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1. Introduction

Ultrarelativistic heavy-ion collisions currently taking place at the Relativistic Heavy-Ion Collider (RHIC) [1–4] and at the
Large Hadron Collider (LHC) [5–7] systematically create the quark–gluon plasma in the laboratory. This phase of matter,
a deconfined soup of quarks and gluons, permeated the Universe just a few microseconds after the Big Bang and it only
exists in extreme conditions of temperature and density.

The fundamental theory of strong interactions, Quantum Chromodynamics, can only be solved numerically in the
regime which is relevant for heavy-ion experiments. These simulations on a discretized lattice in space and Euclidean
time are currently limited to vanishing and small values of the baryonic chemical potential, due to the fermionic sign
problem. The theory predicts that the transition from hadrons to quarks and gluons is an analytical crossover [8], but it
is expected to become first-order at high baryonic densities [9–12]. This would mean that there is a critical point on the
QCD phase diagram [13]. The search for the elusive critical point is the focus of the RHIC experimental program. The STAR
experiment has also developed a fixed target program to further extend their reach to larger densities [14]. The HADES
experiment at the GSI (Darmstadt) [15] covers even larger densities with the potential of a beam energy scan as well.
Since the conditions achieved in low energy heavy ion collisions [16] have an overlap with those achieved in neutron
star mergers [17], information about the QCD critical point and phase diagram can also be obtained from observations of
gravitational waves [18].

The equation of state of strongly interacting matter is therefore crucial for several fields of physics, from heavy-ion
collisions to neutron stars and mergers. The reason why we do not know it over the whole phase diagram yet is that
the fermionic sign problem prevents its direct calculation at finite density. In this manuscript, I will review the existing
results in the literature for the equation of state at zero and finite baryonic chemical potential, focusing on the Taylor
expansion, analytical continuation from imaginary chemical potential, and a new expansion scheme that was recently
proposed in Ref. [19].

2. QCD thermodynamics from the lattice

The lattice discretization of a field theory is based on its path-integral representation: in the case of QCD, the partition
function can be expressed as a Euclidean path integral over quark and gluon fields. The former are Dirac spinors ψ̄f , ψf ,
the latter are SU(3) vector fields Aµ. The partition function depends on the temperature T , volume V , quark masses mf and
chemical potentials µf for quarks of flavor f . The theory is considered in the Euclidian space–time, by replacing the real
time t with an imaginary one, t → −ix4, with real x4. This is done so that we can apply powerful techniques developed
in statistical mechanics to this problem. While in the continuum limit we have only one theory of strong interactions, the
lattice discretization of the space–time defines the lattice field theory under study. Different discretizations give rise to
different theories, which should all converge to QCD in the continuum limit. We will consider 4-dimensional hyper-cubic
lattices N3

s × Nt with three spatial dimensions Ns and a temporal dimension Nt . The temperature T is the inverse of the
size of the lattice in the temporal direction: T = 1/(Nt ∗ a), with a the lattice spacing in physical units. The lattice points
are called sites. The bonds connecting the nearest neighbor sites are called links. Quark fields are defined on the sites,
gauge fields live on the links Uµ(x) = exp(iaAµ(x)). Starting from the continuum Euclidean QCD action, the simplest way
of discretizing it is by replacing the derivatives by finite differences. This trivial action is however affected by severe
discretization effects, which can be reduced by e.g. including further differences in the derivative than just the nearest
neighbors.

Fermions on the lattice are complicated to treat. In addition to the physical mode, there are so-called ‘‘doublers’’, which
arise because the derivative in the kinetic term of the Dirac action is first order. These unwanted modes survive as relevant
degrees of freedom in the continuum limit, where they all converge to the same mass. However, at finite lattice spacing,
they are generically heavier than the physical fermions, and they split into multiplets with different masses. Staggered
fermions are the most common way to partially reduce the number of doublers. For each physical quark flavors, there
are four in the Staggered formulation. Chiral symmetry is broken on the lattice, due to a flavor-mixing interaction at
finite lattice spacing. However, at least a part of chiral symmetry is preserved in the case of staggered fermions. Wilson
fermions were constructed by introducing a second-order derivative in the action, so that fermion doublers are removed in
the limit a → 0. However, the Wilson term is essentially the mass term for doublers, and for this reason chiral symmetry
is violated even when the bare quark mass tends to zero. The numerical analysis of chiral properties is therefore much
easier in the case of staggered fermions, and it requires less computer power as well. We will mainly report on results
with staggered fermions in this manuscript.

The Matsubara formalism for finite temperature statistical systems is used to define QCD at finite temperature. The
system under consideration is static, in thermal equilibrium, with a fixed temperature T . The partition function is given
by:

Z(T , V ) =
∫

∏

µ

DAµ

∏

f

DψfDψ̄f exp(−SE(T , V )) (1)

2
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with

SE(T , V ) = −
∫ 1/T

0

dx4

∫

V

d3xLE,

L
E = −

∑

f

ψ̄f (x)( /D + mf )ψf (x) − 1

4
F a
µν(x)F

µν
a (x) (2)

and

/D = (∂µ + ig
λa

2
Aa
µ)γ

E
µ F a

µν = ∂µA
a
ν − ∂νA

a
µ − gf abcAb

µA
c
ν . (3)

The thermodynamic quantities we are discussing are the pressure p, energy density ϵ, entropy density s and trace

anomaly or interaction measure I . The latter vanishes for a massless, non-interacting gas. They are related to the partition

function of the system through the following thermodynamic relationships:

ϵ = T 2

V

∂ ln Z(V , T )

∂T

⏐

⏐

⏐

⏐

V

p = T∂ ln Z(V , T )

∂V

⏐

⏐

⏐

⏐

T

I = ϵ − 3p s = ϵ + p

T
c2s = dp

dϵ
, (4)

where c2s is the speed of sound squared. We will calculate the thermal expectation value of physical observables O through

the following expression

⟨O⟩ = 1

Z(T , V )

∫

∏

µ

DAµ

∏

f

DψfDψ̄fO exp(−SE(T , V )). (5)

All of the above quantities can in principle depend also on the quark chemical potentials µf . However, the fermion sign

problem prevents the numerical calculation of these quantities at µf ̸= 0. One can try to circumvent this problem through

analytical continuation of results obtained at finite imaginary chemical potential, where the sign problem is absent. We

briefly explain this method here, as it will be useful for our discussion of results at finite density. A chemical potential µ

can be introduced through weighted temporal links in the staggered formalism:

U0(µ) = eµU0, U
²

0 (µ) = e−µU²

0 . (6)

Therefore, an imaginary µ acts as a phase factor for the antiperiodic boundary condition in the Dirac operator. The

Z(3) symmetry of the gauge sector gives rise to a non-trivial periodicity in the imaginary chemical potential µf →
µf +i(2π/3)T , which is transferred to the baryochemical potential as µB → µB+i2πT . This is the so-called Roberge–Weiss

symmetry, which is independent of the charge conjugation symmetry µB ↔ −µB.

Introducing an imaginary chemical potential does not break the γ5-Hermiticity of the Dirac operator. The imaginary

chemical potential can simply be introduced as a phase shift in the time-like boundaries, and it can be implemented on

a flavor-by-flavor basis. One can then make choices for the values of the chemical potentials µf . Usually, µu = µd, while

for the strange flavor different possibilities arise. A non-trivial choice is the tuning to ⟨nS⟩ = 0, which is the strangeness-

neutral condition occurring in a heavy-ion collision. Imposing this condition on the lattice requires solving a differential

equation, where the µI
S(µ

I
B) function is to be determined:

d

dµI
B

∂ log Z

∂µS

= 0 , (7)

with the trivial initial condition ∂ ln Z/∂µS = 0 at µI
B = 0.

3. QCD equation of state at µB = 0

Once the lattice action is defined, the finite temperature lattice QCD formalism can be extended to the numerical

evaluation of the Equation of State (EoS) of QCD. We start from QCD in the pure gauge case, to illustrate the method. This

corresponds to a system in which only gluons are dynamical degrees of freedom, while quarks are too heavy to contribute

to the thermodynamics. The partition function in this case is given by

Z(V , T ) =
∫

DUe−SG[U]. (8)

The two most common methods to calculate the EoS of QCD are the differential and the integral methods. Below I review

the integral method, while the differential one is described in Appendix.

3
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3.1. Integral method

The integral method is defined on an isotropic lattice (as = at = a) and uses the fact that, for a homogeneous system,
the following expression for the pressure holds

p = T

V
ln Z(T , V ). (9)

For this reason, evaluating the pressure is equivalent to evaluating the partition function Z . For ξ = 1, the Wilson action
becomes

SG[U] = N3
s Ntβ [Ps + Pt ] , with β = 2

Nc

g2
and gs = gt = g, (10)

and we can easily get

ln Z |β − ln Z |β0 = −N3
s Nt

∫ β

β0

dβ ′ [⟨Ps(β ′)⟩ + ⟨Pt (β ′)⟩
]

. (11)

This procedure yields the pressure up to an additive constant

p

T 4

⏐

⏐

⏐

β
− p

T 4

⏐

⏐

⏐

β0

= −N4
t

∫ β

β0

dβ ′ [⟨Ps(β ′)⟩ + ⟨Pt (β ′)⟩
]

. (12)

The additive constant is usually chosen to be zero at some value of β0 corresponding to a small temperature T ≤ T0. This
is because, below T ≃ 200 MeV, the pressure p ∼ exp[−mg/T ] is dominated by the lightest glueball states, which have a
mass mg ∼1 GeV. Therefore, the pressure is small for T ≤ T0. With this choice and the usual vacuum subtraction, we get

p(β)

T 4
= −N4

t

∫ β

β0

dβ ′ [Ds(β
′) + Dt (β

′)
]

. (13)

One can obtain the other observables from the pressure, through thermodynamic identities

∂p

∂T

⏐

⏐

⏐

⏐

V

= ∂S

∂V

⏐

⏐

⏐

⏐

T

= s = ϵ + p

T

∆I

T 4
= ϵ − 3p

T 4
= T

∂(p/T 4)

∂T

⏐

⏐

⏐

⏐

V

. (14)

For an isotropic lattice the following relationships hold

T = 1

Nta
; ∂

∂T
= ∂a

∂T

∂

∂a
= − 1

NtT 2

∂

∂a
= −N2

t a
2

Nt

∂

∂a
(15)

so that

T
∂

∂T

⏐

⏐

⏐

⏐

V

= −a
∂

∂a
. (16)

One can easily verify that

∆I

T 4
= N4

t

(

a
∂β

∂a

)

[Ds + Dt ] = 2NcN
4
t

B

2πα2
s

[Ds + Dt ] . (17)

We can use a non-perturbative β-function for B(αs). High precision results for the pure-glue trace anomaly in QCD are
shown in the left panel of Fig. 1. The right panel shows a comparison with the trace anomaly obtained within the glueball
resonance model, calculated using the twelve lightest glueballs [20].

If the system contains dynamical quarks, one can take other derivatives of the pressure with respect to the bare
parameters of the action

plat (β,mf ) − plat (β0,mf 0) = 1

NtN3
s

∫ β,mf

β0,mf 0

⎡

⎣dβ
∂ ln Z

∂β
+

∑

f

dmf

∂ ln Z

∂mf

⎤

⎦ . (18)

One can show that

⟨−SG⟩ = 1

NtN3
s

∂ ln Z

∂β

⟨ψ̄fψf ⟩ = 1

NtN3
s

∂ ln Z

∂mf

, (19)

4
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Fig. 1. From Ref. [20]. Left: the interaction measure on Ns/Nt = 8 lattices, for various lattice spacings and values of the temperature near the

transition region. Right: the interaction measure in the confined phase, calculated at various lattice spacings. The yellow band shows the continuum

extrapolation. In both panels, lattice QCD results correspond to a purely gluonic system. The dashed line corresponds to the glueball resonance

model, in which the twelve lightest glueballs were introduced.

where the second quantity is the chiral condensate of flavor f . Subtracting the vacuum contribution one gets

⟨SG⟩sub = ⟨SG⟩Nt ,Ns − ⟨SG⟩Nsub
t ,Ns

⟨ψ̄fψf ⟩sub = ⟨ψ̄fψf ⟩Nt ,Ns − ⟨ψ̄fψf ⟩Nsub
t ,Ns

(20)

and it follows that

p(T )

T 4
− p(T0)

T 4
0

= N4
t

∫ (β,mf )

(β0,mf 0)

⎡

⎣dβ⟨−SG⟩sub +
∑

f

dmf ⟨ψ̄fψf ⟩sub
⎤

⎦ . (21)

In Ref. [21] it was noticed that ⟨−SG⟩sub decreases as (Nt )
−4, while ⟨ψ̄fψf ⟩sub only decreases as (Nt )

−2. Thus, the term
containing the gauge action has (Nt )

2 larger errors. The typical integral method consists of calculating the interaction
measure for several temperatures, then integrating it to get the pressure up to an integration constant. The modified
method sets the strange quark mass ms to its physical value and changes R from 1 to the physical value of 28.15, where
the light quark mass is mu,d = ms

R
. One can then calculate the derivatives of the pressure at several values of β and R:

Dβ = ∂

∂β

⏐

⏐

⏐

⏐

R

p

T 4
= N4

t

[

⟨−SG⟩sub + ∂m
phys
s

∂β

(

⟨ψ̄sψs⟩sub + 1

R
⟨ψ̄udψud⟩sub

)

]

DR = ∂

∂R

⏐

⏐

⏐

⏐

β

p

T 4
= −N4

t

m
phys
s

R2
⟨ψ̄udψud⟩sub. (22)

We can consider different integration paths in the (β, R) plane, as the integral of the total derivative only depends on the
initial and final points. Fig. 2 shows an example of integration path.

3.2. High temperature, ideal gas limit

It is reasonable to attempt a perturbative expansion of the pressure at high energy density or temperature, since the
effective QCD coupling tends to zero logarithmically at large momentum transfer. To zeroth-order in the coupling, the
deconfined phase of QCD is an ideal gas of massless gluons and quarks. We can therefore immediately write down the
pressure of such a system, in the most general way:

p0 = T

V
ln Z (23)

where

ln Z = Vd

∫

d3p

(2π )3
ln

(

1 ± e−β(|p⃗|−µ)
)±1

(24)

where the ‘‘+’’ sign is for fermions, the ‘‘−’’ sign is for bosons, and d indicates the number of degrees of freedom. In the
specific case of QCD we have

pQCD = T

V
Vdg

∫

d3p

(2π )3
ln

(

(

1 − e−β(|p⃗|)
)−1

)

+ T

V
Vdq

∫

d3p

(2π )3
ln

(

1 + e−β(|p⃗|−µ)
)

+ T

V
Vdq̄

∫

d3p

(2π )3
ln

(

1 + e−β(|p⃗|+µ)
)

, (25)

5
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Fig. 2. From Ref. [21]. Example of possible integration paths for the pressure in the (β, R) plane.

where dg = 2 · (N2
c − 1) = 16 (two possible polarizations times eight gluon colors) and dq = dq̄ = 2 · Nc = 6. The gluon

contribution is

pg = T

V
Vdg

4π

(2π )3

∫ ∞

0

|p⃗|2d|p⃗| ln
[

1

1 − e−β|p⃗|

]

= Tdg
1

2π2

|p⃗|3
3

ln

[

1

1 − e−β|p⃗|

]

+ T 4dg
1

6π2

∫ ∞

0

|p⃗|3
T 3

d(|p⃗|/T )
e|p⃗|/T − 1

= T 4dg

6π2

π4

15
= π2T 4

90
dg . (26)

The contribution of a quark of flavor f is

pf = T 4df
4π

(2π )3

∫ ∞

0

|p⃗|3
3T 3

[

d(|p⃗|/T )
eβ(|p⃗|−µ)

+ d(|p⃗|/T )
eβ(|p⃗|+µ)

]

= df

6π2

[

7π4T 4

60
+
µ2

f π
2T 2

2
+
µ4

f

4

]

. (27)

The total Stefan–Boltzmann limit for the QCD pressure thus follows as

pQCD = π2

45
T 4(N2

c − 1) +
∑

f

Nc

3π2

[

7π4T 4

60
+
µ2

f π
2T 2

2
+
µ4

f

4

]

. (28)

In the limit T → ∞, pQCD

T4
tends to a constant

pQCD

T 4
= 8π2

45
+ 7

Nfπ
2

60
. (29)

For Nf = 3 we have limT→∞
pQCD

T4
= 5.20896.

Beyond the zeroth-order in the coupling, we can systematically construct a perturbative series and truncate it at a
given order of the coupling constant. This has been a long-standing activity [22–28], which produced the pressure through
order g6 log g so far [29]. It turns out that the standard perturbative QCD series converges slowly: the left panel of Fig. 3
shows the total pressure calculated at different orders in the coupling, divided by the ideal gas limit value. The various
truncations oscillate widely and show no signs of convergence in the shown temperature range. A reorganization of the
perturbation series for thermal QCD was devised, called Hard Thermal Loop (HTL) [30–46], which systematically shifts the
perturbative expansion from around an ideal gas of massless particles to around a gas of massive quasiparticles. The right
panel of Fig. 3 shows the pressure, calculated at three-loop HTL order. It is clear that this technique brings the agreement
between lattice and perturbative QCD down to lower temperature.

6
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Fig. 3. Left: from Ref. [45]. Weak-coupling expansion for the scaled QCD pressure with Nf = 3. Shaded bands show the result of varying the

renormalization scale µ by a factor of 2 around µ = 2πT . Right: modified from Ref. [47]. Three-loop HTL perturbative resummation of the QCD

pressure as a function of the temperature (shaded band). The pressure is rescaled by the ideal gas limit value. The perturbative results are compared

to lattice QCD data from the WB [21] collaboration (red dots).

Fig. 4. Left: continuum extrapolated results for scaled interaction measure, entropy density and pressure as functions of the temperature. The colored

points are from the WB collaboration [48], while the gray ones correspond to the HotQCD collaboration results [50]. The horizontal line at high

temperature indicates the Stefan–Boltzmann limit for the pressure and the scaled entropy. The curves at low temperature are the predictions from

the Hadron Resonance Gas (HRG) model. Right: pressure and interaction measure in the 2 + 1 (red) and 2 + 1 + 1 (black) flavor theories (from

Ref. [52]).

3.3. Results

First principle results are available for the Equation of State of QCD with 2 +1 dynamical quark flavors with physical
masses. Continuum extrapolated results for pressure, energy density, entropy density, speed of sound and interaction
measure as functions of the temperature were published by the Wuppertal Budapest (WB) collaboration [21,48] using
a tree-level Symanzik improved gauge, and stout-improved staggered fermion action with two levels of smearing
(2stout) [49]. These results were later reproduced by the HotQCD collaboration [50] using the highly improved staggered
quark (HISQ) action introduced in [51], a different staggered fermion discretization. The fact that two independent
calculations, performed with different discretized versions of the QCD action, produce compatible results in the continuum
limit is a crucial test of the theory. The left panel of Fig. 4 shows trace anomaly, pressure and entropy as functions of the
temperature. Each observable is scaled by a power of the temperature, to make them dimensionless. The colored points
correspond to the WB collaboration results, while the gray points correspond to results from the HotQCD collaboration.
The horizontal line at high temperatures indicates the Stefan–Boltzmann limit for pressure and scaled entropy.

It is interesting to notice that some observables show a good agreement with resummation [37] or dimensional
reduction [53] predictions already at T ∼ 400 MeV, while for others this is not the case. For example, in the case of the
interaction measure, the results from HTL perturbation theory at three-loop order [37] are affected by a large uncertainty,
corresponding to a change in the renormalization scale. The results from Electrostatic QCD agree with the HTL ones, and
the lattice points approach the perturbative results at T ∼ 2 − 3Tc .

Simulations with other kinds of fermions, such as Wilson, overlap or domain wall, are typically more time-consuming.
For this reason, results for the Equation of State of strongly interacting matter in these formulations are not yet available

7



C. Ratti Progress in Particle and Nuclear Physics 129 (2023) 104007

Fig. 5. From Ref. [57]. The two panels show how the Bayesian analysis constrains the QCD equation of state. (a) Fifty equations of state were

generated through a random parameter choice from the prior distribution, and weighted by the posterior likelihood. (b) The two red lines in each

figure show the lattice equation of state from [50], while the green line is the EOS for a non-interacting Hadron Resonance Gas.

with realistic parameters. Recently, other approaches to lattice QCD are generating first result for the Equation of State.
These include the gradient flow method [54,55], which is based on extracting the thermodynamics from the energy–
momentum tensor, and twisted mass fermions [56]. So far, the former are limited to the quenched approximation [54]
or heavier-than-physical quark masses [55], the latter to two quark flavors with heavier-than-physical quark masses.

Results on the equation of state with 2 + 1 + 1 dynamical flavors, including the charm quark, have recently become
available [52]. They are shown in the right panel of Fig. 4. The figure clearly shows that the charm quark gives a non-
negligible contribution to the thermodynamics already at T ∼ 250 MeV. The effect of an EoS with charm on hydrodynamic
simulations of heavy ion collisions at the LHC energies was recently investigated in Ref. [58].

Recently, the lattice QCD Equation of State has received an important validation from a Bayesian analysis [57]. This
framework has applied state-of-the-art statistical techniques to the combined analysis of a large number of observables
while varying the model parameters, in order to obtain a systematic comparison of data from RHIC and the LHC to
theoretical models. The posterior distribution over possible equations of states is consistent with results from lattice
QCD simulations, as shown in Fig. 5. This analysis was successfully applied to infer the behavior of other quantities, such
as the shear viscosity of the system created in heavy-ion collisions at zero [59] and finite density [60].

4. Equation of state at finite chemical potential

4.1. Fermionic sign problem

A finite chemical potential µ is introduced in the fermionic part of the QCD action in the following way

S =
∫ β

0

dτ

∫

d3xψ̄
[

γµD
µ + µγ4 + m

]

ψ =
∫

d4xψ̄Mψ, (30)

namely as the imaginary part of the fourth-component of an abelian vector field. Due to this chemical potential, the QCD
action becomes complex. This can be seen by the absence of γ5 hermiticity. At vanishing chemical potential we have

(γ5M)
² = γ5M, (31)

which leads to the identity M² = γ5Mγ5 and, as a consequence, to

det(M²) = det(γ5Mγ5) = detM = (detM)∗ . (32)

When µ ̸= 0 we find

M²(µ) = γ5M(−µ∗)γ5, (33)

resulting in

[detM(µ)]∗ = det
[

M(−µ∗)
]

(34)

which is in general a complex number. In particular, for real µ we get

[detM(µ)]∗ = det [M(−µ)] (35)

8



C. Ratti Progress in Particle and Nuclear Physics 129 (2023) 104007

while for imaginary µ we get

[detM(µ)]∗ = det [M(µ)] (36)

which is a real number. For this reason, simulations at imaginary chemical potential can be performed as they do not
generate a sign problem. However, when the chemical potential is real, the QCD action becomes complex and cannot be
used as a weight in the Monte Carlo sampling techniques used in lattice QCD simulations.

4.2. Thermodynamics at finite chemical potential

The equation of state of QCD at finite density is a very important quantity. In fact, it can be used to shed light on
the matter created in ultrarelativistic heavy-ion collisions at low collision energies, or the core of compact stellar objects,
or neutron star mergers. The latter cover a range of temperature and chemical potential which overlaps with the one
reached by the lowest collision energies in heavy-ion experiments. Results from perturbative QCD at extreme density
have been obtained, and used to study strongly interacting matter in the core of neutron stars [61–64]. The densities
needed for perturbation theory to be valid are presumably very far away from the QCD transition line, hence the need
for non-perturbative techniques. Unfortunately, the equation of state from first principles is currently only available in a
limited range of chemical potentials, which will be discussed below.

The identities between thermodynamic quantities at finite chemical potential become

s(T , µB) = ∂p

∂T

⏐

⏐

⏐

⏐

µB

, nB(T , µB) = χB
1 = ∂p

∂µB

⏐

⏐

⏐

⏐

T

,

ϵ(T , µB) = Ts − p + µBnB, c2s (T , µB) = ∂p

∂ϵ

⏐

⏐

⏐

⏐

s/nB

, (37)

where s is the entropy density, p the pressure, ϵ the energy density, nB the baryonic density and c2s the speed of sound
squared.

The methods that have been proposed to solve QCD at finite µB include finding appropriate dual variables [65–78],
using Lefschetz thimbles [79–86] or complex Langevin equation [87–106]. Unfortunately, none of them has produced
quantitatively reliable results so far. At the moment, quantitatively significant results are obtained through two main
methods, the Taylor expansion of thermodynamic quantities in powers of µB/T [107–111] or their simulation at imaginary
chemical potentials followed by an analytical continuation to real µB [112–119]. A novel expansion method, introduced
in Ref. [19], will be discussed in Section 4.7. Other methods have also been employed, e.g. reweighting of the generated
configurations [120–123], canonical ensemble simulations [124–126] and density of state methods [127–136], but here I
will focus on the first two.

4.3. Taylor expansion

We can write the pressure of QCD as a Taylor series in powers of µB/T around µB = 0 in the following way:

p(T , µB)

T 4
= p(T , 0)

T 4
+

∞
∑

n=1

1

n!
∂n(p/T 4)

∂(
µB

T
)n

⏐

⏐

⏐

⏐

µB=0

(µB

T

)n

=
∞

∑

n=0

cn(T )
(µB

T

)n

, (38)

where the Taylor coefficients cn are defined as

cn = 1

n!
∂n(p/T 4)

∂(µB/T )n

⏐

⏐

⏐

⏐

µB=0

. (39)

On the lattice, these coefficients are usually calculated in terms of the quark chemical potentials. A change of basis can
then be performed through the following relationships:

µu = 1

3
µB + 2

3
µQ

µd = 1

3
µB − 1

3
µQ

µs = 1

3
µB − 1

3
µQ − µS, (40)

so that

∂

∂µB

= 1

3
∂u + 1

3
∂d + 1

3
∂s

∂

∂µQ

= 2

3
∂u − 1

3
∂d − 1

3
∂s

9
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∂

∂µS

= −∂s. (41)

In the above equations, we introduced the notation ∂i = ∂
∂µi

to indicate the derivative with respect to the chemical

potential of quark flavor i.
The coefficients cn can be in principle calculated on the lattice, since they are defined strictly at µB = 0. However, the

calculation of the higher order coefficients turns out to be very noisy, and therefore computationally expensive. We recall
that p = T ∂ ln Z

∂V

⏐

⏐

T
and that the partition function can be written as

Z =
∫

DU (detM)Nf e−SG[U] =
∫

DUe−SG[U]eNf ln detM(µ) (42)

from which follows

∂ ln Z

∂µ
=

∫

DUe−SG[U]eNf ln detM(µ)

Z
Nf

∂[ln detM(µ)]
∂µ

=
⟨

Nf

∂ ln detM(µ)

∂µ

⟩

. (43)

Higher order derivatives can then be taken in a similar fashion. For example, for the second-order one we have

∂2 ln Z

∂µ2
= ∂

∂µ

[

∫

DUe−SG[U]eNf ln detM(µ)

Z
Nf

∂[ln detM(µ)]
∂µ

]

=
∫

DUe−SG[U]eNf ln detM(µ)

Z

(

Nf

∂[ln detM(µ)]
∂µ

)2

+
∫

DUe−SG[U]eNf ln detM(µ)

Z
Nf

∂2[ln detM(µ)]
∂µ2

− 1

Z2

∫

DUe−SG[U]eNf ln detM(µ)Nf

∂[ln detM(µ)]
∂µ

×
∫

DUe−SG[U]eNf ln detM(µ)Nf

∂[ln detM(µ)]
∂µ

(44)

=
⟨

Nf

∂2 ln detM(µ)

∂µ2

⟩

+
⟨

(

Nf

∂ ln detM(µ)

∂µ

)2
⟩

−
⟨

Nf

∂ ln detM(µ)

∂µ

⟩2

and so on. Writing ln detM = tr lnM , we can express these as

∂

∂µ
ln detM = trM−1 ∂M

∂µ
;

∂2

∂µ2
ln detM = trM−1 ∂

2M

∂µ2
− trM−1 ∂M

∂µ
M−1 ∂M

∂µ
. (45)

We introduce new quantities χ i
n, which are related to these coefficients as

c in = 1

n!χ
i
n, where χ i

n = ∂n(p/T 4)

∂(µi/T )n
. (46)

The χ i
n are called susceptibilities of conserved charges (or quark flavors) and have an important physical interpretation.

The first-order up quark susceptibility

χu
1 = ∂(p/T 4)

∂(µu/T )
= 1

T 3
nu (47)

is the density of u quarks, while the second-order one

χu
2 = ∂

∂(µu/T )

( nu

T 3

)

(48)

measures the response of the up quark density to an infinitesimal change in the up quark chemical potential. The
non-diagonal second-order susceptibility

χus
11 = ∂

∂(µs/T )

( nu

T 3

)

(49)

measures the response of the up quark density to an infinitesimal change in the strange quark chemical potential, namely
it measures the up and strange quark correlations.

Susceptibilities of conserved charges are derivatives of the scaled pressure (p/T 4) with respect to the scaled chemical
potential µB/T . For this reason, they share the same Taylor expansion coefficients as the pressure, with different numerical

10
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factors. This can be seen from the following equations, which show the first few terms in the expansion of the scaled

pressure, χ1, χ2, χ3

p(T , µB)

T 4
= p(T , µB = 0) + c2(T )

(µB

T

)2

+ c4(T )
(µB

T

)4

+ c6(T )
(µB

T

)6

+ · · ·
Tχ1(T , µB)

µB

= 2c2(T ) + 4c4(T )
(µB

T

)2

+ 6c6(T )
(µB

T

)4

+ · · ·

χ2(T , µB) = 2c2(T ) + 12c4(T )
(µB

T

)2

+ 30c6(T )
(µB

T

)4

+ · · ·
Tχ3(T , µB)

µB

= 24c4(T ) + 120c6(T )
(µB

T

)2

+ · · · . (50)

For this reason, if we obtain the first few coefficients ci, we will be able to extrapolate both the pressure and the

susceptibilities to finite µB. It is important to mention that, since QCD is symmetric with respect to a change of sign

in chemical potential, these observables are all even functions of µB and all odd coefficients are therefore vanishing at

µB = 0.

4.4. Simulations at imaginary chemical potential

4.4.1. Simulation setup

We have seen that the higher order coefficients appear in the Taylor series of the lower order ones in power of µB/T

(see Eqs. (50)). Thus, it is possible to determine them more precisely through simulations at imaginary chemical potential,

compared to what can be achieved with the direct simulation method. At imaginary µB, µ
2
B and µ6

B will be negative in

Eqs. (50). One can perform a fit of these lower-order coefficients at finite, imaginary µB. The coefficients of the fit, namely

c2(T ), c4(T ) and c6(T ), can be extracted in this way. Values for µS and µQ must be chosen to perform these simulations

(or equivalently, values for µd and µs). At µB = 0 this is not an issue, as in that case one usually sets µS = 0 and µQ = 0.

The two main choices when simulating at finite imaginary µB are to either set µS = 0 and µQ = 0, or to fix them to

match the experimental situation in a heavy-ion collision, namely

⟨nS⟩ = 0

⟨nQ ⟩ = 0.4⟨nB⟩. (51)

These two relationships stem from the initial conditions of the ions being collided in the accelerator, which do not contain

any valence strange quark and for which the number of protons is approximately 0.4 times the atomic number. The first

condition gives rise to a differential equation

⟨nS⟩ = 0 ↔
⟨

∂ ln Z

∂µS

⟩

= 0 (52)

from which, deriving with respect to µB, we can obtain a relationship between µS , µB and T :

d

dµB

[

∂ ln Z

∂µS

]

= ∂2 ln Z

∂µS∂µB

+ ∂2 ln Z

∂µ2
S

∂µS

∂µB

= 0, (53)

namely

∂µS

∂µB

= −χ
BS
11 (T )

χ S
2 (T )

(54)

to lowest order. Higher order conditions can be obtained by further deriving ∂ ln Z
∂µS

with respect to µB. By solving these

differential equations, we get the µS(µB, T ) that satisfies the desired conditions. The left panel of Fig. 6 shows an example

of µS(T ) for different values of µB/T . The drawback of this method is that, for each value of the temperature, a different

set of configurations needs to be generated with specific values of imaginary µB and µS . The right panel of Fig. 6

shows different landscapes for simulations at imaginary µB and µS . The black dot corresponds to direct simulation of

all coefficients at µB = 0. The red squares correspond to finite µB and µS = 0, while the green triangles are trajectories

which ensure the strangeness-neutrality condition at T = 150 MeV (full) and T = 200 MeV (empty).

In Ref. [138], the rescaled baryonic density TχB
1 /µB was fitted with three different functions:

B1(µ̂) = a + bµ̂2 + cµ̂4

B2(µ̂) = (a + bµ̂2)/(1 + cµ̂2)

B3(µ̂) = a + bµ̂2 + c sin(µ̂)/µ̂. (55)

These fits are shown in the left panel of Fig. 7.
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Fig. 6. Left: from Ref. [137]. Continuum extrapolated results for the imaginary strangeness chemical potentials that realize strangeness neutrality.

Results are shown as functions of the temperature, for different values of imaginary µB/T . Right: landscape of simulation points in the (ℑ(µB),ℑ(µS ))

plane: the black circle corresponds to ℑ(µB) = ℑ(µS ) = 0, the blue triangles to simulations at finite imaginary µS and zero baryon chemical

potential, the red squares to simulations at finite imaginary µB and zero strangeness chemical potential. The two sets of green triangles correspond

to simulations at finite ℑ(µB) and ℑ(µS ) that satisfy the experimental constraints (51) at two different temperature values.

Fig. 7. From Ref. [138]. Left: analytical continuation of TχB
1 /µB from negative to positive (µB/T )

2 for T = 145 MeV (lower curves) and T = 170 MeV

(upper curves). The different colors correspond to different fitting functions. Right: continuum extrapolated coefficients c0...c6 for the Taylor expansion

of the pressure around µB = 0 as functions of the temperature, in comparison to the Hadron Resonance Gas model prediction (red lines). These

coefficients correspond to the strangeness neutrality condition, in which µS and µQ are functions of T and µB that match the experimental conditions

in a heavy-ion collision.

More recently, the authors of Ref. [139] performed a new, combined fit of lower-order fluctuations up to order four.

The formulas used for the combined fit of χ1, . . . χ4 are

χB
1 (µ̂B) = 2c2µ̂B + 4c4µ̂

3
B + 6c6µ̂

5
B + 4!

7! c4ϵ1µ̂
7
B + 4!

9! c4ϵ2µ̂
9
B

χB
2 (µ̂B) = 2c2 + 12c4µ̂

2
B + 30c6µ̂

4
B + 4!

6! c4ϵ1µ̂
6
B + 4!

8! c4ϵ2µ̂
8
B

χB
3 (µ̂B) = 24c4µ̂B + 120c6µ̂

3
B + 4!

5! c4ϵ1µ̂
5
B + 4!

7! c4ϵ2µ̂
7
B

χB
4 (µ̂B) = 24c4 + 360c6µ̂

2
B + c4ϵ1µ̂

4
B + 4!

6! c4ϵ2µ̂
6
B (56)

where ϵ1 and ϵ2 are drawn randomly from a normal distribution with mean −1.25 and variance 2.75. This is done

to eliminate the ambiguity coming from the fitting function and just assumes that 8!c8 ≤ 4!c4 and 10!c10 ≤ 4!c4, or
equivalently that χB

8 ≤ χB
4 and χB

10 ≤ χB
4 .

12
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Fig. 8. From Ref. [138]. Left: isentropic trajectories in the (T , µB) plane: the contours are calculated at fixed S/NB values. The black points are the

chemical freeze-out parameters from Ref. [142]. Right: pressure (top) and interaction measure (bottom) as functions of the temperature, calculated

along the highest and lowest isentropic trajectories from the left panel.

Fig. 9. From Ref. [144]. Expansion coefficients of the pressure as functions of the temperature in the case of strangeness neutrality. The broad gray

bands show the continuum extrapolation. The curves at low temperature show the HRG model calculations based on resonances listed by the Particle

Data Group.

4.5. Results

Early results for c2, c4 and c6 were obtained in Ref. [108], while the first continuum extrapolated results for c2 were

published in Ref. [140]; in Ref. [141] c4 was shown, but only at finite lattice spacing. The continuum limit for c6 was

published for the first time in [138] in the case of strangeness neutrality.

The Taylor coefficients from Ref. [138] are shown in the right panel of Fig. 7. From these coefficients, one can reconstruct

the pressure at finite temperature and chemical potential, and from the pressure all other quantities can be obtained

through the thermodynamic relationships listed in Eqs. (37).

The left panel of Fig. 8 displays the isentropic trajectories in the (T , µB)-plane obtained in Ref. [138]. They correspond

to the values of T and µB at which the entropy per baryon takes a constant value, determined at the freeze-out points

(in black) for each collision energy at RHIC. These trajectories would be followed by the system created in a heavy-ion

collision in the case of a vanishing shear viscosity. It was however pointed out that the actual trajectories can be quite

different, due to dissipative effects [143]. The right panel of Fig. 8 shows the pressure and interaction measure obtained

along the highest and lowest trajectories. Results for c6 were later published in Ref. [144], both in the case of strangeness

neutrality and at µS = µQ = 0. The three panels of Fig. 9 show c2, c4 and c6 in the case of strangeness neutrality (called

P2, P4 and P6 in Ref. [144]), while the three panels of Fig. 10 show χB
2 , χ

B
4 /χ

B
2 and χB

6 /χ
B
2 calculated at µS = µQ = 0.

Ref. [145] contains a first determination of c8, at two values of the temperature and Nt = 8. More recently, diagonal

and non-diagonal coefficients up to c8 have been calculated at Nt = 12 in Ref. [139] at µS = µQ = 0. The diagonal ones

are shown in Fig. 11.

Recently, the diagonal and off-diagonal coefficients from Ref. [139] have been used to construct a lattice-based equation

of state at finite µB, µS and µQ in Ref. [146] through the following Taylor expansion:

p(T , µB, µS, µQ )

T 4
=

∑

i,j,k

1

i!j!k!χ
BQS
ijk

(µB

T

)i (µS

T

)j (µQ

T

)k

, (57)

where

χ
BQS
ijk = ∂ i+j+k(p/T 4)

∂(
µB

T
)i∂(

µQ

T
)j∂(

µS

T
)k
. (58)

13



C. Ratti Progress in Particle and Nuclear Physics 129 (2023) 104007

Fig. 10. From Ref. [144]. Expansion coefficients of the pressure as functions of the temperature in the case of µS = µQ = 0. The broad gray bands

show the continuum extrapolation. The curves at low temperature show the HRG model calculations based on resonances listed by the Particle Data

Group. Notice that, for the ratios χB
4 /χ

B
2 and χB

6 /χ
B
2 , these ratios are flat in the ideal HRG model, independently of the particle spectrum considered

as input.

Fig. 11. From Ref. [139]. Expansion coefficients of the pressure as functions of the temperature at µS = µQ = 0, obtained at Nt = 12. χB
8 is plotted

in green to highlight that its determination is guided by a prior, that is linked to the χB
4 observable.

This equation of state is very useful as, even if strangeness is globally conserved in heavy-ion collisions, the fluid cells

in hydrodynamic simulations can have large local fluctuations that violate strangeness neutrality and electric charge

conservation. Similar results were obtained in Ref. [147].

4.6. Resumming Taylor expansions

Recently, the authors of Ref. [148] proposed a resummation of the Taylor series, which includes up to infinite powers

of µB/T . We will now see how this resummation is achieved. As we have seen above, the Taylor expansion of the excess

pressure to order O(µN
B ) can be written as

P(T , µB)

T 4
− P(T , 0)

T 4
=

N
∑

n=1

χB
n

n!
(µB

T

)n

, (59)
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Fig. 12. From Ref. [148]. Left: Contributions of different Dn to the χB
n . Each blob represents insertion of the 0-th component of the conserved current.

Solid red and dotted black lines represent exponentiated and cross terms, respectively. Right: comparison between Taylor and resummed excess

pressure (top panel) and net-baryon density (bottom panel).

with Taylor coefficients defined as

χB
n = 1

VT 3

∂n ln Z(T , µB)

∂(µB/T )n

⏐

⏐

⏐

⏐

µB=0

. (60)

In the above equation, Z denotes the partition function of QCD and V the spatial volume. As evident from Eq. (44), each
χB
n contains the expectation values of product of terms like

Dn = ∂n ln detM(T , µB)

∂(µB/T )n

⏐

⏐

⏐

⏐

µB=0

. (61)

In the continuum, Dn is the integrated n−point correlation function of the zeroth-component of the baryon current. Thus,
lattice computations of χB

n involve the calculation of all Dn and their powers.
It is not difficult to realize that, taking into account the factorials and the powers of µB/T , all contributions of each

Dn to the excess pressure can be resummed into exponential forms (see the left panel of Fig. 12). Using this method, it is
possible to write a resummed version of the equation of state

P(T , µB)

T 4
− P(T , 0)

T 4
= 1

VT 3
ln⟨exp

[

N
∑

n=1

Dn

n!
(µB

T

)n

]

⟩, (62)

which contains infinite orders in µB.
The right panels of Fig. 12 show a comparison between the Taylor expansion and its resummation for the excess

pressure (top panel) and the net-baryon density (bottom panel) as functions of µB for different values of the temperature.

4.7. A novel expansion scheme

4.7.1. Motivation

As we have seen in the above Sections, correlators between baryon number and strangeness, which will be needed in
the procedure described below, are defined as follows

χBS
jk (T , µB) =

(

∂

∂µB/T

)j (
∂

∂µS/T

)k
p(T , µB)

T 4
. (63)
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Fig. 13. From Ref. [19]. Left panel: The (imaginary) baryon density at simulated (imaginary) baryon chemical potentials, divided by the chemical

potential. The points at µB = 0 (black) show the second baryon susceptibility χB
2 (T ). Right panel: same curves as in the left panel, with a temperature

rescaled in accordance to Eq. (65) with κ = 0.0205.

They have phenomenological relevance [149] and can also be used to extrapolate the equation of state of QCD in the full,
four-dimensional phase diagram [146,147]. We will use the µ̂i = µi/T shorthand notation in the following.

As discussed above, higher order derivatives of the pressure are notoriously difficult to calculate, because they
suffer from a low signal-to-noise ratio due to large cancellations of different terms containing derivatives of the Dirac
operator [150].

In Ref. [139], it was pointed out that the linear µ2
B-dependence of the crossover temperature may explain the basic

structure of the higher order coefficients.
The complicated temperature-dependence of the higher order coefficients means that including one more term in

a truncated Taylor series will not always improve the convergence. Pathological behavior such as non-monotonicity
in the T - or µB-dependence, can actually appear in the extrapolated thermodynamic quantities at chemical potentials
beyond µB/T ∼ 2−2.5. This is due to the fact that, at large enough µB/T , the observables at finite chemical potential
are dominated by the µB = 0 temperature dependence of the last coefficient included in the expansion. Therefore, the
structures appearing in higher order coefficients around the QCD transition temperature are ‘‘translated’’ into the finite-µB

behavior of e.g., the entropy, baryon density, etc.
An alternative summation scheme was presented in Ref. [19], which can better cope with the fact that the QCD

transition temperature presents a µB-dependence. The starting point is an observation based on Fig. 13. In the left panel
of Fig. 13, temperature scans of the quantity nB(T )/µ̂B = χB

1 (T , µ̂B)/µ̂B for several fixed imaginary µB/T ratios are shown.

In the µB = 0 limit, this quantity equals χB
2 (T ).

In the right panel of Fig. 13, all the finite-µ̂B curves have been shifted in accordance to the following equation

χB
1 (T , µ̂B)

µ̂B

= χB
2 (T

′, 0) , (64)

where the actual temperature difference can be expressed through a µB-dependent rescaling factor that we write for
simplicity as

T ′ = T
(

1 + κµ̂2
B

)

. (65)

We note that the curves are very nicely superimposed to each other, even with the simple assumption of a single,
T -independent parameter κ = 0.0205.

A similar behavior is observed for other quantities too, such as the first and second order fluctuations of strangeness,
albeit with different κ parameters.

4.7.2. Formalism

At µB = 0, the normalized baryon density can be expressed as a Taylor expansion:

χB
1

µ̂B

(T , µ̂B) = χB
2 (T , 0) + µ̂2

B

6
χB
4 (T , 0) + µ̂4

B

120
χB
6 (T , 0) + · · · . (66)

Fig. 13 shows that the behavior of
χB
1
µ̂B

(T , µ̂B) at finite chemical potential closely resembles that of χB
2 (T , µ̂B), albeit

shifted/rescaled in temperature. As long as χB
1 /µ̂B is a monotonic function of T , the T ′(T , µ̂B) function can encode the

finite density physics. A systematic generalization of Eq. (65) reads:

T ′(T , µ̂B) = T
(

1 + κBB
2 (T )µ̂2

B + κBB
4 (T )µ̂4

B + O(µ̂6
B)

)

. (67)
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Fig. 14. From Ref. [19]. Results of the polynomial fits to κBB
2 and κBB

4 (left panel), κBS
2 (T ) and κBS

4 (T ) (central panel), and κSS
2 (T ) and κSS

4 (T ) (right

panel). The parameters κ
ij

2 are shown in blue, and the κ
ij

4 in red. The fitted quantities are shown by lighter blue and red points. The HRG points are

shown as green and orange dots.

In the above equation, we introduce the new parameters κBB
2 (T ) and κBB

4 (T ), which describe the shift/rescaling of the

temperature of χB
1 /µ̂B at finite µB. This formalism replaces the fixed temperature µB expansion by a fixed-observable

(density) temperature expansion.
We now have two expressions, Eqs. (66) and (64), for the same quantity. We require them to be equal at each order

in the µ̂B expansion at µB = 0. We thus get:

χB
4 (T ) = 6TκBB

2 (T )
dχ2

dT
, (68)

χB
6 (T ) = 60T 2(κBB

2 )2(T )
d2χ2

dT 2
+ 120TκBB

4 (T )
dχ2

dT
,

which in turn yields:

κBB
2 (T ) = 1

6T

χB
4 (T )

χB
2

′
(T )

, (69)

κBB
4 (T ) = 1

360χB
2

′
(T )

3

(

3χB
2

′
(T )

2
χB
6 (T ) − 5χB

2

′′
(T )χB

4 (T )
2
)

.

A similar treatment can be applied to the other observables.

4.7.3. Lattice determination of the expansion coefficients

The lattice action and the parameters used for this simulation are described in Ref. [150]. The gauge sector of the action
benefits from tree-level Symanzik improvement, while quarks are treated in the staggered formalism with four levels of
stout smearing. The up and down quarks are degenerate, and their mass is the physical one, as is the strange quark mass.
Results are continuum extrapolated.
κBB
2 (T ) was calculated using Eq. (69). To determine κBB

4 (T ), imaginary chemical potential simulations were used as
follows. Simulations at imaginary values of the baryon chemical potential:

µ̂B = i
nπ

8
, n ∈ {3, 4, 5, 6} (70)

were performed, with µ̂Q = µ̂S = 0.
The simulated temperatures were in the range T = 135–245 MeV. For each temperature T and chemical potential µ̂B,

the temperature T ′ for which Eq. (66) holds was determined. This led to the definition of a function T ′(T , µ̂B). Rearranging
the terms in Eq (67), one can write:

Π (T , µ̂B) = κ
ij

2 (T
′) + κ

ij

4 (T
′)µ̂2

B + κ
ij

6 (T
′)µ̂4

B + · · · (71)

where the proxy quantity

Π (T , µ̂B) = T ′(T , µ̂B) − T

T ′(T , µ̂B)µ̂
2
B

. (72)

was introduced. This proxy can be determined using lattice simulations. After determining Π (T , µ̂B) for several imaginary
chemical potentials and several lattice spacings, and each given temperature, the expansion coefficients can be obtained
by performing a polynomial fit in µ̂2

B.
In the left panel of Fig. 14, the lighter points show the results of the temperature-by-temperature fit procedure for

κBB
2 (T ) and κBB

4 (T ). The corresponding expectations from the HRG model are shown at low temperatures. It turns out that,

within errors, κBB
2 (T ) has hardly any dependence on the temperature, while κBB

4 (T ) is everywhere consistent with zero at
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Fig. 15. From Ref. [19]. Continuum extrapolated χB
2 (T ) and TdχB

2 (T )/dT functions from Nτ = 10, 12 and 16 lattices at µB = 0. Together with κBB
n (T )

these functions enter the thermodynamic analysis.

our current level of precision. The central and right panels of Fig. 14 show results for κBS
2 , κBS

4 and κSS
2 , κSS

4 respectively,

together with their HRG prediction. A smoother version for the final results for κ
ij

2 and κ
ij

4 was constructed through a
polynomial fit, in order to limit the influence of numerical effects on the final observables, but also to facilitate the
temperature derivatives that enter the entropy formula. Fig. 14 shows the results of the fits in darker color.

A continuum result for the basic quantity χB
2 (T , 0) is required, in addition to κBB

2 (T ) and κBB
4 (T ), in order to extract

the thermodynamic quantities at finite chemical potential. For some observables, the temperature derivative of χB
2 (T ) is

needed as well. The results for TdχB
2 (T , 0)/dT and χB

2 (T , 0) are shown in Fig. 15.

4.7.4. Thermodynamics at real chemical potential

Once nB is determined, the other thermodynamic quantities can be extracted making use of thermodynamic relation-
ships. Dimensionless thermodynamic quantities, which correspond to the physical ones divided by suitable powers of the
temperature, will be used. E.g., the dimensionful baryon density is nB = T 3n̂B.

From the baryon density n̂B(µ̂B, T ), the pressure is obtained through simple integration:

p(µB, T )

T 4
= p̂(µ̂B, T ) = p̂(0, T ) +

∫ µ̂B

0

dµ̂′
B n̂B(µ̂

′
B, T ) . (73)

The integration constant is taken as the pressure itself at µB = 0.
The entropy density can be obtained as:

s(µB, T ) = ∂p(µB, T )

∂T

⏐

⏐

⏐

⏐

µ

. (74)

For dimensionless quantities:

ŝ(µ̂B, T ) = 4 p̂(µ̂B, T ) + T
∂ p̂(µ̂B, T )

∂T

⏐

⏐

⏐

⏐

µ

= 4 p̂(µ̂B, T ) + T
∂ p̂(µ̂B, T )

∂T

⏐

⏐

⏐

⏐

µ̂

− µ̂Bn̂B(µ̂B, T ). (75)

In the last step, the derivative at constant µB was converted into a derivative at constant µ̂B.
The T -derivative of the pressure involves the chain rule

T
∂ p̂(µ̂B, T )

∂T

⏐

⏐

⏐

⏐

µ̂

= T
∂ p̂(0, T )

∂T

⏐

⏐

⏐

⏐

µ̂

+ 1

2

∫ µ̂2
B

0

T
dχB

2 (T
′)

dT ′

⏐

⏐

⏐

⏐

T ′=T

(

1+κBB
2

y+κBB
4

y2
)

×
[

1 + κBB
2 y + κBB

4 y2 + T

(

dκBB
2

dT
y + dκBB

4

dT
y2

)]

dy

where
dχB

2
(T )

dT
has been calculated at µB = 0 as described.

The dimensionless expression for the energy density ϵ̂ = ϵ/T 4 then follows:

ϵ̂(µ̂B, T ) = ŝ(µ̂B, T ) − p̂(µ̂B, T ) + µ̂Bn̂B(µ̂B, T ). (76)

The various panels of Fig. 16 show results for the baryon density, pressure, entropy, energy density, strangeness density
and χ S

2 as functions of the temperature, for µ̂B = 0−3.5. In all cases, it is evident that the observables do not suffer from
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Fig. 16. From Ref. [19]. Baryon density, pressure, entropy, energy density, strangeness density and χ S
2 at different values of µ̂B . The solid lines show

the results from the HRG model.

pathological behavior. The two panels of Fig. 17 show the comparison of the baryon density (left) and energy density

(right) to the case where κBB
4 is neglected. The inclusion of the next-to-leading-order parameter leads to an increased

uncertainty at larger chemical potential, but does not change the value of the observable. This is an indication of the

improved convergence properties of this expansion scheme, compared to the Taylor series. Recently, this equation of

state was extended to the strangeness-neutral case, and even to finite strangeness, in Ref. [151].

To conclude this section it is important to point out that the method proposed in Ref. [19] is an expansion, which can

be considered a resummation of the Taylor series. It is based on results obtained at zero and negative µ2
B, extrapolated to

real values of µB. For this reason, exactly like a Taylor series, it will break down in the vicinity of a critical point.
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Fig. 17. From Ref. [19]. Comparison, for baryon density (left) and energy density (right) at different values of µ̂B , between the case where a κBB
4

parameter is used (darker shades) or omitted (lighter shades). The solid lines at low temperature are the HRG model results.

4.8. Other observables at finite chemical potential

While this review is about the equation of state of QCD, it is worth mentioning that significant progress has been
achieved in lattice QCD simulations of other fundamental quantities at finite density. The transition line of QCD, namely
the change of the transition temperature with the baryonic chemical potential, has been thoroughly studied by several
groups [152–171], including constraints on the location of the critical point. Fluctuations of conserved charges have also
been investigated [172–177]. They are typically either compared to experimental observables in order to extract the
chemical freeze-out parameters as a function of the collision energy [178–186], or they are used to constrain the spectrum
and the interaction to be included in the HRG [187–203] or other phenomenological models.

5. Other approaches at high chemical potential

Several alternative methods have been developed in the literature, in order to expand the above results to larger
chemical potential or to study the critical point effects explicitly. I will briefly review a few recent ones here, focusing on
the ones that calculated the equation of state of QCD at large µB.

5.1. Dyson–Schwinger equation

Dyson–Schwinger equations (DSE) and the functional renormalization group (FRG) provide an alternative approach to
study QCD at finite density. However, this approach typically relies on approximations that are less controlled than the
lattice QCD ones. A way of controlling these approximations is by imposing constraints derived from symmetries, and
by reproducing lattice QCD results when available. In this approach, the gluon degrees of freedom, which are usually
integrated out in the other effective models such as Nambu Jona-Lasinio, Polyakov-loop-extended Nambu Jona-Lasinio or
Quark Meson model, are instead directly accessible. For a recent review of Dyson–Schwinger results see Ref. [204].

Several results for QCD thermodynamics and susceptibilities are available from different groups, using different
truncation schemes. For example, the authors of Ref. [205] calculated the normalized pressure and trace anomaly both at
zero and finite quark chemical potential. In Ref. [206], the thermodynamics of QCD has been studied at chemical potentials
larger than the critical point one, to study the behavior in the presence of a first order phase transition. Quark number
susceptibilities have been studied in Ref. [207]. More recently, the authors of Ref. [208] presented a method to compute
thermodynamic quantities, within functional continuum frameworks, that is independent of the employed truncation.
Fig. 18 shows the scaled entropy density, pressure and energy density obtained in this method.

FRG approaches have been used to enhance more phenomenological models beyond mean field. Several thermody-
namic quantities have been explored in this case see e.g. Refs. [209–214].

5.2. Equation of state in the black hole engineering approach

Among the approaches to extend QCD to higher baryon densities, black hole engineering [215,216] has been very
successful. It is based on the holographic correspondence [217], a well-known tool developed in string theory, and it is
the only model that fulfills the following conditions: it reproduces the thermodynamics of QCD in the crossover region
at zero and small baryon density, and the perfect fluidity behavior observed in heavy-ion collisions.
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Fig. 18. From Ref. [208]. Scaled entropy density (left), pressure (center) and energy density (right) obtained from a Dyson–Schwinger approach. The

lattice results are from Refs. [48,50].

Fig. 19. From Ref. [246]. Left: scaled entropy in the (T , µB) plane determined from black hole engineering. Right: scaled baryonic density in the

(T , µB) plane.

In Ref. [218], a realistic black hole engineering model was constructed, and it was shown to reproduce the QCD
thermodynamic Taylor coefficients displayed in Section 4.5 up to χB

8 . This construction mainly differs from the earlier
developments of [215,219,220] by the fact that old lattice data were used in those previous holographic works to fix
the free parameters of the model. Some previous holographic approaches focusing on qualitative aspects of the strongly
coupled QGP can be seen e.g. in Refs. [221–245].

Ref. [218] makes use of state-of-the-art lattice QCD results at µB = 0 as first principles inputs from QCD to fix the free
parameters of the EMD model. In this configuration, the model predicts the existence of a critical point on the QCD phase
diagram at T = 89 MeV and µB = 724 MeV, corresponding to a collision energy

√
s = 2.5 − 4.1 GeV. The equation of

state of the model, for a large coverage of temperature and chemical potential, has been obtained in Ref. [246]. Entropy
and baryon density as functions of temperature and chemical potential are shown in Fig. 19.

5.3. Lattice-based approach with a 3D-Ising model critical point

The QCD critical point, if it exists, should be in the 3D-Ising model universality class [163,247–250]. Ref. [251] made
use of this information to construct a family of Equations of State for QCD, which match results from lattice simulations
up to order µ4

B, and exhibit the correct scaling behavior in the vicinity of the critical point. This approach contains four
free parameters, including the location of the critical point and the strength of the critical region, that can be chosen by
the user to test the critical point effect.

The construction of this family of equations of state follows the procedure detailed below:

• a non-universal mapping is postulated, between the Ising model phase diagram in the variables r = (T − Tc)/Tc
(reduced temperature) and h (magnetic field), and the QCD phase diagram in the variables T and µB

T − TC

TC
= w(rρ sinα1 + h sinα2)

µB − µBC

TC
= w(−rρ cosα1 − h cosα2), (77)
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Fig. 20. From Ref. [251]. Map from Ising variables (r, h) to QCD coordinates (T , µB) used in this approach.

Fig. 21. From Ref. [251]. Entropy density (left) and baryonic density (right) as functions of the temperature and chemical potential. The red dot

marks the position of the critical point. Both quantities exhibit a discontinuity for µB > µBC , as expected.

where TC and µBC are the temperature and chemical potential of the critical point, α1 and α2 are the angles that the

r and h axes form with the T =const. lines, and (w, ρ) are scale factors for the variables r and h (see Fig. 20);

• the assumption is made, that the lattice QCD Taylor expansion coefficients discussed in Section 4.5 receive an ‘‘Ising’’

contribution coming from the critical point of QCD, and a non-Ising contribution, which contains the regular part as

well as any other possible criticality present in the region of interest, but not related to the critical point:

T 4cLATn (T ) = T 4cNon−Ising
n (T ) + T 4

C c
Ising
n (T ). (78)

Thus, the family of Equations of State extracted with this prescription reproduces the lattice QCD results for the

pressure and its Taylor coefficients up to the desired order by construction. The full pressure is then reconstructed

as

P(T , µB) = T 4
∑

n

c
Non−Ising

2n (T )
(µB

T

)2n

+ P
QCD
crit (T , µB). (79)

The entropy density (left) and the baryonic density (right), obtained in this approach for one specific parameter choice,

are shown in Fig. 21. For a version of this equation of state that matches the phenomenological conditions of strangeness

neutrality and electric charge conservation, see Ref. [252].

6. QCD at finite isospin chemical potential

Numerical simulations of QCD at finite isospin chemical potential are not affected by the sign problem and can therefore

be performed using Monte Carlo techniques. The fermionic part of the Euclidean QCD Lagrangian is modified as follows
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Fig. 22. From Ref. [253]. Pion condensate (left) and quark condensate (right) as functions of temperature and isospin chemical potential.

when we introduce a finite µI :

Sud = ψ̄Mudψ

Mud = γ µ(∂µ + iGµ)1 + mud1 + µIγ4τ3 + iλγ5τ2, (80)

where Gµ is the gluon field and τa the Pauli matrices. The term proportional to λ is needed in a finite volume to trigger
the spontaneous breaking of the Uτ3 (1) symmetry due to the chemical potential. This is an explicit symmetry breaking
term that couples to the charged pion field. Results are then extrapolated to λ → 0.

The lattice QCD partition function can be written as

Z =
∫

[DU]e−βSG (detMud)
1/4(detMs)

1/4, (81)

where

Mud =
(

D/(µI ) + mud λη5
−λη5 D/(−µI ) + mud

)

(82)

where η5 = (−1)mx+my+mz+mt and the mi are the lattice site coordinates. It is evident that the isospin chemical potential
is introduced on the lattice by multiplying the forward and backward timelike links by eaµI and e−aµI , respectively.

The staggered fermion equivalent of chiral symmetry implies that

D/(µI )η5 + η5D/(µI ) = 0 (83)

holds. The following condition is satisfied by the Dirac operator

η5D/(µI )η5 = D/(µI )
². (84)

Therefore, the light fermion determinant obeys

τ1η5Mudη5τ1 = M
²

ud. (85)

Taking the determinant of both sides shows that det(Mud) is real. It is also positive, because if we consider

M ′
ud = BMudB =

(

D/(µI ) + mud λ

−λ [D/(µI ) + mud]²
)

(86)

where B =diag(1, η5), since det B = 1 we get

detMud = det[(D/(µI ) + mud) (D/(µI ) + mud)
² + λ2] > 0. (87)

Therefore, lattice QCD simulations based on importance sampling techniques can be performed at finite isospin chemical
potential. Several results have been obtained in the literature. In Ref. [253], a system of Nf = 2+1 on 243 ×6 lattices has
been considered, and the chiral condensate and the pion condensate have been simulated as functions of temperature
and µI . The two panels of Fig. 22 show the corresponding results.

The left panel of Fig. 23 shows the corresponding phase diagram. A triple point is found at (TC , µIC ) = (151(7), 70(5))
MeV. This is consistent with expectations from the NJL model [254–258].

The right panel of Fig. 23 shows the contours of constant renormalized Polyakov loop. Since this observable does
not show a pronounced inflection point as a function of the temperature, these curves capture the dependence of
deconfinement on the isospin chemical potential: e.g. the contour for which the Polyakov loop is 1 can be chosen to
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Fig. 23. From Ref. [253]. Left: phase diagram of QCD in the (T , µI ) plane. The blue band is the chiral crossover transition temperature, while the

green line is the boundary of the pion condensation phase. The triple point is marked by a yellow dot. Right: the colored bands indicate contour

lines of constant renormalized Polyakov loop.

Fig. 24. From Ref. [259]. Thermodynamic quantities as functions of the isospin chemical potentials for different values of the temperature. The dark

gray band corresponds to T = 0 (from Ref. [260]).

identify a transition temperature for deconfinement. It is interesting to notice that, contrary to the chiral phase transition

line shown in the left panel of Fig. 23, these contour lines are insensitive to the pion condensation phase.

The equation of state of QCD at finite isospin chemical potential has been studied in Ref. [259]. Results for several

quantities as functions of the isospin chemical potential are shown in Fig. 24 at different temperature values. The T = 0

curve shows the characteristic features of a first-order phase transition at µI/mπ = 0.5.
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7. Conclusions

In this manuscript I reviewed the state of the art of the QCD equation of state from lattice simulations at zero and
finite chemical potential. The traditional Taylor expansion and imaginary chemical potential simulation methods have
been described, with their limitations in the range of applicability in µB/T . I also described a novel expansion scheme,
which allows to almost double the coverage in chemical potential, and which shows improved convergence properties.
The last part of this review is devoted to a few alternative methods, which are used to extend the lattice QCD results
to the regions of the phase diagram that lattice simulations cannot cover yet. Continuous progress in the study of the
equation of state has led to high precision results that can be used in phenomenological applications.

The equation of state is a crucial set of observables to describe many physical phenomena. For example, it is used as
input in hydrodynamic simulations of heavy-ion collisions. With the advent of the second beam energy scan data from
RHIC, it is crucial to have an equation of state that covers the whole range of T and µB covered in experiments, and
that allows phenomenologists to investigate the effect of a critical point/first order phase transition on actual data. The
equations of state from first principles presented here need to be extended to larger chemical potentials. The same is true
for the EoS with Ising model critical point, which right now is limited in its µB range by the lattice Taylor expansion. A
combination of Ising model properties and new expansion schemes might allow us to push the study of critical effect to
larger chemical potentials. Direct simulations at finite real µB are also starting to appear on coarse lattices [261]. These
results are very promising: a realistic equation of state might become available soon.

The advent of gravitational wave signals from neutron star mergers opens up new exciting possibilities to constrain the
equation of state at large densities. The shape of the gravitational wave signal is sensitive to the degrees of freedom in the
core of neutron stars. In particular, a first-order phase transition to quark matter leaves a different imprint, compared to
a smooth crossover. The next generation of gravitational wave observatories might have enough resolution to distinguish
between the two.
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Appendix

The differential method was first proposed in Ref. [262]. Soon afterwards, it was noticed in Ref. [263] that it can lead
to a negative pressure near the critical temperature. Ref. [264] presented a proposal to improve the method. For more
details see [265]. Both derivatives with respect to T and V are needed to calculate the thermodynamic quantities. In order
to distinguish between them, the theory is defined on a (3 + 1)-dimensional anisotropic lattice, having different lattice
spacings in the spatial (as) and temporal (at ) directions. One then usually replaces the variables {T , V } by the anisotropy
parameter ξ and a scale a, as follows

ξ = as

at
, a = as. (88)

One can then re-express the partial derivatives with respect to T and V in terms of the new variables ξ and a, at fixed Ns

and Nt :

T
∂

∂T

⏐

⏐

⏐

⏐

V

= ξ
∂

∂ξ

⏐

⏐

⏐

⏐

a

and 3V
∂

∂V

⏐

⏐

⏐

⏐

T

= a
∂

∂a

⏐

⏐

⏐

⏐

ξ

+ ξ
∂

∂ξ

⏐

⏐

⏐

⏐

a

. (89)

The pure gauge action in an isotropic, four-dimensional hypercube can be written as

SG =
∑

xµν

1

g2a4
tr

{

1 − ℜUµν,x
}

. (90)

In the above equation and in the rest of the manuscript, the symbol ℜ indicates ‘‘the real part’’. Now we need to modify this
expression, to take into account the two different lattice spacings in the spatial and temporal directions. In the equation
above, we have

Uµν,x = U²
νµ,x = Ux,x+aµ̂Ux+aµ̂,x+aµ̂+aν̂Ux+aµ̂+aν̂,x+aν̂Ux+aν̂,x. (91)

We define Pµν(x) = 1− ℜtrUµν,x

Nc
, and we introduce the following notation for the average spatial and temporal plaquettes

Ps =
3

∑

x,j>i,i,j=1

Pij(x)

3N3
s Nt

, Pt =
3

∑

x,i=1

P0i(x)

3N3
s Nt

. (92)
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The Wilson action in this case can be written as

SG[U] = 6NcN
3
s Nt [κsPs + κtPt ] (93)

with

κs = 1

ξg2
s

and κt = ξ

g2
t

(94)

where gs and gt are the gauge couplings along the spatial and temporal directions, respectively. Using these definitions,
we obtain

ϵ = T 2

V

∂ ln Z

∂T
= T

V
ξ
∂ ln Z

∂ξ
= − T

V

ξ
∫

DU
∂SG[U]
∂ξ

e−SG[U]

Z
. (95)

We can then re-write

ϵ = ξ 2

NtN3
s a

4

∫

DU

(

− ∂SG[U]
∂ξ

)

e−SG[U]

Z
= −ξ

26NcN
3
s Nt

N3
s Nta4

[

∂κs

∂ξ
⟨Ps⟩ + ∂κt

∂ξ
⟨Pt⟩

]

= − ξ
26Nc

a4

[

∂κs

∂ξ
⟨Ps⟩ + ∂κt

∂ξ
⟨Pt⟩

]

, (96)

where we used the following identity

∂SG[U]
∂ξ

=
[

∂κs

∂ξ
Ps + ∂κt

∂ξ
Pt

]

6NcN
3
s Nt , (97)

and the fact that

T = ξ

Nta
, V = N3

s a
3. (98)

The energy density above contains a vacuum contribution that can be eliminated by subtracting ϵ(T = 0). This contribution
is similar to the zero-point energy of the continuum theory. We can approximate it by calculating ϵ on the symmetric N4

s

lattice at sufficiently large Ns; we thus get

a4ϵ = −6Ncξ
2

[

∂κs

ξ
Ds + ∂κt

∂ξ
Dt

]

(99)

where Di = ⟨Pi⟩ − ⟨P0⟩ and ⟨P0⟩ is the average plaquette at T = 0.
Analogously, we have

p = T
∂ ln Z

∂V
= T

3V

[

a
∂ ln Z

∂a
+ ξ

∂ ln Z

∂ξ

]

= −
T
3V

a

[

∫

DU
∂SG[U]
∂a

e−SG[U]
]

Z
−

T
3V
ξ

[

∫

DU
∂SG[U]
∂ξ

e−SG[U]
]

Z
. (100)

We now use the identities

∂SG[U]
∂a

= 6NcN
3
s Nt

[

∂κs

∂a
Ps + ∂κt

∂a
Pt

]

∂SG[U]
∂ξ

= 6NcN
3
s Nt

[

∂κs

∂ξ
Ps + ∂κt

∂ξ
Pt

]

. (101)

and subtracting the zero-point pressure we get

a4p = −2Ncξ
2

[

∂κs

∂ξ
Ds + ∂κt

∂ξ
Dt

]

− 2Ncξa

[

∂κs

∂a
Ds + ∂κt

∂a
Dt

]

. (102)

We also calculate the quantity I = ϵ − 3p, the so-called interaction measure or ‘‘trace anomaly’’. This name follows from
the fact that it is generated by the breaking of the conformal invariance of QCD at the quantum level. For the trace anomaly
we get

a4∆I = 6Ncξa

[

∂κs

∂a
Ds + ∂κt

∂a
Dt

]

. (103)

These expressions involve derivatives of the couplings gs and gt with respect to a and ξ . We can expand the two g−2
i

around their symmetric lattice value g−2(a) in the weak coupling limit [266] (ξ = 1 in the following)

g−2
i (a, ξ ) = g2 (a) + ci(ξ ) + O(g2(a)) (104)
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with the condition ci(ξ = 1) = 0. We thus need to know

b(a) = a
∂g−2(a)

∂a
. (105)

Using the definition of the β−function calculated in perturbative QCD at one loop,

B(αs) = µ

2

∂αs

∂µ
= −33 − 2Nf

12π
α2
s + · · · αs = g2

4π
(106)

we get b(a) = B(αs)

2πα2s
because

2B(αs) = a
∂αs

∂a
= a

∂αs

∂g−2

∂g−2

∂a
(107)

from which we get

a
∂κs

∂a
= a

ξ

∂g−2
s

∂a
= B

2πα2
s ξ

∂κs

∂ξ
= −g−2

s

ξ 2
+ 1

ξ

∂cs

∂ξ

a
∂κt

∂a
= aξ

∂g−2
t

∂a
= ξB

2πα2
s

∂κt

∂ξ
= −g−2

t + ξ
∂ct

∂ξ
. (108)

Putting everything together, in the ξ → 1 limit we find

ϵ

T 4
= 2

NcN
3
t

N3
s

[

Ds − Dt

g2
−

(

∂cs

∂ξ
Ds + ∂ct

∂ξ
Dt

)]

p

T 4
= 2

3

NcN
3
t

N3
s

[

Ds − Dt

g2
−

(

∂cs

∂ξ
Ds + ∂ct

∂ξ
Dt

)]

− 2

3

NcN
3
t

N3
s

B

2πα2
s

[Ds + Dt ]

∆I

T 4
= 2

NcN
3
t

N3
s

B

2πα2
s

[Ds + Dt ] . (109)

It was suggested in the literature, that the fact that the pressure turns negative near the transition temperature is due
to the use of perturbative formulas for the derivatives of the coupling. To cure this problem, the integral method was
introduced in Refs. [267–269].
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