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Using Bayesian inference, we determine probabilistic constraints on the parameters describing the
fluctuating structure of protons at high energy. We employ the color glass condensate framework
supplemented with a model for the spatial structure of the proton, along with experimental data
from the ZEUS and H1 Collaborations on coherent and incoherent di↵ractive J/ production in
e+p collisions at HERA. This data is found to constrain most model parameters well. This work
sets the stage for future global analyses, including experimental data from e+p, p+p, and p+A
collisions, to constrain the fluctuating structure of nucleons along with properties of the final state.

I. INTRODUCTION

Extracting the multi-dimensional structure of protons
and nuclei is one of the main goals of future Deep Inelas-
tic Scattering (DIS) facilities such as the Electron-Ion
Collider [1, 2], LHeC/FC-he [3] and EicC [4]. Exclu-
sive processes like J/ production are especially power-
ful probes of the hadron structure at a small longitu-
dinal momentum fraction x for two reasons. First, the
exclusive nature of the process requires at lowest order
at least two gluons to be exchanged with the target, ren-
dering the cross section approximately proportional to
the squared gluon distribution [5]. Additionally, only
in exclusive processes is it possible to measure the to-
tal momentum transfer, which is Fourier conjugate to
the impact parameter and thereby provides access to the
transverse geometry.

Understanding the proton structure, including its
event-by-event fluctuations [6], is of fundamental inter-
est. Additionally, knowledge of the spatial structure of
the colliding objects in hadronic and heavy-ion collisions
is required in order to construct realistic initial condi-
tions that can be coupled to relativistic hydrodynamic
simulations to describe the space-time evolution of the
produced Quark-Gluon Plasma (QGP). Besides heavy-
ion collisions, collective phenomena that can be inter-
preted as signatures of QGP production have been seen
in small systems such as proton/deuteron/3He - nucleus
[7–11], proton-proton [12], and even photon-nucleus colli-
sions [13], see [14–19] for reviews. In such small collision
systems with a proton projectile, the detailed fluctuation
spectrum of the proton geometry is particularly impor-
tant to determine if QGP is indeed produced.

It is possible to constrain the proton structure from
hadronic collisions by performing a statistical analy-
sis to extract both the transport coe�cients describing
the matter produced in proton-lead collisions (see e.g.
Refs. [20–26]), as well as the proton’s fluctuating geome-
try, by comparing with the LHC data as in Ref. [27]. An-
other approach, which we take in this work, is to use ex-

clusive DIS data from HERA, especially exclusive vector
meson production [28–32], as a complementary input to
constrain the proton shape fluctuations, as initially sug-
gested in Ref. [33]. In the future, the Electron-Ion Col-
lider will provide a vast amount of precise vector meson
production data with proton and nuclear targets that will
provide further constraints on e.g. momentum fraction xP
and the nuclear mass number A dependence. Addition-
ally, Ultra Peripheral Collisions [34, 35] at RHIC [36] and
at the LHC [37–42] provide access to very high energy
photoproduction processes and to e↵ects of a nuclear en-
vironment on nucleon substructure fluctuations at high
energy [43, 44].
In this work, we go beyond previous studies [33, 45],

where model parameters were constrained “by eye”, and
perform a Bayesian analysis to extract in a statistically
rigorous manner the non-perturbative parameter values
allowed by the HERA data, and construct initial condi-
tions for hadronic collisions that are compatible with the
experimental DIS data.
This paper is organized as follows. In Section II we

review the calculation of coherent and incoherent exclu-
sive vector meson production in the dipole picture and
discuss the various aspects of our model for the proton
target. In Section III we explain the procedure for our
Bayesian analysis. We present results in Section IV and
conclude in Section V.

II. VECTOR MESON PRODUCTION AT HIGH
ENERGY

In this work we calculate vector meson production in
a framework similar to the one used in Refs. [33, 45] (see
also Refs. [46–50]), and for completeness briefly review
the calculation in this section.
At high energies, DIS processes can be conveniently

described in the dipole picture in the rest frame of the
target proton, and interaction with the target color field
is described in the Color Glass Condensate (CGC) frame-
work [51–54]. In the proton rest frame, the lifetime of a
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fluctuation of the incoming virtual photon into a quark-
antiquark dipole is much longer than the characteristic
timescale of the dipole-target interaction. Consequently,
the scattering amplitude can be factorized into a convolu-
tion of photon and vector meson wave functions and the
dipole-target interaction. The scattering amplitude for
exclusive vector meson V production can then be writ-
ten as [55, 56]

A�⇤+p!V+p = 2i

Z
d2r? d2b?

dz

4⇡
e�i[b?�( 1

2�z)r?]·�?

⇥ [ ⇤
V � ](Q

2, r?, z)N⌦(r?,b?, xP). (1)

Here r? is the transverse size of the qq̄ dipole, b? is the
impact parameter measured relative to the proton center,
and Q2 is the photon virtuality. The fraction of the large
photon plus momentum carried by the quark is given by
z, and �? is the transverse momentum transfer. Note
that at high energies we can employ the eikonal approxi-
mation and assume that the quark transverse coordinates
are fixed during the propagation through the target color
field.

The �⇤ ! qq̄ splitting is described by the virtual pho-
ton light front wave function  � , which can be com-
puted from QED [51]. The vector meson wave function is
non-perturbative, and in this work, we use the so-called
Boosted Gaussian parametrization from [55], where the
model parameters are constrained by experimental data
on the vector meson decay width. We note that there are
multiple vector meson wave functions proposed in the lit-
erature (see e.g. Refs. [57–59]). Di↵erent wave functions
mostly a↵ect the overall normalization of the J/ produc-
tion cross section, and have a much smaller e↵ect on the
|t| spectra, which we are most interested here [43, 55, 57].
Consequently, our results will depend only weakly on the
specific wave function choice (except for the parameter
controlling the overall proton density).

Equation (1) is a leading order result for the vector me-
son production in the CGC framework (note that mul-
tiple scattering e↵ects are resummed in the dipole am-
plitude N⌦). Currently, there is rapid progress in the
field toward next-to-leading order (NLO) accuracy. In
particular, the cross section for the production of light
mesons [60] and longitudinally polarized heavy vector
mesons are now available [61] at next-to-leading order, as
well as the virtual photon light front wave function [62–
67] and small-x evolution equations [68–77] (see also
Ref. [78] where dijet production is studied at next-to-
leading order). However, the NLO calculations are not
yet at the level where they can be consistently used in
phenomenological applications (in particular the cross
section for transversely polarized heavy vector meson
production is still missing). As the purpose of this work
is to demonstrate the potential of Bayesian analyses to
systematically extract non-perturbative parameters de-
scribing the proton event-by-event fluctuating structure,
we do not expect the NLO contributions to have a large
e↵ect on the results we obtain using our leading order
setup.

The coherent cross section, corresponding to the pro-
cess where the target proton remains in the same quan-
tum state, can be obtained by averaging over the target
color charge configurations ⌦ at the amplitude level [79]:

d��⇤+p!V+p

d|t| =
1

16⇡

���
D
A�⇤+p!V+p

E

⌦

���
2

(2)

Subtracting the coherent contribution from the total
di↵ractive vector meson production cross section we ob-
tain the cross section for incoherent vector meson pro-
duction, in which case the final state of the target is dif-
ferent from the initial state [6, 80, 81]. Experimentally,
this corresponds to processes where the target proton
(or nucleus) dissociates, but the rapidity gap between
the produced vector meson and the target remnants re-
mains. The incoherent cross section can then be written
as a variance

d��⇤+p!V+p⇤

d|t| =
1

16⇡

⌧���A�⇤+p!V+p
���
2
�

⌦

�
���
D
A�⇤+p!V+p

E

⌦

���
2
�
. (3)

Dependence on the small-x structure of the target pro-
ton is included in the dipole amplitude N⌦(r?,b?, xP),
which, for a given target color charge configuration ⌦,
can be written as

N⌦(r?,b?, xP) = 1� 1

Nc
tr
h
V
⇣
b? +

r?
2

⌘
V †

⇣
b? � r?

2

⌘i
.

(4)
Here V (x?) represents a Wilson line, which describes
the color rotation of a quark state when it propagates
through the target field (given the target color field con-
figuration ⌦) at transverse coordinate x?. We suppressed
the dependence of V on

xP ⇡ M2
V +Q2

W 2 +Q2
, (5)

which is the fraction of the target longitudinal momen-
tum transferred to the meson with mass MV in the frame
where the target has a large momentum. We neglect the
t dependence of xP in this work. The photon-proton
center-of-mass energy is denoted by W .
The Wilson lines are obtained in the same way as done

in the IP-Glasma calculation [82] used e.g. in Refs. [33,
45, 83–86]. The color charges ⇢a are first determined
using the McLerran-Venugopalan [87] model, assuming
that color charges are local Gaussian random variables
with expectation value zero and variance

g2
⌦
⇢a(x�,x?)⇢

b(y�,y?)
↵
= g4�A(x

�)�ab

⇥ �(2)(x? � y?)�(x
� � y�) . (6)

Here the color charge density is µ2 =
R
dx� �A(x�),

and it is related to the local saturation scale Qs(x?) de-
termined from the IPsat parametrization [88] fitted to
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HERA data [89, 90]. In our Bayesian analysis, the ratio

Qs(x?)

g2µ
, (7)

is a free parameter, controlling the overall proton density
(see also Ref. [91] for a detailed study of this ratio). The
Wilson lines V (x?) can be obtained by solving the Yang-
Mills equations, and the result reads

V (x?) = P�

⇢
exp

✓
�ig

Z 1

�1
dz�

⇢a(x�,x?)ta

r2 �m2

◆�
,

(8)
where P� represents path ordering in the x� direction.
Here, we introduced the infrared regulator m, which is
needed to avoid the emergence of unphysical Coulomb
tails, and will be another free parameter in the Bayesian
analysis.

In the IPsat parametrization the saturation scale
Q2

s(b?) is directly proportional to the local density
Tp(b?). We introduce an event-by-event fluctuating den-
sity by writing the density profile following Refs. [33, 45]
as:

Tp(b?) =
1

Nq

NqX

i=1

piTq(b? � b?,i), (9)

where

Tq(b?) =
1

2⇡Bq
e�b2

?/(2Bq) , (10)

and the coe�cient pi allows for di↵erent normalizations
for individual hot spots, to be discussed below. Our pre-
scription corresponds to having Nq hot spots with hot
spot width Bq (note that the hot spot transverse root
mean square (RMS) radius in

p
2Bq). The hot spot po-

sitions b?,i are sampled from a two-dimensional Gaus-
sian distribution whose width is denoted by Bqc, and the
center-of-mass is shifted to the origin in the end.

As discussed in Ref. [92, 93], repulsive short-range cor-
relations between the hot spots may explain the hollow-
ness e↵ect [94–97] and negative correlation between the
v2 and v3 flow harmonics observed in highest multiplic-
ity proton-proton collisions [98, 99]. In order to study
if exclusive vector meson production in DIS can be used
to probe such repulsive correlations, we also introduce
an additional model parameter dq,Min which controls the
minimum three-dimensional distance required between
any two hot spots.1 We checked that for a large num-
ber of hot spots Nq = 10 in a typical nucleon of size
Bqc = 4.2 GeV�2, the model parameter dq,Min remains
e↵ective more than 90% for dq,Min  0.4 fm, meaning

1 To implement the minimal distance we follow [100], first sampling
3D distributions and if necessary resampling the solid angle until
the requirement posed by dq,Min is satisfied.

that in 10% of the sampled configurations the distance
requirement cannot be fulfilled.
Finally, we include saturation scale fluctuations by al-

lowing the local density of each hot spot to fluctuate
independently, following again Refs. [33, 45] (see also
Ref. [101]). These fluctuations are implemented by sam-
pling the coe�cients pi in Eq. (9) from the log-normal
distribution

P (ln pi) =
1p
2⇡�

exp


� ln2 pi

2�2

�
. (11)

The sampled pi are at the end normalized by the expec-
tation value of the distribution E[pi] = e�

2/2 in order to
keep the average density unmodified. The magnitude of
density fluctuations is controlled by the parameter �.

III. BAYESIAN ANALYSIS SETUP

Bayesian Inference is a general and systematic method
to constrain the probability distribution of model pa-
rameters ✓ by comparing model calculations y(✓) with
experimental measurements yexp [102]. Bayes’ theorem
provides the posterior distribution of model parameters
as

P(✓|yexp) / P(yexp|✓)P(✓). (12)

Here P(yexp|✓) is the likelihood for model results with
parameter ✓ to agree with the experimental data. We
choose a multivariate normal distribution for the loga-
rithm of the likelihood with �y(✓) = y(✓)� yexp [103],

ln[P(yexp|✓)] = �1

2
�y(✓)T⌃�1�y(✓)

�1

2
ln[(2⇡)n det⌃]. (13)

Here n is the number of experimental data points and
⌃ ⌘ ⌃exp +⌃model is the n⇥ n covariance matrix, which
encodes experimental and model uncertainties. In the
current analysis, we assume no correlation among exper-
imental errors of the n observables {�i}. So the covari-
ance matrix for experimental uncertainty takes a diago-
nal form,

⌃exp = diag(�2
1 , · · · ,�2

n). (14)

Our model uncertainties ⌃model are estimated using the
covariance matrix from the trained Gaussian Process
(GP) Emulators [104].
We employ GP emulators [103] for our model and cou-

ple them with the Monte-Carlo Markov Chain (MCMC)
method to e�ciently explore the model parameter
space [105, 106]. The HERA measurements can be repre-
sented by five Principal Components (PC) with a resid-
ual variance of less than 0.01%, meaning that 99.99% of
the variation of all studied observables within the prior
parameter range are captured by the five principal com-
ponents. Our GP emulators are trained to fit these five
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TABLE I. Summary of model parameters, their prior ranges, and constrained maximum likelihood values with uncertainty
estimates in 90% credible intervals.

Parameter Description Prior range MAP (variable Nq) MAP (Nq ⌘ 3)

m [GeV] Infrared regulator [0.05, 2] 0.506+1.12
�0.356 0.246+0.162

�0.103

Bqc [GeV�2] Proton size [1, 10] 4.02+1.73
�0.728 4.45+0.801

�0.803

Bq [GeV�2] Hot spot size [0.1, 3] 0.474+0.434
�0.286 0.346+0.282

�0.202

� Magnitude of Qs fluctuations [0, 1.5] 0.833+0.194
�0.441 0.563+0.143

�0.141

Qs/(g
2µ) Ratio of color charge density and saturation scale [0.2, 1.5] 0.598+0.230

�0.264 0.747+0.0704
�0.0930

dq,Min [fm] Minimum 3D distance between hot spots [0, 0.5] 0.257+0.221
�0.231 0.254+0.222

�0.229

Nq Number of hot spots [1, 10] 6.79+2.93
�4.83 3

PCs with 1,000 training simulations in the model param-
eter space. In each model parameter point, we generate
3,000 configurations to compute the coherent and inco-
herent cross sections. The relative statistical errors are
within 5%.

All model parameters and their prior ranges (and Max-
imum a Posterior values that are discussed in Sec. IV)
are summarized in Table. I. We treat the parameter Nq

as a continuous real number. The fractional part of
Nq is treated as a probability to sample either dNqe or
bNqc partons inside protons. The same approach was
recently used in Ref. [107]. The experimental data in-
cluded in the Bayesian analysis is the H1 data on coherent
and incoherent J/ production cross section measured at
W = 75GeV [28]. The incoherent data is included in the
|t| range 0 < |t| < 2.5 GeV2. We note that there is inco-
herent data at higher |t| also (studied in a similar context
in Ref. [46]), but the highest |t| points are not included
in our analysis for two reasons. First, as we determine
Wilson lines at fixed xP, as discussed in Sec. II, and do
not include the full xP evolution, we neglect |t| depen-
dence in xP (see Eq. (5)). Additionally, at large |t| other
e↵ects such as DGLAP evolution [108–111] may become
important.

IV. RESULTS

For two distinct scenarios, the first with Nq fixed to 3,
the second with Nq a free parameter, the posterior dis-
tribution of model parameters is shown in Fig. 1. Par-
ticularly for the case of Nq = 3, most of the model pa-
rameters are tightly constrained by the H1 data included
in the Bayesian analysis. This is due to the fact that
di↵erent regions of the dataset are sensitive to di↵erent
model parameters.

First, the infrared regulator m suppresses long-
distance Coulomb tails, and as such, it controls the shape
of the proton at large distances. This part of the pro-
ton geometry is probed by coherent di↵raction at low
|t| . 0.2GeV2 [45]: impact parameter and momentum
transfers are Fourier conjugates, and consequently the
low-|t| region is sensitive to large distances and vice versa.
On the other hand, the actual proton size controlled

mostly by Bqc determines the overall slope of the coher-
ent spectrum. The hot spot size Bq then determines the
slope of the incoherent cross section in the |t| & 1GeV2

region: as shown in Ref. [112] the slope of the incoher-
ent spectra at high |t| is given by the size of the smallest
fluctuating constituent.

The overall normalization is determined by the
Qs/(g2µ) parameter and the magnitude of the cross sec-
tions constrains that, however, it can not be determined
very precisely from our analysis as it is strongly corre-
lated with many other parameters, particularly for the
case that Nq is a free parameter. Here we note that
there is some model uncertainty related to the non-
perturbative vector meson wave functions, and di↵erent
phenomenological parametrizations can result in cross
sections that di↵er by ⇠ 20%, see e.g. [43, 55, 57]. In
phenomenological analyses, the so-called skewness cor-
rection [55] is sometimes included, which can also have
a numerically significant (up to ⇠ 40%) e↵ect on the
cross section. However, as there are also other model un-
certainties related to the overall normalization and the
applicability of the skewness correction in our setup is
not rigorously justified, it is not included in this work.
The small real part correction discussed e.g. in Ref. [55]
is also neglected.

One can see that when leaving Nq variable, its value
can not be constrained in our analysis, except that Nq �
2 is required in order to get geometry fluctuations that
are necessary to describe the incoherent HERA data. At
first one would expect the configurations with large Nq

to be so smooth that event-by-event fluctuations would
not be enough to result in a large enough incoherent cross
section. However, we note that there is a strong positive
correlation between Nq and �, which means that large
Nq goes along with large hot spot density fluctuations.
In this situation one can not really interpret Nq as the
number of hot spots, but one has to consider e↵ective hot
spots, that are generated dynamically from the sum of
the Nq constituents that are each strongly fluctuating in
magnitude. This e↵ective hot spot number will generally
be smaller thanNq. For a quantitative analysis a hot spot
finding prescription, similar to jet clustering algorithms,
would be needed. Additional constraints for � originate
from the incoherent cross section at small |t|, which is
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FIG. 1. Bayesian posterior distributions of the model parameters. The diagonal panels show the probability distributions for
individual parameters, and o↵-diagonal panels illustrate their pairwise correlations.

sensitive to the fluctuations at long-distance scales, i.e.,
overall density fluctuations [33, 45].

The minimum distance required between the hot spots
in three dimensions, dq,Min, can not be constrained at all
in our analysis. This parameter is also only very weakly
correlated with the other parameters, emphasizing its
limited e↵ect on the results. This means that the J/ 
production data allows, but does not require, repulsive
short-range correlations used e.g. in Refs. [92, 93]. We

note that for large Nq it is not always possible to fulfill
the minimum distance requirement, reducing the e↵ec-
tive value of dq,Min that is actually employed.

Let us next study correlations between the model pa-
rameters in more detail. First, we observe that there is a
clear positive correlation between the infrared regulator
m and the hot spot size Bq. This can be understood,
as increasing m suppresses color fields at large distances
and as such results in smaller hot spots. Interestingly,
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we find no clear correlation between the overall proton
size parameter Bqc and the infrared regulator m. In fact,
the proton size Bqc shows no clear correlation with any
of the other model parameters. The infrared regulator m
is strongly anti-correlated with Qs/(g2µ). This is again
easy to understand: large m results in a reduction of the
normalization of the cross section, which has to be com-
pensated by using a larger color charge density which
requires smaller Qs/(g2µ).

We also find a strong negative correlation between the
number of hot spots Nq and the proton density Qs/(g2µ).
This correlation can be understood by considering the ef-
fect of these parameters on the incoherent cross section.
When the number of hot spots with the same size in-
creases, the incoherent slope is not significantly a↵ected
but the normalization goes down as there are smaller fluc-
tuations in the scattering amplitude due to the smoother
proton profile. This would result in the incoherent cross
section being underestimated, which has to be compen-
sated by smaller Qs/(g2µ).

The somewhat surprising negative correlation between
the hot spot size Bq and the proton density Qs/(g2µ) can
also be understood. First, we note that large hot spots
(large Bq) require a larger infrared regulator m which ef-
fectively makes the hot spots smaller (notice a positive
correlation between Bq and m). Then, to compensate for
the e↵ect of the larger infrared regulator on the magni-
tude of the cross section, a smaller Qs/(g2µ) is needed.

The posterior distribution of parameters Bqc and Bq,
that determine the proton size, which can be quanti-
fied e.g. by the two dimensional RMS radius, rrms =p

2(Bqc +Bq), are shown in the second and third di-
agonal panels of Fig. 1. We find that they are sharply
peaked, in particular for the case of fixed Nq = 3. The
extracted proton radius from this Bayesian analysis is
rrms = 0.591+0.130

�0.071 fm (0.610+0.065
�0.068 fm) for variable Nq

(Nq ⌘ 3) with uncertainty estimates in 90% credible in-
tervals.

We further included the possibility of fluctuating val-
ues of Bq and Nq, and studied the dependence of the ob-
servables on the respective variances. We found that the
considered experimental data could not constrain these
parameters and decided not to include them in the pre-
sented analysis.

Next, we demonstrate explicitly that sampling param-
eter values from the posterior distribution lead to a good
description of the HERA data. The main result of the
Bayesian analysis is the posterior distribution shown in
Fig. 1, but it is also possible to find the so-called Max-
imum a Posteriori (MAP) parameter set, which is the
mode of the posterior distribution. Because our prior pa-
rameter distributions are uniform, the MAP parameters
shown in Table I maximize the likelihood function and
provide the best fit to the experimental data. We note
that statistically the expectation value for any observable
is not obtained using the MAP parameters. Instead, one
should calculate observables using averages over param-
eter samples obtained from the posterior distribution.

Comparison to the HERA coherent and incoherent J/ 
production data measured at W = 75GeV [28] and used
in the Bayesian analysis to constrain the model parame-
ters are shown in panel (a) of Fig. 2. The spectra calcu-
lated by averaging the results computed using di↵erent
parametrizations sampled from the posterior distribution
indeed provide an excellent description of the data. We
also show the statistical uncertainty, obtained by calcu-
lating the one standard deviation interval shown as red
(coherent) and blue (incoherent) bands.
Next, we study compatibility with experimental data

not included in the Bayesian analysis. We do not include
full small-x evolution e.g. by means of the JIMWLK [113–
120] equation in this work. Consequently, the only
center-of-mass energy W (or momentum fraction xP) de-
pendence comes from the xP dependence of the satura-
tion scale Qs determined from the IPsat fit. This almost
only a↵ects the overall normalization of the calculated
spectra, and misses important physical e↵ects such as the
growth of the proton with decreasing x. Consequently,
we do not expect that within our setup we can describe
J/ production at di↵erent center-of-mass energies si-
multaneously. Nevertheless, the geometry evolution be-
tween W = 75GeV and W = 100GeV should be weak
enough to make predictions for the higher center-of-mass
energy.
The calculated J/ spectra atW = 100GeV are shown

in panel (b) of Fig. 2 and compared with the data from
H1 and ZEUS collaborations [29, 31, 32, 121]. Again, we
show the model prediction as the average over many sam-
ples of the posterior distribution and provide one stan-
dard deviation bands. The results are very similar to the
W = 75GeV case studied above, and the HERA data
is well described (except the coherent cross section at
low |t|, and high |t| in the case of the ZEUS measure-
ment), and variation between the di↵erent parametriza-
tions sampled from the posterior distribution is small.
Similarity to the W = 75GeV case is not surprising, as
we use exactly the same fluctuating geometry, with the
only di↵erence being slightly larger Qs values, extracted
from the IPsat parametrization.

V. CONCLUSIONS

We have performed a statistically rigorous Bayesian
analysis to extract posterior likelihood distributions for
the non-perturbative parameters describing the event-by-
event fluctuating proton geometry as constrained by ex-
clusive J/ production data from HERA. We presented a
comparison of the |t|-dependent coherent and incoherent
cross sections, obtained from an average over many pa-
rameter samples from the posterior distribution, to the
experimental data.
Generally, model parametrizations sampled from the

determined posterior distribution can be used to system-
atically take into account uncertainties in the proton ge-
ometry as constrained by the HERA DIS data when cal-
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FIG. 2. Coherent and incoherent J/ photoproduction cross
sections at hW i = 75GeV (a) and hW i = 100GeV (b), cal-
culated by averaging over many parameter sets sampled from
the posterior distribution, which was determined using the
hW i = 75GeV HERA data [28]. We compare the case with
variable Nq to that with fixed Nq = 3, and to experimen-
tal data at hW i = 75GeV [28] and hW i = 100GeV [29–32],
respectively. The bands show the one standard deviation un-
certainty.

culating any other observable that depends on the proton
geometry, such as flow observables in high-multiplicity
proton-proton and proton-nucleus collisions. To enable
such studies, we provide 1,000 parametrizations sampled
from the determined posterior distributions in the sup-
plemental material.

Because the model parameters are sensitive to di↵erent
aspects of the coherent and incoherent vector meson pro-
duction spectra, most of them are well constrained by the
Bayesian analysis. The only exceptions are the minimum
distance between the hot spots (repulsive short-range cor-
relations), and the number of hot spots Nq, which cannot
be well constrained by the considered HERA data. How-
ever, we note that although the analysis suggests that

large Nq is compatible with the HERA data, for Nq & 5
one should no longer simply interpret Nq as the num-
ber of actual hot spots. In this regime, a good descrip-
tion of the data requires large fluctuations of individ-
ual hot spots’ densities, and the sampled ‘hot spots’ can
also overlap significantly. Thus, the e↵ective number of
hot spots is significantly smaller than the parameter Nq

might imply.
The HERA data used in this work probes the proton

structure at x ⇠ 10�3. The energy (Bjorken-x) depen-
dence can be included in terms of JIMWLK evolution as
e.g. in Refs. [86, 122]. In the future we plan to extend
our framework by including the full JIMWLK evolution
and vector meson production data at di↵erent center-of-
mass energies from HERA [28, 121, 123] and from the
ultra peripheral proton-lead collisions measured at the
LHC [39, 40, 124, 125], allowing us to extract also the
Bjorken-x dependence of the fluctuating proton geome-
try.
In addition to constraining the energy dependence,

performing global analyses including both exclusive vec-
tor meson production data from HERA and flow har-
monics from the proton-proton and proton-lead colli-
sions measured at the LHC (including a model calcu-
lation along the lines of [126]) would allow for a powerful
global analysis of the fluctuating nucleon substructure
and properties of the final state. More di↵erential DIS
measurements from the future EIC such as dijet [85] or
lepton-meson angular correlations [83] can also provide
further constraints and can in principle be included in
our framework in a straightforward manner.
The numerical framework for our physics models and

the Bayesian analysis package are publicly available on
Github [127, 128]. Our Bayesian analysis code is devel-
oped based on the open-source numerical package by the
Duke group [23]. To help visualize how observables de-
pend on the model parameters, we provide an interactive
web page with the trained GP emulators [129], where one
can also find the posterior samples.
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