suppose that I is an irreducible cuspidal automorphic representation of G (Ag) generated by a

semiordinary form ¢ € ey, M, (K ;’ Kg 0 Q,,) whose (generalized) eigenvalue of U;,z (resp. U; 35 ;’1)
is A7 (resp. 43, 7). The semiordinarity condition implies that 13, A3, A7 are all p-adic units. We view

I1,, as an irreducible representation of GL4(Q),,) via equation (2.4.1). Let Q be the parabolic subgroup
{( Rk )} C GL4 with Levi factorization Q = MpNg. Let

*

Oy ng =T, /{T,(u)v —v : v ell,, u€ No(Qp)},

the Jacquet module of II, with respect to the parabolic Q acted on by Mp(Q,) = GL(Q,) X
GL;(Qp) xGL4 (Qp). It follows from Jacquet’s lemma (see [Cas95, Theorem 4.1.2, Proposition 4.1.4])

M, K9
that I, Q(Qp 0K equals the image under the natural projection of

P2
2

KO) n
ﬂ p, loc ley ) Up,ioc = / I, u P » du.
r>1 No(Zp) -1
p
The semiordinary form ¢ € Il is fixed by K 0 ,» and belongs to a generalized eigenspace of U, joc With a

MQ (Qp)pr N

nonzero eigenvalue. Thus, we deduce that H # 0 and II,, is isomorphic to a subquotient of

In dQ(j‘QfQ;”)O'E)(x/\/’,

where o is an irreducible smooth admissible representation of GL>(Q),), and y, x” are smooth characters
5 , * ok
of Q5. We have Mg (Qp) N Kg’l = K, x (1+p"Zp) x (1+ p"Zp) with K, = {(p* *)} C GL2(Zp).

M, K /
From Hp %(QQ”)Q P 20, we know that oXr # 0 ([Cas95, Theorem 6.3.5]). This implies that o is not
supercuspidal, and II,, is isomorphic to a subquotient of a principal series. Denote by a1, a3, a3, a4 the

evaluations at p of the corresponding characters of Q7. Then, up to reordering, we have

A =piiay - phiTian, (3.0.4)
/l‘:;‘ =p 1++%al . pt;_%az . pt;_%a:;, (305)
A7 =phiiagt (3.0.6)
Now, in addition to U+ Up 35 Up | We also consider the action of the operator
p
Ut | = {5 4201,0.00) R(u( ¥ ) 1) du (3.0.7)
p
N(Z,) 1

on M, 0 (K J’Z K?, s Qp). The operator U;;’l has a geometric interpretation analogous to equation (2.8.5),

and the above normalization makes all its eigenvalues p-integral. If o Yay # p*!, then p’l 201 and

p’r 2 a; are both eigenvalues for the action of U;,l on the holomorphic forms in IT of level K ]’Z Kg ne S

1 1
vp(ar) +1] + 2 >0, vp(an)+1]+ > > 0. (3.0.8)

https://doi.org/10.1017/fms.2022.95 Published online by Cambridge University Press



Forum of Mathematics, Sigma 19
By using that equation (3.0.4) is a p-adic unit and our condition O < r{ — £ < B, we get
+ 1 + 1 + 4 3.0.9
(vp(a1) +1] +§)+(vp(a/2)+tl +§) =t -t;+1<B+1. (3.0.9)
Combining equation (3.0.8) and equation (3.0.9), we get
+ 1 .
03v,,(a,)+t1+§ <B+1, j=1,2. (3.0.10)

If a7 a; = p*!, then equation (3.0.4) being a p-adic unit implies that

t
241, j=1,2.
Combining it with our condition 0 < t+ - t+ < B, we get
B .
0<vyla) < S+l j=12 (3.0.11)

Therefore, for tf > £ > 1] > —t] +4, 1] — £ < B, all the semiordinary forms in eSOMO(K” Kg 1 Qp)

have slopes < B for the U p-operator U;; U+’ U U0

Recall that the theory of Coleman famllles for umtary groups (developed in [Bral6] as a general-
ization of [AIP15]) shows that, for every point in the weight space Homcom((Z;)“, C}), there exists a
neighborhood U of that point and a projective A;,-module of finite rank interpolating all the cuspidal

overconvergent forms of weights in &/ and U; 1U+ U; 3Up ,-slope < B and a fixed tame level. Since

all the algebraic weights ¢ are contained in a compact subset of Homcom((Z;)“, Cp), when ¢ varies
among all the algebraic weights, there is a uniform bound on the dimension of the space of cuspidal
overconvergent forms of weight 7 and slopes < B and tame level K }7 The proposition follows. O

Proposition 3.0.6.

(1) dims, eHO(T% 0, ® Tyou) < oo

(2) (Classicity) There is a canonical embedding
esoM?(),O’ﬁ;t—) (K})K;, 0> Qp) h— (@h._r)nesovr?,m [t+s t_]) ® Qp,
m n

and for a given t+ < 0, there exists A(t*) > —t* + 4 such that if t~ > A(t*), then the embedding is
an isomorphism.

Proof. (1) Suppose that f,,...,f, € eSOHO(G” Otor ), ®Ig(),tor) are linearly independent. By Propo-
- 1,1

sition 3.0.1, they lift to fi,...,f4 € HO(F]lO’tor[]/E],w, ®Ig(),t()r). Recall that E has scalar weight
- 1

te(p—1Dandlett+lke(p—1) = +ltg(p - 1), +1tg(p - 1), +1te(p - 1);t] +1te(p - 1)).

For [ > 0, we have

1 1 0 0,t
hHE ..., faE° e H (lo/:l or, Wil (p-1) ®I§7y£),mr).

Because E = 1 mod p, we have eg(f;E!) = ?j, and therefore eg, (f1E!), ..., es(f2E") are linearly
independent. Thus, d can be at most the bound in Proposition 3.0.5.
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(2) We have M(oo - )(Kf Kf, 1’Qp) = Ho(glo’tor,w(o,of;t—) ®Ig~0,lor) ®,, Qp. (As mentioned

above, the base change of I G'O Y to IC is an open subscheme of S

KP K() ’
7 Epa
principle to get the equality of global sections.) The map (2.7.1) induces

here, we use the Koecher

H° (9'10’“", W(0,0,r:-) ® IL(TIO,lor) — (lim lim esoV,?’m [, t_]),

and this gives the canonical embedding in the statement.
Put VO [t t7] = lim lim esoVy u[1*,17]. Note that from Propositions 3.0.3 and 3.0.4, for n > m, we

m n
have

eSOVO

n,m

[[+, l_] ~ egoHO(CVO tor > W(0,0,+3t-) ® Ic-Otor)
It follows that VO [+, 7] is p-torsion free, and together with Proposition 3.0.1 we get

dll’Il]Fp VO [ s 7]/st(z) [l+,l ] dlm]p eSOHO(c‘lolwr W(0,0,t+;7) ® IgO.tor)
1,1
= dlme eSOHO (zo’tor[l/E] N a)(0,0,t+;t_) ® Ig(),lor) ® QP'
1
Denote this dimension by d. The above shows that Vs%[t*, 7] is a free Z,-module of rank d. Thus, it

suffices to show that there exists A(¢") > —t* such that dimg, eSOM?O,O,t*;t‘)( P ¥ Qp) > d for

t~ > A(t%). Pick an unramified Hecke character y of K*\AE of co-type (£ (p —1),0). Twisting E
by the character obtained by composing y with det : G(Q)\G(Ag) — K*\A¥, we get a holomorphic
form E’ of weight (0,0,0; 2tz (p — 1)) with the same vanishing locus as E. Multiplying by (E’)! and
applying ey, gives an injection

0 0
esoM (oom )(K L QP) > esoM (oom 25 (p- 1))(K Ky 15 QP)’
SO
. 0 0 . 0 0
dimay, €My vy (KPS 1:Qp ) < dima, €My g oo oy (KK 1:Qp)-

By the definition of d, we thus see that for each 0 < j < 2t (p — 1) — 1 there exists /; (") > 0 such that

- 0
dimg, eSOM(O,O,t+;—t++4+j+21E(p—l)lj(t*))( Ky, 1’Qp) 2

Therefore, A(t*) = —t* + 4 + 2t (p — 1) (max;{l;(¢")} + 1) has the required property. O

Theorem 3.0.7 (Vertical control theorem). ‘VSOO* is a free Nso-module of finite rank.
Proof. Let m be a maximal ideal of Z, [[Tso(Zp,)]]. (We know that m N Ay, = (p,T*,T~), where we

identify Ay, with Z, [T, ‘]] by identifying (1 + p, 1) € Ty (Z)p) (resp. (1,1 + p) € Tyo(Zp) with T*
(resp. T7).) We show that ‘l/bo m- the localization of ‘Vqo at m, is a free Ag,-module of finite rank.
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First, we consider the quotient ‘V50 m ®Ay Aso/(p, T, T7), which by definition, equals (ego ¥V[m])*.
Take 0 > ¢+ > —1~ + 4 with P;+ - C m. Then

. L. 0 _
eoV[m] =  p-torsion of h_n)] h_r)n eV mlth,17]
m n
(Prop_34()3)

: . . 0( o-0,tor
p-torsion of h_r)nh_r)neSOH (Jn,m » W(0,0,+:1-) ® I%q,r‘zr)
m n
(Prop_3.0.4) 0»0 tor

. . 0
p-torsion of h_n)lesoH ( >

m

wW(0,0,t+:t7) ® Igjo.lor)
.m

= €50

p-torsion of hrnHO(O”Ot 2 (0,0,6%37) ®I¢0[Or)l
m

Also, Proposition 3.0.1 implies
lim H° (9‘10,; W.0s4) @ Ig]o,m,.) = lim H° (9‘10»““ [1/E), (00,04 ® Iglo,m,) ®Z/p"Z.
m o m

It follows that

p-torsion of hm H(g

m

- HO (9710’“ [1/E], w(0.0.04-) ® Iglo,w,) ®Z/pZ

(0‘0 otor > W(0,0,¢+:¢7) ®I¢Otor)

— Ho(cvlolto W(0,0,r+:t7) ® ILCTI(‘)’IIOI)’
where Proposition 3.0.1 is used again for the second equality. Thus,

0 0,tor
esoV[m] = esoH (G] 1> @W(0,0,6+5t7) ®Ig»]0,ltnr).

By Proposition 3.0.6, we know this is finite dimensional over F,,. Hence, %5y, ®a, Aso/(p, T, T7) =
(eso¥[m])* is finite dimensional over F,. Let

d = dimg, 'Ve(z)tn ®hy Ao/ (P, T T7).
By Nakayama’s lemma, there exist Fy, ..., Fy € rVgo m such that
{Vs%jm =AoF1+ -+ Ao Fy.

Next, we show that Fi, ..., F; are A, -linearly independent. Suppose that ay, . ..,aq € Ay are such
thata Fy +---+a4F,; = 0. Given any 0 > t* > —~ + 4 with P+ ,- € m, we put

Pl‘o*,l’ = ASO N Pfr’[* .

In view of Proposition 3.0.1, the Z,-module h_r>n1£>n H° ( %(?;ﬁfr,‘”z ®I§]0,tor) is p-divisible, and by
m n Sm

Proposition 3.0.3 so is e, 0 [£F,¢7]. Therefore,

0,* o —_ *
‘Vso,m BAso ASO/Pf*,t’ = (eso‘VO[tJr’t ])

https://doi.org/10.1017/fms.2022.95 Published online by Cambridge University Press



22 F. Castella, Z. Liu and X. Wan

is p-torsion free. On the other hand,

dims,, (Vi @ Aso/ P ) ©2 Z/pZ = dimz,, Vs @, Aso (. T T7) = d,

It follows that the Z ,-module ‘Vb(())} ®Ayo Aso/ Py ,- is free of rank d, and therefore ay, . ..,aq € P}, .

Then from . +ﬂ 4on+,z- = 0, we conclude that a; = --- = a4 = 0, and hence ‘VS%”;,I is a free Ago-
2ttt >—1"+

module of rank d. i

This completes the proof of part (1) of Theorem 2.9.1 for cuspidal forms. For part (2), because ‘VS%’*
is free over Ay, letting V9, o [7%,77] = €50 lim VY ®z, Op[t*,77] we have

n
MY, @z, 111z, 1) OF [Tso(Zp)1 /Pt +- = Homg, (‘Vs%* ®z, OF /7’7+,r,Zp)

= Homg,, ((eSO‘VO[T+, ] Zp)

*

(3.0.12)

= Homg, li_r)nV,?l’SO [t*,77]

Zy |

m

Since the left-hand side is a free Z,-module (because Mgo is a free Ag,-module), we see that

m m

li_r)nV,?l’SO [7*,77]) is p-divisible, and VO | [7*,77] — V)  [7*,77] is surjective, so
m
Homz, (ll_r)n V,?l’so [v",77],Qp/Zp | = Homg, (I(Ln ij,’so [7%,77].Z,
m m
and hence
(3.0.12) = Homgz,, [ Homg,, liLnV,(:l’so[T+,T_],Zp ,Zp) = l(iLnV,(,l’so[TJr, 7]

m n

lim iy eV, 3z, OF) [,

concluding the proof of part (2) of Theorem 2.9.1 for cuspidal forms. Part (3) follows from Proposi-
tion 3.0.6.

4. The proof of Theorem 2.9.1 for the noncuspidal part

We apply the approach in [LLR20] to prove the vertical control theorem for semiordinary forms on
GU(3, 1) by analyzing the quotient 9//%° and using the vertical control theorem for cuspidal semior-
dinary forms on GU(3, 1). When studying 7/, we introduce an auxiliary space 7. One difference
from loc.cit is that g-expansions are used there to reduce proving some properties for the U, -action
on v, ¥’ to matrix computations, but g-expansions are not available in the case of GU(3, 1). The ana-
logue of those properties in our case are proved in §4.5 by working with semiabelian schemes over the
boundary of the partial toroidal compactification.

4.1. Cusp labels
Following [Lan13], a cusp label is a K ¢ -orbit of triples (Z, ®, 6), with:
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0Z2:0CZyrCcZ = Zfz c L ® Z afully symplectic admissible filtration.
o ®=(X,Y,d, -2, p0) atorus argument, where ¢ : Y — X is an O -linear embedding of locally free

Ox-modules with finite cokernel, and ¢_ : Gr?, N Hom(x ®7Z, Z(l)) and ¢y : Grg S5YRZ,
with Gr%; = Z_;/Z_;_,, are isomorphisms such that (v, w) = goo(v)(qﬁ(go_g(w))),
o §:Grt = Grf2 @ GrE1 @ Grg — L ®Zis an Ox ® Z-equivariant splitting.

Following [Lan18, Def. 3.2.3.1], an ordinary cusp label of tame level K}f is a K;PD(ZP)-orbit of
triples (Z, @, §) as above compatible with D, in the sense that

Z7,®3Z, CDCZ1®;5Zp,.

There is a unique cusp label for which Z_, = 0, and in our case, all other cusp labels have Z_, with
rank 1. As explained in [HLTT16, B.2, B.3, B.11], the latter are parametrized by a certain double coset
space. To recall this, we have the filtration

XVcX'elopcL=X"oLyoY. (4.1.1)

Let P c G be the parabolic subgroup preserving this filtration, and P’ C P be the kernel of the natural
projection P — GL(Y). Define the triple (Z(V, @), §(1) as

o zW: Z,=X" ®Z, Z_y = (Xv ® Lg) ®7Z.
o @ = XM, YW, ¢, o0} o) with XV = Homo, (X, O (1), Y =¥,
o)y — Homo, (b)‘CI/Q - X1, O;C(l)) induced by our fixed basis of x; and y; of X and Y and the

pairing 27i - Tric/g o (., )p, <p£12) =2nV-1-id and tp(()l) =id.
o ¢ =id.

Denote by V: 0 c V_, ¢ V_; ¢ L ® Q the filtration obtained as equation (4.1.1) tensored with Q. For
every g € G(Aq,r), define (28, ®®) §(2)) by

o Z;.g) = (g_l(Vj ®AQ,f)) N (L®Z).

o ®® = (X®,Y®, ¢ & o) with (X®),7®), @) = (XD, YD, ¢, 0@ (resp. o) is

0
the composition of <p(_l2) (resp. go(()l)) with g : GrE;g) - GrE2 (resp. g : Gr(z)(g) — Gr(z)).

Gr(e s A oL ”
o 6@iscrr? 6" Y et Lol

Then the map that sends g to (the cusp label represented by) (Z(8), ®(®), 5(2)) sets up a bijection between
the set of cusp labels with Z_, rank 1 and the double coset space

C(K?) = GL(X ®Q) = P'(A2 )\G(AD )/KY.

(See [Lan15, Prop. A.5.9].)
Similarly, the ordinary cusp labels with Z_, of rank 1 are parameterized by

C(KPK), ora = Im(G(AS’ )Pp(Qy) — GL(X ®Q) = P'(Ag.r)\G(Ag.r) /K}’Kll,’n), 4.1.2)
which is in a natural bijection with

(GLX(p) < (P85 ) x P/@))\G (AL ) x Po(Z,) [KE (K}, 0 Po(Z,))

(4.13)
= C(KP) x (U,C,K;_, < P'(Z)\Pp(Z) /K, PD(ZP)),

https://doi.org/10.1017/fms.2022.95 Published online by Cambridge University Press



24 F. Castella, Z. Liu and X. Wan

a
where Uy KP = {a € Og: ( Lo ) € Kp. } By abuse of notation, we shall denote by g both elements

in G(A )PD(Q,,) and in its quotlent C (K’f7 K Il, nJord- The context should eliminate any possible
confusions

4.2. The formal completion along boundary strata

Let Z, , be the stratum associated to g € C (K I K _n)ord in the partial toroidal compactification 7,/°".
Then we have

T =g, 1 u Fn-
gEC(K};Kllw,n)ord

(The choice of a polyhedral cone decomposition is unique in our special case GU(3, 1) because with
(S (2 ) defined as below and P the subset of Homz (S (8 Z) ® R consisting of

Pl P | Pl
KEKp n ka kapn

positive semidefinite Hermitian forms, we have P o) = Ryp.) Let I G”nm‘“ be the partial minimal
KPKl

compactification of Jn (constructed in [Lanl8, Theorem 6.2.1.1]). Denoting by %, , the stratum
associatedto g € C ( K, ! ord in 7,1, we similarly have

min _
g =0 || %
geC(KJfKII),n)ord

The stratum %, , can be identified with the O-dimensional Shimura variety Sg/, K} g where
8.n

K)o Im(P(AQf) ngKPK} 67 = G’ (AQf)) 4.2.1)

We have the following diagram:

B — = (4.2.2)

Sc x
GKf&n

where ‘“62,’“3! - o, K} is a torsor of an abelian scheme quasi-isogenous to Hom,,, (x(®, A) with A
» J.8.n

the universal abelian scheme over §¢/ k- e’ ,and = '_Ord %Ord is a torsor of the torus with character
group S (o) , which is a finite index subgroup of the free quotlent of
kPK]
fhp.n

1 1 ‘
(bﬁy) Qx - (ﬁy ® (bcx) v,y €Y(8) ,xeX(®) ,beOx

(%Y(g) ®7 x(g))/(y ® 6 (y) =y’ ® 6@ (y)

—ord
with N sufficiently large with respect to the level K ;’ K ; ,sand 2 ”Ord — &, , is the torus embedding
with respect to the unique cone decomposition.
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Denote by X, ,, the formal completion of Z,°" along the stratum Z, ,. Then X, , is canonically

ord
along the boundary = Ben — :gf‘i.

Here, I', is the (finite, in our case) subgroup of GL(X(®)) x GL(Y(®)) preserving go<‘5) and cpof’) (as orbits).

isomorphic to the quotient by I'y of the formal completion of =2 rn

4.3. The subset C(K}’Kl D2 of C(Kf,’ K} )ora and the subspace V" of V

ord

By a generic point, denoted by 7, of the formal completion X, ,, we mean a generic point of
Spec(I'(U, Oy)) with U an affine open subscheme of X, ,. Let (G, 4,i,a”,a,) be the pullback to
Spec(I'(U, Oy)) of the family of semiabelian varieties over J,'°", which is a degenerating family
obtained by Mumford’s construction. Let

0—T —>G1—A-0

be the Raynaud extension of G. Then, for any positive integer N, the group T[N] (resp. GA[N]) is
canonically isomorphic to a subgroup of G[N], which we denote by (G[N])* (resp. (G[N])!). We
have (G[N])* c (G[N])! and the quotient (G[N])*® = (G[N])f/(G[N])* is canonically isomorphic to
A[N]. (See also [Lan18, §3.4.2].)

Let 77 be a geometric point over 7. The ordinary level structure a, 5 of G;; gives rise to a filtration

Ff—I:OCF+ CFf_

. c gﬁ [pn]mull+

(refer to text around equation (2.5.2)). We define a subset C(K2K!

fops ")ord c C(Kpr n)ord in terms of
the relative positions of FJ 7 and (G; [p])*.

Definition 4.3.1. Define C(K JIZK ! )b as the subset of C(K? K  )o.q consisting of g such that

f P n
F3, N (Galp)* =0
for a geometric point 77 over a generic point i7 of X, ,,.
One can check that the preceding definition does not depend on the choice of 77. Let
app ajz apz a4

+ _ | 921 A2 A3 dxg 3 dz) d -1 an3 2
8§ = ((131 aszp asj a34) with (aSI (132) (a33) € Zﬂ}
agq

PY(Qp) = {g € Pp(Qp)
and

Pg(zp) = {gp € PD(Zp) g+

an ap aiy ai o

21 a2 axp ay : 21 an

a1 ax az ay | With (d3| a32) € GLZ(ZP)
a

1
_ P'(z,,)(l 1 ])(Kg,,, N Po(Z,)).
Proposition 4.3.2. We have
CKDK )iy = Im(G (AL )PB(Qp) — GL(X ® Q) x P' (Ao, \Glhg r)/KIK},).  (43.1)

ord —

which is in a natural bijection with

C(KF) x (Uzc,K;’ = P'(Zp)\P}(Zp)/K}, , O PD(ZP)). 43.2)
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Proof. Given g, € Pp(Zp) with

. ap ap ap * In Ci1 €12 €13 * 1 dyy *
— | @21 a2 a3 * - — | €21 €22 €23 * R *
gp — |\ a3 a3 azz * | (gp ) T | c31 €32 €33 % | (gp ) - *

* * *

* ® ¥ %
* X K %

)

the corresponding F» j; is spanned by the image of x|, w] under @, j, and 7;[p] is spanned by the
image under «p 5 of

C11 C12 €13 10
. 00
Xt Wt W X €21 €22 €23 . 4.3.3
(x7, Wy, Wy 1)C3lc32€33 00 ( :
di/)\0 1

Therefore, the condition F; 50 (GilpDH = 0 is equivalent to the condition that ¢11 X} + cow] + c31w5
does not belong to Spang_ {x],w]}, whichisequivalentto c3; € Z}. The condition c31 € Zj; for ( g;,l)Jr is

equivalent to the condition (a3 a3 ) € GL2(Z),) for g3, This shows that C(K K )Or 4 €quals equation
(4.3.2). It is also easy to see that there is a natural bijection between equations (4.3 I)and (4.3.2). O

Definition 4.3.3. Define

Vo= {f €Vam : flz,, =0 forall g € CKPK} Jora = CKPKD )b},

that is, the subspace of V,,_,,, consisting of forms vanishing along all the boundary strata of 7, indexed
by ordinary cusp labels outside C (K P K, ! ) and define

n’ord’?

4.4. The exact sequence for V",

When g € C(K J’f K ;,’n)gr > the level K } 18 independent of n, and we denote it by K }’g. We have

P _ p p -1
Kf,g—Im(P(AQ’f)ﬂgK g —G (AQf))
4.4.1)

, ’ E
K, q.= {heG (Z,,):h+z( *) mod p}.

Let Mg,y (K } e Z/p™Z) be the space of classical automorphic forms on G’ valued in Z/p™Z of weight
(0,0) and level K } ¢ (which are functions valued in Z/p™Z on the finite set G'(Q)\G'(Aq,r)/K 7 g)
and Mo,0) (K} 3 Qp/Zp) =1lim M(o,0) (K 3 Z/p™Z).

m

Proposition 4.4.1. We have the exact sequences

@g

0— VY

b
nm—>Vnm

D Moo (K} Z/p"2) ®Z,[[T(Zy) /U k] — 0 (44.2)
geC(K})

and

0— 10— o 2%, D Moo (K} :Qp/Zp) 8 ZylTo(Zp) U xr ] — 0, (443)
geC(K”)
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where the map @, is obtained by restriction to the stratum Zg ,, (whose global sections are the same as
the global sections of Y n, which can be identified with the 0-dimensional Shimura variety S, K, ),

J.8
and is sometimes called a Siegel operator.

Proof. Letn, : 7,1°° — J,™n be the natural map. By [Lan18, Lem. 8.2.2.10], we have

A
(ﬂn,*O%{% /ﬂn’*Ignm’rn)? ~ h*O%Erg! ® Z/me = OSG/ [ Z/pmz

K
g.n f.g

(Here, & is the map in the diagram (4.2.2).) Taking global sections over the affine scheme %m,;;], we get
VamlVaw= D MoK} o,32/p"D). (44.4)
gEC(K;KIIJ,n)ord

By definition, an element in V}, ;,;, belongs to E’m if and only if it vanishes along the strata associated

to the cusp labels outside C(I(J‘i7 KL P so

VewlVam= B MoK} 2/p"7). (44.5)
§€C(KPKp )

ord

w.m» SO it descends to V, ./ V,?,m. This action permutes the
direct summands of the right-hand side of equation (4.4.4). More precisely, the corresponding action of
(a1, az) € Tyo(Zp,) on the index set

The action of T, (Zp) on V,, ,, preserves Vo

C(RYK ), o = C(KD) x (U ey < P/ (Zp)\Po(Zp) [Ky (1 Po(Z,))

. It is easy to see that

1
1
sends g = g”g, to gPgpta, a,, Where tq, 4, € G(Zp) with tal @ = ( a
1
ay

Ty (Zp)-action on C(KPK 2 Jord Preserves C(KpKl n)

b
induces an actionon V. . /V?
For given g € C(K]’c’), set

so the T4, (Zp,) on V), ,,, preserves V,E’m and

ord’

C(K?Kp Word,g = {elements in C(K?K;, »Jord Whose projection to C(K‘;) is g},

(4.4.6)

C(K‘DK1 )Ord ¢ = {elements in C(KPK1 )Ord whose projection to C(K/’f) is g}.
The Z,[[Tsw(Zp)]]-module structures of V, ,,/V, VO (resp. m! V,?,m) are determined by
the Z [[TSO(Z,,)]]-actions on C(K‘"Kp word, g (resp C(KPK1 )ord g)- The TSO(ZP)-action on
C( p n)ord ¢ has too many orbits, and the number of orblts grows with n, so Vj A n.m 1S not

Very nice as a Z, [[T,(Zp,)]]-module. In contrast, the Ty, (Z,)-action on C (K‘;J K 11, 'l)or dg is transitive,
factoring through Z, ([T50(Z, / p"Z) | Uy, K? 1], and the action of this quotient is free. Therefore, by fixing

1

an element in P}(Z,,), which we will always choose to be ( h ), we get the isomorphism

1

Right hand side of (4.4.5) = Mq,0) (K 3 g,Z/me) ®Zpll SO(ZP)/U’C,K;.’]]? 4.4.7)

from which the exact sequence (4.4.2) follows. The exact sequence (4.4.3) follows from equation (4.4.2)
by taking the direct limit. o
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4.5. Three propositions on the U ,-action on V and P,

We introduce some setting for the proof of the following propositions. Given g € C(K ; K},,n)ord,
recall that 7 denotes a generic point of X, ,,,, and 77 denotes a geometric point over 7. Let
(G iq, i3 a ,@p. ;) be the pullback to 77 of the family of semiabelian schemes over J Flor . Recall

that certain Lagranglan subgroups C C G;[p 2] are used in the construction of %j' n.m fOT deﬁmng U .
in §2.8. (Here, (e, j) = (+,2), (+,3) or (-, 1).) Let

(G} = G/C.ifg Xy (b)) (4.5.1)

be the tuple defined as in the construction of %J' o’ f (e}, €3, €5, €5) is a basis of G;;[p"] compatible
with @, 5, then C is spanned by (e}, 5, €3, e;) - p" Vc,p with yc ,, given as in equations (2.8.1), (2.8.2)
and (2.8.3). From Mumford’s construction of the degenerating family over X, ,, ., we see that the tuple

(4.5.1), corresponds to a geometric point 77° over a generic point 1" of Xg/ , , With g’ =g - vc p.
Proposition 4.5.1. The space V"’ is preserved by the U p-Operators.

Proof. We shall show thatg’ = g-yc,, € C(KpK1 )0rGl onlyifg € C(K‘"K1 )2 . By the definition of
the U ,-operators, this will imply that if f € 9 vanishes along the strata outside C (K ;’ K, ! n)
does U3, . (f). We use the description (4.3.1) for C(KPKl 2P

ay, aj, ‘113 ajy

n’ord"

ord? then so

Consider the case (e, j) = (+,2). Write

ord”

ap) ap a3 di4
+

ot e
ay| axp axs ax _ | %21 922 93 94 : + ; ;
a3 a3 as a34) and gy =g}, ¥¢ » =\ dd with ¢, p 3 in equation (2.8.1). We have

8p = au a3y A3y A3z a;m
Ay
aptuiajtuzagn
ayy ay, ajy ajy ai di p *
’ ’ ’ ’ as| an aptuidyitipdy
Ay Gyp oz Aoy | _ P (4.5.2)
Cl’ Cl/ a/ a/ a as azztuidazi+uzasp % e
31 %3p Y33 U3y 31 @32 P
a’ a44
44 )
and
a al\ a ar axn\ ' (a u
21 Y22 23| — pfl 21 d22 23 + 1 (4.5.3)
al, a’ al aszl a a ur) |’ e
31 93 33 31 a3 33 2

Since u1,us € Z,, the right-hand side can be integral only if (2! 235)‘1(233) € Z?,. Therefore,
g =g vc,)p € C(KJ’(’K] Wb only if g € C(K]‘IZKl )24 The argument for the other two cases is
similar. O

Proposition 4.5.2. There exists a positive integer N such that the exact sequences in Proposition 4.4.1
are (U;’j)N-equivariantfor (e,7) = (+,2),(+,3), (=, 1) in the sense that for all g € C(KPK1 )

and f € W, we have

n/ord

(U3 ) f) = @4 ().

Proof. Take g € C(K J’,’ K 11, n)or 4> and we use the setting described at the beginning of this subsection.

In order to look at the image of U;) j f under the Siegel operator @, we consider the abelian quotients
Aj and Ay of the Raynaud extensions

O—)’]%—)Q%—)_/%—)O, O—>7',7,—>QE7,—>A,7,—>O,
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Let
C' = (C+(Gzlp"D*) N (Gilp" D, Cc® = C'/(Gs[p" D" (4.5.4)

(See the beginning of §4.3 for the definition of (G;[p"])* and (G;[p™]).) Then we have

Ay = Ay |C®.
We use the description (4.1.3) and equation (4.3.2) for C(Kp K,  nJord and C(Kp K, 1 )Or o Write g =
g’gp with g, € Pp(Z,) and
N S - _ (i
(g,) = &E&e) (g,) = i) (4.5.5)

The condition g € C(K}’Kll, n)bd implies that 3] c11, ¢35/ ca1 € Zp. Thus, we see that (Gz[p"])* is
spanned by

-1 + -1 + + -
c3icl1e] +c3 0, +es, e 4.5.6)

(cf. equation (4.3.3)), and (gﬁ[p"])f is spanned by

@) )
el, ey, ey, e, (eg,eg,el)( P50 1) C311C11 C3116‘21. 4.5.7)
1 0

We first consider the operator U * 5 By a direct computation, we see that for g € C(K P K, ! )Or &

p-partof g’ € C(KPKP 2ord 18
v
o =gh v, =( e (45.8)
o

where * € Qp,. This shows that the cusp label g’ is independent of C and belongs to C(K )’Z K 119 n)b - For

given C spanned by (e, e5,e3,e) - p"*~ 273 o with yZ »as in (2.8.2), from the definition (4.5.4) and
the basis (4.5.7) of (G5 [p "N, we see that C' is spanned by

(%) 1

cgllclle;r+c§110216§+e§, e, (ey,e5,¢ey) -p"_z( P50 1) c;llcll C5116‘21 .

1 0

Its quotient C*" is independent of the choice of C and is spanned by (€7, ;) - p"~2, with (€, €;) the
1 (F 01

image of (¢5, 3. e4)( tp(o) 1)(03116“ cjlen )under the quotient map gg — Aj; which is a basis of
1o

Az[p"]~. (Here, we identify (G5 [p"])f with gf‘? [p"] by the canonical isomorphism between them.)
Thus, we get

Ay = Az Az [P (4.5.9)
Denote by (p)~ the operator on M ) (K e :Z/p™Z) induced by taking the quotient by A[p?]".

Combining equations (4.5.8) and (4.5.9), we see that the trace cancels the normalizer in equation (2.8.5)
due to the independence of the choice of C, and

D (Uy 1) = ((p)7) @y (f).
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*

1
With Kj’: fixed, there exists N; > 1, such that ( Lo
p

-N;

g and g represent the same element in the

p

double coset C(KZK! and ((p)7)*M =1 0n M (K, ,3Z/p™Z). For such Ny, we deduce that

F Ko
(U} )V f) = @y ()

forall f € ¥” and g € C(K2 K],

Kp, ")or - A similar calculation shows that that there exists N > 1 such that

(U, ) f) = @y ()

b Pl
forall f € 9" and g € C(K K, )0rd
;o
ay @y, a5 dyy
ay ay dy dy ith
ay aj, ay ay, wit

ap) dajpp a3 *

. : + : + — | a2 ax asxn * =
It remains to consider Up,2~ Write g, = (a31 a2 @ i) and gp gp Y =

Ay
72 »as in (2.8.1). Then we have equations (4.5.2) and (4.5.3), and g’ € C(K}’K}, n)b o if and only if
u ar an\ ' (a
( 1) = _( A 22) ( 23) mod p. (4.5.10)
uy asy as asz

Now, suppose g’ € C(KPK1 ) that is, the entries up, uz in yz » (see (2.8.1)) satisfy the congruence

n’ord’

p'l * k%
(4.5.10). Then we have g/ € . jil g5k, ,.and as an element in the double coset C(K;’ZK1 D2

Pp_l
g’ represents the same element as 1 v g in C(K}’ K! n)or 4+ The congruence (4.5.10) implies

o

that the ¢;;’s in equation (4.5.5) satisfies

Uy = —cgllcn mod p, up = —cgllczl mod p. “4.5.11)

From the definition (4.5.4) and the relation (4.5.11), by using the basis (4.5.7) of (gﬁ[p"])f and the
basis of C in equation (2.8.1), we see that C' is spanned by

0 1

7 \-1
-1 +, 1 + + - - = - n-2 _Lp(§0) -1 -1
cyiclie] oy cae; ey, e, (ej,e3,eq)-p ( | €3, €11 €3p¢21 |-
0

Like in the case of U;;’3, we can deduce that C** = A;[p"]~, and
Ay = Az Az [P
The independence of C* on the *’s in yap cancels the normalizer in equation (2.8.5), and we get
D (U 2f) = ((p))* P ().
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N3

-1
p
For fixed K ]'f , take N3 such that ( 1 | g and g represent the same element in the double coset
-1
p

p

(KPK1 ) and ((p)7)?>M =1 on M(O,O)(K}’g;Z/me). Then

n’/ord
(U} )V f) = @y (1)

forall f € ¥ andg € C(K"K1 n) By taking N = NN, N3, we conclude the proof. O

ord”

Proposition 4.5.3. (U? )" f € V2 o forall f € Vi .

Proof. We shall show that for all g € C(K?Kll, word — (K‘;Kll, P g and f € Vi,

q>g(U;,2 f) € pMo0) (K} :Z/p" D), (4.5.12)

from which the proposition follows. For a given g € C(K f K Il, word — C(K f K ll, n)b 4> We use the setting
described at the beginning of this subsection. As in the proof of Proposition 4.5.2, we consider A, the

abelian quotient of the Raynaud extension associated to G = G /C. We have
Ay = Ay /C,

where A} is the abelian quotient of the Raynaud extension associated to G;, and C® is defined in equation
(4.5.4). Since the U, -operator considered here is U;; ,» the Lagrangian subgroup C C G [ p?] is spanned

by (e}, €5, €3, e;) -p”yap with yé as in equation (2.8.1). We use the description (4.1.3) and equation

C3] C32 C33 * ERE S
* * % %k

Cl1 €12 €13 * dyy ® % x
(4.3.2) for C(KPKl Jord and C(K"Kl 201 Write (&)= (Cﬁﬂ c22 23 ) (&) = ( xx *)(which

are elements in GL4(Z,)). The condition g ¢ C(KJ’,’K}, n)o 4 implies that c3; € pZ, and cqy or ¢y
belongs to Z7;.

Suppose ¢ € Z;. The group (G;[p"])* is spanned by

crie] +caes +ezey, e, (4.5.13)
and (Gz[p"])! is spanned by
e (sl cii 0
et er el el (eg,eg,e;)( p(40) 1) 0 enl (4.5.14)
—c21 €31

By the definition of C' in equation (4.5.4), a direct computation shows that C' is spanned by (Gizlp"DH
plus

-yl cip 0
+ + n—1 - - - —L;(é“o) C11 0
CliUr — Cau1)es +criex) - e, ex,e 0 c11 .
((criua — corur)el +cnel) - p"=',  (e5, €3, 4)( | o S \enis = e p

(4.5.15)

Hence, C? is spanned by the image of equation (4.5.15) modulo (Gi[p"DH. Letu} = criuz — coyuy.
The trace in equation (2.8.5) corresponds to a sum with u, u/ and the two *’s in yc,, varying in Z/pZ.
Since equation (4.5.15) depends only on u}, we see that C®, and hence Ay depends only on u}. Its
independence of the two *’s implies that the sum over the two *’s cancels the normalization factor in
equation (2.8.5). Its independence of u; implies that the sum over u; contributes a factor p. Therefore,
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the evaluation of @, (U;,z f ) at 77’ is divisible by p. This shows the inclusion (4.5.12), hence the result

in this case. The case ¢y € Z;; can be similarly treated. O

4.6. The ordinary projection on V and the fundamental exact sequence

In this section, we use the exact sequence in Proposition 4.4.1 and the three propositions proved in
§4.5 to show that lim (Up)"" f converges for all f € ¥ and that ¥, = Homgz,, (esoV, Q,/Z,) is a free
r—00

Aso-module of finite rank and deduce the fundamental exact sequence in part (4) of Theorem 2.9.1.

Theorem 4.6.1 (Vertical control theorem). Let U, = U;,ZU;,SU;,I' Then for each f € V, rlEI(}o Up)" f
converges, and we can define the semiordinary projector as es, = lim (U p)r!. The Z,[[Tso(Zp)]l-
module Vi, = Homg,, (eso YV, QP/ZP) is free of finite rank over Ay,.

Proof. Given f €V, ,,, we define the following finiteness property for f:
The submodule generated by (U p)r f.r =0, is finitely generated over Z/p™. ®

It is easy to see that the convergence of lim (U,)" ' f follows from the property (F) for f. By Proposition
r—00

4.5.3, in order to show that all f € V,, ,, satisfy (F), it suffices to show that all f € Vﬁ,m satisfy (F).
Given f € Vﬁ’m, it follows from Proposition 4.5.2 that f* = U ]IJV f — f belongs to V,?’m. Proposition 3.0.2
implies that there exists M > 0 such that

UY* 7 e Spang {f'. Up f/. Usf',... .U f'}.
Then
UYN* f e Spang {f. U, f. UL f..... UN*™N £},
from which it follows that for all » > 0,
U, f € Spang{f.Up £, Usf.....UN*N f}.

Hence, (F) holds for f. Therefore, we have proved that lim (U,)" ' f converges for all f € 7, and we can
r—oo

define the semiordinary projector ey, on ¥ as
o = rlggo(u,,)”. (4.6.1)
By Proposition 4.5.3, we have
esoV = eso V. (4.6.2)

Applying ey, to the Pontryagin dual of the exact sequence in Proposition 4.4.1 and using equation
(4.6.2), we obtain the exact sequence

0 — M0 (K} o3Zp) ®Z) [Te0(Z)) /U g2 1l — v — 10— 0. (4.6.3)

We know that Mg ,0) (K }’g;Zp) is a free Z,-module of finite rank, so the leftmost term in equation

(4.6.3) is a free Ago-module of finite rank. The rightmost term fl/S%’* is also a free Ag,-module of finite
rank by Theorem 3.0.7. Since Ext/l\so(M , N) vanishes for free Ago-modules M, we deduce that 7, as
a Ago-module, is isomorphic to the direct sum of the terms on the two ends of equation (4.6.3) and
therefore is a free Ago-module of finite rank. O
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Part (2) of Theorem 2.9.1 for noncuspidal semiordinary families can be proved in the same way as the
cuspidal semiordinary families. The freeness of ‘VS%’* implies that applying Homa_ (-, Aso) preserves
the exactness of equation (4.6.3), and part (4) of Theorem 2.9.1 follows.

4.7. The Fourier-Jacobi expansion

We introduce the Fourier—Jacobi expansions of p-adic forms on GU(3, 1), which will be used in §7 for
analyzing the Klingen Eisenstein family on GU(3, 1) constructed in §5.
In §4.2, for an ordinary cusp label g € C (K PK] . »Jord, We described Xg ,,, the formal completion of

F,°" along the boundary stratum Z, ,. From the description there, we see that
rg

b

HO(X 0, Ox,, ) = (1‘[ HO(€58, £())
B

where B runs over S NP , which can be identified with a subset of Her| (K)o, and £() is
@b KK},
7 Kp.n f
the invertible sheaf over %ord of 8- homogeneous functions on B _Ord Therefore, given g € C(K ( },’n)ord

and B € Her; (K)o, the restr1ct10n to X, , induces a map

g.n’

Vi — HO(‘%"rd L(B)® Z/me). 4.7.1)

We consider g = 14 and 8 € Her (K)xo. In this case, the p-component of level group for the Shimura
variety SGr,K} ., in the diagram (4.2.2) is
S14.n

’ — . e
Kpun = {g eGU(2)(Z),) : g = (O 1) mod p"},

(depending on n). Let

Viilts = limlim (&3, £(8) ©2/p"2). (472)
m n

The map gives the map of taking the B-th Fourier—Jacobi coefficient of p-adic forms on GU(3, 1) along
the boundary stratum labeled by 14:

FJﬁ . VGU(3,1) e VGU(Z) (473)

5. The construction of the Klingen family
5.1. Some notation

Let Ko be the maximal abelian pro-p extension of /C unramified outside p and I'x = Gal(K/K). Then
e = 22 Denote by Q. € C* (resp. Q,, € Z“r *) the complex complex multiplication (CM) period
(p-adic CM period) with respect to the embeddlngs in equation (1.0.4) (cf. [Hsil4a, Section 2.8]). We
also fix an isomorphism Q,, = C compatible with the embeddings in equation (1.0.4). Let L ¢ Q, be a
sufficiently large finite extension of Q,, and denote by (’)2r the ring of integers of the completion of the
maximal unramified extension of L.

For our later use of theta correspondence for unitary groups, we also fix a Hecke character

A1 KO\AX — CX,
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such that

|ZZ|1/2
Alax = nx/0s Aeo(z) = ——

5.2. Our setup

Let 7 be an irreducible cuspidal automorphic representation of GL,(Ag) generated by a newform f
of weight 2. Take a finite extension L of Q,, containing all the Hecke eigenvalues of f. We assume the
following conditions on :

o for all finite places v of Q, 7, is either unramified or Steinberg or Steinberg twisted by an unramified
quadratic character of Q7,

o 7p is unramified,

o there exists a prime ¢ not split in /C such that 7 is ramified at ¢, and if 2 does not split in /C, then 7 is
ramified at 2,

° prlg a(3/K) is irreducible, (which is automatically true if 7 is not ordinary at p because in this case
PrlGr.p = PrlGy,, is irreducible by [Edi92]), where 6, denotes the residual representation of the
p-adic Galois representation p, : Gal(Q/Q) — GL,(L).

We also fix

o an algebraic Hecke character £ : K*\A% — C* of co-type (0, ko) with ko an even integer.

5.3. The weight space

The weight space we will use for constructing the semiordinary Klingen Eisenstein family on GU(3, 1)

is Homeone (T'ic, @;) By identifying ' with a quotient of > \Aé’ r the arithmetic points in the weight
space are p-adic avatars of the algebraic Hecke characters of K\ A¥. whose p-adic avatars factor through

k. (Given an algebraic Hecke character y : K*\AY — C* of co-type (ki, k), its p-adic avatar is the

—X
continuous character K\ A% r— Q,, sending x to X(x)x{,f ‘x?.) We will use 7 to denote such Hecke
characters.
Given an algebraic Hecke character y, we denote by y its associated unitary Hecke character, that is,

ky+ky

XO:X|'|AK2 s

and denote by xp-agic its p-adic avatar. Applying this convention to &, T, we get &o, & p-adic» T0» Tp-adic-

The interpolation points we will use are the 7’s satisfying that £7 has co-type (0, k) with k an even
integer > 6. (One can consider more general co-types by using Masss—Shimura differential operators.
For our purpose here, only considering the case of co-type (0, k) suffices.)

5.4. The groups

By the assumption on 7 in §5.2, we can fix a prime g such that

q does not split in XC and r is ramified, if 2 splits in /C,
q=2, if 2 does not split in K.

Let D be the quaternion algebra over Q ramified exactly at ¢ and oo, and let 7° be the Jacquet—Langlands
transfer of 7 to D*(Ag).
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We can take a square free positive integer s, coprime to pD /g and all the primes inert in X where
D splits such that inv, (D) = (—=s, D /q)v, Where (-, »), is the Hilbert symbol. Define {p = 6(s 1)

with & the totally imaginary element in K with 6% a p-adic unit as fixed in Notation. This ¢ is a skew-
Hermitian matrix. Define the unitary group U(2) (resp. similitude unitary group GU(2)) over Z as: for
all Z-algebra R,

U(2)(R) = {g € GLa(R®z Ok) : 840'8 = o} (5.4.1)
GU(2)(R) = {g € GL2(R ®z Ox) : 840'g = v(8)o, v(g) € R*}. (5.4.2)

We have
D = {g € M(K) : g40'g = det(g)do) = {(g —;b) tabe /c},

and we view both D* and GU(2) as subgroups of Resx ;g GL2(K). Then the homomorphism
K x D* — GU(2)(Q), (a,8) — ag
induces an isomorphism
GU(2) = (Resi/gCGm X DX)/{(a,a '11) : a € Gy,}. (5.4.3)

Given an automorphic form on ¢ on D* with central character yi, by picking an extension y of yi to
JCX\AX., one obtains an automorphic form ¢SU® on GU(2) by equation (5.4.3).

We denote by 7° the Jacquet-Langlands transfer of 7 to D*, and by f” the unique automorphic
form on D* which is a newform for the action of D*(Q,) =~ GL;(Q,) for all v # g, o0 and takes
value 1 at 1,. By our assumption, 72 has trivial central character. We can extend f? to a form fGU(®
via equation (5.4.3) and the trivial character and denote by 76U the automorphic representation of
GU(2)(Aq) generated by fOU®?).

Define the unitary group U(3, 1) (resp. similitude unitary group GU(3, 1)) over Z as

UGB,1)(R)={g€GL4(R®2O0k) : 8| & |g= %o ,
-1 -1
1 1
GU(3,1)(R) =18 €GLy(R®z Ox) :g| o |g=v(®)| & | v(g) e R*}.
-1 -1
Let
X *
Pouan =4| ¢ * |eGU(3.1):geGUQ), x € Resk/oCn | (5.4.4)
v(g)x™!

the (standard) Klingen parabolic subgroup of GU(3, 1). Its Levi subgroup is
Mpgys,, = Resk/0Gm x GU(2).

(Over Q, the groups GU(2) and GU(3, 1) are the same as the groups defined in equation (2.1.1) written
with respect to the basis wq, wp and X1, Wy, Wy, y1.)
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Define the unitary group U(1) over Z by
U(1)(R) = {a € (Rxz Ox)* :aa =1}.
The projection g, : K, = K ® Q, — Q,, induces maps
U(2)(Qp) — GL2(Qp), U3, 1)(Qp) — GL4(Qp), u(1)(Q,) — Qy,

and they are all isomorphisms. We denote the inverse maps by o, I

07 1 GLa(Q,) — U()(Qp), 05" : GL4(Qp) — UGB, 1(Qp), 051 : Q% — U(1)(Qy).
(5.4.5)

5.5. The Klingen Eisenstein series and the doubling method

We briefly recall the definition of Klingen Eisenstein series and Garrett’s (generalized) doubling method
formula which expresses a Klingen Eisenstein series on GU(3, 1) as an integral involving a Siegel
Eisenstein series on GU(3, 3).

5.5.1. The Klingen Eisenstein series on GU(3, 1)

Let Upg s, be the unipotent subgroup of the Klingen parabolic subgroup Pgus,1) in equation (5.4.4).
For a unitary character &1o : K*\AE — C* and a complex number s, define Ipg, ;, (s, £070) as the
space of smooth K-finite functions (where K is a maximal compact subgroup of GU(3, 1)(Ag))

F(S’ §0T0) : UPGU(3']) (AQ)MPGUl]) (Q)\ GU(3’ 1)(AQ) B C
satisfying

X
)
() F(s,&m)|| 1o |g]= cforo(x)lxilz\gz forall x € A%, g € GU(3, 1)(Ag),

1
(ii) for all g € GU(3, 1)(Ag), the function g; +— F (s, &gTo) g1 g | is an automorphic form

v(g1)
on GU(2)(Ag).

The Klingen Eisenstein series on GU(3, 1) attached to F (s, £070) € Ipgy,, (5, €070) is defined as

EXI"(g; F (s, 070) = > F(s,£070)(78).
Y€Pcui.1) (Q\GU3,1)(Q)

If the cuspidal automorphic form in (ii) belongs to 76V the Galois representation attached to
EXling (. ;F(S,fo‘l'o))k:% (where we assume that £7 has co-type (0, k)) is

&t Ec_yzc oNm & (§7)°° - €yc © NmM & prlgy3/x)0
where the Hecke characters of K*\ A% are viewed as characters of Gal(@ /KC). The congruences between
this Klingen Eisenstein series and cuspidal forms on GU(3, 1) can be used to construct elements in the

Selmer group for p”(egyc)lGal(@/){) @&l
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5.5.2. The Siegel Eisenstein series on GU(3, 3)
Let GU(3, 3) be the similitude unitary group over Z defined by

GU(3,3)(R) = {g € GL(R ®7 O) : g(_13 13)‘g = v(g)(_h 13), v(g) € RX}.

The group GU(3, 1) Xg,, GU(2) = {(g1,82) € GU(3,1) x GU(2) : v(g1) = v(g2)} embeds into H by
1: GU(3,1) xg,, GU(2) — GU(3,3)

5.5.1
(gl,gz>—>s-1(gl )S, .
82

1
_%
where S = 1, 1 2.
-1, _%

Let Qgu(3,3) be the (standard) Siegel parabolic subgroup of GU(3, 3). For a Z-algebra R,
A B t5-1 X 4-1
QGU(3,3)(R) =1lo b €GLs(R®zOx):D=v'A"",ve R, A~ B € Her;(R ®z Ox) t.

For a place v of Q, a unitary character £, 79, of K} and a complex number s, the degenerate principal
series 1ggy s 5).v (8, &0,vT0,v) is defined as the space consisting of smooth GU(3, 3)(Z, )-finite functions
Jv(s,&0,v70,v) 1 GU(3,3)(Qy) — C satisfying

fuls. go,vro,v)((g‘ g)g) = £0.v70,0 (det A)| det AD™F £(g)

forall g € GU(3,3)(Qy). (g‘ 1’;) € 06U ().

Given a unitary character &7 : K*\A¥. — C* and a section f (s, 7o) = ®/V Sy (s, &0,v70,y) inside
®'v 10gy5.3).v (8, €0,v 70,0 ), the Siegel Eisenstein series on GU(3, 3) attached to f (s, §o7o) is defined as

ES°(g; f (s, £070)) = > (s, €070) (v8).
v€Qgu(3,3) (Q\GU(3,3)(Q)

5.5.3. The (generalized) doubling method formula
Theorem 5.5.1 [Gar89]. Let éy1o : K*\AX. — C* be a unitary character. For a section f(s,&t0) €
Logy s (5 E0T0) and a cuspidal automorphic form ¢ on GU(2) (Ag),

/ ES®8(1(g, g11); f (s, €070)) p(g11) (E070) " (det g17) dgy = EX™ (g, F(f (s, é0m0), ¢)),
U2)(Q\U(2)(Ag)

where t is an element of GU(3, 1)(Ag) with v(t) = v(g) (and it is easy to see that the left-hand side
does not depend on the choice of t), and F(f (s, &070), ) is the section in Ipy ,, (s, E070) defined by

F(f(s,6070), ¢)(8) = /U< - )f(s, 70) (1(g, £11)) (g17) (é070) ™' (det g17) dg1.-

Q
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5.6. The auxiliary data for the Klingen family

Let X be the set of finite places of Q containing the prime 2, the prime g, the finite places v # p where
mor ¢ or K/Q is ramified and the primes dividing s. We denote by X the set of primes in X split in X
and X the set of primes in X nonsplit in /C.

The Klingen Eisenstein family we will construct is not of the optimal level. It depends on some
auxiliary data which are chosen such that we can prove the desired properties of its nondegenerate
Fourier—Jacobi coefficients. In this subsection, we fix these auxiliary data.

The Siegel Eisenstein family on GU(3, 3) we will use for constructing the Klingen Eisenstein family
depends on the choice of £,¢’,c,, v € £ U {£,£'}. We will define a space (5.6.11) depending on x4y,
v € Xy U {¢}, from which we will choose an automorphic form on GU(2) to pair with the restriction of
the Siegel Eisenstein family to GU(3, 1) Xg,, GU(2). The characters y¢, x5 will show up in our analysis
of nondegenerate Fourier coefficients.

Before choosing the auxiliary data, we first introduce a proposition on certain Schwartz functions in
the Schrodinger model of Weil representations of U(2, 1). Let V, V™ (resp. Wp) be the two-dimensional
skew-Hermitian spaces (resp. one-dimensional Hermitian space) over K, and eq, e; € V ® Wg, el,e; €
V™ ® Wgasin §7.1. We have U(V @ V™) = U(2,2) and U(Wp) = U(1).

Proposition 5.6.1. Let v be a finite place of Q nonsplit in K/Q. Denote by wg,, (-, ) the Weil
representation of U(2,2)(Q,) X U(1)(Qy) on the Schridinger model S(IKC, (e; + e]) ®K,(ex+ eg))
(with respect to Awg = A). Let

T S(Qvel ®Qyer @ QveI @Qveg) — S(Kv(el +e;) O K, (e2 +e£))

be the intertwining map between Schrodinger models.
For B =1 and m > max{ord, (cond(1,)), 3}, there exists a character y, : U(1)(Q}) — C* of
conductor at least wLnaX{Ord" (Cond(’mm}ﬁ, a Schwartz function ¢1,, on Q,e1 ® Qy ez, and uy, ..., u; €

U(1)(Qy), by,...,b; € C such that the function

t
_ 1, g1
Yy bj./Q o g l(a)lg,v((oz 4 1, 2),uj)(l)0’v)(x,y)-¢1’v(x)dx
j=1 vel v ey

is nonzero and belongs to the y, > lu(1)(Q,)-eigenspace for the action of U(1)(Q, ), where @, is the
.. . ej+e; ert+e,

characteristic function of Ok , ——+ & Ok, —5—=.

Proof. [Wan20, Lemma 6.26]. |

We fix:

— primes €, ¢’ # 2, p such that ¢ splits in IC/Q, ¢’ is inert in K/Q, and 7¢, ¢ are unramified,
— a positive integer ¢,, for each place v € X U {¢, '},
— auxiliary Hecke characters yg, xn : K*\AX. — C* of co-type (0,0) with y5x§| ax = triv

satisfying the following properties:

(1) xe,xn are unramified away from X U {p, ¢, £’} and yj, x§, is unramified at g;

(2) Xo.p Xn,p are unramified, and xnplzx = xglz = €o.plzss
(3) Forv e 2, U{{’},

¢, > max{ord, (cond(x,)), ord, (cond(4,)), 3}

Xxeo,v|u(1)(@,) =a x» as in Proposition 5.6.1 withm = ¢,

ord, (cond()(h,v/\/g’v)), ord, (COHd((/l%}/\/h’vXQ’V)) > ord, (cond(x,)), if v # ¢,
ord, (cond(xg,v)lu(1)(q,)) = max{ord, (cond(xs,v)lu(1)(@,)),ord, (cond(,) + 1};
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(4) Forv =00 € Z, U {€}, yo.p is unramified, and

ords(cond(yg 5)) > 2ord, (cond(m,)) + 2,

ordy (cond(yg,5)) — ord, (cond(r,)), 7, ramified,

C —
ord, (cond(()(h)( g)n) = {ordn (cond( X@,ﬁ)) -1, 7, unramified;

¢y > max {ordﬁ (cond(xg.5)),ordy(cond(&p p)), ords(cond(&p 5)), ords (cond(/lﬁ))}
(5) If g = 7 is ramified in KC/Q,

(XnXg)a (@) = x4(q),

where @, is a uniformizer of Ky and x, is the unramified quadratic character of Ky such that
gy = Steinberg ® x4;
(6) Furthermore, the value

Q,\* _ 1 -1y
(é) a '7”(5’"” x (AZX’”‘”)ﬁ) L(Q’BC(”) x 2 xnxe (5.6.1)

is a p-adic unit, and
1 c
L? E,BC(n) X xnxg| # 0. (5.6.2)

For some algebraic Hecke character 7 : K*\A¥ — C* such that 7,,_yqic factors through I'c and
&7 has co-type (0, k), k > 2, the values

QP g N 1-k k-2 c B oo k c
o ri) *T(k=1)-v; T,Xh)(gcfoTo Lr T,Xh)(efoTo , (5.6.3)

QP k2 ~2—k k-2 2 c_c <><>k_2 2 c_c
o (2mi)" " I'(k =2) - Ly — L anxedy T Lr — A anxespTg | (5.64)

k=2

1= (enxgéoto)g(@)g™ 2, (5.6.5)
are all p-adic units.

We can first fix places ¢, £’ and positive integers ¢, for v € X, U{{’}. Next, we can choose x¢.1, ¥n.1
satisfying the conditions (1)—(5) except the last one in (4). (The inert prime ¢’ is introduced to ensure
the existence.) Then we apply the mod p nonvanishing results—[Hsil4b] for the L-values in equation
(5.6.1), [Hsil2] for the L-values in equations (5.6.3)(5.6.4) and in [Hun17] for the L-value in equation
(5.6.2)—to choose a character v of {-power conductor such that g = xe,1V, Xn = xn,1v satisfy (1)—(6)
except the last one in (4). (The conditions in (3) on the conductors at nonsplit primes and the condition
(5) implies that the local root numbers are +1 as required for applying [Hsil4b, Hun17]. Our assumption
that & has co-type (0, ko) with ko even implies that the L-values in equations (5.6.3)(5.6.4) fall into
the nonresidually self-dual case for which [Hsil2, Theorem B] can be applied. Since we only need the
L-value in equation (5.6.2) to be nonvanishing rather than mod p nonvanishing, we can choose a prime
p’ # ¢, different from p, such that the results in [Hun17] apply.) Then we fix positive integers ¢, for
v € ZyU{{}. (The strategy outlined in §7.5 explains why we need to make such a choice of the auxiliary

X60sXn-)
With our fixed ¢, ’s forall v € X U {¢, '}, define

K, = {g €GU(2)(Z,):g=1, mod g2+ (5‘”}, (5.6.6)
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and the tame level group K ;f’ c GU(2) (Z(P )) as

KP = X e K K. (5.6.7)

vegXU{co,l,t',p} veXu{l, Lt}

Given an open subgroup K, € GU(2)(Z,,) and aring R, let

Macu (K}PK;,; R) - {functions on GU(2)(Q)\ GU(2)(Ag)/KPK}, U(2)(R) valued R

—_——

, (5.6.8)

the space of R-valued automorphic forms on GU(2) of weight (0, 0) and level K}p Kj,.
We also define the following twist of the form fOU(2):

_,v
o) = l_[ Z Xh,f,(—n)R((i 1) (‘IV 1) )fGU<2>, (5.6.9)

v=00eXU{l} ne(Z, /gty Z,)*

where ¢, = ordg(cond(x.5)). We have f)zU(z) € Mgu(2) (K}p GU(2)(Zp); (’)L). Let

L[GU2)(Qs,uiey)] - £O0P (5.6.10)

denote the space generated by )SIU(Z) and the action of GU(Q,,), v € s U {¢’}.

Remark 5.6.2. In the sentence beginning ‘the twist at the split’, please define CM. We will choose a ¢
inside the space

Mgu ) (K}" GU<2>(ZP);OL) NL[GU2)(Qs,uien)] - fi0 P (5.6.11)

to pair with the Siegel Eisenstein family on GU(3, 3) to get the Klingen Eisenstein family on GU(3, 1).
The twist at the split primes is to make the nebentypus match those of the auxiliary CM families 6 and
h constructed from our chosen auxiliary characters y¢ and y5. The flexibility at the nonsplit primes is
to ensure the nonvanishing of the local triple product integrals at the nonsplit primes.

5.7. The choice of the local sections for the Siegel Eisenstein series on GU(3, 3)

With ¢,,’s chosen in §5.6, given an algebraic Hecke character 7 such that £ has co-type (0, k) with k an
even integer > 6, we make the following choices of f (s, £070) € Iggy .5 (5, £070) so that after a suitable

normalization, E Sieg( <5 f(s, fgrg))|y_k,3 can be interpolated by a two-variable p-adic family when 7
S=73
varies.

5.7.1. The Archimedean place
We choose fuo(5,£070) € Iggy.4.00(8:T0) as

s.3_k
2ti~z

fols.£070) (g = (g‘ g)) = (det)"] det(g)1}

xdet(C(" )+ D)_kHdet(C(i a)+D)

5.7.2. Unramified places
Forv ¢ £ U {p,{,{"}, we choose f,(s,&070) € logy;.4,.v (S, T0) to be the standard spherical section,
that is, the section that is invariant under the right translation of GU(3, 3)(Z, ) and takes value 1 at 1.
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5.7.3. Placesv e U {(, ('}
We choose £, (s, £070) € logys.s.v (s T0) as

fols, fofo)(g = (g‘ g)) = V(@ | det C1CL* ™ (Gomo)y () (et €)'

0 0
-1
X ]1Her(3,0)c,v)(c D+ (O q‘_,cv . 12)),

where ¢, is the fixed positive integer in §5.6.

(5.7.1)

5.7.4. The place p
We have the isomorphisms

U(3,3)(Q,) — GL6(Qp), g = (aij) — (op(aij)),
Her3(Kp) — M33(Qp), x = (xi5) ¥ 0p(x) = (0p(xi))s

and we will often use them to identify U(3, 3)(Q),) with GL¢(Q),) and Her3 (K ),) with M3 3(Q,).
X11 X12 X13
For x € Her3(K,), we write op(x) as |x21 x22 x23 |. Define the Schwartz function ags- , on

X31 X32 X33
Her3(KCp,) as

X21 X22 1 X21 X22
@¢r,p(X) = Lhery (0 ) (%) - Tz (9621)110Lz(z,,)(x31 x32)(§0‘ro)p (det(x31 x32)),

and let F '@ ¢, , be the inverse Fourier transform of a ¢, that is,

Flagep(x) = / @erp(y) ep(Trxy) dy,

er3 (ICp)

where e, is the additive character in equation (1.0.5). (A simple computation shows that

2
-1 - -1 -1 -1
Flagrp(x)=p 3t9((§070)p ) s (X11, %21, %31, %32, X33) - L2 (X3 %13, X33 %22)

o m)) (5.7.2)

1 %
X1 oz (x23) 1 vz (xlz — X13X33 X22) (€0To)p (P det(xzz s

if (£&070)p has conductor p, ¢ > 1.) In order to define the f,, (s, £y70) for our purpose, we first define the
section

frEetl s, (goro)‘”)(g = (2 g)) = IV(g)I,_,H% | det c‘c‘|‘,§‘% (é070)p (v(g)(det 0))

X F g p(CT'D),
which belongs to Iggy s 5, p (=5, (£070) ™) and is supported on the big cell

0 -1;
QGU<3,3><QP)(13 0 )QGU(3,3>(QP)'
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We choose f}, (s, £070) € 1ogyes.s.p (55 €070) as

fo (s €0t)(8) =7p (~25, (7T yp (25 = 1 (€7D mcsa ) yp (25 - 2. (€5 7))

. (5.7.3)
X M, (=5, (£070) ) fn " (=5, (£070) ™) (gY),

where f? (resp. Té@) denotes the restriction of &y (resp. 79) to Q*\AY, and M, (—s, (£&70)™¢) is the
intertwining operator, that is,

My (s, (£970) ) f =" (=, (€010) ™) (8 Y )
_ big-cell —c _13 13 y (574)
_./]‘—Iem(lcp) ]Jg (_S, (é:TO) )((13 )( 13)gYp) dy,

and Y, is the element in U(3, 3)(Q,) such that

1
1 _%
Qp(Yp) = : 1 2
-1, _%0

Remark 5.7.1. When (ngTé?) p is ramified with conductor p’,

Yp (—2s, (ff?r{?)‘l)yp (—2s -1, (5T )_l’m/@)w (—2S -2, (657 )_1)

-3
= 9((§?T(9);1) (§§T(()Q)p (p)~3 pOs+0)

Combining this with equation (5.7.2), one can see that the formula for the section f}, (s, £97o) in equation
(5.7.3) agrees with the formula in [Wan20, (6-5)].)

Remark 5.7.2. For the unitary group attached to 1 Ly and 8 € Her,(K), the factor for the
—in

functional equation of the S-th local Fourier coefficients of the degenerate principal series inducing
(§070),°1 - i i

Cn,p (_S’ (fOTO)_L‘?ﬁ)

= , e\l (5.7.5)
=cpp- (Ep ety det i - [ |vp(-25 41 - J e nh)
Jj=1

where cg ), is a constant independent of s and &y7g. This factor also shows up in the functional equation
of the doubling zeta integrals. Note that in our choice of f, (s, 7o) in equation (5.7.3), the product of
gamma factors is exactly the product of gamma factors in ¢3 , (—s, (£070) ¢, 8).

Next, we construct a p-adic family interpolating these ES©¢(—; f (s,go‘ro))|s_ r3 with f(s, &)
-2

chosen as above. We will construct p-adic families of automorphic forms as measures on ' valued in
the space of p-adic forms. The next subsection introduces some notions about p-adic measures.
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5.8. p-adic measures and p-adic families of automorphic forms

For a p-adically complete Or-module M and a compact abelian group Y with totally disconnected
topology, denote by Meas(Y, M) the space of M-valued p-adic measures on Y. Given y € Meas(Y, M)
and a continuous function  : ¥ — R with R a p-adically complete O, -algebra, we write

() = /Y 1) du(y)

to denote the value of y at 77, which is an element in R®¢ M.
For each y € Y, we have the delta measure 6, € Meas(Y, M) defined by

oy(m) =n(y). (5.8.1)

Given M;, M, and y; € Meas(Y,M;), i = 1,2, the convolution u; * uy € Meas(Y, M®M>) is
defined by

(u1 *uz)(n)=/y/y77(y1) dpy (y) duz(2). (5.8.2)

If y is a continuous character of Y valued in OE, then

(1 * u2) (x) = 1 () ® p2(x). (5.8.3)

Let A be a group with a homomorphism A — Y and an action on M. Then the group A acts on
Meas(Y, M) in two ways:

— A acts on Meas(Y, M) via its action on M,
— A acts on Meas(Y, M) via the homomorphism A — Y and the translation of Y on itself.

Define

(5.8.4)

Meas(Y. M)? = {p-adic measures in Meas(Y, M) on which }

the two actions of A are compatible

In our applications, ¥ will be taken to be ' or Uk, = 1 + pOx_p,, A will be taken to be ZIX, X ZIX,,

which we identify with O p Via (0p, 05), and M will be taken to be either @;‘f or spaces of p-adic forms
on unitary groups. Next, we introduce the spaces of p-adic families of automorphic forms we will use.

5.8.1. p-adic families on GU(3, 1)
Define the tame level group

K, {g €GUB,1)(Z,) : g =15 mod g2+ (5‘”},

K? = ® GU(3, 1)(Z,) ® K,.

vgXU{co,l,l',p} veXu{l,l’}

Let Voui,y = liﬂﬂi_r)nVn,m (with V,, ,,, defined in §2.6) of tame level Kj’f. In equation (5.8.4), put

m n
Y =Tk, A = Z, x Z};, with the homomorphism

~ N natural % x natural _
A O’C’P embedding K \A/C projection > e =Y, (5.8.5)
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and M = Vgys,1), £, the component of Vgy 3,1y on which the kernel of equation (5.8.5) acts through the
1
character &,,_adic. We make (a1, az) € Z; XZ; acton Vgu(s,1), ¢ by the usual action of le( 1 a ) €
a;

Tw(Zp) < U(3,1)(Z,) on Vgu,1), ¢ multiplied by the scalar f;_ladicp(al,az). (Here, ;' is the
isomorphism in equation (5.4.5), and this action factors through the quotient of Z; X Z[X, by the kernel

of equation (5.8.5).) Then we get
Meas(FK,VGU@,l),f)h, (5.8.6)

the &,-adic-component of the space of p-adic families on GU(3, 1). The compatibility of the two actions
of ZIX, X Z; implies that the value at 7;,_ag;c of an element in equation (5.8.6) is a p-adic form with p-adic
nebentypus

. . _1
(ter, triv, (fT)p—adic,p, (gT)p—adic,f))'

ay % % x

(By saying p-adic nebentypus, we refer to the usual action of o 1( 2 ) € U3, 1)(Z,) on
ag
Veui,-) X
The base change to O}" of the space (5.8.6) contains the subspace of semiordinary families:
~ A\
/\/leas(F;c, esoVau@s 1), £® Ozr) , (5.8.7)

which is naturally equipped with an @}‘j [[Tx]]-module structure. The Klingen Eisenstein family we
will construct belongs to this space. (It is tautological that an element in equation (5.8.7) gives rise

to an element in &,,_agic-component of /\/ls(,@zp ([T (Zp) 1] (’A)zr [Tkl = Hom@ir[[r <1l (‘Vs’g, (’A)ir [[F;g]]);
see §8.1.)

5.8.2. p-adic families on GU(3, 3)

Let Vgu(s,3) be the space of p-adic forms on GU(3, 3) defined by considering global sections of the
structure sheaf on the Igusa towers for the Shimura variety of GU(3,3). We will construct a Siegel
Eisenstein family in

Meas (FK, VGU(3,3) ) .
5.8.3. p-adic families on U(2)
For constructing the Klingen Eisenstein family, we use an automorphic form ¢ in the space (5.6.11),
which is spherical at p and does not vary over the weight space. It is when analyzing the nondegenerate
Fourier—Jacobi coeflicients of our Klingen Eisenstein family that we need auxiliary p-adic families on
U(2).
Let

ko o3k
Np(Zp) = {g CUD(Z,) : 0p(s) = (0 1)}
’ 1 =
Nj(Z,y) = {g cUQ(Z)) : 0p(8) = (0 )}
We define the following two spaces of p-adic forms on U(2) of tame level K}p NU(2) (Z(P)):

Vo = {continuous functions U(2)(Q\U(2)(Aq,r)/ (K NUQEP))N,(Z,) — OL},

Vi = {continuous functions U(2)(Q\U(2)(Aq,)/ (K} NUQ)E )N (Z,) — (’)L},
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and let Vy (o), ¢ (resp. VI’J f?l) denote the subspace of Vyy(») (resp. V{J(z)) on which the kernel of

-1

2,

equation (5.8.5) acts through the character (triv, &,_adic,p) (resp. (¢ triv)). We have the operator

p-adic,p’
Uy actingon F € Vi), ¢ (resp. F € V(,J(z),g—l) as
_1f{p x
UpF)(@) = ). F(ggpl(” 1))
x€Z/pZ

with o, ! the isomorphism in equation (5.4.5). The ordinary projection is defined as eoq = lim U™,

n—oo p

In equation (5.8.4),putY =T, A = Z; XZ; with the homomorphism A — Y as in equation (5.8.5),

and M = Vy(2), ¢ on which we make (ai,az) € Z; X Z;j act by the right translation of 951(1 a )
1

multiplied by the scalar f;_'a dic.p (a1). (This action factors through the quotient of Z[X, X Zf, by the kernel

of equation (5.8.5).) Then we get

Meas (T, Vua). ). (5.8.8)

The evaluation at 7,.4ic of an element in equation (5.8.8) is a p-adic form on U(2) with p-adic nebentypus

(triv, (fr)p-adic,p)-

The nondegenerate Fourier—Jacobi coefficients of our Klingen Eisenstein family are p-adic measures
on 'k valued in p-adic Jacobi forms on U(2). Pairing them with a fixed Jacobi form on U(2) gives an
element in equation (5.8.8). (See §7.6.)

We will also need to consider some auxiliary p-adic families which are p-adic measures on U ,, =
1+pOx p valued in Vyy(2), ¢ and VL/J(Z), el We will fix N, a power of p, such that raising to the N-th power
maps 't into Uk . (See §7.7.1 for an explanation why we need to consider Uy, p and fix such an N.)

PutY = Uk, p =1+ pOg,p, A = Z, X Z}, with the homomorphism

(5.8.5) N-th power
AZZ;XZ; > ' )U)C,pZY,

and M = eoqVu(o), £ (resp. eordvl/j(z) E“) in equation (5.8.4), on which we make (a,a) € A act

-1
through the right translation by Q;l (1 al) (resp. Q;l (“1 1)) multiplied by the scalar g;}adi C’p(al)

(resp. €p-adic,p(a1)). Then we get

b
/\/leas(U;c,p,eoleU(z),_5)h (resp.Meas(U;c,p,eordVé(z)’f_l) ) (5.8.9)

—X
For 7p_adic € Homcom(F;C,Qp), the evaluation at Tp_adiclUK‘p of an element in equation (5.8.8) is a
p-adic form on U(2) with nebentypus

(triv, (£7") p-adic.p) (resp. (§TN ;_ladic’p, triv)).
We will construct auxiliary CM families
- o b
0, h3 € Meas(U;g,p, eordVU(z)’ g)h, 03, h e /\/leas(U;g,p, eordV[/J(z)’ f") ,

in §7.7 and use them to study the nondegenerate Fourier—Jacobi coefficients of the Klingen Eisenstein
family (which are elements in equation (5.8.8) and gives rise to measures on Uy , by the map (7.7.1).)
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5.9. The p-adic family of Siegel Eisenstein series on GU(3, 3)

We normalize the Siegel Eisenstein series ES (- ; f(s, fo‘(‘o)|s7k 3 (with f(s,&79) chosen as in

§5.7) as
2—6( 2 -)3k -1

Sieg —2Tl SU{c0,p,l,0'} Sie

E =7 ——"| 4d (s,&070) - ES8(« 5 £ (s, &0m0)| _is (5.9.1)

¢ (nmi_onk—j)) ’ s
where

P s by = [ da(s o),
veXU{p,l,l’}

X (5.9.2)
ds (s é010) = [ | Lo (25 + . €575y
j=1

Theorem 5.9.1. There exists a p-adic measure ES¢ € Meas(Tk, VGU(3,3)) such that

Sie, _ r-Sieg
E g(Tp-adic)—Ef-r

for all algebraic Hecke character T : K*X\AY — C* such that its p-adic avatar 7, dic factors through
T and &t has oo-type (0, k) with k > 6 even.

Proof. The measure is constructed by interpolating the g-expansions of the £ Sleg’s First, we record the

formulas for the Fourier coefficients in [Wan20, §§6E-6H]. Given 8 € Her3(K) and g € GU(3,3)(Ag),
let

Wﬁ,v(gv’ fv(s,é:OTO)) =‘/I_; x )fv(ssf()TO)((l3 _13)(103 fS)gv)ev(_Tr,Bg) dg

(where e, is the additive character in equation (1.0.5)), and

E;Ssieg(g;f(s,fom)) :/ ESieg((IO3 lg)g;f(s’ fOTO))eAQ(_Trﬁg) @
Hers (K\Ax) 3

Because the sections at v € XU {£, £’} are chosen to be supported on the big cell, for g € Ogu 3)(Ag),
we have

Ep (e f (5. 0m0)) = | [ Wi (o £ (s-om0)

For our choice of f, (s, &) in §5.7, the formulas for Wg ,, (gv, 1o (s,&070)) are as follows.
— The Archimedean place.

Wﬁ,m((g e ) fools, é’oTo))

k=
S—z

-6 i)k —
Ty (et e (TrB(x +y'9)) - (det)* =, B € Hers(K)oo

0, otherwise.
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-vegXU{p,{,¢'}. FordetB # 0,

. -k43 _
W, (diag(A, D); f, (s, é070))|soi2 = 0,70, (det D)|det AD ™| 2™ - i, (s, £070) ™

X ﬂHerg(OK,V)*(D_lﬁA) . hv,D*',BA (fé%ﬂ((%v(%)q;k),

where h, p-154 € Z[X] is a monic polynomial depending only on v and D~!'BA, and is the constant
polynomial when when D~!8A belongs to GL3(Ox.,).

—veXu{L ).
3
Wp.o (diag(A, D): £y (5. é070))|otz = |Drcsald? - 0.7 (det D) det AD| "
D184 D184
% Liters (0. (D™ BA) €, (D™'B )22q+( B )33
14

— The place p. An easy computation shows that

W/i’ » (1 blg cell( _s, é_-acT(;c)) .

k3 = F(F lagep)(B) = agr.p(B)-

The functional equation for Wg j, in [LRO5, (14)] implies that

—¢_—c\ sbigcell -
Wﬁ,,,(g;M,,(—s,fo Toc)fplgce (_5’501701))
- _— bi 11 — -
:C3,p(_5,§()c7'oc,ﬁ)'Wﬁ,p(g f gee (- S,f()CT()C))

with 3, (=s,&,°7, ¢, B) defined as in equation (5.7.5). It follows that

W p (1; £ (s, €070)) |soiz2 = €. - (€577, )p(detﬁ)ldetﬁl “@erp(B).

2

Denote by E leg (dlag(A D)) the B-th coeflicient in the (p-adic) g-expansion of E leg at the (0-
dimensional) cusp mdexed by diag(A, D) € GU(3, 3)(A f) From the above formulas for the local

Fourier coefficients at the p and oo, we see that E leg (dlag(A D)) is nonzero only for A inside

_ ) x [0p(B21) 0p(B22)
S3 = {ﬂ € HerS(O’C)>O . QP(BZI) €Z,, (Qp(ﬂf’al) Qp(ﬁSZ)) € GL2(ZP)}’

and for 8 € S3, combining the above formulas gives

Sleg

E " z(diag(A, D)) = a constant independent of

X (E0page@etD) [ hyiapa€0F e (@0)),
veSU{p.,t,t'} (5.9.3)

-1
X (€T)p-adic.p (det(ﬁi giz) )(fT)p adic. p (det B).

(Note that thanks to the condition that &7 has oco-type (0, k), we have (£7)p-adicp = (€7)p and
(fT)p adlclo>< o €:07'O|(’)>< p~

The factors on the right-hand side of equation (5.9.3) are interpolated by J-measures in
Meas(T',Or). The convolution of those §-measures gives an element in Meas(I'x, Op) which
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interpolates the Fourier coefficient £, leg (dlag(A D)). (See equations (5.8.1)(5.8.2)(5.8.3) for the defi-
nitions of 6-measures and the convolutlon of p-adic measures.) We see that there exists a p-adic measure

ES e Meas(Te, €D oul&)

p-adic cusps

that interpolates the p-adic g-expansions of E Sieg . By the g-expansion principle and the fact that the

E ?eg’s are automorphic forms on GU(3, 3), we deduce that ES*°¢ belongs to Meas (T, Vou s 3 ) - (Here,

we view the space of p-adic measures valued in Vgy(3,3) as a subspace of the space of p-adic measures
valued in copies of O [[S]] via the embedding of Vgy3,3) into the O -module of g-expansions.) O

5.10. The semiordinary family of Klingen Eisenstein series

Let ESlcg|GU(3 1)XGU(2) be the automorphic form obtained by the composition of the restriction from
GU(3,3) toGU(3, 1)Xg,, GU(2) via the embedding (5.5.1) and the extension by zero from GU(3, 1) Xg,,

. Si
GU(2) to GU(3, 1) X GU(2). Define the twist £,7%[C 5 1y uuz) 5

Sleg ieg -1 -1
’GU(3 DxGU(2) (81,82) = f‘r |GU(3,1)><GU(2) (81,82) - & adic Tp-adic (et 82)-

Then by our choice of the section f), (s, £079), we see that

Sleg
|GU(3 nxcu) € Yeua.. e ® Mou() (K K}, o3 Our)

with K;;,o = {g e GUR)(Zp) : 0p(g) = (;>k :)} (Note that K’ .0 equals the K, , in equation (4.4.1).

p o Our) )
o det to the family ESi2

See equation (5.6.8) for the definition of MGU(2) (K

Therefore, by applying a twist of (¢7)7! on the second

iGU(S,l)XGU(Z)
factor, we obtain the p-adic family

p-adic

ES¥5 5 augy € Meas(Tie Vau., €)@ Mou) (KK, 4 OF) (5.10.1)

interpolating E Sleg| GU(3.1)xGU(2) when 7 varies. (To see that it belongs to the B-subspace, one just needs
to check the nebentypus )
Attached to a ¢ in the space (5.6.11) is a linear functional

<. s 90} : MGU(Z) (K K]/) 0° Olir) — @zr
o' (¢ ) = / ¢’ (8)e(g) dg,
GU(2)(Q)\ GU(2) (Ag,r)

where the integral is understood as a sum over the finite set GU(2)(Q)\ GU(2)(Ag,s) /K i K !
Applying the linear functional (-, ¢) to equation (5.10.1) gives a family

—~ A \h
1
Eng <E81e |GU(3,1)><GU(2)’ <p> € /\/leas(l“;c, VGU(S,I), e® Ozr) ®z Q. (5.10.2)
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Proposition 5.10.1. For 7p_gic satisfying the conditions in Theorem 5.9.1, the evaluation of the family
. k=3 .
E I;lmg at Tp.adic 15 a Klingen Eisenstein series on GU(3, 1) inducing éyto|-| 27 ® 7Y@ more precisely,

the automorphic form

g ES*(1(g, 82); f(s,€070) ) ¢(g2) (070) ' (det g2) dga | s (5.10.3)
U(2)(@Q\U(2)(Ag)/U(2)(R) 2

normalized by the factor in equation (5.9.1).

; ~ A\
Moreover, EI;hng € Meas(F;c, esoVou@i, 1), £® O]‘lr) ®z Q, that is, is a semiordinary family.

Proof. From the construction of the family E I;,hng, it is easy to see that its evaluation 7,.,gic satisfying
the conditions in Theorem 5.9.1 equals the form given in equation (5.10.3) normalized by the factor in
equation (5.9.1). By the doubling method formula (Theorem 5.5.1), we know that equation (5.10.3) is
a Klingen Eisenstein series inducing & o - |'T & 76V,

In order to show that E I;lmg is a semiordinary family, for all 7 satisfying the conditions in Theorem
5.9.1 and (£7), ramified, we look at the action of U,-operators on the form (5.10.3), which has weight
(0,0,0; k). Given integers m,m’,m"” > 0, by the formula for adelic U ,-operators in quation (2.8.8)
and our choice of the local section at p in §5.7, the action of (U;’Z)m(U;ﬁ)m'(U;’l)ml on the form
(5.10.3) can be computed by considering

” o 3 - k !
p2m+km / f[t;lg Cell(T, (507-0)—0) gu pm du, (5.10.4)
N(Zp)

where we identify U(3,3)(Q,) with GLs(Q,) via gp : K ®g Q, — Q,,. Writing g = (2 g) in3x3

blocks, we have

+3m’ 4

(5109 =2 (Enp’) " (@)

% p—4m—3m'—3m” Z Z

up,uy€Z/p™m7Z V],VgEZ/pm"”’“"” (5105)
vez/pm 7

pm J— 00 -
(f_lafnp) p_m_m' ( 1 —u;)(C_1D+(Z;00))(p 1 ) .
p 1 v 00 1

A direct computation by using the formula (5.7.2) shows that when (£7), is ramified

Z Z (f‘lafr,p)((p_m_m pmt p_m,)(l 1 _IZQ)(C‘1D+(§

up,uz vi,va2,v3

1
:pZ’"(f‘af,,p)(C‘D( p ))
p"’l—m

SR
[N Ne)
[=R=Xe)
~—
~———
—
t\
§\

—

—_
~——
~———

(5.10.6)
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Combining equations (5.10.5) and (5.10.6), we obtain

—-2m-2m’

(5104 = p*0" (g, (o) (e ()pt) " - (6000
e N ) )(( i)

=y ()" (Es(pp*)” - EopEny ()2

o N [

and the corresponding Siegel Eisenstein series paired with ¢ - (£970) ! o det over U(2) gives
(€1)p( " ( (¢é1)s(p) pk) - the automorphic form given in equation (5.10.3).

Here, we use the condition that ¢ has trivial central character. Both (£7),( p) and (é-“r)p (p)p* are p-adic
units, so the form (5.10.3) is an eigenvector for the action of (UJr 2)’"(UJr 3)'" (U l)m with eigenvalue a

Khng

p-adic unit. This shows that the evaluations of the Klingen Eisenstein family E , "~ at all 7 satisfying the

Kllng

conditions in Theorem 5.9.1 with (¢7), ramified are semiordinary. Hence, E, "~ is semiordinary. O

6. The degenerate Fourier—Jacobi coefficients of the Klingen family

This section is devoted to proving Theorem 6.1.1, which states that the degenerate Fourier—Jacobi

coefficients of E , Kling are divisible by the p-adic L-function attached to BC(x).

6.1. The divisibility of the degenerate Fourier-Jacobi coefficients by p-adic L-functions
Given a cusp label g € C(K J’f ), we have the map

~ Ao \h
D, : Meas (F;C, esoVou@3 i, £® Ozr) — ./\/leas(l";g, Mgu(2) (Kf ng 0 Of)),

(which corresponds to the map @, in the fundamental exact sequence in part (4) of Theorem 2.9.1).
Here, K'” is an open subgroup of GU(2)(Z(P)) depending on the cusp label g € C(Kff). Applying it

f.8
Kling

to our Klingen Eisenstein family E =, we get

o, (EKlmg) € /\/leas(l_‘;g, Mgu(2) (Kf g[(']'7 0 (’)zr)) ®z Q.

Evaluating it at g’ € GU(2)(Aq,s) gives
D, (E‘;““g)(g') c /\/leas(l“;g, Oy) 820 = O[]l €2 Q.

By the work of Kubota—Leopoldt on p-adic L-functions for Dirichlet characters, there exists a (unique)
p-adic L-function ﬁzu{f “ @ir [[I'k]] satisfying the interpolation property:

' (k-2
E?ﬁg’““ﬁ-adidz(z(,rl-)k—;' (3 k@? )" ) LZU{oopff}(k 250 0) 6.1.1)
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for all algebraic Hecke character 7 : K*\AX — C* such that 7,,_qic factors through I'c and r;% =
k| .1k
sgn®| - [5.

By [EW16] (and the Archimedean computation in [EL]), there exists a (unique) p-adic L-function
Ei%{j Ve (’A)zr [[Ck]l ®z Q satisfying the interpolation property: for all algebraic Hecke character
T K*\Aé — C* such that 7,,_ugic factors through I'c and &7 has co-type (ki, kp) with ki, k> € Z,
k1 <0,ky >2—-ky,

zufel’
Eﬂ-’ujc{’g }(Tp—adic)

Q. \2(ka—ki) T(ky)T(ky = 1) 3— (ki +kp) -
B (Q_:) G P(f’”fv’ X (Gomo)y! 6.12)

(ki +ky—1
% Lzu{oo,p,t’,é’ }(HTZ,BC(H) X foTo)-

Theorem 6.1.1. Suppose that ¢ belongs to the space (5.6.11). Then for all cusp labels g € C(K;) and
g’ € GU(2)(Aq,f), we have

Kling\ , , SULLL'} P ULE)
(q)g(E¢ )(g))c(ﬁf@ Lox.é )

in O ([T ]l ®2 Q.

Proof. For t as in Theorem 5.9.1, that is, T)_adic factoring through I'c and &7 has co-type (0, k) with
k > 6 even), let E Eh;f be the classical Klingen Eisenstein series whose corresponding p-adic form is

E Elmg(rp_adic). The theorem is proved by computing @, (E Iging) (Tp-adic) With

g=kser= ) ki, kv € UG, 1)(Zy).
veX u{L,l'}

The value of @, (Elfing)(fp_adic) at g’ € GU(2)(Ag) is the 0-th Fourier-Jacobi coefficient of the

EKling

@.&T at

1
X = g kz 0,0 W3,
( v(g’) ) f p

Q)
Qoo

2k
multiplied by ( ) , where w3 , € U(3,1)(Q,) is defined by

1

1
op(w3,p) = 1
1

Note that w3 ;, € U(3,1)(Q)) is also our fixed element in Pg(Zp) for obtaining the isomorphism
4.4.7)). A

By the description of E l;hng (Tp-adic) in equation (5.10.3) and the doubling method formula (Theorem
5.5.1), we have

Kling normalization factor

— . Kling (..
E(p,‘fT(x) ~ on the RHS of equation (5.9.1) E (x: F(f (5. 60m0). )

— k-
“_72
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with F(f (s, £070), ¢) the section in Ipy ,, (s, £070) given by

F(f(s,70),¢)(x) = ./U(z) F(s,&070) (1(x, 810))(g11) (€070) ' (det g17) dgy

Q)

= [ o ik e wapeer) (e e) G deten) .
U(2)(Ag)
where ¢ is an element in GU(2) (Aq) with v(#) = v(x). What we need to compute is

/ EXIE (yx; F(f (s, é070), ¢)) du. (6.1.3)
UPGU(S,I) Q@ \UPGU(3,1> (Ag)

It follows from [MW94, 11.1.7] that

(6.1.3) = F(f(s,8070), ©) (x) + Mpgy s ,, (5, £010) F (f (5, £070), @) (%).

The Archimedean computation in [Wan15, Corollary 5.11] shows that for our choice of f (s, &y7p) in
§5.7and k > 6,

Mpgy) (5. €0T0) F (f (5, €070). )| _i2 = 0. (6.1.4)

We reduce to compute F( (s, £70), ¢) (x). Take arbitrary ¢’ € 70V spherical away from X U{¢, £’}
and factorizable with respect to an isomorphism 79V ~ &) 7SV pyt

(F(f(s.£070),0)(* kx, 0.0 W3, p). @)

F(f(s,&07m0),0)(8 ks e.00 w3,p) ¢'(g") dg’.

'/GU(Z) (QZgu(2) (Ag)\GU(2) (Ag)

Then we have

(F(f(s,€070),9)(* ks.e.0 w3,p), @)

= l_[ Zv(fv(sa§070)7 14, Dy, ‘/’:;)
veX U{p,t,l’}

X 1_[ Zv(fv(S,fOTO)’kv,(Pv,SO(;) 'Zp(fp(S,fOTO),W&p,‘Pp,90;,),
vesu{e,er}

where for g, € GU(3,1)(Q,),

Zv (fv(sa §0T0)7 8vsPv> (P(;)

6.1.5
- [ s amen s e (xS @enet)da. O
U@ @)

The restriction of f, (s, &p10)(* 1(gy,12)) to U(2,2)(Q,) is a section in the degenerate principal
1

s+

series of U(2,2)(Q,) inducing ool - [,
integral. We have the following formulas.

}f. Hence, the integral (6.1.5) is essentially a doubling zeta

— The Archimedean place.

Zoo(foo (5, 070): 14 0oos 01) = (Poor 0L5)

because foo (s, 070) (1(14, *), oo, @L, are all invariant under U(2)(R).
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—vegT u{Ll,p)

-1
) 1
Zy (£ (s,é070), 14, v, 9),) = day (s + z,fofo) Ly (s +1,BC(7) X &79)

with

' 070 Tx/o

2
d2,v(S,§oTo) = LV(ZS + 1 +‘]"§Q Q 2-j )
J=1

This follows from the standard formula for unramified local doubling zeta integrals [LROS5, Propo-
sition 3, Remark 3].
- v e X U{{ '} By [Wan20, Lemma 6.20] or an easy direct computation, one can see that for ¢ in
the space (5.6.11),

1

Z, (fv(S,foTo), ky, @y, ‘P:;) =0, ifk, ¢ PU(S,I)(ZV) 1, PU(3,1)(ZV)9
-1

and for k,, such that Z,, (f, (s, £70), kv, ¢v, ¢},) #0,

Zy (fo (5, €070) kv @, 0),) = vOL(De, ) - ((f@?r(?>v<qv>|qv|i+3) (pv,)),

where 9., is an open subgroup of {k!, € U(2)(Z,) : ki, = 1, mod ¢;"}, and ¢, is the positive
integer in the definition of f, (s, £y7p) in equation (5.7.1).
— The place p.

Zp( 15, €070 w300, &) = 7 (=25 (€57 ™ (=570 X (G005 (e 6y). (6:16)

See §6.2 for the computation. Note that we only need the value at w3 , € GU(3, 1)(Q,) rather than
a general k,, € GU(3,1)(Z). This significantly simplifies the computation. The value at a general
k, € GU(3,1)(Zp) can be difficult to compute since intertwining operators are not easy to compute
completely.

Combining the local formulas, since ¢’ is arbitrary, we see that for 7 as in Theorem 5.9.1,
F(f(s,é0m0),¢) (X)L-—ﬁ is either O or equals
-2

d32U{OO’P’{’[ H(s,80m0) ™ Csuieery - vp (_25’ (é“?ng)_l)Lzu{m’p,am (2s + 1’§$T(;Q)

XYp (—S, TTp X (foTo){l)LZU{m’g’gr’p}(S +1,BC(7) x &o70)

s p(g)

s=5=

for some Csyy¢,¢y € L independent of 7. Combining this formula with the normalization (5.9.1), we

see that at all T4_qic as in Theorem 5.9.1, if ®, (Eff,“"g) (g’) is nonzero, then its value agree with the

ZULLL} pEULLL)

value of Csue,py - £ . Evaluations at these 7p.agic’s uniquely determine elements in

£.Q K. &
@f [[Tx]l ® Q. Therefore, @, (El;hng)(g’) is either 0 or equals Csyyz,¢y - Léﬁg’gr}ﬁi%fg’}, and in
particular the desired divisibility holds in (’A)]‘ir [Tkl ®z Q. O
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6.2. The computation of local zeta integrals at p

The ramification conditions in [Wan20, Definition 6.30] on & ,70,,, and the characters from which
7p is induced are not satisfied in our case here because our 7, is unramified. Those conditions
are used in loc.cit to simplify the computation involving the intertwining operators. Here, we use
the functional equation for doubling zeta integrals to handle the intertwining operator and compute

Zp (fp(s’ fOTO)s W3,p, ‘pps ()0;))'

Proof of equation (6.1.6). Inside the degenerate principal series on GU(2, 2)(Q),) inducing the charac-

ter (§070),“| - |7*, we define the section fg(z,z) (=s, (é910)7°) as

153 (s, (fo‘ro)_c)(gz = (2 g))

:|detCtC_'If,_l(foTo)p(detC) '-F_laff,p(o 0

0cCc'D

where the Schwartz function @&+, is defined in equation (5.7.2). Then we have

L=y »i

. -1
/ e f,?lg_cen(—& (5070)_0)((1 L )( L l)f(gQ)Y;ll(W:’J,p’lZ)Yp) dyidy,
Y1€Qp,y2KS 1

2

=f;loj(2’2) (—S - % (foTo)_C)(gz),

where j : U(2,2) — U(3, 3) is defined as

1
AB\ | A B
C D]~ 1
C D
. ... A
To see equation (6.2.1), writing g, = cD , we have

1 -1 1=y y 1
Op|| 2 I - ](gZ)Yp l(W3,pa 12)Yp
1 2 1
O 0 -1 O 1 0 0-1 O
1o a4 0o B |1, | A 00 B
%P1 —y,4 yi —y2B 1 | —y,A 1 y; —yB
0 C 5, D L C 09 D

and

It follows that the integrand of the left-hand side of equation (6.2.1) equals

1 _ =
f,EJ(M)(—S + 5 (€070) C)(gz) Az, (1) - Loz (»'C™h,
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SO

1 _
Left hand side of equation (6.2.1) = 19(2’2) (—s + 5 (f()‘ro)_c)(gz) -det|C'C|,,

1 —C
= f;(z,z)(_s ~ 5 (é070) )(82)-
1 %
Put Sy = 2 | and Yo, to be the element in U(2,2)(Q,) such that o,(Yo ,) = S;'. Set
-1 % P P P P 0
2

10: U(2) x U(2) — U(2,2), 10(g1,8}) =S;! (g1 g,). 6.2.2)
1

By the definition of the intertwining operator M, (—s, {7, 1(&10)™¢) (in equations (5.7.4)) and (6.2.1),

M (=5, (£070) ™) fp = (=5, (£070) ™) (1(W3,p, £1)
i -1 1=y »
= / . f,‘ilg'°‘°'“(—s,(§oro>-6)((112 )( i )
1

» -
i n 1
(lyz y4)€Her3(}C") Y

1 1
- 1
( . 12)( 2 1y4)l(W3,p,gl)Yp
1, 1,

1 1 :
=M, (—s -3 (foTo)_c)f,E(z’z)((—s -5 (foro)-‘)(zo(l,glm,p),

dudys

and

Ip (s, &70) (1(w3,p. 81))
=7p(~25 €)™ Jyp (=25 = L (€F ) s )vo (25 - 2. (7D

1 e 1 e
X Mg(z,z)(_s ~ 5 (¢070) ) 5(2’2)((—S ~ 5 (€070) )(lo(l,gl)Yo,p)-
By the functional equation of the local doubling zeta integral [LROS5, (19)(25)],
1 _ 1 _
/ MS(“) (—S -5 (€070) C) 5(2’2)(—5 ~ 3 (€070) C)(IO(lvgl)YO,p)
U(2)(Qp)

x (&) (detgn) (5" (1), 0} ) e

l - —C
=cap|=5— =, (&010) (1, 2 ) Jyp (=5, BC(x) X (£070) ™€)
2 2
1 B ,
x/ f,i”w (—S -5 (é070) )(lo(l,gl)Yo,p)(foTo)ﬁ(detg1)<ﬂgU(2) (g)¢p. 50p> dg,
U(2)(Qp)
with the factor

cp (—s - _71 (£070) ™", (12 b )) = Vp(—Zs -1, (f?n?)*lmc/@)_lyp(—zs -2 (sc?Tf?)fl)_l
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as defined in equation (5.7.5). Therefore,

2y (o s 070) w3, p 01, )
=7p(~25. (€)™ ) p (=5, BC(m) X (£070) )
1
X / f’?(zi) (—S -3 (fOTO)C) (10(1, gl)Y()’p)(foTo);(detg1)<ﬂgU(2) (g1)90p, (,0;)> dg;.
U2)(Qp)
(6.2.3)

By noting that
U(2,2) 1 —C 1 Y —_ ..F_l 0 gl
fp _S_Es(§07-0) (10( ’gl) O,p) = Aer,p 00

and using the formula (5.7.2) for F _1@57, p and that ¢, is spherical, an easy computation shows that

2
the integral on the RHS of equation (6.2.3) = p‘zm_z’g((foro)‘;l) (€ot0)p(P)* - (¢, ¢,). (62.4)

where p’, t > 1, is the conductor of (£979),. Since 7, is unramified with trivial central character, we
have

2
P_m_ztg((fom)p_l) (&70)p(P)* = 7p(s + 1,7y X (£oT0)y)- (6.2.5)

Combining equations (6.2.3), (6.2.4) and (6.2.5), we get

(62.3) =, (=25, (€57) ™ ) 7p (=5, BC() X (€070)™)yp (s + 1.7y X (€01ody) - (. 0))

=7p (_25’ (fé?"'(?)_l)yp (_S’ Tp X (507'0),3_1> : <‘/"Pa ‘P;) O

7. The nondegenerate Fourier-Jacobi coefficients of the Klingen family

The map (4.7.3) of taking the S-th Fourier—Jacobi coefficient along the boundary stratum indexed by
the cusp label 14 € C (K}’ K}, Jora induces

Flg : Meas(T'xc, Vous.n)) — Meas(F;c, Vc{,(’f‘()z))‘

Foru € ®ve2ns U(1)(Q,), let

EXe =Fg((" 1 )EY™) € Meas(Te, Vi, B OF). (7.0.1)

(The group GU(3, 1)(A?) acts on the Igusa tower and acts on Vgy(3,1), and (“ L )E];ling denotes the

u .
action of ( 1 ) onE I;hng.) The goal of this section is to prove Proposition 7.11.3 on the nonvanishing
u

. Kling ,
properties of the E ' .= ’s.

Ing§7.1-§7.2, we b’ri’eﬂy recall some basics we will use about Weil representations, theta series, Jacobi
forms and p-adic Petersson inner products. In §7.4 and §7.5, we unfold the Siegel Eisenstein series on
GU(3, 3) to compute the nondegenerate Fourier—Jacobi coefficients of the Klingen Eisenstein series on
GU(3, 1), and sketch our strategy for relating them to certain L-values, for which we can apply mod p
nonvanishing results. Following that strategy, we need to choose an auxiliary Jacobi form on U(2) and
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two CM families on U(2). §7.6-§7.10 are about constructing the auxiliary Jacobi form and CM families
and some other technical preparations. The desired nonvanishing property is proved in §7.11.

7.1. The Schrodinger model of Weil representation and the intertwining maps for different
polarizations

The nondegenerate terms in the Fourier—Jacobi expansion of an automorphic form on GU(3, 1)(A) are
Jacobi forms on the Jacobi group associated GU(2).

Let V (resp. V™) be the two-dimensional skew-Hermitian space (K2, {o) (resp. (K2, —Zo)). We write
elements in V, V™ as row vectors and fix the basis vi = (1,0),v2 = (0,1) for V (resp. vi = (1,0),v; =
(0, 1) for V7). With respect to the fixed basis, the unitary groups U(V) and U(V ™) are naturally identified
with our U(2) (defined in equation (5.4.1)).

We fix the basis vy, v2,v],v; for V @ V™ and identify U(V @ V™) with the unitary group whose
R-points are

R

Define the unitary group U(2,2) as

We fix the isomorphism

o\~ 4o
U(VeVv") — U2.2), g'—>(12 _Z_O) 8(112 _Z_o)’
_ 1, -

which induces the embedding

1 —% - 81 1, —%
UR) x U2 U(2,2), , .
S L L

For a nonzero 8 € Her(K), denote by Wy the one-dimensional Hermitian space (K, 8). Fix a basis
wg = 1 for Wg, and we can identify U(Wp) with the group U(1) defined by

U(1)(R) ={g € GL|(R®z Ok) : gg = 1}.

We consider the Weil representations for the dual pairs U(2) x U(1) and U(2,2) x U(1). The space
V ®x Wp is a four-dimensional Q-vector space equipped with a nondegenerate symplectic pairing
induced from the skew-Hermitian form on V and the Hermitian form on Wg. The group U(V) x U(Wg)

embeds into Sp(V ®x Wg) and forms a reductive dual pair. Let §f)(V ®x Wg) denote the metaplectic

group. Given a pair of Hecke characters Ay, dw, : K\AZ — C* such that 1y | g = n;icir/néf V and
dimyc W, . o
Awg lax = n,cu/rg P, there is a splitting
U(Vy) x U(Wg,,) = Sp(Vy ®x Wg.,) (7.1.1)

for all places v of Q. The Weil representation of §13(Vv ®x Wg,,) (with respect to our fixed additive
character ea,, : Q\Ag — C* in equation (1.0.5)) induces the Weil representation of U(V,) x U(Wpg,y).
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Similarly, with respect to dy-, dygv- : KX\AY — C* satisfying AV’|AE = 77%[/“6 v, AV®V—|A6 =

n%’;’& Vrdime V™ \we have the Weil representations of U(V; ) x U(Wg.,,) and U(V @ V;)) x U(Wg.,).

We choose our Ay, Ay -, Aw, as
Ay =dy- =2, Ay, =4, (7.1.2)
where A is the Hecke character fixed in §5.1.

Remark 7.1.1. In some literature, instead of 1y = Ay - = A%, 1y = Ay~ = triv is used.

Put
e1 =V ®wg, ey =Vy @ wg, e; =V, ®wg, e; =V, @wg.

Then Qe ® Qe; is a maximal isotropic subspace of the symplectic space V ®x Wg. We have the
polarizations

V ®x WB = (Qe1 D Qez) 52} (Q561 GBQ5€2), (7.1.3)
(where ¢ is our fixed totally imaginary element in K.) The Schrodinger model of the Weil representation

of U(V,) x U(Wg,,) is an action of U(V,) x U(Wg ) on 5(Q,e; ® Q,e>), the space of Schwartz
functions on Q, e; ® Q, e>. We write this action as

wp,v(g,u) : S(Qye; ®Qyez) — S(Quer & Qyer), g€ UV,), ue UWg,).
Similarly, we have the polarization
V™ ® Wg = (Qe] @ Qe;) & (Qde] & Qde;) (7.1.4)
and the Schrodinger model
wp,v (8 u) : S(Quey ®Qye;) — S(Quey ©Qyey), geU(V,), ueUWgy).

For a place v = v split in I, we have K, ~ I, X K with K, ~ K5 =~ Q,. In addition to the above
polarizations, we also consider the polarizations

V, ® Wﬁ,v = (ICnel (&) Icnez) (] (/Cf,el (&) ’Cf,ez),
Vo @ Wg, = (Kye] @ Koey) ® (Koe] @ Kyey),

and the intertwining maps

S(Kver ® Kye2) — $(Quey +Qyen), (7.1.5)

S(Kye] ® Kyes) — S(Que] +Qye3). (7.1.6)
For V @ V~, we have the polarization:
VeV )@Wsg=(K(ei1+e]) ®K(e2+€5)) @ (K(eg —e]) ®K(ez - e3)).

Writing an element in Ky (e; + e]) ® Ky(e2 +e;) as X € M;2(K,), for the Schrédinger model,
(g’ u) € U(29 2) X U(WB,V)9

wpv(g.u): S(K(er +e]) @ K(ex+e;)) — S(K(er1 +e7) @ K(ez+¢3)),
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we have the following formulas:
wp.y (14, u) D(X) = D(u~'X),

wﬁ,v((A tA), I)CD(X) = 1, (det A)| det A[}/> - D(XA),
wﬁ,v((h ﬁ) 1)<1>(X) =e, (8- XB'X) - ®(X),

wﬁ,v((12 ‘12),1)<I><X>:|ﬁ|Qv / O(Y) - ey (Trx, j, (B-Y'X)) dY.

7.2. The Heisenberg group and Jacobi forms

59

(7.1.7)

Jacobi forms on U(2) and U(2,2) show up in our computation of the nondegenerate Fourier—Jacobi

coefficients of the evaluations at classical points of the Klingen family EXIig,

First, we introduce Jacobi forms on U(2). Recall that V is the skew-Hermitian space (K2, £o). Denote

by H(V) the Heisenberg group associated to V. For a Q-algebra R
H(V)(R) = (V®q R) < R,

and the multiplication is

LTI
X140 X2 +x140'X2
(x1,01)(x2,02) = |x1 +x2,01 + 02 + B —
It is easy to see that H(V) is isomorphic to Upg,, ,, via

1 x o+ ixg's
(x,0) —ulx,0)=| 1, o'x
1

(7.2.1)

The Jacobi group associated to V is the semidirect product H(V) = U(V), which we identify with a

subgroup of Pgys,1) by
((x,0),81) — u(x, o) m(g1), (x,0) € HW,), g1 € U(V),
where for g; € U(V),

m(g1) = 81
1

(7.2.2)

A Jacobi form on H(V) = U(V) or a Jacobi form on U(V) of index B is a smooth function on

H(V)(Q) = U(V)(Q\H(V)(Ag) = U(V)(Ag) such that

— forall o € Ag, the left translation by ((0, "), 12) equals the multiplication by ex, (8c),

— the right translation of a maximal compact subgroup and the action of the center of the universal

enveloping Lie algebra at co satisfy finiteness conditions.

It is easy to see that a Jacobi form of index 8 holomorphic at co of weight (0, 0) corresponds a section
in H(@, £(B)) with € a torsor over the Shimura variety of GU(2) of an abelian scheme isogeneous to
the universal abelian scheme, and £(3) the invertible sheaf over € of 8-homogeneous functions.
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We will also need Jacobi forms on U(2,2). Denote by V the skew-Hermitian space K* equipped
with the skew-Hermitian form (_12 12) ,and by H(V) its associated Heisenberg group whose R-points
for a Q-algebra R are

H(V)(R) = (V®g R) < R.

We write an element in H(V)(R) as (x,y,0), x,y € R ® K2, o € R. The multiplication is given by

ts =t t = St
X1 y2+X1Y2— YiX2 — Y1 X2
3 .

(X1, y1,01)(x2, y2,02) = (xl +X2, Y1+ Y2, 01 +02+

The Jacobi group associated to V is the semidirect product H (V) = U(V).

Denote by PGy s,3) the parabolic subgroup of GU(3, 3) consisting of elements whose entries in the
first column are all O except the (1, 1) entry, and denote by Upy, , ,, its unipotent subgroup. We identify
H(V) with Upg, 5 by

I x o+=—5 y
(=
(yo) ey = BT
-'x 1,
and identify H(V) = U(2,2) with a subgroup of Pgy 3 3) by
((x,y,0),8) > ulx,y,0)m(g), (x,y,0) € H(Wp), g € U(2,2), (7.2.3)
A B
where for g = (C D) e U(2,2),
1
A B
m(g) = | . (7.2.4)
Cc D

Similarly as above, we define Jacobi forms on U(V) of index S to be smooth functions on H(V)(Q) =
U(V)(Q)\H(V)(Ag)=U(V)(Ag) on which the left translation of ((0, 0, &), 14) equal the multiplication
of ex, (Bor) plus finiteness conditions for the right translation of a maximal compact subgroup and the
center of the universal enveloping Lie algebra at co.

We have the following embedding of skew-Hermitian spaces

V—Y, x|—>(x,—xT§O).
It induces the embedding of unitary groups
1, —%\~ 1, %
U(v) — U(V) =U(2,2), g1—>( 2 4%) (gl 1)( 2 5))
—12 -5 2 —12 -5

and induces an embedding of the Jacobi groups

H(V)=<UWV) — H(V) ~U(V),
ab x4 L -2\ 1, -& (7.2.5)
((X,O'),(C d)) — (()C,—T,O'),(_l2 _é) ( 1 12)(_12 _é) )
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From this embedding, we also get the embedding
(H(V)=<U(V)) x U(V") — H(V) < U(V),

1, &\ 1, -% (7.2.6)
esonne—((s=e) (5 ) ()5, 7))

The embeddings (7.2.2)(7.2.3)(7.2.6) are compatible with the embedding : in equation (5.5.1) in the
sense that the following diagram commutes:

(7.2.2)xid

(H(V) < U(V)) x U(V"))——— GU(3,1) xg,, GU(2)

l(7.2.6) Jl
(7.2.3)

H(V) = U(V)C GU(3,3).

7.3. Theta series

Given a Schwartz function ¢ € ®'v S(Qye1 ®Qyer) (with ¢y, = 17, 6,47, ¢, for all most all finite places
v), we define the theta series (¢, ), which is an automorphic form on U(V)(Ag), as

0p.8)= Y, wp(®).

x€Qe ®Qey

We can also define the Jacobi theta series 67 (¢, «, ), which is a Jacobi form on H(V) = U(2), as

1
9J(¢’ (y70—)7g) = Z eAQ(ﬁ(O--'-Ey{OtX)) wﬁ(g)q)(x"_y) (731)

x€Qe1 ®Qey
Similarly, given ¢ € ®'v S(Qye; ®Qye;), we can define the theta series 6s(4, +) on U(V7)(Ag).

7.4. The unfolding

Given a holomorphic automorphic form Fon GU(3, 1)(A) and g € GU(3,1)(Ag) and 8 € Her; (K)o =
Q-0, the B-th Fourier—Jacobi coefficient of F at g is defined as

o

1
w@ )= [ Al B fofealpordo
o €Her (K)\ Hery (Ax) 1

With g € GU(3, 1)(Ag) fixed, the function

H(V)(Ag) = U(V)(Ag) — C
((x,0),81) — ag(u(x,o)m(g1); F)

is a Jacobi form on H(V) =< U(V) of index 8.
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The Klingen Eisenstein family E I;""g interpolates a normalization of the Klingen Eisenstein series

EXKling (+3 F(f(s,&070), ¢)), which can be expressed as the integral in equation (5.10.3). We can compute
its B-th Fourier—Jacobi coefficients by first computing

E,(g; f (s, &070))

1 o
sed | 12 . . (7.4.1)
E 1 |83 (s, 600) Jeay (=Bor) dor,

1,

- /Herluc)\Herl (4)

and then pairing its restriction to GU(3,1) Xg,, GU(2) with ¢ on GU(2). By unfolding the Siegel
Eisenstein series in the integrand on the right-hand side of equation (7.4.1), it’s not difficult to show that

Si
ES8 (ks f (5. £0m0)) =
Y€Qu (2.2 (Q\U(2,2)(Q) xek?

. 1 . & X . (7.4.2)
/ £ (s, €070) (_1 3) g f m((—l z)y)h en, (—po) dg,
Her; (Ax) 3 2

1,

where m( +) is the embedding of U(2, 2) into U(3, 3) as defined in equation (7.2.4). (cf [Wan15, Section
3C1)])

Definition 7.4.1. For g, € GU(3,3)(Q,), x, € K2 and f, (s, &79) € Logys.).v (55 €070), define

Flg \(gv,xvs fu (5, €070))

1 S Xy
txv

1 1, % 1
= / 1 (s, €070) (_1 3) ? 1 m(—l 2)gv ex(—po) do.
Her; (Ky) 3 2
1,
For g € GU(3,3)(Ag), x € A,ZC and f (s, &) = ®y f1 (s, &070), let
FJﬁ(g9x; f(s, é:OTO)) = ®vFJﬁ,v (gwxv; fv(s, é:OTO))-
The unfolding result (7.4.2) gives the following proposition.

Proposition 7.4.2. Let € Her|(K)>o and f(s,é070) € logyss (5, é070). The p-th Fourier-Jacobi
coefficient of the Siegel Eisenstein series ESieg( -3 f(s,é0m0)) at g € U(3,3)(Aq) equals

.
EZ%(g: f(5.60m0)) = D D Flg(m(y)g.x; £ (s, &o0),
Y€Qu(2,2) (Q\U(2,2)(Q) xek?

with Flg defined as in Definition 7.4.1 and m( +) the embedding (7.2.4).

One can easily check that Flg , satisfies
Xy —yix
Bl (.3, 0)8. 02 f (5. £070)) = e | B+ =2=25) | Bl (g. %0 + 2 o (5. 070)).

_ 1 _
Flg.» (m(g t/{I:)._l)g,xo;fv (s, 5070)) = | det AtA|i+1§~‘OTO(detA) -|det A'A|e, (BxB'A'%)

X FJﬁ,V (g’ X()A; fv (sa é:OTO)) .
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Comparing them with the formulas in equation (7.1.7) for the Schrodinger model of Weil representations,
we see that for a fixed g, € U(3,3)(Q,), Flg v (u(xy, yv, o) m(g1,,)8v, X0 fv (s, &70)) is essentially
(a finite sum of) the product

fv (S, foTofl_l) (g1,v) - wpv (u(xy, yv, o) m(g1,)) Py (x0),

with f5 (s, 501’0/1‘1) a section in the degenerate principal series /g, ,, , (s, §OTO/1‘1), @, a Schwartz
function on IC% and wg,, the Weil representation of U(2, 2) briefly recalledin §7.1. Both f ,, (s, fo‘r()/l_l)
and @, are determined by f, (s,£070) € logy.s.v(5: €070) and g, € GU(3,3)(Qy). The computation
at an unramified place v gives

Flg o (u(x, y, 0)m(g1,v), %o A" (s, £070))
-1
=L, (28 + 3,§ST§2) : ;}D:I(S,fom/l_l)(gl,v) ~wg,y (u(x, y, O_)m(gl,v))]lo’zcyv (x0).
Therefore, the Jacobi form on H(V) = U(2,2) given by
(67,0, 8) ¥ E8(u(x, y, o)m(g); f (s, €070)
is essentially (a finite sum of) the product

-1 .

L(2s +3, fé?‘f(?) . E2sleg (s,fo‘ro/l_l) .97,
with EZSieg(s, 5070/1‘1) a Siegel Eisenstein series on U(2,2) and ®/ a Jacobi theta function on the
H(V) = U(2,2). The restriction of ®’ from H(V) = U(2,2) to (H(V) = U(2)) x U(2) via equation
(7.2.3) is essentially (a finite sum of) 9; R 65, with 6?3J (resp. 8,) a Jacobi theta function (resp. theta
function) on H(V) =« U(2) (resp. U(2)) attached to a Schwartz function ¢3 (resp. ¢,) on Aj. Therefore,

E;Ssieg( SWACH 5070))‘(H(V)><U(2))XU(2) (743

-1 .
S _
=~ L(ZS + 3,.’;:2()2‘['(()@) . 95{ X6, - Ezleg (S, &otod l)|U(2)><U(2)-

Here, ~ means equal up to normalizations and more precise formulas for local sections are needed to
be an actual identity. We will also use the notation ~ several times in the next section. All the identities
with ~ are only for the purpose of illustrating the ideas of relating the nondegenerate Fourier—Jacobi

coefficients with L-values and will not be used for our rigorous analysis of E I;liggu starting from §7.6.

7.5. Our strategy of analyzing the nondegenerate Fourier-Jacobi coefficients of the Klingen
Eisenstein family

Before we move on to the involved computations, we give a brief explanation of how we choose
the auxiliary data to study the pairing of equation (7.4.3) with ¢. The discussion in this section
should also explain why the choices of the auxiliary data in §5.6 are made for constructing E ]:,hng
and guaranteeing that its nondegenerate Fourier—Jacobi coefficients satisfy the nonvanishing properties

needed for applications.

7.5.1. Choosing the auxiliary 6/

The first step to analyze equation (7.4.3) is to pick a suitable Schwartz function ¢; on A, to which we
can associate a Jacobi theta function 9{ on H(V) = U(2) (defined as in equation (7.3.1)), and define the
linear functional

[ e {Jacobi forms on H(V) =« U(2)} — {automorphic forms on U(2)}
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by

1911(901)(81) = / 0] ((x,0),81)¢” ((x,0), g1) dxdor. (7.5.1)
H(V)(Q\H(V)(A)

Applying [ o7 10 equation (7.4.3), we obtain an automorphic form on U(2) xU(2) whose value at (g1, g2)
equals

/ 6 (w,0),81) - Ey* (1(u(x, )m(g1). £2): f (5. éom0)) dvdor. (152
H((V)(Q\H(V)(A)

It is a standard fact that for two Schwartz functions ¢, ¢’ on A,

/ 0 ((x,0),81)0%, ((x, o), 81) dxdo = (¢, ¢') = ¢(x)¢’ (x) dx,
H(V)(Q\H(V)(A) K\Ax

independent of g; € U(2). Thanks to this fact, from equations (7.4.3) and (7.5.2) we obtain
Sieg . -1
le{(E,; (+5f(s, 60701 ))|(H(V)><U(2))><U(2))

o (91.¢3)
L(Zs +3, fé?rgz)

Sieg (7.5.3)
~(1®62) - E;7(5,£070) [u@)xu(2)-

Here, 1 ® 0, denotes the automorphic form on U(2) x U(2) which is the constant function 1 on the first
factor and 6, on the second factor.

For an automorphic form on F on U(2) and a Hecke character y : ICX\AQ — C*, we use the notation
FX to denote the form

F¥(g) =F(g) - x(detg), g€ U((2)(Ag). (7.5.4)

Our Klingen Eisenstein series EX¢(+ ; F(f (s, &), ¢)) is obtained by pairing the restriction of the
Siegel Eisenstein series with (pfoTO, so we have

Loy (E;f““g(- ;F(f(s,§oTo),‘P)))

(P1, ¢3) Zry pSi -
AL -<02s0‘f‘”°,Ezseg(s,§oToxl 1)|U(2)><U(2)>

L(25+3,6577)

(7.5.5)
1xU2)’

where (-, -) .y (2) means integration over the second copy of U(2).
The standard doubling method formula [LLRO5] implies

L(S + %,Bc(ﬂh) X 5070/1_1) T &3 héomod

Ei“’g(s, 5070/171))U(2)><U(2) ~ Z —
L2+ L&) L(2s+ 2. 857 mcsa)  (Bh)

s
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where A runs over a certain orthonormal basis of automorphic forms on U(2) of certain level. By picking
an h, we have

<lelf (Egnng(—; F(f(s,&070), (P))), h>

L(S + %, BC(my,) x f()‘l’()/l_l)

(g1, 93) ds(s, &0To) <02"D%’h&mﬁ> (7.5.6)
L(s+4,BC() x forod™!) | _
= (41.93) RENTE (o3p. ).

where d3 (s, £o1p) is as in equation (5.9.2). The Petersson inner product <9§go, h> is related to the central
value of a triple product L-function by Ichino’s formula.

7.5.2. Choosing auxiliary 4 and 6 and relating to L-values
We will choose suitable CM forms 4 and 6 on U(2) such that we can apply the available mod p

nonvanishing results to study L(s + %, BC(np,) X 5070/1’1) and <0§tp, h> in equation (7.5.6).
Let x5 and y¢ be two unitary Hecke characters of ICX\AE such that y xg| Ay = triv (as chosen in

§5.6). Let hg be the theta lift of /\(;‘11 lu1) to U(2), and & be the automorphic form on U(2) obtained from
ho by

h(g) = xnxg(a)-ho(g), g€U(),achAf, detg=aa . (7.5.7)

Thanks to the condition x4 x| ax = triv, the definition of /2(g) does not depend on the choice of a € A¥..

The form 6, does not generate an irreducible representation of U(2). Let 6 be the projection of 6, to
its )(g/lle(l)—eigenspace for the action of the center of U(2). Then 8 is a theta lift of )(9/12|U( 1)- Since
our ¢ is assumed to have the trivial central character and /4 has the central character )(51 lu(1), we have

<9§¢, h> - <(ﬁ¢, h> (1.5.8)

By [GI14, Theorem C.5], with the choice of the splitting characters for the theta correspondence
between U(2) and U(1) as in equation (7.1.2), we have

BC(my) = BC(mh,) ® xnxg = (BC(X;_,1|U(1))/1_1 69/1) ® XnXg

| | (7.5.9)
= (X; xpd! ®/l) ® XnXg = Xpxod™ ® xnxgd.
and
) 2 -1 J3-¢ _ -cHy3 -2 _ —c -1
BC(na,l)—(BC(/\(g/l o)A 69/1)/1/1 - (X(,Xg h 69/1)/1 = yox;A@A.  (7.5.10)
Thus, we have
1 1
L{s+ E,BC(ﬂ'h) X A" épTo
_ 1 -2.c.c 1 c 11
=L S+§,/1 XpXgéoTo| L S+§’Xh/\/g§07'0 (7.5.11)

Lfs+ 122 o ¢
> XnXxeéy T, s Z,Xh)(gfoTo .
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By the triple product formula,

(. %) (h, h3) (0.65)
L(1,m,Ad) Zic(1) L(L, xax;'42) (1) L(1, xox, A2)

1 1
L (3.BC) w02 3,80 s

()t )

(7.5.12)

where @ (resp. h3, 63) are suitable forms taken from the dual representation of V@ = 7y (resp. mp,
D

7g). (In our case here, the triple product L-function for 72 x ﬂ'g x m;’ factorizes as the product of the
two L-functions in equation (7.5.12). Also, note that Ichino’s triple product formula is for automorphic
forms on D*, we actually need to relate the integral on U(2) for <9’1<p, h><93 @, h3> to an integral on

D*. In §7.10, we discuss extending automorphic forms on U(2) to GU(2). Thanks to equation (5.4.3),
the integral over GU(2) is the same as the integral over D*.)
Combining equations (7.5.6)(7.5.8)(7.5.11)(7.5.12), we get

ds (s, €070) - <lgll (EKlmg( s F(f (s, €070), ¢) ) ><93¢P» hs3)

{-8) (n,13) (0.05)
L7 AD) - Ze(1) L0 oy, 2) Ge(1) LU, xoxg Q)

1
X L(s + z,ﬂzXhXengg) L(s +

~{$1, ¢3)

(7.5.13)

1 C
3 XnX €070

1 1
L(E,BC(ﬂ) XXhXe/lz)L(E,BC(ﬂ) X)(hx‘é)-

The relation between EKhng( s F(f(s,€010), ¢)) and L-values illustrated in equation (7.5.13) ex-
plains the nonvanishing condltlons on the L-values in equations (5.6.1)(5.6.2)(5.6.3)(5.6.4) in our choice
of the auxiliary Hecke characters y¢ and yj, in §5.6.

In the following, guided by the strategy described in this section, we carry out the necessary local
computations and the construction of the auxiliary objects to prove the desired property of E lmg with
B = 1. The computation is place by place, and we have the following cases:

For the Archimedean place, we only need to consider the cases for which there are standard choices
of local sections and computations are easy.

For unramified places, we have the standard formulas for spherical sections.

For the place p and the places in X5 U {¢}, we compute precise formulas.

— For the places in X, U {€’}, we do not attempt to compute precise formulas. At these places, the
local data actually do not change when 7 varies in a p-adic family, and we only make sure that local
integrals contribute a nonzero scalar.

o1e . J
7.6. The auxiliary Jacobi form 6,

Given a Schwartz function ¢ on A2 such that ¢, is the standard Gaussian function, let 8’ be its

associated Jacobi form on U(2) (as deﬁned in equation (7.3.1)). The map attached to this #” defined in

equation (7.5.1) extends to V. GU (2) and induces

J L MeaS(FIC, VGUﬁiz)) e Meas(l“;c, VU(Q)). (7.6.1)
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Kling

Apply it to E(p,ﬁ,u

(defined in equation (7.0.1)), we get

, ~ An\B

K1

los (E‘pl;gu) € MEGS(F]C, Vu@), ¢® O%r) .

Proposition 7.6.1. Let 8 = 1 € Her|(K). There exists a Schwartz function ¢, on Aé with ¢1 .« the

standard Gaussian function, elements uy,...,u, € &  U)(Qy), and constants by, ...,b, €
veX,u{f'}

Oy, (all independent of 7), such that, denoting [ 0/ the map (7.6.1) attached to the Jacobi form 0{
corresponding to ¢,

€ /\/leas(ric,VU(Z),f)tl

Kling
A
i

satisfies the following interpolation properties: For all T such that £1 is ramified at p and satisfies the
conditions in Theorem 5.9.1,

Kli S Uplt! )
1911 (Z’ biE‘p’zlig”")(T”'adiC) =d, o }(S, &oTod 1)

X <9(¢2,T)(' (1 _1))905070, Egieg(— ;fz(S,§070/l_1))|U(2)xU(2)> )

1xU(2)

(7.6.2)

with ¢3 &+ € S(Aé) (independent of T except v = p) and f>(s,&tod™") € X, 10400 (S5 Eotod™)
described as follows:

— V=00,

1/4 1/4
s'UNmM(6)'* _onNm(e) (1 ¥2)40(3)
$reroo(V1,y2) = TRV 1 Da(3h)

2
270k -k -
fz,oo(S,foTo/l_l)(g' = (é g)) ={ FZ(’Z)) : det(C% + D) C% +D| "2

—veIu{Ll, p.
$2.60v =1z, X1z,
-1
Poow (s, E0tod™) = Ly (254 3,6578) - S5, £070d 7))
—v=pp0€ X U{}.

$2.67,v = Image of equation (7.1.6) Of((yl,yz) — Lok, (y1) - ]lO}XC‘B(yQ)XQ,ﬁ/lﬁ(yZ))

A B - _
Frv (5, €0t rl)(g' = ( )) =|det C'C|* 1 (&yoa™ 1)y (det C!
2 070 CD 070 ( ) 763)

X ]lHCrz(O)C,v) (C_ID + q;CV . 12)
—veXU{l}

$2,£7,v =a nonzero Schwartz function on Q% inside the Xg/12|U(1)(QV)-eigenspace
for the action of U(1)(Q,,), invariant under K,,, independent of ,

(s, &otoA™"Y) = same as equation (7.6.3).
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— The place p.

¢2,£+,p = Image of equation (7.1.6) of

7.6.4
((Yhyz) — P_Ztg((foTo);l) Az (p'y1) (éot0)p (=p'y1) - 1z, (Ptyz)), 769

Fop(5:800A™) =7, (_Zs’ (gng)_IUK/Q)VP(_ZS - L (f?f(?)_l)
X 1‘4;J (—S, (501-0/1_1)—C)fzb,ii—cell(_s’ (6070/1)_6)( . Y;,),
where

o M} (=s, (§0104)™) : Loy .p (=5, (£0T0d) ™) — IQU<2,2),P(S’1§070/1_1) is the intertwining operator,

_%
o X, is the element in U(2,2)(Q) with 0y(Y},) = ( 111 {20) ,
-1, -%

x11 xlz)

o writing t = ord, (cond(&,7p)), p(x) = (x21 Yoy

75 s )&

=|det C'C|3" (éo104™"), (det €) - @, ,(CT' D),

with a/’f_r » the Schwartz function on Her,(KC,,) defined as

) = 8(E0m0)y") - T (11,21, 022) - Tz (p1x12) (oo (P x12).

Proof. This proposition is proved in [Wan20, sections 6.E-6.H] by computing Flg ,, (g, x; £, (s, &070))
place by place. The place oo is done in Lemmas 6.9 and 6.11 and the unramified places are done

in Lemma 6.18. (Note that, at the unramified places, we have d ,, (s, &omod™) = %.) The
v (243,877

places in g U {¢} are done in Lemmas 6.22 and 6.24, and the places in X5 U {¢’} are done in Lemmas
6.22 and 6.26. Note that Lemma 6.26 loc.cit is already recalled in Proposition 5.6.1 and in §5.6 we
choose y¢ such that at v € .5 U {£'} we have nonzero ¢, -, described in this proposition. The place
p is done from Lemma 6.35 to the end of the Section 6.H. The Schwartz function ¢, 4, p is the ¢£,p

given below Definition 6.38. Note that our Flg , (g, x; f (s, £070)) defined in Definition 7.4.1 equals
Flg(fsieg,vi 2, X, gn~', 1) in [Wan20] with z = s and 7 = ( 1 12), so the results in loc.cit all contain
-1

the extra 7 but the formulas in this proposition do not.
At the place p, in fact the pairing of ¢, (x) and Flg ,, (g, (x, ¥)p; fp (s, €070) along x does not directly
equal g2 7 p(¥) - f2.p (s, £o1od™ 1) (g) but equals the average

1
—1 10 -1 ’ 1
/ ‘L’B,p('@p ( )’1)¢2,7,p()’) fp(s,10d7)| 8Y, I (7.6.5)

, nl
nl

1
Meanwhile, ¢ is spherical at p, in particular invariant under the right translation by (Z 1
P

equation (7.6.5) by ¢2 = p(¥) - f2,p (s, £01oA™")(g) does not change the resulting Petersson inner product
with ¢ over U(V™) = U(2).

), so replacing
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The Schwartz function (7.6.4) is the (v3, v4)-part of ®p ,, the Schwartz function on Q‘,‘7 defined and
appearing in [Wan20, Lemma 6.37, Definition 6.36]. As mentioned above, our formula in the proposition

-1\,
| )m the

theta series in equation (7.6.2). m]

corresponds to replacing g by gn~! in the formula in loc.cit, so there is a translation by (

7.7. The construction of the auxiliary CM families h, hs, 0, 63

Besides 9{ , our strategy described in §7.5 also includes auxiliary CM forms. We want to construct a

CM family & on U(V) = U(2) and pair it with / o/ (Zi b;E Zlggu ) The splitting characters for the theta

i

correspondence between U(2) and U(1) are chosen as in equation (7.1.2).

7.7.1. The auxiliary group Ux ,

First, we note that for 7, g as in Theorem 5.9.1, the nebentypus of ZQ].I (Zi b,-EI;H;gu[) at p is

k

(triv, (é070)p IZ;), thatis, g{,l (0 ) € U(2)(Zp)acts by (&070)p(a2)). In order to get a CM family k with

k)
az
Kling

o u«)’ we want Hecke characters of K\ A% unramified

the correct nebentypus to pair with / 0! (Z ;DiE
away from poo with restriction (To,p |sz:’ triv) on OF . However, in general there is no canonical way to

extend local characters (To,pIZ;, triv) of (’),XC » to global Hecke characters. Hence, we need to consider
an auxiliary group Uk, and the nonstandard type of p-adic measures defined in equation (5.8.9).

Let Ux,p =1+ pOx p and Uk p = 1 + pOx p, Uk 5 = 1 + pOx 5. Then the natural map

U.p — KX\AY , — T

is an injection. We can pick N, a nonnegative power of p, such that raising to the N-th power maps '
into Uk, . Define

N-th power natural proj.

B :ITx ——> Ug,p > Uxyp = 1+pZ,.

Then given a (local) p-adic character € : Uk p — @; the composition € o % is a (global) p-adic
character of I'c whose restriction back to Uy, = Uxcp X Uk p is (€Y, triv).

In particular, for an algebraic Hecke character 7 : K*\A¥X. — C* of co-type (0, k) whose p-adic
avatar Tp_udic factors through I'x, we can define

Tp, B = Tp».adic|U,<,,O oPn.

Then 7, g, is a p-adic Hecke character of I'c with

_ (N P O .
Tp,mokp = (Tp |Z;),trlv) = (To’p|Z[x,,tr1v).

Because 7 has co-type (0, k), the local character 7p.agic|u,, is of finite order, and it follows that the

(global) character 7p 4, : I'c — @; is also of finite order. Hence, it takes values in @X and is also an
algebraic Hecke character of K*\A% of co-type (0,0). (From the definition of p-adic avatars recalled
in §5.3, we can see that the p-adic avatar of a Hecke character of co-type (0, 0) is itself.)
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The map % induces a map
Py« - ./\/leas(F;C, VU(Z))h — ./\/leas(U;g,p, VU(z))h. (7.7.1)

(See §5.8.3 for the definition of these spaces of p-adic measures.) We have

Kling _ Kling N
TN’*(ZQ{ (Zl biEw,ﬁ,ui))(TP'adE'U'C’p) = Lo/ (Zl biEw,ﬁ,ui) Tp-adic)

for every 7)-adic € Homeont (F;c, @;) In order to show the nonvanishing property of / o7 (Z ;bE Kling )

@B, u;

in Proposition 7.11.3, it suffices to show the nonvanishing property for Fy . (l o/ (Zi b; Eili[f;i%m)).

Next, we construct auxiliary CM families £, il3, 0, 93 on U(2) as p-adic measures on Uk, p-

7.7.2. The auxiliary CM families % and 73
PN
Proposition 7.7.1. There exist a CM family hy € ./\/leas(U;C,p, eordVI,J(Z) e & Ozr) ®z Q and a CM

RN
family h) € ./\/leas(U;C,p, eordVu(2), £ @ Ozr) ®z Q such that for every T, .gic as in Theorem 5.9.1
sufficiently ramified at p,

(sl ) 0= [ 0(8n.+) (810 (T, (1)
UM @\ U(1)(Ag)

(sl ) )= [ 0(@}) (g0 (1 7oty ) @) i,
UM @\ U1)(Ag)

the theta lift of /\/Zl

‘r;’l,_,,n ) (resp. Xth’fpn)U(l)) to U(2)) with respect to the Schwartz function ¢, -
(resp. ¢}, ) on Aé described as follows:

—ves ULl p).
Phcv = )y o, = 2,670, in Proposition 7.6.1.

— v =00 € XU {€}. We have ity nloy = xnlox -

On.zv = Image of equation (7.1.6) of((yl, y2) — 1z (y1) - ]l% (yz)/\{h,n)(,;’lﬁ/lgl (yz)),

¢}.+., = Image of equation (7.1.6) Of((yl,yz) > 1z, (y1) - Iz (YZ)X;_I,IDXh,ﬁ/lﬁ(YZ))-

— v €Sy U (L'} We have xuto.mluay@,) = Xalum@)-

On,r,v =a Schwartz function on Q% invariant under K,,, independent of T,
belonging to the x; ' luci -eigenspace for the action of U(1)(Q,),
gmng Xn,vlU()(Q,)-€Lgensp
¢;1 +.v =a Schwartz function on Q% invariant under K, , independent of T,

belonging to the xn v|u(1)(q,)-eigenspace for the action of U(1)(Q,),

and [ 010016} )y 20
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— v.=p. We have (x1,Tp.5)p = (£07) Jp- Let 1 = ord, (cond((&o7y )p) )-
Gn,z,p = Image of equation (7.1.6) of
(132) = 78 (@5 ) - Tz (52 Eomo(=p'y2) - 1z, (),

Bv.p = Image of equation (7.1.6) of ((y1,32) = Tz (YD) (G (1) - 1z, (32)).

Proof. See [Wan20, §8B]. The idea of constructing h (resp. k) is to first use suitably chosen Schwartz
functions to construct a family of theta series on U(2,2) by interpolating the g-expansions and then
restrict the family to U(V) x U(V™) and evaluate at a suitable point uq,x € U(V)(Ag) (resp. ul,, €
U(V7)(Aq)) to get the desired family on U(V™) (resp. U(V)). O

Definition 7.7.2. The map (7.5.7) between automorphic forms on U(2) defined in terms of the tame
character ypxg extends to a map from Vy (o) to Viy(2). Applying this twisting map to kg in Proposi-

b
tion 7.7.1 defines the CM family h € Meas(U;C,,,, eordVI’J(z) f,l) ®z Q.
Replacing y» xg by Xgl X and applying the corresponding twisting map to k, in Proposition 7.7.1
defines the CM family &3 € Meas (U, p, eoraVu(2). g)h ®z Q.

7.7.3. The auxiliary CM families 6 and 63

We construct a CM family # whose specializations are closely related to the theta series (¢, ;) in
Proposition 7.6.1. (The theta series 6(¢2, ;) is not an eigenform and does not belong to the theta lift of
one character of U(1). The specialization of € at 7, agic|v, ,, is essentially the projection of 6(¢;, ) to
the theta lift of A2 XoT,, SPN lu(1)-) We also construct a CM family 63 dual to 6.

. Ao \b
Proposition 7.7.3. (1) There exists a CM family 6 € ./\/leas(U;C,p, eordVu (), £ ® Ozr) ®z Qand also a

- A A \B
CM family 6 € Meas(U;g’p, eordV/ ® Of) ®z Q such that for every Tp,_agic as in Theorem 5.9.1

U(2), ¢!
ramified at p,

-1
O(Tp-adiclUlc,p)(g) = / 0(¢0’T)(g’ Lt) (AZXHT‘;’L?N) (u) du,
U(D)(@\U(1)(Ag) (7.7.2)

0 (TP-adiC|Utc,p)(g) = / 9(¢’9,7)(g, u) (P xot, ) (u) du,
U@\ U(D) (4g)

. 2 -
the theta lift of A" x 97,

v (resp. /l_ZXng;’TN‘U(U) to U(2) with respect to the Schwartz function

bo,r (resp. ¢y ) on Aé described as follows:

—-veX U{Ll,p}.
bo.c.v = Py 1.y = P2.e70,vin Proposition 7.6.1.
—v=00 € X5 U {'}. We have X()Tp_’éhkgé L= )(9|o’xC . and x ¢ » unramified.

$o.7,v = Image of equation (7.1.6) 0f(()’1,)’2) = Lo, (1) - ﬂo@()’z))(e@/%()’z))

= ¢, v in Proposition 7.6.1,

8., = Image of equation (7.1.6) of ((¥1,32) = Lo, () - Loy () (xo.ads) ™ (32).
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— v € Xy U {l'}. We have XoT, plum @, = xelum@,)-

bo,r,v = P2, ¢gx in Proposition 7.6.1,
&y -, = a Schwartz function on Q% invariant under K, , independent of T,

belonging to the X511_2|U(1)(Qv) -eigenspace for the action of U(1)(Q,),

and [ 60000000y 20

— v =p. We have (xo7,% )5 = (é073); - Let t = ord,, (cond((£07))p))-
$o,7,p = Image of equation (7.1.6) of

(1232 = p7a(Em)y") - 1y O G0 (=P y0) - 1z, ().

10
Sl Yo

Z/p'Z

$o,r.p = Image of equation (7.1.0) 0f((Y1,Y2) = 1z, (1) - Iz (v2) (€079 )p (¥2) - )
where ¢, o p, is as in Proposition 7.0.1.

(2) The specialization o(Tp-adic|U;<,,) equals the projection of Y, 6(¢2,Tn)(g(l 0)) to the
’ nezZ/p'Z nl

A2 XoT,. %’U(l)-eigenspace for the action of the center of U(2). (Note that the projection of a theta

: 2 —c
series to the A XoTyq

u(1)-eigenspace for the action of the center is a theta lift of /12/\/9‘1';’2,}'|U(1).)

Proof. See [Wan20, §8B]. The idea is the same as the construction of kg and A/, and (2) follows
immediately from (1). |

7.8. p-adic Petersson inner product on U(2)
We need p-adic Petersson inner product for families on U(2). Let Vy(2), €oraVy) @ be as defined in
§5.8.3,an K;’O(p”) c U(2)(Z)) be the subgroup consisting of g with p(g) = (2; :) mod p". Following
[Hsi21, p.33], we can define a p-adic Petersson inner product

(-, '>p-adic : eordvllj(z) xVue) — OL (7.8.1)

such that for all ¢ € Vy(p) with KI’, o(p")-nebentypus (triv, ) and ¢’ € eordVl’J(z) with K;J o(P")-
nebentypus (y’, triv),

1
, 2 (U;n(b,)(ggc;l(_ n ))(15(8), xx' = triv,
<¢ > ¢>p—adic =18 p
0, xx' # triv,

where in the summation, g runs over the finite set U(2)(Q)\ U(2)(Aq,r) /K}p K; o(P™). A useful
property of this p-adic Petersson inner product is that

<¢,’ UP¢>p—adic = w¢',P(Q¥_>l(p))_l<UP¢’ ¢/>p-adic

if ¢ has central character w . Here, o, !'is the isomorphism from Q,X, to U(1)(Qp).
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The p-adic Petersson inner product in equation (7.8.1) induces the p-adic Petersson inner product for
p-adic families on U(2):

<- s '>p—adic :Meas(U;c,p, eordV[’J(z), é:—l)h X MeaS(UK:,P’ VU(Z), f)h (7 8 2)
— Meas(Uk,p, OL) = OL[[Uk ]l

7.9. The Rallis inner product formulas for (0, §3> and <h, 713)

p-adic p-adic®

From the description of our strategy ~in §7.5, in particular equation (7.5.13), we see that we need a
formula relating (0, 02>p_a dic and <h, h3>P_a dic tO certain p-adic L-functions.
Let L5, L4 € Meas(U;g,p, (’A)zr) ®zQ =~ @]“j [[Uk,p]l ®2Q be the L-function interpolating the special

value at s = 1 of L(s, ﬂng, Ad), L(s, ﬂSL2, Ad), which factorize as
L(s, ﬂSLZ, Ad) =L(s, n;C/Q)L(s, /12)(9)(;67;,,%7;%‘),
L(s, HSLZ, Ad) = L(s, T]}C/Q)L(S, A_ZX;IX;;T‘;%TE’%)
=L(s, n,C/Q)L(s, /lzXh/\/;_lch,yNT‘;%q).
More precisely, for 7,_gic as in Theorem 5.9.1,

53(Tp-adic|U,<,p) =" L¥(1,mx/0)

Q,\ _ . _
X (Q—p) P s 2~y,3(0,/12)(9/\(967p,%7p";h)

— ‘pr(lv/lzXﬁchTp,ﬂTp_,%[)v
L'4(Tp-adiclu,<,,,) =n" L¥(1,mx/q)

-1

2
< [22) 22 ys (0. v o) L (L o
. Yo\ U XnX, To. 5Ty, gy s A XXy To. B Tp,m )

The existence of L3, L4 follows from Katz p-adic L-functions [Kat78, HT93].
Proposition 7.9.1. There exists Cgy, Cy, € L™ such that

<63,0> =Cq - L3, <h,il3> =Cp - Ly4.

p-adic p-adic
(See equation (7.8.2) for the definition of the p-adic Petersson inner product for families.)

Proof. The proof is the same as [Wan20, Proposition 8.9], which computes the specializations of the
left-hand side by using the Rallis inner product formula. o

7.10. Extending CM forms on U(2) to GU(2)

Let H = GU(2)(Q)Zgu(2) (Ag) U(2)(Ag). Then H is a subgroup of GU(Ag) of index 2 consisting of
g € GU(2)(A) with v(g) € Q*Nm(AY). Suppose that ¢ is an automorphic form on U(2) and generates
an irreducible automorphic representation 4 of U(2) (Ag). Letw : K*\AE — C* be a Hecke character
extending the central character of 4. We can first extend ¢ to a function on H by

yag) — w(a)p(g1), vy € GU(2)(Q), a € Zguz)(Ag), g1 € U(2)(Ag)

and then extend this function by zero from H to GU(2) (Ag). We denote this extension of ¢ to GU(2) (Ag)
by &. This ¢ is an automorphic form on GU(2)(Ag).
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Proposition 7.10.1. Suppose that ny is a theta lift from U(1). Then ¢ generates an irreducible auto-
morphic representation nt 5 of GU(2)(A). Moreover, if ¢ € ny is a pure tensor in 7ty = ), 7.y, then
(5 is also a pure tensor in Ty = ®v Ty

Proof. Let m; be the automorphic representation of GU(2)(Aq) generated by #, and ﬂg be the

corresponding automorphic representation of D*(Ag) (via equation (5.4.3)). Let o be an irreducible
direct summand of ng and BC(o) be the base change to GL(2),«. Then for each prime v of K over
a split prime v in Q, we have BC(0), = wydy! ® wiA,€. Therefore, BC(0r) = BC(n2) with n2
the automorphic representation of D> (Ag) corresponding to the theta lift of w from GU(1) to GU(2)
([Ram15, Corollary B]). It follows that o = 7T , and we see that all the irreducible direct summands of

ﬂg are isomorphic. Hence, ﬂi is irreducible and SO is 7 3 Fe (See also [Wan20, Lemma 8.1].)
Since ¢ is obtained by extension by zero, it belongs to the direct summand Ty inmg lu(2)- Hence, ¢

being a pure tensor in 74 implies that ¢ is a pure tensor in 7 5. O

The above extension from U(2) to GU(2) also works for p-adic automorphic forms. We denote by h
the extension of & whose specialization at T,_,gic is the extension by zero of h(7p.adic) to GU(2) with

respect to the character )(;‘Tp‘ lﬂ Similarly, we denote by hs (resp. 0, 3) the extension of ﬁ3 whose

specialization at 7,_,dic is the extension by zero of izg(‘rp_adic) to GU(2) with respect to the character
-1.-1

XoTp,a (€SP XoTp, a4 Xy Tp’TN).

7.11. The nonvanishing property of the degenerate Fourier—Jacobi coefficients of the Klingen
Eisenstein family
Let L5, Lo € Meas (U K.p> (’A)Er) ®7Q ~ @‘Ilj [[Uk,pll ®z Q be the Katz p-adic L-functions interpolating

special values of L(s, xnx§é07) ). L(s, 2 xnxe T;I%Tg’%(fo‘rg)c)- In particular, for a Hecke character
7: KX\AX — C* as in Theorem 5.9.1,

00

Q. \Nk 4
£5(Tp—adic|Ux,,;)=(Q_p) 2niTC(Nk = 1) - 7p( (XhXe‘fO ) )

poo Nk -2 c N
x L > s XX 60Ty |

Q, \¥2 Nk —
Lo(tpatielure,, ) = (Q—”) T(Nk - 2) -Lp(

00

2
/l XhXO0Tp, /T, pr(fOTo)

oo Nk =2
XL T/th)(eTpspN o (E0T0)¢

The product of L£s5L¢ interpolates the special values of L(s,BC(mr;,) X &Tod~"), where n, is the
automorphic representation associated to specializations of the CM family k. Note that the restriction

of 2xnxeTy, BTy ,Pu(foTN)c to OF p is (fo,pfo 5T0.p 0 > ter) so Lg is essentially of one variable. In

fact, L¢ is the so-called ‘improved’ p-adic L-function, for which the local factor at p in the interpolation
formula is a partial local L-factor instead of a partial local y-factor.

Proposition 7.11.1. For ¢ inside the space (5.6.11), an operator Ins € Q)  Of, [GU(Z) (Q, )] such

veX,U{¢'}
that Insh is still invariant under the tame level group K}p (defined equation (5.6.7)), and uy, . . .,u, €
& U(1)(Qy), b1,...,b, € Op as in Proposition 7.6.1,
veX,U{e'}
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<(%Sil) |U(2)’ N (lglj (Zl biEI;]’i;’g“i))>p-adic

=Cy - LsLs - <(%Si,)|u(2)’0,i¢> (7.11.1)

p-adic,
- _ N X

where 0' = 6 - (1o det) and C, € (O%r[[U;c,p]] ®z Q) .

Proof. The identity is proved by comparing the evaluations of both sides at 7,_,dic as in Theorem 5.9.1.

For such a 7 agic, put 8 = 6(7p-adicluc,,) and hr = h(Tp.adgicluy ,), which are classical ordinary

CM forms. The description of / o7 (Zi bE I;h;gu ) in Proposition 7.6.1 and the definition of the p-adic

i

Petersson inner product in §7.8 imply that

Q. \~2Wk+2
(Q—p) - LHS of equation (7.11.1) evaluated at T,_adic

: _ 1) g
=d§“{”’f’€}(s,§or(§‘& 1)/ Hf(gzgpl(_l ))waTO(gz)
U)(@\UQ)(4g)

si 1) e
/ E; eg(lo(gl,gz);fz(S,fngﬂ 1)fongN/l(detgl) (7.11.2)
U(2)(@\U(2)(Ag)

_Nk=3
$=77

_ . 1
X (Upm%ShT)(gl(_pm )

)dgldgz
4

072 (22)0(22) 1, (22) dga

/U(2)(Q)\U(2) (Ag)

with 1o defined in equation (6.2.2) and

, -1
We) =20 o) [ (st o ( ‘) &1
U@)(4g) -1,

_ v 1
X (Upm%shr)(g2g(_pm ) )dg
P

_Nk-3,

S 5

where m is any sufficiently large integer. The integral over g is essentially doubling local zeta integral.
By using the same computation results in the proof of Theorem 6.1.1 for all v # p, we obtain

C(Nk — DT(Nk - 2)
(Zﬂ.i)ZNk—S

bl
X/U(z)(Qp)fz,p(s o7y )(zo( 1 pg (7.113)

e 1
x (Upm%shT)(ng(_pm ) ) dg
p

h,r (82) =C (Tp-adic) ’

Nk —2
: L”""(T,BC(H;,T) X gorgrl)

_Nk-3
S= 5 ?

where C; is the product of
o the local doubling zeta integrals at v € £ U{¢, {’}, which is a nonzero constant in L by our choice, and

R -1
o the element in O} [[Ux, || interpolating L, (M{Z, Xn )(gg-“org ) , which is a unit by our assumption
on equation (5.6.5).

Our choice of yj, ye implies that Ly (s, BC(ry,) X &1od™"') = 1 for v € £ U {£,’}. The computa-
tion at p is slightly different from that in the construction of p-adic L-functions because the section
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f.p (s, &1oA~") is slightly different from the one for p-adic L-functions. The Schwartz function affT »
in the description of f> (s, &7oA~") in Proposition 7.6.1 only requires x> to be supported on p~’ Zf,.

. . . . . . X1 X
Unlike the section for constructing p-adic L-functions, affT » does not require the whole (x“ xlz) to
g 21 X22

be supported on p~* GLy(Zp,). (In fact, f> (s, 19A71) is essentially of the same type as the section in
[LR20, Table 2 on p.210] for constructing the ‘improved’ p-adic L-function.) The computation at p is
done in [Wan20), 6], and plugging it into equation (7.11.3), we get

I'(Nk — 1)I'(Nk - 2)
(2mi)2Nk=3 '

X)’p(ALTN (Xnxgé0Th)~ ) (

1)

Plugging this into equation (7.11.2), we see that the evaluations at 7p.gic of the two sides of equation
(7.11.1) are equal. ]

h(g2) =Ci(Tp-adic) - (Nk ,BC(mp, ) X Eorod™ )

Nk —

2 _
A2 XnxeTo.m Tp By (fo‘fg)c)

X (Uy" Toshe)

We introduce some more p-adic L-functions. Let £ € Meas (U K.p> (’5‘") ®zQ ~ @“r [Uk.pll ®zQ

be the p-adic L-function interpolating the central values of L (s BC (1) X PxnyoT, . ,P" T £,,N) that is, for
Tp-adic s in Theorem 5.9.1,

Q, -1

4 5 1 2 —c
L (Tp-adiC|U)<,p) = Q_ T Yp E,ﬂ'f,p X (/l XhXHTp"PNTp"ﬂ')ﬁ
of 1 2 s
X LP (5, BC(m) x 4 XhXeTp,ﬁ«Tv,fn)'

The existence of such a p-adic L-function follows from [Hsil4b]. Let

N 1 .
Ly = 71_2<f,f> ! -LW(E,BC(H) XXhX(L;) e L™,

The product of £ L, interpolates the central values of L( X 7rGL2 X ngifz) with A, 6 specializations
of the CM families k&, 6.

Note that because 7 has trivial central character and yp x| ax = triv, when cond(g—“o, prg’p) =p',

1 B -1
’yp(z,ﬂp X (/lzXhXﬁTp,ﬂTp,cTN)ﬁ)
=2t

—g((foT Do ) ( SXnpXe, pTOp(p)Pl/z)

o) (Brosxah ot @) oGy ) (Bmaxi k)

(7.11.4)

-1
= p_t'yﬁ(o,/lz)(e)(;?'p,ﬂﬁ;cﬁ«) 'Vﬁ(O’AZXhXZLTMTM) ‘

Combining equation(7.11.4), the above interpolation formulas for £, £;, and the interpolation
formulas for £3, L4 in §7.9, we see that when cond(fo,pfgp) =p',
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L1L
m (Tp—adic|U;<,,,)
_ 1
=n-p [LP(E’BC(”) X)(h)(g)
LP°°<%,BC(7T) X /12/\(;1)(97,3,%7;’%1) . pr(%,BC(ﬂ') X/\/h)(g)

X

L>(1,nx,0)* - Lﬂm(l,/lz)(g)(;c‘rp,%r;%l) -LPW(I,JQXhX}:CTp,%T;’%') (7.11.5)

Lo Ad) , Lo(2BC xxuxs)
p 'p
(£.1) Ly(Lnksa)® - Ly(1, 7, Ad)

L”“’(%,n x 192 x 71'0152)

h g1
X

Lr=(1, 7, Ad) - pr(l,n§L2,Ad) : Lpoo(l,nfb,Ad)'

Proposition 7.11.2. There exist operators Fns, Ty € X  OL [GU(Z) (QV)], and ¢ inside the

veX,U{e’'}

space (5.6.11), ¢’ inside the space (5.6.10) such that ysh is invariant under the tame level group K}p

(defined in equation (5.6.7)) and

<(57"J1) v, 02‘p>p-adic<(g“;il3) e é;¢’>p-adic
) ) LiL
=Cy - <0, 03>p-adic<h’ h3>p-adic ’ ﬁ

(7.11.6)

with C, € L*.

Proof. For Ips, I € (X) O [GU(2) (Qv)] and ¢, ¢’ in equation (5.6.11) corresponding to pure
VEEHSU{Z/}

tensors in ®v nSU(Z), we consider evaluations at Tj_,gic as in Theorem 5.9.1 with cond(ty) = p’. Put

07 = 0(Tp-adic) and hr = h(Tp-adic)-

LHS of equation (7.11.6) _/ 01(2) w(2) (9 i )(g( 1) )dg
= T nsftt —pt
valued at Tp—adic U(2)(Q)\U(2) (AQ) p P

X/ 01(2) ¢'(9) (%;ﬁr)(g(pz 1) )dg-
UQ)(Q\U(Q)(Ag) »

(7.11.7)

We can replace 64 (resp. 67) in the integrand by §4 (resp. 62), its extension by zero to GU(2) with

-1.-1

respect the character yg7p 7y (resp. x, 7y 7,

) (as described at the beginning of §7.10) and replace

the domain of integration by GU(2)(Q)Zgy(2) (Ag)\ GU(2)(Ag). Thanks to equation (5.4.3), we can
further replace GU(2)(Q)Zgu(2) (Ag)\ GU(2)(Ag) by D*(Q)Zp(Ag)\D*(Ag). Then for Ty, T, €

&R OLD*(Qy)]c & OL[GU(2)(Q,)], we can rewrite equation (7.11.7) as
VEZMU{[/} VEZHSU{[/}

LHS of equation (7.11.6) _ <1 . ( 1 )
valued at 7,.gic = Jagorag 07(8) ¢(8) (Tusho)|g| -t ) dg

<[ i) ¢'(9) <9;;ﬁf>(g(_,,t Y )dg.
A5\D* (Ag) »

This is the triple product integral.

https://doi.org/10.1017/fms.2022.95 Published online by Cambridge University Press

(7.11.8)



78 F. Castella, Z. Liu and X. Wan

Let

Fr = (éﬁ ®¢p® %SET)IDX(A), F; = (551,7 ®¢'® ‘c]n’sill‘r)IDX(A)-

Then F; generates [1, = neD g ®7th ®nrP, where ngD ', (resp. nhD , ) is the automorphic representation of
T T T T

D*(Aq) generated by the restriction of GV’Z (resp. i, ) to DX, and F. generates 1., the contragredient

representation of I1,. By the isomorphism (5.4.3) and Proposition 7.10.1, we know that ngj, nf are

irreducible and é;i, h- are pure tensors. By the definition of ¢, we know that ng = P Hence, I,
(resp. I1,) is irreducible, and the image of F, (resp. F7) under I1, =~ ®v ., (I, = ®v I,,) is
a pure tensor X), Fr,,, (resp. X),, F7 ). By Ichino’s triple product formula [Ich08], equation (7.11.8)
becomes

LHS of equation (7.11.6) valued at 7p_adic

= l_[/ <HV(gV)FT,VvF-:-’v>v dgv
o ez (ag)

T U{c0,p,l,'} (92 . T EU{co,p,,'} (1
RV p LU (9)2 . U o }(E’H)

=2 TN 050) e o) e LEU.p. 60N (1,1, Ad)
Josoe oy (v (&) Frw Fr ), dg
VeET Ufoo 0,0} (FP.FPY (O O3.20) (hrvh3zy),
8 Jasvoeiay) (Tp(&)Fep, F7 ), de
RN RN I

We have the following results for the local integrals at v € £ U {co, p, ¢, {’}:

(7.11.9)

X

— v eXsU{ oo, l}.
Joz\px(@,) (T (&) 41),, dg

= - - = a nonzero constant independent of 7.
<fVD’ fVD>v<9T,V993,T,V>v<hT,V’ h3,‘r,v>v P

For v = oo, the integral is 1 because Il is the trivial representation. For v = X5 U {¢}, this is
[Wan20, Lemmas 8.13-8.17]. Note that the twist at v € X5 U {£} in equation (5.6.9) guarantees that
the local integrals are nonzero constants.

— Vv € Sy U {}. There exist 7y, T/ € OL[D*(Qy)] € OL[GU(2)(Q,)] and ¢, ¢, € 2V
that ¢,, and 7, h are invariant under the level group K, (defined in equation (5.6.6)) and

‘/‘Q>‘§\D><<QV) <Hv(g)FT,V’F‘1/',v>v dg
f\P? f\/D> <0T,v, 53’7’\)) <hT,v’}~l3,T,v>
( . } ;

such

= a nonzero constant independent of 7

This is proved in the following §7.12.
—-v=p.

Jasvoxap (Mo (@) Fep. Fr ), de
<pr’f_‘[£)>p<0T,p’ (—pr 1)53,T,v>p<h‘r,p, (_pr 1);13’7’1))1)
. {p(2)?- Lp(%’BC(ﬂ) xmg)

Ly(Lnksa)’ - Lp (1,7, Ad)
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This is a direct consequence of [Hsi2 1, Proposition 6.3]. We also use the formulas for local norms of
the chosen vectors in the proof of Lemma 6.4 of loc.cit..

Plug these results on local integrals into equation (7.11.9) and compare with equation (7.11.5), we see
that

LHS of equation (7.11.6) valued at 7p_adic
~ - LiL
=Cy- <9‘r’ 03,T>p_adic<h7" hS’T>p-ﬂdiC : (53_[:4 ) (Tp-adiclU)c,p)

with C; € L* the product of

o the local triple product integrals divided by the norms at v € £ U {¢, £’}, which are nonzero constants,

&L, (LM )
o (m) , which, by our choice of the Hecke characters yg¢, 5, equals
vexu{t, e} vaee
-1
Lq(%,BC(n) xXth) I1 {v(Z)‘sz(1,77;C/Q)2LV(1,7r,Ad), a nonzero constant,

vezu{e, e}

-1
L*(L,x,Ad) /D 7D x
0 (n—<f’f> (°.7P)) e~
Given g € U(2)(Ag,s ), evaluating a p-adic form at g induces a map
= Aur b Aur Aur
Meas(Te, V) 80)) — Meas(Tc, OFF) = O [ITcl].

Denote by [ o/ (E I;hggu) (g) € @zr [[Tk]] the image of [ 07 (E I;lggu) under this map.

Proposition 7.11.3. Ler 8 = 1 € Her(K), 9{ be the Fourier-Jacobi form on U(2) as in Proposi-

tion 7.6.1 and ¢ be an automorphic form on U(2) as in Proposition 7.11.2. Let J C @f [Tkl ®z Q be
the ideal generated by

oo (ES'2, ) (2), geU(Ags). ue (X U@

veX,U{l'}
Then J = O[Tkl @z Q.

Proof. Suppose that J # @Er [[Tx]l ® Q. Then J is contained in a maximal ideal of (’A)]“dr [[Tk]l ®zQ so

—X —X
is contained in the maximal ideal associated to a p-adic character « : I'c — Q,,. Let kT — Q, be
a p-adic character whose N-th power is «. Then

B (1o (E ) o) = g (B35 ) 0 =0
forall u € ®vezmu{£'} U(1)(Qy). Then it follows from Propositions 7.11.1 and 7.11.2 that

~ - Li1LrLs5L6\ B
(<0’03>p-adic<h’ h3) , i W)(K luk.,) =0,

which, combining with Proposition 7.9.1, implies that

(L1L2Ls5Ls) (K Ny ,,) = 0.
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However, the condition (3) in our choice of y,, x¢ in §5.6 implies that £ £, L5L¢ is aunitin @‘f [[Tkll®z
Q so is nonzero at all characters in Homgyp (U K,p» @;) We get a contradiction. Therefore, J =

O[Tkl &z Q. m

7.12. The local triple product integrals at nonsplit places

Lemma 7.12.1. Let v be a place of Q nonsplit in K and o : K} — C* be a character nontrivial on the
kernel of Nmy, g, . Let ns be the dihedral supercuspidal representation of GL»(Q, ) obtained by the
theta lift of o. (See [Sch02, §1.2] for the precise definition.) Then by [Sch02, Theorem in §2.3.2], we
have the formula for the conductor of w5 :

2cond(o), v inert,

cond(o) + 1, v ramified. (7.12.1)

C(”O’) = {

Let W be the Kirillov model of nt, with respect to the additive character €' of Q,. (W consists of
Schwartz functions on QY since n . is supercuspidal.) For w € W, define

. L 1 0
n(w) = mln{n € Z: w is fixed by (WC’ZV 1)} (7.12.2)
Let O be a character of Z}; and 9 be its extension to Q}; taking value 1 at w,.. For each integer m, define
wig € Was
Wiy (x) = 1 gmzx (x) 97 (x).
Then the following hold:

L
(1) Letw = 3. cmw'y with ¢, # 0. Then n(w) = n(w%) = n(w%) + [,
m:ll

(2) We have

m +2cond(o - 9* ! o Nmy,,q,), V inert,

my _ *=1y _
n(w{}) =m+ C(ﬂo' e ) - {m + cond(o’ . ﬁ*_l o Nm}Cv/Qv) + 1, v ramiﬁed.

Proof. The action B(Q,,) € GL,(Q, ) on W has the formula:

(3 Z) Ww(x) = 0o (d) €' (bd™x) w(ad ), wew, (7.12.3)

where w is the central character of o .

1
(1) Tt is easy to see that (wv Swhg = w’g‘l. Thus, n(w'y) = n(W?g) +m. It follows that n(w'j) <

1
n(wll;) for all m < I, so n(w) < n(wll;). On the other hand, if n(w) < n(wlé) — 1, then n(wl;) =
L-1
n(cl‘z1 (w— ZIZ cmw’l’;)) < n(wg) — 1. This is a contradiction. Hence, n(w) = n(wg .
1

(2) Let W’ the representation of GL; (Q,,) whose underlying C-vector space equals that of W with the
action of GL,(Q,,) defined as the action of GL,(Q,,) on W twisted by 9*~! odet, that is, for g € GL,(Q,,)
and w € W’, the action of g on w gives #*~!(detg)(g - w), where g - w denotes the action of g on
w viewed as an element in W. Then W’ = 7, ® #*~!. Suppose that w’ € W’ is the new vector, then

X 2
(ZO" Zdv), d € Z%, acts on it by the scalar c#2(d), and we have w’ = 3, cmw'y with ¢, # 0 for some
m=I,
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I1 = 0. (In this equality, we view w’g as a vector in W’. From the formula (7.12.3) and the definition of

m

Wy»

we know that the invariance of w’ under the action of ( (l) Ziv) implies that /; > 0.) Then

n(wh) > c(ne ® 97 = n(w') = n(wl) + b, (7.12.4)

where the first inequality follows from the definition of new vectors with w% viewed as a vector in W’,

the middle equality is because w’ is the new vector, and the right equality follows from (1). Equation
(7.12.4) implies that [; = I, = 0, wY is the new vector in W’, and n(w%) = c(7, ® 9*7!). Since
n(w'y) = n(wh) +m, we see that n(w'y) = m + c(n, ® 9*7"). o
Proposition 7.12.2. For v € X, U {{’}, there exist 7,,, 9, € OL[D*(Q,)] c OL[GU(2)(Qy)] and
@y, @l € 1P such that ¢, and T, h are invariant under the level group K, (defined in equation (5.6.6)),
and

/ (HV (8)Fr.v, F;,v>v dg = a nonzero constant independent of T, (7.12.5)
Q\D*(Qv)

where

Fr\ = (éfrl,v Qpy ® %hTsV)lDX(Qv)’ F‘;,v = (éél,‘r,v ® ()0:/ ® 9:),%3,T,V)|DX(QV)‘

Proof. Let v be a place in Z,s U {¢’}. Then U(1)(Q,) ¢ OF | and 7y 4|u(1)(q,) is trivial. From the

construction of &, ki3 in §7.7.2 and 0, 83 in §7.7.3, we see that 7, , g, ., and ke v, B30, 01,0, 03,7,y

do not change when 7 varies. It follows that the left-hand side of equation (7.12.5) is independent of 7.
Next, we show the nonvanishing. By our choice of yy, x¢, we have Hompx(g,)(IL,,C) # 0. By

[Pra90, Theorem 1.4], we can pick 7,/ € Or[D*(Q,)] and ¢!, € 72 such that the linear functional

S My, —C, L (Fy) =/ (T, ()Fv, FL,), dg (7.12.6)
‘ ‘ QDX (@)

is nonzero and spans the one-dimensional space Hompx (g, ) (I, , C). What we need to show is that there

exists %ET,V € ﬂhDT v and ¢, € ﬂ{? invariant under the level group K, defined in equation (5.6.6) such

that Zr; | (é’;l,v ® ¢, ® %ﬁf,v) # 0. Since 64

7.v 18 invariant under K, it suffices to show that there

exists 7, hey € n}? , invariant under K, such that the linear functional
T

“?F;.v (92,\/ ®® %ET,V) imy — C (7.12.7)

is nonzero. There are two cases.
Case 1: v # g, D*(Q,) = GL,(Q,). Recall that at the beginning of §5.4, we have fixed the positive
integer s and the totally imaginary element ¢ in K, and U(2) is the unitary group for the skew-Hermitian

s . .
form o =9 . By our assumption on s, there exists r € Olév such that Nmy, /g, (r) = —s. We fix

1
the following isomorphism

i:GU(2)(Qy) — GU(1,1)(Qy), g (? :%r
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where GU(1, 1) denotes the unitary group attached to the skew-Hermitian form (_1

1).Let K?LZ =
i(K,) N GL,(Z,). By our assumptions in §5.2, v # 2. One can check that

C Cyt+E,
1l+w@,2, w,”" V72,

KGLz _
- C C
v w2, 1+w@,"Z,

- GL2(ZV)’

0, vinert

where €, = .
1, v ramified

Given a character y, : Qf — C*, we denote also by y, the character B(Q,) — C*, (g Z) —
xyv(ad™"), and Ind(l;IL2 (xv) the (normalized) induction of y,. By our assumption on x, 7, is either
+1/2
QV
.Lety; = e,, the additive character of Q,, defined in equation

isomorphic to Indf';,L(2> (xv) for an unramified character y, # |- | or is isomorphic to the irreducible

quotient of IndgL(z) (xv) with y,, = |- |&/ 2
(1.0.5), ¥ = €,,, and Wy (resp. W) be the Kirillov model of 71 = nng,v (resp. mp = nhDT’v) with respect

to Y1 (resp. ¥»). We have

HomGLz(QV) (W, @ Wy, 7t) = HomGLz(Qv) (W1 Q W>, Ind(]_[;’L2 (/\/;1))

" (7.12.8)
= Hompqg,) (W1 ® Wz,)(\jl| : |Qv ),
where the second isomorphism is deduced from the Frobenius reciprocity, and when y, = | - |a/ 2, the
first isomorphism is because by our choice of xg, x, W1 & Ws. It is easy to see that the map
Zowd) = [ wiwa) e W d e W wa ey (7.129)

v

is a nonzero element in the second line of equation (7.12.8), which is one dimensional, so it equals the
image of ZF; , (é/}’v ®--Q® ) in the second line of equation (7.12.8) up to a nonzero scalar. Hence,
showing the existence of %ET,V € n,? , invariant under K, such that equation (7.12.7) is nonzero

reduces to showing the existence of i € W invariant under K SLZ such that Z(y1, ) # 0, where

. . . L. . =1
y € W is the vector invariant under K3 corresponding to 62 , € ﬂ{:j

75V '
For a character 9 : Z}; — C*, put

nat = [ 0 @men v,

the projection of y; to the -eigenspace for the action of diag(Z3;, 1). Let 9* be the extension of ¢ to Q
taking value 1 at @, . For each integer m, put define WTﬂ eW;,j=12as

W' g (x) = Lgmz (x) 97 (x).

Then we have y1 9 = 3, couw!'y with ¢,, € C finitely many nonzero m, and &£ (_yl,w;” ) =

1,9 o1
Z (1,9, ngz'rl)' We can take a 9 of conductor < w," such that y1,9 # 0. This 3 » is still invari-

ant under KS’LZ. By the formula (7.12.3) and (1) of Lemma 7.12.1, we deduce that

cv—n(wl({ﬂ)

m
H,9 = Z CmWi g» cm €C,

m==(cy+€,)
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with n(w(l)’ﬂ) defined as in equation (7.12.2). Take — (¢, +€,) < mg < ¢y, — n(w?’ﬂ) such that ¢, # 0.
Then

g(yl’w;’l%—]) cm()‘g(wl 9 2 7 ]) # O

l+w,"Z, wS"“"Z

and by the formula (7.12.3), we know that w’" 0 1+

, and by

2 ﬁ , is invariant under (

(2) of Lemma 7.12.1, we know that
n(w;'fi{}il) =mo+c(m®%) <c, — n(w(l)’ﬁ) +e(m @9 =cy, —c(m @91 +c(m ® 9Y).

By our choice of yg, x» and the formula (7.12.1), we have c(m; ® 9*!) > c(7, ® 9*). Hence,

n(w;'f?? ) >cy,and W™

2,9

R 1 0 )
, is invariant under (wﬁ” z, 1) Therefore, 1 = w2 91 is the desired vector

in W, invariant under K‘? 2 such that £ ( y1,1p) # 0.

Case 2: v = g, D*(Qg) modulo its center is compact and ﬂf? is one-dimensional isomorphic to
Xq © Nmp, where y, is the unramified quadratic character in condition (5) in the choice of yg, x5 at
the beginning of §5.6, and Nmp denotes the norm of D. By our choice of y g, x5, we have

D

)
Mol q EXa® Nmp =7, -

It follows that there exists 7, € Or[D*(Q, )] such that equation (7.12.7) is nonzero. Since K, is a
normal subgroup of D*(Qy), Iy hr 4 is still invariant under K,,. O

8. Proof of Greenberg—Iwasawa main conjecture
8.1. The Klingen Eisenstein ideal
Let My, = Homp,, (7, Aso) be the Op[[Tso(Zp)]]-module of semiordinary families on GU(3, 1) of

80?

tame level K J’Z as in Theorem 2.9.1. Identifying Ty, (Z,) with Z)) x 27 =~ O;é,p, we have the map

Teo(Zp) — O, — Ik, (8.1.1)

with kernel p, X u,. Denote by ¥, ¢ (resp. Mo, ) the sub-Op [Tso(Zp)]]-module of ey, ¥V (resp.
Myo) on which up, X p, acts through §p_adic. We make Ty, (Z,) act on Y, ¢ and My, ¢ through its
usual action multiplied by the character § ‘1 .- Then this action factors through the image of T, (Z,) in

I'xc under the map (8.1.1). Let ‘VO e C %0 & M‘ C Mo, £ be the cuspidal part. We consider the
O[Tk ]]-modules

Mo, &1 = Mso, & ®0, (1102, 1 OF [Tk,
o R
MQO ET ™ Mso, & ®OL [[Tsn(zp)]] Ozr [[FK]]

Kling

The semiordinary Klingen Eisenstein family £, constructed in §5.10 belongs to the space

Meas(F;g, eSOVGU(3,1)’§®OL) ®z Q. By the natural pairing between Vgy(3,1),s0 and the space ¥,
in Theorem 2.9.1, we see that there is a natural map

MeaS(F/c,esoVGU<3,1),.§<§@2r) X (Yo, &) — MeaS(FICs @f) = OF[[Tcll,

and it induces a @zr [Tk ]]-linear Hecke-equivariant map

MeaS(cm, esoVGu @, 1), §§@Zr) — Homo, [1,,(z,)1] ((‘V:;, & @lf[[rzc]]) = Mo, &1« -
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Therefore, we can view E £ as an element in Mo, £.1c ®z Q. Let T be the abstract algebra generated

by the unramified Hecke algebras away from X U {p, £, ¢’} and U-operators at p. Then E, Kling is an

eigen-family for the action of T, and we denote by Agis ¢ : T — Ozr [[Tk]] the correspondmg eigen-

system.
Let TSO £k be the reduced Hecke algebra generated by T acting on Mgo £k . Let Zgjs,n,6 C
TSO ¢ be the ideal generated by the images of T — Agis, x,£ (T) in TSO erc: T € T. We define the

Khngen Eisenstein ideal as
Exe = ker (OF Tkl oty T, . 1 [Tiion.e ).

It measures the congruences between the Hecke eigen-systems in Tgo’ £Tx and the Hecke eigen-system

Agis, r, & attached to E Kling

Theorem 8.1.1. Let ¢ be as in Proposition 7.11.2. Let P be a height one prime ideal of (’5{ [[Tx]] such
that P N @2‘ = (0). Then

ordp(ﬂi%[; }ﬂzu{{ ¢ }) <ordp(Ex¢),

(where cx 6{[ 4 Ezu{if Ve (’)“r [Tkl ®z Q are the p-adic L-function satisfying the interpolation
property in equation (6.1.1)(6.1. 2))
Proof. By Theorem 2.9.1, we have the fundamental exact sequence
0= M, o > Mo ere = D Move (K K0 OF) €2, Z,[ITxl] - 0.
g EC(K}’)

Kling

Combining it with Theorem 6.1.1 on the degenerate Fourier-Jacobi coefficients of E, ~, we deduce

that there exists E’ € My, ¢, such that

Kli .0 (R4 ’
F=E"™ - L300 B e MG, @z

Let P be a height one prime ideal of @‘l‘j [[Tx]] such that

PnOY = (0), ordp(ﬁ?gf f'%i%if*) —m> 1

By Proposition 7.11.3, for 8 = 1, there exists g € U(2)(Ag) and u € ®vezmu{€'} U(1)(Q,) such that
Loy ( pKiing )( ) ¢ P. Then los (Fg.u)(g) ¢ P, and we have the O [[ 'k ]| p-linear map

(7%, e, ), — ORITllp /P ORI (8.12)

which sends the image of T € T in (TO to

so,f,l";c)p

Lo (T Flp)(®) Loy (T ES™))(0)
Z(Ji] (Fﬁ,u)(g) - l(')l ( Khng )( )

= /lEis,ﬂ’g(T) mod Pm.
@.B.u
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We see that equation (8.1.2) factors through (Tgo’ S,FK)P / Tkis, n, f(Tgo, f,cm)P' It follows that the

composition
Aur structure (8.1.2) Aur m Aur
OFTiclle e (19, ,r, ), —— OF[Niclle/PmOF Tkl (8.13)

factors through (’5,“5 [Txllp/Ex, & @,“5 [[Tx]lp. By the definition of equation (8.1.2), we also know that the

composition (8.1.3) is the natural projection. Hence, we deduce that £ ,,,é:@“,é [[Tx]lp c P™ @“,Cr [Tkllp,
and

ordp(Ex,¢) = m = ordp (E?gf’mﬁi%[f}).
8.2. The main theorem

By relaxing the conditions at v € X U {¢, £’} in the definition of Sel, x ¢ in equation (1.0.1) and X x &
in equation (1.0.2), we define the X U {¢, £’}-primitive Selmer group:

H' (K, Tr xc.6 ®0, OLl[Tk])
Seli}”ég‘"} =ker{ — 1_[ H' (I, Tr .6 ®0, OL[[Txc]l) ¢-
VD

v 4 places in ZU{¢,¢'}

and

su{ely su(L,e'}
XEE) = Homg, (Selﬂ’,c’ 1, Q, /Z,,).

Denote by I'y. the rank one Z,-module of I'c. on which the complex conjugation acts by +1, and put
R = Ogr [Tkl ®0, (1 Frac((’)L [[FTC]]) (8.2.1)

Theorem 8.2.1. For an imaginary quadratic field IC, a prime p > 3 split in K and &, & as in §5.2,

(£25847) > charg (X251 @0, iy ®), (8.2.2)

as ideals of R. (Here Eiuig":,} € @f [[Tx]] ®z Q is the p-adic L-function constructed in [EW16] with
the interpolation properties described in equation (6.1.2).)

Proof. We can assume that the module Xiuléf; Vis R -torsion (since otherwise its characteristic ideal

is defined to be (0) and the inclusion (8.2.2) atitomatically holds). We need to show that given a height
one prime ideal P ¢ O} [[T'x ] such that P N O[] = (0), we have the inequality

ordp (L5547 ) < tengtho iy, (X517 )- (8.2.3)

By Theorem 8.1.1, we reduce to showing that

ordp (€x.¢) < lengtho ey, (Yo%) )- (8.2.4)

We have the following setup.

o Ag=O"|[Tx]l and A = A p.
o Ry = Tgo,.f,r,c’ a prime ideal Q € R suchthat Q N Ap = P,and R = Iéo,Q.
o H=Gg =Gal(Q/Q) and G = G = Gal(Q/K).
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The following data give us the setup (1)—(5) on [Wan20, page 478].

(1) Letv: H— Ag be the trivial character.

(2) x =&Yk : G — A, with y # y~° modulo the maximal ideal of Ay by the choice of ¢.

(3) p: G — Auta(V),aGalois representation obtained from the two-dimensional Galois representation
pr:H— GL(Vy) withV =T, ®», A and T, C V, a G-stable lattice.

(4) 0 : G — Autgg,r (M), a Galois representation on M = (R ®4 Frac(A))* obtained as the pseudo-
representation associated to Ry as in [SU14, Proposition 7.2.1]

(5) I =E&x¢Ap and J = ker(R — A/I), where the map R — A is defined as the map (8.1.2) and is
surjective, and A/l = R/J.

Moreover, the data satisfy the properties (6)—(9) on [Wan20, page 478]. Properties (6)—(8) are checked
in the same way as loc.cit.

Property (9) is about the irreducibility of . It requires that, for each Frac(A)-algebra homomorphism
A : R®pFrac(A) — K, K a finite extension of Frac(A), the representation o) : G — GL4(K) obtained
from o via A is either absolutely irreducible or contains an absolutely irreducible two-dimensional
subrepresentation whose trace is congruent to y + xy~¢ mod I. It can be checked as follows. Let
T : G — A be the pseudo representation giving rise to o. Suppose that o does not satisfy (9).
Then 7 = 61 + 02 + 63 with 01, 02 characters and 3 a two-dimensional pseudo-representation with
irreducible residual representation is Trp . Take an arithmetic point x : Tgo’ ere @p corresponding
to an automorphic representation IT of U(3,1)(Ag) generated by a classical semiordinary cuspidal
automorphic form fixed by Kg’] of weight (0,0,¢%;¢7), 0 > ¥ > —t~. We can associate a two-

dimensional (irreducible) Galois representation p3  : G—>GL2(Q[,) to the specialization of 3 at
x. As in [SUI4, Theorem 7.5], a twist of p3  descends to Gal(@/Q), which we denote by p} = :

Gal(Q/Q)—GL2(Q,).

If m is ordinary at p, then II is ordinary at p. By the argument in [SU 14, Theorem 7.5], we know
that pé’x is modular and IT is cuspidal associated to parabolic subgroup (CAP), but the condition on the
weights (0,0, ;) excludes this possibility ([Har84, Theorem 2.5.6]).

If 7 is not ordinary at p, then ,6,,|G,Qp = ﬁﬂlGQ,p is irreducible by [Edi92]. Since p = prlc &
two characters, we deduce that the semisimplification of pri|G,., is not a direct sum of four characters.
Identify U(3,1)(Q),) with GL4(Q),), and let O C GL4 be a parabolic subgroup with its Levi subgroup
isomorphic to GL, X GL; X GL;. As in the proof of Proposition 3.0.5, it follows from the theory of
GL4 (Q 7)
Q(Qp)l
of Q; and o an irreducible admissible representation of GL,(Q,) containing a nonzero vector fixed by
the Iwahori subgroup. Since the semisimplification of pri|G,. , is nota direct sum of four characters, o is
not Steinberg or a twist of Steinberg, and must be unramified. Hence, I1,, is isomorphic to a subquotient

of Indgl(“é(%” )
P
1 < j £ 4. We can assume that val, (@) < val,(a2) < val,(a3) < val,(as). The semiordinarity of I1

at p implies that

Jacquet modules that IT,, is isomorphic to a subquotient of Ind o Ry ® y’ with y, y’ characters

X1 ® xy2 B y3 ® x4 with x1, x¥2, x3, x4 unramified characters of Q;. Let a; = x;(p),

3 3
4+ Z valp(cm) =t — = (8.2.5)

val, (@) +val,(az) =0, val,(a3) =—¢ > >

and the integrality of the operator U;,1 (defined in equation (3.0.7)) implies that
1
val, (1), valp, (a2) > ~5- (8.2.6)
Thanks to the condition 0 3> r* > —17, equations (8.2.5) and (8.2.6) imply that a;a;' # p*' unless
{i,j} =A{1,2} and val, (a1) = —%, val, (@) = % However, val, (a1) = —%, val, (a2) = % imply that I1

is ordinary at p and this contradicts that pn|G,. , is not a direct sum of four characters. Therefore, we
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GL4(Qp)
2(Qp)
that pn|G,c,p is crystalline, so p |G, , is crystalline. Also, p; = = pr is not induced from a Galois

character for Q(\/ (=DH(p-D/2 p), because its restriction to /,, has semisimplification wé @ a)g " with Wy
the fundamental character of level 2 and i = 1mod (p —1) (since pr|G, , is crystalline of weight (0, 1)),

and if 7 was induced from a Galois character for Q(\/ (=DH(p-D/2 p), i must be a multiple of %, which

is impossible when p is odd. Thus, we can apply [Kis09], we deduce that pé’x is modular. Then IT is
CAP, that is, it has the same system of Hecke eigenvalues as a Klingen-type Eisenstein series. This is
impossible thanks to the condition on the weights (0, 0, *; ™) by [Har84, Theorem 2.5.6]. Property (9)
is verified.

Let

have «; a; I'# p*!l forall i, j, so Ind o By R x' is irreducible and I1,, is unramified. It follows

X?jb}i’f’} = Homg,, (ker{H‘ (Q, E¥ o Nm) = 1—[ H! (Iv,g\P,C o Nm)}, Q,,/Zp),
veXu{l,l’}

where £é¥x o Nm is understood as a character of Gal(Q/Q) valued in (’A)zr [Tk ]]*. With the input (1)—
(5) satisfying the properties (6)—(9), applying the lattice construction [Wan20, Proposition 9.2], one
proves that if P c OY'[[T'x]] is a height one prime such that ordp (Ex,£) > 0 and (Xgonm ®2 Q)) p =

then the inequality (8.2.4) holds. It follows that for all height one prime ideals P c O} [[Tx]] with

PN OF([TL]l = (0), the desired inequality (8.2.3) holds.

Eu{f L) pEULLL)

(The congruence ideal £, ¢ is bounded by the product E and is expected to give

K, &
a bound for the product of the characteristic ideals of X ZU{‘) [ } and X, EU{[ “ . Although, the char-
acteristic ideals of X 2:1\#;( } is known to be generated by £Z L(g( 0 by the Iwasawa main conjecture

proved in [MW84], the lattice construction argument in [SU14 Wan20] only proves the desired bound

. ,C{if })) when (Xgon ®z Q))P = 0. In [Wan20], height one primes in

OV ([T ]l ®z Q do not need to be excluded thanks to Lemma 9.3 in loc.cit and the fact that L, x ¢ is
not contained in any height one prime ideal in O} [[I'x ]| by [Hsil4b]. However, in our case with 7 fixed
instead of moving in a family, we cannot prove an analogue of Lemma 9.3 in [Wan20].) O

for ordp (Charo,“_’ [Tkl (X

Next, we deduce partial results towards Conjecture 1.0.2 from Theorem 8.2.1. We first introduce the
following integral primitive p-adic L-function.
Proposition 8.2.2. Suppose that & (fixed in §5.2) further satisfies the following conditions:

— & # & modulo the maximal ideal of Or (so that Ind%pé:, the p-adic Galois representation cor-
responding to a CM eigenform associated to &, is residually absolutely irreducible and the two
characters of (Ind §) lGq,,, on the diagonal are distinct),

— the conductor of & is only divisible by primes split in KC/Q.

Then there exists a p-adic L-function Lx i ¢ € (’A)E‘ [[Txc]] such that for all algebraic Hecke characters

7 KN\AL — C with Tp_agic factoring through T'c and ét of co-type (ky, ko) with ki, ks € Z, ki <0,

ky > 2 -k,

Q

Lr.x,é(Tpadic) = (Q—p)

2(ka—ky)
['(ky)T(ky — 1 3— (ki +k _
(2) (2 ) ( ( 1 2)’ VX(fQ O)ﬁl

(27i) 2k 2

ki+ky—1
X L{w,p}(%’ BC(m) x f()T()).

Proof. When both modular forms are ordinary and move in Hida families, the three-variable
(nonintegral) p-adic Rankin-Selberg p-adic L-function is constructed in [Hid91], and the integral
p-adic L-function obtained by multiplying a generator of a congruence ideal is constructed in
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[Wan20, Definition 7.8] when the dominant-weight family is CM, and in [CH20] for the general case
under the assumption that the Galois representation associated to the weight-dominant form is residually
absolutely irreducible and residually p-distinguished, which guarantees that its associated congruence
ideals is principal. In fact, when the form of nondominant weight, that is, our f here) is fixed, the ordi-
narity assumption on it is not necessary for constructing the two-variable p-adic Rankin—Selberg p-adic
L-function.

Like in [Wan20, Definition 7.8], we let &’ = & - ( )(;,“; oNmy,g) with Xt,“; a finite-order Dirichlet char-
acter unramified outside X U {p} such that the automorphic representation of GL(2, Ag) corresponding
to ¢’ is minimal in the sense of [HT93, Section 7] at all finite places. Denote by g the ordinary CM
family associated to &"Wi.

In [Hid91], a three-variable Eisenstein measure valued in p-adic modular forms is constructed.
Denote by E the restriction of the three-variable Eisenstein measure to the two-variable weight space
corresponding to f being fixed. Let f” be the twist of f by ng\’;’_l. Then the product f’E gives a two-
variable p-adic measure valued in p-adic modular forms. We can apply to it the ordinary projector and

get an ordinary family eqd(fE). Applying the Hecke projector 1., to eora(fE) and taking the first

Fourier coefficient gives an element in Egafc ¢ € Frac(@zr [[F;C]]). Under the assumptions on &, the
same argument in [Wan20, Definition 7.8] shows that the desired p-adic L-function (up to a p-adic unit)

can be obtained by multiplying Cly - £%‘t§ to Egafc £ O

Theorem 8.2.3. Let K be an imaginary quadratic field, p > 3 be a prime split in IC, and n, € as in §5.2
with &€ also satisfying the conditions in Proposition 8.2.2.

(1) As ideals of R,

(ﬁn,rc,f) > Chafﬂt(xn,/c,f ®oL([rcl] 7()

(where the ring R_ is defined in equation (8.2.1), the O [[I'x]l-module X5 x ¢ and its charac-
teristic ideal are defined in §1, and the p-adic L-function L x ¢ is given in Proposition 8.2.2).
(2) If ¢ further satisfies:
- §|Aa = withw : QX\A(S — C* the Teichmiiller character, and ko = Omod 2(p — 1),

— for every finite place of Q nonsplit in K, €, (% BC(r) x f()) =1,
then

(Lrx.¢) 2 charowire ) (Xa k. ¢)-

Proof.

(1) By the same argument as in the proof of [JSW 17, Theorem 6.1.6], which uses the fact that the sizes
of the unramified cohomology groups at primes outside p are controlled by the local Euler factors
of the p-adic L-functions, the inclusion in (1) follows from Theorem 8.2.1.

(2) With those further conditions on &, one can use the vanishing of the anticyclotomic p-invariant
proved in [Hsil4b] to deduce that the £, x ¢ is not divisible by any height one prime ideal in
OV[[Tg]l. Thus, the inclusion in (1) implies the inclusion in (2). g
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