
1 

Emergent Transitions: Discord between Electronic and Chemical 
Pressure Effects in the REAl3 (RE = Sc, Y, Lanthanides) Series 
Amber Lim, Katerina P. Hilleke, and Daniel C. Fredrickson* 

Department of Chemistry, University of Wisconsin-Madison, 1101 University Avenue, Madison, Wisconsin 53706, United States 

ABSTRACT: Atomic packing and electronic structure are key factors underlying the crystal structures adopted by solid-state compounds. In 
cases where these factors conflict, structural complexity often arises. Such is born in the series of REAl3 (RE = Sc, Y, lanthanides), which adopt 
structures with varied stacking patterns of face-centered cubic close packed (FCC, AuCu3 type) and hexagonal close packed (HCP, Ni3Sn 
type) layers. The percentage of the hexagonal stacking in the structures is correlated with the size of the rare earth atom, but the mechanism 
by which changes in size drive these large-scale shifts is unclear. In this Article, we reveal this mechanism through DFT-Chemical Pressure 
(CP) and reversed approximation Molecular Orbital (raMO) analyses. CP analysis illustrates that the Ni3Sn structure type is preferrable from 
the viewpoint of atomic packing, as it offers relief to packing issues in the AuCu3 type by consolidating Al octahedra into columns, which 
shortens Al-Al contacts while simultaneously expanding the RE atom’s coordination environment. On the other hand, the AuCu3 type, offers 
more electronic stability with an 18-n closed-shell configuration that is not available in the Ni3Sn type (due to electron transfer from the RE 
dz

2 atomic orbitals into Al-based states). Based on these results, we then turn to a schematic analysis of how the energetic contributions from 
atomic packing and the electronic structure vary as a function of the ratio of FCC and HCP stacking configurations within the structure and 
the RE atomic radius. The minima on the atomic packing and electronic surfaces are non-overlapping, creating frustration. However, when 
their contributions are added, new minima can emerge from their combination for specific RE radii representing intergrowth structures in the 
REAl3 series. Based on this picture, we propose the concept of emergent transitions, within the framework of the Frustrated and Allowed 
Structural Transitions principle, for tracing the connection between competing energetic factors and complexity in intermetallic structures.  

1. INTRODUCTION 
Sterics and electronics have long been known to influence the 

structures of molecular and solid-state compounds.1-3 In the case of 
molecules, the ways in which these factors interact are easily under-
stood from experience and well-known models. For example, the 
preferred number of ligands and trends in the ligand association 
constants of a transition metal complex can be rationalized by ex-
amining the number of valence electrons, degree of orbital overlap, 
and ligand size.4 Intermetallic phases comprise a vast family of sol-
id-state compounds in which understanding how such effects un-
derlie observed structures is much more challenging. The extensive 
range of potential compositions and structure types establishes 
near-limitless potential for the prediction and discovery of new 
materials, but models are needed if one is to distinguish between 
reasonable and unreasonable candidate structures using more than 
empirical considerations of interatomic distances, radius-ratio 
trends, or valence electron count. 

To address these issues, recent developments in computational 
chemistry have expanded the chemist’s theoretical toolkit. In terms 
of analyzing bonding and electron structure, the tools include Ba-
der analysis,5 Crystal Orbital Hamilton Population analysis,6-8 indi-
cators for electron localization,9-11 and Wannier functions.12,13 
Meanwhile, empirical considerations of radius-ratio or unit cell 
volume trends have been supplemented by the DFT-Chemical 
Pressure (CP) method, which has been applied to describing atom-
ic packing effects in several complex intermetallics.14-17 The availa-
bility of these methods to study packing and electronic effects sepa-

rately opens opportunities to explore how new phenomena can 
emerge from their interaction.  

In this Article, we consider how conflict between electronic and 
atomic packing effects begets complexity in a series of REAl3 (RE = 
Sc, Y, lanthanides) phases, as illustrated by the structure of HoAl3 
with c = 35.83 Å (Figure 1). Within this structure, a large repeat 
vector arises from the interlayering of two parent structures: the 
AuCu3 type and the Ni3Sn type. A AuCu3-type REAl3 phase consists 
of a corner-sharing network of Al octahedra which interpenetrates a 
simple cubic network of RE atoms (Figure 2, top). A REAl3 phase 
adopting the Ni3Sn type contains face-sharing columns of Al octa-
hedra running along the c axis, which are embedded in a hexagonal-
ly close-packed network of RE atoms. The HoAl3 structure repre-
sents an intergrowth structure in which slabs of the Ni3Sn type are 
periodically interrupted by planes of cubic stacking where the 
AuCu3 structure appears. The REAl3 series (Figure 2, bottom) 
traces out the possibilities implied by this arrangement: some adopt 
the AuCu3 type, the Ni3Sn type, or form intergrowths like HoAl3. 
What controls this progression? 

Previous synthetic reports show a direct correlation between the 
percent of hexagonal stacking adopted and the radius of the RE 
atom (Figure 3).18-20 The AuCu3 type supports a range of metallic 
radii, from 1.63 Å (Sc) to 1.77 Å (Dy).19,21-24 Phases with larger RE 
atoms tend to form in the Ni3Sn type.18,19,23,25-28 For a narrow range 
of intermediate RE radii, intergrowths of the cubic and hexagonal 
types form.19,20,24,29,30 However, the mechanisms by which the atom-
ic sizes direct these structural arrangements remain unclear. 
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Figure 1. HoAl3 in its own type. Blue planes mark insertion of cu-
bic stacking that periodically interrupt the hexagonal stacking. 

Figure 2. Structural progression across the REAl3 series. The AuCu3 
and Ni3Sn type represent colored variants of the FCC (c) and HCP (h) 
stackings of close-packed layers, while more complex structures, such 
as the TiNi3 and BaPb3 types, arise from intergrowing these stacking 
patterns.  

Figure 3. Reported structure types and percent hexagonal stacking in 
the REAl3 series as function of the metallic radius of the RE atom. High 
temperature and pressure phases are distinguished with the use of 
different markers. 

An examination of steric factors solely in terms of metallic radii 
reveals limited information about the forces that act upon each 
atom. To extract the impact of atomic packing in the local envi-
ronment, we will use DFT-Chemical Pressure (CP) analysis,14-17 a 
theoretical method that allows one to visualize internal tensions 
imposed by the atomic packing, which are referred to as chemical 
pressures (CPs). The signs and shapes of the obtained CP lobes 
reveal sources of packing tension and anticipate how structural 
changes can exacerbate or soothe those pressures. Using CP analy-
sis, we will examine how RE atomic size influences the relative sta-
bilities of the cubic or hexagonal stacking arrangements. 

In terms of electronic effects, the REAl3 series appears to fall 
within the scope of the 18-n bonding scheme, in which a closed-
shell configuration on the rare-earth metal is achieved through the 
covalent sharing of electrons along RE-RE contacts.31,32 An analysis 
using the DFT-reversed approximation Molecular Orbital (DFT-
raMO) method33 will show that picture indeed applies to the 
AuCu3-type phase. However, it will also become quickly apparent 
that the bonding scheme for Ni3Sn phases is much less optimized. 
In combining these preferences of the atomic packing and electron-
ic contributions to the energy, we will see a frustration arise that 
leads to emerging minima that are not anticipated by the energetics 
of either factor alone corresponding to complex intergrowths such 
as the HoAl3 type. This sets the stage for the concept of emergent 
transitions, which expands on the general observation that frustrat-
ed interactions can give rise to complexity and segregation of dif-
ferent interaction types. 

2. EXPERIMENTAL SECTION 
2.1. DFT-Chemical Pressure. DFT electronic structures for the gener-

ation of CP schemes for ScAl3 and YAl3 in the AuCu3- and Ni3Sn-type 
structures were calculated with the ABINIT package.34-37 Non-spin-
polarized LDA-DFT geometry optimizations were performed using Hart-
wigsen-Goedecker-Hutter norm-conserving pseudopotentials38,39 first by 
relaxing the atomic positions in a fixed unit cell, then performing a second 
calculation in which atomic positions and cell parameters were released 
simultaneously. After the optimized geometry was obtained, single-point 
calculations on the structures at their equilibrium volumes and slightly 
expanded and contracted volumes (linear scale ±0.5%) were performed to 
extract the kinetic energy, electron densities, and local components of the 
Kohn-Sham potential for use in creating the CP maps. Calculations were 
considered converged at an energy difference of 10-5 eV between electronic 
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steps, and when differences in forces were less than 2.6×10-3 eV/Å for ionic 
steps. 

To spatially distribute the contributions from the Ewald energy and Eα 
components, the appropriate number of localized and itinerant electrons 
was determined through the standard calibration procedure.17 Auxiliary 
calculations were carried out on extremely expanded and contracted geom-
etries (linear scale ±20.0%). The number of electrons localized to atomic 
core regions in these auxiliary calculations were tuned with the CPpackage 
software until all the integrated pressures within the Bader atomic volumes 
were within 1% of each other. The average of the localized electrons for 
each atom in the expanded and contracted auxiliary calculations was used 
for the generation of the CP maps for the equilibrium volume. The CP 
maps were then constructed using the core-unwarping procedure15 and the 
mapping of the nonlocal energy contributions from the atoms to their 
corresponding regions.16 The maps were interpreted in terms of interatom-
ic interactions with the Hirshfeld-inspired contact volume scheme,15 as-
suming atomic charges ranging from 0% to 100% of those obtained with a 
Quantum Theory of Atoms in Molecules analysis with the Bader program40 
using free ion electron densities generated with the Atomic Pseudopoten-
tials Engine (APE).41 

The CP schemes were visualized with the in-house program figuretool2. 
The CP features show similar trends for all assumptions regarding the 
atomic charges; in the main text, we present the schemes generated assum-
ing the atoms have charges that are 50% of those obtained in the Bader 
analysis, while results for other assumptions regarding ionicity and further 
discussion are given in the Supporting Information. 

2.2. Electronic Density of States and DFT-raMO analysis. The struc-
tures were geometrically optimized using the Vienna ab initio Simulation 
Package (VASP)42,43 with the generalized gradient approximation (GGA) 
and the Projector Augmented Wave (PAW) potentials provided with the 
package.44,45 Density of states (DOS) distributions were obtained from 
single-point calculations on the energy-minimized geometries. Calculations 
were performed in high-precision mode and considered converged at an 
energy difference of 10-5 eV between electronic steps and 10-4 eV between 
ionic steps. Computational parameters, including k-point meshes, are given 
in the Supporting Information. 

In preparation for the DFT-raMO analysis,33 separate single-point calcu-
lations were run without symmetry considerations to obtain wavefunctions 
distributed over the whole Brillouin zones. A 3×3×3 k-point mesh was used 
for the AuCu3 type and a 2×2×4 k-point mesh for the Ni3Sn type. Wave-
functions from VASP calculations were extracted with the WaveTrans 
program46. Using our DFT-raMO program, we imported the planewave 
coefficients for the occupied states and loaded them into a matrix. Separate-
ly, atomic target functions were generated from Slater-type orbitals (STOs) 
which were parameterized to match the radial shapes of the PAW projector 
functions.33 The overlap integrals between the occupied crystal orbitals (at 
the start; remainder states in later steps) and the target STOs were then 
calculated to generate the raMO Hamiltonian matrix. This raMO matrix 
was diagonalized at each step to obtain the raMO reconstructions of the 
targets and remainder functions for use in the next cycle of the process. 

In the DFT-raMO analysis of Ni3Sn-type YAl3, Sc was substituted for Y 
in the single-point calculations after geometry optimizations, as the VASP 
package potential library contains a Sc potential with only the valence 4s 
and 3d electrons modeled explicitly but no analogous potential for Y is 
available. The absence of semicore valence electrons here eliminates radial 
nodes in the pseudo-wavefunctions that would complicate the raMO pro-
jections. To gauge whether this substitution affected relevant details of the 
electronic structure, band structures of Ni3Sn-type YAl3 and Sc-substituted 
YAl3 were calculated and compared. As can be seen in Figure S4 in the 
Supporting Information, this substitution has a negligible impact on the 
features of the band structure. 

3. RESULTS & DISCUSSION 
3.1. Chemical Pressure analysis. Empirical data suggests that 

the structure type adopted by each REAl3 phase is correlated to the 

size of the RE atom.18 Compounds with smaller RE atoms (i.e. Sc, 
Tm) adopt the cubic AuCu3 type whereas those with larger RE 
atoms (i.e. La, Nd) assume the hexagonal Ni3Sn type, with super-
structures arising for phases with intermediately sized RE atoms 
(Figure 3). To examine how the size of the RE atom drives this 
progression, we carried out DFT-CP analysis on the two end mem-
bers of the series: the AuCu3- and Ni3Sn-types as represented by 
ScAl3 and YAl3, respectively. Here, Sc and Y are chosen to represent 
the RE elements since they capture much of the atomic radius 
range of the relevant RE elements and the propensity for the 3+ 
oxidation states without the complication of having open 4f sub-
shells. 

CP analysis is a theoretical method that examines packing ten-
sions in solid-state structures. In this approach, the output of DFT 
calculations is used to resolve the macroscopic internal pressure of a 
structure into a spatially varying map that is interpreted in terms of 
interatomic pressures (as opposed to external applied pressure). 
These local pressures, referred to as chemical pressures (CPs), 
reveal points that would locally prefer expansion or contraction of 
the geometry but are prevented from doing so by opposing ten-
sions elsewhere, and in this way represent packing frustration. 

First, we consider the CP scheme of AuCu3-type ScAl3 (Figure 
4a.) The local pressures experienced between the atoms are repre-
sented by black and white surfaces drawn around each atom. Black 
lobes indicate negative pressures, where contraction of the atomic 
contacts is energetically favorable, and white lobes signify positive 
pressures, where expansion between contacts could relieve packing 
tensions. The magnitude of the lobes is proportional to the sum of 
the pressures experienced by the atom along those directions. 

In this case, the Sc atoms (connected by red lines in Figure 4a) 
are surrounded by nearly spherical white surfaces, indicating that 
they experience isotropic positive pressures; they are relatively 
large for their coordination environment and prefer that the struc-
ture expand. This is mirrored by the CP surfaces around the Al 
atoms (gray octahedra), where positive pressures specifically di-
rected toward the Sc atoms appear to constrict the Sc coordination 
environment. Expansion of the coordination environment is resist-
ed, however, by negative pressures (black) along the Al-Al contacts 
that show the Al-Al contacts are already overly stretched. Con-
versely, the Al-Al contacts cannot shorten without further com-
pressing the Sc atom’s coordination environment, running up 
against positive pressures. As such, the CP scheme of AuCu3-type 
ScAl3 reveals competing packing tensions between the Sc-Al and 
Al-Al contacts in their preferences for expansion and contraction, 
respectively. 

How would substituting a larger RE atom for Sc affect these 
pressures? The Al sublattice would need to expand to accommo-
date a larger RE atom, but this would be resisted by the negative 
pressures along overly extended Al-Al contacts. Therefore, larger 
RE atoms in the AuCu3 type would exacerbate the packing tensions 
at work in ScAl3. Indeed, substitution of Sc with Y to form a hypo-
thetical AuCu3-type YAl3 phase results in an increase of the Al-Al 
interatomic distances from 2.84 Å to 2.92 Å (in LDA-DFT opti-
mized geometries). The CP scheme of the hypothetical AuCu3-
type YAl3 has similar features to those seen for ScAl3 (Figure 4a, c), 
showing the same packing issues. 

Inspection of the Ni3Sn structure type shows how it is poised to 
relieve much of this packing tension (Figure 2). Condensation of 
Al octahedra into face-sharing columns creates Al-based regions in 
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the structure segregated from the RE sublattice. This permits the 
Al-Al contacts to shorten. Indeed, the Al-Al contacts within the 
octahedra are shortened from 2.92 Å in the AuCu3 type to 2.83 Å 
and 2.90 Å in Ni3Sn-type YAl3. 

Figure 4. Chemical pressure schemes for (a, b) ScAl3 and (d, e) YAl3 
(d, e) in the AuCu3, and Ni3Sn structure types, as well as (f) Ti3Ni-type 
YAl3. Cubic AuCu3-type ScAl3 and hexagonal Ni3Sn-type YAl3 are 
experimentally observed, while the other structures are hypothetical. 
The TiNi3 type is a 1:1 intergrowth of cubic and hexagonal stacking. 

Simultaneously, the Al atoms have more freedom to shift away 
from the RE atoms, allowing the restrictive RE coordination envi-
ronment to expand. In the AuCu3 type, all twelve Y-Al contacts are 
2.92 Å. In the Ni3Sn type, the six Y-Al contacts in the ab plane are 
0.10 Å longer by comparison, providing packing relief from the 
tighter coordination environment that the RE atoms experience in 
the AuCu3 type. The other six Y-Al contacts around the Y atoms, 
meanwhile, shorten a minute amount (by 0.01 Å) in the Ni3Sn 
type. 

A CP analysis of the Ni3Sn-type YAl3 affirms this expectation of 
the packing relief (Figure 4d), as can be seen by comparing the 
sizes of its lobes with their counterparts for the AuCu3 type (Figure 
4c). While the negative pressures on the Al atoms pointing outward 
from the octahedra to Al neighbors are of similar magnitude to 
negative pressures in the AuCu3 type, those within the columns are 
significantly reduced, reflecting the changes seen in interatomic 
distances. This reduces the negative net CPs on the Al atoms from 
-15.76 GPa (AuCu3 type) to -12.21 GPa (Ni3Sn type).47 The con-
densation of octahedra into columns thus relieves much of the 
pressure experienced along the overly stretched Al-Al contacts. 

This contraction of the Al octahedra also supports CP relief for 
the Y atoms via expansion of their coordination environments. 

Recall that in the AuCu3 type, the Y atom would experience iso-
tropic positive pressures from its 12 nearest-neighbor Al atoms 
(Figure 4c). In Ni3Sn-type YAl3 (Figure 4d), by contrast, Y primari-
ly experiences positive pressure from the Al atoms in the ab planes 
above and below them—these are the six shorter Y-Al distances. 
The result is an hourglass-shaped CP distribution on Y. Notably, 
the positive pressures to the atoms above and below are of similar 
magnitudes as their counterparts in the AuCu3 type, while the re-
maining pressures in the ab plane are significantly reduced as the Al 
neighbors are shifted away from Y (from 2.92 Å to 3.02 Å) to get 
closer to other Al atoms within the columns of octahedra. As a re-
sult, the net pressure on Y is reduced from +37.41 GPa in the 
AuCu3 type to +23.94 GPa in the Ni3Sn type. It is understandable, 
then, that the Ni3Sn type becomes increasingly favored for larger 
RE atoms. 

As the CP scheme of the AuCu3 type has the same shape of fea-
tures for both Sc and Y atoms, the Ni3Sn type should also provide 
steric relief for REAl3 phases with smaller RE atoms. To investigate 
this possibility, we performed CP analysis on a hypothetical Ni3Sn-
type ScAl3 structure. In the AuCu3 type, Sc-Al and Al-Al contacts 
are both 2.84 Å. In moving to the Ni3Sn type, the stretched Al-Al 
contacts shorten to 2.75 Å and 2.80 Å within the octahedra, mani-
festing in the CP scheme as nearly optimized contacts within the Al 
octahedra (Figure 4b). Meanwhile, the Sc-Al contacts extend to 
2.87 Å (out of the ab plane) and 2.86 Å (within the ab plane), yield-
ing flat, disc-like positive pressure features on the Sc atoms. 
Though prominent negative CP lobes point outward from the Al 
columns, there is an overall reduction in the magnitude of the net 
pressure experienced by them, from -4.20 GPa (AuCu3 type) to 
-3.18 GPa (Ni3Sn type).48 The net atomic CPs on the Sc atoms also 
decrease from +13.24 GPa to +9.93 GPa. These trends all point to 
relieved packing tensions in the Ni3Sn type even with smaller RE 
atoms. 

How do these packing effects manifest in the intergrowth struc-
tures? To investigate this, we performed CP analysis on an analo-
gous hypothetical TiNi3-type structure (50:50 combination of 
hexagonal and cubic stacking) for YAl3, with the metallic radius of Y 
putting it right on the sharp transition region in Figure 3. In this 
structure type, Al octahedra occur in face-sharing pairs along the c 
axis, which share corners with other pairs at cubic-type layers. Simi-
larly, the RE-RE network alternates between trigonal prismatic and 
octahedral connectivity (Figure 2). 

The CP scheme of TiNi3-type YAl3 (Figure 4e) resembles a su-
perposition of the CP schemes of the parent structures, with posi-
tive Sc-Al CPs being balanced against mostly negative Al-Al pres-
sures.   In addition, the strongest Al-Al negative CPs appear where 
Al octahedra share corners, as in the AuCu3 type, and pointing 
outwards from the Al octahedra where they share faces, as in the 
Ni3Sn type.   

Perhaps the largest difference is the decrease in Y CP magnitudes 
relative to the parent structures.  This reduction can be understood 
from a cooperation among several distortion modes: expansion of 
the Y coordination environments in the ab-plane is supported by 
the contraction of the triangles shared by the Al octahedra, as in the 
Ni3Sn type.  The stretching of the Al-Al contacts elsewhere, particu-
larly in the AuCu3-type layers, is then compensated with a com-
pression of the octahedra along the c-axis, with the interlayer Al-Al 
contacts being more optimized in terms of CP than in either parent 
structure. Note, though, that in obtaining improved Y-Al and inter-
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layer Al-Al distances, positive CPs have emerged in the shared Al-
triangles, which detract from the stability of the structure.  In addi-
tion, relatively large Al-Al negative CPs in the AuCu3-type layers 
point again to the Ni3Sn type as a more efficient packing.   

Overall, our CP analysis of the REAl3 series reveals packing issues 
underlying the cubic AuCu3 type that the hexagonal Ni3Sn type is 
poised to soothe: positive RE-Al CPs that compete directly with 
negative Al-Al CPs. As the size difference between the RE and Al 
atoms increases, tensions are aggravated and the Ni3Sn type is ex-
pected to be increasingly preferred, in-line with the empirical 
trends shown in Figure 3. Altogether, these results highlight a fun-
damental difference in the relationship between the RE-Al and Al-
Al distances within the two structure types. In the AuCu3 type, the 
RE-Al and Al-Al distances are restrained to be equal due to sym-
metry considerations. In the Ni3Sn type, however, the condensa-
tion of the Al atoms into columns of octahedra (and the lowered 
symmetry that results) means that the RE coordination environ-
ments can expand while shrinking many of the Al-Al contacts.  An 
examination of the CP scheme of the 1:1 intergrowth structure, the 
TiNi3 type, illustrates that this picture extends to the intermediate 
geometries (particularly for Y, a midsized RE atom), with the in-
troduction of cubic stacking leading to increased negative Al-Al CP.   

If hexagonal packing always provides better packing for the se-
ries, what favors the formation of the AuCu3 type or the insertion of 
AuCu3-type layers in an intergrowth? In the next section we will see 
that the answer lies in the electronic structures of these two struc-
ture types. 

3.2. Electronic structure analysis. An examination of the RE-
RE connectivity in the REAl3 phases suggests that both the AuCu3- 
and Ni3Sn-type end members may be classified as 18-n compounds. 
In this class of structures, transition metal atoms achieve closed-
shell electronic configurations by sharing electrons in multicenter 
bonding functions, termed isolobal bonds.31 Each isolobal bond 
corresponds to a covalently shared pair of electrons between two 
transition metal atoms. The number of isolobal bonds n is correlat-
ed to the optimal number of valence electrons such that a filled 18-
electron configuration on the transition metal is reached at 18-n 
electrons. This approach has been useful for rationalizing a variety 
of intermetallic systems, including the Nowotny Chimney Lad-
ders,49 ReAlSi and ReGaSi,50 Rh3Cd5-δ (δ ~ 0.56),51 ZrAl3,31 (Co-
Ga3/IrIn3)-type structures,31,52 and β-FeSi2.31 

Since the 4f orbitals of the lanthanide atoms are highly contract-
ed around their cores, they are not expected to participate signifi-
cantly in interatomic interactions. As such, the lanthanides bring 
only their 6s, 5d, and 6p orbitals to the bonding, and they may be 
considered transition metals within the context of the 18-n rule, as 
was concluded previously for HoCoGa5-type compounds.53 Each 
REAl3 phase has 12 valence electrons per RE atom, which gives n=6 
for the number of nearest-neighbor RE-RE isolobal bonds needed 
around each RE atom. Indeed, in the AuCu3 type, one RE atom is 
centered in an octahedra of 6 RE atoms, while RE atoms in the 
Ni3Sn type are centered in a trigonal prism of 6 RE atoms (Figure 
2). With each RE atom having 6 RE neighbors in both structure 
types, the REAl3 series appears to fall under the 18-n classification 
based on geometrical considerations. The resulting closed-shell 
configurations would then be expected to lead to a pseudogap in 
the density of states (DOS) distribution near the Fermi energy 
(EF). In fact, the DOS curves calculated for both YAl3 and ScAl3 in 

the AuCu3 type show this feature, as do those for the TiNi3 type, a 
half-cubic-half-hexagonal stacking (Figure 5).  

However, the situation is less picturesque for the Ni3Sn-type 
structures (Figure 5, right). The EF of Ni3Sn-type ScAl3 lies on a 
peak between two minima ca. -7.5 eV and -6.5 eV, while for YAl3, 
the EF falls short of a deep pseudogap at around -6.5 eV, indicating 
that these compounds have a surplus and deficit of electrons, re-
spectively, relative to the counts needed to achieve a closed-shell 
configuration. The bonding in Ni3Sn-type REAl3 is more compli-
cated than is expected from a cursory counting of RE-RE contacts. 

Figure 5. Electronic density of states (DOS) distributions calculated 
for ScAl3 and YAl3 in the AuCu3 (0% hexagonal stacking), TiNi3 (50% 
hexagonal stacking), and Ni3Sn types (100% hexagonal stacking). The 
contributions of Sc or Y d character to the DOS are shaded. Diagrams 
for experimentally observed phases are shown with bold outlines. 

 To explore how the electronic structure of the Ni3Sn-type mem-
bers of this series relates to the 18-n bonding scheme, we conduct-
ed a DFT-reversed approximation Molecular Orbital (DFT-raMO) 
analysis.33 The DFT-raMO method is a Wannier-like analysis that 
reconstructs proposed atomic and molecular orbital-like states (as 
opposed to maximally localized functions) from the occupied crys-
tal orbitals. Using the set of reconstructed functions (raMOs, each 
of which account for two electrons in the electronic structure), one 
can then reinterpret the electronic structure of a system in terms of 
a local, molecular-style bonding scheme through unitary transfor-
mations.32,54 

In DFT-raMO analysis, we begin with a hypothesis of a local 
MO diagram that applies to our system, such as a series of electron 
pairs associated with the atomic orbitals of a central atom. The 
occupied crystal orbitals in the system of interest form our basis set 
and are used to reconstruct the hypothesized set of states to the 



6 

greatest extent possible while maintaining orthogonality, resulting 
in raMO functions. The hypothesis is rejected, verified, or modified 
based on the character of the raMOs with the following standards: 
(1) the raMOs should be relatively localized, (2) the raMOs should 
be of similar character to the targeted state, and (3) a majority of 
the symmetry-related raMOs in the set must be reconstructed with 
sufficient local character (more on this below). If a set of raMO 
functions fulfills these requirements, electrons in the system are 
allocated to those states. Unused remainder states form the basis 
set for the next round of raMO reconstructions. 

To illustrate this process, we begin with a DFT-raMO analysis of 
ScAl3 in the AuCu3 type, where the DOS distribution affirms its 
classification as an 18-n compound. From the 18-n bonding 
scheme, we expect that each Sc atom participates in six Sc-Sc 
isolobal bonds, as can be created with a bonding pair of sp3d2 hybrid 
orbitals (derived from the Sc valence s, px, py, pz, dz

2, and dx
2

-y
2 atom-

ic orbitals) along each Sc-Sc contact. The Sc atoms contribute one 
electron to each of the isolobal bonds around it for a total of 6 elec-
trons per Sc atom. The three unused Sc d orbitals then contain the 
remaining six valence electrons with two electrons each. With this 
hypothesis as a guide, we start the analysis with a 3×3×3 supercell 
of ScAl3 (27 formula units with the periodic boundary conditions of 
a 3×3×3 k-point mesh) and attempt to reconstruct the Sc-Sc 
isolobal bonds one-by-one from the occupied crystal orbitals. 

A challenge in carrying out such a sequence of steps is assessing 
the quality of the resulting raMO functions to determine whether 
the reconstructions are successful. One could visually inspect each 
of the raMO functions, but this is inherently qualitative; it would be 
challenging to identify subtle trends across a large series of func-
tions (162 for the 3×3×3 supercell of ScAl3). To address this, we 
introduce a new metric, Psphere, to assist in quickly evaluating trends 
in the quality of the raMO reconstructions over the course of the 
sequence.  

Psphere is calculated for each raMO function by integrating the 
electron density within a sphere of defined radius and dividing it by 
the total electron count in that raMO function. As such, it corre-
sponds to the probability of finding an electron in a raMO 

within the specified sphere. The sphere radius (rsphere) is chosen to 
encompass space the target function is expected to occupy (usually 
to include surrounding atoms that contribute to the bonding).  

As we begin to reconstruct the Sc-Sc isolobal bonds, we set rsphere 
to 2.30 Å from the midpoint of the Sc-Sc contacts to reach the 
nearest Sc and Al neighbors. An example of the resulting raMO 
functions is shown in the inset to Figure 6. The reconstructed 
isolobal bond function appears as a green lobe centered on the Sc-
Sc contact, which (at this isosurface level) engulfs a square of Al 
atoms. The apparent Al contributions to these raMOs affirms the 
multi-center nature of the isolobal bond. At the bottom of Figure 6, 
we plot the Psphere values for the Sc-Sc isolobal bond functions (ra-
MOs 1-81) with blue markers. Psphere begins at 0.8 and stays consist-
ently above 0.6 throughout the 81 possible Sc-Sc isolobal bonds 
(3×3×3 supercell with 3 isolobal bonds per unit cell). The down-
ward trend in the Psphere values across the series is expected, as when 
shared crystal orbital character is utilized in earlier functions, it is 
unavailable to the later ones. The shapes of the raMOs are also 
qualitatively consistent throughout. Accordingly, 162 of the 324 
valence electrons available in the supercell are assigned to the Sc-Sc 
isolobal bonds. In terms of one ScAl3 formula unit, this corresponds 
to 6 of the 12 electrons belonging to the Sc-Sc isolobal bonds. 

Next, the Sc atomic orbitals dxy, dxz, and dyz are reconstructed, 
where we expect to find two electrons per d-orbital. In the generat 
ed raMOs, the appropriate d-like lobes are centered on the Sc at-
oms. Additionally, at the corner of each lobe, the function is deco-
rated with the back lobes of p-like bonding contributions from the 
Al neighbors (Figure 6, inset). As shown for each set of d orbitals 
with green, red, or purple markers in Figure 6, the first 24 of the 27 
functions in the supercell have Psphere (rsphere = 3.00 Å) values above 
0.4, after which Psphere sharply drops to values under 0.1. Inspection 
of the last raMOs shows delocalization and Al p character instead of 
the proposed d-based functions (Figure S7). These functions are 
thus not classified as occupied Sc d-based orbitals and are returned 
to the basis set of remainder states, as indicated with open markers. 
Accordingly, each of these Sc d orbitals is allocated 1.78 electrons 
(24/27 d-raMOs × 2 electrons per raMO = 1.78 electrons per Sc). 

Figure 6. Selected raMO functions for AuCu3-type ScAl3. Psphere values across the DFT-raMO sequence are directly correlated to the degree of 
localization of the raMO function. The radius rsphere is chosen such that it encompasses space where the functions are expected to occupy. Open 
markers for Psphere indicate raMO functions that are not allocated electrons due to their low Psphere value and irrelevant orbital character; they were 
returned to the basis set of remainder states. 
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Full occupation of the Sc dxy-, dxz-, and dyz-based functions would 
correspond to completion of the 18-electron configurations we 
expected from the pseudogap at the EF. Where are the remaining  
0.67 electrons? The rejected raMOs in the sequence above give 
hints here. The rejected raMOs from the Sc d-states have Al p char-
acter localized to Al-rich regions, suggesting the remaining elec-
trons are associated with Al-based functions. Based on this observa-
tion, we next attempt to construct raMOs centered in Al octahedra, 
away from the Sc atoms. The resulting raMOs indeed are centered 
within Al octahedra with significant Al p character (Figure 6 inset). 
With rsphere set to 4.11 Å, Psphere drops from 0.59 to 0.20 across the 
raMOs (Figure 6, orange markers), yet inspection of the raMOs 
with lower Psphere values continues to show relatively localized func-
tions centered within Al octahedra (Figure S8) until there are no 
more electrons left to account for. Thus, the remaining 0.67 elec-
trons per Sc are allocated to Al-Al bonding functions. 

The DFT-raMO bonding scheme is a close match to the pro-
posed 18-n configuration. Six electrons participate in the isolobal 
bonds, while approximately two electrons are contained in each of 
the remaining Sc d atomic orbitals. A small number of electrons are 
drawn away from the t2g Sc d orbitals by Al6 s-like cage orbitals, but 
this is a tractable perturbation on the 18-n bonding scheme. Hence, 
the EF for AuCu3-type ScAl3 lies in a pseudogap. 

We now consider how this situation changes on going to YAl3 in 
the Ni3Sn type. To start, we reconstruct the raMOs in an analogous 
sequence to that of the AuCu3-type structure, using a 2×2×4 super 
cell (32 formula units of YAl3). First, the 96 proposed Y-Y isolobal 
bonds are reconstructed (3 per formula unit), which in the coordi-
nate system of the structure, involves the Y valence s, px, py, pz, dxz, 
and dyz. As shown in the leftmost raMO function in Figure 7, the 
function rests between two Y atoms and encompasses a rectangle of 
Al atoms, evidence that the orbitals from Al contribute to the 

multicenter bonding. Initial Psphere values (rsphere = 2.30 Å) for these 
raMOs (shown in blue) hover around 0.70 for most of the se-
quence but drop to approximately 0.25 in the last few raMO func-
tions. Visual inspection of these last raMOs shows the expected 
orbital characteristics despite some delocalization (Figure S9), so 
electrons are assigned to all 96 states for a total of 192 electrons out 
of the 384 available valence electrons, or 6 of the 12 valence elec-
trons per Y atom. 

Next, we reconstruct two of the remaining three Y orbitals, dx
2

-y
2 

and dxy. As with the AuCu3 type, the presence of Al character on the 
reconstructions of the RE atom’s d orbitals is suggestive of signifi-
cant RE-Al interactions (Figure 7 inset, green, red). Psphere values for 
both sets of d-based raMOs remain above 0.25 for 31 out of 32 
raMOs, equating to 1.94 electrons per Y for each d-based orbital 
(31/32 raMOs × 2 electrons per raMO).  

Finally, we turn to the Y dz
2 atomic orbitals, which prove more 

difficult to reproduce. The first Y dz
2 raMOs in the sequence adopt 

a delocalized, columnar shape: the dz
2 character of the central atom 

is apparent but involves bonding contributions from the dz
2 orbitals 

of the neighboring Y atoms along the c axis (Figure 7 inset, purple). 

After continuing further in the series, the Psphere values drop signif-
icantly after the first half of the set, implying that these orbitals 
account for one electron per Y atom. Therefore, the order of the Y 
dz

2 raMOs is chosen such that every other Y site in the c-direction 
was targeted. Psphere (rsphere = 3.10 Å) drops significantly past the 16th 
raMO. Continuing past this point yields raMOs with no apparent Y 
dz

2 character and significantly delocalized isosurfaces centered in 
the columns of Al (Figure S10). Therefore, only about one electron 
per Y atom can be assigned to Y dz

2 states (16/32 raMOs × 2 elec-
trons per raMO). This, combined with the shape of the raMOs, 
where dz

2 character is spread across Y atoms above and below the 
target site, shows that Y achieves some Y-Y bonding in these half-

Figure 7. Selected raMO functions and Psphere values across the Ni3Sn-type YAl3 DFT-raMO scheme. Open circles that occur after steep drops in Psphere 
values indicate that we assign no electrons to the corresponding raMOs. 
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filled states beyond that expected from our initial geometry in-
spection. Additionally, bridging Al atoms contribute character 
across these Y-Y interactions, creating chains of delocalized isolobal 
bonding. With this, we have accounted for 11 of 12 electrons per Y 
atom. 

Let’s find the last electron. In the rejected Y dz
2 raMO functions 

(Figure S10), we observed significant Al character centered within 
the columns of Al octahedra. This leads us to our next hypothesized 
state in the raMO model. As highlighted in orange in Figure 7, this 
state is centered on shared triangular faces between Al octahedra. 
As we expect to see some delocalization akin to that of the Y dz

2 
raMOs, we’ll start by reconstructing bonding orbitals at every other 
shared face. The resulting raMOs amount to 2 electrons per 2 Al 
octahedra or 1 electron per Al octahedron. Though the drop in 
Psphere (rsphere = 1.80 Å) in the last few raMOs demonstrates signifi-
cant delocalization, the raMOs maintain the expected character. 
Therefore, the last remaining electron is allocated to states centered 
within the columns of Al octahedra. 

Why do we see this partial filling of the Y dz
2 and Al-based states 

in the Ni3Sn type? The sterically motivated consolidation of Al 
octahedra into face-sharing columns in the Ni3Sn type creates re-
gions dense with Al-Al interactions, creating low-lying bonding 
functions. The Y dz

2 states are perfectly poised for the transfer of 
electrons to these Al-based functions, as the Y dz

2 orbitals may over-
lap along c and share electrons among multiple Y atoms. One elec-
tron is redistributed from the Y dz

2 state to the Al-based states, 
yielding essentially a half-filled dz

2 band for each column of Y atoms 
along z. This situation for the Y dz

2 orbitals is analogous to a classic 
model system for band structures, the chain of equally spaced H 1s 
orbitals whose bonding is optimized at a half filling (before a band 
gap is opened by a Peierls distortion). In a sense, the chain of Y 
atoms can effectively be considered as adding 1 to the count of n 
isolobal bonds in the 18-n rule.    

With the Y dz
2 and Al octahedra both having partially filled levels, 

it is not surprising that no pseudogap is evident at the EF for the 
Ni3Sn type.  The nearest pseudogap instead appears in the range of 
12.5 to 13 electrons per formula unit. As is shown in the Supporting 
Information, a raMO analysis including all the crystal orbitals up to 
13 electrons per Y atom reveals that the additional electrons need-
ed to reach this DOS feature further populate the Al-based states to 
2 electrons per Al octahedron.  

The filling of 13 electrons per formula unit is compatible with 
the 18-n rule, when we consider the presence of valence electrons 
not associated with the RE atoms.  The full electron count is then 
given by 18-n+m, where m is the number of electrons per RE atom 
in states associated with just the Al atoms.31 The Y atoms reach 18-
n configurations with n = 7 at 11 electrons per Y atom, while m = 2 
is required for the Al-based bonding functions (3-center 2-electron 
bonds in the shared Al3 triangles within the columns of face-sharing 
octahedra). A closed-shell configuration is then achieved at 18-7+2 
= 13 electrons per Y atom. At 12 electrons per formula unit, YAl3 is 
electron poor relative to this bonding scheme.     

This picture helps rationalize several earlier observations regard-
ing Ni3Sn-type structures. The minima in the DOS distributions for 
this type coincide with electron counts greater than 12 electrons 
per formula unit. Indeed, there are reports of Ni3Sn-type REAl3 
with Ge and Si partial substitution,55-57 as well as the high pressure 
14-electron compounds BaSn3, EuGe3, and BaGe3.58-60  

3.3. Emergent intergrowths in the REAl3 series. Earlier, we 
saw that the Ni3Sn type offers a more favorable atomic packing 
arrangement than the AuCu3 type. These electronic features bring 
to the foreground the advantages that the AuCu3 type confers: a 
more optimal bonding scheme with greater separation between 
filled and empty electronic levels. The relative importance of these 
two factors is determined by the size of the RE atoms. This can be 
seen in the comparison of ScAl3 and YAl3. The total energy of 
AuCu3-type ScAl3, where the Sc represents the smallest RE atom, is 
0.19 eV per formula unit lower than that of the hypothetical Ni3Sn-
type form. In comparison, the total energy for Ni3Sn-type YAl3, 
where the RE atom is considerably larger, is 0.02 eV per formula 
unit lower than the AuCu3 type. We can infer that the relief of 
chemical pressure provided by the Ni3Sn type for larger RE atoms 
overcomes the energetic costs of the less optimized electronic 
structure. Intergrowths of cubic and hexagonal stacking arise at 
intermediate RE atomic sizes. 

The emergence of the intergrowth structures in this series can be 
interpreted in terms of the Frustrated and Allowed Structural Tran-
sitions (FAST) principle.61 Within this scheme, one envisions the 
possible structures that can be constructed from a parent structure 
through conceptual transformations among real and hypothetical 
structures (and not necessarily to physical processes governed by 
kinetics). When different energetic factors disagree on the favora-
bility of the transition to a new structure (frustrated transitions), one 
can expect that this transition will not be competitive compared to 
another transition where those factors agree (allowed transitions). 
At first glance the REAl3 series appears to represent a case of frus-
tration: the atomic packing and electronic components are always 
in conflict with each other, meaning that no transition between any 
of the REAl3 structures would be allowed. 

This is illustrated qualitatively at the top of Scheme 1 with sche-
matic plots of a structure’s energy as a function of the RE atom 
radius and the ratio of hexagonal (Ni3Sn type) vs. cubic (AuCu3 
type) stacking sequences. We start in the upper left with the atomic 
packing component. In our CP analysis, Ni3Sn type provides steric 
relief for RE atoms of all sizes, but the effect is much more pro-
nounced for larger RE atoms. This can be represented with an en-
ergy minimum (dark color) in the large radius, 100% hexagonal 
corner.62 The energy increases as cubic stacking is introduced, and 
the surface becomes shallower as the RE atoms become smaller.  
We can represent the electronic component of the energy with a 
similar energy surface (Scheme 1, upper right). The AuCu3 type 
achieves greater separation between filled and unfilled states, 
providing electronic stability regardless of the RE atomic size. This 
results in an energy surface that slopes down towards structure 
types with more cubic packing. 

Even with these qualitative plots, an important consequence of 
their form can be seen when we add the energetic contributions of 
the components together (Scheme 1, bottom left). The minimum 
of the summed surface is in the upper right region at large RE radii 
and 100% hexagonal packing. Spanning out from the minimum, the 
contours take on an elliptical shape where the upper section curves 
lean towards the minima, while the lower section begins to uncurl 
as RE radius becomes smaller.  

We can understand implications of this shape by taking con-
strained paths along y at fixed RE radii, as shown with dashed lines 
labeled with a, b, and c (Scheme 1, bottom right). Phases with 
smaller RE atoms (curve a) are the lowest energy with no hexago-
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nal stacking (i.e. AuCu3-type ScAl3), while phases with larger RE 
atoms (curve c) adopt the lowest energy configuration with pure 
hexagonal stacking (i.e. Ni3Sn-type YAl3). However, something 
new happens for phases with intermediately sized RE atoms: on 
curve b, the minimum lies between 0% and 100% hexagonal stack-
ing, echoing intergrowth structures observed for intermediate RE 
atom sizes. 

Scheme 1. The qualitative energy surfaces for the atomic packing and 
electronic components of the REAl3 series as a function of RE radius 
size and percent hexagonal stacking, shown separately (top) and as a 
sum (bottom). Energy curves for specific RE radii (corresponding to  
the dashed lines a, b, and c on the summed surface) are plotted in the 
lower right. 

The local minimum at this intermediate RE atomic size is not 
present in either of the atomic packing or electronic maps, but ra-
ther, emerges from their combination. In this emergent transition, 
the minima from the contributing components are misaligned, such 
that their sum creates new local minima at intermediate regions for 
particular RE atomic sizes. The appearance and position of these 
emergent local minima depend on the relative weights of the con-
tributing surfaces.  

How do emergent transitions relate to the FAST principle? In 
frustrated and allowed structural transitions, the maxima or minima 
of the separate components are envisioned to overlap on the com-
bined energy surface, canceling each other out or deepening the 
energy surface. In this case, however, there are no points in which 
low energy regions or valleys on the two separate surfaces overlap 
to form a deepened minimum. Instead, new valleys emerge from 
the atomic packing and electronic surfaces sloping in opposite di-
rections along y.  

4. CONCLUSIONS 
In this Article, we have examined the factors underlying the 

structural preferences in the REAl3 series, which stretches from the 
simple AuCu3-type for small RE atoms, through a series of complex 

intergrowth structures for somewhat larger RE atoms, to the Ni3Sn 
type for the largest RE atoms. Using DFT-CP analysis, we uncov-
ered how consolidation of Al into columns of octahedra in the hex-
agonal Ni3Sn-type end-member releases compression of larger RE 
atoms that occur in the AuCu3 type while relieving some stretched 
contacts between Al atoms. This is half of the story behind the 
structural transition. DFT-raMO analysis (with the aid of the newly 
developed Psphere tool) shows that the Ni3Sn type introduces partial-
ly filled Y dz

2 and Al-based states, disrupting the closed-shell con-
figuration that provides electronic stability to the AuCu3 type. This 
results in the mismatch between the EF and a pseudogap in the 
DOS distributions of the Ni3Sn-type structures. 

Based on this picture, qualitative predictions can be made about 
how the REAl3 structures can evolve under the application of high 
pressure or high temperature. Of the two endmembers, the AuCu3-
type exhibits a higher density (as can be understood from the 
Ni3Sn-type being adopted to attain a more open RE coordination 
environment).  AuCu3-type features would then be expected to be 
more favorable under applied pressure.    

In terms of temperature, we would expect the structure with 
more vibrational freedom to be increasingly favored as the temper-
ature is raised.  This can be judged from the quadrupolar character 
of the CP features of the atomic sites, high values of which are con-
nected to modes of soft atomic motion.63  The quadrupolar charac-
ter, as measured by the recently developed QP metric,64 is signifi-
cantly higher for Al atoms in the AuCu3 type than in Ni3Sn type 
(see Table 1), consistent with the d-orbital like shape of the Al CP 
features in the former.  This suggests that higher temperatures 
would tend to enhance the AuCu3-type features of a structure.   The 
test predictions are validated in Figure 3 where the structure types 
of high-temperature and high-pressure phases are marked with 
open circles and triangles respectively. In fact, for all cases, the high-
temperature and high-pressure phases show decreased hexagonal 
stacking character than their ambient temperature/pressure ana-
logues.24,25 

 

Table 1. Chemical Pressure quadrupole metric values (QP) 

Compound QP (RE)a QP (Al) 

ScAl3 (AuCu3 type) 0.000 0.777 

ScAl3 (Ni3Sn type) 0.121 0.360 

YAl3 (AuCu3 type) 0.000 0.826 

YAl3 (Ni3Sn type) 0.106 0.473 

aQP = ൫∑ ௖೗సమ,೘మ೘ ൯∑ ∑ ௖೗,೘మ೘೗ౣ౗౮సల೗సబ  where cl,m is the coefficient of the Yl,m(θ,ϕ) 

spherical harmonic contributing to the CP(θ,ϕ) distribution for the 
given atom.    

The competition between electronic and atomic packing effects 
creates a series of intergrowths between the two parent structure 
types through the phenomenon of emergent transitions. With larg-
er RE atoms, packing tensions drive the structures toward steric 
relief in the form of increased hexagonal stacking, despite the elec-
tronic stability provided by the 18-n configuration of the AuCu3 
type. The summation of the misaligned electronic and atomic pack-
ing components forms a discontinuous energy landscape where 
minima emerge at various percentages of hexagonal stacking at 
intermediate RE sizes. 
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We look forward to exploring how other structural phenomena 
fall within the framework of emergent transitions. Potential exam-
ples from the literature include the rich family of superstructures 
that arise from competition between steric and electrostatic effects 
in stuffed CoSn-type phases,65 as well as the compromise between 
packing and bonding requirements in SrREGa3O7 that underlie a 
3×3×1 superstructure of melilite.66 Beyond this, we are interested in 
applying the concept of emergent transitions to the design of inter-
growth systems. To do this, one can select two crystal structures 
that are related by some perturbation, such as a stacking variation, 
that optimize different aspects of the bonding at the expense of 
others. By performing elemental substitutions that shift the relative 
importance of those factors, scenarios analogous to that shown in 
Scheme 1 could be created, opening avenues to the discovery of 
new structural complexity.  
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Synopsis:  Atomic packing and electronic structure are key factors underlying the structures adopted by solid-state compounds. We 
reveal how conflict between them leads to a series of superstructures in the REAl3 (RE = Sc, Y, lanthanides) phases. A schematic analy-
sis of their individual energetic contributions shows their combination leads to structural possibilities not anticipated by either map 
alone. Based on this picture, we propose the concept of emergent transitions for the design of complex structures. 




